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3 Divergences in the classical 
approximation 

3.1. Introduction 

A lot of interesting phenomena occurring in field theories in and out of equilibrium 
are essentially non-perturbative. A way to tackle them is to study the theory discret-
ized on a lattice and solved by a computer. This is the purpose of lattice field theory 
[123, 124]. For systems in thermal equilibrium, the numerical methods of lattice field 
theory are mostly based on Monte Carlo algorithms. Among many other applications. 
they have been used to provide interesting information on thermodynainical proper
ties of the quark-gluon plasma (see [30] for a review). Unfortunately, one cannot apply 
similar Monte Carlo simulations to study the real-time dynamics of quantum fields 
because they are based on euclidean time. One has then to turn to approximation 
methods. One of such methods in which a non-perturbative approach is possible is 
the classical approximation. It is expected to be valid when the occupation numbers 
n p of the field modes are large. 

The classical approximation can be most easily understood close to equilibrium, 
where the occupation numbers are approximately given by the Bose-Einstein distri
bution n(iijp). By restoring Planck's constant h to the distribution function1. one sees 
that the limit of large occupation numbers coincides with the classical limit h —> 0 

"H) = i ^ 3 i - >̂ = 4 > > L (3'1) 

It is also interesting to observe that the classical limit also corresponds both to the 
limit of high temperature and the limit of low frequencies UJP. This implies that the 
classical approximation can be used, on one hand, to study the behavior of observables 

1 Restoring h implies that dimensions of energies [E] no longer correspond to the inverse of di
mensions of length [L], since [h] = [E][L]. Simple analysis reveals the following dimensions for the 
quantities considered in this chapter: [y2\ = [ E p ] " 1 , [A] = [ E ] " 1 ^ ] - 1 , [m] = [k] = [fc0] = [L]" 1 

and [T] = [E]. For the coupling g in non-abelian gauge theories, we find [g2] = [E]~l[L]~l. The 
self-energy has dimensions [IT] = [m]2 = [L] - 2 - The restoration of h involves typically correcting the 
dimensions [E] by inserting h such that all quantities are expressed in dimensions of [L]. 
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Chapter 3. Divergences in the classical approximation 

at high temperature, and on the other hand, to study physical processes which are 
dominated by the low-moment urn modes. 

For sufficiently high momentum modes, however, it is clear that the classical ap
proximation (3.1) does not work. Thus, the classical theory should be interpreted 
as an effective theory for the low-momentum modes. To separate the high- from the 
low-momentum modes, one introduces a UV cutoff A ~ T/h. Defining the classical 
theory at all momentum scales would require taking A —> oc. However, it is known 
since Rayleigh. Jeans. Planck and Einstein, that this leads to the appearance of di
vergences (Rayleigh-Jeans divergences)2. This is most easily seen by considering the 
energy density of a free gas of scalar bosons. At high-temperatures (T » Km), it 
behaves as 

The same quantity computed in the classical theory is badly divergent 

/' , , , f M< TA3 

ec] = / /k^vHciKk) = / - 7 7 — = - — 7 . (3.3) 

where A is an UV cutoff. Thus, at finite temperature the classical field theory should 
be interpreted as an effective theory for the low-frequency modes (smaller than the 
cutoff A ~ T/H). The resulting cutoff dependences reflect directly the divergences of 
the classical theory and indicate its different high-momentum behavior with respect 
to the quantum theory. 

