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Introduction 

During the past century, revolutionary discoveries have shaped our understand
ing of the physics of elementary particles. In modern physics, these fundamental 
particles are described in terms of quantum fields, i.e. functions of space and time 
whose quantum oscillations can be interpreted as particles. Quantum field theory has 
proved to be a very successful theoretical tool in describing the fundamental inter
actions among the elementary particles, as has been tested in numerous high-energy 
experiments around the world. In those experiments, one typically considers a few 
such particles, as is the case, for instance, in proton-electron collisions at CERN. The 
effect of the quantum fluctuations intervening in those physical processes is calculated 
in quantum field theory by means of perturbation theory, which involves the use of 
Feynman diagrams. 

There are situations in nature, however, where the number of particles interact
ing is so large that one has to start taking into account not only quantum, but also 
statistical fluctuations. Such situations include the hot early universe, the interior 
of dense compact stars and relativistic collisions of heavy-ions. This thesis is about 
the description of many-body systems of elementary particles, where both quantum 
and statistical fluctuations play an essential role. This requires the combination of 
two theories: Quantum field theory, on the one hand, to describe the quantum fluctu
ations, and thermodynamics/statistical mechanics, to account for the collective effects 
of the many particles. For systems in thermal equilibrium, this combination is usually 
referred to as equilibrium or thermal field theory. It allows to compute quantities such 
as the pressure or the entropy. Thermal field theory can also be used to study the 
linear response of the system to small perturbations of the equilibrium state, thus 
determining transport properties like relaxation, charge conductivity, viscosity, etc. 
In this thesis, we shall be also concerned with the study of dynamics of quantum fields 
out of thermal equilibrium (nonequilibrium field theory). These are relevant if one 
wants to study phase transitions, defect formation, equilibration and t her malization, 
memory loss. etc. 

The structure of this chapter is as follows. We start by reviewing some of the inter
esting physical situations where both quantum and statistical aspects are important. 
In particular, we discuss the early universe and the formation of quark-gluon plasma 
in heavy-ion collisions in sections 1.1 and 1.2. We examine the difference between 
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Chapter 1. Introduction 

The inflaton field (represented with a 
ball) starts rolling from a state of large-
potential energy-density. As it rolls 
down, inflation occurs. When the in
flaton reaches the minimum of the po
tential, inflation ends and the large en
ergy of the inflaton decays into produc
tion of particles (reheating). 

conventional quan tum field theory, used to describe few-particle interactions, and 
1 hernial field theory. In spite of the similarities between both theories, we shall see in 
section 1.3 that thermal fluctuations introduce substantial changes in the analysis of 
systems at finite tempera ture . In particular, s tandard perturbation theory becomes, 
in many cases, invalid. Similar problems arise in the study of' nonequilibrium dy
namics (section 1.4). Most of the other chapters in this thesis are devoted to study 
methods to overcome the difficulties resulting from the failure of per turbat ion theory. 

1.1 . Early universe 

Our present unders tanding of the universe is based upon the Big Bang theory. 
which explains its evolution from a fraction of a second to the present day. As the 
universe expands, it cools down, and is expected to have gone through several in
teresting stages. These include the electroweak phase transition (at T ~ 1015A"). 
when the Higgs particle acquires a non-zero expectation value (thus providing masses 
to the other particles in the s tandard model), and the QCD phase transition (at 
T ~ l()12/\~). when quarks and gluons become confined into hadrons. The s tandard 
Big Bang theory, however, cannot explain why the universe today looks so smooth 
and flat on very large scales, according to the measurements of the cosmic microwave 
background radiation and the information gathered in the galaxy catalogs. A solution 
of this problem was proposed in the 1980s, when it was suggested that the universe 
went through a period of accelerated expansion, called inflation [1. 2]. Another im
por tan t achievement of the models of inflation is that they can explain the appearance 
of primordial density fluctuations that act as seeds for structure formation, i.e. the 
formation of galaxies, clusters of galaxies, etc. 

Most theories of inflation involve a scalar field, the inflaton. which drives the expo
nential expansion due to its large potential energy density (see for instance [3]). The 
inflaton s tar t s typically at the top of some smooth potential energy landspace. and 
rolls slowly to its minimum (see figure 1.1). When the inflaton reaches the minimum 
of the potential , inflation ends and its initially large energy density decays into other 
particles due to the interactions between the inflaton and other fields. The produced 
particles are initially far from equilibrium, but interact among themselves and even
tually reach thermal equilibrium at very large temperatures . This process is known 

Inflation 
Figure 1.1: 
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1.1. Early universe 

as reheating [4. 5. 6]. From this point on. the evolution of the universe proceeds 
according to the s tandard Big Bang model. In this manner, the origin of the mat te r 
and energy that we observe in the universe today, can be traced back to the end of 
inflation, where the energy of the inflaton decayed into particles. 

