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Ci Non-equil ibrium dynamics wi th 
^ the 2PI effective action 

We have argued in previous chapters that approximation schemes based on the 
2PI effective action provide a particularly good framework to study out of equilib
rium phenomena. They lead to equations of motion for the mean field and propagators 
that describe their time evolution, including quantum effects. Unlike other quantum 
approximation schemes, such as the Hartree or the leading-order large N. they can 
be systematically improved to account for scattering. This is crucial if one wants 
to describe physical processes where scattering plays a fundamental role. Moreover, 
^-derivable approximations guarantee that energy, as well as global charges, are con
served. 

In this chapter, we are going to make use of ^-derivable approximations to study 
out-of-equilibrium situations where scattering is a very important aspect of' the phys
ics. In particular, we study in section 6.1 the process of thcrmalization in scalar 
tp3 + <p4 theory. In section 6.2, we investigate the phase transition dynamics in O(N) 
model and the phenomenon known as spinodal decomposition. 

6 . 1 . Thermal izat ion in scalar y? + <P4 theory in 3- j- l d i 

mensions 

A very intriguing and interesting aspect of nonequilibrium dynamics is the ap
proach to equilibrium. At present, a big part of this interest in field theory comes 
from heavy-ion collision experiments at RHIC (Brookhaven). which indicate that a 
state of deconfined matter, the quark-gluon plasma, is formed during the collisions. 
Experiments suggest that there is early thermalization (see. for instance, [41]). If that 
is indeed the case, the reason why the plasma thcrmalizes so fast is still a mystery 
[46]. More information on the dynamics leading to thermalization in the quark-gluon 
plasma would be highly desirable. 

The scalar <̂ 3 + ^4 theory provides a very useful toy model for the study of the 
dynamics of relativistic interacting field theories. It is simpler to formulate, more eco
nomic to implement on the computer, and it comprises relevant features that appear 
in more intricate theories, while avoiding complications such as. for example, gauge 
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Chapter 6. Non-equilibrium dynamics with the 2PI effective action 

invariance . In this manner, it provides a benchmark for testing and understanding 
approximation schemes. The study of simple scalar field theories is. in this manner, 
a necessary step before their application to more complicated theories. 

For tha t reason, we investigate in this section the process of thermalization in scalar 
p3 + p~l theory. We study a single real scalar field and use a loop expansion of the 2PI 
effective action. The case of quart ic couplings was already studied in 1 + 1 [162. 204] 
and in 2 + 1 dimensions [166]. showing tha t , indeed, thermalization is achieved. We 
extend those analysis to 3+1 dimensions, also including 3-point couplings. Unlike 
[162. 166]. we shall also study the dynamics in the presence of a non-vanishing mean 
field o. Related work in the broken phase in 3 + 1 dimensions with the 1/N expansion 
was done in [168]. For fermionic theories, studies in 3 - 1 dimensions were performed 
in [165]. 

6 . 1 . 1 . 2 P I l o o p e x p a n s i o n of s c a l a r ip3 + ipA 

In scalar ip3 + tp4 theory, the Lagrangian density is given by 

£M = \ f d4y<p(x)Göl&yMy) - § / - ^/ - <?<P, (6.1) 

with the inverse bare propagator equal to 

Gë1(x,y) = [-dl-m2]öc(x,y). (6.2) 

Apart from the cubic and quart ic interactions with coupling strength g and A. respect
ively, we have introduced a linear term, proportional to a. This term acts as a source, 
controlling the value of the mean field <p. For g = cr = 0 we obtain the s tandard 
ip4 theory, which has reflection symmetry ip <-» -p. Because of this symmetry, the 
system can be found in two distinct phases. In the classical theory, for m2 > 0 we are 
in the symmetric phase (o = 0). and for nr < 0 in the broken phase (o = ±v ^ 0). 
In the (classical) vacuum, the field expectation value is v = \/(i\in]/A. 

T h e 2PI effective action is given by (4.23), with the functional $ given, in terms 
of diagrams, by 

T h e Feynman rules for these diagrams are given in (2.101). In addition, we have the 
rule for the 1-point vertex •- = —ier coming from the linear term in the Lagrangian. 

1 One of the motivations to study <p3 + -pA is that the topologies of the diagrams coincide with 
those of SU(N) gauge theories 
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6.1. Thermalization in scalar ip3 + ^ 4 theory in 3+1 dimensions 

Introducing the effective 3-point coupling geff(x) = g + Xo(x). one has. explicitly 

- ia / Ol.r 

+ | I G(x.x)<f>(x) + j j G(x.x)Q(xf-
'I l\-., \ , , \ ^ / r,i \ it \2 , - ^ I 

i- [ f fM[{x)G(x.yfgeM - - / / 6'(.r.y)4 + ... (6.4 
L2 c -i y 

18 
./• •/ /, 

We choose a truncation of $ at 3-loops by keeping terms up to 0{\2) and ö(g2). but 
neglecting those of <9(Ap2). This means that the t runcated functional $ t r is given by 
the diagrams appearing in (6.3). 

6.1.2. Equations of motion 

The equations of motion are obtained from the 2PI effective action via the vari
ational procedure described in section 4.1.3. i.e. Eq. (4.30). On the real-time contour 
this leads to the Kadanoff-Baym equations (2.56-2.60). To the order considered here, 
the self-energy tha t enters in those equations is determined from the t runcated func
tional <l>tr[c>. G}. One obtains 

E [ 0 . G ] = 2 
SG 

(6.5; 

For vanishing mean field 0 = 0. the diagrams considered in this approximation are: 
at (9(A). the ••tadpole" (corresponding to the Hartree approximation), at 0(g2) the 
"eye'* and at ö(\2). the ••sunset" (see figure below). 

XL 
"tadpole" 

O 
"eye" 

-e-
"sunset" 

The "eye" and •'sunset*' diagrams account for scattering between the modes, and 
hence can lead to equilibration. With non-vanishing mean field, there are additional 
diagrams due to the interaction with 0. In this section we obtain the equations of 
motion in this approximation for arbi trary values of the couplings g, A and a. 

Splitting the self-energy into a local and a nonlocal part as 

Z(.v.y) = ZL(x)6c(x.y) + ^L(x.y). (6.6) 
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Chapter 6. Non-equilibrium dynamics with the 2PI effective action 

we obtain explicitly. 

ZL(.r) = fio(x) + - [iG(x.x) + o(x] 

£ A L 
(x,y) = i-gMï)G(x.y)2gei,(y) ~ ^rG{x.yf. 

(6.7) 

(6.8) 

We shall focus on the s tudy of the dynamics of the statistical and spectral correlators 
F and /; that are described in chapter 2. Because of their nice properties, the 2-
point functions F and p are suited for numerical simulations. Indeed, they are real. 
satisfy simple symmetry relations, and contain significant information about particle 
propert ies of the system. From the discussion in chapter 2. the equations of motion 
for I he correlators F and p are 

(02 + in2 + ZL)F{x. y) = + dz0 ^(x,z)F(z,y)- / dz0 / E / ; '(.r. z)p(,j. z) 

(d2
x + m2 + T.L)p(x. y) = + / dz0 / Y,p{x, z)p(z. y), for xQ > y0. 

(6.9) 

(6.10) 
V" 

The self-energies S and £ ' ' are obtained from the various contour components of 
the non-local part HNL as 

oiVL\> >NL\< EF(x,y) = ^[(i:NLr («Iy)+(EJVL)"(x.y) 

Z?(x,y) = (l;NL)<(x,y)-(ZNL)>(X,y). 

(6.1i; 

(6.12] 

Wi th the self-energy (6.8). they become 

£ F ( . r . .y) = fkid-r)<k-i\jy) 
2 

F(x,y)2-
4 

+ ^F(x.y) 
o 

F(x,y)2-
3p(x,y)' 

4 

S"(.r. y) = geS(x)ges(y) [F(x. y)p(x. yf] + —p(x. y) 3 F ( . r . , y ) 2 - P(x< !J) 
4 

21 

(6.13) 

(6.14) 

With the self-energies E r and I / ' given by (6.13-6.14). we can determine the evolution 
of F and p from the equations of motion (6.9-6.10), which form now a set of closed 
coupled equations. Note t ha t these equations are explicitly real and causal. The 
driving terms consist of nonlocal "memory" integrals that contain the information 
about the earlier stages of the evolution. 

