
UvA-DARE is a service provided by the library of the University of Amsterdam (https://dare.uva.nl)

UvA-DARE (Digital Academic Repository)

Quantum field dynamics and the 2PI effective action

Arrizabalaga, A.X.

Publication date
2004
Document Version
Final published version

Link to publication

Citation for published version (APA):
Arrizabalaga, A. X. (2004). Quantum field dynamics and the 2PI effective action. [Thesis, fully
internal, Universiteit van Amsterdam].

General rights
It is not permitted to download or to forward/distribute the text or part of it without the consent of the author(s)
and/or copyright holder(s), other than for strictly personal, individual use, unless the work is under an open
content license (like Creative Commons).

Disclaimer/Complaints regulations
If you believe that digital publication of certain material infringes any of your rights or (privacy) interests, please
let the Library know, stating your reasons. In case of a legitimate complaint, the Library will make the material
inaccessible and/or remove it from the website. Please Ask the Library: https://uba.uva.nl/en/contact, or a letter
to: Library of the University of Amsterdam, Secretariat, Singel 425, 1012 WP Amsterdam, The Netherlands. You
will be contacted as soon as possible.

Download date:26 May 2023

https://dare.uva.nl/personal/pure/en/publications/quantum-field-dynamics-and-the-2pi-effective-action(cd9f7433-e8b9-4f5b-9c5a-ebaf5f7c06df).html


£> 1 ^ 
m 

d tftëraPI/BflMiveiAcl 
. / V 

V w 

I'M' 

U^w 
< W v / 

Mi 

y ^ j i 

w 

»a üniüi^^i 

< w v ^ ' 



Quantum Field Dynamics 

and the 2PI Effective Action 

ACADEMISCH PROEFSCHRIFT 

ter verkrijging van de graad van doctor 
aan de Universiteit van Amsterdam 
op gezag van de Rector Magnificus 

prof. mr. P.F. van der Heijden 
ten overstaan van een door het college voor promoties 

ingestelde commissie in liet openbaar te verdedigen 
in de Aula der Universiteit 

op maandag 27 september 2004 te 11:00 uur. 

door 

Alejandro Xabier Arrizabalaga Uriarte 

geboren te Bilbao, Spanje 



Promot iecommiss ie : 

Promotores: prof. dr. Ch. G. van Weert 
prof. dr. J. Smit 

Overige leden: dr. G. A. P. T. Aarts 
prof. dr. ir. F. A. Bais 
dr. D. Boer 
prof. dr. J. H. Koch 
prof. dr. E. L. M. P. Laenen 
prof. dr. P. .]. Mulders 

Faculteit der Natuurwetenschappen, Wiskunde en Informatica 

This work is part of the research programme of the ••Stichting voor Fundamenteel 
Onderzoek dor Materie (FOM)", which is financially supported by the "Ncdcrlandso 
Organisatio voor Wetenschappelijk Onderzoek (NWO)". 



A mis padi< s. 



Paranimfen: Beatrice Marino 
Ivan Coluzza 

This thesis is based on the following papers and proceedings: 

• A. Arrizabalaga. B. J. Nauta and Ch. G. van Weert. 
Trans versa lity of the logarithmic divergences in the classical finite temperature 
SU(N) self-energy. 
Phys.Lett.B491:214-218.2000. hep-ph/0007124 

• A. Arrizabalaga and J. Smit. 
Gauge-fixing dependence of «^-derivable approximations. 
Phys.Rev.D66:065014,2002. hep-ph/0207044 

• A. Arrizabalaga and J. Smit. 
^-derivable approximations in gauge theories. 
Proceedings of SEWM 2002 (World Scientific), hep-ph/030109 

• A. Arrizabalaga. J. Smit and A. Tranbcrg. 
In preparation: Tachyonic preheating using 2PI-1/N dynamics. 

• A. Arrizabalaga. .7. Smit and A. Tranberg. 
In preparation: Equilibration in off-shell ~pA in 3+1 dimensions 

Other papers by the author: 

• B. J. Nauta and A. Arrizabalaga. 
Asymmetric Chcrn-Simons number diffusion from CP violation. 
Nucl.Phys.B635:255-285,2002. hep-ph/0202115 



Contents 

1. Introduction 9 
1.1. Early universe 10 

1.2. QCD and relativistic heavy-ion collisions 12 

1.3. Problems in perturbation theory at finite temperature 14 

1.3.1. 2PI resummation schemes by example 18 

1.4. Problems of perturbation theory out of equilibrium 20 

1.5. Outline of the thesis 23 

2. Equil ibr ium and nonequi l ibr ium field theory 25 

2.1. Closed time path formalism 25 

2.2. Propagators and Self-energies 27 

2.2.1. Propagators 28 

2.2.2. Self-energies 30 

2.3. Equations of motion 31 

2.4. Equilibrium 33 

2.4.1. Free theory and real-time Feynman rules 34 

2.4.2. Imaginary time formalism 37 

2.5. Close to equilibrium: Transport equations 38 

2.5.1. Kinetic equations 40 

2.5.2. Damping rate 40 

2.6. Damping and quasiparticles in p3 + ip4 theory 41 

3. Divergences in t h e classical approximat ion 53 

3.1. Introduction 53 

3.2. Classical approximation and perturbative expansion 56 

3.3. Linear divergences and HTLs 58 

3.4. Logarithmic divergences 60 

3.5. Transversality of classical divergences 61 

5 



Contents 

4 . 2 P I E f f e c t i v e a c t i o n 65 

4 .1 . 2PI effective action GO 

4.1.1. 1PI effective action and Schwinger-Dyson hierarchy 66 

4.1.2. 2PI effective action 69 

4.1.3. <I>-derivable approximations 70 

4.1.4. Relation wi th Schwinger-Dyson equations 72 

4.2. Properties of 2PI resummation schemes 75 

4.2.1. Conservation of energy in <I>-derivable approximations 76 

4.3. Vertices and Bose symmetry 78 

4.3.1. ^-der ived vertices 79 

4.4. Renormalization 83 

4.5. //PI effective actions 85 

4.A. Derivation of the 4PI effective action 88 

5 . S y m m e t r y a s p e c t s o f t h e 2 P I E f f e c t i v e a c t i o n 9 1 

5 .1 . Broken symmetries and Goldstone's theorem 92 

5.1.1. Truncated 2PI effective action 93 

5.2. <l>-derivable approximations in gauge theories 96 

5.2.1. Yang-Mil ls theory, gauge-fixing and BRST invariance 96 

5.2.2. Gauge-fixing dependence of the 2PI effective action 98 

5.2.3. Gauge-fixing dependence of «fr-derivable approximations 101 

5.2.4. Choice of gauge condition 102 

5.2.5. Conclusions 103 

6 . N o n - e q u i l i b r i u m d y n a m i c s w i t h t h e 2 P I e f f e c t i v e a c t i o n 105 

6 .1 . Thermalizat ion in scalar ip3 + p4 theory in 3 + 1 dimensions 105 

6.1.1. 2PI loop expansion of scalar p3 + tp4 106 

6.1.2. Equations of motion 107 

6.1.3. Numerical analysis 109 

6.2. Phase transi t ion dynamics in the O(N) model 117 

6.2.1. The model 118 

6.2.2. Spinodal instabilities 119 

6.2.3. 2PI effective action and i/N expansion 121 

6.2.4. Equations of motion 126 

6.2.5. Numerical implementation and results 129 

6.3. Conclusions 132 

B i b l i o g r a p h y 134 



Contents 

Samenvat t ing 151 

Resumen 155 

Acknowledgements 159 

7 



Contents 

8 



Introduction 

During the past century, revolutionary discoveries have shaped our understand
ing of the physics of elementary particles. In modern physics, these fundamental 
particles are described in terms of quantum fields, i.e. functions of space and time 
whose quantum oscillations can be interpreted as particles. Quantum field theory has 
proved to be a very successful theoretical tool in describing the fundamental inter
actions among the elementary particles, as has been tested in numerous high-energy 
experiments around the world. In those experiments, one typically considers a few 
such particles, as is the case, for instance, in proton-electron collisions at CERN. The 
effect of the quantum fluctuations intervening in those physical processes is calculated 
in quantum field theory by means of perturbation theory, which involves the use of 
Feynman diagrams. 

There are situations in nature, however, where the number of particles interact
ing is so large that one has to start taking into account not only quantum, but also 
statistical fluctuations. Such situations include the hot early universe, the interior 
of dense compact stars and relativistic collisions of heavy-ions. This thesis is about 
the description of many-body systems of elementary particles, where both quantum 
and statistical fluctuations play an essential role. This requires the combination of 
two theories: Quantum field theory, on the one hand, to describe the quantum fluctu
ations, and thermodynamics/statistical mechanics, to account for the collective effects 
of the many particles. For systems in thermal equilibrium, this combination is usually 
referred to as equilibrium or thermal field theory. It allows to compute quantities such 
as the pressure or the entropy. Thermal field theory can also be used to study the 
linear response of the system to small perturbations of the equilibrium state, thus 
determining transport properties like relaxation, charge conductivity, viscosity, etc. 
In this thesis, we shall be also concerned with the study of dynamics of quantum fields 
out of thermal equilibrium (nonequilibrium field theory). These are relevant if one 
wants to study phase transitions, defect formation, equilibration and t her malization, 
memory loss. etc. 

The structure of this chapter is as follows. We start by reviewing some of the inter
esting physical situations where both quantum and statistical aspects are important. 
In particular, we discuss the early universe and the formation of quark-gluon plasma 
in heavy-ion collisions in sections 1.1 and 1.2. We examine the difference between 

1 
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Chapter 1. Introduction 

The inflaton field (represented with a 
ball) starts rolling from a state of large-
potential energy-density. As it rolls 
down, inflation occurs. When the in
flaton reaches the minimum of the po
tential, inflation ends and the large en
ergy of the inflaton decays into produc
tion of particles (reheating). 

conventional quan tum field theory, used to describe few-particle interactions, and 
1 hernial field theory. In spite of the similarities between both theories, we shall see in 
section 1.3 that thermal fluctuations introduce substantial changes in the analysis of 
systems at finite tempera ture . In particular, s tandard perturbation theory becomes, 
in many cases, invalid. Similar problems arise in the study of' nonequilibrium dy
namics (section 1.4). Most of the other chapters in this thesis are devoted to study 
methods to overcome the difficulties resulting from the failure of per turbat ion theory. 

1.1 . Early universe 

Our present unders tanding of the universe is based upon the Big Bang theory. 
which explains its evolution from a fraction of a second to the present day. As the 
universe expands, it cools down, and is expected to have gone through several in
teresting stages. These include the electroweak phase transition (at T ~ 1015A"). 
when the Higgs particle acquires a non-zero expectation value (thus providing masses 
to the other particles in the s tandard model), and the QCD phase transition (at 
T ~ l()12/\~). when quarks and gluons become confined into hadrons. The s tandard 
Big Bang theory, however, cannot explain why the universe today looks so smooth 
and flat on very large scales, according to the measurements of the cosmic microwave 
background radiation and the information gathered in the galaxy catalogs. A solution 
of this problem was proposed in the 1980s, when it was suggested that the universe 
went through a period of accelerated expansion, called inflation [1. 2]. Another im
por tan t achievement of the models of inflation is that they can explain the appearance 
of primordial density fluctuations that act as seeds for structure formation, i.e. the 
formation of galaxies, clusters of galaxies, etc. 

Most theories of inflation involve a scalar field, the inflaton. which drives the expo
nential expansion due to its large potential energy density (see for instance [3]). The 
inflaton s tar t s typically at the top of some smooth potential energy landspace. and 
rolls slowly to its minimum (see figure 1.1). When the inflaton reaches the minimum 
of the potential , inflation ends and its initially large energy density decays into other 
particles due to the interactions between the inflaton and other fields. The produced 
particles are initially far from equilibrium, but interact among themselves and even
tually reach thermal equilibrium at very large temperatures . This process is known 

Inflation 
Figure 1.1: 

Value of Inflaton 
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1.1. Early universe 

as reheating [4. 5. 6]. From this point on. the evolution of the universe proceeds 
according to the s tandard Big Bang model. In this manner, the origin of the mat te r 
and energy that we observe in the universe today, can be traced back to the end of 
inflation, where the energy of the inflaton decayed into particles. 

Recent analysis of the dynamics of the inflaton suggest that its decay can be much 
faster due to non-linear effects occurring at the time the inflaton reaches the minimum 
of the potential (preheating). One possible mechanism is resonant preheating [7. 
8. 9. 10] where some modes of the fields coupled to the inflaton are in resonance 
with its oscillating frequency and get enormously amplified, resulting in an enhanced 
particle production. A similar interesting mechanism takes place in hybrid inflation 
scenarios [11]. where the inflaton field is coupled to another scalar field1 tha t undergoes 
symmetry breaking at very low tempera ture . In that situation, due to the spinodal 
instabilities associated with the field performing the symmetry breaking, explosive 
particle production occurs, with the particles produced having non-perturbatively 
large occupation numbers. This mechanism is called taehyonic preheating [13]. 

Another fundamental question in cosmology that can be addressed with nonequilib-
riuin field theory is: Why the universe today contains more matter than ant imat ter? 
The mechanism that generates this mat ter -ant imat ter asymmetry from the symmet
ric s ta te after inflation is known as baryogenesis. The requirements for baryogenesis 
were formulated in the 1960s by Sakharov [14]. which are: 

• The interactions involved must not conserve the baryonic number D. otherwise 
no asymmetry can be produced in the first place. The s tandard model satisfies 
this requirement at the quantum level, via the ehiral anomaly [15]. 

• The C and C P symmetries must be violated. This makes a distinction between 
quarks and anti-quarks in such a way that the B-violating processes do not 
produce them at equal rate (which would result, otherwise, in a zero net ba-
ryon number)- Also C and C P violation are present in the s tandard model, 
the latter appearing as a complex phase in the Cabibbo-Kobayashi-Maskawa 
(CKM) matrix, describing quark mixing. The amount of C P violation in the 
s tandard model, however, seems to be too small to generate the observed matter-
ant i mat ter asymmet r.v. 

• The baryon number non-conserving processes must occur out of equilibrium. In 
equilibrium, one can show that the expectation value of D vanishes, even in the 
presence of C and C P violation. 

The fulfillment of Sakharov's requirements is a necessary, but not sufficient condi
t ion for baryogenesis. Detailed theories explaining the asymmetry that we observe 
today must be constructed. From the discussion above, we see that extensions of the 
standard model, incorporating a larger amount of C P violation, might be necessary. 
SOUK1 much studied scenarios for baryogenesis include eleetroweak baryogenesis (see 
[16, 17. 18] and references therein). Affleck-Dine baryogenesis [19] (for a review, see 

'An ideal candidate for such scalar field is the Higgs field of the standard model. Recently, a 
model in which this is the case was proposed in [12]. 
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Chapter 1. Introduction 

F i g u r e 1.2: Phase diagram of QCD. temperature T vs. density p. The nuclear density corresponds 
to po ~ 0.15fm—3. 

also [20]). leptogenesis [21. 22. 23]. baryogenesis from topological defects [24] and cold 
electroweak baryogenesis [25. 26. 27. 28. 29]. From the third Sakharov requirement, it 
is clear that all these models need to he studied in the framework of nonequilibrium 
field theory. 

1.2. QCD and relativistic heavy-ion collisions 

Q u a n t u m chromodynamics (QCD). the theory of the strong interactions, describes 
the dynamics of quarks, the elementary particles that consti tute the hadrons (protons, 
neutrons, mesons...). QCD consists of anon-abelian gauge theory, in which the gluons 
are t he gauge particles mediat ing the interactions between quarks. For low energy 
scales, the interactions are very strong, and quarks are confined. A non-perturbativc 
s tudy (such as lattice field theory) is then necessary to describe the physics of QCD 
at those scales. Renormalization group analysis suggest however tha t , a t high energy 
scales, the coupling constant decreases, and quarks and gluons are no longer confined 
into hadrons. but propagate almost freely. The critical energy density for deeonfine-
ment is predicted by lattice calculations to be er ^ 1 GeV/fm (see for instance. [30]). 
A way to obtain such high energy densities is by heating up mat ter to a temperature 
of abou t T w 170MeV ~ 1()12A\ or by compressing cold nuclear mat ter to barvon 
densities about 3—10 times the nuclear density p0 = 0.15 f m - 3 . The high-temperature 
phase where quarks and gluons are deconfmed is called the quark-gluon plasma [31]. 
At extremely high densities, it is believed t ha t quarks and gluons exist in a super
conducting phase (see. e.g. [32]). A picture of the phase diagram of QCD is given in 
Fig. 1.2. 

12 



1.2. QCD and relativistic heavy-ion collisions 

Such high energy densities were likely reached in the early universe. One hopes to 
reconstruct that situation, and thus create deconfined quark-gluon matter at energy 
densities above ec. by colliding" heavy nuclei at relativistic velocities. This is currently 
under experimental investigation at the Relativistic Heavy Ion Collider (RHIC) in 
Brookhaven [33]. and will be one of the purposes of the Large Hadron Collider (LHC) 
at CERN [34]. In those experiments one typically collides two heavy nuclei (such as 
Au or Pb) at about center-of-mass energies of the order of ~ 100 GcV per nucleon. 
The nucleons and partons liberated in the collision undergo several scatterings and 
thus redistribute the initial energy of the colliding nuclei, leading to a state of local 
thermal equilibrium. The reaction zone, which has a diameter of several fm and is 
surrounded by vacuum, builds a high pressure that leads to an expanding fireball. 
The expansion dilutes the fireball, which eventually goes below ec, and hadrons are 
then formed from the unconfined quarks and gluons (hadronization). These hadrons 
interact further until they become diluted enough such that they do no longer feel 
their mutual strong force: The hadrons "freeze-out". 

To establish whether a deconfined phase of quarks and gluons is achieved and to 
extract information from it, one has to looks for signatures that contain information 
about the initial stages of the collision. This is not an easy task, since the strong 
interactions between the hadrons before freeze-out destroy much information about 
the details of the initial stage. The signatures must be able to survive these later stages 
of the evolution. In addition, the signatures must be able to distinguish between 
confined and deconfined quark-gluon matter. Also, they must not be in thermal 
equilibrium with the later stages of the evolution, since this would lead to a memory 
loss of the initial conditions. Among the relevant signatures one finds: production of 
real and virtual photons (the latter appearing as dileptons). charmonium suppression, 
and attenuation of hard jets (jet quenching)2. 

Another important signature that provides useful information about the early 
stages of the collision is the measurement of the abundances and spectra of all the had
rons produced. Of particular interest is the hadronic transverse momentum spectra. 
These provide information about the collective expansion in the direction transverse 
to the beam of the colliding nuclei (transverse collective flow), which is generated 
in the early stages of the evolution. The transverse collective flow is caused by the 
pressure gradients generated in the collision and provides information about the equa
tion of state of the initial fireball. Additionally, the measurement of the transverse 
collective flow can be used to estimate the themwlization time of the plasma (see [38] 
and references therein). 

Since this is an important point, let us explain it in some detail. In non-central col
lisions, the observed collective flow of the hadrons produced has certain anisotropics. 
These occur since, in non-central collisions, the initial overlap region of the two nuclei 
is elliptically shaped (like an almond). As the system equilibrates by rescattering. 
this spatial configuration leads to anisotropic pressure gradients. These cause a faster 
expansion in the reaction plane (along the short axis of the almond) than in its per
pendicular direction (along the long axis of the almond), resulting in an anisotropy 

More information can be found in the reviews [35. 36. 37]. 
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Chapter 1. Introduction 

in the transverse momentum distribution, called elliptic flow. If the equilibration 
mechanism is slow, the initial spatial deformation disappears by free-streaming [39]. 
and no elliptic How is generated. If. on the contrary, the equilibration happens rap
idly, a nonzero elliptic flow persists. Thus, a measure of the elliptic flow provides an 
es t imate for the thermalization t ime r t: The higher the elliptic flow, the smaller the 
thermalizat ion time. Transport calculations suggest that the amount of elliptic flow is 
inversely proportional to the mean free pa th [40]. An upper bound can be then given 
by taking the hydrodynaniic limit of zero mean free pa th [41]. Interestingly enough, 
experimental measurements of the elliptic flow are in striking agreement with hydro-
dynamic calculations up to transverse momenta pi ~ 1.5 GeV [42. 43]. From the 
agreement between theory and experiment one can extract the thermalization time 
r, ~ 1 fm. 

This value for the thermalization time can be used to obtain an est imate of the 
initial energy density of the collision. Indeed, by energy conservation, the initial 
energy density is related to the final transverse energy E-j divided by an approximate 
initial reaction volume 

where TTR is the overlap area of the two nuclei of radius R (for central collisions). 
and r, di) is an es t imate of the length of the cylindrically shaped reaction volume 
[44]. 'Taking r t = 1 fin and the measured values for (lEj/dy (~ 580 GeV for central 
A u + A u collisions at RIIIC [45]). one obtains, by means of (1.1). an est imate for 
the initial energy density e % 4.6GeV/fm . This est imate is much higher than the 
critical energy density for deconfinement cc ~ 1 GeV/fm' . and strongly suggests that 
the prehadronic s ta le formed in the A u + A u collisions at RHIC is indeed a thermalized 
quark gluon-plasma. 

Still, the reason why the plasma thermalizes so rapidly is not understood. This has 
st imulated developments in (non)equilibrium field theory to describe the underlying 
dynamics of the collision from basic principles (see for instance [40. 46. 47. 48. 49. 50]). 

If a thermalized quark-gluon plasma is indeed formed, one would like to be able to 
calculate analytically its thermodynamical properties. This subject has received con
siderable at tent ion in the past years (see the reviews [51. 52] and references therein). 
At sufficiently high temperatures , one expects the interaction strength to be small 
enough to allow for weak coupling calculations. However, as we review in the next sec
tion, per turbat ion theory at finite temperature differs substantially from the s tandard 
vacuum case. As we also discuss, complicated resummations and /o r effective theory 
t rea tments must be used to compute thermodynamical properties at experimentally 
relevant temperat ures. 

1.3. Problems in perturbation theory at finite temper
ature 

Unlike zero- temperature field theory, where the validity of' per turbat ion theory is 
controlled by the weakness of the coupling, the presence of an interacting ensemble 

14 



1.3. Problems in perturbation theory at finite temperature 

leads to collective phenomena that can ruin the use of perturbative methods. This 
breakdown of perturbation theory is expected to occur at large scales (larger than the 
interparticle distance), where the collective effects appear. 

Consider a plasma in equilibrium at very high 
tempera ture (T 3> m) . so that particles are ef
fectively massless. For a Bose-Einstein distribu
tion ra(wk), the number density n = / k n ( ^ ' k ) is 
proportional to — Ti so the interparticle distance 
is approximately given by 1/T. 1 nis leads one to 
distinguish between fluctuations on two different 
scales: the hard scale with momenta fchard ^ T 
and the soft scale with fcSOft -C T. The typical 
momentum scale of the particles in the heat ba th 
is hard. i.e. (|A-|) = J k |k| n(u)\<)/n ~ T. Fluctu
ations on soft scales happen at distances l/A,'soft ^ 
1/T, thus ;'feel" the presence of many hard particles and consequently the effect of 
collective phenomena (See Fig. 1.3). One1 intuitively thinks that , to have a correct 
description of the soft fluctuations, the thermal effects of all those hard particles must 
be included. 

To show that this is indeed the case, let us consider the propagation of a soft 
mode in a heat bath in the context of massless scalar g^ip4 theory. The effect of the 
interactions in the propagation is given by the self-energy E. At 1-loop. the self-energy 
is given by the "tadpole" diagram, which at high temperature behaves as 

F i g u r e 1.3: Soft and hard scales 

£ = - a / /j-U'k, 

./k w k 
92T\ (1.2) 

with o,'k = v/k2 + in2 — |k| in a massless theory. At high temperature, this is the 
lowest order contribution from the interaction with the hard particles.' ' To account for 
the interactions with all the particles that the soft excitation "feels'" one can perform 
a rcsummation in the soft propagator (7Soft via Dyson's equation G~o(t = G^ sofi + H ^ 
p2 + g2T2. An expansion in the coupling g yields for the propagator 

Gsoft(p) ^ -
1 I 

p2+g2T 21-2 

2-r' 

XL 
P2 

Ü0 

?\ 2 

000 (1.3) 

Hence one sees that the use of perturbation theory is only valid when p 3> g2T . 
For soft momenta p ~ gT the self-energy is as large as the tree-level propagator , so 

'The fornialisni oi'quantum field theory at tiiiilc leniperature is presented in chapter 2. There, a 
detailed computation of the tadpole diagram can be found in (2.129-2.131). 

'The relations discussed in this section are for euclidean space-time. 
5Indeed, one can see that the modes contributing mostly to the integral in (1.2) are of order 

k ~ r . 
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Chapter 1. Introduction 

the inclusion of new self-energies is not suppressed and hence resummation is needed. 
Note that in the imaginary time formalism of thermal field theory (sec chapter 2). the 
propagator has discrete frequencies un = 'ITTIIT (n G Z) , the Matsubara frequencies. 
In that case. \r = J\ + p 2 = (2nnT)2 + p 2 . One then sees that , for the modes 
with non-zero Matsubara frequencies, those act, as a mass u)„ ~ T. and therefore are 
unable to probe the soft scales. Only t he modes with a zero Matsubara frequency 
are sensitive to IR effects from the soft scale, and are therefore responsible for the 
breakdown of per turbat ion theory. 

T h e tadpole diagram here considered is an example of a hard thermal loop (HTL). 
These are defined as loop contributions arising at finite tempera ture from the hard 
integration region, that are as large as t h e tree-level contributions for soft external 
momenta [53]. They behave typically as ~ T2 (since they are dominated by hard loop 
momenta) and incorporate collective effects such as thermal or screening masses (as 
in the example above, where the thermal mass is / / / t ] , ~ gT ). In g2ip4 theory, the 
tadpole self-energy diagram is the only HTL. This is a local contribution. In gauge 
theories, however, the HTL ' s are non-local. In addition, they also appear in vertices, 
as one would expect, since Ward identities link vertex functions with self-energies 
[53. 54, 55]. 

T h e origin of these IR problems lies in the fact that the introduction of a temper
a tu re T changes the effective expansion parameter from S ~ g2 to S ~ g2n(^'k)- For 
m o m e n t a k smaller t ha t the temperature, the expansion parameter is then approx
imately 5 ~ g2T'/wk- This distinguishes between three regimes: 

• T h e h a r d s c a l e k ~ T: For momenta close to the temperature , the expansion 
parameter becomes 6 ~ g2. This is the regime where per turbat ion theory works 
fine. 

• T h e soft s c a l e k ~ gT: For soft momenta, we have Ö ~ g. In this regime, strict 
per turba t ion theory (where only integer powers of g2 would appear) , is not 
possible. One can nevertheless make use of it via appropriate reorganization 
of the perturbat ion series (like the resummation performed in eq. 1.3). The 
general program for resummation at soft momenta was developed by Braaten 
and Pisarski [53]. The program incorporates the use of effective propagators and 
vertices (called HTL propagators and vertices) whenever the external momenta 
of a diagram are soft. 

• T h e u l t r a s o f t s c a l e k ~ g2T: A these momentum scales, we obtain 5 ~ 1 and 
per turba t ion theory is useless. For scalar g2yA- the thermal mass m.th ~ fjT 
generated by the HTL (the "tadpole" diagram) prevents this from happening. 
Indeed, for k ~ g T, 5 ~ g2T/u)k ~ g2T/rrith ~ g- so the non-perturbative 
region is not probed. In gauge theories, however, the scale of the thermal 
magnetic mass is at most in the ultrasoft regime [56, 57], so that indeed non-
per turba t ive effects take place. 

The resummations like the one presented in (1.3) take into account, the leading 
order contribution of the interaction of the soft modes with the hard modes in the 
plasma. Higher order contributions, including the interaction of soft with soft modes. 
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1.3. Problems in perturbation theory at finite temperature 

F i g u r e 1.4: Pressure of the 517(3) gluon 
plasma (normalized to its 
ideal value), calculated to or
ders g2, g3, g4 and g5, in the 
MS renormalization scheme 
with renormalization scale \x 
varied between TYT and 47. T 
I grey hands ). The 1 hick dot
ted line corresponds to the 
lattice results of [71]. The 
plot is adapted from [721. 

require more involved resummations. Such resummations were carried out in the 
computation, to order g4. of the free energy in massless g2<fi4 theory [58]. and in QED 
[59] and QCD [60]. 

For static quantities, an alternative to explicit resummations can be given, based 
on dimensional reduction [61. 57. 62. 63, 64]. It is based on the observation presented 
above, namely, that in the imaginary time formalism, the zero Matsubara mode is 
the only one that probes the soft scale. At high-temperature, the non-zero Matsub
ara modes u)n = 2irnT, which act as a screening mass in the propagators, become 
very large and hence decouple. The theory at soft scales reduces to a 3 dimensional 
effective field theory for the zero mode. The effects of the non-zero modes are taken 
into account, by matching correlation functions of the 4- and the 3-dimcnsional field 
theories at large distances. Dimensional reduction has been used to compute thermo
dynamica! functions and screening properties in electroweak [65, 66, 67] and SU(AT) 
gauge theories [68. 69. 70]. 

Unfortunately, the application of simple resummation techniques to the calcula
tion, at weak coupling, of the pressure in nonabelian gauge theories, relevant to the 
quark-gluon plasma, shows few signs of convergence (see Fig. 1.4). As one takes into 
consideration successive terms in the perturbative expansion, the predictions change 
wildly. The weak-coupling expansion only converges for very weak couplings, or equi
valent ly. for very high temperatures, about 10° times the critical temperature Tc (see, 
e.g. [73]). Also, the sensitivity to the renormalization scale /i grows with increasing 
order. One could hope that, at the next order. ö(g(i). the situation improves. Unfor
tunately, at ö(gG) effects from the magnetic scale ~ g T (purely non-perturbative) 
enter [56]. and thus cannot be accounted for in a weak-coupling expansion.6 A re
organization of the perturbation series is needed if weak coupling calculations are 
to be of any quantitative use at experimentally relevant temperatures, such as those 
accessible in heavy-ion collisions. 

'However, calculations at 0(g In g) can be performed[74]. 
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Chapter 1. Introduction 

Interestingly enough, the lattice data for the pressure in QCD can be easily fitted 
with simple quasiparticle models [75. 76]. which assume that the quark-gluon plasma 
consists of a gas of free quasiparticles with some additional non-pcrturbative input 
such as the bag constant. This fact suggests that the reorganization of perturbation 
theory needed to describe the pressure at lower temperatures could be close to a 
quasiparticle picture. 

With this in mind, variational approaches have been formulated. The idea is to 
include the main quasiparticle effects in the Lagrangian via appropiate parameters 
(like thermal masses), s tar t the perturbative expansion about the (new) quasiparticle 
minimum, and compute, a posteriori, the value of the introduced paramaters by means 
of a variational principle. To illustrate this, consider for instance a real scalar theory 
with lagrangian density C = £ (, + £;n t . where £ and £ i n t denote, respectively, the 
free and interacting part of the lagrangian. We can add and subtract a mass term 
(representing the dynamically generated quasiparticle mass) as 

C = Co - 2 m V 2 - ö m V 2 + Ant - ( 1.4) 

Defining C'{) to be the new free Lagrangian. we can perform a perturbat ive expansion 
of C\M. At a given order in the expansion, the value of the introduced mass parameter 
/// is determined from a variational principle. At finite tempera ture one obtains, in this 
manner , a resunimation in the quasiparticle mass. This idea was applied to massless 
scalar tp4 theory, and was called screened perturbation theory [77]. The generalization 
to gauge theories, called HTL perturbation theory, was studied up to 2-loop order in 
[78." 79. 72]. 

These variational approaches involve typically a small number of parameters, which 
encode some of the quasiparticle information. Usually, all of this information is con
tained in the propagator . One could then think about using the full propagator as 
a variational function. This idea constitutes the basis of the 2PI resunimation meth
ods, or <fr-delivable approximations, which are the main subject of this thesis. These 
methods are explained in detail in chapter .'}. where all the relevant li terature can also 
be found. In order to motivate their use. before delving into its formal definition and 
properties, we illustrate the idea in the following example. 

1.3.1. 2PI resummation schemes by example 

Consider the case of scalar .ry"V theory. YVc know from the discussion above tha t 
for soft excitations (with momenta k « T ) . naive perturbation theory is not valid. A 
resummation of the thermal effects from the hard scale k ~ T is needed. Take, for 
instance, the case of the thermodynamic pressure. It is given by P = (l/:1V)lnZ. 
with V the volume1. 0 = 1/T and Z is t he partit ion function. The pressure P is 
usually written as a sum of loop diagrams [80]. The first contribution to the pressure 
t ha t comes from the soft fluctuations is in the 2-loop diagram Q O • w n ( ' n o n c °f 
the momenta running in the loops is soft. We know that , for a consistent t reatment . 
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1.3. Problems in perturbation theory at finite temperature 

we must take into account the many interactions of the soft excitation with t he hard 
particles present in the plasma. To achieve this, we need a resummation of the 
propagator like the one performed in (1.3). This is equivalent to consider, in the 
calculation of the pressure, the series of bubble diagram* 

These diagrams can be adequately resmmned into the expression 

l T r { l n ( l + E . G 0 ) } , (1.5) 

where the self-energy E is given by the tadpole diagram E ~ H Q ? where Go the 
bare propagator. 

The next-order contribution to the pressure comes from the interactions of t he 
soft excitations with themselves. The momenta running on every loop of the bubble 
summation can be soft, so the summation must be performed on every propagator 
for consistency. For the same reason, in every new loop diagram appearing as a result 
of the previous resummation. a new one must be performed, and like this infinitely 
many times. In other words, we make an iterative bubble diagram summation. This 
leads to the series of so-called foam diagrams, which can also be compactly resummed 
as 

= ±Tr{ ln ( l + E - G ' o ) } . 

Here, however, the self-energy is given via the self-consistent equation 

G-l=G^ + E[G\. withE-^ VJ . (1.6) 

In this case G is the dressed or resummed propagator. The interesting observation is 
that the resummation of foam diagrams can be written as a variational principle on 
G applied to the functional 

;i.7) 

Indeed, one can check that the stationary point of T oa '"[G] is precisely the propagator 
that satisfies G _ 1 = G o ' +E(G ' ) . with E(G) given by (1.6). Evaluating the functional 
pioain Hf j f s s ta t ionary point Gs, reproduces all of the bubble and foam diagrams, i.e. 

rfoa,n[Gsl] = 
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Chapter 1. Introduction 

Thus, the variational principle on the functional r f o a l " offers an alternative method 
for the resummation of the foam diagrams. 

The 2PI effective action provides a generalization of this method. It consists of a 
functional r 2 P I [ G ] . which provides a formally exact representation of the theory. For 
scalar ip theory, for instance, it is given by 

r 2PI [G] = - T r | InG - l [ G ^ - C T 1 •G ;i.8) 

where the series of loop diagrams consists of skeleton diagrams (i.e. without self 
energy insertions) made of bare vertices and full propagators G. Truncations of 
the 2PI effective action lead, at various orders, to simpler functionals for which a 
variational method leads to resmmnations such as the one described above. The foam 
resummation, for example, is given by taking only the first diagram appearing in (1.8). 
In this manner, the 2PI effective action provides a systematic recipe for resummations. 
A detailed study of the properties of the 2PI effective action is presented in chapters 
4 and 5 of this thesis. 

1.4. Problems of perturbation theory out of equilibrium 

For si tuations out of equilibrium, perturbation theory faces also serious obstacles. 
Two important problems that arise are: 

P i n c h s i n g u l a r i t i e s : Quantum field theory in equilibrium can be formulated both in 
euclidean (imaginary-time formalism) and in Minkowski space (real-time form
alism), both explained in detail in chapter 2. In both formulations, the perturb-
ative expansion is well defined. In the real-time formalism, one advantage is that 
the zero- and finite-temperature contributions are separated in the propagators, 
t he latter involving a Bose-Einstein (or Fermi-Dirac) distribution function //OK 
(or /q.'u) • One could naively generalize the real-time formalism to out of equi
librium situations by assuming a different form for the distribution function //. 
which is allowed to depend on time. Unfortunately, this generalization cannot 
be carried out because of the appearance of ill-defined terms in the perturbative 
expansion, the so-called pine}! singularities [81]. These arise as a consequence of 
not treating the evolution of the distribution function consistently [82]'. Pinch 
singularities can be regularized by introducing damping effects on the propagat
ors (imaginary self-energies) [83]. One would expect such effects to be generated 
automatically by a resummation procedure like the ones describe above for t lie 
ease of equilibrium. 

S e c u l a r i t y : Far from equilibrium, wild effects may occur, so the use of simple gener
alizations of the real-time formalism does not seem appropriate. Other methods 
are usually employed, which generally involve solving the equations of motion 
of the correlation functions with some non-perturbative approximation (like 

' This is explained in more detail in chapter 2. 
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1.4. Problems of perturbation theory out of equilibrium 

Hartree, large-AT. etc). In some cases (like in standard loop or 1/N expansions 
of the 1PI effective action8), one is confronted with the problem of secularity. 
Terms that grow like powers of the evolving time t appear in the solution of the 
equations of motion. 