Recent analysis of the dynamics of the inflaton suggest that its decay can be much 
faster due to non-linear effects occurring at the time the inflaton reaches the minimum 
of the potential (preheating). One possible mechanism is resonant preheating [7. 
8. 9. 10] where some modes of the fields coupled to the inflaton are in resonance 
with its oscillating frequency and get enormously amplified, resulting in an enhanced 
particle production. A similar interesting mechanism takes place in hybrid inflation 
scenarios [11]. where the inflaton field is coupled to another scalar field1 tha t undergoes 
symmetry breaking at very low tempera ture . In that situation, due to the spinodal 
instabilities associated with the field performing the symmetry breaking, explosive 
particle production occurs, with the particles produced having non-perturbatively 
large occupation numbers. This mechanism is called taehyonic preheating [13]. 

Another fundamental question in cosmology that can be addressed with nonequilib-
riuin field theory is: Why the universe today contains more matter than ant imat ter? 
The mechanism that generates this mat ter -ant imat ter asymmetry from the symmet
ric s ta te after inflation is known as baryogenesis. The requirements for baryogenesis 
were formulated in the 1960s by Sakharov [14]. which are: 

• The interactions involved must not conserve the baryonic number D. otherwise 
no asymmetry can be produced in the first place. The s tandard model satisfies 
this requirement at the quantum level, via the ehiral anomaly [15]. 

• The C and C P symmetries must be violated. This makes a distinction between 
quarks and anti-quarks in such a way that the B-violating processes do not 
produce them at equal rate (which would result, otherwise, in a zero net ba-
ryon number)- Also C and C P violation are present in the s tandard model, 
the latter appearing as a complex phase in the Cabibbo-Kobayashi-Maskawa 
(CKM) matrix, describing quark mixing. The amount of C P violation in the 
s tandard model, however, seems to be too small to generate the observed matter-
ant i mat ter asymmet r.v. 

• The baryon number non-conserving processes must occur out of equilibrium. In 
equilibrium, one can show that the expectation value of D vanishes, even in the 
presence of C and C P violation. 

The fulfillment of Sakharov's requirements is a necessary, but not sufficient condi
t ion for baryogenesis. Detailed theories explaining the asymmetry that we observe 
today must be constructed. From the discussion above, we see that extensions of the 
standard model, incorporating a larger amount of C P violation, might be necessary. 
SOUK1 much studied scenarios for baryogenesis include eleetroweak baryogenesis (see 
[16, 17. 18] and references therein). Affleck-Dine baryogenesis [19] (for a review, see 

'An ideal candidate for such scalar field is the Higgs field of the standard model. Recently, a 
model in which this is the case was proposed in [12]. 
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Chapter 1. Introduction 

F i g u r e 1.2: Phase diagram of QCD. temperature T vs. density p. The nuclear density corresponds 
to po ~ 0.15fm—3. 

also [20]). leptogenesis [21. 22. 23]. baryogenesis from topological defects [24] and cold 
electroweak baryogenesis [25. 26. 27. 28. 29]. From the third Sakharov requirement, it 
is clear that all these models need to he studied in the framework of nonequilibrium 
field theory. 

1.2. QCD and relativistic heavy-ion collisions 

Q u a n t u m chromodynamics (QCD). the theory of the strong interactions, describes 
the dynamics of quarks, the elementary particles that consti tute the hadrons (protons, 
neutrons, mesons...). QCD consists of anon-abelian gauge theory, in which the gluons 
are t he gauge particles mediat ing the interactions between quarks. For low energy 
scales, the interactions are very strong, and quarks are confined. A non-perturbativc 
s tudy (such as lattice field theory) is then necessary to describe the physics of QCD 
at those scales. Renormalization group analysis suggest however tha t , a t high energy 
scales, the coupling constant decreases, and quarks and gluons are no longer confined 
into hadrons. but propagate almost freely. The critical energy density for deeonfine-
ment is predicted by lattice calculations to be er ^ 1 GeV/fm (see for instance. [30]). 
A way to obtain such high energy densities is by heating up mat ter to a temperature 
of abou t T w 170MeV ~ 1()12A\ or by compressing cold nuclear mat ter to barvon 
densities about 3—10 times the nuclear density p0 = 0.15 f m - 3 . The high-temperature 
phase where quarks and gluons are deconfmed is called the quark-gluon plasma [31]. 
At extremely high densities, it is believed t ha t quarks and gluons exist in a super
conducting phase (see. e.g. [32]). A picture of the phase diagram of QCD is given in 
Fig. 1.2. 