For the mean field O. the equation of motion is determined from (1.26) which, for 
the t runcat ion considered here, becomes 

{% + M}(x))4>(x) = -a-±gFfaz) 

- jM.,<) 3F{x. z)2 -
p(x, 

ffeffl (6.15) 
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6.1. Thermalization in scalar tp3 + ^ 4 theory in 3+1 dimensions 

with 
M2(x) = m2 + ±<j>(x)2 + | o ( x ) + l-XF(x,x). (6.16) 

In this truncation of the 2PI effective action, the energy density is determined from 
the expectation value of the energy-momentum component T°°. In ^-derivable ap
proximations, it takes the form (sec (4.54)) 

wx,*» =^ 2 -
dtdt'+dxdX'+m' (F(x.x ' :? . / ' )+o(x. i )0(x . / ' ; 

t=t 
(6.17) 

Here C,{x) is an auxiliary scale factor introduced in the coupling constant g. A and 
a. which is taken eventually to 1. For the truncation of the 2PI effective action 
considered here, the energy density becomes 

(Tooyl\x.t) = \ [<9,0(x.f)]2 + i [yxo(x./) • dx0(x.t)f 

+ ]-dtdrF(^K:t.t')\l=l, + i c > x - d y F ( x , x ; M ) | x = y 

+ i m 2 [o2(x,*) + F ( x , x ; M ) ] + -^Ao(x./)4 + g j # ( x , t ) 3 + TO(X, / ) 

+ i<?F(x. x; f. *U(x, f) + -AF(x. X: t. i)0(x, f)2 + -AF(x, x: t. tf 
2 4 o 

d^O / rfz <Jfeff(x. t) p(x , Z ; t , Z o ) _ 3 p ( x , z ; M o ) F ( x , z ; ^ ) 2 Peft(Z, 2 0 ; 

dz 
p(x. z: t. 

1 
-F(x ,z ; ( . :„ ) 2 F(x.z:f. 20)p(x.z:i,ao)-

(6.18; 

The equations of motion (6.9). (6.10) and (6.15). though seemingly complicated, can 
nevertheless be tackled numerically. We perforin a numerical analysis of the equations 
of motion in the next section. 

6.1.3. Numerical analysis 

We study the non-equilibrium evolution of the propagators F and p by solving 
numerically the equations of motion (6.9) and (6.10). We shall take g = a = 0. and 
thus study ip4 theory, both in its symmetric and broken phase. We shall consider 
the system to be discretized on a space-time lattice with a finite spatial volume and 
spatially periodic boundary conditions. The lattice provides a cutoff and regularizes 
the ultraviolet divergent terms in the continuum limit, which must be renormalized. 
For our purpose it is enough to introduce an approximate renormalization that ensures 
that the relevant length scales in our simulations are much larger than the lattice 
spacing a. This is done by introducing a renormalized mass m2

R as rn2 —> m2
R — 5m2, 

with dm a mass counterterm. We take the mass counterterm Sm2 to be given by the 
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Chapter 6. Non-equilibrium dynamics with the 2PI effective action 

1-loop zero-temperature perturbative contribution (either in the symmetric or broken 
phase, accordingly), calculated on the lat t ice2 . This choice ensures tha t the "output" 
vacuum effective mass obtained in simulations is smaller than 1/a. and also close 
to the renormalized mass m # . A proper continuum renormalization would require a 
self-consistent analysis of the divergences that involves, in addition, a renormalization 
of the coupling constant [186. 189] (see also section 4.4). Nevertheless, we shall not 
pursue here an exact continuum renormalization. The approximate renormalization 
described above suffices for our purposes. 

For large times, finite computer memory is one of the main numerical impediments. 
Th is requires us to cut off the memory kernels in the equations of motion. The cut in 
the memory kernel is est imated by studying the evolution of the self-energies Y,p(t.t) 
and £ p ( r . r ) and checking when they become negligible. By verifying that the total 
energy density (6.18) is conserved, we can judge whether the discarded memory was 
indeed unimportant for the dynamics. 

Initial conditions 

Let us consider a spatially homogeneous situation. In that case, we can perform 
a Fourier transformation and study the propagator modes pp(t.t') and Fp(t.t'). In 
addi t ion, the mean field only depends on time. To completely determine the time 
evolution, the equations of motion (6.9), (6.10) and (6.15) must be supplemented 
with initial conditions at t = t' = (). Because of the fact that p corresponds to the 
expectat ion value of the commuta tor of two fields, it satisfies the equal-time properties 
(see also eq. (2.32)) 

Pp(t.t)=(). dtpp{tA')\t=t, = 1, (6.19) 

which completely determine the initial condit ion for the spectral function. 
For the statistical correlator F, the initial conditions are specified by its value and 

its derivatives at initial time. This condition can be implemented through 

^ • O U = 0 
i 

<JP 
p (6.20) 

dtFp(t,t%=t,=0 = 0, (6.21) 

dtdt>Fp{tt%=t,: (6.22) 

where np is some distr ibution function and u,'k = \fm2
n + k 2 . with inR the renor

malized mass 3 This initial condition corresponds to a gaussian density matrix. For 
a thermal initial condition, one can take np to be a Bose-Einstcin distribution with 
some tempera ture 7'. To s tudy a far-from-equilibrium situation, we consider the initial 

2For a detailed description of this point we refer the reader to [205]. 
• The real-time momenta and frequencies appearing in this section arc denned on the lattice (see 

for instance [123, 206]). In particular, the spatial momenta (in lattice units) is defined as k = 
]T\ 2 — 2 cos ( n"'" J . with L the lattice size, a the lattice spacing and n, — -N/2 + 1, • • • , N/2, 
being N the number of lattice sites. 
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6.1. Thermalization in scalar p3 + ip4 theory in 3+1 dimensions 

condition in which only a range of moment urn modes p 2
l i n < p 2 < p,2

liax is occupied. 
This distribution function is given by 

"p = ' / # ( P L X - P2)0(P2 - Pmin) (6-23) 

This initial condition is similar to the so-called "tsunami" used in the literature [163. 
207]. It mimics the situation of two colliding wave packets, representing in this manner 
an initial condition clearly far from equilibrium. 

In the numerical analysis presented in the next section we shall consider g = a = 0. 
so we have basically ^ 4 theory. We study both the symmetric and broken phase. 
As initial conditions for the mean fields we take them a bit displaced from their 
equilibrium values, both in the symmetric and broken phase. In that way. we can 
study their relaxation to equilibrium, and hence obtain an estimate for the damping 
rate. 

Observables 

As the system evolves in time, we expect, the scattering processes to lead to equilib
ration. The occupation numbers of the momentum modes are expected to gradually 
approach a Bose-Einstein distribution at sufficiently weak coupling. The statistical 
information about the evolving system can be extracted from the equal-time correla
tion function Fp(t.t). We can use Fp to define a quasiparticle distribution function 
as [208, 209. 1G3] 

"P(0 + \ = y/dtdt'Fpit.t'^Fpit.t). (6.24) 

The time-dependent quasiparticle energies can be defined similarly as 

"P(O = \/ ; ; , , : • (6-2s: 
'dtdvFp(t,t')t=t, 

FP(t.t] 

which determines the dispersion relation. Both definitions (6.24) and (6.25) are exact 
for a free quasiparticle system in equilibrium. From the studies in 1+1 and 2+1 
dimensions [162. 163. 166]. we expect the system to rapidly exhibit a quasiparticle 
structure, so the definitions (6.24) and (6.25) should be valid for late enough times. 
We shall see in next section that this is indeed the case. 

