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CHAPTER 1 

INTRODUCTION 

Condensed matter physics has provided us with many astounding effects. Even 
though the microscopic equations that govern these systems have been known for 
decades by now, dating back to the early (non-relativistic) days of quantum me
chanics, it continues to hold many surprises. The first of these, superconductivity 
and superfluidity, date back to the beginning of the twentieth century when the lab
oratory of Kamerlingh Onnes set new low temperature records at an amazing pace. 
The explanations of these phenomena were much later traced down to the heart of 
quantum mechanics, the existence of two different types of particles: fermions and 
bosons. 

Bosons were in essence known to Max Planck, but were named after Satyen-
dranath Bose, an Indian physicist who rederived Planck's result by purely statistical 
means. Soon after that, Albert Einstein realized that at low enough temperatures, 
all bosons would occupy the same one-particle state and Bose-Einstein Condensa
tion (BEC) was born. 

A fundamental property of fermions is their half-integer spin. Wolfgang Pauli 
originally postulated this additional quantum number, while Ralph Kroning and 
George Uhlenbeck and Samuel Goudsmit proposed that it is an intrinsic property 
of the electron. The relation between statistics and spin (i.e. bosons have integer 
spin, while fermions have half-integer spin) is fundamental from a theoretical point 
of view. The only known theory which is able to describe relativistic quantum me
chanics, quantum field theory, is only consistent, in three dimensions, with exactly 
this spin-statistics relation. 

In one and two dimensions, the difference between bosons and fermions is more 
subtle. From a theoretical point of view, the ID interacting Fermi gas is equivalent 
to a free bosonic field! Even two dimensional many-particle systems of bosons or 
fermions can be very similar, under extreme conditions. Electrons, in the presence 
of strong magnetic fields, form states of matter, quantum liquids, almost identical 
to states formed by atoms in rapidly rotating traps. In this thesis we will analyze 
these strongly interacting systems, and observe that it is natural to consider both 
bosons and fermions in one 'unifying" framework. 
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1.1 QUANTUM CONDENSATES AND LIQUIDS 

Superfluidity, which occurs when He is cooled below 4 Kelvin, turned out to be 
the first manifestation of Bose-Einstcin condensation. Due to the high density, 
however, the interactions are strong and only a small fraction of the particles share 
the same state . Despite this, superfhiid Helium shows the characteristic features of 
a t rue Bose-Einstein condensate. In particular, when a rotation is imposed upon 
the system, it creates localized regions where the rotation is stored. These regions, 
vortices, support a well-defined quantized amount of rotation (vorticity). 

Quan tum mechanics also provides a beautiful framework for the description of 
metals . Electrons can move freely in such solids and minimize their energy by 
occupying the orbitals with the lowest energy. In this Fermi gas. all the dynamics 
is located near the threshold of occupied levels, the Fermi energy. If the electrons 
near the Fermi energy are attracted to each other, they form (bosonic) Cooper 
pairs. These pairs subsequently Bose-condense and form a superconductor'. This 
charged BEC expels magnetic field, which is in a very precise way analogous to the 
rotat ion of a superfhiid. The charge of the condensate (2e) fixes the quantization 
of the magnetic flux to be <3>o = h/2e. A (charged) superfhiid defines a complex 
order parameter whose phase winds (once) when a vortex is encircled. A condensate 
can support a current without dissipating energy, again due to the existence of the 
complex order parameter . The resistance vanishes! 

These quantum condensates have set the stage for 'conventional' condensed mat
ter physics. They led to the discovery of various order parameters, classical fields 
t h a t describe the local, order in a system. These order parameters depend locally on 
t he underlying particles, greatly facilitating the description of the qualitative (and 
even quanti tat ive) behavior. 

Over the past few decades, however, it has become clear tha t there are systems 
which do not lend themselves to such a description. In particular, incompressible 
s ta tes of ma t t e r that support quasi-particles with highly exotic properties have 
been observed in experiments. All excitations, including density waves, cost a finite 
energy. We will refer to these states of ma t t e r as quantum liquids. 