12 



1.2. QCD and relativistic heavy-ion collisions 

Such high energy densities were likely reached in the early universe. One hopes to 
reconstruct that situation, and thus create deconfined quark-gluon matter at energy 
densities above ec. by colliding" heavy nuclei at relativistic velocities. This is currently 
under experimental investigation at the Relativistic Heavy Ion Collider (RHIC) in 
Brookhaven [33]. and will be one of the purposes of the Large Hadron Collider (LHC) 
at CERN [34]. In those experiments one typically collides two heavy nuclei (such as 
Au or Pb) at about center-of-mass energies of the order of ~ 100 GcV per nucleon. 
The nucleons and partons liberated in the collision undergo several scatterings and 
thus redistribute the initial energy of the colliding nuclei, leading to a state of local 
thermal equilibrium. The reaction zone, which has a diameter of several fm and is 
surrounded by vacuum, builds a high pressure that leads to an expanding fireball. 
The expansion dilutes the fireball, which eventually goes below ec, and hadrons are 
then formed from the unconfined quarks and gluons (hadronization). These hadrons 
interact further until they become diluted enough such that they do no longer feel 
their mutual strong force: The hadrons "freeze-out". 

To establish whether a deconfined phase of quarks and gluons is achieved and to 
extract information from it, one has to looks for signatures that contain information 
about the initial stages of the collision. This is not an easy task, since the strong 
interactions between the hadrons before freeze-out destroy much information about 
the details of the initial stage. The signatures must be able to survive these later stages 
of the evolution. In addition, the signatures must be able to distinguish between 
confined and deconfined quark-gluon matter. Also, they must not be in thermal 
equilibrium with the later stages of the evolution, since this would lead to a memory 
loss of the initial conditions. Among the relevant signatures one finds: production of 
real and virtual photons (the latter appearing as dileptons). charmonium suppression, 
and attenuation of hard jets (jet quenching)2. 

Another important signature that provides useful information about the early 
stages of the collision is the measurement of the abundances and spectra of all the had
rons produced. Of particular interest is the hadronic transverse momentum spectra. 
These provide information about the collective expansion in the direction transverse 
to the beam of the colliding nuclei (transverse collective flow), which is generated 
in the early stages of the evolution. The transverse collective flow is caused by the 
pressure gradients generated in the collision and provides information about the equa
tion of state of the initial fireball. Additionally, the measurement of the transverse 
collective flow can be used to estimate the themwlization time of the plasma (see [38] 
and references therein). 

Since this is an important point, let us explain it in some detail. In non-central col
lisions, the observed collective flow of the hadrons produced has certain anisotropics. 
These occur since, in non-central collisions, the initial overlap region of the two nuclei 
is elliptically shaped (like an almond). As the system equilibrates by rescattering. 
this spatial configuration leads to anisotropic pressure gradients. These cause a faster 
expansion in the reaction plane (along the short axis of the almond) than in its per
pendicular direction (along the long axis of the almond), resulting in an anisotropy 

More information can be found in the reviews [35. 36. 37]. 
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Chapter 1. Introduction 

in the transverse momentum distribution, called elliptic flow. If the equilibration 
mechanism is slow, the initial spatial deformation disappears by free-streaming [39]. 
and no elliptic How is generated. If. on the contrary, the equilibration happens rap
idly, a nonzero elliptic flow persists. Thus, a measure of the elliptic flow provides an 
es t imate for the thermalization t ime r t: The higher the elliptic flow, the smaller the 
thermalizat ion time. Transport calculations suggest that the amount of elliptic flow is 
inversely proportional to the mean free pa th [40]. An upper bound can be then given 
by taking the hydrodynaniic limit of zero mean free pa th [41]. Interestingly enough, 
experimental measurements of the elliptic flow are in striking agreement with hydro-
dynamic calculations up to transverse momenta pi ~ 1.5 GeV [42. 43]. From the 
agreement between theory and experiment one can extract the thermalization time 
r, ~ 1 fm. 

This value for the thermalization time can be used to obtain an est imate of the 
initial energy density of the collision. Indeed, by energy conservation, the initial 
energy density is related to the final transverse energy E-j divided by an approximate 
initial reaction volume 

where TTR is the overlap area of the two nuclei of radius R (for central collisions). 
and r, di) is an es t imate of the length of the cylindrically shaped reaction volume 
[44]. 'Taking r t = 1 fin and the measured values for (lEj/dy (~ 580 GeV for central 
A u + A u collisions at RIIIC [45]). one obtains, by means of (1.1). an est imate for 
the initial energy density e % 4.6GeV/fm . This est imate is much higher than the 
critical energy density for deconfinement cc ~ 1 GeV/fm' . and strongly suggests that 
the prehadronic s ta le formed in the A u + A u collisions at RHIC is indeed a thermalized 
quark gluon-plasma. 