Once the system is close to equilibrium, we can read from (6.25) the effective 
quasiparticle mass mes(t) by using 

up(t) = c(t) v / m ^ O + P 2 - (6.26) 

where the constant term c(t) is a measure of the "speed of light". The temperature 
Teff and chemical potential /ieff. on the other hand, can be determined by fitting the 
occupation number (6.24) to a Bose-Einstein distribution 

nJt) = -, l- : (6.27) 
PV

 e ^ f T " ) ( ^ p ( ' ) - / W ) ) _ 1 
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F i g u r e 6 . 1 : Evolution in time of the occupation numbers np against u>p, for the "tsunami" initial 
condition Tip(f = 0) = 2 0(3—;p 2 )0(p 2 —1). Wc compare the results of the <t>-derivable 
approximation with the sunset diagram (gray dots) and the Hartree approximation 
(black dots). 

with #eff(£) = Teff . T h e fit is conveniently done by using 

n 1 + - = 
re f 

Teff ' 
(6.28) 

We shall also s tudy the t ime evolution of The energy density (6.18). checking that it. 
is conserved, as we expect from the discussion in section 4.2.1. 

Symmetric phase 

Here we consider the evolution of the system with the "tsunami" initial condition 
(6.23). in the symmetr ic phase, with pfuiu = 1. p m a x = 3 and // = 2. We take the 
initial mean field <p(t = 0) = 0. The simulations are performed on a space lattice with 
163 sites and lattice spacing m Ra = 0.7. The lattice spacing in the time coordinate 
is at — 0.1a and the couplings are taken to be A = 6 and mRg = Ü. All quantities 
shall be expressed in lattice units. 

To s tudy the approach to equilibrium, we let the system evolve- until late times, and 
s tudy the t ime evolution of the occupation numbers np and the dispersion relation (a>p 
as a function of p 2 ) . In Fig. 6.1. we show the evolution of np vs. ajp. We compare the 
t runcat ion of the 2PI effective action considered here with the Hartree approximation. 
In the Hartree approximation, there is no equilibration. In our truncation, which 
includes also the sunset diagram, we observe tha t , the energy in the excited modes 
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6.1. Thermalization in scalar f3 + y 1 theory in 3- f l dimensions 

F i g u r e 6.2: Time evolution of the dispersion relation (c^2, vs. p 2 ) in the symmetric: phase. 

500 1000 1500 2000 2500 3000 

m.t 

F i g u r e 6 .3 : The Occupation numbers in the F i g u r e 6.4: Evolution of the effective temper-
form log(l + 1/rifc) at very long ature Teff and chemical potential 
times mnt > 3000. The chemical ^ c f f for long times (in renormalized 
potential moves slowly towards 0. mass units). 

is distributed via scattering, which leads eventually to a thermal distribution. In 
Fig. 6.2 we follow the evolution of the dispersion relation. The scattering processes 
gradually convert it to a quasiparticle dispersion relation (a linear fit). 

At times mnt % 500. the dispersion relation has almost equilibrated. It is stable 
and no much difference is observed at later times. 

At very long times, we can compare the occupation numbers to a Bose-Einstein 
distribution, as described above. In Fig. C.3 we show the evolution of ln(l + l / n p ) for 
long times. It can be nicely fitted with a straight line, which corresponds to a Bose-
Einstein distribution. In that manner, we can determine the time dependence of the 
effective temperature Teff and chemical potential //eff . Their evolution is described 
in Fig. 6.4. In Fig. 6.3 the occupation numbers move very slowly towards smaller 
chemical potential (the intercept in the u;p-axis). In Fig. 6.4 we can observe that, 
indeed, after some quivering, the chemical potential decreases steadily. We conclude 
that chemical equilibration is taking place. The self-consistency of the ^-derivable 
approximation considered here, which includes scattering through the sunset diagram, 
allows to take into account off-shell effects. From the discussion in section 2.4.1, we 
see that this includes particle-number non-conserving scattering (such as 1 <-> 3), 
which allows for chemical equilibration. Note that approaches that only take into 
account on-shell scattering, as is the case of the Boltzmann equation, describe only 
binary collisions 2 *-» 2. and thus cannot account for chemical equilibration. 

The resulting effective mass can be read from the dispersion relation. At mnt ~ 
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Chapter 6. Non-equilibrium dynamics with the 2PI effective action 

3000, the effective mass is given by 

m e f f « 0 . 8 3 , c = 1.00. (6.29) 

It is interesting to compare the observed mass with an analytical estimate. At 1-loop 
in per turba t ion theory, the effective mass comes from the finite tempera ture par t of 
t he tadpole diagram, which was computed in section 2.6. and the result was given by 
(2.130). Since the contribution from the tadpole is a constant, equation (2.130) could 
be used to resum all the tadpole contributions, and hence obtain the result for the 
2-loop ^-derivable approximation. We shall compare our numerical results with the 
2-loop ^-derivable approximation. To be closer to the numerical results, where the 
s tat is t ical information is read from the correlator F. we shall write the gap equations 
at 2-loop in te rms of F. At 2-loop in the functional <I>. only the local part of the 
self-energy contributes (see eq. (6.7)). Thus , at a given time f. the finite gap equation 
for the effective mass reads 

m2
s{t) = rn2

R + £ L ( f ) + dm2 = m\ + - I 7^^(1-1) + Snr (6.30) 

T h e mass counterterm Sm is given by the vacuum part of the 1-loop self-energy, 
similar to what was done in the numerical analysis 4 . The correlator F in the above 
equat ion is taken of the form 

F k ( M ) = M*) + 2 (6.31) 

with /?k given by a Bose-Einstein distribution funcion. with the tempera ture and 
chemical potential given by those that are obtained from the simulations at t ime r. 
and o-'k is taken in terms of the effective mass to be ^kit) = \/k2 + mN(t)2. The 
result for the effective mass ms(T, fi) is then determined by the self-consistent "gap" 
equation 

in-
•>, m x 2 x f d3k nk(t;T,u) , AT2 f* , \/x* - T . 

m2
s(t;T,n) = m2

R + - / — — h ' =n>ji + — / dx ] T . 6.32 
2 ./ {2nY Wk(t) A-K2 Jma/T ey-T) - i 

For both the t empera ture T % I.ISUIR and chemical potential // % 1.05 rriR tha t we 
read at times in^t % 3000. together with the coupling A = 6. the analytical est imate 
for t he effective mass is found to be m,s ~ 0.835. which is quite close to the numerical 
result (6.29). Hence, the contribution from the sunset diagram to the mass seems to 
be small, relative to the 2-loop approximation. 

We followed the approach to equilibrium for several initial conditions. In 3 + 1 
dimensions we find, like the studies in 1 + 1 [162] and 2+1 dimensions [166], tha t the 
final occupation numbers are uniquely determined by the initial energy density. The 
fine details of the initial distribution are lost (the system looses its memory). We find 
faster equilibration with higher energy density. 

4 We stress again that this is an approximate renormalization, and a rigorous analysis in the 
continuum would require also the introduction of coupling constant counterterms [186, 188]. The 
way renormalization is presented here is however closer to the finite lattice renormalization performed 
in tlie numerical analysis so it allows for a better comparison of the results. 
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6.1. Thermalization in scalar tp3 + ip4 theory in 3 + 1 dimensions 

Symmetric phase: M e a n field damping 

Here we consider a situation already in thermal equilibrium, where the mean field 
is displaced slightly away from its equilibrium value o = 0. This allows us to s tudy 
the response of the system to small per turbat ions. The initial position of the mean 
field is taken o(t = 0) = 0.1. For such a small perturbation, the mean field is expected 
to perform a damped oscillation 

o{t) = o{t = 0 ) e ~ r ' cos (m o u t i ) . (6.33) 

Here m o u t is the "output" mass scale coming from the simulations.' ' Fi t t ing the 
evolution of the mean field with (6.33) allows us to extract a damping rate V. which, 
in general, will depend on the strength of the coupling and the temperature . 