One might hope that for low-momentum correlation functions this different beha
vior does not play a role so that the physics involved at the cut-off scale ~ T/h is 
unimportant. Naively, one expects that any quantity that does not depend on // (at 
least in the lowest order of a coupling constant expansion), should be computable in 
the classical limit. In the case of nonabelian gauge theories at finite temperature, 
this occurs for quantities that depend only on the combination g2T in nonabelian 
gauge theories at finite temperature, where g is the gauge held coupling constant. 
This suggests that processes dominated by momentum scales of order g2T might be 
reliably described within the classical theory. A possible candidate is the case of the 
baryon-number violating processes in the electroweak theory, occurring via sphalcron 
transitions (electroweak baryogenesis). From dimensional analysis, the rate for such 
transitions is estimated to be ~ (g2T)4 [125]3. However, closer scrutiny shows that 
the high-momentum modes affect, through interactions, the low-momentum sector of 
the theory in an essential way. A general strategy to improve the classical theory is to 
include the dominant quantum contributions from the high-momentum (hard) modes. 
For the baryon-number violating processes, for instance, it was shown that, taking into 
account the effect of the hard modes, the sphalcron rate behaves like ~ g2h (g2T) 
[130]. Further studies revealed that, due to scattering with semi-hard modes, the 

In fact, the appearance of these divergences in classical theory was one of the motivations to 
introduce quantum mechanics. 

3 T h e classical approximation has been applied to the study of electroweak baryogenesis in [126. 
127. 128. 129]. 
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3.1. Introduction 

estimate is refined to be ~ \og(l/g2h)g2h (g2T) [131]. These analysis indicate t ha t 
the sphaleron rate, computed within the classical theory, shall depend on the cutoff 
A. In this context it is important to understand the classical divergences, since they 
correspond to the dominant hard mode contributions in the quantum theory. 

Notice tha t , for static quanti t ies, the classical approximation adopts a simpler form. 
This can be seen, for instance, by taking the propagator in imaginary time 

As h —> 0, the non-zero Matsubara modes become infinitely heavy and decouple. In 
this manner, the 4-diniensional thermal field theory is described by the 3-dimensional 
theory of the zero Matsubara mode. This correspond to the case of dim,ensional 
reduction, as explained in chapter 1. The effect of the non-zero Matsubara modes 
enters as a renorinalization of the parameters of the 3-dimciisional theory, which is 
established by comparing long-distance correlation functions of both theories. This 
matching of the correlation functions provides the counterterms for the divergences 
appearing in the 3-dimensional theory. 

We focus in this chapter on situations close to equilibrium, and study the di
vergences in the classical theory and their correspondence with the physics of the 
high-momentum modes. We focus particularly on the case of gauge theories. We 
review in section 3.3 the relation between the classical linear divergences in the self-
energy and the hard thermal loops (HTL) [132]. The relevance of the HTL in an 
effective theory for the low-momentum (soft) modes is well-known [53]. In particular, 
an effective theory t ha t incorporates them has been developed [133. 106]. Besides 
the linear divergences tha t appear in the computat ion of self-energies in the classical 
theory, there appear also logarithmic divergences [134]. The hard-mode physics cor
responding to these divergences is not completely understood ye t . ' A further s tep 
towards an effective theory beyond hard thermal loops would then be to include the 
logarithmic divergences ("'log-divergences", for short) into the effective action. In any 
case, an extra term in the effective action containing the physics of the log-divergences 
would enter the equations of motion of the fields as a source term, which must be 
conserved0 for the effective theory to be consistent. In section 3.5 we show that the 
logarithmically divergent par t of the classical SU(N) gauge self-energy is transverse. 
This implies, a t least in linear response, current conservation. In this chapter, how
ever, we shall not discuss how to renormalize the classical divergences by appropriate 
counterterms. We refer the reader to [135. 136. 137] for more information on this 
point. 

Let us end this introduction by describing some other interesting applications of 
the classical approximation in situations far from thermal equilibrium. In cosmology, 
it is believed that the transition from an inflationary to a radiation dominated era 
is followed by a period of fast particle production, usually called preheating. The 

4Prom the estimate of the sphaleron rate given in [131], we see that the hard-mode physics of the 
quantum theory corresponding to the log-divergences is important, as it is responsible for the factor 
log(l/g2h). 