Still, the reason why the plasma thermalizes so rapidly is not understood. This has 
st imulated developments in (non)equilibrium field theory to describe the underlying 
dynamics of the collision from basic principles (see for instance [40. 46. 47. 48. 49. 50]). 

If a thermalized quark-gluon plasma is indeed formed, one would like to be able to 
calculate analytically its thermodynamical properties. This subject has received con
siderable at tent ion in the past years (see the reviews [51. 52] and references therein). 
At sufficiently high temperatures , one expects the interaction strength to be small 
enough to allow for weak coupling calculations. However, as we review in the next sec
tion, per turbat ion theory at finite temperature differs substantially from the s tandard 
vacuum case. As we also discuss, complicated resummations and /o r effective theory 
t rea tments must be used to compute thermodynamical properties at experimentally 
relevant temperat ures. 

1.3. Problems in perturbation theory at finite temper
ature 

Unlike zero- temperature field theory, where the validity of' per turbat ion theory is 
controlled by the weakness of the coupling, the presence of an interacting ensemble 
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1.3. Problems in perturbation theory at finite temperature 

leads to collective phenomena that can ruin the use of perturbative methods. This 
breakdown of perturbation theory is expected to occur at large scales (larger than the 
interparticle distance), where the collective effects appear. 

Consider a plasma in equilibrium at very high 
tempera ture (T 3> m) . so that particles are ef
fectively massless. For a Bose-Einstein distribu
tion ra(wk), the number density n = / k n ( ^ ' k ) is 
proportional to — Ti so the interparticle distance 
is approximately given by 1/T. 1 nis leads one to 
distinguish between fluctuations on two different 
scales: the hard scale with momenta fchard ^ T 
and the soft scale with fcSOft -C T. The typical 
momentum scale of the particles in the heat ba th 
is hard. i.e. (|A-|) = J k |k| n(u)\<)/n ~ T. Fluctu
ations on soft scales happen at distances l/A,'soft ^ 
1/T, thus ;'feel" the presence of many hard particles and consequently the effect of 
collective phenomena (See Fig. 1.3). One1 intuitively thinks that , to have a correct 
description of the soft fluctuations, the thermal effects of all those hard particles must 
be included. 

To show that this is indeed the case, let us consider the propagation of a soft 
mode in a heat bath in the context of massless scalar g^ip4 theory. The effect of the 
interactions in the propagation is given by the self-energy E. At 1-loop. the self-energy 
is given by the "tadpole" diagram, which at high temperature behaves as 

F i g u r e 1.3: Soft and hard scales 

£ = - a / /j-U'k, 

./k w k 
92T\ (1.2) 

with o,'k = v/k2 + in2 — |k| in a massless theory. At high temperature, this is the 
lowest order contribution from the interaction with the hard particles.' ' To account for 
the interactions with all the particles that the soft excitation "feels'" one can perform 
a rcsummation in the soft propagator (7Soft via Dyson's equation G~o(t = G^ sofi + H ^ 
p2 + g2T2. An expansion in the coupling g yields for the propagator 

Gsoft(p) ^ -
1 I 

p2+g2T 21-2 

2-r' 

XL 
P2 

Ü0 

?\ 2 

000 (1.3) 

Hence one sees that the use of perturbation theory is only valid when p 3> g2T . 
For soft momenta p ~ gT the self-energy is as large as the tree-level propagator , so 

'The fornialisni oi'quantum field theory at tiiiilc leniperature is presented in chapter 2. There, a 
detailed computation of the tadpole diagram can be found in (2.129-2.131). 

'The relations discussed in this section are for euclidean space-time. 
5Indeed, one can see that the modes contributing mostly to the integral in (1.2) are of order 

k ~ r . 
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Chapter 1. Introduction 

the inclusion of new self-energies is not suppressed and hence resummation is needed. 
Note that in the imaginary time formalism of thermal field theory (sec chapter 2). the 
propagator has discrete frequencies un = 'ITTIIT (n G Z) , the Matsubara frequencies. 
In that case. \r = J\ + p 2 = (2nnT)2 + p 2 . One then sees that , for the modes 
with non-zero Matsubara frequencies, those act, as a mass u)„ ~ T. and therefore are 
unable to probe the soft scales. Only t he modes with a zero Matsubara frequency 
are sensitive to IR effects from the soft scale, and are therefore responsible for the 
breakdown of per turbat ion theory. 