F i g u r e 6.5: Time evolution ó(l) of the initially displaced mean field <?(f = 0) = 0.1 in the vacuum 
(T = 0, gray line) and a thermal bath (T = 2. black line). 

The evolution of the mean field in a thermal ba th at T = 0 and T = 2 is shown in 
figure 6.5. In both cases the system reacts to the perturbat ion, resulting in a damping 
of the mean field. Notice tha t this damping occurs even for T = 0. For finite T, the 
damping is faster the higher the temperature . For high temperatures (T 3> meff), 
perturbative estimates with the sunset diagram give a damping rate [122. 119] 

A 2T 2 

r = K -= , (6.34) 
2567rzraeff?7ifl 

with K ~ 0.57, so that T = 0.()0()23A2T2/meff. Based on the perturbative est imate we 
show in Fig. 6.6 a plot of the damping rate against A2T2/meff (all in lattice units) . 
We can fit it nicelv with a straight line 

T = 0.00033+ 0.00025-
A2r2 

meff 
(6.35) 

where the slope agrees, surprisingly well6, with the high-temperature est imate (6.34). 
The constant term in (6.35) represents the damping of the mean field in the vacuum 
(T = 0). 

'We found that m o u t ~ me(f. 
C rrhe temperatures used in Fig. 6.6 are T = 0. 1.2 (in lattice units), which are not so large 

comparing to the mass mcff ~ 0.83. 

115 



Chapter 6. Non-equilibrium dynamics with the 2PI effective action 
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F i g u r e 6.6: Mean field damping rate T against A T /m e f j . 
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F i g u r e 6.7: Time evolution in the broken phase of the occupation numbers (ln(l -I- 1/n.p) vs. u^p. 
above) and the dispersion relation (Wp vs. p 2 . below), in the approximation considering 
the "eye" diagrams. 

Broken phase 

We study in this section equilibration in the broken phase. The mean field is taken 
initially to be at the tree-level estimate ó(t — 0) = v. This is not the self-consistent 
vacuum solution of the 2PI effective action considered, but a bit displaced from it. 
Due to this initial displacement, the mean field will oscillate and damp, as in the 
case above, to its equilibrium value. For the propagators we take the same "tsunami" 
initial condition as in the symmetr ic case. Because of the non-zero mean field, we have 
the effective 3-point coupling ges = \0. In order not to have a very large coupling 
<7eff in the broken phase, we choose the coupling to be smaller. A = 1. In tha t case 
<y(,fi % Ac « 1.7 

Having bo th a 3- and a 4-point coupling in the broken phase allows us to s tudy 
two different approximations for equilibration: The ^-derivable approximations tha t 
consider both the "eye" and the "sunset" diagrams for the self-energy, and the one 
that only considers the "eye" diagrams. Both "sunset" and "eye" diagrams account 
for scattering, thus they can lead to equilibration. From the perturbative calcula-
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••O 

> 
- ^ , 

F i g u r e 6.8: Time evolution in the broken phase of the occupation numbers (ln(l + l / n p ) vs. -c'p. 
upper plot) and the dispersion relation (u>p vs. p 2 . lower plot), in the approximation 
considering both the "eye" and the "sunset" diagrams. 

tion performed in section 2.G we know that, on-shell, the "eye" diagram does not 
contribute to damping. The self-consistency of the ^-derivable approximation with 
the "eye" diagram, however, allows to account for off-shell scattering as well. From 
a perturbative point of view, the ^-derivable approximation resums all the iterated 
"eyev diagrams. Starting at 2-loop. those diagrams contribute to off-shell damping. 
Our 2PI effective action approach takes nicely into account all those contributions. 
The evolution of the occupation numbers ln(l + l / n p ) and the dispersion relation 
is shown in Fig. G.7. With the sunset, equilibration is faster, as one can see from 
Fig. 6.8. where the evolution of the particle numbers and the dispersion relation is 
shown. With only the eye diagrams, the off-shell scattering effects taken into account 
with the 2PI effective action are sizeable, and equilibration occurs just a bit slower 
than with the sunset diagrams. 

6.2. Phase transition dynamics in the O(N) model 

During a second order phase transition, the system goes from a symmetric phase 
to a broken phase where the vacua are degenerate. As we cross the transition point, 
long wavelength fluctuations become unstable, begin to grow, and the field becomes 
correlated over larger and larger distances. This leads to the formation of correlated 
domains. If the initial value of the order parameter (the volume average of the mean 
field) is zero, it will remain zero throughout the transition. Inside each domain the 
order parameter acquires non-zero values, but the total volume average of the field 
remains zero. These domains will grow in time, leading to the process of phase 
separation, or spinodal decomposition. The growth of the long wavelength modes that 
triggers the phase separation are due to the ocurrencc of spinodal instabilities. This 
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phenomenon is familiar from condensed ma t t e r physics, in particular, from the study 
of phase transitions in alloys, binary fluids and liquid crystals [210]. The investigation 
of the non-equilibrium dynamics during phase transit ions is also relevant in problems 
in part ic le physics and cosmology, in particular, to s tudy the formation of disoriented 
chiral condensates in heavy-ion collisions [211] or the formation of defects during 
the electroweak and the QCD phase transitions that occurred in the early universe. 
Another important application in cosmology is the description of the reheating process 
tha t took place after inflation. The importance of the spinodal instabilities associated 
with the low momen tum modes has heen recently recognised to play a fundamental 
role in t he description of the process of reheating [13. 212]. In this context, the term 
tachyonic preheating has been coined for the particle production due to the spinodal 
instabilities. 

T h e dynamics of phase separation via spinodal instabilities have been studied in 
t he context of scalar field theories with several methods, including perturbative [213]. 
Har t r ee [214] and (leading-order) large-iV approximations [7]. The description of the 
initial growth of the fluctuations is correctly described within these approximations. 
T h e Hartree and leading-order largc-.V also account (partially) for the non-linear 
effects tha t shut off the instability and are responsible for the slow down of the domain 
growth. However, since these approximations neglect scattering, they cannot describe 
the approach to thermalization in the later stages of the evolution. Based on the 
observation that particle production during the instability leads to large occupation 
numbers , a classical approximation seems reasonable. The classical approximation 
seems to be adequate in describing the dynamics due to the efficiency of the spinodal 
instabil i ty in producing particles [212. 13]. This has encouraged interesting studies 
on o ther related issues, such as the investigation of baryogenesis during a tachyonic 
electroweak transi t ion [27. 28. 29]. 

In this section we will s tudy the dynamics of phase separation from the point of 
view of the 2PI effective action. We shall focus on scalar O(N) models and use an 
expansion in 1/N [164. 200]. We will consider a truncation of the action to next-to-
leading order. This t runcat ion takes into account quantum fluctuations and. unlike 
t he Har t ree or leading-order large-A', it accounts for scattering between the modes. 