To see how secularity occurs, we take a simple example from classical mechanics: 
a damped anharmonic oscillator. Consider the following equation of motion for 
the position x(i) of the oscillator. 

ex x — - (ex) rith initial conditions 
.T(0) = 1. 
x(0) = 0. 

1.9) 

The anharmonicity and damping of this oscillator is controlled by the parameter 
e. The full equation can be solved numerically (See Fig. 1.5). 

F i g u r e 1.5: Exact time evolution of the an
harmonic oscillator described by 

t the equations of motion (1.9) 
(with e = 0.1). 

For sufficiently small e. however, it seems reasonable to solve the equations of 
motion perturbativcly. To do this, we make a perturbativc expansion of the 
solution as x(t) — xo(t) + ex\(t) + \e2X2{t) + . . . and solve for every order. Let 
us solve (1.9) perturbatively to 0(e2). The equations of motion to solve are 

xo{t) + xo{t) = 0, at 0(1), 

x1{t) + x1{t) = -x0{t), at O(e). 

X2{t) + ,-2(t) = -2xi(t) - 2x2
0(t), at ö(e2). 

1.10) 

1.11) 

1.12) 

The solutions to these equations are given by 

./•„(f) = cost, 

xi(£) = - [ s i n i - i c o s i ] , 

x2{t) = — (8 - 3t'2) cos t + - sin 2i + - cos2t. 

1.13) 

1.14) 

1.151 

We observe that the perturbative solutions X\(t) and xo(t) contain terms that 
grow with powers of t. Their contributions to the total solution x(t) are said 

*See. for instance [84]. 
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Chapter 1. Introduction 

to be secular. Clearly, the secular terms invalidate the perturbative expansion, 
which is only valid for f/ < 1. Secularity thus prohibits the study of late 
t ime behavior. The reason why these seeular terms appear is the presence of 
oscillating driving terms in the RHS of the equations of motion, which come 
from the solution of the previous, lower-order equations. 

A solution to the problem of secularity in perturbation theory can be given 
if one uses self-consistent equations of motion. To obtain those, we do not 
expand the solution in powers of c and then solve the equations of motion at 
every order. Instead, we expand the equations of motion themselves up to 
some order, and then solve them self-consistently.9 Increasing the order gives 
an improved solution. In the case above, we obtain, for 0 ( 1 ) and O(e) the 
self-consistent equat ions1 0 

• '•o.,(0+-'-o.,(0 = 0 . at 0 ( 1 ) . (1.16) 

•'•i..s(0 + -riJt) = - ^ i . , ( f ) . at O(e). (1.17) 

where we indicated the independent solution at even - order with a subscript s. 
Equat ions (1.1G) and (1.17) are. respectively, solved by 

x0.s(t) = cost, (1.18) 

xi,a(t) = e-'» ' 2 V 4 - e J + 7J3ii s i nUv i 1.19) 

We observe that the self-consistent (1.18) and (1.19) are free of secular terms. 
T h e reason for this is the fact that now we are dealing with self-consistent 
equations. Self-consistency, thus, is desirable if one wants to s tudy the t ime 
evolution of a system at large times. In addition, notice that an expansion of 
•''i..s(0 in powers of e reproduces, to 0 ( e ) . the perturbative result 

xi,a(t) = c o s i + e- [sint - tcos/] + — [tcost -sint] + 0(e2) 
2 8 

= . r 0 ( f ) + f . r 1 ( f ) + O(c 2 ) . (1.20) 

T h e interesting thing to notice is that , unlike the perturbative case, the resuni-
mation of higher order terms provided by the self-consistent method lead to a 
solution free of secular terms. 

As wc shall sec in this thesis, the resummation methods based on the 2PI effective 
action (^-derivable approximations) can be applied to out of equilibrium situations. 
The variational determination of the resummed quantities takes the form of self-
consistent equations of motion which can account for damping effects. Hence, these 

"What is meant in this case with self-consistency is that the equations of motion do not mix 
functions x„(t) of different orders n, but involve only a unique function at the order considered. 

" 'Note that , at ö(c2), we recover the full problem, i.e. the self-consistent equation is identical to 
the full one (1.9). 

22 



1.5. Outline of the thesis 

methods avoid the problems of pinch singularities and secularity. Moreover, the ap
proximation methods based on the 2PI effective action have the remarkable proper ty 
that they conserve energy. We shall see all these properties explicitly in the applica
tion of the 2PI effective action methods to the study of two interesting non-equilibrium 
phenomena in chapter 6. 

1.5. Outline of the thesis 

This thesis focuses principally on rcsummation methods based on the 2PI effective 
action, and their application to s tudy quantum field dynamics. The formalism of 
equilibrium and nonequilibrhun quan tum field theory is reviewed in chapter 2. This 
provides the basic concepts for the understanding of the following chapters. The con
nection with transport and kinetic theory is also discussed. For illustration of t he 
methods involved, the quasiparticle properties of scalar (p3 + ^ 4 theory are computed 
up to 1-loop in perturbation theory. In chapter 3 we discuss the classical approxima
tion as a non-perturbative approach to study quantum field dynamics. In particular, 
we s tudy the divergences arising in classical field theory and its connection to t he 
hard-mode physics of the quantum theory. The analysis is done in the context of 
non-abelian gauge theories in equilibrium. Chapters 4-6 are devoted to the study of 
the 2PI effective action and its use as a variational method. Chapter 4 introduces 
the 2PI effective action, its properties, and discusses some formal aspects such as the 
connection to the Sehwinger-Dyson equations, the definition of vertex functions and 
renormalization. Chapter 5 focuses on symmetry aspects. The applicability of 2PI ef
fective action methods to theories with broken symmetries, on the one hand, and wi th 
gauge theories, on the other, is investigated in detail. An explicit application of the 
method is presented in chapter 6. where two interesting non-equilibrium phenomena 
are studied: equilibration and thermalization in scalar field theory (as a toy model for 
QCD). and the dynamics of symmetry breaking in the O(N) model (relevant for t he 
theory of tachyonic preheating). Numerical as well as analytical studies arc presented 
for the case of 3+1 dimensions. 

2:1 
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2 Equilibrium and nonequilibrium 
field theory 

The study of field theories in and out of equilibrium requires techniques from 
general quantum field theory as well as from statistical mechanics. In this chapter we 
introduce the formalism and the most important techniques which form the basis for 
the understanding of the following chapters. The real- and imaginary-time formalisms 
are introduced from the point of view of path-integrals, focusing on the difference with 
the more familiar vacuum field theory in sections 2.1 to 2.4. Additional information 
on this topic is provided in the excellent reviews [85. 86. 87] and textbooks [80. 
88, 89]. Within the context of scalar theories the connection with kinetic theory in 
systems close to equilibrium is discussed in section 2.5. As an illustrative example 
of the methods discussed, the computation of the quasiparticlc properties in finite 
temperature scalar ^'' + ~p4 theory is presented to 1-loop in section 2.G. 

2.1. Closed t ime path formalism 

We are interested in developing a formalism that allows to study a system in which 
both quantum and statistical fluctuations are important. An appropriate quantity 
which contains the quantum and statistical information of the system is the density 
matrix p. Given the density matrix p. one can compute correlation functions of the 

for given operators Ö. In this section we will develop a formalism based on path in
tegrals that will allow us to compute correlation functions of the form (2.1) for a given 
density matrix p. This formalism, known as the closed time path (CTP) formalism, 
was developed more than 40 years ago by Schwinger, Bakshi and Mahanthappa. and 
later by Keldysh [90. 91. 92. 93. 85]. 

For a general density matrix p. a relevant quantity is the partition function 

Z[p] = Tr[p) = Y,WPW- (2-2) 
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Chapter 2. Equilibrium and nonequilibrium field theory 

Here the Heisenberg s ta tes | f ) form a complete set. In the Heisenberg representation, 
without external sources, the set | r ) and /> are time independent. In the study of 
non-equilibrium situations, however, one is mainly interested in the time evolution of' 
physical observables for given initial conditions. The idea behind the C T P formalism 
is to introduce t ime dependence by turning on a external source J(t..v) at sonic initial 
t ime [90]. This source couples to the Heisenberg held £H such that the states evolve 
according to 

\o. t)=T exp i -i ƒ dsd3xJ{s.x)ipH{s. x) 1 \o. 0) = U.,(t. 0)\<f>, 0). (2.3) 

where "'T" implies a time-ordered product. Accordingly, the density matrix for later 
t imes is given by p(t) = U.,(t.())p(0)U](t.0). For each of the forward and backward 
t ime evolution operators Uj(t,0) and L/](t.0) one can introduce standard path in
tegral representations. If the same external source operates on the forward as well 
as the backward evolution then the two operators are just complex conjugates of 
each other, they cancel and nothing has been gained. Nevertheless, if one introduces 
two different sources .ƒ+ and ,/_ for the forward and backward evolution operators 
Uj, (t.0) and U} (t.0) respectively, the time dependence is retained. In the path 
integral representation, this time-dependent partition function is written as 

Z[p.J+,J_}= I V^+V,?- (&~.()\p\o-.0) A*,'<"./' MUr' ]+J-^)-i(L-[^-]+j^-)]_ 

(2.4) 
Here |0 ,0) are the quantum states corresponding to the initial field configurations 
v̂ o = '-P (0 .x ) . i.e. <£#-|<j!> ,0) = ip0 | 0 ± ,O) . A convenient way of writing the partition 
fund ion (2.4) tha t resembles the usual vacuum field theory is by introducing a contour 
in the complex t ime plane. This contour C merges the t ime path C+ running from 
0 to r and the time pa th C_ running from / to 0 used in the operators L'.j{t.0) and 
Uj(t, 0) by writing 

Ucj = U)_ (f. 0)Uj_ (0. /) = Tc exp i ƒ rf,sr/3.r./(,r)$(,r) :2.5i 

The contour C is known as the Schwinger-Keldysh closed time path (sec also figure 
2.1). Tc represents contour time path-ordering, i.e. t ime ordering along C. The 
current ./(.;•) describes both ./+ and J_. depending on which par t of the contour one 
is considering. The t ime integration along the contour is given by 

ds = / ds - / ds. (2.6) 
'c ./o.c._ ./o.c_ 

T h e parti t ion function is then compactly written as 

Z[J.p}= V^~V^(o+.O\p\0-.O) / Vyeilcdtdx{L[v\+J(x)<p{x))^ ( 2 J ) 
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2.2. Propagators and Self-energies 

The advantage of using the closed time path 
Schwinger-Keldyshcontour formalism is that the partition function is 

• i l l i 

written in a way very similar to the usual 
c+ ' C vacuum case. Apart from the weighting over 

3 R e ' the initial conditions, the parti t ion function 
0 C_ l (2.7) is almost identical to the vacuum one. 

with the only difference of path ordering 
along the time contour C replacing the or-

Figure 2.1: Schwinger-Keldysh contour. (Unary time ordering prescription along only 

Co

variat ions of the parti t ion function Z[J. p] with respect to the current J will yield 

Grecn"s functions in the s ta te specified by the initial density matrix p. The inform

ation on the initial s ta te is contained in {(f)\p\(!)'). Here, the initial density matr ix p 

can be parametrized [94] as 

(ö+.O\p\0-.O) =tfeia&°\ (2.8) 

with a[<fo] given by 

a[ip0] = a-o + ƒ d3xaf (x)<p£{x) - ƒ d\va^{x)^(.r) 

+ i I d3xd3ya++(x,y)<pt{x)tp+{y) - i ƒ d3xd3yat-(x,y)<pt{x)<pö(y) 

- - ƒ d3xd3ya2+(x,y)(pö{x)<p£(y) + - d3xd3ya2~(x, y)v>ö(X)<PÖ(v) +•••• 

(2.9) 

The functions a.n contain as much information as the original density matrix, and can 
be interpreted as initial-time non-local sources in the part i t ion function, i.e. 

Z[J.p] = Z[J + o i . O 2 . Q 3 . . . . ] = / Vtpe^c^^^M+Ji'M')), (2.10) 

If we absorb Oo in the normalization and a-\ into .7. the parti t ion function can be 

compactly wri t ten as 

Z\J n] = I 2Jy,e
<{5Iw]+/c.»-''(a!)^a:)+e/c.»/c,»a2(a: 'W)*'(a!Mi/)+-}> (2.11) 

In this thesis, we shall be concerned mainly with situations where the initial density 

matrix is gaussian, so n, = 0 for i > 3. 

2.2. Propagators and Self-energies 

In this section we introduce some definitions and set up the notation that we will 
use in the following chapters. For simplicity and the sake of clarity we will consider 
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Chapter 2. Equil ibrium and nonequilibrium field theory 

in this section the case of real scalar fields. The extension to charged scalar, fermion 
or gauge fields is straightforward [85]. 

2.2.1. Propagators 

The introduction of the contour C distinguishes between fields ~p+ living on the 
upper branch and fields ip~ living on the lower branch of the contour. Correlation 
functions can be defined by functional differentiation of Z[J. p] with respect to the 
sources. The fact that the fields ip can live on cither branch of the contour leads 
to many components for a given correlation function. For instance, the connected 
propagator is given by 

1 52Z[J.p] f 1 SZ[J,p]\ ( 1 SZ[J.p] 
Gab(x,y) = -i 

Z 8iJa{x)5iJb{y) \Z6iJa(x)) \Z 5iJb{y) J+=.J-=0 
(2.12) 

with a,b = { + . —}. This leads to the following components 

Gr+(x,y) = -i(ip(x)<p(y))c = G>(x,y), (2.13) 

G-+(x,y) = -i(<p(y)<p(x))c = G<(x,y), (2.14) 

G++(x,y) = -i(T[<p(x)0(y)})c (2.15) 

- d(x0 - yQ)G> (.r. y) + 9{y0 - x0)G< (.r. y), 

G-(x.y) = -i(f[<p(x)<p(y)})c (2.16) 
= 6{xQ - y0)G

<(x,y) + 0(y{) - x0)G
>(x,y), 

where the subscript c indicates that the propagators G are given by the connected 
part of the 2-point function. We see that the four different contour propagators G±±: 

can be written in terms of two independent components, defined as the "bigger" and 
"smaller" propagators G> and G < . The contour propagators can be conveniently 
written as a 2 x 2 matrix 

G(.r..v) = G++(x,y) G+~{x.y) 
G-+(x.,j) G—(x,y) (2.1' 

From equations (2.13-2.16) we see that the contour propagators are not independent 
of each other but satisfy 

G++ + G— =G+~ + G~ [2.18) 

For systems with translation invariance. the propagators can be decomposed into their 
Fourier components 

f dkn d3k 
G(x,y) = 

2TT (2TT)3 

J\-ko{x0-yu)+'k-(x.-y)} G(ko.k). [2.19) 

The bigger and smaller propagators G% are very convenient mathematically as they 
satisfy simple and useful properties. In particular 

G*{x, y) = G$(y,x) ^ 

[G*(x,y)}* = -GHx,y) 

G^(k) = G^(-k). (2.20) 

[G*(k)]* =-G*{-k), (2.21) 
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2.2. Propagators and Self-energies 

where * denote complex conjugation. 
Additionally to the contour propagators it is useful, for physical reasons and in 

relation with causality, to introduce the advanced and retarded propagators 

G»(x, V) = G++ - G+- = fe» - Vf [G^• "\- G<U-V)] * ' ° * ""- (2.22) v ' / ; [G> (x. x) = G< (x. x) if XQ = y0. 

G%, y) = 6 - - G"+ = fc " f ^ »> " G>(-'--V)] J *° * «" (2.23, v ' [G > (x ,x ) = G<(.T..r) if.r0 = 2/0-

In momentum space these propagators are written as 

G"/-4(A-0.k) = P [plG>^-V ~ g < ^ - k ) ± 1 (G>fe .k ) - G<(fr„.k)) . (2.24) 
./ 2m fc0 - fco -

Under complex conjugation, the first term in the RHS is invariant, whereas the second 
term changes sign, as can be seen by using the analytic properties (2.21). This implies 
that the first and second term correspond, respectively, to the real and imaginary part 
of the retarded/advanced propagator. One can also see that GR(k)* = G' (k). 

In the following chapters we shall focus particularly on two 2-point correlation 
fnnt ions, defined as 

F(x.y) = \ Wz)Mv)}) = I (G>(x.y) + G<(x,y)) , (2.25) 

p(x.y) = i([0(x),<p(y)]) = G<(x.y) - G>(x.y) = GA(x.y) - GR(x.y). (2.26) 

The symmetric function F contains statistical information about the system whereas 
p contains spectral information, and it is usually called the spectral function. They 
are also explicitly real, as can be seen from the analyticity property of G<, i.e. (2.21). 
Indeed, one can write the propagators F and p as 

F(x.y) = ± (G>(x,y) + G<(x,y)) = '- (G>{x,y) - G>{x. y)*) = -lmG>(x.y). 

(2.27) 

p(x.y) = G>(x.y) - G<(x.y) = G>(x.y) + G>(x.y)* = 2ReG>(x.y). (2.28) 

Notice from (2.24). however, that in momentum space the spectral function p(k) = 
G>(k) - G<(k) is purely imaginary and given by 

p(k) = -2ihnGR(k). (2.29) 

The statistical and spectral correlators satisfy, in addition, the symmetry properties 

F(x.y) = F(y.x). (2.30) 

p(x.y) = -p(y.x). (2.31) 

Furthermore, since the spectral function p is the expectation value of the commutator 
of two fields, it satisfies the equal-time relations 

P(x. y)lxo=yo = 0. dXQp(x, y)lxo=yo = 6d(x - y). (2.32) 
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Chapter 2. Equilibrium and nonequilibrium field theory 

A convenient and more physical representation of the fields which is related to the F 
and (> propagators is given by 

D-C"!? )(;-)• «(f)- <"<• 
This basis will be very appropiate to discuss the classical approximation as we will 
sec in chapter 3. It is sometimes referred to as the Keldysh basis [93. 85. 95]. This 
basis is closely related to the influence functional formalism of Fcymnan and Vernon 
[96] for a system coupled to a heat bath (see also [97, 98] for relativistic theories). In 
this basis the matrix propagator becomes 

GK = KGK7" = ( ~ ; ' ' G* \ . (2.34) 

2.2.2. Self-energies 

We define the various contour components of the self-energies in the C T P formalism 
th rough Dyson's equation, which we write as 

G = G 0 + G 0 - f ^ _ + £ _ . J •G = GÜ + G 0 - E - G . (2.35) 

with the product .4 • B being an abbreviation for the convolution /' d4zA(x, r.)B(z. y). 
Using (2.18) one finds that the various self-energy components are related by 

£ + + + Y.+- + £ - + + E ~ = 0. (2.36) 

We separa te the self-energy into a local and a non-local part as 

E(.r. y) = £'v>c-(.r. //) + E(.r. y), with Sc{x, y) = I 

I if x = u and .r. y € C+. 

— 1 if x = y and .r. y (E C_. 

I I otherwise. 

(2.37) 
Int roducing, similarly to the ease of the propagator, the self-energy components >]> 
and H<. we have 

E++(.r.y) = ZL6{x,y) + 9{x0 - y„)E>( .r . y) + 0(y{) - , r 0 )E < ( . r . y). (2.38) 

X—{x,y) = -'£L6{x..y) + 0{yo-xa)i:>{x,y) + 9{xo-yQ)Z<(x,y), (2.39) 

E + - ( . r . . y ) = -E<( . r . . v ) . (2.40) 

Z-+(x,y) = -X>(x,y). (2.41) 

Notice the minus signs in the equations for E + ~ and £ - + . These arise as a con
sequence of the minus sign in the time integration along C- in the convolution in 
(2.35). 
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2.3. Equations of motion 

Similarly, we introduce the retarded and advanced self-energies 

ER(x.y) = £++ + £ + " = EL6(x,y) + d(x0 - y0) (£>(.;;.y) - E<(.r.y)) . (2.42) 

XA{x,y) = E + + + E - + = ELö(x.y)+0(yn - x0) (E<(.r.;/) - E>(./;..,j)) . (2.43) 

Analogously to the case of the propagator, we introduce the quantities 

E ' ( s ,y) = T<(x.y) - X>(x,y) = E~ + - E + " , (2.44) 

EF(x.y) = f {E>(x,y) + E<(x.y)) = i ( E + + + £ " " ) . (2.45) 

These self-energy components share the same analytic and symmetry properties as 
the propagator counterparts. As we shall sec in section 2.5. the real and imaginary 
part of the retarded self-energy are of particular interest since they are related to 
mass shift and damping of the modes in the theory. They are given by 

R e E « w = p /• ^ , s>(A„.k) - i :<(A-- 0 .k ) 

1mL"{k) = - - (£>(/e) - £<(£;)) = -E'(Ar). (2.47) 

In the Keldysh basis (2.33). the self-energy is determined by using Dyson's equation 
(2.35) and the matrix K. Using the fact that K satisfies 

r T i r f 5/4 3/4 
3/4 5/4 = 1. (2.48) 

can show that 

/ 0 E 4 \ 
Gft- = Go.A' + Go.A' • ( J,R _jyF j'^K- (2.49) 

This yields the following Dyson's equations for the various propagators 

GR = GR + GR • ER • GR. (2.50) 

GA = GA + GA • EA • GA, (2.51) 

F =f0 + F0 • E-
4 • GA + G(l • Y.R • F + GR • E F • GA. (2.52) 

2.3. Equations of motion 

In a general non-equilibrium situation one would like to study the behaviour of 
correlation functions in time. To do this we must write their equations of motion as 
an initial value problem with appropiate initial conditions. In particular, we will be 
interested in the equations of motion for the mean fields and propagators. 

• For the mean field 
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Chapter 2. Equilibrium and nonequilibrium field theory 

one studies the quantum average of the classical equations of motion with the 
initial density matrix p. For instance, for a real scalar theory they are given by 

(d2
x+m2)(<p(x))=J(x) + { ^ ) . (2.54) 

dtp 

where Cm is the interacting part of the Lagrangian density. In this thesis we 
will mostly consider approximations where the expectation value (5C\n/5.p) is 
written out solely in terms of mean fields and 2-point functions. 

• For the p ropaga to r s one can obtain a set of equations of motion by convoluting 
Dyson"s equation (2.49) with the inverse free propagator G<^-. obtaining thus 

Göi • GA- = ( I ]) + ( E°« %F ) • G*, (2-55) 

By separating the local self-energy parts from T,H and Y.A, this is equivalent to 
t he set of equations of motion 

(c); + m2 + ZL)GA(x.y) 

(d2 + m2 + EL)GR{x,y) 

(d2
x + m2 + EL)F(x,y) 

These are usually known as the Kadanoff-Baym equations [99]. We shall be 
particularly interested in the equations of motion for the symmetric and anti
symmetric correlators F and p. Their equations of motion are obtained from the 
Kadanoff-Baym equations by using the definitions for the retarded and advanced 
propagators (2.22-2.23) and self-energies (2.42-2.43). For the case XQ > i/o- they 
arc given by 

(d2+m2+ZL)F(x,y) 

(dl + m2 + XL)p(x,y) 

These constitute a set of real, coupled evolution equations for the statistical 
and spectral correlators F and p. In addition, they are causal i.e. the kernels 
in the RHS depend only on times ZQ < xo, so the evolution of F and p is 
determined by the self-energies and the values of the propagators at previous 
times. Eqns. (2.59) and (2.60) constitute an initial value problem. The strategy 

-5^(x-y) - ƒ d4zZA(x.z)GA(z.y). (2.5Ü) 

-8^(x-y)- J dlzZR(x.z)GH(z.y). (2.57) 

-jd±z [HR(x.z)F(z,u) + ZF(x.z)GA(y.z)} . 

(2.58) 

dzo d:izZ"(x.z)F(z.y) 

i-K^l'f,. dz0 / dózZl-{x.z)p(y,z). (2.59) 

= + / dz0 J d3zEp{x.z)p(z.y). 
••'2/0 

(2.60) 
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2.4. Equilibrium 

to tackle these equations is the following: (a) some initial conditions for the 
correlators and self-energies must be provided, (b) A form of the self-energies 
must be given in terms of the F and p so the equations are closed, (c) The 
equations are solved, generally, on the computer. Numerically speaking, this is 
not straightforward to do as the memory integrals in the RHS demand a lot of 
computer time. We will study in chapter 6 a solution of the evolution equations 
(2.59) and (2.60) for the 0{N) model, with an approximation based on the 2PI 
effective action. 

The initial conditions for both equations of motion for the mean field and propag
ators are specified by the initial density matrix. For general gaussian density matrices 
only one- and two-point functions need to be specified at initial time. 

2.4. Equilibrium 

Consider the case where the initial density matrix p is given by a thermal distri
bution, i.e. 

1 
peq = r 

-3H (2.61 

The kernel (0 + , O|peq|0 ^0) appearing in the partition function (2.7) has then the 
path-integral representation 

(ó+,O|p e q |0- .O)= V >ipp exp 
-id 

dt / r /3x£[^ Vp\ (2.62) 

J 

where the path integral is over all field configurations satisfying the boundary condi
tions 

pp(Q,x)=<p£ . ipf3(-iP,x)=(pQ. (2.63) 

In this manner, we find a path-integral 
representation for the partition function Z 
in which the time integral runs along the 
contour C = C+ + C~ + Cp (see figure 2.2). 
with Cp an additional functional integration 
along the imaginary contour from t — 0 to 
t = -13. One can show tha t the propagator Figure 2.2: Equilibrium real-time contour, 
linking fields in either C+ or C~ with fields 
in Cp vanishes [100, 86, 101. 102]. Thus one does not need to extend the matrix 
structure as to account for fields in Cp. The effect of the thermal distribution peq is 
contained in the boundary condition (2.63). These boundary conditions are related 
to a general property satisfied by the contour propagators, namely 

- iB 

G<{XQ.X: LJQ. y) = G>{x0 - i(3. x: y0,y] G<(k)=c-!3fc"G> (A:). (2.64) 

which is known as the Kubo-Martin-Schwinger (KMS) condition [103. 104]. The 
KMS condition implies that, in equilibrium, there is only one independent contour 
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Chapter 2. Equilibrium and nonequilibrium field theory 

propagator. This is commonly (aken to be the spectral function p(.r. IJ). In momentum 
space. I lie various contour propagators are written in terms of the spectral function 
as 

G++(A-().k) = [pi / ( / f ; k ) . - n(ko)p(k0,k). (2.G5) 
./ 2TT/ /I'O — A'o + /f 

G+-(A-0.k) = G<(k0,k) = -p(k0.k)n(k0). (2.66) 

6 - + (A-().k) = G>(k0.k) = -p(k0.k) [n(feo) + 1)] - (2.67) 

6—(A-f,k) = - / * r * t - n ( W v k ) . (2.68) 
./ Z7T2 A'o — A'() — / f 

where n(ko) is the Bose-Einstein distribution function 

In momentum space the propagators F(k) and />(A-) become, respectively, real and 
imaginary, and are related via the KMS condition as 

iF(k0,k)= \n{ko) + -\p{ko,k), (2.70) 

The various equilibrium self-energy components are also related via the KMS condi
tion E<(A-) = e~0küH>{k). This leads to an equation similar to (2.70) relating the Y.p 

and E F components, namely 

/:EF(A-0.k) = (n(ko) + I) £'(fco,k), (2.71) 

This equation is of particular importance as it corresponds to the microscopic ver
sion of the fluctuation-dissipation theorem. Indeed. Y.1' characterizes the fluctuations 
while E p represents the damping of excitations'. The relation of Ep with damping is 
explained in detail in section 2.5. 

2 .4 .1 . Free theory and real-time Feynman rules 

Only in a small number of cases correlation functions of the form {ö{:v\) • • • Ö(xn)) 
can be computed exactly in equilibrium. Nevertheless, they can be calculated in 
the framework of perturbation theory, i.e. by expanding in powers of some small 
parameter (a coupling constant, e t c . ) . along the usual lines of quantum field theory. 
The building blocks for such a perturbative expansion are the classical vertices and 
the free propagators. In the CTP formalism the classical vertices are read off directly 
from the lagrangean with an additional ± sign depending whether they live on the 
C+ or C~ part of the contour. The propagators are given in terms of the free spectral 
function, which one can calculate from (2.26) to find 

/,(1(A-((.k) = 2msgii(k0)6(k2 - nr). (2.72) 

' T h e fact that T.r' describes the fiuct nations can lie seen from the influence functional formulation 
by Feynman and Vernon, which can be shown to be equivalent to the closed time path formalism 
[105]. In the influence functional formalism , the effect of the heat bath is introduced as a noise field 
£ that enters in the equations of motion, becoming in this manner stochastic. The noise fluctuations 
are characterized by the correlator <££) = S '. 
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2.4. Equil ibrium 

Using (2.65-2.67) we obtain 

1 
G++(k) = - j — - - 2*in(|*o|)*(fc2 - m2). (2.73) 

n 77? "T" t £ 

G—{k) = -r- —2 - 2mn{\ko\)S(k2 - nr). (2.74) 
kz — in- — /e 

G+~{k) = G<(k) = -2niS(k2 - nr) [n{\k0\) + 6{-k0)].. (2.75) 

G-+(k) = G>(k) = -2mö(k2 - in2) [n(\k0\) + d(k0)} . (2.76) 

In this form one can easily identify the vacuum and thermal contributions in the 
propagators. For instance. G~'~ contains the usual Feynman propagator and an 
additional term coming from the contribution of the (on-shell) particles of the heat 
bath. Similarly, the propagators G< arc on-shell and represent particles from the heat 
bath. 

With the classical vertices and the free propagators one can build a perturbative 
expansion which is adequately described in terms of Feynman diagrams. Those have 
the same topologies as the ordinary (vacuum) diagrams, with the additional fact that 
the vertices can live on either branch of the real-time contour. Unlike the usual 
diagrams, however, a thermal graph can correspond to a large number of physical 
processes. This is because the diagrams now describe not only the effect of quantum 
fluctuations, but also statistical fluctuations. Consider, for example, the lowest order 
contribution to the self-energy in \ip theory (the tadpole diagram) given by 

-—2irin{\k0\)5{k2-m2) 
k2 - m2 + ie 

(2.77) 

The contribution coming from this diagram is divided into two parts, one correspond
ing the usual vacuum term and the other that incorporates the effects of statistical 
fluctuations. In a kinetic theory description of the thermal system (see section 2.5), 
the second contribution represents forward scattering with the particles in the heat 
bath [106]. As opposed to large-angle scattering processes, forward scattering does not 
alter the distribution function of the particles traversing the plasma, but simply mod
ifies their dispersion relation by introducing corrections to the particle mass (thermal 
mass). 

At 2-loop order we can have the following "sunset" diagrams 

+o+ + o ~o+ --e--
Consider for example the second graph, representing E"1"-. The vertices in the diagram 
are joined by G+~ propagators, which according to (2.75) are given by 

r+-(L,] _ ƒ -2-iS(k2 - in2)n{ko) {k0 > 0), , > 
U W - 1 -2TviS(k2-,n2)(n(ko) + l) (*o < 0). l j 
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So. since n(ko) gives the density of particles with momentum k in the heat bath, 
when A'o > 0 the propagator G+~ represents a particle with momentum k entering 
the diagram from the heat ba th , while when A() < 0 it represents instead stimulated 
emission of a particle with momentum —k into the heat bath . In the loop integrations 
the energy on each line can take any value, so that the thermal graph accounts for 
many physical processes. The right-hand side of the second sunset diagram represents 
thus the scattering processes 

p-k-q 

p-k-q P-H - / p . M , ' q 
p-k-q 

For an incoming on-shell probe particle with momenta p . only the first process is al
lowed due to energy-moment urn conservation. It represents 2 ^ 2 scattering. Higher 
order simple-looking thermal diagrams can correspond to many processes, which can 
represent, as well, particle number non-conserving scattering such as 2 —> 4. 3 — 4. 
etc.. . All these scattering processes correspond to the ones obtained by the well-known 
cut t ing rules [107. 108]. The real-time formalism offers, in this manner, a nice phys
ical approach to the cut t ing rules [109]. In section 2.5 we study how these scattering-
processes enter in a kinetic description of the dynamics close to equilibrium as the 
collision term in a Boltzinami equation. 

T h e per turbat ive expansion can be also carried out in the context of the Keldysh 
basis. In that case, it is built from the free re tarded/advanced propagators GR^A and 
the statistical correlator F. given by 

GR{k) = — 5 - ^ — - . (2.80) 
; k2 - m 2 + i e s g n ( f c 0 ) 

GA(k) = r2 — ^ — . (2.81) 
k2 -in- - resgn(fc0) 

F(k) = 27r6(k2 - nr) (n(kQ) + ^\ . (2.82) 

Generalization to nonequilibrium? Pinch singularities 

One might wonder whether the diagrammatic real-time contour rules described 
above can be generalized to s tudy non-equilibrium situations. After all. the contour 
formalism is well suited to s tudy real-time phenomena. Hence, one could think of 
applying the Feynman rules described above to out of (but close to) equilibrium, by 
specifying an initial occupation number n (p ) which is allowed to depend on the time 
/. Unfortunately this leads to the appearance of the so-called pinch singularities in 
the per turbat ive expansion [81]. Pinch singularities occur in products of retarded and 
advanced propagators G (p)GR(p) (See eqns. (2.80-2.81)). These contains poles both 
at />() = ±u/'p — i( (from GR) and at po = ± w p + ie (from GA) thus ••pinching" the real 
axis and leading to mathematical ly ill-defined expressions (products of ^-functions) 
. It is remarkable tha t , in thermal equilibrium, these ill-defined terms cancel each 
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other [86]. However, this is not the case for a general non-equilibrium configuration-. 
The reason is that using an out-of equilibrium (and thus time-dependent) initial 
distribution n is not consistent, as can be seen from the following heuristic argument. 
Indeed, the lines of a diagram in the perturbative expansion would have the same 
occupation number n(t). However, if one of the lines contains self-energy insertions 
including damping effects, is clear that the occupation number for that line will evolve 
differently comparing to the one that does not include them. This indicates that the 
starting point, namely taking n(t) equal for every line, is inconsistent. As a result, 
pinch singularities appear. As one can expect from the above argument, they appear 
in any diagram that has a self-energy insertion that would contribute to on-shell 
scattering. To see it, consider the Dyson equations (2.50-2.52) for the GR. GA and F 
propagators and assume that the self-energies appearing in those equations are free 
of pinch singularities. The corrections to the retarded and advanced propagators are 
free of pinch singularities as the appearing poles arc all located at the same side of 
the contour. For the case of the symmetric propagator F. with Dyson's equation 

F = F0 + F0 • E-'1 • Gtf + GR • El{ • F0 + GR • Y.F • G# + . . . . (2.83) 

the various corrections to the propagator can be reorganized to isolate the '•pinch" 
terms Fpinch given by 

• ' p i n c h *-* n(p) + \) ' • G$ + ... 

= 'OH • [(n(p) + 1) E<(p) - n(p)Z>(p)] • G$ + .... (2.84) 

From the first line we see that the term in brackets vanishes in equilibrium according 
to the fluctuation-dissipation theorem (2.71). From the second line one sees that the 
term in brackets is precisely the collision term of the Boltzmann equation (2.95 )'5. 
which represents on-shell scattering. Therefore if a given self-energy contribution 
does represent on-shell scattering, then its insertion into any diagram leads to pinch 
singularities. 

Pinch singularities can be regularized by introducing on-shell damping [83]. In Ref. 
[83] this was shown with an ad hoc damping, but generally one would expect such 
damping to be generated by a resummation procedure. Propagators become then 
dressed and develop a finite width. Hence, to cure pinch singularities resummation 
of width effects is necessary (see also [111, 112, 82]). 

2.4.2. Imaginary time formalism 

In equilibrium the system is static, so in principle no time dependence is needed. 
One can just discard the contour branches C+ and C~ which were introduced to 

2 Also, the cancellation of pinch singularities does not occur in the calculation of tranport coef
ficients, deterimined by computing equilibrium quantities [110]. There, the pinching poles play an 
important role in the calculation, and must be regularized by introducing a finite width into the 
propagators. 

JSee the discussion in section 2.5. 
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describe time-evolution. To compute the partit ion function, only the branch CJ from 
/ = 0 to t = — i0 is relevant. Restricting oneself to work with C3 is referred to as 
the imaginary-t ime formalism (ITF) . since one is dealing exclusively with imaginary 
times. The part i t ion function becomes then a Euclidean path integral, i.e. 