T h e tadpole diagram here considered is an example of a hard thermal loop (HTL). 
These are defined as loop contributions arising at finite tempera ture from the hard 
integration region, that are as large as t h e tree-level contributions for soft external 
momenta [53]. They behave typically as ~ T2 (since they are dominated by hard loop 
momenta) and incorporate collective effects such as thermal or screening masses (as 
in the example above, where the thermal mass is / / / t ] , ~ gT ). In g2ip4 theory, the 
tadpole self-energy diagram is the only HTL. This is a local contribution. In gauge 
theories, however, the HTL ' s are non-local. In addition, they also appear in vertices, 
as one would expect, since Ward identities link vertex functions with self-energies 
[53. 54, 55]. 

T h e origin of these IR problems lies in the fact that the introduction of a temper
a tu re T changes the effective expansion parameter from S ~ g2 to S ~ g2n(^'k)- For 
m o m e n t a k smaller t ha t the temperature, the expansion parameter is then approx
imately 5 ~ g2T'/wk- This distinguishes between three regimes: 

• T h e h a r d s c a l e k ~ T: For momenta close to the temperature , the expansion 
parameter becomes 6 ~ g2. This is the regime where per turbat ion theory works 
fine. 

• T h e soft s c a l e k ~ gT: For soft momenta, we have Ö ~ g. In this regime, strict 
per turba t ion theory (where only integer powers of g2 would appear) , is not 
possible. One can nevertheless make use of it via appropriate reorganization 
of the perturbat ion series (like the resummation performed in eq. 1.3). The 
general program for resummation at soft momenta was developed by Braaten 
and Pisarski [53]. The program incorporates the use of effective propagators and 
vertices (called HTL propagators and vertices) whenever the external momenta 
of a diagram are soft. 

• T h e u l t r a s o f t s c a l e k ~ g2T: A these momentum scales, we obtain 5 ~ 1 and 
per turba t ion theory is useless. For scalar g2yA- the thermal mass m.th ~ fjT 
generated by the HTL (the "tadpole" diagram) prevents this from happening. 
Indeed, for k ~ g T, 5 ~ g2T/u)k ~ g2T/rrith ~ g- so the non-perturbative 
region is not probed. In gauge theories, however, the scale of the thermal 
magnetic mass is at most in the ultrasoft regime [56, 57], so that indeed non-
per turba t ive effects take place. 

The resummations like the one presented in (1.3) take into account, the leading 
order contribution of the interaction of the soft modes with the hard modes in the 
plasma. Higher order contributions, including the interaction of soft with soft modes. 
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1.3. Problems in perturbation theory at finite temperature 

F i g u r e 1.4: Pressure of the 517(3) gluon 
plasma (normalized to its 
ideal value), calculated to or
ders g2, g3, g4 and g5, in the 
MS renormalization scheme 
with renormalization scale \x 
varied between TYT and 47. T 
I grey hands ). The 1 hick dot
ted line corresponds to the 
lattice results of [71]. The 
plot is adapted from [721. 

require more involved resummations. Such resummations were carried out in the 
computation, to order g4. of the free energy in massless g2<fi4 theory [58]. and in QED 
[59] and QCD [60]. 

For static quantities, an alternative to explicit resummations can be given, based 
on dimensional reduction [61. 57. 62. 63, 64]. It is based on the observation presented 
above, namely, that in the imaginary time formalism, the zero Matsubara mode is 
the only one that probes the soft scale. At high-temperature, the non-zero Matsub
ara modes u)n = 2irnT, which act as a screening mass in the propagators, become 
very large and hence decouple. The theory at soft scales reduces to a 3 dimensional 
effective field theory for the zero mode. The effects of the non-zero modes are taken 
into account, by matching correlation functions of the 4- and the 3-dimcnsional field 
theories at large distances. Dimensional reduction has been used to compute thermo
dynamica! functions and screening properties in electroweak [65, 66, 67] and SU(AT) 
gauge theories [68. 69. 70]. 

Unfortunately, the application of simple resummation techniques to the calcula
tion, at weak coupling, of the pressure in nonabelian gauge theories, relevant to the 
quark-gluon plasma, shows few signs of convergence (see Fig. 1.4). As one takes into 
consideration successive terms in the perturbative expansion, the predictions change 
wildly. The weak-coupling expansion only converges for very weak couplings, or equi
valent ly. for very high temperatures, about 10° times the critical temperature Tc (see, 
e.g. [73]). Also, the sensitivity to the renormalization scale /i grows with increasing 
order. One could hope that, at the next order. ö(g(i). the situation improves. Unfor
tunately, at ö(gG) effects from the magnetic scale ~ g T (purely non-perturbative) 
enter [56]. and thus cannot be accounted for in a weak-coupling expansion.6 A re
organization of the perturbation series is needed if weak coupling calculations are 
to be of any quantitative use at experimentally relevant temperatures, such as those 
accessible in heavy-ion collisions. 