6.2.1. The model 

T h e scalar O(N) model is described by the lagrangian 

£ = -d^n(x)d^a(.r) - -m2<pa(x)<pa{x) - — {<pa{x)<pa{x)f 

Here tpa is a real scalar field with a = 1 N components (stimulation over repeated 
indices is understood). The inverse of the bare propagator is given by 

G S i f o y ) = *«* {-dl - m 2 ) 6c(x,y). (6.37) 
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6.2. Phase transition dynamics in the 0(N) model 

The vertex T0 is defined as 

tfLcdfa V) = ^ab8cd5c(x, y)^, (6.38) 
A 

3A' 

where the semicolon separates equal indices. The vertex rf, ab.cd is syniinctric under 
the exchange a «-> b. c <-» c/ and {0.6} «-» {c,d}. It corresponds to one of the 
three channels of the full classical vertex. The reason for introducing this not fully 
symmetric vertex function is that it allows us to adequately organize the expansion 
in 1/Ar (see eq. (6.49) and following). Classically, for in2 > 0 the lagrangian is 
symmetric under 0{N) rotations of the field. For nr < 0, however, the symmetry 
is spontaneously broken down to 0{N - 1). with N - 1 Goldstone bosons. This 
spontaneous symmetry breaking leads to degenerate minima at 

'6N\m?\ ... . 
y.nin = v = y . (6.39) 

There are several important reasons to study the O(N) model. First of all, it serves as 
an effective model for studying the chiral phase transition which, according to lattice 
simulations, occurs in QCD and is expected to happen during relativistic heavy-
ion collision experiments at RHIC and CERN. Indeed, the order parameter for the 
chiral transition is the condensate (QLQR)- It can be approximately described in 
terms of the QCD for two massless flavours (the up and down quarks), which has 
a SU(2)L x SU(2)n x ZA(2) symmetry [215]. Now. SU(2)L x SU(2)R x ZA(2) is 
isomorphic to 0(4). This implies that the effective lagrangian for the order parameter 
(<7L<7R) (*»J = 1,2) falls in the same universality class as the 0(4) model, with order 
parameter <f>a = (tpa) = (a,if) {a = 1.2.3.4) [216]. The field a describes the (qq) 
condensate, while the triplet n describes the pions. The dynamics of the QCD chiral 
transition can then be approximately described by the 0(4) model. In addition, 
the study of the phase transition dynamics of the 0(4) is relevant for the theory of 
(p)reheating in hybrid inflation [11]. In particular, it can be used to describe the Higgs 
dynamics in these models. To keep the discussion general, however, we shall mantain 
an arbitrary number N of field components. This enables us to use non-perturbative 
approximations based on the 1/N expansion. 

6.2.2. Spinodal instabilities 

Consider the situation where the system undergoes a rapid phase-transition from 
the symmetric to the broken phase. This can be modelled by introducing the following 
time-dependence in the potential 

1 i, v 9 A , 9N2 . , \m2(t) = \m2\ for t < 0. 
! % ) - 5 m W + 5 ü r M -th („,,,„ = '_,„;,, for4>0 (6-40) 

This "quenched" scenario is justified if the mechanism driving the phase transition is 
much faster comparing to the typical dynamical time scales of the theory. This could 
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be the case, for example, after a period of inflation, in the case of a sudden coupling 
to a heat ba th at a much lower temperature, or if the system is coupled to other fields 
wi th faster dynamics. 

We consider the system to be initially prepared in equilibrium at a tempera ture T 
in the symmetric phase. The mean field o is zero at the minimum of the symmetric 
potent ial . It will remain zero throughout the transition. For relatively weak couplings, 
the initial stages of the dynamics can be approximately described by the linearized 
Heisenberg equations of motion. For the field modes 

: k . n = d\i — > k x f x . / ) . (6.4i; 

t he Heisenberg equations of motion arc given, close to the niininnm tp = 0. by 

^ + k2 J ;-(k. t) = -V'itp) = -V'(O) - V"(O)0(k, t) + ö(<p2). (6.42) 

Here m2(t) = V"(0). From (6.42). we see that the field equation of motion is just 
tha t of a harmonic oscillator (an inverted harmonic oscillator for the case f > 0). For 
definitcness. let us assume tha t , close to t = 0. the field is described by the free theory. 
For t imes t < 0. the field can then be expressed in terms of creation and annihilation 
opera tors as' 

<p(k, t)= T = ( a A . e - ' ^ + f + cf_ké< ' ) . (6.43) 
2c 

After the quench, for f > 0. we parametrize the field as 

I 
(M) = ake 

t + 6ke
i^' (6.44) 

where, in both eqns. (6.43) and (6.44), u>£ = ^ k 2 ± in2. Notice tha t , for r > 0. the 
modes with momenta k 2 < \m2\ lead to imaginary frequencies 

W k 2 < | ,2I = v /k 2 - \m2\ = iJ\m2\ - k 2 = i\\u. (6.45) 

The field operator for those modes is no longer made of oscillatory, but of exponen
tially growing (and decreasing) functions. These unstable modes are responsible for 
the spinodal instabilities that lead to phase separation, as we explain below. The 
opera tors a and 0 are related to a and a 1 by matching the field operators (p a t time 
t = 0. This yields 

& k = 

ak = 

1 

1 

" 2 

Yn-— 
Lv wk 

[(i-£ 
LV ^ k 

ak 1 -

b ak + 1 + - ^ 

'We use here the notation of [27]. See also [213. 21" 

At 
' - A -

"-k (6.46) 
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6.2. Phase transition dynamics in the O(N) model 

Lei us study the time dependence of the fluctuations, which can be adequately de
scribed by the statistical 2-point function Fk(t,t') (see chapter 2). At equal times 
t - t'. it is given by F^(t. t') = {^(OV-kCO)- Since the system was in thermal equi
librium at t < 0. we can make use the periodicity condition F^(t — ifi.t) = Fk(t,t). 
Using this fact and eqns. (6.43-6.46) one obtains, for t > 0. 

Fk(t.t) = l+2n(wr 
1 + j 1 + 

1 + j f l - (u>7 )= 

[cosh(2H'k0 - 1] | for k2 < 

- f l - l U fork2> COS{ ZuJ, 

I I ) -

irr 
(6.47) 

where n{ut) = (akak) is the Bose-Einstein distribution function. For the stable 
modes (k2 > |m2 |). F^t.t) is similar to the equilibrium case and is given by an 
oscillatory function. For the unstable modes, however, one obtains, for large enough 
times (t > l/2Wk) 

Fkfct)«^(n(u£)+i n 2Wkt (6.48; 

From (6.48) one sees that the fluctuations of the unstable modes, which have long 
wavelength, grow exponentially. As time increases, the field correlates over larger and 
larger distances, leading to the formation of domains, whose size grows like ~ Vt 
[214]. 

This analysis was done for fields near I he minimum ot I he symmetric phase. As I he 
fluctuations grow, the fields start to take nonzero values which become larger with 
time. Non-linear effects due to the interactions then enter into the field equations 
of motion. Several self-consistent approximations to study these non-linear effects 
have been studied, including the Hartree [214] and the leading-order large-iV approx
imations [7]. They indicate that the exponential growth of the flutuations shuts off 
eventually. Unfortunately, the schemes employed in [214. 7] cannot describe the equi
libration of the modes following the slow down of the domain growth. In the coming 
sections we shall use the \/N expansion of the 2PI effective action to describe the 
effect of the non-linearities in the evolution. 

6.2.3. 2PI effective action and 1/JV expansion 

In this section we construct the 2PI effective action for the O(N) model. In general, 
the 2PI effective action depends both on the macroscopic mean field <ba{x) — {<pa(x)) 
and on the propagator Gab(x,y) = —i(Tc<pa{x)(pb{y)) (see chapter 4). In the case of 
spinodal decomposition we shall focus on a system with homogenous and vanishing 
mean field. This does not necessarily mean that we are in the symmetric phase. If 
ó = Ü in the symmetric phase before the transition, it will remain zero in the broken 
phase. Of course, for a given realization of the system, the field tp will acquire non
zero values and it will be correlated inside domains. The (quantum) ensemble average 
over these realizations, however, yields a vanishing mean field. The dynamics of the 
phase transition will be driven by the fluctuations encoded in the propagator Gab. 
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Chapter 6. Non-equil ibrium dynamics with the 2PI effective action 

For a vanishing mean field, we can take Gc,b = babG as there is no preferred O(N) 
component . We shall s tudy in this section the 2PI effective action T[G]. 

T h e advantages of using the 2PI effective action to study non-equilibrium dynamics 
in the l/N expansion are many: First, it provides a description of the large-time be
haviour of the system since it is free of secular terms [164]. This is not the ease for the 
s t andard l/N expansion of the 1PI effective action [84]. Second, the l/N expansion 
is non-per turbat ive in the coupling A. Most importantly, the l/N expansion of the 
2PI effective action can be used to describe the dynamics at nonperturbatively large 
particle densities [168], as we shall discuss below. In addition, the 2PI effective action 
can account nicely for the organization of the various orders in the 1/A" expansion, 
provided appropiate vertex summations are supplemented [164, 200]. 