°covariantly conserved for the case of gauge theories 
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Chapter 3. Divergences in the classical approximation 

occupation numbers of the corresponding modes grow very rapidly, which suggests 
the use of a classical approximation [9. 13, 27. 138]. On the other hand, in QCD 
and. in particular, during the early stages of heavy-ion collisions, gluon occupation 
numbers are found to be as large as 1/g2 [139, 140. 48]. so one hopes tha t classical field 
theory might also be applied. Along these lines, the color glass condensate model (see 
[49] and references therein) was formulated to s tudy the dense gluon system before 
equilibration. 

3.2. Classical approximat ion and per turbat ive expan
sion 

T h e advantage of the classical approximation as a non-pert urbative scheme is that , 
unlike the lattice, it poses no trouble to perform real-time simulations. All one has to 
do is to solve the classical field equations of motion with appropriate initial conditions. 
From the discussion in section 2.1 (seealso [141]). physical quantit ies are then obtained 
by averaging over the initial conditions. In a Haniiltonian context and from thermal 
initial conditions, what one does is solve the Haniiltonian equations of motion 

dMx,t) = 
SH\ 

S7ï{x.t) ' 
0,~(x,t) = -

5H[<P,TT] 

Ss(x.t) 
(3.5; 

for some initial conditions ^ i n ( x . / 0 ) and 7Tjn(x,to) specified at time to. Classical 
correlation functions are obtained bv the thermal average 

(ip(x.i,t1)ip(x2,t2) •. -)c\ = 

- / ^ i „ P 7 r i l l ^ ( x 1 . / ] : [ v ? i „ . 7 r i n ] ) ^ ( x 2 . f 2 : [ ^ i n . 7 r i n ] ) . . . e - r f W ^ " ' 7 r i " ] , (3.6) 

which can be implemented in the computer by means of s tandard Monte Carlo meth
ods for generating the initial conditions. For weak coupling, nevertheless, one can 
s tudy the classical equations of motion perturbatively. Consider, for instance, the 

1 2 . 1 / 1 
ö ( ^ ) + Ö™ 2 .2 

# m t - (3.7; 

vitli 

flinl = / d3X 
1 3 1 , . 
3\fJ<p 4! ^ 

(3.8) 

The solution to the free equations of motion in terms of the initial conditions tp-in and 
TTJ,, is given, after Fourier transformation in space, by 

7T- (k) 
p 0 ( k , f: [<p-m, 7Ti„]) = p i n (k ) cos [uk{t - to)] + ^ ^ sin [uJk{t - t0)}. (3.9) 
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3.2. Classical approximation and perturbative expansion 

A perturbative solution of the equations of motion 

W-«+ma)^') = - f e - (3-10) 
is constructed with the help of the retarded Green's function (2.22) as 

¥>(*)-«*(*)+ j fG?(* ,» ) | ^U D + -.- • (3-11) 

With (3.11). the perturbative expansion of the various classical correlation functions 
{<p(xi)<p(x2) • • -)ci can be obtained. In this way. for example, the plasmon damping 
rate in classical A9?4 theory was computed in [134]. 

For the point of view of perturbation theory, the classical perturbative expansion 
can be deduced from the quantum expansion [135]. To observe this, it is convenient to 
work in the Keldysh basis (2.33), where one has the "average"' field <p = \ {~p+ + y>~) 
and the "difference" field A = <p>+ - tp~. The interesting thing of this basis, from the 
point of view of the classical approximation, is that the ••difference" field A is purely 
quantum [98]. The Lagrangian density in ^ + --p4 theory in the Keldysh basis {(p. A} 
is given by 

C=\ (dip) (ÖA) - \m2<pA - \g&? - \gA3 - ^ A ^ A - I A A V (3.12) 

The 2-point functions in the Keldysh basis are given by (see (2.34)) 

{<p{x)(p{y))=-x -=F{x.y). (3.13) 

(<p(x)A(v))=—--l=iGR(x1y)t (3.14) 