'However, calculations at 0(g In g) can be performed[74]. 
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Chapter 1. Introduction 

Interestingly enough, the lattice data for the pressure in QCD can be easily fitted 
with simple quasiparticle models [75. 76]. which assume that the quark-gluon plasma 
consists of a gas of free quasiparticles with some additional non-pcrturbative input 
such as the bag constant. This fact suggests that the reorganization of perturbation 
theory needed to describe the pressure at lower temperatures could be close to a 
quasiparticle picture. 

With this in mind, variational approaches have been formulated. The idea is to 
include the main quasiparticle effects in the Lagrangian via appropiate parameters 
(like thermal masses), s tar t the perturbative expansion about the (new) quasiparticle 
minimum, and compute, a posteriori, the value of the introduced paramaters by means 
of a variational principle. To illustrate this, consider for instance a real scalar theory 
with lagrangian density C = £ (, + £;n t . where £ and £ i n t denote, respectively, the 
free and interacting part of the lagrangian. We can add and subtract a mass term 
(representing the dynamically generated quasiparticle mass) as 

C = Co - 2 m V 2 - ö m V 2 + Ant - ( 1.4) 

Defining C'{) to be the new free Lagrangian. we can perform a perturbat ive expansion 
of C\M. At a given order in the expansion, the value of the introduced mass parameter 
/// is determined from a variational principle. At finite tempera ture one obtains, in this 
manner , a resunimation in the quasiparticle mass. This idea was applied to massless 
scalar tp4 theory, and was called screened perturbation theory [77]. The generalization 
to gauge theories, called HTL perturbation theory, was studied up to 2-loop order in 
[78." 79. 72]. 

These variational approaches involve typically a small number of parameters, which 
encode some of the quasiparticle information. Usually, all of this information is con
tained in the propagator . One could then think about using the full propagator as 
a variational function. This idea constitutes the basis of the 2PI resunimation meth
ods, or <fr-delivable approximations, which are the main subject of this thesis. These 
methods are explained in detail in chapter .'}. where all the relevant li terature can also 
be found. In order to motivate their use. before delving into its formal definition and 
properties, we illustrate the idea in the following example. 

1.3.1. 2PI resummation schemes by example 

Consider the case of scalar .ry"V theory. YVc know from the discussion above tha t 
for soft excitations (with momenta k « T ) . naive perturbation theory is not valid. A 
resummation of the thermal effects from the hard scale k ~ T is needed. Take, for 
instance, the case of the thermodynamic pressure. It is given by P = (l/:1V)lnZ. 
with V the volume1. 0 = 1/T and Z is t he partit ion function. The pressure P is 
usually written as a sum of loop diagrams [80]. The first contribution to the pressure 
t ha t comes from the soft fluctuations is in the 2-loop diagram Q O • w n ( ' n o n c °f 
the momenta running in the loops is soft. We know that , for a consistent t reatment . 
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1.3. Problems in perturbation theory at finite temperature 

we must take into account the many interactions of the soft excitation with t he hard 
particles present in the plasma. To achieve this, we need a resummation of the 
propagator like the one performed in (1.3). This is equivalent to consider, in the 
calculation of the pressure, the series of bubble diagram* 

These diagrams can be adequately resmmned into the expression 

l T r { l n ( l + E . G 0 ) } , (1.5) 

where the self-energy E is given by the tadpole diagram E ~ H Q ? where Go the 
bare propagator. 

The next-order contribution to the pressure comes from the interactions of t he 
soft excitations with themselves. The momenta running on every loop of the bubble 
summation can be soft, so the summation must be performed on every propagator 
for consistency. For the same reason, in every new loop diagram appearing as a result 
of the previous resummation. a new one must be performed, and like this infinitely 
many times. In other words, we make an iterative bubble diagram summation. This 
leads to the series of so-called foam diagrams, which can also be compactly resummed 
as 

= ±Tr{ ln ( l + E - G ' o ) } . 