To have a bet ter understanding of the organization of the 1/A" expansion in terms 
of diagrams, let us consider the Schwinger-Dyson equations for the 2-and 4-point 
function in the O(N) model. For vanishing mean field, the SDE for the self-energy >J 
and the 4-point vertex F*1 ' defined in (6.38). are given by 

- /"£ = (6.49) 

(6.50) 

The Feynman rules for these diagrams are 

= - '-^öaböcd-

— iGat, — i(\,),C 

I UI = r^M = r^6ab5cd. (6.5i; 

T h e vertex used here correspond to only one of the channels of the fully symmetric 
one (hence the 1/3 in the Feynman rule). The dashes between two legs of a vertex arc 
to indicate tha t both legs share the same O(N) index8 . The reason we use this vertex 
instead of the fully symmetric is that it is much more convenient for the organization 
of the diagrams in the l/N expansion. 

The procedure to count the order in the l/N expansion of a given diagram is the 
following: s ta r t ing from an arbitrary dash in a vertex, follow it along the lines until 
another vertex is reached. At the new vertex, follow the line that shares the same 
O(N) index. Proceed until the starting dash from the original vertex is found again. 
This counts a trace over O(N) indices in the diagram and yields a factor A7. Apply 

8 To be more precise, the dashes indicate which one of the three products of Kronecker deltas that 
appear in the fully symmetric vertex r(4^ahc<l ~ l/3(SnbSi)r + öac^bd + ^ad^bc) is taken. 
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this operation to all the dashes that have not been found in previous steps, to find 
all the traces in the diagram, each giving a factor TV. Together with the factors 
1/TV coming from the vertices, one obtains the order of the diagram. Applying this 
operation to the diagrams in (G.49-6.50) we find the following organization: 

• The leading order (LO). which is obtained by taking Ar —> oc. is given by the 
first diagram in the SDE for the self-energy. By using this self-energy, one can 
derive, with the method described in chapter 4. the 2PI effective action 

rLo[G] = ^ T r f l n G - 1 + (Go1 - G-1) • G\ - IAK (6.52) 

with the functional <£> at LO given by 

(6.53) 

This approximation has been studied extensively both in equilibrium [218. 219, 
220] and out of equilibrium [221. 222. 223. 224. 225. 226]. It is relatively easy t o 
simulate on the computer. In addition, the self-consistent propagator obtained 
by solving the gap equation corresponding to the stat ionary point of (6.53). 
satisfies Goldstone"s theorem.9 

Another related and interesting approximation is given by considering also the 
second diagram of the self-energy (6.49). This corresponds to the Hartree ap
proximation. It takes into acccount all the 1-loop local terms to the self-energy, 
which include some next-to-leading-order (NLO) corrections 10. It does not, 
however, comply with Goldstone's theorem [197]. as can be easily checked with 
(5.26). The main problem associated with both the LO large-TV and the Hartree 
approximation is that they fail to describe 

scattering, so they cannot reproduce, in particular, the dynamics leading to 
thcrmalizat ion1 1 . 

The next-to-leading order (NLO) approximation is given by the first three dia
grams contributing to the self-energy (6.49). It takes into account ö(lfN) 
corrections. The third self-energy diagram involves a dressed 4-point vertex, 
which is obtained from the vertex SDE (6.50). Notice that , the first two dia
grams in (6.50) are of 0(l/N). so both must be included. This approximation 

9This can be explicitly shown by applying the Goldstone condition (5.26) to the leading-order 
2P1 effective action with mean fields 

r[ö.G*] = S[4>] + ^Tr [ lnG _ 1 + (G^1 - G' (6.541 

^Generalizations of the Hartree approximations including higher-loop "local-like'" diagrams have 
been proposed based on the so-called two-point-particlc-irredncible (2PP1) effective action [227. 228. 
229. 230]. At two-loop, they also take into account off-shell effects into the screening masses. 

1 ' With inhomogeneous mean fields, however, some of the early approach to equilibrium can be 
recovered [209. 231] 
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is described by the 2PI effective action with the functional 3>NLO given by [164] 

(6.55) 
r -i v̂ _y i u v_x 

toeether with the vertex summation 

IXI I (6.56) 

The iterative solution of this equation shows that this vertex, at NLO. is given 
by an infinite chain of bubble diagrams 

16.57) 

By following the considerations of section 4.5 (see also appendix 4.A), the NLO 
approximation can also be written as the 4PI effective action 

r[G.r(4 

(6.58) 

The advantage of the NLO is that, unlike the leading-order or Hartree approx
imations, it includes scattering. The 2PI effective action (6.55) has been applied 
succesfully to the study of late-time dynamics and thorinalization in the O(N) 
model [164. 142]. It has also been generalized to the case of non-vanishing mean 
field [200]. We shall mak- use of the 2PI (or 4PI) effective action at NLO in the 
study of phase transition dynamics presented below. The main reason why we 
consider the 1/JV expansion is that it is suited to study a situation with large 
particle densities, which is precisely what happens in the process of spinodal 
decomposition. The argument is the following. For large particle densities, 
the spectral function p can be neglected in comparison to F. as explained in 
chapter 3. This is the case where the classical approximation is applicable12. 
We also saw in chapter 2 that, in terms of the Keldysh basis {fi. A} and for 
huge1 occupation numbers, only the coupling between three ^p fields and one A 
field survives. This implies that, according to the notation of (3.17). the NLO 
vertex is approximately given by 

r^> — 
1 n » l " *£***• (6.59) 

In the spinodal decomposition, the unstable modes arc greatly enhanced, cor
responding to the production of large particle numbers. From the discussion 

1 2Note that, in the case of spinodal decomposition, the classical approximation is justifiable only 
to the unstable long-wavelength modes. The stable high-momentum modes, and in particular, their 
scattering with the enhanced low-momentum modes, should be. in principle, studied in the quantum 
theory. 
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6.2. Phase transition dynamics in the O(X) model 

below, we shall see that the first order contribution from the quantum fluctu
ations gives a mass shift proportional to XF. i.e. eq. (6.75). The instability of the 
long-wavelength modes is then completely shut off when the contribution from 
the fluctuations overcomes the negative mass term. i.e. when F ~ m2/X. This 
corresponds to non-pcrturbatively large particle numbers n ~ A - 1 . In that case, 
each "bubble" in the vertex equation (6.59) is of the same order, since XF ~ 1. 
The vertex summation that belongs to the NLO accounts for all those "bubble" 
diagrams and is. in this manner, able to accomodate non-perturbatively large 
densities. A naive loop expansion would not capture those diagrams, and there
fore, would lead to wrong results as soon as the particle densities (or F) become 
nonperturbatively large. 

• The next-to-next-to-leading order (NNLO) is obtained, first of all. by taking into 
account all the diagrams appearing in the self-energy (6.49). For the vertices in 
the SDE (6.50). in addition to the first two terms (which are both of (D(l/N)), 
the rest, of the 1- and 2-loop diagrams must be included, which start contributing 
at 0{l/N2). We notice, however, that the latter contributions must be handled 
with care. Indeed, consider the iteration of the vertex equation (6.50) with the 
diagrams that begin contributing at NLO (i.e. the third to sixth diagrams in 
(6.50)). The zeroth iteration consists just of those same diagrams, but with all 
the vertices bare. In the first iteration, the terms of order 0(1/N2) are those 
resulting from inserting the previous diagrams (those of the zeroth iteration) 
into the first and the second diagrams. A further insertion gives terms which 
are of 0(1/N'3). Thus, only the third to sixth diagrams in (6.50) with bare 
vertices should be considered into the vertex equation. We see. however, that if 
we plug these vertices into the fourth self-energy diagram, it gives a contribution 
to next order, i.e. 0(1/N:i) (NNNLO). This indicates that the third to sixth 
diagrams must not included in the vertex equation (6.50). but they must be 
accounted for by including them somehow in the self-energy equation. A way to 
take into account the complete NNLO corrections can be then given by keeping 
the vertex equation as in (6.56) (NLO) and use the self-energy 