(A(aj)^(i,)) = • •= iGA(x.y). (3.15) 

(A(a;)A(y)> = • \= 0. (3.16) 

We also showed the diagrammatic representation of the Feynman rule for the various 
propagators by indicating with a full or a dashed line if the endpoints of the propagator 
correspond, respectively, to the fields (p or A. Close to equilibrium, the propagator F 
is proportional to the occupation number n, while the retarded/advanced propagators 
GR/A do not depend on n. From (3.13-3.16), we observe that this occurs if the fields 
in the Keldysh basis behave as <p ~ n 1 / 2 and A ~ n - 1 / 2 . Thus, for large occupation 
numbers (n > 1), (p » A and therefore the "difference" field A is negligible, showing 
that the field A is purely quantum. From this analysis, the various field couplings are 
given, in terms of the occupation numbers, by 

/ - ~ £3A ~ n. •— ~ ^A 3 ~ n _ 1 , 

: ''*: (3.17) 

M-n 1 ' 2 , •' ~A A 3 „-3/2 11 
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Chapter 3. Divergences in the classical approximation 

For large occupation numbers, the couplings appearing in the right of (3.17) are small. 
Taking the occupation numbers large corresponds precisely to the classical approx
imat ion. Therefore, the classical perturbative expansion can be obtained from the 
q u a n t u m by neglecting the right vertices of (3.17). The classical/large-// Lagrangian 
is then given bv 

- (dip) (dA) - -m 2 (3A - ^ o A ^ 2 - -
2 2 2 3! 
: (dip) (ÖA) - - m 2 ^ A - -gA<p2 - -Ay>3A + 0(n~l). (3.18) 

In a per turbat ive expansion in terms of the statistical correlator F and the spectral 
function p. the classical approximation described above is equivalent to neglect the 
p with respect to the F [142]. We will apply this to study the validity of the 1/N 
expansion of the O(N) model for large particle numbers in chapter G. 

3.3. Linear divergences and HTLs 

We have seen in the introduction of this chapter that a classical theory contains 
Rayleigh-Jeans divergences. These appear due to fact that one is t reat ing wrongly the 
hard modes, for which the classical approximation should not apply. In the classical 
per turba t ive expansion, these divergences come explicitly from the hard-momentum 
region of the loop integrations6 . Introducing a cutoff A to separate the soft from the 
hard modes, the cutoff dependences arise from the loop momenta k ~ A. Remember 
from the discussion in section 1.3. that this situation is similar to what occurs in the 
hard thermal loops (HTL). which arc given by the contribution, at high temperature , 
from the hard loop momenta to t he diagrams with soft external momenta. Thus, 
the classical divergences and the HTLs must be somehow related. Indeed, take for 
instance the HTL contribution to the thermal mass in inassless \tp4 theory, given by 
the tadpole diagram (see eq. (2.131)). namely 

. U I L
 A / ' /' 1 ,., ,. \h f \ 1 AT2 

1'" =TjkwrW)=Tjkü7m^ï = üi; (3-19) 
T h e ft appearing in the denominator of (3.19) shows that this is a divergent contri
bution in the classical limit I) —» 0. Indeed, computing the same diagram within the 
classical theory gives 

A/' fA 1 , „ „ A// fA 1 1 ATA 

2 ./k lkl 2 , / k |k| (ift\k\ 4TT2 

In this manner, one sees that the linear divergences in classical A^4 theory are the 
classical counterpart of the HTL in the quantum theory. 

This fact also holds for gauge theories. In gauge theories, however, the situation is 
more complicated, since the hard thermal loops are non-local in space and time [53]. 