Here, however, the self-energy is given via the self-consistent equation 

G-l=G^ + E[G\. withE-^ VJ . (1.6) 

In this case G is the dressed or resummed propagator. The interesting observation is 
that the resummation of foam diagrams can be written as a variational principle on 
G applied to the functional 

;i.7) 

Indeed, one can check that the stationary point of T oa '"[G] is precisely the propagator 
that satisfies G _ 1 = G o ' +E(G ' ) . with E(G) given by (1.6). Evaluating the functional 
pioain Hf j f s s ta t ionary point Gs, reproduces all of the bubble and foam diagrams, i.e. 

rfoa,n[Gsl] = 
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Thus, the variational principle on the functional r f o a l " offers an alternative method 
for the resummation of the foam diagrams. 

The 2PI effective action provides a generalization of this method. It consists of a 
functional r 2 P I [ G ] . which provides a formally exact representation of the theory. For 
scalar ip theory, for instance, it is given by 

r 2PI [G] = - T r | InG - l [ G ^ - C T 1 •G ;i.8) 

where the series of loop diagrams consists of skeleton diagrams (i.e. without self 
energy insertions) made of bare vertices and full propagators G. Truncations of 
the 2PI effective action lead, at various orders, to simpler functionals for which a 
variational method leads to resmmnations such as the one described above. The foam 
resummation, for example, is given by taking only the first diagram appearing in (1.8). 
In this manner, the 2PI effective action provides a systematic recipe for resummations. 
A detailed study of the properties of the 2PI effective action is presented in chapters 
4 and 5 of this thesis. 

1.4. Problems of perturbation theory out of equilibrium 

For si tuations out of equilibrium, perturbation theory faces also serious obstacles. 
Two important problems that arise are: 

P i n c h s i n g u l a r i t i e s : Quantum field theory in equilibrium can be formulated both in 
euclidean (imaginary-time formalism) and in Minkowski space (real-time form
alism), both explained in detail in chapter 2. In both formulations, the perturb-
ative expansion is well defined. In the real-time formalism, one advantage is that 
the zero- and finite-temperature contributions are separated in the propagators, 
t he latter involving a Bose-Einstein (or Fermi-Dirac) distribution function //OK 
(or /q.'u) • One could naively generalize the real-time formalism to out of equi
librium situations by assuming a different form for the distribution function //. 
which is allowed to depend on time. Unfortunately, this generalization cannot 
be carried out because of the appearance of ill-defined terms in the perturbative 
expansion, the so-called pine}! singularities [81]. These arise as a consequence of 
not treating the evolution of the distribution function consistently [82]'. Pinch 
singularities can be regularized by introducing damping effects on the propagat
ors (imaginary self-energies) [83]. One would expect such effects to be generated 
automatically by a resummation procedure like the ones describe above for t lie 
ease of equilibrium. 

S e c u l a r i t y : Far from equilibrium, wild effects may occur, so the use of simple gener
alizations of the real-time formalism does not seem appropriate. Other methods 
are usually employed, which generally involve solving the equations of motion 
of the correlation functions with some non-perturbative approximation (like 

' This is explained in more detail in chapter 2. 
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Hartree, large-AT. etc). In some cases (like in standard loop or 1/N expansions 
of the 1PI effective action8), one is confronted with the problem of secularity. 
Terms that grow like powers of the evolving time t appear in the solution of the 
equations of motion. 

To see how secularity occurs, we take a simple example from classical mechanics: 
a damped anharmonic oscillator. Consider the following equation of motion for 
the position x(i) of the oscillator. 

ex x — - (ex) rith initial conditions 
.T(0) = 1. 
x(0) = 0. 

1.9) 

The anharmonicity and damping of this oscillator is controlled by the parameter 
e. The full equation can be solved numerically (See Fig. 1.5). 

F i g u r e 1.5: Exact time evolution of the an
harmonic oscillator described by 

t the equations of motion (1.9) 
(with e = 0.1). 

For sufficiently small e. however, it seems reasonable to solve the equations of 
motion perturbativcly. To do this, we make a perturbativc expansion of the 
solution as x(t) — xo(t) + ex\(t) + \e2X2{t) + . . . and solve for every order. Let 
us solve (1.9) perturbatively to 0(e2). The equations of motion to solve are 

xo{t) + xo{t) = 0, at 0(1), 

x1{t) + x1{t) = -x0{t), at O(e). 

X2{t) + ,-2(t) = -2xi(t) - 2x2
0(t), at ö(e2). 

1.10) 

1.11) 

1.12) 

The solutions to these equations are given by 

./•„(f) = cost, 

xi(£) = - [ s i n i - i c o s i ] , 

x2{t) = — (8 - 3t'2) cos t + - sin 2i + - cos2t. 