(6.60) 
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Chapter 6. Non-equilibrium dynamics with the 2PI effective action 

T h e corresponding «^-functional for the 2PI effective action is given bv 

*NNLo[G] = -
O 

1 ( -

(6.61 

The diagrams entering at NNLO in the 2PI effective action were also obtained 
in [200] in the context of the auxiliary field formulation (see. for instance. [221]). 
Because of the last three diagrams appearing in (6.61), which include additional 
loop integrations, the NNLO approximation is a very difficult problem to solve. 
oven numerically. For that reason, we will not consider (6.61). We can use 
(6.61), however, to establish the validity of the NLO approximation at largo 
particle numbers by comparing it with the NNLO. For the diagrams in (6.61). 
a similar analysis to the one performed in the NLO using the Koldysh basis can 
be used to determine their approximate values at large particle1 numbers. It is 
interesting to see tha t the first term entering at NNLO (the ••sunset" diagram) is 
precisely 2/N t imes the non-local contribution at NLO (which is also a '•sunset" 
diagram). The next NNLO diagram have an additional factor XF. Finally, the 
last two diagrams in (6.61) have an extra factor X2FT^V comparing to the first 
one. This indicates tha t , for large particle numbers. N must be taken sufficiently 
large such that the NLO truncation gives a reasonably good description of the 
full theory. For non-pert urbative large occupation numbers F > 1/A. however, 
because of the last two diagrams in (6.61). the NNLO becomes more important 
than the NLO. and the 1/A' expansion would not give a proper description of 
the dynamics. 

A last but interesting remark about the NNLO is that , unlike the NLO. it cannot 
be writ ten as a 4PI effective action (at least, from the procedure presented in 
chapter 4 ). 

6.2.4. Equations of motion 

At NLO. we consider the 2PI effective action (6.55) supplemented by the vertex 
equat ion (6.56). or oquivalentiy. the 4PI effective action (6.58). As the case before, the 
equat ions of motions are determined from the s tat ionary point of T K L O - i-o- eq. (4.30). 
On the real-time contour, this loads to t he Kadanoff-Baym equations (2.56-2.60). In 
the NLO. the corresponding self-energy is 

E[G] = 2 
ÖG < & - [6.62) 
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6.2. Phase transition dynamics in the O(.V) model 

and the full vertex T determined by (6.56). Explicitly, the self-energy equation be
comes 

Zab(x, y) = i-^r;5aböc{x. y)Gcc(x, x) + i—6c{x, y)Gab{x, x) 

-i^Gaf{x,y)[Gcd(x,z)Gee{xtz)rdeifb{ztv)1 (6.63) 

with the vertex 

rab;cd{x>y) = -^aiAdSc(x.y)— + iSnb— / Gge(x,z)Ggf{x,z)Tef.cci(z,y). (6.64) 

For the case of vanishing mean field we can evaluate (6.63) and (6.64) for the propag
ator Gab{x,y) = $abG{x.ij). Similarly, the self-energy can be written as £a/,(.r.y) = 
SabT.{x.y). In this situation, the index structure of the full vertex Ta,KCIi with respect 
to the O(N) indices is exactly the same as the bare one. as one can see easily from 
(6.64). Therefore, we can write Tab.cd{z.y) = SabScdT(z.y). For later convenience, we 
shall also extract a factor X/3N from the vertex by T(z.y) -> -(X/3N)I{z,y). With 
these considerations, eqns. (6.63) and (6.64) become 

£(*,y) = iX{N
6^

2)Sc(x.y)G(x.x) + '^G(x.y) I [G(x.zf I(z.y). (6.65) 

I(x,y) = löc(x.y) + i^ l\G(x.z)}2 I(z.y). (6.66) 

In this form, the LO and NLO contributions, behaving respectively as Ö{1) and 
Ö{\/N). are explicit. We separate both £ and / into a local part and a non-local 
part 

E(x.y) = EL(x)6c(x,y) + XNL(x,y), (6.67) 

/(,-./,) = IL(x)6c(x,y) + INL(x,y). (6.68) 

For the local parts we find 

ZL(x) = iX{N + 2)G(x,x), (6.69) 
OiV 

IL(x) = i. (6.70) 

With these, the non-local parts can be written as 

XNL(x,y) = -^G(x,y)INL(x,y), (6.71) 

INL(x, y) = ~ [G(x. yf +i± ƒ [G(x. zf INL(z. y). (6.72) 

Notice that the LO contributions are local, while all the non-local terms are of'NLO. 
From the discussion presented in chapter 2. one can see that these non-local contri
butions contain scattering. 
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For the statistical and spectral propagators F and p. the equations of motion arc 

{dl + M2{x))F{x,y)=+ I " dz0 JY."(x.z)F(z.y)- ["" dz0 [ EF(x. z)p(y.z). 

(6.73) 

(c>; + M2(x))p{x, y) = + I dzQ I Z"(x. z)p(z.y). for x0 > y0. (6.74) 
J tin -'z 

The local self-energy E contributes to the dynamics as a mass shift w2 —> M2(a 
vith 

2 , w . / M'ix) = r / r + E'i.r) =m 2
 , A(JV + 2; 

G.V 
F(.v..r). (6.75) 

The self-energies E F and Ep . defined as in (G. 11) and (6.12). are in this case given by 

="<*.*) = ^ F(x.ij)IF(x.y)--p(x.y)I"(x.y) 

iF(x,y)=lï[(iNL)>(*<y)+ '' 

E"(*,V) = ^ ^(.r.y)/^,-..?/) +p(.r./;)/ r(,:..y)] . 

In a similar manner, we define the components I1' and V' from 7jVL as 

r , Y L \ < 

ir(x,y) = (INL)<(x,y)-(INL)>(x,y). 

Inserting (6.72) in these equations leads to 

IF(:r.y) = ^F(x.y)2-1-p(x.yf 

+ ^ ƒ c/z j T r/.t() (V(.r. z)2 - ^ ( , ; . z ) 2 ) P(z, y) 

-^ J dz J "dz()p(x.z)F(x.z)IF(z.y). 

nr.y) = ~ p(x. y)F(x. y) - / r/z / dz0 F (a;, 2)/>(.r. z)I"{z. y) 

(6.76) 

(6.77) 

(6.78) 

(6.79) 

(6.80) 

(6.81) 

With IF and Ip given by (6.80-6.81) and the self-energies E F and Ep by (6.11-6.12). 
the eqns. (6.73-6.74) become a set of closed and coupled equations that determine 
the evolution of the propagators F and p. We observe that the NLO contribution 
produces a driving term with ••memory" integrals, similarly to the effect of the sunset 
in the study of thermalization of 6.1. 

For the NLO truncation of the 2PI effective action, the energy density per field 
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component is given by 

' T 0 0 ( x , i ) \ * 
= -dtdt>F(x,x;t,t%=tl + -dx-O^F(x.X':t.t)\x=x, 

]-M2{x)F(x.x:t.t) 

j ( /"*«••- / ' 
'0 

> F ) ( x , z ; t , 2 0 ) / F ( z , x ; z 0 ) * ; 

+ ( F 2 - 0 (x. z: t. z0) I"(z. x: z0, t)] } , (6.82) 

with M2(x) determined by (C.75). We will verify the conservation of the energy-
density (6.82). In case of we cut off the memory integrals, the conservation of energy 
gives us an indication of whether the discarded memory was indeed unimportant for 
the dynamics. A too early cut of the memory integrals results in non-conservation of 
energy. 