6 Remember from section 2.4.1 that , at finite temperature, loops represent both quantum and 
statistical fluctuations. In the classical theory, quantum fluctuations are absent, but the loops still 
remain clue to the statistical fluctuations. 
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3.3. Linear divergences and HTLs 

At finite temperature, the gauge field self-energy takes the form 

with k = k/ |k| . The precise form of the function ƒ can be found, for example, in [88], 
but is not needed in the discussion presented here. We just mention that it depends 
on the distribution function n. This implies, in particular, that the function ƒ takes 
different forms in the quantum and the classical theory (we will indicate the classical 
function by /c i) . The HTL contribution in the self-energy (3.21) is obtained by a 
number of approximations [53]. First, one focuses on the temperature dependent part 
and takes the high-temperature limit. Second, one takes the external momenta to be 
soft ~ gT. while the internal momenta are hard ~ T. For weak coupling g <§C 1. this 
allows to neglect the external momenta with respect to the internal momenta in the 
integrand of (3.21). Applying these approximations to (3.21), one obtains the HTL 

n&L(p0,p) ~ ̂  f J ( -^•° -° ) • (3-22) 
Notice that the HTL approximation decouples the radial from the angular part in the 
integration. The radial integration determines the plasmon frequency ui2

A ~ g2T2/h. 
The h in the denominator, which appears from dimensional analysis, indicates, as in 
the scalar theory, that this corresponds to a divergent contribution in the classical 
theory. Indeed, in the classical theory, the divergent part is given by taking the first 
term in a Taylor expansion of the classical function /ci in powers of p -k /k 2 and p 2 / k 2 

in (3.21). leading to 

n;;rv(R,. P) ~ 92TA J./;., ( - ^ . o. o). (3.23) 

Thus, as in the scalar case, the linear divergences of the classical gauge theory cor
respond to the quantum HTL [143]. 

Let us mention two important points here. First, from eq. (3.23) we see that the 
classical divergences in gauge theories are non-local as they depend on the frequency 
po- This raises questions regarding the possibility of renormalizing the theory with 
local counter terms [132]. For the linear divergences, however, it was shown that local 
countcrterms can indeed be found [136]'. Second, from the correspondence between 
HTL and linear divergences one expects that both satisfy similar properties. The 
HTLs. in particular, are gauge invariant and satisfy abelian-like Ward identities. We 
shall show in section 3.5. that this also occurs for the classical linear divergences, at 
least at the level of the self-energy. The HTLs, in addition, despite being non-local, 
allow for a local kinetic formulation in terms of a Vlasov equation [145, 146. 147]. 
One obtains the equations of motion for the soft average gauge fields [146] 

J V ^ = JSTL, (3-24) 
7 On the lattice, the determination of the counterterms depends on the choice of regularization 

[144]. This occurs since the classical divergences correspond to short-distance physics, hence they 
know about anisotropics of the lattice. 

59 



Chapter 3. Divergences in the classical approximation 

with F*v = d>'A" - 0VA" - ig \A".AU] and the source 

JZTL=2gNfv"ön(k,x) (3.25) 

representing t he effect of the hard modes, whose deviation 5n(k,x) from a thermal 
dis t r ibut ion satisfies the Vlasov equation 

r"Dfl6n(k.x) = -ryk • E ^ - j ö (3.26) 

In the set of eqns. (3.24-3.2G). v" = ( l . k ) . n ( |k | ) is the bosonic thermal distribu-
tion function, E is the electric field and D / ( is the covariant derivative. Due to the 
remarkable gauge symmetry properties of the HTLs. the source J'{VVL is covariantly 
conserved. 

3.4. Logarithmic divergences 

Apart from the linear divergences, one also finds logarithmic divergences in the 
classical pcr turbat ive expansion. At 1-loop. they arise in the self-energy (3.21) from 
the first term in the expansion of ƒ with respect to p • k / | k | 2 . A detailed analysis of 
the H T L reveals, however, that the logarithmically divergent term vanishes at 1-loop 
[143]. It was shown in [143] tha t the degree of divergence of a classical diagram with 
I loops is given by D = 2 - L Thus, the log-divergences appear only at 2-loop and 
there are no further divergences. 