1.13) 

1.14) 

1.151 

We observe that the perturbative solutions X\(t) and xo(t) contain terms that 
grow with powers of t. Their contributions to the total solution x(t) are said 

*See. for instance [84]. 
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to be secular. Clearly, the secular terms invalidate the perturbative expansion, 
which is only valid for f/ < 1. Secularity thus prohibits the study of late 
t ime behavior. The reason why these seeular terms appear is the presence of 
oscillating driving terms in the RHS of the equations of motion, which come 
from the solution of the previous, lower-order equations. 

A solution to the problem of secularity in perturbation theory can be given 
if one uses self-consistent equations of motion. To obtain those, we do not 
expand the solution in powers of c and then solve the equations of motion at 
every order. Instead, we expand the equations of motion themselves up to 
some order, and then solve them self-consistently.9 Increasing the order gives 
an improved solution. In the case above, we obtain, for 0 ( 1 ) and O(e) the 
self-consistent equat ions1 0 

• '•o.,(0+-'-o.,(0 = 0 . at 0 ( 1 ) . (1.16) 

•'•i..s(0 + -riJt) = - ^ i . , ( f ) . at O(e). (1.17) 

where we indicated the independent solution at even - order with a subscript s. 
Equat ions (1.1G) and (1.17) are. respectively, solved by 

x0.s(t) = cost, (1.18) 

xi,a(t) = e-'» ' 2 V 4 - e J + 7J3ii s i nUv i 1.19) 

We observe that the self-consistent (1.18) and (1.19) are free of secular terms. 
T h e reason for this is the fact that now we are dealing with self-consistent 
equations. Self-consistency, thus, is desirable if one wants to s tudy the t ime 
evolution of a system at large times. In addition, notice that an expansion of 
•''i..s(0 in powers of e reproduces, to 0 ( e ) . the perturbative result 

xi,a(t) = c o s i + e- [sint - tcos/] + — [tcost -sint] + 0(e2) 
2 8 

= . r 0 ( f ) + f . r 1 ( f ) + O(c 2 ) . (1.20) 

T h e interesting thing to notice is that , unlike the perturbative case, the resuni-
mation of higher order terms provided by the self-consistent method lead to a 
solution free of secular terms. 

As wc shall sec in this thesis, the resummation methods based on the 2PI effective 
action (^-derivable approximations) can be applied to out of equilibrium situations. 
The variational determination of the resummed quantities takes the form of self-
consistent equations of motion which can account for damping effects. Hence, these 

"What is meant in this case with self-consistency is that the equations of motion do not mix 
functions x„(t) of different orders n, but involve only a unique function at the order considered. 

" 'Note that , at ö(c2), we recover the full problem, i.e. the self-consistent equation is identical to 
the full one (1.9). 
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methods avoid the problems of pinch singularities and secularity. Moreover, the ap
proximation methods based on the 2PI effective action have the remarkable proper ty 
that they conserve energy. We shall see all these properties explicitly in the applica
tion of the 2PI effective action methods to the study of two interesting non-equilibrium 
phenomena in chapter 6. 

1.5. Outline of the thesis 

This thesis focuses principally on rcsummation methods based on the 2PI effective 
action, and their application to s tudy quantum field dynamics. The formalism of 
equilibrium and nonequilibrhun quan tum field theory is reviewed in chapter 2. This 
provides the basic concepts for the understanding of the following chapters. The con
nection with transport and kinetic theory is also discussed. For illustration of t he 
methods involved, the quasiparticle properties of scalar (p3 + ^ 4 theory are computed 
up to 1-loop in perturbation theory. In chapter 3 we discuss the classical approxima
tion as a non-perturbative approach to study quantum field dynamics. In particular, 
we s tudy the divergences arising in classical field theory and its connection to t he 
hard-mode physics of the quantum theory. The analysis is done in the context of 
non-abelian gauge theories in equilibrium. Chapters 4-6 are devoted to the study of 
the 2PI effective action and its use as a variational method. Chapter 4 introduces 
the 2PI effective action, its properties, and discusses some formal aspects such as the 
connection to the Sehwinger-Dyson equations, the definition of vertex functions and 
renormalization. Chapter 5 focuses on symmetry aspects. The applicability of 2PI ef
fective action methods to theories with broken symmetries, on the one hand, and wi th 
gauge theories, on the other, is investigated in detail. An explicit application of the 
method is presented in chapter 6. where two interesting non-equilibrium phenomena 
are studied: equilibration and thermalization in scalar field theory (as a toy model for 
QCD). and the dynamics of symmetry breaking in the O(N) model (relevant for t he 
theory of tachyonic preheating). Numerical as well as analytical studies arc presented 
for the case of 3+1 dimensions. 
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