T h e first, most extensively studied, liquid in this category is the state proposed 
by Robert Laughlin to describe the fractional quantum Hall effect [48]. It describes 
the behavior of strongly interacting electrons in two dimensions. An important 
distinction from more classical systems is that there is no local order parameter. 
There is a high degree of order, however, dubbed topological order [95]. One of 
the consequences is the phenomenon of charge fractionalization: the charge of a 
quasi-part icle over the original Laughlin s ta te is q = e / 3 . The density of electrons 
in this s tate is t ightly fixed to 1/3 of the magnetic flux density. 

In the context of lattice spin models, several (quantum) spin liquids have been 
proposed. One of these, the chiral spin liquid, was put forward by Vadirn Kahneyer 
and Robert Laughlin [42] in the context of high-temperature superconductivity. It 
has become apparent that the Heisenberg model on the square lattice (supposed 
to describe the high-7^ material 'parent compounds ') in fact has anti-ferromagnetic 
order and there is no (experimental) sign of chiral symmetry breaking upon doping. 
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However, it lias become clear that in frustrated spin models, i.e. when the number 
of 'classical ground states' is macroscopic, the ground state generically is a spin 
liquid. The chiral spin liquid, for example, is believed to be the ground state of the 
triangular Heisenberg model [42]. 

It is possible to construct "spin liquid' ground states that respect time reversal 
symmetry. An often used simplifying assumption is that short-range singlet bound 
spins can be represented by dimers. particles which live on the links of a lattice and 
do not touch. When these dimers are put on the triangular lattice, there is a finite 
region in parameter space where the ground state is a dimer-liquid [54]. On the 
square lattice, in contrast, only at a precisely tuned point (the Rokhsar-Kivelson 
point [75]), a liquid exists. This is however a critical point between two ordered 
phases. 

In this thesis, I will present some quantum Hall spin liquids. These generaliza
tions of the Laughlin liquid concern spin-full electrons (atoms) in a magnetic field 
(rotating trap). There will be a particular emphasis on the topological properties of 
these states, such as quasi-particle quantum numbers and ground state degeneracies. 

1.2 ROTATING B E C ' S 

Weakly interacting bosons have in recent years received an intense burst of research 
interest. Although the program to create Bose-Einstein condensates has been active 
for many years, since the first succcsful creation by Cornell [4] many groups have 
contributed greatly to our understanding of these gases. A new program, entered 
a few years ago, entails the rotation of these condensed gases. Several techniques 
are employed to create the rotation. One of these is to perform the evaporative 
cooling, needed to reach the low temperatures which are necessary for a BEC. on 
a rotating cloud of atoms. When the condensate forms, vortices will be induced, 
arranged in triangular lattices. A different technique is to spin an already condensed 
gas by deforming the trap and rotating the deformation. This allows, for example, 
a detailed study of the dynamics involved in the creation of the vortex lattice. 

Theoretical analysis predicts that, at very high rotation speeds, the vortex lattice 
will undergo quantum melting. Beyond this melting point the vorticity is spread 
uniformly over the system and a series of quantum liquids will form. In several 
laboratories, a quest for these ultra-high rotation speeds is pursued [79, 15]. By 
expelling atoms with low angular momentum, the lowest Landau level has already 
been reached convincingly by the group of Cornell [79]. Using a laser to stir the 
condensate and a confining potential which prevents escape. Bret in et al. [15] are 
even able to go beyond the point where harmonic confinement is cancelled by the 
centrifugal force. 

A different program in BEC experiments is the usage of optical traps. These 
traps liberate the (hyperfine) spin degree of freedom of spin-full atoms [34], as 
there is no polarizing magnetic field. This allows a variety of new phenomena, 
such as skyrmions [34]. monopoles [90] and 7r-disclinations [103]. There are two 
different regimes [34], depending on the sign of the spin-dependent interaction ci-
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If this interaction is repulsive (c-2 > 0). the system tends to minimize the total spin 
and we speak of the anti-ferromagnetic or "polar" regime. If. on the other hand, 
the interaction is attractive (02 < 0) the system will tend to maximize the total 
spin. This is the ferromagnetic regime. Examples of such systems are spin-1 Bose-
Einstein condensates (BEC) which can be realized by trapping atoms such as 8 'Rb 
(c2 < 0) [11. 78. 18] and 23Na (c2 > 0) [89]. In both cases, the ratio 7 = c2/e„ of the 
spin-dependent (C2) and the spin-independent (CQ) parts of the (contact) interaction 
is small. For 8 7Rb. 7 % -0.005 [46] while for 23Na the ratio is 7 sa 0.05 [21]. 