Similarly to the case of the classical linear divergences, where the quantum coun
terpar t corresponds to the HTL. one would like to investigate the hard-mode physics 
t ha t the classical log-divergences point a t . In particular, one would like to construct 
a low-energy effective theory beyond the HTL approximation. To discuss the form 
of such a theory, consider the effective action tha t results from integrating out the 
hard modes with momenta k > //. with // an intermediate momentum scale such that 
Wp] < [i < T/h. In an expansion in h (or high T) . the resulting effective action adopts 
the form 

reff = g2T (j - Cl/4) ren, + (g2T)2 log ( | £ ) rlog + sc] + o (>/ , ^L. ̂  . 

(3.27) 
where cx and c2 are constants that depend on the rcgularization scheme. The first 
t e rm in t he expansion, which corresponds to the HTLs, is proportional to / ? _ 1 . being 
thus linearly divergent in the classical limit H —> 0. The second term is proportional 
to log {T/h) and so corresponds to the logarithmic divergences. The third term is the 
classical action Sc\ and the other te rms in t he expansion arc unimportant contributions 
in either a high T or classical regime. Thus we see that , in an expansion in h (or 
a t h igh- temperature) , the next-to-leading order terms are given by the classical log-
divergences. These would enter in the equations of motion for the classical gauge field 
as a source term J\og as 

A ^ = - W +-'fog- (3.28) 
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3.5. Transversa I ity of classical divergences 

Here. J'{ ~ ^A^Tiog and J £ T L ~ SA^WTI^ tl»1 latter corresponding to the source 
(3.25). Due to the fact that the HTL arc gauge invariant, the source term JRTL is 
covariantly conserved. For consistency, it is necessary that the source J log generated 
by tiie log-divergences is also conserved. Such term is given in terms of the various 
n-point functions by 

J(o^) - ƒ n l̂og(.r.y)Mv) + \JIr^T^v-z)My)M*) + ••• (3-29) 

In linear response, i.e. for small values of the soft average field ,4. the induced source 
corresponding to the classical log-divergences is determined by the retarded self-energy 
TI'K1U . The source is conserved if the retarded self-energy is (covariantly) transverse, 
DfjU!^^ — 0. For values of A small enough, the covariant derivative can be replaced 
with the partial derivative, and therefore the conservation of J]og follows just from 
d^U'jl\0 = 0. For the soft modes, linear response constitutes a good approximation 
at weak coupling (see. for instance, [148]). This implies that, for sufficiently small 
coupling, the induced source J\og is conserved if its corresponding retarded self-energy 
n£"i0 is transverse. We show this explicitly in the next section (see also [149]). 

3.5. Transversality of classical divergences 

We stait by reviewing briefly the Ward identity for the self-energy at finite tem
perature. For general linear gauges, the Ward identity for the retarded propagator 
G^(k) is given by [150] 

F^G*, = -£, (3.30) 

where F>' is the gauge-fixing vector8 and £ is the gauge fixing parameter. This identity 
can be written for the retarded self-energy 1 1 ^ by means of Dyson's equation (2.50) 

for the retarded propagator. G~[R = GQ1,R - Un. For the propagator GR. the 
identity (3.30) is the same for both T = 0 and T ^ 0. For the self-energy UR. 
however, the Ward identity takes a different form at T ^ 0. 

This difference is most easily seen in the covariant gauge (F' ' = k1'). At zero 
temperature. Ufll/ must be a linear combination of the two available tensors g,,,, and 
kfj,ku, which, using (3.30). leads immediately to the result that the self-energy is 
transverse, k''Ullu = 0. At finite temperature, however, the difference arises due to 
the presence of a heat bath with four-velocity u''.9 From this fact, together with 
(3.30). the Lorentz structure of GR