6.2.5. Numerical implementation and results 

We study the non-equilibrium evolution of the propagators F and p by solving 
numerically the equations of motion (6.73) and (6.74). The phase transition leading 
to spinodal dynamics is modelled by the quench (6.40). The system is discretized on a 
space-time lattice along the lines described in section 6.1.3. As in that case, we make 
use of an approximate renormalization of the bare mass m by introducing the renor-
malizcd mass THR as m2 = mR — Sin2. We find it sufficient for our simulations to take 
5m.2 to be given by the 1-loop (Hartree) zero-temperature perturbative counterterm, 
calculated on the lattice. This ensures that the "output" mass mout. which is read 
out from the numerical simulations, is smaller than 1/a, and close to the renormalized 
mass rriR. This is sufficient for our purposes. To go to the continuum limit, a more 
refined renormalization is needed, as we discussed in section 4.4 (see also, for instance 
[189]). 

As the system evolves, because of the spinodal instabilities, we expect a process of 
explosive particle production corresponding to the exponential growth of the fluctu
ations. The analysis of the statistical information about the particles produced can 
be studied with the approximate distribution function (6.24) and dispersion relation 
(6.25) defined in section 6.1.3. 

Initial conditions 

As in the case of thermalization, we consider here a spatially homogeneous situ
ation13, which allows us to study the propagator modes pp(t,t') and Fp(t,t'). As in 

'•'The term "homogeneous" here refers to correlation functions, which involve an ensemble average. 
Of course, for a given realization, the system is not necessarily spatially homogeneous. So the term 
"homogeneous'' here is not in conflict with the idea of domain formation. 
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F i g u r e 6.9: Early time evolution of the occupation numbers (n p vs. wp) from the quadratic (black 
dots) and NLO (grey dots) approximations. The spinodal instabilities cause the rapid 
growth in the low-momentum modes, which, for the quadratic approximation, continues 
indefinitely, but for the NLO. stops eventually due to non-linear effects. Notice the 
transfer of energy to higher-momentum modes for the NLO approximation. 

section 6.1, the initial conditions for the spectral function arc given by 6.19. For the 
statistical correlator F. however, we take the initial gaussian density matrix to be at 
zero-temperature. This gives the initial conditions 

FP(Lt')\t=t,=0 = - - . , 

=t'=0 
= 0. OtFp(t.t% 

dtdt'Fp(tt%=t,=0 = 

(6.83) 

(6.84) 

(6.85) 

with u,'p — v/p2 + mp, with TRR the renormalized mass. 

Early times: Spinodal instabilities 

For the study of the early stages of the evolution, we perforin simulations [232] on 
a. space lattice with 323 sites14 and spacing ÏRRÜ = 0.7. The lattice spacing for the 
time coordinate is at = 0.1a. The coupling constant is taken A = 1 and the number 
of fields is A7 = 4. For early times we can keep the whole memory kernel. 

In figure 6.9 we present the evolution of the occupation numbers np for the NLO 
approximation. We also compare it to the evolution according to the quadratic ap-

1 4Due to Goldstone's theorem, which is expected to hold approximately in NLO. we expect the 
massless zero mode to introduce some finite-size effects. We saw, however, that results with a L63 

and a 32'5 lattice, with equal lattice spacing, do not differ substantially. 

130 



6.2. Phase transition dynamics in the O(N) model 
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F i g u r e 6.10: Evolution of the renormalized 
equal-time statistical propagator 
F[i(x.. x; t, t') in the NLO approx
imation. 

°f> 5 io 
mt 

proximation. which can be determined from (6.48). The quadratic approximation 
describes the initial stages of the dynamics well, but fails at later times, as it does 
not account for the non-linear effects that slow down the spinodal growth. These 
are. however, taken into account in the 2PI-NLO approximation. In addition, the 
2PI-NLO includes scattering, as one can see in Fig. 6.9. where the energy of the 
spinodally enhanced modes is transferred gradually to the high-momentum modes. 
The evolution of the equal-time correlation function {^(xj)^(x.f)) = F(x. x:f. £) is 
depicted in Fig. 6.10. We checked that the energy density (6.82) is conserved. 

Intermediate times: Equilibration 

As the spinodal growth is slowed down, we expect the scattering processes accoun
ted for by the NLO to lead to equilibration. In other words, we expect the occupation 
numbers to gradually approach a Bose-Einstein distribution. Once the system is equi
librated, we can read the effective quasiparticlc mass meff, the temperature Tetf and 
chemical potential /i.efF by fitting the distribution to a Bose-Einstein by using (6.28). 

For the analysis at intermediate times we perform simulations on a 163 lattice [232]. 
with spacing am = 0.7. at = 0.1a and N = 4. As before, we start with "vacuum" 
initial conditions. To facilitate the scattering, we choose a larger'0 coupling A = 6. 
To speed up the simulations, we cut off the memory kernel at ID ut ~ 40. To make; 
sure that the cut in the memory integrals does not influence strongly the dynamics, 
we checked that the energy density (6.82) is conserved. The evolution of the system 
is followed up to times rriRt = 80. The occupation numbers for various times are 
plotted in Fig. 6.2.5. We observe that the system equilibrates slowly as the energy 
is gradually pushed towards the high-momentum modes. At times mrtt — 80. the 
distribution function for these modes does not look Bose-Einstein yet (it cannot be 
fitted with a straight line). The time evolution of the dispersion relation is shown in 
figure 6.12. It has some curvature on the low-momentum modes. Both high and low 
momentum modes can be fitted with a straight line, obtaining thus an estimate for 
the mass. The result of the fit for the high- and low-momentum modes differ, as we 
expect since the system is still far from equilibrium. We observed that [232]. for the 
zero momentum mode, the effective mass is quite close to zero. r'^ffzcro ~ 0-007. as 

1 5With a larger coupling the non-linear effects become important earlier, so the particle numbers 
np produced during the instability are smaller. For A = 6, the highest is no ~ 200. 
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F i g u r e 6 .11 : Intermediate time evolution of the occupation numbers (ln(l + l / n p ) vs. u,'p for the 

NLO approximation. We observe slow equilibration as the energy is transferred gradu
ally from the spinodally enhanced modes to the higher-momentum modes. 
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F i g u r e 6.12: Intermediate time evolution of the dispersion relation (u.-p vs. p 2 ) for the NLO ap
proximation. We observe relatively fast kinetic equilibration. 

would be expected for a Goldstone propagator, which, for the variational propagator 
of the 2PI-NLO, is believed to hold approximately (sec chapter 5). 

6.3. Conclusions 

We have seen in this chapter that rcsummation methods based on the 2PI effective 
action (^-derivable approximations) seem to be a very useful in describing out of 
equilibrium dynamics, as it was also observed in [162. 164. 163. 165. 168. 166, 233, 167]. 

On one hand, we have studied equilibration in ip3+tp4 theory, both in the symmetric 
and in the broken phase, in the realistic case of 3+1 dimensions [234. 205]. The self-
consistent inclusion of the "eye" and "sunset" diagrams tha t is performed by the 
«^-derivable approximation considered here provides damping and allows the study 
of equilibration. This is particularly remarkable for the case of the "eye" diagram, 
which does not contain on-shell scattering in per turbat ion theory. From the study 
of the occupation numbers, which approach a Bose-Einstein form at large times, we 
were able to establish that both kinetic and chemical equilibration is taking place. 
The damping ra te of the mean held was also calculated by considering a per turbed 
si tuat ion where the initial mean field is slightly displaced from its equilibrium value 
in the presence of a heat ba th . 

On the other hand, we investigated the non-equilibrium dynamics of symmetry 
breaking in the scalar O(N) model, in particular the phenomenon of spinodal instabil
ities. These cause a rapid enhancement of the low-momentum modes, corresponding 
to the formation of large domains. To s tudy the nonequilibrium dynamics, we used 
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a ^-derivable approximation based on a 1/iV expansion of the 2PI effective action, 
which is suited to study situation with large occupation numbers, like the one pro
duced by the spinodal instabilities. At NLO. the approximation allows us to study 
scattering effects and the approach to equilibration of the system after the spinodal 
growth is shut off by the non-linear effects. The results presented here are prelimin
ary, and unfortunately we could not observe equilibration taking place yet. We hope 
to report on the late time equilibration elsewhere [232. 205]. 
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