Although the experimental effort is currently focussed on rotating scalar con
densates, we wish to anticipate the (fast) rotation of spin-1 atoms. In the presence 
of the internal degrees of freedom, associated with the spin-states of spin-1 atoms, 
a sequence of quantum ground states is expected, similar to the scalar series. Ad
ditional structure is provided by the spin, and by the presence of parameters such 
as 7. 

In chapter 3. we will give a more detailed analysis of slowly rotating spin-1 
bosons in rotating traps. Although the discussion is limited to the lowest Landau 
level, many of the (2-dimensional) features such as spin-textures are present. The 
approximation allows us to derive exact results and provide extensive results in 
the mean-field approximation. The high rotation regime, where the condensate has 
melted into a quantum liquid, is analyzed in chapter 4. We find three series of 
spin-1 quantum liquids which display phenomena such as non-abelian braiding and 
spin fractionalization. 

1.3 T H E QUANTUM HALL EFFECT 

In the 80s. the evolution of the semiconductor industry led to increasingly clean 
samples of semiconducting heterostruetures. In such structures, two different ma
terials are grown on top of each other. At the interface a 2D "inversion" layer is 
formed in which charged particles (electrons or holes) can move freely. The two 
materials have a different band structure, such that doped particles will prefer to 
reside in one of the two. Far away from the interface, p or n-type donor atoms are 
deposited. The doped electrons will feel a Coulomb attraction to this layer of donor 
atoms, effectively creating a potential well near the interface where the electrons 
are trapped. 

Imposing a magnetic field perpendicular to the interface leads to the well known 
"Hall effect". In the classical Hall effect, a current will be deflected by the Lorentz 
force. When a finite voltage difference perpendicular to both the current and the 
magnetic field is formed by the deflected charges, the electric field cancels the 
Lorentz force. In this stationary setting, one can easily calculate the Hall resis
tance, defined by AV# = RfjI. to be: 

nH = — -2 , 1.1 

where we have expressed the magnetic field strength in terms of the density n<p of 
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Figure 1.1: Schematic setup of a quantum Hall experiment. Figure taken from [23] 

flux quanta. The density of electrons is n. We will refer to the ratio n/n$ as v. the 
filling factor. 

The quantum Hall effect is the observation that, in sufficiently clean samples, 
this Hall resistance is quantized to high precision. An important role is played by 
the disorder in this system. Without disorder, the above expression would always 
be valid since we could obtain it by a Lorentz transformation of a static configu
ration! To explain the observed plateau, one can use the gauge argument due to 
Laughlin[47]. Imagine that the sample has the topology of a punctured disc. We 
assume that all states near the Fermi energy are localized. The flux through the 
puncture is adiabatically increased by one flux quantum. After this procedure, we 
can gauge this flux away by a singular gauge transformation. The new state should 
be equivalent to the original ground state, with an integer number of electrons trans
ported from one edge to the other. This integer, say p. fixes the Hall conductance 
to an = 1/RH = p e2/h. The quantization of the conductance is very precise, 
nowadays up to 1 part in 108. 

The above argument uses in a fundamental way the knowledge of the charge of 
a localized particle, the electron. This is not surprising, as we can understand the 
essence of the integer quantum Hall effect in terms of non-interacting electrons in the 
presence of disorder. A very different subject, however, is the fractional quantum 
Hall effect. From an experimental point of view, this effect is largely equivalent 
to the integer case. Except that the existence of a plateau at rational an = E 4 
implies the transport of fractionally charged particles! When Tsui, Störmer and 
Gossard first observed plateaus in the Hall resistance at rational values [91], it was 
immediately clear that these can not be understood in terms of non-interacting 
electrons. 