U allows different independent tensor combinations 
of both k,, and //,,. for instance </,„.,. A-,,Av. u^uv and k^uy + //,,£•„• More convenient 
are the dimensionless tensors A^y. BIIV. C,,,, and D,IU detailed in [57. 151. 8G. 150]. 
The precise form of this tensors is not. important for the discussion presented here. 
We shall use the fact that both Alty and BiW are transverse to the four-momentum 
kf'. i.e. k" A,,,, = 0 and k"Bin, = 0. whereas Cin, and D,n, are not. In addition. Ain, 

8 For covariant gauges, F ' ' = A-'', for Coulomb gauges F1' = (0. k) and for the temporal gauge 
F» = (1.0.0.0) . 

9We shall take u'' = (1,0.0.0) . 
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Chapter 3. Divergences in the classical approximation 

and BIIU are, respectively, transverse and longitudinal to the spatial momentum k. 
Wi th this set of tensors the self-energy can be written as 

nin/ = n r , v + ÏÏLB,,» + ucc^ + uDDflu. (3.31) 

For gauges that do not break rotational invariance (including the eovariant. Coulomb 
and temporal gauges), one can use the self-energy decomposition (3.31) and the Ward 
identity (3.30) to derive a relation between the different transverse and non-transverse 
components of the self-energy [150]: 

[n r(A-)]2 = [/.'2 + n /.(A-)]nü(A-). (3.32) 

This result shows tha t , at finite temperature, Ward identities do not imply that the 
self-energy is transverse to the four-momentum h4'. Instead, they give a relation 
between the non-transverse components l i e and UD. The fact that the self-energy 
is not necessarily transverse at finite temperature was observed already at 1-loop in 
[152]. Remarkably, the hard thermal loop part of the self-energy is transverse, i.e. 
fcMIlJJJL = 0. This is due to the fact that IITLs satisfy abelian-like Ward identities 
[55]. The Ward identity (3.32) will he a s tar t ing point in our discussion on the 
transversality of the divergent par ts of t he classical self-energy. 

Linear divergences 

Let us now consider the classical approximation of SU(N) gauge theory. The 
lineaily divergent te rms in the classical theory correspond to the HTLs in the quantum 
theory. The fact that HTLs are transverse suggests that the linearly divergent terms 
should also he so. This can indeed be checked by making use of (3.32). Consider the 
case k2 = A'/(A''' ^ 0. From the fact that t he degree of divergence is given in terms of 
the number of loops I by D = 2-1. we see that the linear divergences occur at 1-loop. 
The self-energy component l i e begins at order ö(g2) (1-loop). Now. from (3.32) we 
notice that I I D should s tar t at ö(g4) (2-loops). The 2-loop contribution u'§ (the 
superscript denotes loop order) is superficially log divergent, containing at most a 
linear subdivergence. Hence, from (3.32) we see that the one-loop contribution Ur 

cannot have a linear divergence. Thus, at 1-loop. both l i e and UD are free of linear 
divergences. This shows t ha t the linear!}- divergent part of the classical self energy at 
1-loop, n '1 ' - '"'. is transverse, i.e. 

fcTlW,' Hn = 0 ( 3 3 3 ) 

as we expected from the considerations about hard thermal loops. 

Logarithmic divergences 

At 1-loop the degree of divergence is D = 1. so there are no logarithmic divergences 
[143]. Let us consider the case of 2-loops. i.e. ö{g4). Then D = 0. so there might be 
log-divergences. We first split the 2-loop self-energy component n g in a log-divergent 
par t , a part that may contain a linear subdivergence and a finite part: 

ng ] = ng]-,üg
 + ng]- u b l i" + ng]-fi". (3.34) 
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3.5. Transversality of classical divergences 

p-k+k'+k" p-k+k'+k" 

(a) <b) 

Figure 3.1: A 3-loop diagram (a) with the 2-loop subdiagram (b) 