Z = Tr(e-flH) = / Ttyexp dtE / dPxCEi [2.85) 

with CE the Euclidean lagrangian. The fields ^ ( / / r . x ) are defined on the Euclidean 
time interval 0 < ts < 0 satisfying the boundary condition t^(0, x) = ^(.i.x). Because 
of the finiteness of the (Euclidean) time integral, the Fourier decomposition involves 
only a discrete number of frequencies u>n = '2-DT (n e Z) called the Matsubara 
frequencies [113]4. The usual T = 0 integrations over continuous energies />•(, becomes 
now a sum over discrete frequencies. For instance, the Euclidean propagator can be 
wri t ten as 

r/k 
..k). (2.80) GE(tE,x) = TJ2 l^<-iu''Jl::+k-x)GEl 

The propagator G i i ( w n , k ) = 1/(CJ„ + -^) is only defined for a discrete set of frequen
cies. T h e analytic continuation to arbitrary complex frequencies z is provided by the 
spectral function as 

G(2,k)=r^£M. (2.87) 

The analytical propagator (2.87) allows for comparison between the imaginary- and 
real-time formalism. 

2.5. Close to equilibrium: Transport equations 

In thermal equilibrium the system is homogeneous and translational invariant. 
Consequently the mean field is constant and the propagators G{.r.y) depend only 
on the relative coordinate s = x — y. This allows, in particular, for Fourier t rans
formation. Close to equilibrium however, this is no longer the case as the system 
acquires inhomogeneities slowly varying in space and time (with length scales much 
higher t han the thermal wavelength \j ~ 1/7"). In such an inhoinogeneous situation 
the two-point functions depend not only on the relative coordinate s but additionally 
on the "center-of-mass" variable X = (x + y)/2. To compare with equilibrium il is 
convenient to Fourier transform with respect to the relative coordinate s. This defines 
the Wigner transform 

F{k, X) = I d*seiks F (x + -. X - - [2.8i 

4For finite chemical potential //. the Matsubara frequencies are given by u„ = 2irnT — ifi, with 
n € Z. 
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2.5. Close to equil ibrium: Transport equations 

For disturbances taking place over a scale A » AT we expect the propagators to be 
close to those in equilibrium. Therefore, typically, k ~ ds ~ T. whereas dx ~ 1/A <C 
T. This motivates the use of a gradient expansion in dx • 

In the following we apply the Wigner transform to the equations of motion (2.59) 
and (2.CO) and perform a gradient expansion to first order. In carrying out the Wigner 
transform of the convolutions in eqns. (2.59-2.60) we make use of 

/ ddz A(x, z)B(z, y) -> A(k. X)B(k. X) + %- {A. B}p (2.89) 

where {A.B}P = d^-Adx^B - d^-Bdx^A denotes a Poisson bracket. Notice that 
by performing a Wigner transform to the equations of motion we implicitly take the 
initial time ô —* —oo. This implies that, for the time integrals in the driving terms 
in (2.59) and (2.60), memory effects are neglected. 

It is convenient to substract the equations (2.59-2.60) from the analogous equations 
where the differential operator acts on y instead [114. 115]. After some straightforward 
manipulations, these difference equations become 

OF dReHR OF r „ „ „ R _<9Re£ 
" dk" J dx„ ' dx^ dk» 

ÖReEfl 

2/e„ -"M 
dp dReZH dp 

dk» . dX„ dXtl dk» 

- {E F . ReGn}p = - [SPF - pZF]. (2.90) 

+ {Ep.ReC' / , '} f ) = 0. (2.91) 

These equations describe the off-equilibrium inhomogeneities. Eq. (2.90) constitutes 
a quantum generalization of the Boltzmann equation (see below) with the Wigner 
transform F(k,X) playing the role of a distribution function. The first, term in the 
LHS corresponds to the drift term dx0 + v • Vj*' • including also self-energy corrections, 
whose momentum dependence modify the "velocity" v of the particles. The second 
term generalizes the "force" term in the Boltzmann equation, with this provided by 
the gradient of the real part of the retarded self-energy. Finally, the term in the RHS 
represent collisions. We shall see below that, for on-shell excitations, equation (2.90) 
acquires the standard Boltzmann form. 

To understand the physical meaning of the Poisson bracket term in (2.90), we must 
look at Eq. (2.91). This can be explicitly solved [116] for the spectral function to give 

p(k. x ) . -£"(*•*> „ 
{k2 - m2 - RcHR(k.X))2 + (h-^±l 

2iImJ:R(k.X) 

{k2 - m2 - ReZR(k,. X)y + (Im £*(/,-. X)) 2 ' 

Consequently, one sees that the Poisson bracket term in (2.90) and (2.91) accounts 
for the width Y,p(k,X) = -2hiiER(k.X) in the spectral function, which represents 
damping of oscillations (see below). Indeed, neglecting this term would lead to 

p(k, X) = 27risgn(fc0)<5 (k2 - m2 - Re£R{k,X)) . (2.93) 
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This has the same form as the free spectral function (2.72) with the only difference 
of a mass shift contributed by ReE / f . This form of the spectral function represents 
s table single-particle excitations (quasiparticles). Hence this approximation is usually 
referred to quasi/particle approximation. 

2 .5 .1 . Kinetic equations 

In weakly coupled systems one expects to find long-lived excitations correspond
ing to quasiparticles. For sufficiently small coupling the mean free pa th / will be 
much larger than the quantum scattering length \Q of the quasiparticles. In the 
neighbourhood of a point X with characteristic size A -C /. relaxation phenomena are 
negligible, so we can assume local thermal equilibrium. In particular, this implies that 
we can make use of the KMS condition in the neighbourhood of X. This introduces 
a quasiparticle distribution function nq(k. X) as 

F(k.X) = -tp(k.X) (nq(k.X) + i ) . (2.94) 

with p(k.X) = 2TT/Ó (A.-Q - LO'I(X)) the quasiparticle spectral function' . Introducing 
these F and p correlators into the transport equation (2.90) we obtain, for the positive 
energy components fcrj > 0 

(dt + v • V x - V.v^A. • Vfc) nq(k. X) = 

- ^ - [ ( l + n , / ( k . X ) ) Z < ( k . X ) - r 7 , ( k . X ) E > ( k . X ) ] . (2.95) 

Here E(k.X) = £(A'0 = Wfc,k,X) is the on-shell self-energy and v = k/u>fc(X) is the 
velocity of the quasiparticle. Equation (2.95) corresponds to the Boltzinann equation 
for the quasiparticle distribution function nq(k.X). In this form. E < ( k . X)/2u!k and 
E > ( k . X)/2jJk can be respectively interpreted as the production and absorption rate. 

2.5.2. Damping rate 

Consider a large system in equilibrium to which we add at / = Xt) = 0 an ex
citation with momentum /;. We want to s tudy the relaxation of such an excitation 
by using our kinetic equation (2.95). Consider also the situation where the space 
and momentum gradients can be neglected, so we consider only the time gradient 
of nq(p,t). The self-energies that appear in the absorpt ion/production terms in the 
RHS of (2.95) are in principle unknown (and possibly non-linear) function of r;(/(A'o). 
For a small per turbat ion, however, they can be substi tuted to a good approximation 
by the equilibrium self-energies. These are given by H > (p ) = -Y,p(p) [1 + n(tüp)] and 
£<(£>) = —£p(/.>)n{iüp). Within this approximation the relaxation of the excitation is 

"Alternative ways of introducing a distribution function that allow for a consistent treatment of 
memory effects can also be defined [117]. 
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2.6. Damping and quasiparticles in y?3 + -pA theory 

described by 

c S £ 0 = ^ ^ [»„(P. » - •**)] = ^ ^ A " „ ( P . 0. (2.9«) 
c/r 2u,'p i^p 

with n(iüp) the equilibrium distribution function 

nM = ^J—-. (2.97) 
j.Öi^p _ I ' 

In this form the equation can be solved and yields 

A ^ ( p . t ) = A7/(/(p.())e-"'(p)f. (2.98) 

where y(p) — -iEp(iüp,p)/2uJII = -lmT,R(iOp,p)/<jjp represents the damping rate of 
the single particle excitation. We thus see that the (on-shell) spectral function width 
ImER(o)p.p) (see Eq.(2.92) ) describes damping and relaxation of the excitations. 

2.6. Damping and quasiparticles in (pz + tpA theory 

As an application of the ideas discussed so far. we study the plasma excitations 
(plasmons) and their corresponding damping to 1-loop order at finite temperature in 
the scalar theory given by the Lagrangian 

CM = \{d^){d»y) - imV - § / " ^ 4 (2-99) 

To study the quasiparticle pole and the damping we must calculate, respectively, the 
real and the imaginary parts of the retarded self-energy. For illustrative purposes we 
will calculate the self-energy in both real and imaginary time formalisms and show 
that both yield the same result. To 1-loop order, the self-energy is given by the 
''tadpole" and "eye" diagrams, i.e. 

k k 

(2.100) 

, ,-k 

The Feynman rules for the diagrams are given in Minkowski (real-time) and Euclidean 
space (imaginary-time) by 

•iX in Minkowski. 

-A in Euclidean. \iGQl(k) in Minkowski, 

-ig in Minkowski. 

-g in Euclidean. 

Gn in Euclidean 

(2.101) 
For the closed-time path formalism (see section 2.4.1). we shall also take into account 
that the vertices get an extra + or - sign depending whether they live in the upper 
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Chapter 2. Equilibrium and nonequilibrium field theory 

or lower branch of the contour. The propagators are then given by (2.73-2.7G). 
Our convention for the self-energy is that it provides, regardless of the metric, a 
positive contribution to the mass. In other words. Dyson's equations relating the full 
and the bare propagators are given by 6'^,' = G'^1,, - E M m Minkowski space, and 
by Gp — GJ7 0 + E E in Euclidean. This implies that , with the set of Feynman rules 
decribed above, the diagrams in (2.100) are equal to - / E M or - £ E in Minkowski 
or Euclidean space respectively. We will denote the contribution coming from the 
"tadpole" by E^ and the one corning from the "eye" as E 0 . 

Xote that , with this set of Feynman rules, the first diagram (the "tadpole") is local 
and real and therefore will not contribute to damping. 

Real-time formalism 

The retarded self-energy is given in terms of the various contour components by 
E'1" = E^~~ + E + _ . For the tadpole diagram there is no E + ~ component as the 
diagram is local, so the retarded self-energy is given by 

4 ' = J I G + + « = I | { p r ^ - + *".(*»)*(*» - »-')} • (2.102, 

where j k = f d4 k / (2TT)4 . The integration over fco can he performed by s tandard 
complex analysis and yields 

^Q = -, { ^ - [ l + 2n(ujk)]. (2.103) 

where, here. /k = ƒ' C/3A;/(2TT)3. For the "eye" diagram, the retarded self-energy is 
given by 

£ & ( P ) = \ f {G++(k)G++{k - p) - G+-{k)G-+{k - p)}. (2.104) 

It is convenient to use the Keldysh basis, where the various components of the propag
a tors are given in terms of the retarded Gp. advanced GA and symmetric propagators 
F. see Eqns. (2.80-2.82). The original contour propagators G±± arc given in terms 
of these by Eq.(2.34). In the Keldysh basis the retarded self-energy becomes 

^(P) =•• \ / | ö (Gn(k)GH(k - p) + GA(k)GA(k - p)) 
~ Jk l~ (2.105) 

-iF{k)GR{k-p) - iGA(k)F(k-p)\. 

The first two terms in the RHS have poles at only one side of the complex plane. In 
t he integration over k() one can always chose to close the contour at the other side, 
thus these two terms vanish. The last two contributions can he seen to be equal to 
each o ther by the change of variable k <-> (p - k ) . One ends up with 

E^(p) = g2 I F(k)GA(p - k) = g2 i 2irS (k2 - nr nk + è 
•Ik ' Jk ' il> ~ k)2 - in2 - if-sgnU' - A'o)' 

(2.106) 
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2.6. Damping and quasiparticles in p3 + ip theory 

with iik = n(ujk)- Performing the ho integration with the help of the «^-function we 

obi ain 

E-(-'-p, = -"2./k^("" + 5 ... \2 u; - Ukr ~ ^Z-k - ies8n\u - Uk, 

- + Wfc)2-w2_ f c-7>R ( r i e sgniw + W& 

[2.107) 

The imaginary part of the self-energy is obtained by using 

x ± te \ x 
'2.108) 

Applying (2.108) to (2.107) and decomposing the resulting (^-functions leads to 

ImS5v(w, p) = g2 / - ^ — < (Ö(LÜ - u)k - tjp_fc) + <5(w - wfe + wp_fc) )sgn(w - wfc; 
./k ^kOk^p—k 

+ \S(u) + Wfe - wp_fc) + <5(w + u>k + ujp-k))sgn(uj + WfcJ >. 

(2.109) 

For u) > 0. and after convenient changes of variable, we obtain 

2 /• _ 

I m E ^ ( u ; , p ) = ' ^ / - — {[2nk + 1] 6(a) - ujk - wp_fc) + 2nfc(5(w + wfc - wp_ fc)} . 
^ ./k ^WfcWp-fc 

(2.110) 
Before proceeding to calculate the integrals in eqns. (2.103) and (2.110) let us show-
that the same results are obtained within the imaginary time formalism. 

Imaginary time formalism 

To obtain the retarded self-energy one evaluates the integrations and /o r summa
tions in the self energy in Euclidean space and afterwards performs an analytical 
continuation of the momenta as iun —> po + ie. It is useful to write the Euclidean 
propagators like 

GE[ , 
'A' s=± 

1 v - 1 S 
<(M — — \ . 

Wn + U)Z _ 2u!k ibJn + SUJk 

'2.111 

The contribution to the self-energy from the tadpole diagram is then written as the 

following sum/integral 

T-— 
A—1 2u,'i. iu) 

2.112 
k iu)n + su>k 
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Chapter 2. Equil ibrium and nonequilibrium field theory 

where YL re,k = TJ2n Jk . To evaluate the sums over the Matsubara frequencies we 
write the sums as integrals in the complex space by 

r E / W = ^ êifwl*** (4F) • (2-113) 2TT/-M y2 V2T7 

and Ave use the following properties of the hyperbolic cotangent, namely 

- c o t h ( ^ ) = _ [ „ ( 2 ) _ n ( _ 2 ) ] , (2.ii4) 

c o t n ( | ^ ) =8COt]l{w) with * = ±- f2-115) 

: o t h f i ± ^ -coth(^) 

Applying (2.113) to the tadpole one immediately finds 

A /• 1 

(2.116) 

£ £ = ^ / ^ - [ l + 2n(w*)]. (2.117. 

which is exactly the result (2.103) found with the real-time formalism.6 

The contribution to the self-energy coining from the "eye" diagram is a bit more 
involved. Using the decomposition (2.111) one obtains 

EiO*..p)-£i I-2— E — . r^— . (2.118) 

Using then (2.113-2.116) one can perform the frequency sums to find after some 
st raightforward manipulations 

^i (Wm.P) = "ÏT / 1 X 

{ ((rift + l)(np_fc + 1) - nA.//„_A.) (- • • ] + 
L \ l^'m + Wk + U)p-k llOm — U)k — UJp-k J 

{{nk + l)np_fc - nk{np-k + 1)) ( — L - : — ! ) ). 
\lu)m u)k + Wp—k lOJ-m + U)k — U)p—k/ ' 

(2.119) 

To obtain the imaginary part of the retarded self-energy we perform first an analytical 
continuation ium —> u> + ie (with f > 0) and later use the decomposition (2.108) on 

'Note tha t £ £ is a constant and consequently the analytic continuation is trivial. 
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2.6. Damping and quasiparticles in ip3 + ^ 4 theory 

the resulting denominators to find 

Q2 I' 1 
I m E ^ o . ' . p ) = ^ 2 Jk ŴfcWp—fc 

((nfc + l)(np-jfc + 1) - nknp-k) {5{OJ - uk - wp_*) - (5(w + wfc + u;p_fe)) + 

((ft* + l)np-fc - nk{np-k + 1)) {S(UJ + wk - wP-fc) - <5(w - wfc + up^k)) >. 

The result has been explicitly written to show the Boltzmann "gain" and "loss" 
factors (nk + l)(np-k + 1) - nknp-k and (nfc + l)np-k - nk(np-k + 1). The first one 
corresponds to the decay (and production) of an off-shell excitation into (from) 2 on-
shell excitations. The second one correspond to Landau damping [118] via scat ter ing 
of the off-shell excitation with on-shell particles from the bath (only occuring at 
T / 0 ) . For u) > 0 the term with §(u + ujk + Up-k) '^ kinematically forbidden. In 
this case, and after convenient changes of variable, the above can be written only in 
terms of the distribution functions nk as 

2 /• 

ImX&.(w,p) = i r / -.— {(2nfc + 1) <5(u; - w* - vP-k) + 2nk6(w + uk - wp_ fe)} 
2 ./k 4wfca>p_A: 

(2.120) 
which agrees with the result (2.110) previously obtained. 

Damping 

Once that the equivalence of the real- and imaginary-time formalisms has been 
shown we proceed by performing the integrations appearing in the self-energy par t s 
(2.103) and (2.107). The part (2.103) coming from the ••tadpole" diagram is purely 
real and therefore it does not contribute to damping. Only the -'eye'' diagram has an 
imaginary part , which is given by (2.120). One can make use of the delta functions 
present in (2.120) to solve the angular par t of the integral over the internal momentum 
k. Indeed, using the property 

root ! / ^™>t; | 

one can solve the angular par t of the integral if f(x) is taken to be u> ± ojk — u)p-k 

with x = cos 9. being 6 the angle between the vectors k and p . The sum present in 
(2.121) is over the roots of the function f{x). which for f(x) =v± u>k - up-k, are 
given by 

p2-u;2T2ujLUk 

2|p | |k | * ' 

with | ƒ'(a;) | = |p | |k | /a;p_/. . In order to obtain a nonzero contribution, the roots of 
the function f(x) in the S's must be inside the interval [—1,1], i.e. 

- l < p 2 " " 2 , t | ^ < l - (2-123) 
2 |p | |k | 
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Chapter 2. Equilibrium and nonequilibrium field theory 

where the + sign corresponds to decay and the - sign to Landau damping. This 
leads to restrictions of the integration regions of |k| in Eq. (2.120). We analyze the 
two regions independently. 

• D e c a y : In the case of decay the (5-function in Eq. (2.120) implies that to = 
Wfc +u>p_fc. This is only possible provided UJ > Vp2 4- 4m 2 . so this contribution 
to damping only occurs above the 2-particle threshold. The lower and upper 
integration limits /,•_ and k+. which result from the restriction (2.123). can be 
easily expressed as 

k+ = (2.124; 

• L a n d a u d a m p i n g : In this ease the contribution only occurs below the light-
cone, i.e. p 2 > UJ2. The integration limits resulting from the restriction (2.123) 
turn out to be the same as in the case of decay". Notice that both for decay and 
Landau damping the function inside the square root in the integration limits 
(2.124) is positive, so k± are real. 

After the angular integration is performed, the contributions to the imaginary part of 
the re tarded self-energy coming from decay and Landau damping can thus be written 
as 

lm£.]jy(oJ. p) = 
•^ • ilk k l 

\ hl £é éS^k + 1) for u? > p2 + 4m2, (Decay 

i Ik+ S\t\2^nk f()1' w2 ^ P2- (Landau damping; 

(2.125) 
in\P\2UJk

nk t o r ^ - S p " . 

Filially, the remaining integration over A- can be easily performed since 

dk k 1 

•Ik ujk e#"* - 1 
= T dx 

e-'' - 1 
= T\n 1 - e 

1 - c 
f2.1261 

with x± = 0UJ± = dvA'^ + in2. The final result for the imaginary part of the retarded 
self-energy can be compactly written as 

lmE*tu>,p) = -
l()7r|p| 

with UJ± given by 

7'In 
-0 

W ± = 2 ± I P I A i 
4m2 

p - — o;J 

2.127 

[2.128) 
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i v R 

> i : 

0.0001 
8e-05 

4c-05 
2e-05 

(1 

«i 

'X^--^' 

|p|/m \ 

JB ^ \ 

0.0(11)12 

8c 1)5 
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- ^ - — — 4 ^ 

-—"*"i to/m 

F i g u r e 2 .3 : Imaginary part of the contribution to the self-energy from the "eye" diagram, for coup
ling g/rn = 0.1 and temperatures T/rn = 1.0, in the MS scheme. 

This result was also obtained with Laplace transform methods in [120]. We show 
in figure 2.3 the result (2.127) plotted with respect to both p and to We notice in 
(2.127) tha t there is no on-shell damping. This implies that the on-shell plasma 
excitations (plasmons) are stable and behave as free quasiparticles. Nevertheless we 
expect damping to appear at higher orders in per turbat ion theory. In particular, 
introducing an 'eve" self-energy insertion into one of the lines of the original "eye" 
diagram yields damping, since the momenta on tha t line is not bound to be on-shell. 
and therefore the insertion produces an imaginary part according to (2.127). 

Quasiparticle pole 

To find the dispersion relation of the quasiparticles one must calculate the real 
part of the retarded self-energy. In this case both the "tadpole" and "eye" diagrams 
contribute. Wc discuss both diagrams and their vacuum and finite tempera ture con
tributions separately. 

Tadpole contribution: The vacuum part of this diagram is quadratically divergent. 
The divergence can be regularized in the context of dimensional regularization (with 
d = 4 — 2e and renormalization scale /i) and one obtains 

£ Q ( T = 0 ) = ^ 
1 \m 

f 1 - 7 - In 
2 7k2w f c 2(4TT)2 _r 

where c = 0 + and 7 = 0 .57721 . . . is the Euler constant. 

47T//-' 
[2.129) 

7This is generally not true. It does not happen, for instance, in the contribution of the sunset 
diagram to damping in Ap1 theory [119. 110). 
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Chapter 2. Equilibrium and nonequilibrium field theory 

The finite temperature part is given by 

2 7k vk 2 Jm/T 2TT2 ex - 1 
1 -

m\2 1 
7 1.2' 

[2.130) 

and can be solved numerically. If T » in, one can expand with respect to m/T 
finding 

E 0 (T > m) = 
~24~ 

2 r 

1 + 0 
r/. 

("2.131 

Eye contribution: Let us come back to the expression (2.119) for the self-energy in 
imaginary time. It was written to shew explicitly the "gain" and "loss" factors. We 
can nevertheless write it in such a way that the vacuum and the finite temperature 
parts are separated as 

£-o(u;m, P) — 
1 

2 ./k 4u)kWp—k L 

Here the function S(u>k,wp-k) ' s given by 

S(üJk,üJp-k) = 

S(cük^p-k) + 2rik[S(uJk,uJp-k) + S(—cJk,^p-k] 

lU)m + W.fc + COp—k l^m — -^k — Wp—k 

'2.132' 

[2.133) 

The vacuum part of the "eye" diagram is logarithmically divergent in four dimensions. 
Again in the context of dimensional regularization one finds 

£ * (p;T = 0) = 
2(4TT)-

- + 2 - 7 - In v 

- 2 * 1 
4m2 

-acoth 1 + 
4m' 

P' 
[2.134) 

The corresponding retarded self-energy in real time is easily obtained by analytic 
continuation i,pA —> to + ic. One finds that above the lightcone and below the 2-
particle threshold, i.e. p 2 < J1 < wf = p 2 + 4m2. the contribution becomes purely 
real and given by 

ReE^(|p|<a;<^;r = 0) = - f -

V ^ ^ 
[2.135: 

Below the lightcone (w < |p|) and above the two particle threshold (ui > wt), however, 
the result, of the analytic continuation becomes complex. The real part of the outcome 



2.6. Damping and quasiparticles in ^ ' j + ~p4 theory 

is 

Re E o» > U)t &.U) < | p | ; T = 0) = 
2C47T 2 .6 

- + 2 - 7 - I 1 1 
777 " 

4 7 T / / 2 

1 -
4m-

/.,2 _ r.2 
In y -

y -
- - ^ + i 

4 m2 ^ 
w2—p2 

[2.136) 

The finite temperature part does not contain UV divergences so no regularization is 
needed. After analytic continuation one can check that it can be written as 

R e £ " ( p ; r ) = ^- rflkl 1 

2 ./ (2TT)2 \p\cok e?"* - 1 

j dx^- In [(u)2 + {uk + top-k)2) (J2 + (wfc - ujp-k)
2)} (2.137) 

which allows to perform easily the angular integration to find 

, ' j 

R e £ * ( p ; T ) = 
8TT2|P| . 

dwk 

I 
ePuk _ ]_ 

In 
(u2 

(u* 
— (u)k -\-ujp-k) ) [w ' 

- (ujk + UJp+k)
2) (UJ2 -

- (Wfc -

- (^A: -

-Wp_fc) 2 ) 

-^p+fc)2) 

(2.138) 
The total result for the real part of the retarded self-energy E.Q. is plotted against 
both p and u> in figure 2.4 below. 

F i g u r e 2.4: Real part of the contribution to the self-energy from the "eye" diagram, i.e. eqns. (2.127) 
and (2.135-2.138). for coupling g/m = 0.1 and temperatures T/m = 1.0, in the MS 
scheme. 

Renormalization: To renormalize the divergences present in Eqns. (2.129) and (2.134) 
we introduce a mass counterterm 8rn2 by writing our bare mass as m2 = m2

R — Srn2. 
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Chapter 2. Equilibrium and nonequilibrium field theory 

We choose the counter term in such a way as to ensure that the renormalized mass 
in R is the particle pole mass at zero temperature and zero spatial momentum, i.e. the 
inverse full (real-time) propagator vanishes at w = IUR and p = 0 as 

G l = LÜ~ - p — mR + 8m — Re E (w = TUR. p = Ü) 

T h e resulting counter term is then given bv 

r=o 
= 0. at UJ = in R. p = 0. 

(2.139) 

Sm2 = + 

= + 

E 0 + R e E * (w = m r . p = 0 ; J = 0) 

An/; + .</' 

32 T T 2 
- + 1 - 7 - In 
e \ i.T//-

' " ; 
32--' 

T T V ^ 
(2.140) 

This choice of the counterterm ensures thai the mass in the loop propagators is 
identical to the mass in the external (dressed) propagators. This avoids inconsistencies 
from having two different masses. For instance, it ensures that the 2-particle threshold 
for decay occurs at twice the particle pole mass. 

At finite tempera ture , however, thermal fluctuations shift the position of the pole 
since there is an extra contribution to the self-energy. Strictly speaking one cannot 
talk about a "true" pole anymore as the self-energy becomes now complex. The 
solution to equation (2.139) at 1 ^ 0 does not lie in the first Riemann sheet but has 
moved to the second Riemann sheet [120]. One talks then about a "resonance" (or 
quasipart icle pole). The quasiparticle pole mass is given by the position of the center 
of the spectra] function 

p(tj; p) = 
2iImEa(u>,p) 

- p 2 - m2 ReEJ 
o,p. 

which occurs at the quasiparticle pole energy ' q p ft 

I m E R ( w , p ) 2 

iven bv m: 

(2.14T 

Solving 

ÜJ2 - p2 - m öm2 — ReE /?(p.u,-)|^.=^, = 0 leads to the self-consistent equation for 
the quasiparticle mass 

at an Re E ^=w q p ,p ;T- (2.142) 

T h e real part of the retarded self-energy coming from the "eye" diagram depends on 
the external momentum p . Hence the dispersion relation for the quasiparticle is not 
tr ivial as the quasiparticle mass will also depend on p . Let us analyze for simplicity 
t he case of zero spatial momentum p = 0. In t ha t case 

ReZl (w = m q p . p = 0.T) = 
(f III 

-2 III 
f IP 

dx ,J3m.RX _ \ ' [2.143) 
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For sufficiently small couplings and temperatures the corrections to the mass will be 
tiny, so one can solve equation (2.142) by expanding around m* 
order, it leads to 

'm ~ 1. To first 

1 + 5^i + &°2 + \ (1+ T^i + &c2) - ^ (1 + jfrc2) c< 
III,, III r, \ \ III o ' " r. / TV-lTln \ ' " r. / 

m = mR 

2 ( 

with the constants Ci. C2 and C'3 given by 
(2.144) 

C i = 

Co = 

r/.r 

M w / T ( 2 7 ) 2 r ' - 1 

1 r - 1 

9(i; -n-2 3 ^ 2 

C 3 = / cte 
. /1 

udmit.r _ J 

1 -
m » \ 2 1 
T 

(2.145) 

(2.146) 

(2.147) 

The shift of the quasiparticle mass with temperature is shown for various values of the 
coupling constant g in Fig. 2.5. There is a competition between the contribution to the 
self-energy coining from the "tadpole" ( which increases the quasiparticle mass) with 
the contribution from the "eye" (which shrinks it). Indeed, for suffiently large coup
lings g. the quasiparticle mass decreases with the temperature. This may even result 
in a tachvonic mass, which signals the instability of the perturbative approximation 
[1211. 

' i p 

1.2 
1.15 

1.1 
1.05 

1 
0.95 

0.9 
0.85 

0.8 

/i//mn = 0.01 
g/rnn = 0.1 
g/mn =0 .2 

F i g u r e 2.5: Quasiparticle to renoniialized 
mass ratio (A = 0.1). For 
sufficiently large couplings g. 
the contribution of the "eye" 
diagrams starts to dominate. 

3 4 
T 

III l; 

With the real part of the self-energy given by (2.129-2.130) and (2.135-2.138). and 
the imaginary part by (2.127). one can. using the expression (2.141) calculate the 
spectral function p. For illustration we plot the spectral functions for g/rnn = 0.5 
and temperatures T — 0 and T = 0.2 m^ . With increasing temperature the spectral 
function increases at threshold but keeps its shape for large energies. The quasiparticle 
pole remains a ^-function at finite temperatures as there is no on-shell width. 
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m p 
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0.0001 
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F i g u r e 2.6: Spectral function at T = 0 and T — 0.2 m/; for the coupling y/m.R = 0.5. The 
quasiparticle pole, corresponding to a ó-function. is also indicated. 

Comments 

In this section we have illustrated the methods discussed in the previous par ts 
of this chapter, in particular, to study the quasiparticle properties of scalar ^ + ^ ' 
theory to 1-loop order in per turbat ion theory. Regarding the interaction part t/?4 of the 
theory, most of the calculations presented in this section can be found in the l i terature 
(see, for instance [122]). With respect to the interaction par t ^ . the calculation of 
the imaginary par t of the "eye" diagram was already done with Laplace transform 
methods in [120]. As we have shown, the same answer is obtained with both the real 
and imaginary t ime formalisms of thermal field theory. 

The calculations of the quasiparticle properties in cp4 theory have been performed 
up to 2-loops in per turbat ion theory (see, for example [122. 110. 119]). together with 
the appropiate resuinmations needed at high temperature . At 2-loop. the "sunset" 
self-energy diagram contributes to damping on-shell [110. 119]. Because of the resuin
mat ions involved in the computa t ion of t he quasiparticle properties at higher orders 
in per turbat ion theory, it would be interesting to study the equilibrium scalar (£3-f tp4 

theory in the context of the schemes based on the 2PI effective action (see chapter 4). 

T/m=0.2 

Quasiparticle pole 
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3 Divergences in the classical 
approximation 

3.1. Introduction 

A lot of interesting phenomena occurring in field theories in and out of equilibrium 
are essentially non-perturbative. A way to tackle them is to study the theory discret-
ized on a lattice and solved by a computer. This is the purpose of lattice field theory 
[123, 124]. For systems in thermal equilibrium, the numerical methods of lattice field 
theory are mostly based on Monte Carlo algorithms. Among many other applications. 
they have been used to provide interesting information on thermodynainical proper
ties of the quark-gluon plasma (see [30] for a review). Unfortunately, one cannot apply 
similar Monte Carlo simulations to study the real-time dynamics of quantum fields 
because they are based on euclidean time. One has then to turn to approximation 
methods. One of such methods in which a non-perturbative approach is possible is 
the classical approximation. It is expected to be valid when the occupation numbers 
n p of the field modes are large. 

The classical approximation can be most easily understood close to equilibrium, 
where the occupation numbers are approximately given by the Bose-Einstein distri
bution n(iijp). By restoring Planck's constant h to the distribution function1. one sees 
that the limit of large occupation numbers coincides with the classical limit h —> 0 

"H) = i ^ 3 i - >̂ = 4 > > L (3'1) 

It is also interesting to observe that the classical limit also corresponds both to the 
limit of high temperature and the limit of low frequencies UJP. This implies that the 
classical approximation can be used, on one hand, to study the behavior of observables 

1 Restoring h implies that dimensions of energies [E] no longer correspond to the inverse of di
mensions of length [L], since [h] = [E][L]. Simple analysis reveals the following dimensions for the 
quantities considered in this chapter: [y2\ = [ E p ] " 1 , [A] = [ E ] " 1 ^ ] - 1 , [m] = [k] = [fc0] = [L]" 1 

and [T] = [E]. For the coupling g in non-abelian gauge theories, we find [g2] = [E]~l[L]~l. The 
self-energy has dimensions [IT] = [m]2 = [L] - 2 - The restoration of h involves typically correcting the 
dimensions [E] by inserting h such that all quantities are expressed in dimensions of [L]. 
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Chapter 3. Divergences in the classical approximation 

at high temperature, and on the other hand, to study physical processes which are 
dominated by the low-moment urn modes. 

For sufficiently high momentum modes, however, it is clear that the classical ap
proximation (3.1) does not work. Thus, the classical theory should be interpreted 
as an effective theory for the low-momentum modes. To separate the high- from the 
low-momentum modes, one introduces a UV cutoff A ~ T/h. Defining the classical 
theory at all momentum scales would require taking A —> oc. However, it is known 
since Rayleigh. Jeans. Planck and Einstein, that this leads to the appearance of di
vergences (Rayleigh-Jeans divergences)2. This is most easily seen by considering the 
energy density of a free gas of scalar bosons. At high-temperatures (T » Km), it 
behaves as 

The same quantity computed in the classical theory is badly divergent 

/' , , , f M< TA3 

ec] = / /k^vHciKk) = / - 7 7 — = - — 7 . (3.3) 

where A is an UV cutoff. Thus, at finite temperature the classical field theory should 
be interpreted as an effective theory for the low-frequency modes (smaller than the 
cutoff A ~ T/H). The resulting cutoff dependences reflect directly the divergences of 
the classical theory and indicate its different high-momentum behavior with respect 
to the quantum theory. 

One might hope that for low-momentum correlation functions this different beha
vior does not play a role so that the physics involved at the cut-off scale ~ T/h is 
unimportant. Naively, one expects that any quantity that does not depend on // (at 
least in the lowest order of a coupling constant expansion), should be computable in 
the classical limit. In the case of nonabelian gauge theories at finite temperature, 
this occurs for quantities that depend only on the combination g2T in nonabelian 
gauge theories at finite temperature, where g is the gauge held coupling constant. 
This suggests that processes dominated by momentum scales of order g2T might be 
reliably described within the classical theory. A possible candidate is the case of the 
baryon-number violating processes in the electroweak theory, occurring via sphalcron 
transitions (electroweak baryogenesis). From dimensional analysis, the rate for such 
transitions is estimated to be ~ (g2T)4 [125]3. However, closer scrutiny shows that 
the high-momentum modes affect, through interactions, the low-momentum sector of 
the theory in an essential way. A general strategy to improve the classical theory is to 
include the dominant quantum contributions from the high-momentum (hard) modes. 
For the baryon-number violating processes, for instance, it was shown that, taking into 
account the effect of the hard modes, the sphalcron rate behaves like ~ g2h (g2T) 
[130]. Further studies revealed that, due to scattering with semi-hard modes, the 

In fact, the appearance of these divergences in classical theory was one of the motivations to 
introduce quantum mechanics. 

3 T h e classical approximation has been applied to the study of electroweak baryogenesis in [126. 
127. 128. 129]. 
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3.1. Introduction 

estimate is refined to be ~ \og(l/g2h)g2h (g2T) [131]. These analysis indicate t ha t 
the sphaleron rate, computed within the classical theory, shall depend on the cutoff 
A. In this context it is important to understand the classical divergences, since they 
correspond to the dominant hard mode contributions in the quantum theory. 

Notice tha t , for static quanti t ies, the classical approximation adopts a simpler form. 
This can be seen, for instance, by taking the propagator in imaginary time 

As h —> 0, the non-zero Matsubara modes become infinitely heavy and decouple. In 
this manner, the 4-diniensional thermal field theory is described by the 3-dimensional 
theory of the zero Matsubara mode. This correspond to the case of dim,ensional 
reduction, as explained in chapter 1. The effect of the non-zero Matsubara modes 
enters as a renorinalization of the parameters of the 3-dimciisional theory, which is 
established by comparing long-distance correlation functions of both theories. This 
matching of the correlation functions provides the counterterms for the divergences 
appearing in the 3-dimensional theory. 

We focus in this chapter on situations close to equilibrium, and study the di
vergences in the classical theory and their correspondence with the physics of the 
high-momentum modes. We focus particularly on the case of gauge theories. We 
review in section 3.3 the relation between the classical linear divergences in the self-
energy and the hard thermal loops (HTL) [132]. The relevance of the HTL in an 
effective theory for the low-momentum (soft) modes is well-known [53]. In particular, 
an effective theory t ha t incorporates them has been developed [133. 106]. Besides 
the linear divergences tha t appear in the computat ion of self-energies in the classical 
theory, there appear also logarithmic divergences [134]. The hard-mode physics cor
responding to these divergences is not completely understood ye t . ' A further s tep 
towards an effective theory beyond hard thermal loops would then be to include the 
logarithmic divergences ("'log-divergences", for short) into the effective action. In any 
case, an extra term in the effective action containing the physics of the log-divergences 
would enter the equations of motion of the fields as a source term, which must be 
conserved0 for the effective theory to be consistent. In section 3.5 we show that the 
logarithmically divergent par t of the classical SU(N) gauge self-energy is transverse. 
This implies, a t least in linear response, current conservation. In this chapter, how
ever, we shall not discuss how to renormalize the classical divergences by appropriate 
counterterms. We refer the reader to [135. 136. 137] for more information on this 
point. 

Let us end this introduction by describing some other interesting applications of 
the classical approximation in situations far from thermal equilibrium. In cosmology, 
it is believed that the transition from an inflationary to a radiation dominated era 
is followed by a period of fast particle production, usually called preheating. The 

4Prom the estimate of the sphaleron rate given in [131], we see that the hard-mode physics of the 
quantum theory corresponding to the log-divergences is important, as it is responsible for the factor 
log(l/g2h). 

°covariantly conserved for the case of gauge theories 
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Chapter 3. Divergences in the classical approximation 

occupation numbers of the corresponding modes grow very rapidly, which suggests 
the use of a classical approximation [9. 13, 27. 138]. On the other hand, in QCD 
and. in particular, during the early stages of heavy-ion collisions, gluon occupation 
numbers are found to be as large as 1/g2 [139, 140. 48]. so one hopes tha t classical field 
theory might also be applied. Along these lines, the color glass condensate model (see 
[49] and references therein) was formulated to s tudy the dense gluon system before 
equilibration. 

3.2. Classical approximat ion and per turbat ive expan
sion 

T h e advantage of the classical approximation as a non-pert urbative scheme is that , 
unlike the lattice, it poses no trouble to perform real-time simulations. All one has to 
do is to solve the classical field equations of motion with appropriate initial conditions. 
From the discussion in section 2.1 (seealso [141]). physical quantit ies are then obtained 
by averaging over the initial conditions. In a Haniiltonian context and from thermal 
initial conditions, what one does is solve the Haniiltonian equations of motion 

dMx,t) = 
SH\ 

S7ï{x.t) ' 
0,~(x,t) = -

5H[<P,TT] 

Ss(x.t) 
(3.5; 

for some initial conditions ^ i n ( x . / 0 ) and 7Tjn(x,to) specified at time to. Classical 
correlation functions are obtained bv the thermal average 

(ip(x.i,t1)ip(x2,t2) •. -)c\ = 

- / ^ i „ P 7 r i l l ^ ( x 1 . / ] : [ v ? i „ . 7 r i n ] ) ^ ( x 2 . f 2 : [ ^ i n . 7 r i n ] ) . . . e - r f W ^ " ' 7 r i " ] , (3.6) 

which can be implemented in the computer by means of s tandard Monte Carlo meth
ods for generating the initial conditions. For weak coupling, nevertheless, one can 
s tudy the classical equations of motion perturbatively. Consider, for instance, the 

1 2 . 1 / 1 
ö ( ^ ) + Ö™ 2 .2 

# m t - (3.7; 

vitli 

flinl = / d3X 
1 3 1 , . 
3\fJ<p 4! ^ 

(3.8) 

The solution to the free equations of motion in terms of the initial conditions tp-in and 
TTJ,, is given, after Fourier transformation in space, by 

7T- (k) 
p 0 ( k , f: [<p-m, 7Ti„]) = p i n (k ) cos [uk{t - to)] + ^ ^ sin [uJk{t - t0)}. (3.9) 
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3.2. Classical approximation and perturbative expansion 

A perturbative solution of the equations of motion 

W-«+ma)^') = - f e - (3-10) 
is constructed with the help of the retarded Green's function (2.22) as 

¥>(*)-«*(*)+ j fG?(* ,» ) | ^U D + -.- • (3-11) 

With (3.11). the perturbative expansion of the various classical correlation functions 
{<p(xi)<p(x2) • • -)ci can be obtained. In this way. for example, the plasmon damping 
rate in classical A9?4 theory was computed in [134]. 

For the point of view of perturbation theory, the classical perturbative expansion 
can be deduced from the quantum expansion [135]. To observe this, it is convenient to 
work in the Keldysh basis (2.33), where one has the "average"' field <p = \ {~p+ + y>~) 
and the "difference" field A = <p>+ - tp~. The interesting thing of this basis, from the 
point of view of the classical approximation, is that the ••difference" field A is purely 
quantum [98]. The Lagrangian density in ^ + --p4 theory in the Keldysh basis {(p. A} 
is given by 

C=\ (dip) (ÖA) - \m2<pA - \g&? - \gA3 - ^ A ^ A - I A A V (3.12) 

The 2-point functions in the Keldysh basis are given by (see (2.34)) 

{<p{x)(p{y))=-x -=F{x.y). (3.13) 

(<p(x)A(v))=—--l=iGR(x1y)t (3.14) 

(A(aj)^(i,)) = • •= iGA(x.y). (3.15) 

(A(a;)A(y)> = • \= 0. (3.16) 

We also showed the diagrammatic representation of the Feynman rule for the various 
propagators by indicating with a full or a dashed line if the endpoints of the propagator 
correspond, respectively, to the fields (p or A. Close to equilibrium, the propagator F 
is proportional to the occupation number n, while the retarded/advanced propagators 
GR/A do not depend on n. From (3.13-3.16), we observe that this occurs if the fields 
in the Keldysh basis behave as <p ~ n 1 / 2 and A ~ n - 1 / 2 . Thus, for large occupation 
numbers (n > 1), (p » A and therefore the "difference" field A is negligible, showing 
that the field A is purely quantum. From this analysis, the various field couplings are 
given, in terms of the occupation numbers, by 

/ - ~ £3A ~ n. •— ~ ^A 3 ~ n _ 1 , 

: ''*: (3.17) 

M-n 1 ' 2 , •' ~A A 3 „-3/2 11 
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Chapter 3. Divergences in the classical approximation 

For large occupation numbers, the couplings appearing in the right of (3.17) are small. 
Taking the occupation numbers large corresponds precisely to the classical approx
imat ion. Therefore, the classical perturbative expansion can be obtained from the 
q u a n t u m by neglecting the right vertices of (3.17). The classical/large-// Lagrangian 
is then given bv 

- (dip) (dA) - -m 2 (3A - ^ o A ^ 2 - -
2 2 2 3! 
: (dip) (ÖA) - - m 2 ^ A - -gA<p2 - -Ay>3A + 0(n~l). (3.18) 

In a per turbat ive expansion in terms of the statistical correlator F and the spectral 
function p. the classical approximation described above is equivalent to neglect the 
p with respect to the F [142]. We will apply this to study the validity of the 1/N 
expansion of the O(N) model for large particle numbers in chapter G. 

3.3. Linear divergences and HTLs 

We have seen in the introduction of this chapter that a classical theory contains 
Rayleigh-Jeans divergences. These appear due to fact that one is t reat ing wrongly the 
hard modes, for which the classical approximation should not apply. In the classical 
per turba t ive expansion, these divergences come explicitly from the hard-momentum 
region of the loop integrations6 . Introducing a cutoff A to separate the soft from the 
hard modes, the cutoff dependences arise from the loop momenta k ~ A. Remember 
from the discussion in section 1.3. that this situation is similar to what occurs in the 
hard thermal loops (HTL). which arc given by the contribution, at high temperature , 
from the hard loop momenta to t he diagrams with soft external momenta. Thus, 
the classical divergences and the HTLs must be somehow related. Indeed, take for 
instance the HTL contribution to the thermal mass in inassless \tp4 theory, given by 
the tadpole diagram (see eq. (2.131)). namely 

. U I L
 A / ' /' 1 ,., ,. \h f \ 1 AT2 

1'" =TjkwrW)=Tjkü7m^ï = üi; (3-19) 
T h e ft appearing in the denominator of (3.19) shows that this is a divergent contri
bution in the classical limit I) —» 0. Indeed, computing the same diagram within the 
classical theory gives 

A/' fA 1 , „ „ A// fA 1 1 ATA 

2 ./k lkl 2 , / k |k| (ift\k\ 4TT2 

In this manner, one sees that the linear divergences in classical A^4 theory are the 
classical counterpart of the HTL in the quantum theory. 

This fact also holds for gauge theories. In gauge theories, however, the situation is 
more complicated, since the hard thermal loops are non-local in space and time [53]. 

6 Remember from section 2.4.1 that , at finite temperature, loops represent both quantum and 
statistical fluctuations. In the classical theory, quantum fluctuations are absent, but the loops still 
remain clue to the statistical fluctuations. 

58 



3.3. Linear divergences and HTLs 

At finite temperature, the gauge field self-energy takes the form 

with k = k/ |k| . The precise form of the function ƒ can be found, for example, in [88], 
but is not needed in the discussion presented here. We just mention that it depends 
on the distribution function n. This implies, in particular, that the function ƒ takes 
different forms in the quantum and the classical theory (we will indicate the classical 
function by /c i) . The HTL contribution in the self-energy (3.21) is obtained by a 
number of approximations [53]. First, one focuses on the temperature dependent part 
and takes the high-temperature limit. Second, one takes the external momenta to be 
soft ~ gT. while the internal momenta are hard ~ T. For weak coupling g <§C 1. this 
allows to neglect the external momenta with respect to the internal momenta in the 
integrand of (3.21). Applying these approximations to (3.21), one obtains the HTL 

n&L(p0,p) ~ ̂  f J ( -^•° -° ) • (3-22) 
Notice that the HTL approximation decouples the radial from the angular part in the 
integration. The radial integration determines the plasmon frequency ui2

A ~ g2T2/h. 
The h in the denominator, which appears from dimensional analysis, indicates, as in 
the scalar theory, that this corresponds to a divergent contribution in the classical 
theory. Indeed, in the classical theory, the divergent part is given by taking the first 
term in a Taylor expansion of the classical function /ci in powers of p -k /k 2 and p 2 / k 2 

in (3.21). leading to 

n;;rv(R,. P) ~ 92TA J./;., ( - ^ . o. o). (3.23) 

Thus, as in the scalar case, the linear divergences of the classical gauge theory cor
respond to the quantum HTL [143]. 

Let us mention two important points here. First, from eq. (3.23) we see that the 
classical divergences in gauge theories are non-local as they depend on the frequency 
po- This raises questions regarding the possibility of renormalizing the theory with 
local counter terms [132]. For the linear divergences, however, it was shown that local 
countcrterms can indeed be found [136]'. Second, from the correspondence between 
HTL and linear divergences one expects that both satisfy similar properties. The 
HTLs. in particular, are gauge invariant and satisfy abelian-like Ward identities. We 
shall show in section 3.5. that this also occurs for the classical linear divergences, at 
least at the level of the self-energy. The HTLs, in addition, despite being non-local, 
allow for a local kinetic formulation in terms of a Vlasov equation [145, 146. 147]. 
One obtains the equations of motion for the soft average gauge fields [146] 

J V ^ = JSTL, (3-24) 
7 On the lattice, the determination of the counterterms depends on the choice of regularization 

[144]. This occurs since the classical divergences correspond to short-distance physics, hence they 
know about anisotropics of the lattice. 
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Chapter 3. Divergences in the classical approximation 

with F*v = d>'A" - 0VA" - ig \A".AU] and the source 

JZTL=2gNfv"ön(k,x) (3.25) 

representing t he effect of the hard modes, whose deviation 5n(k,x) from a thermal 
dis t r ibut ion satisfies the Vlasov equation 

r"Dfl6n(k.x) = -ryk • E ^ - j ö (3.26) 

In the set of eqns. (3.24-3.2G). v" = ( l . k ) . n ( |k | ) is the bosonic thermal distribu-
tion function, E is the electric field and D / ( is the covariant derivative. Due to the 
remarkable gauge symmetry properties of the HTLs. the source J'{VVL is covariantly 
conserved. 

3.4. Logarithmic divergences 

Apart from the linear divergences, one also finds logarithmic divergences in the 
classical pcr turbat ive expansion. At 1-loop. they arise in the self-energy (3.21) from 
the first term in the expansion of ƒ with respect to p • k / | k | 2 . A detailed analysis of 
the H T L reveals, however, that the logarithmically divergent term vanishes at 1-loop 
[143]. It was shown in [143] tha t the degree of divergence of a classical diagram with 
I loops is given by D = 2 - L Thus, the log-divergences appear only at 2-loop and 
there are no further divergences. 

Similarly to the case of the classical linear divergences, where the quantum coun
terpar t corresponds to the HTL. one would like to investigate the hard-mode physics 
t ha t the classical log-divergences point a t . In particular, one would like to construct 
a low-energy effective theory beyond the HTL approximation. To discuss the form 
of such a theory, consider the effective action tha t results from integrating out the 
hard modes with momenta k > //. with // an intermediate momentum scale such that 
Wp] < [i < T/h. In an expansion in h (or high T) . the resulting effective action adopts 
the form 

reff = g2T (j - Cl/4) ren, + (g2T)2 log ( | £ ) rlog + sc] + o (>/ , ^L. ̂  . 

(3.27) 
where cx and c2 are constants that depend on the rcgularization scheme. The first 
t e rm in t he expansion, which corresponds to the HTLs, is proportional to / ? _ 1 . being 
thus linearly divergent in the classical limit H —> 0. The second term is proportional 
to log {T/h) and so corresponds to the logarithmic divergences. The third term is the 
classical action Sc\ and the other te rms in t he expansion arc unimportant contributions 
in either a high T or classical regime. Thus we see that , in an expansion in h (or 
a t h igh- temperature) , the next-to-leading order terms are given by the classical log-
divergences. These would enter in the equations of motion for the classical gauge field 
as a source term J\og as 

A ^ = - W +-'fog- (3.28) 
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3.5. Transversa I ity of classical divergences 

Here. J'{ ~ ^A^Tiog and J £ T L ~ SA^WTI^ tl»1 latter corresponding to the source 
(3.25). Due to the fact that the HTL arc gauge invariant, the source term JRTL is 
covariantly conserved. For consistency, it is necessary that the source J log generated 
by tiie log-divergences is also conserved. Such term is given in terms of the various 
n-point functions by 

J(o^) - ƒ n l̂og(.r.y)Mv) + \JIr^T^v-z)My)M*) + ••• (3-29) 

In linear response, i.e. for small values of the soft average field ,4. the induced source 
corresponding to the classical log-divergences is determined by the retarded self-energy 
TI'K1U . The source is conserved if the retarded self-energy is (covariantly) transverse, 
DfjU!^^ — 0. For values of A small enough, the covariant derivative can be replaced 
with the partial derivative, and therefore the conservation of J]og follows just from 
d^U'jl\0 = 0. For the soft modes, linear response constitutes a good approximation 
at weak coupling (see. for instance, [148]). This implies that, for sufficiently small 
coupling, the induced source J\og is conserved if its corresponding retarded self-energy 
n£"i0 is transverse. We show this explicitly in the next section (see also [149]). 

3.5. Transversality of classical divergences 

We stait by reviewing briefly the Ward identity for the self-energy at finite tem
perature. For general linear gauges, the Ward identity for the retarded propagator 
G^(k) is given by [150] 

F^G*, = -£, (3.30) 

where F>' is the gauge-fixing vector8 and £ is the gauge fixing parameter. This identity 
can be written for the retarded self-energy 1 1 ^ by means of Dyson's equation (2.50) 

for the retarded propagator. G~[R = GQ1,R - Un. For the propagator GR. the 
identity (3.30) is the same for both T = 0 and T ^ 0. For the self-energy UR. 
however, the Ward identity takes a different form at T ^ 0. 

This difference is most easily seen in the covariant gauge (F' ' = k1'). At zero 
temperature. Ufll/ must be a linear combination of the two available tensors g,,,, and 
kfj,ku, which, using (3.30). leads immediately to the result that the self-energy is 
transverse, k''Ullu = 0. At finite temperature, however, the difference arises due to 
the presence of a heat bath with four-velocity u''.9 From this fact, together with 
(3.30). the Lorentz structure of GR

U allows different independent tensor combinations 
of both k,, and //,,. for instance </,„.,. A-,,Av. u^uv and k^uy + //,,£•„• More convenient 
are the dimensionless tensors A^y. BIIV. C,,,, and D,IU detailed in [57. 151. 8G. 150]. 
The precise form of this tensors is not. important for the discussion presented here. 
We shall use the fact that both Alty and BiW are transverse to the four-momentum 
kf'. i.e. k" A,,,, = 0 and k"Bin, = 0. whereas Cin, and D,n, are not. In addition. Ain, 

8 For covariant gauges, F ' ' = A-'', for Coulomb gauges F1' = (0. k) and for the temporal gauge 
F» = (1.0.0.0) . 

9We shall take u'' = (1,0.0.0) . 
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Chapter 3. Divergences in the classical approximation 

and BIIU are, respectively, transverse and longitudinal to the spatial momentum k. 
Wi th this set of tensors the self-energy can be written as 

nin/ = n r , v + ÏÏLB,,» + ucc^ + uDDflu. (3.31) 

For gauges that do not break rotational invariance (including the eovariant. Coulomb 
and temporal gauges), one can use the self-energy decomposition (3.31) and the Ward 
identity (3.30) to derive a relation between the different transverse and non-transverse 
components of the self-energy [150]: 

[n r(A-)]2 = [/.'2 + n /.(A-)]nü(A-). (3.32) 

This result shows tha t , at finite temperature, Ward identities do not imply that the 
self-energy is transverse to the four-momentum h4'. Instead, they give a relation 
between the non-transverse components l i e and UD. The fact that the self-energy 
is not necessarily transverse at finite temperature was observed already at 1-loop in 
[152]. Remarkably, the hard thermal loop part of the self-energy is transverse, i.e. 
fcMIlJJJL = 0. This is due to the fact that IITLs satisfy abelian-like Ward identities 
[55]. The Ward identity (3.32) will he a s tar t ing point in our discussion on the 
transversality of the divergent par ts of t he classical self-energy. 

Linear divergences 

Let us now consider the classical approximation of SU(N) gauge theory. The 
lineaily divergent te rms in the classical theory correspond to the HTLs in the quantum 
theory. The fact that HTLs are transverse suggests that the linearly divergent terms 
should also he so. This can indeed be checked by making use of (3.32). Consider the 
case k2 = A'/(A''' ^ 0. From the fact that t he degree of divergence is given in terms of 
the number of loops I by D = 2-1. we see that the linear divergences occur at 1-loop. 
The self-energy component l i e begins at order ö(g2) (1-loop). Now. from (3.32) we 
notice that I I D should s tar t at ö(g4) (2-loops). The 2-loop contribution u'§ (the 
superscript denotes loop order) is superficially log divergent, containing at most a 
linear subdivergence. Hence, from (3.32) we see that the one-loop contribution Ur 

cannot have a linear divergence. Thus, at 1-loop. both l i e and UD are free of linear 
divergences. This shows t ha t the linear!}- divergent part of the classical self energy at 
1-loop, n '1 ' - '"'. is transverse, i.e. 

fcTlW,' Hn = 0 ( 3 3 3 ) 

as we expected from the considerations about hard thermal loops. 

Logarithmic divergences 

At 1-loop the degree of divergence is D = 1. so there are no logarithmic divergences 
[143]. Let us consider the case of 2-loops. i.e. ö{g4). Then D = 0. so there might be 
log-divergences. We first split the 2-loop self-energy component n g in a log-divergent 
par t , a part that may contain a linear subdivergence and a finite part: 

ng ] = ng]-,üg
 + ng]- u b l i" + ng]-fi". (3.34) 
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p-k+k'+k" p-k+k'+k" 

(a) <b) 

Figure 3.1: A 3-loop diagram (a) with the 2-loop subdiagram (b) 

We insert this expression into the Ward identity (3.32). At 0(gi), the terms in l i e 
at the RHS of (3.32) that match those of the same order at the LHS. are of 1-loop. 
They do not have logarithmic divergences, and therefore 

ng1' log = o. 
We saw already that l ie does not contain a linear divergence, thus also 

n[2].s„.,li„ = Q 

(3.35; 

(3.36; 

Next, we consider He- Analogously to (3.34). we split it in terms of the different 
types of divergences 

n[2 1=n^- l o s + n^-su,,li" + n^'fi". 
We use the Ward identity (3.32) at 0(gs). which we may write as 

(3.37) 

jI2j.log + n[2],Sublii) 
+ n 

[2], fin 

c 
r[l]-finrrl3J - I.2TTW WTTM + 2nc

J-nnnj-l1 = fcangJ + n£JngJ + n^ng1 . (3.38) 

We now focus on the terms that could lead to a logarithmic divergence. We keep from 
(3.38) terms proportional to (log A)2. This results in 

ng 
[2].1 2ng]-finng] = fc2ng]+41]ng]. [3.39) 

As a consequence of (3.35). the last term on the RHS of (3.38) does not contribute to 
(3.39). Let us consider the products of 1- and 3-loop contributions. Since at 1-loop 
there are no log-divergences, the 3-loop diagrams must contain a double log-divergence 
for these products to contribute. Now. schematically, the expression for a three-loop 
diagram is 

nPi(p .6T-.5 
•'•• g»T* I fW(k,k',k",P), 

Jk,k',k" 
(3.40) 

where k. k' and k" are the internal momenta. The result after the integration over any 
two internal momenta can be regarded as either an expression for two disjunct 1-loop 
diagrams or a 2-loop diagram, with external lines depending on the other momenta. 
Consider for example the 3-loop diagram in figure 1. In the case that the integration 
over two arbitrary internal momenta (k' and k" in Fig. 1.) corresponds to a 2-loop 
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Chapter 3. Divergences in the classical approximation 

diagram (as in Fig. 11).). it can at most give a single logarithmic divergence, which we 
denote as log A. When that happens, the integration over the remaining momentum 
(k in Fig. 1) cannot give an extra log A. since the superficial degree of divergence 
of the total diagram is D = 2 — t = — 1. In the case that the integration over k' 
and k" does not give a log-divergence, the integration over k could still produce a 
log A. Hence, a 3-loop diagram can at most give a single log-divergence. Therefore, 
the product of one- and 3-loop diagrams cannot contribute to (3.39). 

The above argument can be repeated for the 4-loop contribution 11^ entering in 
(3.39). In this case, there are four internal momenta. The result after integration over 
any three given internal momenta can be regarded as the expression for a disjunct two 
and one-loop diagram or three disjunct one-loop diagrams. Therefore, it can at most 
give a single logarithmic divergence, and since a 4-loop contribution to the self-energy 
is finite, the remaining integration cannot give an extra log-divergence and as in the 
case above. IlM cannot contribute to (3.39). Thus, we find from (3.39) that 

n g ] ' l o s = 0. (3.41) 

Note that we cannot say that the two-loop contribution to l ie containing a linear 
divergence from one-loop subdiagrams equals zero, as we could for Ho- Since both 
n ^ ] and II ̂  vanish, we conclude that the logarithmically divergent part of the 2-loop 
classical self-energy is transverse 

A^Ilgj; ,0« = 0. (3.42) 

Conclusions 

A consistent scheme to include hard-mode contributions beyond HTL in the clas
sical SU{N) gauge theory at finite temperature seems to require the inclusion of terms 
that diverge logarithmically in the classical limit. These divergent terms enter in the 
equations of motion for the classical SU(N) gauge field as source terms. We have 
shown that the logarithmically divergent part of the retarded classical self-energy 
is transverse. This implies, at least in linear response, that the source terms will 
be conserved. We stress that, at finite temperature, this is a special property that 
should not generally be expected, and in fact, this result encourages the study of 
the classical logarithmic divergences towards the construction of a feasible low-energy 
effective theory beyond hard thermal loops. 
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2PI Effective action 

As we have seen in previous chapters, perturbative approaches to the study of 
equilibrium and nonequilibrium properties of hot and dense media may lead to in
consistencies. In equilibrium one finds IR problems while out of equilibrium pinch 
singularities and/or secularity may appear (see sections 1.3 and 1.4). These problems 
are related to the fact that perturbative calculations in terms of bare quantities fail to 
describe the collective phenomena in the medium. We have also seen that a strategy 
to overcome those difficulties is to work with dressed quantities, in which the most 
relevant effects of the interacting system are accounted for. These dressed quantities 
are obtained by means of nonperturbative resummation schemes. 

In this chapter we present the concept of the 2PI effective action and its use as 
a systematic resummation procedure. It was first introduced in the study of nonre-
lativistic Fermi systems by Luttinger and Ward [153]. de Dominicis and Martin [154], 
and Baym [155]. Later it was generalized to relativistic field theories by Cornwall. 
Jackiw and Tomboulis [156]. Similarly to the more familiar 1PI effective action, the 
2PI effective action involves a diagrammatic expansion in terms of closed loops. The 
difference is that the graphs in the 2PI effective action are built from the dressed 
propagator instead of the bare one. and are skeleton diagrams, i.e. diagrams without 
self-energy insertions. A particular resummation is given by choosing an action func
tional defined by truncating the series of diagrams. A variational principle applied to 
the truncated action leads to a set of self-consistent equations from which the dressed 
quantities are obtained. The truncation of the action followed by a variational prin
ciple defines what is usually called a ^-derivable approximation. 

As we explain in detail in this chapter, 2PI effective action resummation schemes 
have many advantages comparing to other resummation methods. In particular, they 
preserve global symmetries of the original theory and guarantee thermodynamic con
sistency. They arc. in addition, suited to describe quasiparticle systems. All these 
useful properties make 2PI resummation methods a very attractive mathematical 
framework for the study of high-energy plasmas and. in particular the quark-gluon 
plasma which may be created during heavy-ion collisions. Calculations of thermo
dynamica! properties of the quark-gluon plasma, such as the entropy [157], the free 
energy [158] or the quark-number susceptibility [159]. have been achieved using re-
summations based on the 2PI effective action (see also the recent reviews [51, 73]). 
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Chapter 4. 2PI Effective action 

They can be also applied to compute t ransport properties of high-energy plasmas. 
Indeed, the lowest non-trivial truncation of the 2PI effective action has shown to 
reproduce correctly transport coefficients at leading order [160]. 

Xonequilibrium properties can be also formally studied within the 2PI resummation 
schemes [94. 161]. Unlike other approximation schemes, which suffer from secularity. 
2PI effective action methods seem to be free of secular terms. In this manner, they 
allow the study of the late-time behavior of out of equilibrium dynamics. In the con
tex t of scalar theories, very interesting studies have been performed on thermalization, 
loss of initial correlations [162, 163. 164. 142. 165. 166. 167] and several dynamical 
processes like parametric resonance [168]. In chapter 5 we shall use the 2PI effect
ive action to study the nonequilibrium dynamics of symmetry breaking in the O(N) 
model, in particular the phenomenon known as spinodal decomposition. 

In this chapter we discuss mainly formal aspects related to the 2PI effective action. 
In section 4.1 we introduce and define the 2PI effective action and the ^-derivable 
approximations. We present in section 4.1.4 a derivation of the 2PI effective action 
as an expansion in te rms of diagrams that provides a connection with approximation 
schemes based on t runcat ing the hierarchy of Schwinger-Dyson equations. The main 
propert ies that make resummation schemes based on the 2PI effective action so ap
pealing are presented in section 4.2. A discussion on the definition of higher-point 
vertices from truncated 2PI effective actions and its connection to renormalization 
is discussed in Sees. 4.3 and 4.4. Finally, the generalization of the idea of the 2PI 
effective action to include higher-point vertices is presented in section 4.5. 

4 .1 . 2PI effective action 

4.1.1. 1PI effective action and Schwinger-Dyson hierarchy 

Before introducing the concept of the 2PI effective action it is convenient to re
view the s tandard definition of the 1PI effective action, which can be found in many 
tex tbooks [169. 170. 171]. This will allow us to set up the notation and discuss some 
ideas which arc also important for the case of the 2PI effective action. 

Consider the par t i t ion function Z[J, p] introduced in chapter 2. and given by (2.11). 
Z[J. p] can be written in a compact way as 

Z[J.p}= I Vye'{s^+-'^'} (4.1) 

where S[^] is the action of the field ip, and J denotes the local source. Throughout 
this chapter we shall use a compact notation similar to the one introduced by DeWitt 
[172]. A single latin index i comprises all discrete and continous field labels, and 
Einste in 's summat ion convention is extended to include integration over all of space 
and t ime (the lat ter along the contour C). In this way. ^p' may represent indistinctly 
an a rb i t ra ry scalar, gauge or fermionic field y ' = {<p(x), -4"((.r). ipa(x),...}'. 

l W e shall not use. however, DeWitt 's notation for derivatives (which are usually indicated with 
a comma [172]). 
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4.1. 2PI effective action 

Z[J. p] is also the generating functional of correlation functions. By differentiating 
Z[J.p] with respect to the sources ./. correlation functions of the form (Tc<p...<p) 
can be obtained. These correlation functions are usually not connected. Neverthe
less, a generating functional of connected correlation functions can be introduced as 
W[J] = —i\nZ[J]. Indeed, the mean fields, propagators and. in general, n-point con
nected correlation functions can be obtained by functional differentiations of W[J] 
with respect to the sources 

d{iJi) ö(iJj)ö(/Jj) 

5NW 
i— siiJiWiJjWiJk] 

= ( T c V V ^ . . . ) c s G « f c - . (4.3) 

The 1PI effective action is then defined by the Legcndre transform of W[J] with 
respect to ./. i.e. 

T1PI [o] = W[J) - Ji f - = W[J] - Ji(f>\ (4.4) 

That the functional r1PT is indeed an effective action is clear by writing 

Z\,J.p\ = fv,pei{sM+Ji*i} = ei{rinW+Jt*i}. (4.5) 

The name "1PI" comes from the fact that r is a generating' functional of one-
particle-irreducible (1PI) diagrams2, the proper vertices 

r 1 K [ 0 ] = y - i r i W )
i w ^ . . . ^ , With i W s i - r r T 1 

iV! "•••'•v " 8on ...6óiN 

N=0 

• (4-6) 
<p=0 

That r ' , , v ' represent the various vertex functions can be shown explicitly by taking the 
connected correlation functions defined from W[J], writing them in terms of diagrams, 
and "amputating" their external lines (see. for instance [169. 170]). 

Schwinger-Dyson equations 

An alternative but equivalent way of studying a given theory without involving 
the use of the path integrals is by looking at the set of coupled equations relating 
all the Green's functions, known as the Schwinger-Dyson equations (SDE) [173. 174]. 
These form a hierarchy of infinite coupled integral equations relating the various 
correlation and/or vertex functions of the theory. They contain as much information 
as the partition function Z. Because the SDE are an infinite number of equations, 
one usually makes approximations by truncating the hierarchy at some order. The 
set of truncated self-consistent equations can be used to investigate non-perturbative 
aspects of the theory. Indeed, the SDE have been used as a framework for the study 

i.e. they cannot be disconnected by removing a .single line. 
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Chapter 4. 2PI Effective action 

of non-perturbative phenomena such as dynamical mass generation or confinement in 
QCD (see [175] and references therein). 

Let us review briefly the Schwinger-Dyson equations in the context of scalar ip4 

theory. We write the action as 

where Sijki represents the symmetric Kronecker delta 

(4.7) 

hjkl = X (Sijhi + ÖikÖji + ÖuÖjk) • (4.8) 

The Schwinger-Dyson equations arise as a consequence of the invariance of the path 
integral to constant field shifts \p —» <p + a and therefore represent the equations of 
motion of the Green's function of the theory. They are obtained from the average of 
the classical e.o.rn. 

/ÖSM 
Ji ) = o 

1 SS 1 

\ ötp* "lI * Z[J] \Sp' [Si.J 

Using the fact that, for any functional f [J], 

1 s < Z { J W ] ) = ^ 

Ji Z[J] = 0 

Z[J] SiJ 

for connected Green functions holds 

SJ 
s 

Jij 
m 

SS 
8ipi 

6W[J] _S_ 
SJ f SiJ 

+ Ji = 0. 

(4.9) 

(4-10) 

(4.n; 

In scalar tp4 theory we obtain 

s3w 
SJmSJtSJk 

, .SW 62W SW SW SW 

~ 3'~s~h.sjmsjl
 +'JTkThUZ 

(4.12) 
This equation relates the mean field (or 1-point function) to the 2- and 3- point 
functions of the theory. Further differentiations with respect to the sources yield 
equations for the higher-point functions. These in general relate a given n point 
function with up to (// + 2)-point functions, thus forming a hierarchy of coupled 
equations. 

Similar Schwinger-Dyson equations can be written for the proper vertices by using 
the 1PI effective action (4.4). These are obtained from 

sr iPi i ST 
So, 

ss_ 
6<pi 

S2W[J] S ' 
SJSJ Sep 

(4-13) 
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4.1. 2PI effective action 

For the case of vanishing mean field, the SDK for the proper 2- and 4-point functions 
are given diagrammatically by 

- / E = (/Go)"1 - iT^ = < ~ > = \ - 0 - + \ -Qy- (4.14) 

where the lines represent full propagators and the blobs represent rc-point proper 
vertices. 

4.1.2. 2PI effective action 

The partition function Z\J\ discussed in the previous section depends only on a 
local source J . In principle, one can also introduce into the partition function non
local sources. In particular, adding bifocal sources K leads to the generating functional 

Z[.J.K.p\ = I p ^ e ^ M + J i ^ + i v * * ^ } . (4.16) 

The expectation value of a functional 0[*p\ is given by 

K [Yi' rT>¥)ei{s[<p]+Ji<PlH<plKu'P:'} 

Analogously to the case before, we introduce the generating functional W[J, K] as 

W\J, K] = -i In Z[J. K). (4.18) 

We point out that, in the presence of bilocal sources, the functional W[J. K] gener
ates not only connected diagrams, but also disconnected ones by differentiating with 
respect to K. For instance 

The 2PI effective action is formally defined as the Legendre transform of the gen
erating functional W[J, K] with respect to the local and bilocal sources ./ and /\'. 
namely 

5W .. 5W 
r[0.G} = wv.K}-jl--KIJ-I^ 

= W[J. K] - J,ó' - \Ka (0V + iGij). (4.20) 
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From its definition one derives the useful relations 

ST[o.G] 

60' 

ST[o.G] 

= -Ji-Ki1ó>, 

= ~öKij- (4.21) 
SG'-i 2 

With the help of Eq. (4.21) one can write the expression for the expectation value of 
a functional Q[p\ in terms of the 2PI effective action as 

(4.22) 

It can be shown [156] (see also section 4.1.4 below) that the 2PI effective action can 
be conveniently written in terms of diagrams as 

r[(P.G] = 5'o[ó] + /cTr[lnG'-1 + (G*(7
1 - G~l) • G ] -i$[<f>,G\, (4.23) 

where 5n[0] = (1/2)<P'GQ]JÓ:' is the free part of the action and the constant c is equal 
to 1/2 for bosons and —1 for fermions. The functional $[0. G] represents the sum 
of the closed two-particle-irreducible (2PI) skeleton diagrams (i.e. without self-energy 
insertions). This diagrammatic series is built from bare (classical) vertices and full 
propagators. For scalar ipA theory it is given by3 

*[o'G1 = 3iX+5 8 + 5 & + ^ ° 0 « + è ^ + ---- <4-24> 
The advantage of the 2PI effective action is that, because of the Legendre transform 
with respect to the bilocal source A', it depends explicitly on the full or dressed 
propagator G. In addition, from Eq. (2.11) one sees that the use of both local and 
bilocal sources forms an appropiate setting for the study of non-equilibrium system 
with gaussian initial density matrices. The information of the gaussian initial density 
matrix is contained in the value of the sources .7 and K at initial time. 

4 . 1 . 3 . (I>-derivable approximat ions 

The 2PI effective action (4.23) is an exact representation of the generating func
tional Z. Truncations of the series of diagrams in <3?[o. G] define systematic approxim
ations to the partition fund ion. For a given truncation, the truncated act ion rtr[<2>, G] 
defines approximate mean fields os and propagators G's at its stationary point via a 
variational principle. These are thus given by solving (4.21) for vanishing sources, i.e. 

Srtr[d>.G\ = Q SV'-[Ö.G) 

5(f> ts.Gs 5G 
= 0. (4.25) 

0.S-C-S 

' T h e Feynman rules used in this chapter are the same as in section 2.6 and given by (2.101). 
Additionally, the mean fields 0 are represented as lollipops. Unless stated otherwise, all expressions 
are written in Minkowski space. 
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4.1. 2PI effective action 

From the first of these equation we obtain for the s tat ionary mean field 

o' = iG 
, , ^ [ 0 . G ' ] 
0 66i 

(4.2C) 

where we used the short-hand notation | s to indicate that the expression is evaluated 
at the stat ionary point solution (4.25). The second gives for the propagator. 