We insert this expression into the Ward identity (3.32). At 0(gi), the terms in l i e 
at the RHS of (3.32) that match those of the same order at the LHS. are of 1-loop. 
They do not have logarithmic divergences, and therefore 

ng1' log = o. 
We saw already that l ie does not contain a linear divergence, thus also 

n[2].s„.,li„ = Q 

(3.35; 

(3.36; 

Next, we consider He- Analogously to (3.34). we split it in terms of the different 
types of divergences 

n[2 1=n^- l o s + n^-su,,li" + n^'fi". 
We use the Ward identity (3.32) at 0(gs). which we may write as 

(3.37) 

jI2j.log + n[2],Sublii) 
+ n 

[2], fin 

c 
r[l]-finrrl3J - I.2TTW WTTM + 2nc

J-nnnj-l1 = fcangJ + n£JngJ + n^ng1 . (3.38) 

We now focus on the terms that could lead to a logarithmic divergence. We keep from 
(3.38) terms proportional to (log A)2. This results in 

ng 
[2].1 2ng]-finng] = fc2ng]+41]ng]. [3.39) 

As a consequence of (3.35). the last term on the RHS of (3.38) does not contribute to 
(3.39). Let us consider the products of 1- and 3-loop contributions. Since at 1-loop 
there are no log-divergences, the 3-loop diagrams must contain a double log-divergence 
for these products to contribute. Now. schematically, the expression for a three-loop 
diagram is 

nPi(p .6T-.5 
•'•• g»T* I fW(k,k',k",P), 

Jk,k',k" 
(3.40) 

where k. k' and k" are the internal momenta. The result after the integration over any 
two internal momenta can be regarded as either an expression for two disjunct 1-loop 
diagrams or a 2-loop diagram, with external lines depending on the other momenta. 
Consider for example the 3-loop diagram in figure 1. In the case that the integration 
over two arbitrary internal momenta (k' and k" in Fig. 1.) corresponds to a 2-loop 
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diagram (as in Fig. 11).). it can at most give a single logarithmic divergence, which we 
denote as log A. When that happens, the integration over the remaining momentum 
(k in Fig. 1) cannot give an extra log A. since the superficial degree of divergence 
of the total diagram is D = 2 — t = — 1. In the case that the integration over k' 
and k" does not give a log-divergence, the integration over k could still produce a 
log A. Hence, a 3-loop diagram can at most give a single log-divergence. Therefore, 
the product of one- and 3-loop diagrams cannot contribute to (3.39). 

The above argument can be repeated for the 4-loop contribution 11^ entering in 
(3.39). In this case, there are four internal momenta. The result after integration over 
any three given internal momenta can be regarded as the expression for a disjunct two 
and one-loop diagram or three disjunct one-loop diagrams. Therefore, it can at most 
give a single logarithmic divergence, and since a 4-loop contribution to the self-energy 
is finite, the remaining integration cannot give an extra log-divergence and as in the 
case above. IlM cannot contribute to (3.39). Thus, we find from (3.39) that 

n g ] ' l o s = 0. (3.41) 

Note that we cannot say that the two-loop contribution to l ie containing a linear 
divergence from one-loop subdiagrams equals zero, as we could for Ho- Since both 
n ^ ] and II ̂  vanish, we conclude that the logarithmically divergent part of the 2-loop 
classical self-energy is transverse 

A^Ilgj; ,0« = 0. (3.42) 

Conclusions 

A consistent scheme to include hard-mode contributions beyond HTL in the clas
sical SU{N) gauge theory at finite temperature seems to require the inclusion of terms 
that diverge logarithmically in the classical limit. These divergent terms enter in the 
equations of motion for the classical SU(N) gauge field as source terms. We have 
shown that the logarithmically divergent part of the retarded classical self-energy 
is transverse. This implies, at least in linear response, that the source terms will 
be conserved. We stress that, at finite temperature, this is a special property that 
should not generally be expected, and in fact, this result encourages the study of 
the classical logarithmic divergences towards the construction of a feasible low-energy 
effective theory beyond hard thermal loops. 
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