G7. = G-i_2mM 
0 - SG 

Hence, a ^-derivable approximation gives the self-energy 

(4.27) 

E[G] = 2 « . (4.28) 

For stat ic systems, as in equilibrium, the expressions (4.26) and (4.27) form a self-
consistent set of equations for the mean field ó and propagator G ("gap" equations). 
These self-consistent equations provide a resummation scheme for both quantit ies. In 
particular, for scalar ^ 4 theory with vanishing mean field, t runcat ing T at leading 
order results into the functional r f o a m given by (1-7) which performs the summat ion 
of the foam diagrams. 

For situations out of equilibrium the stationary point equations can be writ ten as 
equations of motion for the mean fields and propagators. For the mean fields, t he 
e.o.m. are given by 

(4.29) 1 , 04>[0.G} 

60' 
The corresponding equations of motion for the propagator are obtained by convoluthig 
equation (4.27) with the full propagator Gs, leading to 

Gs,kj (4.30) 

Writing both (4.29) and (4.30) in the real-time contour yields causal evolution equa
tions for the stationary mean fields and propagators. For the various contour com
ponents of the propagator, in particular, this leads to the Kadanoff-Baym equations 
(2.56-2.60) discussed in chapter 2. 

Since these truncations lead to approximate quantities derived from a functional, 
and in particular from its s tat ionary point, they are referred to as <&(Fmictional)-
derivable approximations [155]. A ^-derivable approximation is understood to include 
both the t runcat ion of the 2PI effective action and the variational method from which 
dressed quantities are defined. 

An important remark that should be made is tha t relations which arc valid for the 
exact 2PI effective action do not necessarily hold for the truncated actions tha t are 
used in <I>-derivable approximations. In particular, the definition of the expectation 
value of a functional 0[^>] for a ^-derivable approximation is no longer given by using 
(4.22) with the truncated action T,,.. A priori within a given approximation, only 
the correspoding mean fields and propagators are defined via the stat ionary point 
solutions of r t r , i.e. eq. (4.25). Nevertheless, a procedure to construct higher n-point 
functions can be given, as we shall see in the following section. 
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4.1.4. Relation with Schwinger-Dyson equations 

In this section we present a derivation of equation (4.23). where the 2PI effective 
action is given in terms of the series of skeleton diagrams. The derivation presented 
here is (partly) similar to the one in [176]. The important point of this derivation 
is that it will allow us to establish a connection between ^-derivable approximations 
and approximations to the Schwingcr-Dyson equations (SDE). Besides, it will also 
give a prescription to obtain the higher n-point functions corresponding to a given 4>-
derivable approximation. For defhhteness. we consider the scalar ip4 theory, described 
by the action 

s[tp] = JAUy l^^ö^yMy)) - ̂ (*)4} = \^Gö}^-^%kl^fyl, 
(4.31) 

where GQ is the bare propagator and T0 ^ = -iXöijki is the classical vertex. For 
simplicity let us consider the case when the mean field vanishes, i.e. o = 0. The 
partition function can be written as 

Z[K] = eiWW = ei{r[G}+iKijG^} = f ^ ^ { S M + ^ ^ V } . ( 4_3 2 ) 

We proceed as follows: 

• First of all. the term in the action which is quadratic in the fields can be inter
preted as a source term. This involves a redefinition of the source to be given 
by K = K + GQ . Then W[K] is equal to another generating functional PV'[/^]. 
in this case, of a scalar theory given by the action S[ip] — -irQ

4)(pA/4\. This is 
a just redefinition of the action. 

• We obtain the effective action f that results from making a Legendre transform 
of the functional W with respect to the source K. This leads to 

T[G] = W[K] - Kij -^- = W[K] - '-KijGV. (4.33) 
ÖK ij ^ 

The effective action f can be constructed from its derivative 

ST[G] i ~ 
-ér=-2Kü- (4-34) 

Indeed, setting now A';j = G^]- +Kjj and using Dyson's equation to write GQ1 

in terms of the full propagator G. we obtain 

^ f = -\KÜ = ~\ {Kis +Gö.lj} = ~\ {Kij + G"-1 + E[C7]?J} . (4.35) 

• We want to integrate (4.35) to find F up to a constant. To do this we should 
write the self-energy E[G] in terms of' the full propagator G. This can be done 
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4.1. 2PI effective action 

by using the Schwinger-Dyson equation (4.14) for the self-energy, i.e. 

-*S[G] = - G-^&-- (4.30) 

We see that the SDE for the self-energy depends not only on G. but on the 
4-point vertex as well. This is related to higher-point vertex functions through 
its corresponding SDE 

^-X-X+£W+KB>è 
S+5 (4.37) 

What we want is to close the equation (4.36) for the self-energy in such a way 
that it only depends on the propagator G and not on the 4-point vertex. This is 
done by expressing the latter only in terms of propagators as a scries of skeleton 
diagrams, i.e. by expanding the 4- and 6-point vertices appearing in the RHS 
of (4.37) in terms of propagators as 

r (4 ) = 

One uses this series onto Eq. (4.36) to obtain 

-iX[G] = \ 
6 U ^ 

(4.38; 

(4.39) 

This self-energy depends only on G. Inserting (4.39) into the derivative equation 
(4.35) leads to a closed equation that can be integrated to obtain 

f[G] = ^ T r [ l n G - 1 - A - ] - / | 
1 

48 

1 
48 

Using (4.32) and (4.33) one can easily prove that 

l - r. « _ , . „ _ ! . - - I l 
r[G] = -Tr[lnG-'+C70- iq-/<j-

1 
48 48 

•4 

+ const. 

(4.40) 

+const. 

(4.41) 
The constant term can be fixed by comparing with the free theory case, where 
the standard one-loop expression for the 1PI effective action is given by T = 
(i/2)TrhiG ,

(7
1. This leads to 

48 ^ ^ 7 + 48 
(4.42) 

which is precisely the expression (4.23) of the 2PI effective action in terms of diagrams. 
The derivation presented here can be easily generalized to non-vanishing mean field, 
and also for fermionic or gauge theories. 

T[G] = LTr [lnG-1 + (G'ö' - GTl) G] - i {\ 
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Discussion 

T h e advantage of the derivation presented here is that it provides a connection 
between truncations of the 2PI effective action and approximation schemes based on 
the Schwinger-Dyson equations. By following the steps of the derivation, one can 
m a p approximations to the SDE with t runcat ions of the functional <P. In the case 
of the scalar ^ theory above, for example, we see that a truncation of the vertex 
SDE (4.38)4 and the self-energy SDE (4.36) corresponds to an approximation on the 
2PI effective action (4.42). A given <f>-derivable approximation corresponds thus to 
a given truncation of the Schwinger-Dyson hierarchy. The same connection can be 
established not only with the SDE for t he proper vertices, but also with the SDE for 
connected correlation functions (see section 4.1.1). Note tha t , in the usual derivation 
of the 2PI effective action [156]. this correspondence is not obvious. The action, as 
given in (4.23). defines 1- and 2- point functions at its s tat ionary point. A legitimate 
question to ask is then: how are higher-point functions defined? It turns out that 
defining higher-point functions starting from the 2PI effective action (4.23) is not so 
straightforward, and. as we shall see in t he next section, is not unambiguous. 

T h e importance1 of the connection between ^-derivable approximations and the 
SDE is the fact that it can be used to define the rc-point correlation functions for 
a rb i t ra ry /?. The prescription we introduce to obtain n-point correlation functions 
for a given ^-derivable approximation is that they arc given by the truncation of the 
corresponding SDE. 

Example: Consider the t runcat ion of the 2PI effective action that result from taking 
the first two diagrams in (4.42). i.e. 

ru . [G] = ^ T r [ l n G ' - 1 + G ( 7 1 G ] - / | i g + ^ ^ } t 4 " 4 3 ) 

Going through the derivation of (4.42). one finds, by looking at eqns. (4.39) and 
(4.38). tha t the corresponding truncations of the SDE are 

r » ' = X = X <«4> 
In particular, for the action given by (4.43), the //-point connected correlation func
tions are found to be 

(Jc^^J)t-iG'J. (4.45) 

(Tc y VVV>? = G""&"Gk'Ghir{^nrs. (4.46) 

while, for n > 4 they are given by the corresponding tree-level expressions with the 
vertices and propagators given from (4.41). The fact that these correlation functions 
correspond to a given ^-derivable approximation was denoted by the superscript *. 
As we shall show in later sections, this prescription to obtain higher-point correlation 
functions leads to a definition of an energy-momentum tensor which is conserved. 

The truncation of the skeleton expansion of the 4-point vertex gives also the truncation of the 
higher n-point vertices (n > 6). 
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4.2. Properties of 2PI resummation schemes 

The usefulness of the 2PI effective action conies from its remarkable properties as 
an approximation scheme. The main advantages of <I>-dcrivable approximations are, 
in particular: 

• They provide a systematic recipe for resummations. In principle, one can always 
improve the approximation by truncating the 2PI effective action at higher order 
in some expansion parameter (like the coupling constant. 1/Ar. etcetera). 

• ^-derivable approximations arc conserving, which means that they are con
sistent with conservation laws following from Noether 's theorem [177]. Thus 
they comply with the (global) symmetries of the lagrangian. In particular they 
guarantee charge and energy conservation. This last feature makes ^-derivable 
approximations very appealing for nonequilibrium problems, where energy con
servation in a closed system is a requirement. Notice that other approximation 
schemes, and in particular, commonly used truncat ions of the Schwinger-Dyson 
equations in gauge theories (where one introduces a. vertex ansatz to satisy Ward 
identities, see for example [178. 179. 180] and references therein), do not fulfill 
this requirement. Because of the relevance of the last property to nonequilib
rium problems, we study it in some more detail in the next section. 

• In e q u i l i b r i u m , ^-derivable approximations guarantee thermodynamica! con
sistency. What is meant here is that any derivative of the thermodynamic 
potential Q = - ( l / / i ) l n Z with respect to any thermodynamic parameter (such 
as T or /./.) is then given by considering only the explicit dependence of Q on 
these parameters . The implicit dependence of Q on T and // through o or G' 
drops out in virtue of the stationary property. Hence, usual thermodyiiamical 
relations are preserved by the approximation. 

• ^-derivable approximations are a suitable method to describe quasiparticle sys
tems. Indeed, they perform resummations on the propagator, which contains 
the most relevant information about quasiparticle properties (screening mass. 
damping , . . . ) . For the case of the entropy, in particular, considering a loop 
expansion of the 2PI effective action, a 2-loop truncation yields 

f dn{h 
dT 

S2-ioop = - / — ^ [ imlnCr ' (A-) - ImE(A-)ReG(A-)l (4.47) 

which corresponds to the entropy of a gas of free quasiparticles [181]. The 
result (4.47) lias the advantage1 of being manifestly UV finite [157]. Further, 
even though it comes from a 2-loop truncation, eq. (4.47) is a 1-loop expression, 
which makes it easier to calculate. Higher-loop truncations lead to contributions 
to the entropy originating from the interaction between the quasiparticles. 

The fact that 2PI effective action methods are close to a quasiparticle picture 
makes them an interesting tool for studying therinody mimical properties of QC'D 
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which lead t o 6 

d4> /' , S$> n S<& 
% (T^ix))* = -i 

Jc dG(x.z) 
(4.59) 

oft*) Jc &G(x,z) Sa-r] 

One can prove that the RHS of this equation vanishes. To show it. notice that the 
functional <£> is a scalar, therefore invariant under space-time translations. In addition. 
the functional 4> is invariant under the generalized transformation .;•'' —> x>' +a''(x). 
provided the mean fields o. the propagators G and the scale factor Q{x) transform 
respectively as 

o(.r) ~o(x + a(x)). (4.60) 

G(x.!/) -> G {x + «(./•)•// + a(x)). (4.61) 

C(.r) = 1 - C(*) = det fe + ^j&P) • (4-G2> 

The transformation of the scale parameter Q(x) is introduced to accommodate for the 
Jacobian at the integrations in each vertex. This invariance provides the following 
equat ion 

./,. ')o(x) Ox'1 

•»>x) + ^<,r(y))+f"*P& = 0. (4.63) 
ySG(x.y)\ Ox" üi;" "•"/ ./,. dC(.r) Ox' 

Using partial integration leads to 

w w + 2 jL *JÉrö*G(* ,x )" y" *ÖÖ = °' {iM> 
which proves that the RHS of equation (4.59) indeed vanishes, so ^ ( r ' * " ) * = 0. For 
vanishing fields at infinity, this implies thai energy and momentum are conserved in 
t ime. 

In this manner, ^-derivable approximations lead to equations of motion that con
serve energy and momentum in t ime. The key point in the derivation above is that 
approximations based on the 2PI effective action are derived from a functional (which 
is invariant under space-time translations). Another important point to mention is 
tha t the truncation of the functional 4» does not need to be systematic for the energy 
to be conserved. One can take or add extra contributions to <I> of any order while 
mainta in ing conservation of energy. 

4.3. Vertices and Bose symmetry 

We saw in section 4.1.4 that a truncation of the 2PI effective action has a direct 
correspondence with a given truncation of the Schwinger-Dyson equations. This gives 

6 Note that the term in braces in (4.56) is only defined for x ^ y. The equality x = y must be 
taken after the derivatives are performed. 
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a prescription to define the various //-point functions for a given truncation. For the 
case of a real scalar theory with a vanishing mean field, this correspondence was 
established in eqns. (4.14-4.38). We obtained a closed equation for the propagator 
G that could be integrated to find the truncated 2PI effective action, i.e. eq. (4.39). 
The resulting 2PI effective action reproduces the truncation for the 2-point function 
(via the stationary condition). The information on the precise truncation of the 4-
point function in the SDE that led to the truncated 2PI effective action . however, is 
lost in the integration of (4.39). In general, as we shall see in this section, applying 
standard procedures to obtain //-point vertices (n > 2) from a truncated 2PI effective 
action leads to vertices which are not the same as those defined by the corresponding 
truncation of the SDE. Moreover, the definition of n-point vertices from a truncated 
action turns out to be ambiguous. Indeed, for a given n, the n-point vertex functions 
are not unique. Since the vertices defined in this manner are determined from the 
functional <£>. we will refer to them ^-derived vertices. Interestingly enough, the <1>-
derived vertices arc more complex and have more structure than the proper vertices 
defined by our prescription above. We discuss in more detail in this section the 
emergence of the ^-derived vertices. 

4 . 3 . 1 . (I>-derived vert ices 

The standard procedure to define the various vertex functions is from the derivat
ives of the 1PI effective action, as explained in section 4.1.1. Through functional 
techniques, one can relate the various derivatives of r I P T with the derivatives of 
the functional W. which generates connected correlation functions (see. for example 
[170]). Invoking a diagrammatic picture for the correlation functions defined from 
IF. one finds that indeed, the vertices of those diagrams arc given by derivatives of 
r 1 P I . We remark that a key point in this procedure is that the lines in a diagram 
are given by the 2-point function 62W[J]/5J2. Let us apply the same procedure to 
the 2PI effective action T[(p. G}. First of all. connected correlation functions can be 
defined from T[cj), G] by using the inverted Legendre transform to define a functional 
W[J.K] as 

W[J.K] = T\o.G] + Jiö1 + ]-Kij (Q'O3 + iGij) . (4.65) 

For the complete 2PI effective action, of course, this leads to the exact W[J, K]. As 
it depends on two sources, it is possible to define a given correlation function by 
differentiating W with respect to J and/or K in various ways. For example, the 
exact 2-point function IG can be defined either as 

S2W[J.K] JW[J,K] SW 5W5W 
id, = . T ' . or iGii = 2——— ój4>j = 2—7— —— - ^ r - . (4.00) 

'J o.J'o.JJ 3 oh1' •' dR'i d.J' d.JJ 

For the complete 2PI effective action, the functional W[J,K] is exact, and thus. 
identical to W[J] for K = 0. in which case the 2PI effective action is equal to the 1PI 
effective action. The correlation functions and vertices defined from both coincide. 

For the truncated 2PI effective action Ttr. the functional lF l r[J, A'] defined through 
(4.05) is not exact but approximate. It defines a new partition function as Z t r = 
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exp[/Il•',,-]. from which all quantit ies are obtained. A very important point to mention 
here is tha t the various definitions of connected n-point functions which were equi
valent for the exact II ' arc no longer so for the approximate one. In particular, for 
the 2-point function 

i r _JWtr 6WtTÖWtr S2WtI[J.K) 
lGij = 2ïïöi ~ U^TJT * - S.PSJJ • t4-G7) 

T h e fact tha t the 2-point function in (I>-derivable approximations is not given by 
5 W/5J has important consequences. In particular, it implies that vertex functions 
are not defined by simple derivatives of Tu[(p. G] with respect to 0. as is the case 
in the 1PI effective action. Indeed, the fact tha t the 2-point functions were given 
by 5 W/SJ2 was the key point in establishing that the vertices of' a diagram in a 
correlation function were given by the derivatives of T 1 P I . This, no longer being the 
ease for the t runcated action r t r . where the 2-point function is given by (4.67). implies 
that the vertices can not be given by simple derivatives of r t r [ 0 . G ] with respect to o 
as in the 1PI case. To define the «.-point vertices we must instead proceed as follows: 
We define the approximate funtional II",,. via the inverted Legcndre transform (4.65). 
The mean fields and propagators are then written as functions of the sources J and 
A", so 

W[J, K] = r [ó [ J . K].G[.J. A]] + JJOV- K] + -Kij (ol[J. K]&>[J. A] + iG'-'[J. K}). 

(4.68) 
This equation can be expanded in powers of the sources J and A'. Equating every 
order ö[Jp,Kq] in this expansion leads to complicated equations relating derivatives 
of Wtr with derivatives of r t r - In the resulting equations, on the one hand, the deriv
atives of r t r with respect to o and G can be calculated directly if the action is written 
in te rms of diagrams as in (4.23). On the other hand, the derivatives of W can then 
be wri t ten in terms of connected correlation functions. In this manner we can define 
the approximate versions for the various connected correlation functions, from which 
the corresponding vertices are defined by cut t ing the external lines. This procedure 
leads, in general, to various different expressions for a given «-point function. In prac
tice wha t one does is to write first the equations of motion for the t runcated effective 
action in te rms of sources, i.e. 

This defines the explicit dependence of 4> and G on J and A . Once that this depend
ence is known, we can differentiate the conjugate Legendre equations 

T j f = *V> * L ^ = \ (o,[J- A > , [ . 7 . A] + iG,j[J. A ] ) . (4.70) 

to obtain explicitly all possible derivatives of Wtr. These define connected correlation 
functions by using the same decompositions as in the exact theory. 
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4.3. Vertices and Bose symmetry 

Example: Let us calculate the 4-point function in a scalar theory with vanishing 
mean field (0 = J — ()). The dependence of the propagator G on the source K is 
determined by the "gap" equation 

5GV ~ 2 lJ Grj
1[K] = Gö}j + Kij-2

6-^-. (4.71) 

A 4-point function can be defined by differentiating the second equation in (4.70) with 
respect to K and then decomposing it in terms of connected functions. One obtains 

x2 W[J.K] ÏÖGV __ 1 

SKi.SK kl 2 SK 
s - G 

ki 

.(4) 
'ij;kl + GikGji + GuGjk (4.72; 

The 4-point function G\ A J defined here is in principle not symmetric in all its indices, 
but only in pairs. This is indicated with a semicolon separating pairs of symmetric 
indices. Using (4.71) and the property 

6Gij = QirSGrsCsj 

SK, SKL-kl 
(4.73; 

we obtain, after some straightforward manipulations, a self-consistent equation for 
the 4-point function G™, namely 

.(4) 2 GrkGsi + Grs.k (4.74) 

Similarly to the standard procedure to define vertices, the 4-point vertex is given by 
the -amputated" 4-point function from G^)u = GwG:jhGkcGidr^ah-cd. The self-
consistent equation for the vertex is then given by 

r ( 4 ) - - 4 
1 ij-.kt ~ 4 

62$[G\ 
8GiHGkl 

- 9 
62$[G\ 

ÖG'JSG" 
/~<mr /-rnsp(4) 

rs;kl (4.75; 

This result provides an equation for the vertex rL-.fci which is similar to a Bethe-
Salpeter equation [182]. For instance, take the 2PI effective action truncated at 
2-loop (or, equivalently 0(A)), i.e. 

r2-iooP[G] = - T r [ l n G 

The vertex (4.75) is given, in this case, by 

- l 
Go G ] - * g 

,(4) 
rSJJfei = -Mijöu - ? AG i m G i B rw. 

(4-76) 

(4) _ 
„ • ' ^ tm ' - ' j n - i mn-kl 

'(4.77) 
where we introduced a dashed line to separate the pairs of symmetric legs in the 
vertices. The vertex (4.77) is an example of one of the ^-derived vertices that we 
talked about in the introduction of this section. By construction, the vertex (4.75) 
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is only symmetric in pairs of indices, i.e. under the exchange of indices i «-» j . k «-» / 
and {ij} *-> {kl}. Starting with the vertex (4.77) one can construct a fully symmetric 

vertex T}^] by 

r(4).,- _ i r r 

«« " 3 . 
•(4) 
ij:kl 

,(4) 
ik:jl iUjl 

(4.78) 

Let us compare this equation to the exact symmetric vertex, given by the SDE (4.15). 
This can be done by iterating both equation and comparing order by order. After 
iteration of (4.78) with (4.77). we observe that, at 1-loop in perturbation theory 
(C(A2)). it only reproduces 1/3 of the SDE. 

Going to 3-loops or. equivalently, to 0(\2) in I". the ^-derived vertex is given by 

r ( 4 ) = (4.79; 11V 
It is straightforward to show that the symmetrized version of this vertex coincides 
with the exact one (derived from the complete vertex SDE) up to 0(X2). At higher 
orders in perturbation theory, the symmetrized version of (4.79) and the exact proper 
vertex differ. In general, the ^-derived vertices concide with the exact proper vertices 
(as determined from the SDE) up to the order of truncation of the functional $ . 

An interesting remark which is worth mentioning is the fact that the ^-derived 
vertex (4.79) has a richer structure than the corresponding truncation of the SDE 
vertex, which was given, for the ^-derivable approximation at 0(X2). by (4.44). The1 

reason why these vertices have a richer structure is that ^-derivable approximations 
resum infinitely many contributions to the propagator. The propagator accounts for 
the main properties of the (quasi)particle excitations. The resummations dress thus 
the quasiparticles. As a result of changing their properties, the interactions among 
them are also modified. This results in the appearence of new vertices, the ^-derived 
vertices, which contain information about the quasiparticlc interactions. In particular, 
it has been shown recently that, the (I>-derived vertices corresponding to the lowest 
nontrivial truncation of T provide the correct leading-order contribution to various 
transport coefficients [160]. They have been employed in the calculation of the shear 
viscosity in the O(N) model [183]. In addition, the ^-derived vertices play also a 
fundamental role in the renormalization of the coupling constants as we discuss in 
more detail in the next section. 

In the example above we neglected the mean fields © and the currents J to define 
a 4-point vertex function from 62W/SR"2. i.e. eq. (4.72). By construction, this vertex 
is not fully symmetric, but only under the exchange of the pairs of indices. By 
considering also the local currents .7. one can in principle construct ^-derived vertices 
with different symmetry properties from the various derivatives of W. i.e. from 

SHVlJ.K} ^ 54W\J,K] „™ ( r(4) 

8JiSJ*6Kki 
V ij;kl' or SJiSJjSJköJi r 

(4) 
ijki • 

The second of these two procedures defines a vertex explicitly symmetric in all its 
indices. To obtain these, however, one has to deal with very complicated coupled 
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equations involving the 3- and 4-point vertices with all the possible symmetries. For 
the simpler case of vanishing o. one can show7 that the symmetric vertex T\^'kl defined 
as in (4.80) for the case of the 2PI effective action (4.76) is equal to the SDE (4.15) 
truncated at 1-loop. i.e. 

(4.81) 

The symmetric ^-derived vertices thus seem to have more structure in them than 
the non-symmetric ones. However, it is not clear what physics is described by these 
symmetric vertices. This deserves further investigation. 

4.4. Renormalization 

For a given truncation of the 2PI effective action one is led to self-consistent equa
tions ("gap" equations) for the mean fields and propagators, i.e. eqns. (4.26) and 
(4.27). From the point of view of perturbation theory, these equations resurn in
finite sets of diagrams, with arbitrary powers on the coupling constant. These sets 
of diagrams often contain divergences that need to be renormalized. A priori, it is 
not clear how to renormalize self-consistent equations that involve infinitely many 
diagrams with the standard perturbative renormalization. as shown explicitly in cal
culations in scalar theories [184]. Another problem that arises when one tries to 
renormalize the gap equations in the usual (perturbative) manner is the occurrence 
of temperature dependent counterterms. which are not expected on general grounds 
[185]. Recently, a proof of renormalization of ^-derivable approximations based on the 
Bogolubov-Parasiuk-Hepp-Zimmermann (BPHZ) procedure [185] was given for both 
the real-time [186. 187] and imaginary-time [188] formalisms. An explicit algorithm 
for the calculation of the counterterms was also given in [189]. 

To illustrate the main features of renormalization in ^-derivable approximations 
we discuss in this section the 2-loop truncation in scalar ^ 4 4- ̂ 3 theory described by 

*[&H 8 + ^ 0 - (4-82) 
The variational procedure on the truncated action with the functional (4.82) yields 
the following gap equation for the self-energy, which in the imaginary time formalism 
reads 

E{P) = 2 4rfk A-2 + m2 + S(A-) + T U k ki + mi + T(k)(p-k)* + mi + Z(p-k)-
(4.83) 

The first contribution in the RHS comes from the "tadpole" diagram while the second 
comes from the "eye" diagram as in the example considered in section 2.6. i.e. equation 
(2.100). The ^-derivable approximation that results from using the functional (4.82) 

rWe do not include the derivation for brevity. 
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sums, not only the perturbative diagrams considered in that example, but all which 
results from inserting recursively any number of tadpole or eye diagrams into them. 

We proceed to study the divergence structure of the gap equation. Let us introduce 
an ultraviolet cutoff A in the integrals of (4.83). From the perturbative point of 
view by iterating the gap equation, one can identify both mass- and coupling-like 
divergences behaving like A2 and In A respectively as indicated in the figure 

- / E = 

~ A2 ~ In A -±S 
~- in A 

The lines in this figure represent the bare propagator Gn. Some of the mass-like 
and coupling-like divergences that appear in the iterative expansion are indicated 
with boxes. To absorb the divergences into renormalized masses and couplings we 
first assume, on the basis of the proof given in [186]. that the self-energy can be 
made finite. We can then study the asymptotic behaviour of the integrals in the gap 
equation (4.83) by a Taylor expansion of their integrands at T = 0 and around E = 0. 
In this manner we isolate the divergent terms from the finite part (every order in the 
expansion reduces by 2 the degree of divergence) getting 

E = EQ + E^> = A/i - AE/2 + g2I2 + AF(E). (4.84) 

where the UV divergent T — 0 integrals /] and 72 are given by 

h = - / T^ r} and I2 = - / , . (4.85) 
2.A-.A k2+m2 2Jk,A{k2+m2)2 

The finite part of the self-energy is given by XF, where we have extracted a factor A 
for reasons that will be clear in the following8. 

Naively, one could absorb all the local divergences of (4.84) into a mass counterterm. 
This is not very convenient as it leads to temperature dependent counterterms because 
the local terms of (4.84) depend on E. and E depends on T. To absorb the divergences 
into temperature independent counterterms it turns out that we also need to include 
a coupling constant counterterm. From the figure above we see that the coupling-like 
divergences ~ In A appear as a result of insertions of tadpoles into tadpoles. We 
will absorb the corresponding divergences by introducing a renormalized coupling 
A/?. Insertions of the "eye" diagram into any other diagram do not generate further 
divergences so the coupling g needs not be renormalized. Let us see how to obtain 
the renormalized parameters. First we rewrite (4.84) as 

| = / i - L / 2 + ^ / 2 + F(E). (4.86) 

The second term in this equation can be brought to the LHS, leaving 

i + J 2 ) = / i + y / 2 + -F(5:) (4.87) 

8 W e have also chosen a renormalization prescription for the "eye" diagram as we have written, 
for convenience, only the contribution at p = 0 in the Taylor expansion (4.84). 
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The RHS now only has either finite terms or temperature independent divergent 
terms, which can be absorbed easily through mass counterterms. With these consid
erations, equation (4.87) suggests the following definition of the renormalized coup
ling. 

- L = - + J 2 . (4.88) 
A/j A 

The terms remaining in the RHS can then be absorbed into the definition of the 
renormalized mass 

m\ = m2 - \RIX - g
2I2. (4.89) 

In this manner one obtains the renormalized parameters for the 2-loop ^-derivable 
approximation to scalar tp4 + <p3 theory. We see from the above that the renormaliza-
tion procedure is quite different than the usual one based on perturbation theory, the 
reason being the "hidden" divergences that arc present in the self-consistent equa
tions. The procedure presented here to determine the renormalized parameters can 
be generalized and made systematic to any order in scalar theories [189]. 

A very interesting point which we would like to mention is that the renormalization 
of the coupling constant is precisely determined by the Bethe-Salpeter equation for the 
^-derived vertex. For the 2-loop example discussed here, for instance, the coupling 
renormalization (4.88) is indeed described by the asymptotic behaviour of the equation 
(4.77) for the corresponding ^-derived vertex. Comparing to the exact SDE for the 
4-point vertex, this equation only has one of the three channels at 1-loop, or Ö(X2). 
In particular, this implies that, at ö{\2), the /3-function in this approximation would 
be exactly 1/3 of the perturbative one [190], as was found in explicit calculations 
[184]. This shows that renormalization works indeed quite differently in ^-derivable 
approximations. 

4.5. r?PI effective actions 

The 2PI effective action was introduced as a .systematic method to perforin resurn-
mations on the 2-point functions of the theory. This is particularly interesting if one 
is trying to describe physics that is encoded in the propagators. This is the case, for 
instance, in the description of collective plasma effects such as quasiparticle damp
ing and screening mass. Nevertheless, one might be interested in physics encoded 
in higher point correlation functions. A resummation of vertex functions is in that 
case desirable. The idea of the 2PI effective action can be generalized to include ver
tices for which resummations are defined [191, 176, 192, 193. 194]. These lead to the 
so-called nPI effective actions. The nPI effective action is constructed by including 
higher-point external sources Jj, KLj. L,jk- • • • into the functional \V[J. K. L....] and 
performing a Legendre transform according to 

rfei .Gtf .Gy*,. . . ] = W[JhKi:j,Lijk,...] - J,0' - i f fy ( 0 V + iG») 

- -Lijk (Gijk + iGijók + iGki(jP + iGjk4>1 + « > W ' ) + . . . . (4.90) 
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The resulting effective action T[Oi. G,}. G-,jk ] depends explicitly on the various 
correlation functions. The «PI effective action can also be rewritten as a diagrammatic 
series in terms of skeleton diagrams of the //-point vertex functions, i.e. diagrams with 
no ///-vertex insertions (rn < n). This diagrammatic series can be truncated to define 
effective actions from which the approximate ///-point functions (m < n) are obtained 
by means of a variational principle, along the lines discussed in section 4.1.3. 

For arbitrary n. the exact //PI effective action is related to the generating functional 
W in the presence of //-point sources via (4.90). In the absence of sources, this 
implies that the (// - 1)PI effective action is obtained from the //PI effective action by 
evaluating it at the stationary point solution for the //-point function. In this manner 

r'"> 'fo.G'2) G(n>" 
rfr^Pi 0 

= r"-l)PI\0.G(2) G , ( ' 

= . . . = r2P,[c>.G(2) 

5 r ( n - l ) F I 
- I I 

*G< 2 > 
= 11 

= r - [o] . (4.9i; 

Note that (4.91) is generally not valid for the truncations of the //PI effective action. 

Example 

To illustrate the main ideas of the //PI effective action, we consider the case of the 
4PI effective action in scalar y?4 theory. It is given, in terms of diagrams, as 

r[G*.r("] = -Tr ihiG'"1 'Gn-'-G- c; 

(4.92) 

where the 4-point vertices are denoted by the blobs )j( = T'4 ' . The detailed contruc-
tion of the 4PI effective action (4.101) is given in appendix 4.A. The resummations 
on the vertices and the propagators are provided by finding the stationary point of 
T[G.r ( 4 ) ] . This leads to 

ÓG 
= 0 [iG)-] = (iGo)-1 JX -e>^<8> 
6T 

= o - > r < 4 > = x=x+M+iT+m 
(4.93) 

(4.94) 

We notice that in the case of the 4PI effective action, the resulting equations for the 
vertex are the same, at 1-loop. as the corresponding SDE. eq. (4.15). As a result, the 
4-point vertex derived from the 4PI effective action is symmetric in all its legs. In 
general, the ra-point vertices derived from //PI effective actions are symmetric in all 
their legs for m < //. It is instructive to see that, unlike the 2PI effective action, where 
from its derivation we saw that T'4 ' was expanded in terms of diagrams involving only 
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classical vertices (i.e. eq. (4.38)). the resulting vertex from the 4PI effective action 
resums infinitely many contributions. 

Another interesting property one can extract from the equations above is that, 
truncating the 4PI effective action at 3-loop yields exactly the same equations as the 
2PI effective action truncated at the same order. Thus, up to 3-loop. the truncated 
actions are equal, i.e. r^PI[G. T(4)] = rt

2,PI[G] and nothing is gained from using the 
4PI instead of the 2PI effective action. 
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Appendix 4.A: Derivation of the 4PI effective action 

The derivation of equation (4.101) for the 4PI effective action is similar to the 
one presented in section 4.1.4 for the 2PI effective action. In this case both the 
inverse bare propagator and the classical vertex are interpreted as 2- and 4-point 
sources K and L respectively. This amounts to a redefinition of the source terms as 
KU -» KU = K<j + Gö.lj a n d LuM ~* Lijki = Lijki ~ ÏToJjki- T h i s procedure defines 
the generating functional IV*[K. L] for the action S[p] = 0. which is equivalent to the 
generating functional W[J. K] for the action S[^]. From 11 we define the auxiliary 
effective action T by the Lcgcndre transform 

f[G. T^} = W[K. L] - K , ~ - Lukl-^- = \V[K. L] - '-K^ 
öKij o Lijkt z 

~ JiL'J" 
stim s~ijn stkr W s r ( 4 ) stijstkl stikstjl stilstj M.95 

We write the derivatives of the auxiliary action f with respect to the sources K and 
/.. In terms of the original sources, this becomes 

§;.=-{ fa + Gö.y + g r^G^^G-rW. - irgj, wG« (4.96) 

-U rsG
im&nGkrCls + ^T(*lnrsG

imGinGkrGls. (4.97) 
(4) 4 , ~ m n r , ~ ~ - ~ . 4 , -

where we used the fact that both the sources and the functions G and T*1' are sym
metric in their labels. We need to close the above equations to be able to integrate 
them and find, in this way. the auxiliary 4PI effective action f. On the one hand, we 
can write the inverse bare propagator Go in terms of the full propagator and vertex 
by using Dyson's equation written as GQ1 = G _ l + £ and then use the corresponding 
SDE for the self-energy, namely eq. (4.14). On the other hand, to write the classical 
vertex in terms of the full one we use the corresponding SDE] for the 4-point vertex, 
i.e. eq. (4.15). expanded in terms of only 2- and 4-point functions. In this last equa
tion, however, it is not clear a priori how to isolate the classical vertex (if it can be 
isolated at all). Anyhow, since Tf} is a constant, we can use the equation to write the 
classical vertex in terms of full vertices and classical ones as 

x^x iM-m-m 
This procedure for writing the classical vertex in terms of full ones is by no means 
unique. The set of equations (4.96) and (4.97) can be closed by other procedures 
(see. for instance f 1911). All these lead to various nPI effective actions which share 
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similar properties9. The procedure presented here is inspired by the SDE and the 
loop expansion. However, a procedure can be constructed, in principle, to create 
a nPI effective action that satisfies other properties. Along these lines, alternative 
effective actions have been proposed for QED that retain gauge invariance [195]. The 
investigation of a systematic procedure to construct effective actions that satisfy gauge 
invariance or Goldstone's theorem deserves further analysis. 

With the procedure (4.98) to write the classical vertex in terms of full vertices, 
eqns. (4.96) and (4.97) become 

ÓT i ,.. I ~ _ i ' r (4 ) nknr<irnmsr(A) 
- Ö K 'J - Ö G ij + TO iklmG G G L jnrs SGij 2 J 2 'J 1 2 

+ ïg 1 Ojklmy G labcdU U Ll l rsnj 

+ T7;^imGlaGmbr^abcdG
crGdsGknrZj + •••• (4-99) 

_ _ r ( 4 ) /~ila/~imbT<(4) ficr fids /~iknfi\^. 

16 
ST -\-LinnrsG

l"'GjnGrsGls + ±Tr$nraGPnGPnGkaGl* 
(4) 4 ! " ™ ' - ~ ' 4 ! 

01 ijkl 

48 r 0 , m n a 6 G G L c d r s G G 

48 L 0 , m n a b G G L c d r 5
G G 

4. ^GimGlnr^mnabG
acGbdT^rsG^Gsk + .... (4.100) 

These equations can be integrated to obtain the auxiliary action T[G. T'4 ' ] . from which 
the true 4PI effective action can be obtained via cq. (4.95). This leads to equation 
(4.101). i.e. 

r[c.r(4)] = ^Tr [lntr1 + (G-1 - G~')G] 
— 

24 ^T-7 8 CJ 4 8 ^ - 7 ^ 48 

! 'In particular, all will guarantee energy-momentum and charge conservation, and thermodynam
ica! consistency (sec section 4.2). 
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f l Symmetry aspects of the 2PI 
^ Effective action 

We have seen in the previous chapter that truncations of the 2PI effective action 
lead, at their stationary point, to equations of motion that respect the global sym
metries of the original Lagrangian. This is one of the great virtues of the ^-derivable 
approximations. Certain aspects of the symmetry properties, however, are still not 
clear. For instance, in the case of spontaneously broken symmetries, massless Gold-
stone bosons are expected to occur on the basis of the Ward identities [170]. This 
constitutes the well-known Goldstone's theorem [196]. Yet. it is not clear a priori 
whether Goldstone's theorem is satisfied for a given ^-derivable approximation. In 
fact, it is known from some time ago that ^-derivable approximations do not neces
sarily satisfy Goldstone's theorem, as was seen explicitly in approximations to the 
O(N) model [197]. A more detailed study of this issues was presented in [198]. In 
non-equilibrium situations, where the evolution of the system is determined by the 
equations of motion, a large violation of Goldstone's theorem could then invalidate 
the use of <I>-derivable approximations. A criterion to determine beforehand whether 
a given approximation satisfies or not Goldstone's theorem would be desirable. In 
section 5.1 we pursue the investigations of [198] a bit further in order to obtain such 
criterion. The result also enables us to ascertain the magnitude of the violation of 
Goldstone's theorem by identifying the missing pieces that would be needed for it to 
be satisfied. 

Another very important question is whether ^-derivable approximations comply 
with local symmetries and. in particular, local gauge symmetries. One would like to 
study whether the truncations of the 2PI effective action retain gauge invarianee. or 
if this is lost in the approximation. This question is most relevant if one wants to use 
these methods to investigate properties of the QCD plasma that is presumably pro
duced during heavy-ion collisions. It was realized some time ago that gauge invarianee 
is spoiled in ^-derivable approximations, since Ward identities are not satisfied [197]. 
We provide in section 5.2 a detailed study of the gauge dependence in ^-derivable ap
proximations. We show that the gauge dependent terms appear at higher order than 
the truncation order, thus not ruling out the use of these approximation schemes in 
gauge theories (for more details, see [199]). 
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5.1 . Broken symmetries and Goldstone's theorem 

Consider the global symmetry realized by the compact Lie group Q. The fields 
transform under the representation D(Q) like ipi = Dij(g)^J. with g some element 
of the group Q. In te rms of the generators TQ of the Lie algebra, the infinitesimal 
variation Op1 under the group transformation takes the form Sy' = T^ifj€n. with 
eQ are the infinitesimal parameters of t h e transformation1 . A classical action S[<p] 
invariant under such symmetry transformations satisfies then 

| i 2 V = o. (r,i) 

By taking the expectat ion value of (5.1) and using s tandard functional techniques one 
can derive for the generating functional W[J, K] the relation 

• 6W[J.K] kl lm , lk. SW[J,K] 
' Q — T D — + (K a + Ta> AA-A- = °- (5-2) 

The corresponding relation for the 2PI effective action r [ ó . G) can be obtained with 
the help of the derivative relations (4.21). One easily obtains 

6(^i 1aVJ+ 6c;kl ( i „ G,„ + La G m J - U . (5.3) 

From the discussion in chapter 4. we know that the exact 2PI effective action, in the 
absence of sources and evaluated at the stat ionary point solution Gs gives the exact 
IPI effective action, i.e. 

rio.G] o = r[ó.Gs] = rp,[ó]. (5.4) 

Hence, evaluating (5.3) at the stationary point solution for G leads to 

óTIP,[o] 
do 

Differentiating once with respect to O yields 

^piP.r^i 

T^Oj = 0. (5.5) 

dó' ()ok Vi'Oj = 0. (5.6) 

This is evaluated at the vacuum solution v. given by the stationary point ó.s of F I P I [ 0 ] 
a t zero temperature1. Writing explicitly t he momentum dependence, one obtains 

Jp So' 6<pk {P) T^Vj(p) = 0. (5.7) 

We shall use in this section Greek labels to denote discrete group indices. 
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For a translational invariant vacuum, this implies that 

6ói 8èk ?(0) TJVJ = 0. (5.8) 

If the vacuum v is not symmetric under Q (i.e. the symmetry is spontaneously broken), 
equation (5.8) implies that the second derivative of the effective potential must vanish. 
Since the second derivative of the exact 1PI effective action is precisely the full inverse 
propagator G~l. this implies the appearance of massless particles (Nambu-Goldstone 
modes). If the vacuum is invariant under the subgroup H, the number of Goldstone 
bosons is given by the number of generators in the coset group Q/H. This is the well-
known Goldstone's theorem [196]. which is thus satisfied by the exact 2PI effective 
action at the stationary point. 

5 .1 .1 . Truncated 2PI effective action 

Let us study the case of the truncated 2PI effective action. Any truncation of the 
2PI effective action yields a functional r t r which is invariant under Q. so equation 
(5.3) is also valid for TtT. i.e. 

STtr[(j>.G] j STtr[o.G] (Ti,nrk , Tkmri \ _ n /c q\ 
— S o ' — a J SGkl ^ a 'n a k) ~ ' 

Unlike the case of the exact 2PI effective action, however, evaluating r t r at its cor
responding stationary point solution Gs does not give the exact 1PI effective action. 
Of course, the approximate 1PI effective action created by evaluating r t r at Gs docs 
satisfy (5.8). by construction. Indeed, we obtain 

A'-? r t r rtr[<f>,Gs 

So1 S4)h 
VUi = 0. (5.10) 

From (5.10) we obtain the equivalent of equation (5.8), but for the approximate 1PI 
effective action r t r [é . Gs[ó]] instead of the exact one. In that case, we see that the 
auxiliary propagator defined by 

r,_, _ó*rtr[ó.GM 

satisfies Goldstone's theorem [197. 198. 200]. However, there is no a priori reason 
why this propagator should be equal to the variational one Gs. In a time-dependent 
situation, as is the case out of equilibrium, the variational propagator Gs is the one 
that enters in the equations of motion. Because of this, one would like to determine 
whether the variational 2-point function G3 satisfies Goldstone's theorem. In the 
remainder of this section we study the relation between the auxiliary propagator 
Gaux and the variational Gs. obtaining a necessary condition that must be fulfilled 
bv Gs to satisfy Goldstone's theorem. 
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We can evaluate (5.9) at the stationary point solution Gs of T[v and differentiate 
with respect to o as in (5.10). To keep the discussion general, let us assume that we 
do not know the exact form of GH as a function of o. i.e. we have not solved the gap 
equation. Then, we can write (5.10) as 

O'* G-' + ̂ f;W[0l) r > , . o. (5.12) 
V do"'do' 5Gf do' do"1 J " J 

The term between brackets is just the inverse of the "auxiliary" propagator Gaux as 
define above, but written in terms of the (truncated) 2PI effective action. The goal 
is to identify this propagator so we can compare it with G's. It turns out that the 
auxiliary propagator G'aux is precisely the one defined by ö2WtI/SJ2 with WtT given 
from r, , by the inverse Legendre transform (4.C5). This can be shown by using the 
procedure to construct n-point vertices defined in the previous chapter (section 4.3). 
To do this, we take first the relations (4.69) in the presence of sources J and A', 
namely 

STtr[ó.G} 

STtr[<f>,G\ 

= -Ji-Kij(j>j, (5.13) 

--J<a- (5.14] 
SGU 2 " 

The solution of these equations for determine ó and G in terms of the sources J and 
A'. Differentiating (5.13-5.14) with respect to the source .7 yields 

STtr Ö0m , STtv SGmrl 

So, So,,, ÖJj Ö0j SGmn S.Jj 

STtr 5<j>m , STir SG7II, 
SGjkSo,,, SJj SGjkSG,,,,, S.Jj 

= Sij, (5.15) 

= 0. (5.1G) 

The derivatives of the propagator and mean field with respect to the source J define 
respectively a 3- and 2-point function as 

SGU = r(3) &JH _ S2\\\r _ -
5Jk ~^ij:k- SJj - 6 J i s J j - i*V- [o.U) 

where we indicated the fact that the 3-point function is only symmetric under the 
exchange i +-• j with a semicolon in its indices. An equation for the propagator G is 
easily obtained from (5.15) by convoluting it with the inverse of So/SJ. finding 

.=,_, föfaY1 62TtI S2VU SGklfSo'Y} 62Ttl 52TtI ÖGkl 

'J \6Ji J Só'SoJ do1 SGkl SJ„, \d.J„,J Só' 6o-> So' SGk' S<pJ ' 
(5.18) 

This has precisely the same form as the inverse of the auxiliary propagator Gailx-
Indeed, for vanishing source K. eq. (5.14) implies that G — Gs. and therefore we see 
from (5.18) that G',, = G'aux. This tells us that the auxiliary propagator is indeed 
given by the second derivative S2Wtr/5J2 for vanishing sources A. 
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For K = 0, using the chain rule in the second functional derivative in the last term 
in (5.18), and using the definitions (5.17). we can write the inverse of the auxiliary 
propagator as 

s2rtr s2ru cr :GSLG - i 
•aux .^ SÓ'ÖÖJ S(piÖGkl kh'" a u x - ' " -> ' 

We can write this equation in terms of the functional <& by using (4.23). to obtain 

5.19) 

G - i = G«U-i-
)2$ 

+ i-
s'2® r,(3) n-\ 

iux,tj ^o.ij So'SpJ So'SGkl kl['" a u x - m j ' 
(5.20) 

The equation for the 3-point function G(3) is obtained from (5.16) by writing it. in 
terms of <E> and convoluting it twice with G with appropiatcly chosen indices, leaving 

r(3) _9r r P* (3) r r 6-Q 
SGr3 SG, 5Grs Ö<Pr 

[5.21 

Defining a 3-point vertex T^ as G^.k = GimGjnT^ "'";,Gaux.,A- we obtain the set of 

equations 

r - l _ r - l • P* . . F* rkrrlsv(3) 

H?L = 2- <i> •G""'G"'T J , - 2^ 

According to (5.10). the auxiliary propagator satisfies 

G - i 
aiix.ij' 

nk TTo, = 0. 

(5.22) 

(5.23) 

(5.24) 

from which Goldstonc theorem follows. We can write this equation for the propagator 
Gs by using (5.22) and (4.27) evaluated at J = 0. obtaining 

G*V+26G* 

d2>\> 

So' So' 

62<f> 
- i -

So' SG"" 
Cmr/-rnsr(>i) 

s ^ s L rs:i T^O, = 0 

with r(3> given by (5.23). for J = 0. Notice that if 

d<l> 52$ 
/ -SGij S(pl 5(j)i 8<p SGkl TT^rGkrGlsri% = 0, kl;j 

%25] 

(5.26) 

then G'. }:T'\.ok = 0 and thus Goldstone's theorem is satisfied for Gs (in the sense 
that this correlator contains massless Nambu-Goldstone modes). The condition (5.26) 
constitutes a criterion to determine the validity of Goldstone's theorem for the self-
consistent 2-point function Gs in a given ^-derivable approximation. Taking for 
instance the O(N) model, one can show, by means of (5.2G). that the propagator 
obtained at leading-order (LO) in a 1/N expansion of the 2PI effective action does 
satisfy Goldstone's theorem (sec also chapter 6). 
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5.2. ^-derivable approximations in gauge theories 

Gauge theories are based on local symmetries called gauge symmetries. The prin
ciple of gauge invariance requires physical quantities to be invariant under local trans
formations with respect to the gauge group Q. If we use ^-derivable approximations 
as a met hud to obtain dressed quantities in gauge theories, it is essential to study 
whether these respect or spoil the gauge invariance. A standard method to determ
ine whether gauge invariance is spoiled is to check if the vertices resulting from the 
approximation satisfy the Ward identities. It is not difficult to see that, in general. 
Ward identities are not satisfied for a given approximation. Consider for example 
the case of the 2-loop ^-derivable approximation in a non-abelian gauge theory. For 
vanishing mean fiels. the functional $[G] is described by the diagrams 

From the considerations in section 4.1.4. we find that this approximation defines, at 
the level of the SDE. the following equations for the 3- and 4-point proper vertices 
and the self-energy 

(5-28) 

(5.29) 

(5.30) O 
We see that, in this approximation, the propagator is dressed but the vertices arc left 
bare. This implies, in particular, that the Ward identities are not satisfied. If gauge 
invariance is not satisfied, "physical" quantities (such as the pressure, entropy, etc) 
will suffer from gauge dependence. This pathology shows up as an explicit dependence 
on the choice of gauge-condition. In this section we discuss in detail the dependence 
of the 2PI effective action and its truncations on the gauge-fixing condition. 

5 . 2 . 1 . Yang-Mi l ls theory, gauge-f ixing and BRST invariance 

We consider the case of a pure Yang-Mills theory with gauge group G. Its action 
is given by 

SYM = -!fdix\F^(x)Fr(x), (5.31) 

where F^u = F^luTa = 6\,.4„ — duA^ - g [Afl.Au] is the field-strength tensor of the 
gauge field An = A^Ta, g is the (unrenormalized) coupling constant and Ta are the 
generators of the Lie algebra of the gauge group G. The action is invariant under 
gauge transformations U(x) e G of the gauge potential At, 

Alt -* %(x) = U(x)All(x)U-l(x) - - [d„U(x)] U-'ix). (5.32) 
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This invariance implies that the functional integrals over gauge field configurations 
are ill-defined. One gets around this difficulty by the Faddeev-Popov gauge-fixing pro
cedure, which introduces a gauge-breaking term 5 Q F into the action. In the context 
of Becchi-Rouet-Stora-Tyutin (BRST) quantization this term is realized in a use
ful manner by introducing some auxiliary fields: the Faddeev-Popov fermionic ghost 
fields ca and ca and the bosonic Lautrup-Nakanishi fields Ba. The gauge-fixing is 
implemented through the condition Ca[A] = 0. The gauge-fixed action then reads 

5 = SYM + SCF = J d\r { - i i £ , ( a O * r ( a O 

SCa\A] 1 i 
- ca(x)-^-(D(lc(x) \ + Ba(x)Ca[A] - -jBn(x)Ba(x)\. (5.33) 

where D^ = <9M — igTaAa is the covariant derivative and £ is the gauge-fixing para
meter. 

The action obtained by adding this gauge-fixing term is no longer invariant under 
local gauge transformations (5.32). However, it is invariant under BRST transform
ations, which are defined as 

*BAI --

5Bca = 

<5Bca = 

SBBa --

= z{D„c 

= lege2, 

= -eB". 

= 0. (5.34) 

where e is an infinitesimal global anti-commuting parameter and c2 is a short-hand 
notation for {Tac

a){Tbc
b) = l/2[Ta\Tb}c"cJ'. The Lautrup-Nakanishi field B has been 

introduced to ensure the nilpotency of the BRST charge QB- defined as SQ = eQs-
It allows for a convenient rewriting of the gauge-breaking term as a complete BRST 
variation 

5 G F = QB J d4x l^cn(x)Ba(x) - ca(x)Ca[A}\ = QBV. (5.35) 

Using the compact notation explained in the previous chapter, we can write the 
partition function Z[J. K] for the Yang-Mills theory as 

Z[J,K] =Afc f x>ipeiis^^+Q^qf+Ji'pi+^iKij'pJ} = e
i{n<p-G}+J,éi+U<,J(o

i
ly+ia'-')}^ 

(5.36) 
where tp denotes collectively all fields {A(j't(x),ca(x),ca(x),Ba(x)j, J and K denote 
all their associated currents {JA, JaJe, JB,KAA,KCC,KBB}- We use in this section 
Latin indices to represent all of the space-time, Lorcntz and group indices indistinctly. 
In this compact notation, however, one should bear in mind that the ghost, fields c 
and c and their associated local currents ./,. and J? are anti-commuting variables. A/̂  
is a ^-dependent infinite constant generated during the Faddeev-Popov gauge-fixing 
procedure. Its gauge parameter dependence can be seen already in the free theory 
and can be absorbed into the action by rescaling the ghost fields by £ - 1 / 4 . Hence this 
constant will not play a role in the following. 
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Chapter 5. Symmetry aspects of the 2PI Effective action 

5.2.2. Gauge-fixing dependence of the 2PI effective action 

Having set up the notation let us now study the gauge dependence of the 2PI 
effective action. We study how it transforms both under a change of the gauge-fixing 
condition Ca[A] -» C"[A] + ACa[A] and gauge parameter £ — £ + A£. or more 
generally, under a change U' — vf* -f A ^ . Under this shift of gauge condition, the 
effective action, the mean field and the propagator respectively change a.s 

r -» r ' = r + AI \ O — o' = <j) + Ao. and G — G' = G + AG. (5.37) 

The currents Jj and Kjj are taken to be gauge independent since they are external. 
This fact allows us to calculate immediately from Eq. (4.21) how much the first func
tional derivatives of the effective action vary under the gauge-fixing change, obtaining 

öGijJ \dOiJ J6G-, 
A ( T7r- ) = 0 and A ( — ) = -2iAoj——. (5.38) 

From Eq. (5.38) one notices that the stationary point of the 2PI effective action is 
only gauge invariant if it is realized simultaneously for both arguments o and G. 

To compute the variation of the effective action V one can use the relations (4.21) 
to cast Eq. (5.36) into the convenient form 

eiT*[<i>,G} = f v <{5YM+<5B*-(v-*)*^-+*[(v*-*.-)(V3-*j)-«Gy]7§7) , . 

For simplicity and later convenience we denote the field combinations (<p — ©).,• and 
[(tp — o)i(y — 4>)j — iGjj] that appear in the exponent of Eq. (5.39) as £>, and iGij 
respectively. These have the property that their expectation values vanish. After a 
change of gauge condition ty —, ty' = fy + AW. equation (5.39) becomes 

eiT' _ ei(T+Ar) 

I V - {A SYM + Q B * - ^ ^ T - G y Ï % } ( i{QBA*+A<Pi {% + ACU $- -iAo, Ao, - ^ } 1 

(5.40) 

which, using eq. (4.22) becomes 

JAr = / '{QH^'+^^+^^-^- '^AO,^ 
e « " = ( e ' ^ ü ~ * ' " - ' '~~* 16°*i — • ' « ; , , ƒ \_ ( 5 4 1 ) 

This result is valid for any finite change in the gauge conditions. To proceed further 
we restrict ourselves to infinitesimal variations A^ . Then one can expand both sides 
of Eq. (5.41) to obtain 

A r = (QBA*) + A o , ^ + AG,,^- + 0(A2). (5.42) 
öói ' öGij 
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where we used the fact that Aè and AG' are of order O(Aty). This can be easily 
chocked. Indeed, following the same steps as to obtain Eq. (5.41) one gets for the 
mean field 

o' = g + Ao = e-"r L H ^ ^ f t ^ ^ - ^ ^ * 

which using Eq. (5.41) reduces to 

[5.43) 

and expanding in A\I> yields 

Ao ; = i {<piQBAV) + 0 (A 2 ) . (5.45) 

Similarly one computes the variation of the two-point function obtaining 

AG',, = i (GijQBAv) + 0 (A 2 ) . (5.46) 

From equations (5.45) and (5.46) we see that indeed Aó and AG are of order 0(A\P). 
Introducing them into (5.42) yields 

CT"1- XT 1 

Ar = (QBA*) + i (&QBAV) — + i ( G . - J Q B A * ) ^ ^ + 0(A2). (5.47) 
6(pi \ I d&ij 

One expects the stationary point of the effective action, i.e. when its functional de
rivatives are set to zero, to be gauge-independent. That is still not obvious from 
Eq. (5.47) since it appears that the first term in the RHS would not vanish. For that, 
one can make use of the following trick [201]. Consider the expectation value of the 
gauge-fixing change A$. namely 

(A*) = e~iT / ^ A # e H s Y M + Q B * - ^ C - 0 ^ } . (5.48) 

One can perform a BRST transformation ip —* <p + eQQ$ on the field variables in the 
path-integral. This transformation leaves the measure invariant and only amounts to 
a shift of the integration variable, so the equation remains the same. The l.h.s can be 
however rewritten so that 

(A*) = e~iT I Vip (Avp + eQBA*) 

x e *{SYM+QB*-^f t -G«7%-eQB^^7-^BÖ*i ï%} ^ (549) 

where we have used the fact that A^[p + EQB^P] = A^ + (QQA^. which follows from 
the definition (5.35). The BRST charge Qn appearing in this expression does not 
operate on the mean fields ó and two-point functions G that arc part of £5 and G, 
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Chapter 5. Symmetry aspects of the 2PI Effective action 

but only on the fields to be path-integrated over. Expanding the RHS of (5.49) in the 
anticomrnuting parameter e leads to 

(QBA*) = - ; ( A * Q „ ( ; - , £ ) ) - , - ( A * Q „ ( Ö « ^ ) ) . (SJM) 

whore the quantities have been reorganized so that the equation is valid for all fields. 
both commuting (At, and D) and anticomrnuting (c and c). Combinations like ipöT/5(f) 
or GÖY/SG are always commuting so it is preferable to have them in this form. 

The same procedure can be applied also to the expectation values (^ r,A^) and 
(GabA^) to obtain 

{£aQBAy) = (AyQB£a) 

A A * Q B ( ^ ) ) - * ( ^ A * ( f e ( S i ^ ) ) . (5.51) 

- / (ëabA^QB (&£) ) ~ ' (öllbA^QR (öjkll£ 
c ; / \ — « f * " i j " c / r 

!ö.52) 

We can insert the results (5.50).(5.51) and (5.52) into (5.47) to write A r solely in 
terms proportional to its functional derivatives. Notice that the first terms coming 
from the RHS of Eqs. (5.51) and (5.52) cancel exactly those that come from Eq. (5.50) 
when both are substituted into Eq. (5.47). In this way terms with a single functional 
derivative do not appear in AIT. After some rearrangements one is then left with 

A r - i ( A , o - ( * £ * © ) + ( A , < h ( * £ ^ 
+ K A * Q B ( Ö < , & S " S ) + O ( A Ï ) ' (5-53) 

which can be east into the compact result 

AT [#,01 = \ (A*QB (ftJL +GJJ . J - ) ^ + 0<A>), (5.54) 

Here the expectation value (...) and the BRST operator QR only apply to the fields 
<p contained in £5 and G. This equation gives the variation of the 2PI effective ac
tion caused by a change in the gauge condition. One sees that when the functional 
derivatives of Y are set to zero this variation vanishes, and then the effective ac
tion is gauge-fixing independent. This situation occurs precisely at the stationary 
point, i.e. at the stationary point solutions 0S and Gs of the exact 2PI effective ac
tion. This was already shown for the 1PI effective action and expected from general 
arguments [202. 203]. 
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5.2. <I>-derivable approximations in gauge theories 

The stationary point solutions <ps and Gs. however, are not gauge-fixing independ
ent themselves. Indeed, one can explicitly compute their gauge dependence by apply
ing the stationarity condition to Eqs. (5.45) and (5.4G). obtaining in this manner 

A ^ = Z ( A * Q B ( W ) , (5.55) 

AG',' =i/A^QB^y\. (5.56) 

For the case of the rcPI effective actions r[<?i>j, Gij.Gjjk. • • •]• which include higher-point 
correlation functions, the same procedure leads to the generalized result 

^4HB0€+ö«é 
where the quantities Gijk... are given by 

Gi = ói = <Pi -<f>i, 

iGij = (<p - <j))i{ip - 4>)j - iGij. 

G%k = (<P- 4>)i{<P - <t>)j{<P - <t>)k 

G 
ST 

ijk... 6G ijk.. 

- Gm ~ iGij(<P ~ 'Ph ~ iGjk{<p - <f>)i - iGki{<p - 0)j. 

(5.57) 

(5.58a) 

[5.58b) 

(5.58c) 

etcetera. 

5 . 2 . 3 . Gauge- f ix ing dependence of <l>-derivable approximat ions 

Our main interest is to study the gauge dependence of ^-derivable approximations. 
The 2PI effective action contains the diagrammatic expansion 

$ = :s.59: 

2-loop: 0{gz) 

Consider a truncation of the 2PI effective action at L loops, or cquivalently. at 
<D(g2L~2). The 2PI effective action is then split into two pieces, the truncated part 
r t r and the rest Tresi. i.e. 

r[^G] = rtr[o>,G] + r,,st[0,G] (5.60) 

The truncated part r t r is used to generate approximate mean fields and propagators 
from the stationary condition (4.25). 

The separation of the effective action can be performed directly on the result (5.54) 
for the variation Ar . Evaluated at the stationary point solutions os and G's. it yields 

A r t r [ ^ , G s ] + Ar rest[0s,Gs] = i / A * Q B ( ' ^ i ^ j S 

oT, 

SGa-
Gjk,s 

J'fc 
:5.61 
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where we used the fact that p s and Gs correspond to the stat ionary point of r t r and 
tha t t he expectation values in a ^-derivable approximation are given by (.. . ) * as 
described in section 4.1.4. 

On the one hand, this equation implies that the truncated effective action r t r . 
evaluated at its s ta t ionary point solutions, is gauge independent up to the order of 
t runcat ion, i.e. 0{y2L~'2). This is so since Yu. is of order 0{g2L) and the RHS of 
Eq. (5.CI) is of order 0(F2

est), so. to first order. A r t r ~ - A r r e s t ~ O ( r r e s t ) ~ 
0(<j2L). 

On the other hand. Eq. (5.61) tells us that the complete action T. evaluated at 
the s ta t ionary point solutions of r t r . is gauge-fixing independent up to order 0(gAL). 
i.e. twice the order of' F n , s t . In this manner, A r ~ O [T2

est] ~ ö{gAL). 

These results can be understood with diagrammatic arguments. First, note that 
the diagrams in the loop expansion of the 2PI effective action Y are .skeleton diagrams. 
so without any self-energy insertions. The approximate propagator G's obtained from 
a ^-derivable approximation at L loops (or at 0(g2L~2)) is the solution of the vari
at ional condition (4.25). which can be interpreted as a dressing of the bare propagator 
with all the self-energy contributions that come from cutt ing one line in the 2PI dia
grams of TQ, i.e. eq. (4.27). Evaluating the effective action T at Gs entails substi tuting 
this propagator in the diagrams of the skeleton-loop expansion. The outcome can be 
expanded perturbatively to compare directly with the usual perturbative loeyp expan
sion of t he 1PI effective action. One can cheek that both expansions match perfectly 
up to 1L loops, or 0(g4L~2). They differ at '2L + 1 loops because, by construction, 
d iagrams tha t would result from dressing skeleton diagrams of Trest with self-energy 
contr ibutions to Gs coming also of r , c s t . do not appear in the expansion of the skel
e ton series considered. However, they arc present in the perturbative loop expansion. 
The importance1 of the fact tha t both expansions match up to 2L loops is that , since 
the per turbat ive loop expansion is gauge-invariant at every loop order, one can im
mediately conclude t ha t so must be the skeleton-loop expansion of r[G'a p] up to '2L 
loops, or. in other words, up to 0(g4L). The precise amount of gauge dependence is 
given by (5.61). 

In this manner, eq. (5.61) shows that ^-derivable approximations, as truncations 
to the 2PI effective action, have a controlled gauge-fixing dependence, in the sense 
tha t gauge dependent terms are parametrically suppressed. 

5.2.4. Choice of gauge condition 

A large body of experience with gauge theory lias led to the common view that 
one should not t amper with gauge invariance. Yet. we explore here the possibility of 
accepting a controlled amount of gauge dependence in the computat ion of physical 
quant i t ies . The question is then, what is a good choice of gauge fixing? To be specific, 
consider the class of covariant gauges described by Ca = d^A°. Then we have to 
decide on a reasonable choice for the gauge parameter £. Evidently. £ should be such 
that it does not upset the ordering principle that was used in the approximation, 
which, in our case, is the fact tha t r r e s t <C r t r . 

T h e fact that such upset can happen is familiar from perturbat ion theory. There 
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5.2. <I>-derivable approximations in gauge theories 

we have the loop expansion in terms of bare propagators and our ordering principle 
is g -C 1. Consider for simplicity diagrams without ghosts. In a covariant gauge. 
the longitudinal part of the gluon propagator is proportional to £. Hence, a diagram 
with I internal lines contains a factor £,'. In terms of the number of three- and four-
point vertices V3 and V4 and the number of loops L it can be written as (=2L-2+v3/2. 
Together with the powers g2L~2 in the bare coupling constant g, the diagram has an 
overall factor {g02L~2£,V'il2- Hence, taking £ > l/g would upset the ordering of the 
diagram thus ruining perturbation theory. 

In a ^-derivable approximation, however, we consider the skeleton loop expan
sion in terms of dressed propagators where their ^-dependence is not clear a priori. 
Provided we had the explicit form of the dressed propagator, an argument similar 
to the one above would give the range of £ allowed that do not upset the ordering 
principle. Unfortunately, finding the dressed propagators is in general a formidable 
task. Nevertheless, we venture the following argument that a good choice for £ is 
in the interval (0.2). Assume that the <I>-derivable approximation gives indeed an 
approximation to the path integral 

Z = / VAVcVc exp 
.9J 

l\lir^I-%1+cd''(dll-iA,)c+^All)^ 

where we have integrated out the D field and rescaled A -* A/g. (c. c) —> {c/y/g, cjy/g). 
Then, g2 in the above action is also the ordering parameter in the skeleton-loop ex
pansion of 4>. If we do not want to upset this power counting. £ should be treated of 
order one as g2 —> 0. For finite g2 it seems best to choose l/2£ of the same magnitude 
as the other numerical coefficients in the action, which are 1/4 and 1/2 for F2, and 
1 for the ghost terms. So this suggests the choice £ in the range 1 - 2 . Saddle point 
arguments for g2 —» 0 are not upset by letting also £ —> 0. so it is reasonable to allow 
also values of £ —> 0. On the other hand. £ » 1 would upset the longitudinal parts of 
the saddle point regions in functional space (as for the perturbative case above). To 
allow a continuation of the path integral to imaginary time, £ has to be positive. All 
these arguments lead us to conclude that £ is best taken in the range 0 - 2. 

5.2 .5 . Conclusions 

In this section we have determined the dependence on the gauge condition of the 2PI 
effective action and its ^-derivable approximations. As expected on general grounds, 
the result shows that the 2PI effective action is gauge independent at its stationary 
point. For ^-derivable approximations, even though the vertices defined in the ap
proximation do not satisfy Ward identities, the gauge dependence is parametrically 
suppressed. The truncated action evaluated at its stationary point contains gauge de
pendent terms that appear at higher orders. These features might be interesting for 
the computation of thermodynainical quantities derived from the 2PI effective action 
in gauge theories, such as the pressure and entropy. The authors of [157, 158] have 
calculated the entropy and the free energy of the quark-gluon plasma with an approx
imate ^-derivable approximation, but in order to achieve gauge independence, they 
had to sacrifice the self-consistency guaranteed by working at the stationary point. 
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Chapter 5. Symmetry aspects of the 2PI Effective action 

hence the word approximate. Their approach was nevertheless strongly motivated 
from a quasiparticle picture of the quark-ghion plasma, which can be used [75] to de
scribe the lattice results [71]. In any case, our considerations suggest that ^-derivable 
approximations may allow a systematic method for computing thermodynamic func
tions without Inning to sacrifice its remarkable properties. Gauge-fixing dependent 
artifacts would appear at high orders, thus making the approximation controllable. 
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Ci Non-equil ibrium dynamics wi th 
^ the 2PI effective action 

We have argued in previous chapters that approximation schemes based on the 
2PI effective action provide a particularly good framework to study out of equilib
rium phenomena. They lead to equations of motion for the mean field and propagators 
that describe their time evolution, including quantum effects. Unlike other quantum 
approximation schemes, such as the Hartree or the leading-order large N. they can 
be systematically improved to account for scattering. This is crucial if one wants 
to describe physical processes where scattering plays a fundamental role. Moreover, 
^-derivable approximations guarantee that energy, as well as global charges, are con
served. 

In this chapter, we are going to make use of ^-derivable approximations to study 
out-of-equilibrium situations where scattering is a very important aspect of' the phys
ics. In particular, we study in section 6.1 the process of thcrmalization in scalar 
tp3 + <p4 theory. In section 6.2, we investigate the phase transition dynamics in O(N) 
model and the phenomenon known as spinodal decomposition. 

6 . 1 . Thermal izat ion in scalar y? + <P4 theory in 3- j- l d i 

mensions 

A very intriguing and interesting aspect of nonequilibrium dynamics is the ap
proach to equilibrium. At present, a big part of this interest in field theory comes 
from heavy-ion collision experiments at RHIC (Brookhaven). which indicate that a 
state of deconfined matter, the quark-gluon plasma, is formed during the collisions. 
Experiments suggest that there is early thermalization (see. for instance, [41]). If that 
is indeed the case, the reason why the plasma thcrmalizes so fast is still a mystery 
[46]. More information on the dynamics leading to thermalization in the quark-gluon 
plasma would be highly desirable. 

The scalar <̂ 3 + ^4 theory provides a very useful toy model for the study of the 
dynamics of relativistic interacting field theories. It is simpler to formulate, more eco
nomic to implement on the computer, and it comprises relevant features that appear 
in more intricate theories, while avoiding complications such as. for example, gauge 
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invariance . In this manner, it provides a benchmark for testing and understanding 
approximation schemes. The study of simple scalar field theories is. in this manner, 
a necessary step before their application to more complicated theories. 

For tha t reason, we investigate in this section the process of thermalization in scalar 
p3 + p~l theory. We study a single real scalar field and use a loop expansion of the 2PI 
effective action. The case of quart ic couplings was already studied in 1 + 1 [162. 204] 
and in 2 + 1 dimensions [166]. showing tha t , indeed, thermalization is achieved. We 
extend those analysis to 3+1 dimensions, also including 3-point couplings. Unlike 
[162. 166]. we shall also study the dynamics in the presence of a non-vanishing mean 
field o. Related work in the broken phase in 3 + 1 dimensions with the 1/N expansion 
was done in [168]. For fermionic theories, studies in 3 - 1 dimensions were performed 
in [165]. 

6 . 1 . 1 . 2 P I l o o p e x p a n s i o n of s c a l a r ip3 + ipA 

In scalar ip3 + tp4 theory, the Lagrangian density is given by 

£M = \ f d4y<p(x)Göl&yMy) - § / - ^/ - <?<P, (6.1) 

with the inverse bare propagator equal to 

Gë1(x,y) = [-dl-m2]öc(x,y). (6.2) 

Apart from the cubic and quart ic interactions with coupling strength g and A. respect
ively, we have introduced a linear term, proportional to a. This term acts as a source, 
controlling the value of the mean field <p. For g = cr = 0 we obtain the s tandard 
ip4 theory, which has reflection symmetry ip <-» -p. Because of this symmetry, the 
system can be found in two distinct phases. In the classical theory, for m2 > 0 we are 
in the symmetric phase (o = 0). and for nr < 0 in the broken phase (o = ±v ^ 0). 
In the (classical) vacuum, the field expectation value is v = \/(i\in]/A. 

T h e 2PI effective action is given by (4.23), with the functional $ given, in terms 
of diagrams, by 

T h e Feynman rules for these diagrams are given in (2.101). In addition, we have the 
rule for the 1-point vertex •- = —ier coming from the linear term in the Lagrangian. 

1 One of the motivations to study <p3 + -pA is that the topologies of the diagrams coincide with 
those of SU(N) gauge theories 
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Introducing the effective 3-point coupling geff(x) = g + Xo(x). one has. explicitly 

- ia / Ol.r 

+ | I G(x.x)<f>(x) + j j G(x.x)Q(xf-
'I l\-., \ , , \ ^ / r,i \ it \2 , - ^ I 

i- [ f fM[{x)G(x.yfgeM - - / / 6'(.r.y)4 + ... (6.4 
L2 c -i y 

18 
./• •/ /, 

We choose a truncation of $ at 3-loops by keeping terms up to 0{\2) and ö(g2). but 
neglecting those of <9(Ap2). This means that the t runcated functional $ t r is given by 
the diagrams appearing in (6.3). 

6.1.2. Equations of motion 

The equations of motion are obtained from the 2PI effective action via the vari
ational procedure described in section 4.1.3. i.e. Eq. (4.30). On the real-time contour 
this leads to the Kadanoff-Baym equations (2.56-2.60). To the order considered here, 
the self-energy tha t enters in those equations is determined from the t runcated func
tional <l>tr[c>. G}. One obtains 

E [ 0 . G ] = 2 
SG 

(6.5; 

For vanishing mean field 0 = 0. the diagrams considered in this approximation are: 
at (9(A). the ••tadpole" (corresponding to the Hartree approximation), at 0(g2) the 
"eye'* and at ö(\2). the ••sunset" (see figure below). 

XL 
"tadpole" 

O 
"eye" 

-e-
"sunset" 

The "eye" and •'sunset*' diagrams account for scattering between the modes, and 
hence can lead to equilibration. With non-vanishing mean field, there are additional 
diagrams due to the interaction with 0. In this section we obtain the equations of 
motion in this approximation for arbi trary values of the couplings g, A and a. 

Splitting the self-energy into a local and a nonlocal part as 

Z(.v.y) = ZL(x)6c(x.y) + ^L(x.y). (6.6) 

107 
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we obtain explicitly. 

ZL(.r) = fio(x) + - [iG(x.x) + o(x] 

£ A L 
(x,y) = i-gMï)G(x.y)2gei,(y) ~ ^rG{x.yf. 

(6.7) 

(6.8) 

We shall focus on the s tudy of the dynamics of the statistical and spectral correlators 
F and /; that are described in chapter 2. Because of their nice properties, the 2-
point functions F and p are suited for numerical simulations. Indeed, they are real. 
satisfy simple symmetry relations, and contain significant information about particle 
propert ies of the system. From the discussion in chapter 2. the equations of motion 
for I he correlators F and p are 

(02 + in2 + ZL)F{x. y) = + dz0 ^(x,z)F(z,y)- / dz0 / E / ; '(.r. z)p(,j. z) 

(d2
x + m2 + T.L)p(x. y) = + / dz0 / Y,p{x, z)p(z. y), for xQ > y0. 

(6.9) 

(6.10) 
V" 

The self-energies S and £ ' ' are obtained from the various contour components of 
the non-local part HNL as 

oiVL\> >NL\< EF(x,y) = ^[(i:NLr («Iy)+(EJVL)"(x.y) 

Z?(x,y) = (l;NL)<(x,y)-(ZNL)>(X,y). 

(6.1i; 

(6.12] 

Wi th the self-energy (6.8). they become 

£ F ( . r . .y) = fkid-r)<k-i\jy) 
2 

F(x,y)2-
4 

+ ^F(x.y) 
o 

F(x,y)2-
3p(x,y)' 

4 

S"(.r. y) = geS(x)ges(y) [F(x. y)p(x. yf] + —p(x. y) 3 F ( . r . , y ) 2 - P(x< !J) 
4 

21 

(6.13) 

(6.14) 

With the self-energies E r and I / ' given by (6.13-6.14). we can determine the evolution 
of F and p from the equations of motion (6.9-6.10), which form now a set of closed 
coupled equations. Note t ha t these equations are explicitly real and causal. The 
driving terms consist of nonlocal "memory" integrals that contain the information 
about the earlier stages of the evolution. 

For the mean field O. the equation of motion is determined from (1.26) which, for 
the t runcat ion considered here, becomes 

{% + M}(x))4>(x) = -a-±gFfaz) 

- jM.,<) 3F{x. z)2 -
p(x, 

ffeffl (6.15) 
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with 
M2(x) = m2 + ±<j>(x)2 + | o ( x ) + l-XF(x,x). (6.16) 

In this truncation of the 2PI effective action, the energy density is determined from 
the expectation value of the energy-momentum component T°°. In ^-derivable ap
proximations, it takes the form (sec (4.54)) 

wx,*» =^ 2 -
dtdt'+dxdX'+m' (F(x.x ' :? . / ' )+o(x. i )0(x . / ' ; 

t=t 
(6.17) 

Here C,{x) is an auxiliary scale factor introduced in the coupling constant g. A and 
a. which is taken eventually to 1. For the truncation of the 2PI effective action 
considered here, the energy density becomes 

(Tooyl\x.t) = \ [<9,0(x.f)]2 + i [yxo(x./) • dx0(x.t)f 

+ ]-dtdrF(^K:t.t')\l=l, + i c > x - d y F ( x , x ; M ) | x = y 

+ i m 2 [o2(x,*) + F ( x , x ; M ) ] + -^Ao(x./)4 + g j # ( x , t ) 3 + TO(X, / ) 

+ i<?F(x. x; f. *U(x, f) + -AF(x. X: t. i)0(x, f)2 + -AF(x, x: t. tf 
2 4 o 

d^O / rfz <Jfeff(x. t) p(x , Z ; t , Z o ) _ 3 p ( x , z ; M o ) F ( x , z ; ^ ) 2 Peft(Z, 2 0 ; 

dz 
p(x. z: t. 

1 
-F(x ,z ; ( . :„ ) 2 F(x.z:f. 20)p(x.z:i,ao)-

(6.18; 

The equations of motion (6.9). (6.10) and (6.15). though seemingly complicated, can 
nevertheless be tackled numerically. We perforin a numerical analysis of the equations 
of motion in the next section. 

6.1.3. Numerical analysis 

We study the non-equilibrium evolution of the propagators F and p by solving 
numerically the equations of motion (6.9) and (6.10). We shall take g = a = 0. and 
thus study ip4 theory, both in its symmetric and broken phase. We shall consider 
the system to be discretized on a space-time lattice with a finite spatial volume and 
spatially periodic boundary conditions. The lattice provides a cutoff and regularizes 
the ultraviolet divergent terms in the continuum limit, which must be renormalized. 
For our purpose it is enough to introduce an approximate renormalization that ensures 
that the relevant length scales in our simulations are much larger than the lattice 
spacing a. This is done by introducing a renormalized mass m2

R as rn2 —> m2
R — 5m2, 

with dm a mass counterterm. We take the mass counterterm Sm2 to be given by the 
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1-loop zero-temperature perturbative contribution (either in the symmetric or broken 
phase, accordingly), calculated on the lat t ice2 . This choice ensures tha t the "output" 
vacuum effective mass obtained in simulations is smaller than 1/a. and also close 
to the renormalized mass m # . A proper continuum renormalization would require a 
self-consistent analysis of the divergences that involves, in addition, a renormalization 
of the coupling constant [186. 189] (see also section 4.4). Nevertheless, we shall not 
pursue here an exact continuum renormalization. The approximate renormalization 
described above suffices for our purposes. 

For large times, finite computer memory is one of the main numerical impediments. 
Th is requires us to cut off the memory kernels in the equations of motion. The cut in 
the memory kernel is est imated by studying the evolution of the self-energies Y,p(t.t) 
and £ p ( r . r ) and checking when they become negligible. By verifying that the total 
energy density (6.18) is conserved, we can judge whether the discarded memory was 
indeed unimportant for the dynamics. 

Initial conditions 

Let us consider a spatially homogeneous situation. In that case, we can perform 
a Fourier transformation and study the propagator modes pp(t.t') and Fp(t.t'). In 
addi t ion, the mean field only depends on time. To completely determine the time 
evolution, the equations of motion (6.9), (6.10) and (6.15) must be supplemented 
with initial conditions at t = t' = (). Because of the fact that p corresponds to the 
expectat ion value of the commuta tor of two fields, it satisfies the equal-time properties 
(see also eq. (2.32)) 

Pp(t.t)=(). dtpp{tA')\t=t, = 1, (6.19) 

which completely determine the initial condit ion for the spectral function. 
For the statistical correlator F, the initial conditions are specified by its value and 

its derivatives at initial time. This condition can be implemented through 

^ • O U = 0 
i 

<JP 
p (6.20) 

dtFp(t,t%=t,=0 = 0, (6.21) 

dtdt>Fp{tt%=t,: (6.22) 

where np is some distr ibution function and u,'k = \fm2
n + k 2 . with inR the renor

malized mass 3 This initial condition corresponds to a gaussian density matrix. For 
a thermal initial condition, one can take np to be a Bose-Einstcin distribution with 
some tempera ture 7'. To s tudy a far-from-equilibrium situation, we consider the initial 

2For a detailed description of this point we refer the reader to [205]. 
• The real-time momenta and frequencies appearing in this section arc denned on the lattice (see 

for instance [123, 206]). In particular, the spatial momenta (in lattice units) is defined as k = 
]T\ 2 — 2 cos ( n"'" J . with L the lattice size, a the lattice spacing and n, — -N/2 + 1, • • • , N/2, 
being N the number of lattice sites. 

110 



6.1. Thermalization in scalar p3 + ip4 theory in 3+1 dimensions 

condition in which only a range of moment urn modes p 2
l i n < p 2 < p,2

liax is occupied. 
This distribution function is given by 

"p = ' / # ( P L X - P2)0(P2 - Pmin) (6-23) 

This initial condition is similar to the so-called "tsunami" used in the literature [163. 
207]. It mimics the situation of two colliding wave packets, representing in this manner 
an initial condition clearly far from equilibrium. 

In the numerical analysis presented in the next section we shall consider g = a = 0. 
so we have basically ^ 4 theory. We study both the symmetric and broken phase. 
As initial conditions for the mean fields we take them a bit displaced from their 
equilibrium values, both in the symmetric and broken phase. In that way. we can 
study their relaxation to equilibrium, and hence obtain an estimate for the damping 
rate. 

Observables 

As the system evolves in time, we expect, the scattering processes to lead to equilib
ration. The occupation numbers of the momentum modes are expected to gradually 
approach a Bose-Einstein distribution at sufficiently weak coupling. The statistical 
information about the evolving system can be extracted from the equal-time correla
tion function Fp(t.t). We can use Fp to define a quasiparticle distribution function 
as [208, 209. 1G3] 

"P(0 + \ = y/dtdt'Fpit.t'^Fpit.t). (6.24) 

The time-dependent quasiparticle energies can be defined similarly as 

"P(O = \/ ; ; , , : • (6-2s: 
'dtdvFp(t,t')t=t, 

FP(t.t] 

which determines the dispersion relation. Both definitions (6.24) and (6.25) are exact 
for a free quasiparticle system in equilibrium. From the studies in 1+1 and 2+1 
dimensions [162. 163. 166]. we expect the system to rapidly exhibit a quasiparticle 
structure, so the definitions (6.24) and (6.25) should be valid for late enough times. 
We shall see in next section that this is indeed the case. 

Once the system is close to equilibrium, we can read from (6.25) the effective 
quasiparticle mass mes(t) by using 

up(t) = c(t) v / m ^ O + P 2 - (6.26) 

where the constant term c(t) is a measure of the "speed of light". The temperature 
Teff and chemical potential /ieff. on the other hand, can be determined by fitting the 
occupation number (6.24) to a Bose-Einstein distribution 

nJt) = -, l- : (6.27) 
PV

 e ^ f T " ) ( ^ p ( ' ) - / W ) ) _ 1 
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F i g u r e 6 . 1 : Evolution in time of the occupation numbers np against u>p, for the "tsunami" initial 
condition Tip(f = 0) = 2 0(3—;p 2 )0(p 2 —1). Wc compare the results of the <t>-derivable 
approximation with the sunset diagram (gray dots) and the Hartree approximation 
(black dots). 

with #eff(£) = Teff . T h e fit is conveniently done by using 

n 1 + - = 
re f 

Teff ' 
(6.28) 

We shall also s tudy the t ime evolution of The energy density (6.18). checking that it. 
is conserved, as we expect from the discussion in section 4.2.1. 

Symmetric phase 

Here we consider the evolution of the system with the "tsunami" initial condition 
(6.23). in the symmetr ic phase, with pfuiu = 1. p m a x = 3 and // = 2. We take the 
initial mean field <p(t = 0) = 0. The simulations are performed on a space lattice with 
163 sites and lattice spacing m Ra = 0.7. The lattice spacing in the time coordinate 
is at — 0.1a and the couplings are taken to be A = 6 and mRg = Ü. All quantities 
shall be expressed in lattice units. 

To s tudy the approach to equilibrium, we let the system evolve- until late times, and 
s tudy the t ime evolution of the occupation numbers np and the dispersion relation (a>p 
as a function of p 2 ) . In Fig. 6.1. we show the evolution of np vs. ajp. We compare the 
t runcat ion of the 2PI effective action considered here with the Hartree approximation. 
In the Hartree approximation, there is no equilibration. In our truncation, which 
includes also the sunset diagram, we observe tha t , the energy in the excited modes 
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6.1. Thermalization in scalar f3 + y 1 theory in 3- f l dimensions 

F i g u r e 6.2: Time evolution of the dispersion relation (c^2, vs. p 2 ) in the symmetric: phase. 

500 1000 1500 2000 2500 3000 

m.t 

F i g u r e 6 .3 : The Occupation numbers in the F i g u r e 6.4: Evolution of the effective temper-
form log(l + 1/rifc) at very long ature Teff and chemical potential 
times mnt > 3000. The chemical ^ c f f for long times (in renormalized 
potential moves slowly towards 0. mass units). 

is distributed via scattering, which leads eventually to a thermal distribution. In 
Fig. 6.2 we follow the evolution of the dispersion relation. The scattering processes 
gradually convert it to a quasiparticle dispersion relation (a linear fit). 

At times mnt % 500. the dispersion relation has almost equilibrated. It is stable 
and no much difference is observed at later times. 

At very long times, we can compare the occupation numbers to a Bose-Einstein 
distribution, as described above. In Fig. C.3 we show the evolution of ln(l + l / n p ) for 
long times. It can be nicely fitted with a straight line, which corresponds to a Bose-
Einstein distribution. In that manner, we can determine the time dependence of the 
effective temperature Teff and chemical potential //eff . Their evolution is described 
in Fig. 6.4. In Fig. 6.3 the occupation numbers move very slowly towards smaller 
chemical potential (the intercept in the u;p-axis). In Fig. 6.4 we can observe that, 
indeed, after some quivering, the chemical potential decreases steadily. We conclude 
that chemical equilibration is taking place. The self-consistency of the ^-derivable 
approximation considered here, which includes scattering through the sunset diagram, 
allows to take into account off-shell effects. From the discussion in section 2.4.1, we 
see that this includes particle-number non-conserving scattering (such as 1 <-> 3), 
which allows for chemical equilibration. Note that approaches that only take into 
account on-shell scattering, as is the case of the Boltzmann equation, describe only 
binary collisions 2 *-» 2. and thus cannot account for chemical equilibration. 

The resulting effective mass can be read from the dispersion relation. At mnt ~ 
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3000, the effective mass is given by 

m e f f « 0 . 8 3 , c = 1.00. (6.29) 

It is interesting to compare the observed mass with an analytical estimate. At 1-loop 
in per turba t ion theory, the effective mass comes from the finite tempera ture par t of 
t he tadpole diagram, which was computed in section 2.6. and the result was given by 
(2.130). Since the contribution from the tadpole is a constant, equation (2.130) could 
be used to resum all the tadpole contributions, and hence obtain the result for the 
2-loop ^-derivable approximation. We shall compare our numerical results with the 
2-loop ^-derivable approximation. To be closer to the numerical results, where the 
s tat is t ical information is read from the correlator F. we shall write the gap equations 
at 2-loop in te rms of F. At 2-loop in the functional <I>. only the local part of the 
self-energy contributes (see eq. (6.7)). Thus , at a given time f. the finite gap equation 
for the effective mass reads 

m2
s{t) = rn2

R + £ L ( f ) + dm2 = m\ + - I 7^^(1-1) + Snr (6.30) 

T h e mass counterterm Sm is given by the vacuum part of the 1-loop self-energy, 
similar to what was done in the numerical analysis 4 . The correlator F in the above 
equat ion is taken of the form 

F k ( M ) = M*) + 2 (6.31) 

with /?k given by a Bose-Einstein distribution funcion. with the tempera ture and 
chemical potential given by those that are obtained from the simulations at t ime r. 
and o-'k is taken in terms of the effective mass to be ^kit) = \/k2 + mN(t)2. The 
result for the effective mass ms(T, fi) is then determined by the self-consistent "gap" 
equation 

in-
•>, m x 2 x f d3k nk(t;T,u) , AT2 f* , \/x* - T . 

m2
s(t;T,n) = m2

R + - / — — h ' =n>ji + — / dx ] T . 6.32 
2 ./ {2nY Wk(t) A-K2 Jma/T ey-T) - i 

For both the t empera ture T % I.ISUIR and chemical potential // % 1.05 rriR tha t we 
read at times in^t % 3000. together with the coupling A = 6. the analytical est imate 
for t he effective mass is found to be m,s ~ 0.835. which is quite close to the numerical 
result (6.29). Hence, the contribution from the sunset diagram to the mass seems to 
be small, relative to the 2-loop approximation. 

We followed the approach to equilibrium for several initial conditions. In 3 + 1 
dimensions we find, like the studies in 1 + 1 [162] and 2+1 dimensions [166], tha t the 
final occupation numbers are uniquely determined by the initial energy density. The 
fine details of the initial distribution are lost (the system looses its memory). We find 
faster equilibration with higher energy density. 

4 We stress again that this is an approximate renormalization, and a rigorous analysis in the 
continuum would require also the introduction of coupling constant counterterms [186, 188]. The 
way renormalization is presented here is however closer to the finite lattice renormalization performed 
in tlie numerical analysis so it allows for a better comparison of the results. 
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Symmetric phase: M e a n field damping 

Here we consider a situation already in thermal equilibrium, where the mean field 
is displaced slightly away from its equilibrium value o = 0. This allows us to s tudy 
the response of the system to small per turbat ions. The initial position of the mean 
field is taken o(t = 0) = 0.1. For such a small perturbation, the mean field is expected 
to perform a damped oscillation 

o{t) = o{t = 0 ) e ~ r ' cos (m o u t i ) . (6.33) 

Here m o u t is the "output" mass scale coming from the simulations.' ' Fi t t ing the 
evolution of the mean field with (6.33) allows us to extract a damping rate V. which, 
in general, will depend on the strength of the coupling and the temperature . 

F i g u r e 6.5: Time evolution ó(l) of the initially displaced mean field <?(f = 0) = 0.1 in the vacuum 
(T = 0, gray line) and a thermal bath (T = 2. black line). 

The evolution of the mean field in a thermal ba th at T = 0 and T = 2 is shown in 
figure 6.5. In both cases the system reacts to the perturbat ion, resulting in a damping 
of the mean field. Notice tha t this damping occurs even for T = 0. For finite T, the 
damping is faster the higher the temperature . For high temperatures (T 3> meff), 
perturbative estimates with the sunset diagram give a damping rate [122. 119] 

A 2T 2 

r = K -= , (6.34) 
2567rzraeff?7ifl 

with K ~ 0.57, so that T = 0.()0()23A2T2/meff. Based on the perturbative est imate we 
show in Fig. 6.6 a plot of the damping rate against A2T2/meff (all in lattice units) . 
We can fit it nicelv with a straight line 

T = 0.00033+ 0.00025-
A2r2 

meff 
(6.35) 

where the slope agrees, surprisingly well6, with the high-temperature est imate (6.34). 
The constant term in (6.35) represents the damping of the mean field in the vacuum 
(T = 0). 

'We found that m o u t ~ me(f. 
C rrhe temperatures used in Fig. 6.6 are T = 0. 1.2 (in lattice units), which are not so large 

comparing to the mass mcff ~ 0.83. 
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F i g u r e 6.6: Mean field damping rate T against A T /m e f j . 

m # V 

S *&>* 

• / 

F i g u r e 6.7: Time evolution in the broken phase of the occupation numbers (ln(l -I- 1/n.p) vs. u^p. 
above) and the dispersion relation (Wp vs. p 2 . below), in the approximation considering 
the "eye" diagrams. 

Broken phase 

We study in this section equilibration in the broken phase. The mean field is taken 
initially to be at the tree-level estimate ó(t — 0) = v. This is not the self-consistent 
vacuum solution of the 2PI effective action considered, but a bit displaced from it. 
Due to this initial displacement, the mean field will oscillate and damp, as in the 
case above, to its equilibrium value. For the propagators we take the same "tsunami" 
initial condition as in the symmetr ic case. Because of the non-zero mean field, we have 
the effective 3-point coupling ges = \0. In order not to have a very large coupling 
<7eff in the broken phase, we choose the coupling to be smaller. A = 1. In tha t case 
<y(,fi % Ac « 1.7 

Having bo th a 3- and a 4-point coupling in the broken phase allows us to s tudy 
two different approximations for equilibration: The ^-derivable approximations tha t 
consider both the "eye" and the "sunset" diagrams for the self-energy, and the one 
that only considers the "eye" diagrams. Both "sunset" and "eye" diagrams account 
for scattering, thus they can lead to equilibration. From the perturbative calcula-
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••O 

> 
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F i g u r e 6.8: Time evolution in the broken phase of the occupation numbers (ln(l + l / n p ) vs. -c'p. 
upper plot) and the dispersion relation (u>p vs. p 2 . lower plot), in the approximation 
considering both the "eye" and the "sunset" diagrams. 

tion performed in section 2.G we know that, on-shell, the "eye" diagram does not 
contribute to damping. The self-consistency of the ^-derivable approximation with 
the "eye" diagram, however, allows to account for off-shell scattering as well. From 
a perturbative point of view, the ^-derivable approximation resums all the iterated 
"eyev diagrams. Starting at 2-loop. those diagrams contribute to off-shell damping. 
Our 2PI effective action approach takes nicely into account all those contributions. 
The evolution of the occupation numbers ln(l + l / n p ) and the dispersion relation 
is shown in Fig. G.7. With the sunset, equilibration is faster, as one can see from 
Fig. 6.8. where the evolution of the particle numbers and the dispersion relation is 
shown. With only the eye diagrams, the off-shell scattering effects taken into account 
with the 2PI effective action are sizeable, and equilibration occurs just a bit slower 
than with the sunset diagrams. 

6.2. Phase transition dynamics in the O(N) model 

During a second order phase transition, the system goes from a symmetric phase 
to a broken phase where the vacua are degenerate. As we cross the transition point, 
long wavelength fluctuations become unstable, begin to grow, and the field becomes 
correlated over larger and larger distances. This leads to the formation of correlated 
domains. If the initial value of the order parameter (the volume average of the mean 
field) is zero, it will remain zero throughout the transition. Inside each domain the 
order parameter acquires non-zero values, but the total volume average of the field 
remains zero. These domains will grow in time, leading to the process of phase 
separation, or spinodal decomposition. The growth of the long wavelength modes that 
triggers the phase separation are due to the ocurrencc of spinodal instabilities. This 
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phenomenon is familiar from condensed ma t t e r physics, in particular, from the study 
of phase transitions in alloys, binary fluids and liquid crystals [210]. The investigation 
of the non-equilibrium dynamics during phase transit ions is also relevant in problems 
in part ic le physics and cosmology, in particular, to s tudy the formation of disoriented 
chiral condensates in heavy-ion collisions [211] or the formation of defects during 
the electroweak and the QCD phase transitions that occurred in the early universe. 
Another important application in cosmology is the description of the reheating process 
tha t took place after inflation. The importance of the spinodal instabilities associated 
with the low momen tum modes has heen recently recognised to play a fundamental 
role in t he description of the process of reheating [13. 212]. In this context, the term 
tachyonic preheating has been coined for the particle production due to the spinodal 
instabilities. 

T h e dynamics of phase separation via spinodal instabilities have been studied in 
t he context of scalar field theories with several methods, including perturbative [213]. 
Har t r ee [214] and (leading-order) large-iV approximations [7]. The description of the 
initial growth of the fluctuations is correctly described within these approximations. 
T h e Hartree and leading-order largc-.V also account (partially) for the non-linear 
effects tha t shut off the instability and are responsible for the slow down of the domain 
growth. However, since these approximations neglect scattering, they cannot describe 
the approach to thermalization in the later stages of the evolution. Based on the 
observation that particle production during the instability leads to large occupation 
numbers , a classical approximation seems reasonable. The classical approximation 
seems to be adequate in describing the dynamics due to the efficiency of the spinodal 
instabil i ty in producing particles [212. 13]. This has encouraged interesting studies 
on o ther related issues, such as the investigation of baryogenesis during a tachyonic 
electroweak transi t ion [27. 28. 29]. 

In this section we will s tudy the dynamics of phase separation from the point of 
view of the 2PI effective action. We shall focus on scalar O(N) models and use an 
expansion in 1/N [164. 200]. We will consider a truncation of the action to next-to-
leading order. This t runcat ion takes into account quantum fluctuations and. unlike 
t he Har t ree or leading-order large-A', it accounts for scattering between the modes. 

6.2.1. The model 

T h e scalar O(N) model is described by the lagrangian 

£ = -d^n(x)d^a(.r) - -m2<pa(x)<pa{x) - — {<pa{x)<pa{x)f 

Here tpa is a real scalar field with a = 1 N components (stimulation over repeated 
indices is understood). The inverse of the bare propagator is given by 

G S i f o y ) = *«* {-dl - m 2 ) 6c(x,y). (6.37) 
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6.2. Phase transition dynamics in the 0(N) model 

The vertex T0 is defined as 

tfLcdfa V) = ^ab8cd5c(x, y)^, (6.38) 
A 

3A' 

where the semicolon separates equal indices. The vertex rf, ab.cd is syniinctric under 
the exchange a «-> b. c <-» c/ and {0.6} «-» {c,d}. It corresponds to one of the 
three channels of the full classical vertex. The reason for introducing this not fully 
symmetric vertex function is that it allows us to adequately organize the expansion 
in 1/Ar (see eq. (6.49) and following). Classically, for in2 > 0 the lagrangian is 
symmetric under 0{N) rotations of the field. For nr < 0, however, the symmetry 
is spontaneously broken down to 0{N - 1). with N - 1 Goldstone bosons. This 
spontaneous symmetry breaking leads to degenerate minima at 

'6N\m?\ ... . 
y.nin = v = y . (6.39) 

There are several important reasons to study the O(N) model. First of all, it serves as 
an effective model for studying the chiral phase transition which, according to lattice 
simulations, occurs in QCD and is expected to happen during relativistic heavy-
ion collision experiments at RHIC and CERN. Indeed, the order parameter for the 
chiral transition is the condensate (QLQR)- It can be approximately described in 
terms of the QCD for two massless flavours (the up and down quarks), which has 
a SU(2)L x SU(2)n x ZA(2) symmetry [215]. Now. SU(2)L x SU(2)R x ZA(2) is 
isomorphic to 0(4). This implies that the effective lagrangian for the order parameter 
(<7L<7R) (*»J = 1,2) falls in the same universality class as the 0(4) model, with order 
parameter <f>a = (tpa) = (a,if) {a = 1.2.3.4) [216]. The field a describes the (qq) 
condensate, while the triplet n describes the pions. The dynamics of the QCD chiral 
transition can then be approximately described by the 0(4) model. In addition, 
the study of the phase transition dynamics of the 0(4) is relevant for the theory of 
(p)reheating in hybrid inflation [11]. In particular, it can be used to describe the Higgs 
dynamics in these models. To keep the discussion general, however, we shall mantain 
an arbitrary number N of field components. This enables us to use non-perturbative 
approximations based on the 1/N expansion. 

6.2.2. Spinodal instabilities 

Consider the situation where the system undergoes a rapid phase-transition from 
the symmetric to the broken phase. This can be modelled by introducing the following 
time-dependence in the potential 

1 i, v 9 A , 9N2 . , \m2(t) = \m2\ for t < 0. 
! % ) - 5 m W + 5 ü r M -th („,,,„ = '_,„;,, for4>0 (6-40) 

This "quenched" scenario is justified if the mechanism driving the phase transition is 
much faster comparing to the typical dynamical time scales of the theory. This could 
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be the case, for example, after a period of inflation, in the case of a sudden coupling 
to a heat ba th at a much lower temperature, or if the system is coupled to other fields 
wi th faster dynamics. 

We consider the system to be initially prepared in equilibrium at a tempera ture T 
in the symmetric phase. The mean field o is zero at the minimum of the symmetric 
potent ial . It will remain zero throughout the transition. For relatively weak couplings, 
the initial stages of the dynamics can be approximately described by the linearized 
Heisenberg equations of motion. For the field modes 

: k . n = d\i — > k x f x . / ) . (6.4i; 

t he Heisenberg equations of motion arc given, close to the niininnm tp = 0. by 

^ + k2 J ;-(k. t) = -V'itp) = -V'(O) - V"(O)0(k, t) + ö(<p2). (6.42) 

Here m2(t) = V"(0). From (6.42). we see that the field equation of motion is just 
tha t of a harmonic oscillator (an inverted harmonic oscillator for the case f > 0). For 
definitcness. let us assume tha t , close to t = 0. the field is described by the free theory. 
For t imes t < 0. the field can then be expressed in terms of creation and annihilation 
opera tors as' 

<p(k, t)= T = ( a A . e - ' ^ + f + cf_ké< ' ) . (6.43) 
2c 

After the quench, for f > 0. we parametrize the field as 

I 
(M) = ake 

t + 6ke
i^' (6.44) 

where, in both eqns. (6.43) and (6.44), u>£ = ^ k 2 ± in2. Notice tha t , for r > 0. the 
modes with momenta k 2 < \m2\ lead to imaginary frequencies 

W k 2 < | ,2I = v /k 2 - \m2\ = iJ\m2\ - k 2 = i\\u. (6.45) 

The field operator for those modes is no longer made of oscillatory, but of exponen
tially growing (and decreasing) functions. These unstable modes are responsible for 
the spinodal instabilities that lead to phase separation, as we explain below. The 
opera tors a and 0 are related to a and a 1 by matching the field operators (p a t time 
t = 0. This yields 

& k = 

ak = 

1 

1 

" 2 

Yn-— 
Lv wk 

[(i-£ 
LV ^ k 

ak 1 -

b ak + 1 + - ^ 

'We use here the notation of [27]. See also [213. 21" 

At 
' - A -

"-k (6.46) 
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Lei us study the time dependence of the fluctuations, which can be adequately de
scribed by the statistical 2-point function Fk(t,t') (see chapter 2). At equal times 
t - t'. it is given by F^(t. t') = {^(OV-kCO)- Since the system was in thermal equi
librium at t < 0. we can make use the periodicity condition F^(t — ifi.t) = Fk(t,t). 
Using this fact and eqns. (6.43-6.46) one obtains, for t > 0. 

Fk(t.t) = l+2n(wr 
1 + j 1 + 

1 + j f l - (u>7 )= 

[cosh(2H'k0 - 1] | for k2 < 

- f l - l U fork2> COS{ ZuJ, 

I I ) -

irr 
(6.47) 

where n{ut) = (akak) is the Bose-Einstein distribution function. For the stable 
modes (k2 > |m2 |). F^t.t) is similar to the equilibrium case and is given by an 
oscillatory function. For the unstable modes, however, one obtains, for large enough 
times (t > l/2Wk) 

Fkfct)«^(n(u£)+i n 2Wkt (6.48; 

From (6.48) one sees that the fluctuations of the unstable modes, which have long 
wavelength, grow exponentially. As time increases, the field correlates over larger and 
larger distances, leading to the formation of domains, whose size grows like ~ Vt 
[214]. 

This analysis was done for fields near I he minimum ot I he symmetric phase. As I he 
fluctuations grow, the fields start to take nonzero values which become larger with 
time. Non-linear effects due to the interactions then enter into the field equations 
of motion. Several self-consistent approximations to study these non-linear effects 
have been studied, including the Hartree [214] and the leading-order large-iV approx
imations [7]. They indicate that the exponential growth of the flutuations shuts off 
eventually. Unfortunately, the schemes employed in [214. 7] cannot describe the equi
libration of the modes following the slow down of the domain growth. In the coming 
sections we shall use the \/N expansion of the 2PI effective action to describe the 
effect of the non-linearities in the evolution. 

6.2.3. 2PI effective action and 1/JV expansion 

In this section we construct the 2PI effective action for the O(N) model. In general, 
the 2PI effective action depends both on the macroscopic mean field <ba{x) — {<pa(x)) 
and on the propagator Gab(x,y) = —i(Tc<pa{x)(pb{y)) (see chapter 4). In the case of 
spinodal decomposition we shall focus on a system with homogenous and vanishing 
mean field. This does not necessarily mean that we are in the symmetric phase. If 
ó = Ü in the symmetric phase before the transition, it will remain zero in the broken 
phase. Of course, for a given realization of the system, the field tp will acquire non
zero values and it will be correlated inside domains. The (quantum) ensemble average 
over these realizations, however, yields a vanishing mean field. The dynamics of the 
phase transition will be driven by the fluctuations encoded in the propagator Gab. 
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For a vanishing mean field, we can take Gc,b = babG as there is no preferred O(N) 
component . We shall s tudy in this section the 2PI effective action T[G]. 

T h e advantages of using the 2PI effective action to study non-equilibrium dynamics 
in the l/N expansion are many: First, it provides a description of the large-time be
haviour of the system since it is free of secular terms [164]. This is not the ease for the 
s t andard l/N expansion of the 1PI effective action [84]. Second, the l/N expansion 
is non-per turbat ive in the coupling A. Most importantly, the l/N expansion of the 
2PI effective action can be used to describe the dynamics at nonperturbatively large 
particle densities [168], as we shall discuss below. In addition, the 2PI effective action 
can account nicely for the organization of the various orders in the 1/A" expansion, 
provided appropiate vertex summations are supplemented [164, 200]. 

To have a bet ter understanding of the organization of the 1/A" expansion in terms 
of diagrams, let us consider the Schwinger-Dyson equations for the 2-and 4-point 
function in the O(N) model. For vanishing mean field, the SDE for the self-energy >J 
and the 4-point vertex F*1 ' defined in (6.38). are given by 

- /"£ = (6.49) 

(6.50) 

The Feynman rules for these diagrams are 

= - '-^öaböcd-

— iGat, — i(\,),C 

I UI = r^M = r^6ab5cd. (6.5i; 

T h e vertex used here correspond to only one of the channels of the fully symmetric 
one (hence the 1/3 in the Feynman rule). The dashes between two legs of a vertex arc 
to indicate tha t both legs share the same O(N) index8 . The reason we use this vertex 
instead of the fully symmetric is that it is much more convenient for the organization 
of the diagrams in the l/N expansion. 

The procedure to count the order in the l/N expansion of a given diagram is the 
following: s ta r t ing from an arbitrary dash in a vertex, follow it along the lines until 
another vertex is reached. At the new vertex, follow the line that shares the same 
O(N) index. Proceed until the starting dash from the original vertex is found again. 
This counts a trace over O(N) indices in the diagram and yields a factor A7. Apply 

8 To be more precise, the dashes indicate which one of the three products of Kronecker deltas that 
appear in the fully symmetric vertex r(4^ahc<l ~ l/3(SnbSi)r + öac^bd + ^ad^bc) is taken. 
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this operation to all the dashes that have not been found in previous steps, to find 
all the traces in the diagram, each giving a factor TV. Together with the factors 
1/TV coming from the vertices, one obtains the order of the diagram. Applying this 
operation to the diagrams in (G.49-6.50) we find the following organization: 

• The leading order (LO). which is obtained by taking Ar —> oc. is given by the 
first diagram in the SDE for the self-energy. By using this self-energy, one can 
derive, with the method described in chapter 4. the 2PI effective action 

rLo[G] = ^ T r f l n G - 1 + (Go1 - G-1) • G\ - IAK (6.52) 

with the functional <£> at LO given by 

(6.53) 

This approximation has been studied extensively both in equilibrium [218. 219, 
220] and out of equilibrium [221. 222. 223. 224. 225. 226]. It is relatively easy t o 
simulate on the computer. In addition, the self-consistent propagator obtained 
by solving the gap equation corresponding to the stat ionary point of (6.53). 
satisfies Goldstone"s theorem.9 

Another related and interesting approximation is given by considering also the 
second diagram of the self-energy (6.49). This corresponds to the Hartree ap
proximation. It takes into acccount all the 1-loop local terms to the self-energy, 
which include some next-to-leading-order (NLO) corrections 10. It does not, 
however, comply with Goldstone's theorem [197]. as can be easily checked with 
(5.26). The main problem associated with both the LO large-TV and the Hartree 
approximation is that they fail to describe 

scattering, so they cannot reproduce, in particular, the dynamics leading to 
thcrmalizat ion1 1 . 

The next-to-leading order (NLO) approximation is given by the first three dia
grams contributing to the self-energy (6.49). It takes into account ö(lfN) 
corrections. The third self-energy diagram involves a dressed 4-point vertex, 
which is obtained from the vertex SDE (6.50). Notice that , the first two dia
grams in (6.50) are of 0(l/N). so both must be included. This approximation 

9This can be explicitly shown by applying the Goldstone condition (5.26) to the leading-order 
2P1 effective action with mean fields 

r[ö.G*] = S[4>] + ^Tr [ lnG _ 1 + (G^1 - G' (6.541 

^Generalizations of the Hartree approximations including higher-loop "local-like'" diagrams have 
been proposed based on the so-called two-point-particlc-irredncible (2PP1) effective action [227. 228. 
229. 230]. At two-loop, they also take into account off-shell effects into the screening masses. 

1 ' With inhomogeneous mean fields, however, some of the early approach to equilibrium can be 
recovered [209. 231] 
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is described by the 2PI effective action with the functional 3>NLO given by [164] 

(6.55) 
r -i v̂ _y i u v_x 

toeether with the vertex summation 

IXI I (6.56) 

The iterative solution of this equation shows that this vertex, at NLO. is given 
by an infinite chain of bubble diagrams 

16.57) 

By following the considerations of section 4.5 (see also appendix 4.A), the NLO 
approximation can also be written as the 4PI effective action 

r[G.r(4 

(6.58) 

The advantage of the NLO is that, unlike the leading-order or Hartree approx
imations, it includes scattering. The 2PI effective action (6.55) has been applied 
succesfully to the study of late-time dynamics and thorinalization in the O(N) 
model [164. 142]. It has also been generalized to the case of non-vanishing mean 
field [200]. We shall mak- use of the 2PI (or 4PI) effective action at NLO in the 
study of phase transition dynamics presented below. The main reason why we 
consider the 1/JV expansion is that it is suited to study a situation with large 
particle densities, which is precisely what happens in the process of spinodal 
decomposition. The argument is the following. For large particle densities, 
the spectral function p can be neglected in comparison to F. as explained in 
chapter 3. This is the case where the classical approximation is applicable12. 
We also saw in chapter 2 that, in terms of the Keldysh basis {fi. A} and for 
huge1 occupation numbers, only the coupling between three ^p fields and one A 
field survives. This implies that, according to the notation of (3.17). the NLO 
vertex is approximately given by 

r^> — 
1 n » l " *£***• (6.59) 

In the spinodal decomposition, the unstable modes arc greatly enhanced, cor
responding to the production of large particle numbers. From the discussion 

1 2Note that, in the case of spinodal decomposition, the classical approximation is justifiable only 
to the unstable long-wavelength modes. The stable high-momentum modes, and in particular, their 
scattering with the enhanced low-momentum modes, should be. in principle, studied in the quantum 
theory. 
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6.2. Phase transition dynamics in the O(X) model 

below, we shall see that the first order contribution from the quantum fluctu
ations gives a mass shift proportional to XF. i.e. eq. (6.75). The instability of the 
long-wavelength modes is then completely shut off when the contribution from 
the fluctuations overcomes the negative mass term. i.e. when F ~ m2/X. This 
corresponds to non-pcrturbatively large particle numbers n ~ A - 1 . In that case, 
each "bubble" in the vertex equation (6.59) is of the same order, since XF ~ 1. 
The vertex summation that belongs to the NLO accounts for all those "bubble" 
diagrams and is. in this manner, able to accomodate non-perturbatively large 
densities. A naive loop expansion would not capture those diagrams, and there
fore, would lead to wrong results as soon as the particle densities (or F) become 
nonperturbatively large. 

• The next-to-next-to-leading order (NNLO) is obtained, first of all. by taking into 
account all the diagrams appearing in the self-energy (6.49). For the vertices in 
the SDE (6.50). in addition to the first two terms (which are both of (D(l/N)), 
the rest, of the 1- and 2-loop diagrams must be included, which start contributing 
at 0{l/N2). We notice, however, that the latter contributions must be handled 
with care. Indeed, consider the iteration of the vertex equation (6.50) with the 
diagrams that begin contributing at NLO (i.e. the third to sixth diagrams in 
(6.50)). The zeroth iteration consists just of those same diagrams, but with all 
the vertices bare. In the first iteration, the terms of order 0(1/N2) are those 
resulting from inserting the previous diagrams (those of the zeroth iteration) 
into the first and the second diagrams. A further insertion gives terms which 
are of 0(1/N'3). Thus, only the third to sixth diagrams in (6.50) with bare 
vertices should be considered into the vertex equation. We see. however, that if 
we plug these vertices into the fourth self-energy diagram, it gives a contribution 
to next order, i.e. 0(1/N:i) (NNNLO). This indicates that the third to sixth 
diagrams must not included in the vertex equation (6.50). but they must be 
accounted for by including them somehow in the self-energy equation. A way to 
take into account the complete NNLO corrections can be then given by keeping 
the vertex equation as in (6.56) (NLO) and use the self-energy 

(6.60) 
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T h e corresponding «^-functional for the 2PI effective action is given bv 

*NNLo[G] = -
O 

1 ( -

(6.61 

The diagrams entering at NNLO in the 2PI effective action were also obtained 
in [200] in the context of the auxiliary field formulation (see. for instance. [221]). 
Because of the last three diagrams appearing in (6.61), which include additional 
loop integrations, the NNLO approximation is a very difficult problem to solve. 
oven numerically. For that reason, we will not consider (6.61). We can use 
(6.61), however, to establish the validity of the NLO approximation at largo 
particle numbers by comparing it with the NNLO. For the diagrams in (6.61). 
a similar analysis to the one performed in the NLO using the Koldysh basis can 
be used to determine their approximate values at large particle1 numbers. It is 
interesting to see tha t the first term entering at NNLO (the ••sunset" diagram) is 
precisely 2/N t imes the non-local contribution at NLO (which is also a '•sunset" 
diagram). The next NNLO diagram have an additional factor XF. Finally, the 
last two diagrams in (6.61) have an extra factor X2FT^V comparing to the first 
one. This indicates tha t , for large particle numbers. N must be taken sufficiently 
large such that the NLO truncation gives a reasonably good description of the 
full theory. For non-pert urbative large occupation numbers F > 1/A. however, 
because of the last two diagrams in (6.61). the NNLO becomes more important 
than the NLO. and the 1/A' expansion would not give a proper description of 
the dynamics. 

A last but interesting remark about the NNLO is that , unlike the NLO. it cannot 
be writ ten as a 4PI effective action (at least, from the procedure presented in 
chapter 4 ). 

6.2.4. Equations of motion 

At NLO. we consider the 2PI effective action (6.55) supplemented by the vertex 
equat ion (6.56). or oquivalentiy. the 4PI effective action (6.58). As the case before, the 
equat ions of motions are determined from the s tat ionary point of T K L O - i-o- eq. (4.30). 
On the real-time contour, this loads to t he Kadanoff-Baym equations (2.56-2.60). In 
the NLO. the corresponding self-energy is 

E[G] = 2 
ÖG < & - [6.62) 
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6.2. Phase transition dynamics in the O(.V) model 

and the full vertex T determined by (6.56). Explicitly, the self-energy equation be
comes 

Zab(x, y) = i-^r;5aböc{x. y)Gcc(x, x) + i—6c{x, y)Gab{x, x) 

-i^Gaf{x,y)[Gcd(x,z)Gee{xtz)rdeifb{ztv)1 (6.63) 

with the vertex 

rab;cd{x>y) = -^aiAdSc(x.y)— + iSnb— / Gge(x,z)Ggf{x,z)Tef.cci(z,y). (6.64) 

For the case of vanishing mean field we can evaluate (6.63) and (6.64) for the propag
ator Gab{x,y) = $abG{x.ij). Similarly, the self-energy can be written as £a/,(.r.y) = 
SabT.{x.y). In this situation, the index structure of the full vertex Ta,KCIi with respect 
to the O(N) indices is exactly the same as the bare one. as one can see easily from 
(6.64). Therefore, we can write Tab.cd{z.y) = SabScdT(z.y). For later convenience, we 
shall also extract a factor X/3N from the vertex by T(z.y) -> -(X/3N)I{z,y). With 
these considerations, eqns. (6.63) and (6.64) become 

£(*,y) = iX{N
6^

2)Sc(x.y)G(x.x) + '^G(x.y) I [G(x.zf I(z.y). (6.65) 

I(x,y) = löc(x.y) + i^ l\G(x.z)}2 I(z.y). (6.66) 

In this form, the LO and NLO contributions, behaving respectively as Ö{1) and 
Ö{\/N). are explicit. We separate both £ and / into a local part and a non-local 
part 

E(x.y) = EL(x)6c(x,y) + XNL(x,y), (6.67) 

/(,-./,) = IL(x)6c(x,y) + INL(x,y). (6.68) 

For the local parts we find 

ZL(x) = iX{N + 2)G(x,x), (6.69) 
OiV 

IL(x) = i. (6.70) 

With these, the non-local parts can be written as 

XNL(x,y) = -^G(x,y)INL(x,y), (6.71) 

INL(x, y) = ~ [G(x. yf +i± ƒ [G(x. zf INL(z. y). (6.72) 

Notice that the LO contributions are local, while all the non-local terms are of'NLO. 
From the discussion presented in chapter 2. one can see that these non-local contri
butions contain scattering. 
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Chapter 6. Non-equilibrium dynamics with the 2PI effective action 

For the statistical and spectral propagators F and p. the equations of motion arc 

{dl + M2{x))F{x,y)=+ I " dz0 JY."(x.z)F(z.y)- ["" dz0 [ EF(x. z)p(y.z). 

(6.73) 

(c>; + M2(x))p{x, y) = + I dzQ I Z"(x. z)p(z.y). for x0 > y0. (6.74) 
J tin -'z 

The local self-energy E contributes to the dynamics as a mass shift w2 —> M2(a 
vith 

2 , w . / M'ix) = r / r + E'i.r) =m 2
 , A(JV + 2; 

G.V 
F(.v..r). (6.75) 

The self-energies E F and Ep . defined as in (G. 11) and (6.12). are in this case given by 

="<*.*) = ^ F(x.ij)IF(x.y)--p(x.y)I"(x.y) 

iF(x,y)=lï[(iNL)>(*<y)+ '' 

E"(*,V) = ^ ^(.r.y)/^,-..?/) +p(.r./;)/ r(,:..y)] . 

In a similar manner, we define the components I1' and V' from 7jVL as 

r , Y L \ < 

ir(x,y) = (INL)<(x,y)-(INL)>(x,y). 

Inserting (6.72) in these equations leads to 

IF(:r.y) = ^F(x.y)2-1-p(x.yf 

+ ^ ƒ c/z j T r/.t() (V(.r. z)2 - ^ ( , ; . z ) 2 ) P(z, y) 

-^ J dz J "dz()p(x.z)F(x.z)IF(z.y). 

nr.y) = ~ p(x. y)F(x. y) - / r/z / dz0 F (a;, 2)/>(.r. z)I"{z. y) 

(6.76) 

(6.77) 

(6.78) 

(6.79) 

(6.80) 

(6.81) 

With IF and Ip given by (6.80-6.81) and the self-energies E F and Ep by (6.11-6.12). 
the eqns. (6.73-6.74) become a set of closed and coupled equations that determine 
the evolution of the propagators F and p. We observe that the NLO contribution 
produces a driving term with ••memory" integrals, similarly to the effect of the sunset 
in the study of thermalization of 6.1. 

For the NLO truncation of the 2PI effective action, the energy density per field 
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6.2. Phase transit ion dynamics in the O(N) model 

component is given by 

' T 0 0 ( x , i ) \ * 
= -dtdt>F(x,x;t,t%=tl + -dx-O^F(x.X':t.t)\x=x, 

]-M2{x)F(x.x:t.t) 

j ( /"*«••- / ' 
'0 

> F ) ( x , z ; t , 2 0 ) / F ( z , x ; z 0 ) * ; 

+ ( F 2 - 0 (x. z: t. z0) I"(z. x: z0, t)] } , (6.82) 

with M2(x) determined by (C.75). We will verify the conservation of the energy-
density (6.82). In case of we cut off the memory integrals, the conservation of energy 
gives us an indication of whether the discarded memory was indeed unimportant for 
the dynamics. A too early cut of the memory integrals results in non-conservation of 
energy. 

6.2.5. Numerical implementation and results 

We study the non-equilibrium evolution of the propagators F and p by solving 
numerically the equations of motion (6.73) and (6.74). The phase transition leading 
to spinodal dynamics is modelled by the quench (6.40). The system is discretized on a 
space-time lattice along the lines described in section 6.1.3. As in that case, we make 
use of an approximate renormalization of the bare mass m by introducing the renor-
malizcd mass THR as m2 = mR — Sin2. We find it sufficient for our simulations to take 
5m.2 to be given by the 1-loop (Hartree) zero-temperature perturbative counterterm, 
calculated on the lattice. This ensures that the "output" mass mout. which is read 
out from the numerical simulations, is smaller than 1/a, and close to the renormalized 
mass rriR. This is sufficient for our purposes. To go to the continuum limit, a more 
refined renormalization is needed, as we discussed in section 4.4 (see also, for instance 
[189]). 

As the system evolves, because of the spinodal instabilities, we expect a process of 
explosive particle production corresponding to the exponential growth of the fluctu
ations. The analysis of the statistical information about the particles produced can 
be studied with the approximate distribution function (6.24) and dispersion relation 
(6.25) defined in section 6.1.3. 

Initial conditions 

As in the case of thermalization, we consider here a spatially homogeneous situ
ation13, which allows us to study the propagator modes pp(t,t') and Fp(t,t'). As in 

'•'The term "homogeneous" here refers to correlation functions, which involve an ensemble average. 
Of course, for a given realization, the system is not necessarily spatially homogeneous. So the term 
"homogeneous'' here is not in conflict with the idea of domain formation. 
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F i g u r e 6.9: Early time evolution of the occupation numbers (n p vs. wp) from the quadratic (black 
dots) and NLO (grey dots) approximations. The spinodal instabilities cause the rapid 
growth in the low-momentum modes, which, for the quadratic approximation, continues 
indefinitely, but for the NLO. stops eventually due to non-linear effects. Notice the 
transfer of energy to higher-momentum modes for the NLO approximation. 

section 6.1, the initial conditions for the spectral function arc given by 6.19. For the 
statistical correlator F. however, we take the initial gaussian density matrix to be at 
zero-temperature. This gives the initial conditions 

FP(Lt')\t=t,=0 = - - . , 

=t'=0 
= 0. OtFp(t.t% 

dtdt'Fp(tt%=t,=0 = 

(6.83) 

(6.84) 

(6.85) 

with u,'p — v/p2 + mp, with TRR the renormalized mass. 

Early times: Spinodal instabilities 

For the study of the early stages of the evolution, we perforin simulations [232] on 
a. space lattice with 323 sites14 and spacing ÏRRÜ = 0.7. The lattice spacing for the 
time coordinate is at = 0.1a. The coupling constant is taken A = 1 and the number 
of fields is A7 = 4. For early times we can keep the whole memory kernel. 

In figure 6.9 we present the evolution of the occupation numbers np for the NLO 
approximation. We also compare it to the evolution according to the quadratic ap-

1 4Due to Goldstone's theorem, which is expected to hold approximately in NLO. we expect the 
massless zero mode to introduce some finite-size effects. We saw, however, that results with a L63 

and a 32'5 lattice, with equal lattice spacing, do not differ substantially. 
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4 

F i g u r e 6.10: Evolution of the renormalized 
equal-time statistical propagator 
F[i(x.. x; t, t') in the NLO approx
imation. 

°f> 5 io 
mt 

proximation. which can be determined from (6.48). The quadratic approximation 
describes the initial stages of the dynamics well, but fails at later times, as it does 
not account for the non-linear effects that slow down the spinodal growth. These 
are. however, taken into account in the 2PI-NLO approximation. In addition, the 
2PI-NLO includes scattering, as one can see in Fig. 6.9. where the energy of the 
spinodally enhanced modes is transferred gradually to the high-momentum modes. 
The evolution of the equal-time correlation function {^(xj)^(x.f)) = F(x. x:f. £) is 
depicted in Fig. 6.10. We checked that the energy density (6.82) is conserved. 

Intermediate times: Equilibration 

As the spinodal growth is slowed down, we expect the scattering processes accoun
ted for by the NLO to lead to equilibration. In other words, we expect the occupation 
numbers to gradually approach a Bose-Einstein distribution. Once the system is equi
librated, we can read the effective quasiparticlc mass meff, the temperature Tetf and 
chemical potential /i.efF by fitting the distribution to a Bose-Einstein by using (6.28). 

For the analysis at intermediate times we perform simulations on a 163 lattice [232]. 
with spacing am = 0.7. at = 0.1a and N = 4. As before, we start with "vacuum" 
initial conditions. To facilitate the scattering, we choose a larger'0 coupling A = 6. 
To speed up the simulations, we cut off the memory kernel at ID ut ~ 40. To make; 
sure that the cut in the memory integrals does not influence strongly the dynamics, 
we checked that the energy density (6.82) is conserved. The evolution of the system 
is followed up to times rriRt = 80. The occupation numbers for various times are 
plotted in Fig. 6.2.5. We observe that the system equilibrates slowly as the energy 
is gradually pushed towards the high-momentum modes. At times mrtt — 80. the 
distribution function for these modes does not look Bose-Einstein yet (it cannot be 
fitted with a straight line). The time evolution of the dispersion relation is shown in 
figure 6.12. It has some curvature on the low-momentum modes. Both high and low 
momentum modes can be fitted with a straight line, obtaining thus an estimate for 
the mass. The result of the fit for the high- and low-momentum modes differ, as we 
expect since the system is still far from equilibrium. We observed that [232]. for the 
zero momentum mode, the effective mass is quite close to zero. r'^ffzcro ~ 0-007. as 

1 5With a larger coupling the non-linear effects become important earlier, so the particle numbers 
np produced during the instability are smaller. For A = 6, the highest is no ~ 200. 
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NLO approximation. We observe slow equilibration as the energy is transferred gradu
ally from the spinodally enhanced modes to the higher-momentum modes. 
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F i g u r e 6.12: Intermediate time evolution of the dispersion relation (u.-p vs. p 2 ) for the NLO ap
proximation. We observe relatively fast kinetic equilibration. 

would be expected for a Goldstone propagator, which, for the variational propagator 
of the 2PI-NLO, is believed to hold approximately (sec chapter 5). 

6.3. Conclusions 

We have seen in this chapter that rcsummation methods based on the 2PI effective 
action (^-derivable approximations) seem to be a very useful in describing out of 
equilibrium dynamics, as it was also observed in [162. 164. 163. 165. 168. 166, 233, 167]. 

On one hand, we have studied equilibration in ip3+tp4 theory, both in the symmetric 
and in the broken phase, in the realistic case of 3+1 dimensions [234. 205]. The self-
consistent inclusion of the "eye" and "sunset" diagrams tha t is performed by the 
«^-derivable approximation considered here provides damping and allows the study 
of equilibration. This is particularly remarkable for the case of the "eye" diagram, 
which does not contain on-shell scattering in per turbat ion theory. From the study 
of the occupation numbers, which approach a Bose-Einstein form at large times, we 
were able to establish that both kinetic and chemical equilibration is taking place. 
The damping ra te of the mean held was also calculated by considering a per turbed 
si tuat ion where the initial mean field is slightly displaced from its equilibrium value 
in the presence of a heat ba th . 

On the other hand, we investigated the non-equilibrium dynamics of symmetry 
breaking in the scalar O(N) model, in particular the phenomenon of spinodal instabil
ities. These cause a rapid enhancement of the low-momentum modes, corresponding 
to the formation of large domains. To s tudy the nonequilibrium dynamics, we used 
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a ^-derivable approximation based on a 1/iV expansion of the 2PI effective action, 
which is suited to study situation with large occupation numbers, like the one pro
duced by the spinodal instabilities. At NLO. the approximation allows us to study 
scattering effects and the approach to equilibration of the system after the spinodal 
growth is shut off by the non-linear effects. The results presented here are prelimin
ary, and unfortunately we could not observe equilibration taking place yet. We hope 
to report on the late time equilibration elsewhere [232. 205]. 
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Samenvatt ing 

Tijdens het schrijven van dit proefschrift keek ik vaak hoc mijn zoon Tristan met 
zijn speelgoed speelde. Wat hij het leukste vond. was om een paar speeltjes op te 
pakken en die hard tegen elkaar aan te laten botsen om te kijken wat er zou gebeuren. 
Als er eentje kapot ging, keek hij verwonderd naar de brokstukken, en nadat hij ze een 
poosje grondig had bestudeerd, pakte hij ze opnieuw om ze weer tegen elkaar aan te 
botsen. Dit alles deed hij intuïtief, zonder dat iemand het hem had voorgedaan. Voor 
mij was het verbazingwekkend om te zien hoe de honger naar kennis zom essentieel 
deel vormt van de menselijke natuur. 

Deze aangeboren nieuwsgierigheid heeft ons in de loop van de geschiedenis doen 
ontdekken dat materie niet constant is, maar dat zij bestaat uit atomen die op hun 
beurt weer bestaan uit kleinere deeltjes, zoals de protonen en neutronen die deel 
uitmaken van de atoomkern, en de elektronen die daar omheen cirkelen. Omdat de 
protonen een positieve elektrische lading hebben en de neutronen een neutrale, zou 
de atoomkern uit elkaar moeten vallen vanwege de elektromagnetische kracht. De 
reden dat de kern toch bijeen blijft, is het bestaan van een kracht die intenser is 
dan de elektromagnetische, en die ervoor zorgt dat de kerndceltjcs elkaar onderling 
aantrekken: de sterke kracht. 

Om nog dieper in te kunnen gaan op de structuur van de materie is het noodzake
lijk om te begrijpen wat de sterke kracht is. Sinds halverwege de vorige eeuw is het 
principe dat men is gaan gebruiken om deze kracht te bestuderen in wezen hetzelfde 
als dat van mijn zoon Tristan. Dat wil zeggen: objecten laten botsen en kijken wat 
er gebeurt. Alleen laten wij geen speeltjes met elkaar botsen, maar kerndeeltjes -
elektronen, of zelfs ionen - van zware atomen zoals die van goud of lood. Dit gebeurt 
bij snelheden dichtbij die van het licht, binnen in cirkelvormige deeltjesversnellers met 
een diameter van enkele kilometers zoals die van het CERN (Geneve). DESY (Ham
burg) of RHIC (Brookhaven, New York). Bovengenoemde experimenten hebben ons 
niet alleen de aard van de sterke kracht beter doen begrijpen, maar bovendien hebben 
zij het bestaan van een aanzienlijk aantal nieuwe deeltjes onthuld. Zowel de sterke 
interactie als het verschijnen van deze nieuwe deeltjes kunnnen we verklaren als we 
aannemen dat zowel deze deeltjes als de kcrndecltjes bestaan uit andere, meer ele
mentaire, deeltjes genaamd quarks. De quarks interageren onderling sterk, waarbij 
ze giuonen uitwisselen op dezelfde manier als de elektronen hun elektrische lading 
doen springen waarbij ze fotonen uitwisselen die verantwoordelijk zijn voor de elktro-
magnetische kracht. Op deze manier, dankzij de uitwisseling van giuonen tussen de 



Samenvatt ing 

quarks waaruit ze bestaan, blijven de protonen en neutronen van de kern bijeen. 
Het belangrijkste verschil tussen de sterke kracht en de elekromagnetische is dat 

de eerste niet afneemt bij het vergroten van de afstand, maar juist toeneemt. Op 
dezelfde manier geldt: des te dichter de quarks bij elkaar zijn. des te zwakker is de 
kracht. De lading die geassocieerd wordt met de sterke kracht krijgt de naam van 
een "kleur" en komt voor in drie soorten: rood. groen en blauw. De uitwisseling 
van gluonen tussen twee quarks kan bovendien hun desbetreffende kleur veranderen. 
Vandaar dat de theorie die de interactie beschrijft tussen quarks door middel van 
de uitwisseling van gluonen quantumchromodynamica heet (de Engelse afkorting is 
QCD) . Desalniettemin s taa t deze theorie ons alleen toe experimenten te beschrijven 
die zich afspelen in de versnellers bij omstandigheden waarin de kracht die de gluonen 
dragen zwakker is. Dat wil zeggen: als de quarks dicht bij elkaar zijn. Om situaties 
te beschrijven waar de interactie sterker is. zijn krachtige computers nodig. En dan 
nog blijven vele vragen onbeantwoord. Eén van de meest fundamentele vragen, en 
waarvan men nog het minste begrijpt, is waarom quarks nooit alleen voorkomen. 
Ze komen altijd voor in groepsverband, op zo'n manier dat de kleurlading die een 
bepaald deeltje heeft (zoals de proton of de neutron) neutraal is (in kleurternien: 
neu t raa l=wi t ) . Dit fenomeen heet quark-opsluiting. 

Om de sterke kracht volledig te begrijpen is het noodzakelijk om te weten hoe het 
opsluiting van de quarks in zijn werk gaat . Eén van de manieren om na te gaan 
waarom het gebeurt , is het toepassen van dezelfde strategie als mijn zoon Tristan 
gebruikt met zijn speelgoed. Dat wil zeggen: de kerndeeltjes hard laten botsen om te 
kijken of de kracht die de quarks van binnenuit groepeert gebroken kan worden. Als er 
veel kerndeeltjes gecomprimeerd worden in een botsing, neemt de kracht af. en daarom 
zou het . in theorie, mogelijk zijn om de opsluiting te breken. Deze nieuwe staat , die 
lijkt op een soort soep waarin de quarks niet gegroepeerd zijn en zich bijna vrijelijk 
bewegen, krijgt de naam quark-gluon plasma, in R.HIC doet men experimenten met 
het botsen van ionen van zware atomen met als eloel deze nieuwe staat van de materie 
te produceren. Maar toch. hoewel het in het laboratorium lukt om het quark-gluon 
plasma te produceren, is één van de uitdagingen - zowel experimentaal als theoretisch 
- vast te stellen hoe je kunt weten of het plasma daadwerkelijk is onts taan. Daarvoor 
is het noodzakelijk om de mogelijke sporen te identificeren die een dergelijk plasma 
kan achterlaten, en dat deze zichtbaar zijn voor de detectoren. 

Vanuit theoretisch oogpunt vereist dit te weten hoe de verschillende deeltjes die 
onts taan zijn in de botsing, zich gedragen in het plasma. Bij het doorkruisen van het 
plasma, dat erg warm en stroperig is. interageren deze deeltjes met de veelheid aan 
quarks en gluonen die het plasma vormen. Eén van de manieren om dit te bestuderen 
is om een effectieve"theorie te formuleren die vanaf het begin rekening houdt met 
de belangrijkste processen die zich in het plasma voordoen bij het botsen. In mijn 
proefschrift heb ik een theoretische methode bestudeerd om effectieve theorien te 
formuleren die rekening houden niet deze processen. Deze methode resulteert in een 
grootheid die 2PI effective action heet en die in staat is de verspreiding van de deeltjes 
in het plasma te beschrijven. 

Het toepassen van de methoden die gebaseerd zijn op de 2PI effective action op 
theorieën als QCD is erg moeilijk. Om de methode goed te begrijpen is het beter om 
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de methode eerst toe te passen op makkelijkere theorien, ook al hebben die niet zo n 
heel directe natuurkundige relevantie. Daarom is het leeuwendeel van mijn proef
schrift gewijd aan het bestuderen van de kenmerken van deze methode, hoofdzakelijk 
in relatie tot de genoemde scalaire theorieën die veel eenvoudiger zijn dan QCD. Deze 
theorieën zijn belangrijk voor het bouwen van modellen die het fenomeen van plotse
linge expansie beschrijven waarvan men denkt dat het heelal het heeft ondervonden in 
de eerste fractie van een seconde van haar bestaan. Bovengenoemde expansie draagt 
de naam inflatie. In mijn proefschrift heb ik het gedrag van de scalaire theorieën 
bestudeerd vanuit het oogpunt van de 2PI effective action, in situaties vergelijkbaar 
met die waarin de kerndeeltjes zich bevinden tijdens de botsingen die plaatsvinden 
in de versnellers. Dat wil zeggen: buiten het evenwicht. De methoden die gebaseerd 
zijn op de 2PI effective action kunnen heel interessante natuurkundige fenomenen 
beschrijven zoals het opwarmen of de overgang van de ene fase in de andere. De cor
recte beschrijving van deze fenomenen is noodzakelijk als men in QCD wil beschrijven 
wat er gebeurt tijdens een botsing van kerndceltjes. In het geval van QCD komen 
we een bijkomstig obstakel tegen, namelijk de gauge-afhankelijkheid. Deze zorgt voor 
meerduidigheid bij het beschrijven van de sterke kracht. In mijn proefschrift heb 
ik beoordeeld hoezeer de gauge-afhankelijkheid de verkregen resultaten beïnvloedt bij 
het gebruik van deze methoden. Wat nog rest is het gebruik van de op de 2PI effective 
action gebaseerde methoden om de sterke kracht op kwantitatieve wijze te beschrij
ven, waarbij men gebruik maakt van krachtige computers om te identificeren welke 
natuurkundige mechanismen het belangrijkst zijn die plaatsvinden in een botsing van 
zware ionen zoals dat gebeurt in de versnellers, en het verkrijgen van meer informatie 
over de staat van het quark-gluon plasma dat. naar men aanneemt, zich vormt tij
dens deze experimenten. Op deze manier - door te weten waaruit de materie bestaat 
- zullen wij onze aangeboren nieuwsgierigheid een beetje meer kunnnen bevredigen. 
En zo zullen wij de vraag van mijn zoon Tristan kunnen beantwoorden die hij vaak 
stelt: wat gebeurt er als ik deze twee speeltjes heel heel heel heel hard tegen elkaar 
aan bots (zó hard om er quark-gluon plasma van te maken)? 

1 .->:>, 
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Resumen 

Mientras escribïa esta tesis. miraba muchas veces conio mi hijo Tristan jugaba con 
sus juguetes. Lo que mas Ie divertïa era coger varios de ellos y chocarlos fuertemente 
entre si, a ver que succdia. Si alguno se rornpia. miraba maravillado las piezas rotas, 
y tras un momento de detenida observaeión. los cogia y de nuevo los chocaba entre 
si. Todo esto lo hacia de manera intuitiva. sin que nadie se lo hubiera ensenado. Mc 
resultaba sorprendente ver como el afan por saber forma una parte tan esencial de la 
naturaleza del ser humano. 

Esta imiata curiosidad es lo que nos ha llevado. a lo largo de la historia. a desenbrir 
que la materia no es continua, sino que esta hecha de atomos. que a su vez estan 
hechos de particulas mas pcquenas. como son los protones y neutrones, que forman 
parte del nücleo atómieo. y los electrones, que orbitan a su alrcdedor. Al ser los 
protones de carga eléctrica positiva y los neutrones neutros. el nücleo atómieo deberia 
deshacerse debido a la fuerza electromagnética. La razón por la que permanece unido 
es la existencia de una fuerza mas intensa que la electromagnética, que atrae a los 
nucleones entre si: La fuerza fuerte. 

Para profundizar aim mas en nuestro conocimiento de la estruetura de la materia es 
necesario entender la fuerza fuerte. Dcsde mediados del siglo pasado. el principio que 
se ha venido utilizando para estudiar dicha fuerza es basicamente el mismo que usa mi 
hijo Tristan, es decir, chocar objetos a ver que pasa. Solo que lo que se hace chocar no 
son juguetes, sino nucleones. electrones o hasta iones de atomos pesados como el oro 
o el plomo. a unas velocidades cercanas a la de la luz. en el interior de accleradores de 
particulas circularcs de kilómetros de diametro, como son los del CERN (Ginebra). 
DESY (Hamburgo) o RHIC (Brookhaven, Nueva York). Dichos experimentos no solo 
han permitido entender mejor la naturaleza de la fuerza fuerte. sino que ademas han 
revelado la existencia de una cantidad considerable de nuevas particulas. Tanto la 
interaction fuerte como la aparición de estas nuevas particulas se puede explicar si se 
asume que tanto estas como los nucleones estan compuestos de otras mas elementales, 
llamadas quarks. Los quarks interaccionan fuertemente entre si intereambiando gluo-
nes. de la misma manera que los electrones sienten sus respectivas cargas eléctrieas 
intereambiando fotones. responsables de la fuerza electromagnética. De esta forma, 
los protones y neutrones del nücleo se mantienen unidos gracias al intercambio de 
gluones entre sus quarks constituyentes. 

La diferencia principal entre la fuerza fuerte y la electromagnética es que la primera 
no disminuye al incrementar la distancia. sino (juc aumenta. Asi mismo. cuanto mas 
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cerca estan los quarks, mas débil es la fuerza. La carga asociada a la fuerza fuerte 
recibe el nombre de "color", y aparece en tres variedades: rojo. verde y azul. El 
intercambio de gluones entre dos quarks, ademas, es capaz de cambiar sus respectivos 
colores. De alif que la teoria que describe la interacción entre los quarks a través 
del intercambio de gluones se llama cromodindmica cudntica (cuyas siglas en inglés 
sou QCD). Sin embargo, esta teoria permite describir los experimentos de colisión de 
partïculas que se llevan a cabo en los accleradores tan solo en aquellos procesos donde 
la fuerza llevada por los gluones es mas débil. es decir. cuando los quarks estan mas 
cerca. Para describir situaciones donde la interacción es mas fuerte. se requiere el uso 
de potentes computadoras. Ann asf. muchas preguntas quedan por resolver. Una de 
las cuestiones mas fundamentales, y de las que menos se entiende. es el por que los 
quarks nunca aparecen solos. Siempre estan confinados en grupos. de tal forma que 
la carga de color que tiene una determinada particula (como el proton o neutron) es 
neutra (en términos de color neutro=blanco). 

Para entender conij)letamente la fuerza fuerte es neecsario saber como se produce 
el confinamiento de los quarks. Una de las maneras de averiguar por qué sucede es 
emplear la misma estrategia que mi hijo Tristan utiliza con sus juguetes. es decir, 
colisionar fuertemente los nucleones para ver si se puede romper la fuerza que confina 
a los quarks en su interior. Al comprimir muchos nucleones en una colisión. la fuerza 
fuerte disminuye. y por tanto seria posible, en teoria. romper el confinamiento. Este 
nuevo est ado. parecido a una especie de sopa. en el que los quarks no estan confinados 
y se muevcn casi libremente. recibe el nombre de plasma de quarks y gluones. En 
RHIC se realizan experimentos de colisión de iones de atomos pesados con cl objetivo 
de producir este nuevo estado de la materia. Sin embargo, aunque se consiga en 
laboratório el plasma de quarks y gluones. uno de los retos, tanto experimental como 
teórico. es dcterininar como se puede saber si en rcalidad el plasma se ha producido. 
Para ello es necesario identificar cuales son los posibles rastros que tal plasma puede 
dejar. y que puedan scr vistos por los detectores. 

Desde el pmito de vista teórico. esto requiere conocer cómo se comportan en el 
estado de plasma las diferentes partïculas producidas en la colisión. Al atravesar el 
plasma, que es muy caliente y denso. éstas interacionan con la multitud de quarks 
y gluones que lo forman. Una de las fornuis de estudiar esto es formular una teoria 
"efectiva" que tenga en cuenta desde el principio los procesos de colisión mas impor-
tantes que ocurren en el plasma. En mi tesis. lic estudiado un método teórico para 
la formulación de teorfas efectivas que tengan en cuenta estos procesos. Este méto
do construye una cantidad. llamada acción efectiva 2PI. (jue es capaz de describir la 
propagación de partïculas en el plasma. 

La aplicación de los mëtodos basados en la acción efectiva 2PI a teorfas como QCD 
es muy complicado. Para entender bien el método. es mejor aplicarlo primero a teorfas 
mas scncillas, aunque no tengan una relevancia fisica tan directa. Por ello. la mayoria 
de la tesis esta dedicada al estudio de las propiedades de este método, principalmente 
en las llainadas teorfas escalares. que son mucho mas simples que QCD. Estas teorfas 
son importantes para la construcción de modelos que describan cl fenómeno de sübita 
expansion (pie se crëe que experimentó el universo en la primera fraction de segundo de 
su existencia. Dicha expansion recibe el nombre de inflation. En mi tesis lie estudiado 
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el comportamiento de teorias escalares, desde el punto de vista de la acción efectiva 
2PI. en situaciones similares a las que experimental! los nucleones en las colisiones 
que ocurren en los aceleradores, es decir, fuera del equilibrio. Los métodos basados 
en la acción efectiva 2PI son capaces de describir fenómenos fisicos muy interesantes 
como son la termalización o la transition de una fase a otra. La description correcta 
de estos fenómenos es necesaria si se quiere describir, en QCD. lo que ocurre durante 
una colisión de nucleones. En el caso de QCD. el uso de los métodos basados en 
la acción efectiva 2PI encuentra un obstaculo adicional. que es la dependencia gauge. 
Esta introduce ambiguedades para describir la fuerza fuerte. En mi tesis lie examinado 
cuanto afecta la dependencia gauge los resultados obtenidos al usar estos métodos. 

Todavia queda el utilizar los métodos basados en la acción efectiva 2PI para descri
bir la. fuerza fuerte de una forma cuantitativa, haciendo uso de potentes ordenadores. 
para identificar cuales son los mecanismos fisicos mas importantes que tienen lugar en 
una colisión de iones pesados como la que ocurre en los aceleradores, y obtener mas 
information sobre el estado de plasma de quarks y gluones que, presumiblementc, se 
forma durante csos experimentos. De esta manera. podremos satisfacer un poquito 
mas nuestra innata curiosidad por saber que es lo que compone la materia. Y asi, po
dremos responder a la pregunta que mi hijo Tristan se plantea a nienudo: Qué sucede 
si choco estos dos juguetes muy muy muy muy fuerte (tan fuerte como para crear un 
plasma de quarks y gluones)? 
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