The existence of a plateau in the Hall resistance and, even more important, the 
vanishing of the longitudinal resistance, imply the presence of a mobility gap. For a 
range of Fermi energies, there should be no low-energy charge-carrying states. Since 
at a fractional filling of a Landau level, no such gap exists for non-interacting elec
trons, a different approach is needed. Interactions play a vital role in the formation 
of the necessary gap. 

We will follow the route used by Laughlin to address the strongly interacting 
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many-body problem for the v = -| quan tum Hall plateau. That is. we start from 
the microscopic Hamiltonian: 

2in L—1 f-f r,- - r,-
j / < j • 

where m is the mass of the electron, e the charge and .41"" ' the external electro
magnetic field. The single-particle states will arrange themselves in Landau levels. 
macroscopically degenerate bands which are separated by an energy gap fiwc — 
heB/m. In the symmetr ic gauge, t he states in the lowest Landau level take the 
simple form of analytic functions of z = x + iy t imes a ganssian. 

We then proceed by writing down a trial wavefunction: 

*(*] ZN) x H(Zi-Zjfe-^M2/*12 . (1.3) 

This Ansatz has many desirable properties. First of all. it actually describes a 
collection of particles at filling v = \y This can be seen by noting that , when 
A" - 1 particles are fixed, the wavefunction has 3(Ar - 1) nodes. So this particle 
sees 3('N - 1) Mux quanta . Second, it describes a liquid, with short-range screening. 
T h e ampli tude Z = j' d[zi]\$\2 is the part i t ion function for a classical 2-diniensional 
one-component plasma at high temperature. And finally, electrons very effectively 
repel each other, due to the (z, - zj)'3 Jastrow factor. The conclusive evidence 
was provided by exact diagonalization studies, where it was found that this trial 
wavefunction has an excellent overlap with the t rue ground state . 

Based on this success, other states were rapidly proposed to explain the fractional 
quantum Hall effect at fillings v =p/q. seen in later experiments. Haldane proposed 
the hierarchical construction [29]. in which quasi-particles over a Laughlin s ta te 
again form a Laughlin liquid. A particularly succcsful phcnomenological explanation 
of the stability of fractions was found by Jain [40], in the form of the composite 
fermion (CF) scheme. In this scheme an even number of flux quanta are bound to 
an electron and the composite femiions exhibit the integer quantum Hall effect in 
an effectively reduced magnetic field. 

The composite fermion approach and in particular its field theoretic description 
have received a firm footing by a direct derivation from the microscopies by Baranov. 
Pruisken and Skoric [C3. 64]. Their theory takes both disorder and long-range 
interactions into account and successfully yields the continuously varying tunneling 
exponents, observed in experiment. 

T H E v = | QUANTUM HALL EFFECT 

T h e one eminent deviation from the composite fermion liquid is the incompressible 
s t a t e seen at v = | [98. 24]. All CF states share the property of an odd denominator, 
which makes it clear t ha t this state does not fit into the existing framework. The 
first Landau level is filled and does not contribute to the dynamics. Effectively, then. 
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Figure 1.2: Hall resistance in the second Landau level. Figure taken from [24] 

the filling factor is v' = | . This is precisely the filling where composite fermions 
feel no magnetic fieldl 

Among the states, proposed to explain this anomalous fraction, is the paired 
quantum Hall state of Moore and Read [55]. In this state, electrons are paired; 
the composite fermions form a BCS superconductor. Furthermore, when the tem
perature is raised to the point that the plateau disappears. Fermi liquid effects are 
seen. These indicate that the 'BCS transition' coincides with the plateau forma
tion. Again, exact diagonalization studies have shown that the Moore-Read state is 
a succesful trial wavefunction, confirming the first observation of a paired quantum 
Hall state. Many more details regarding this state will be presented in the next 
chapter. 

In other half-filled Landau levels, many more examples of •composite fermion 
Fermi liquid effects" have been seen. In the lowest Landau level, at v = ± and 
v = | , Shubnikov-dc Haas oscillations are seen, indicating the presence of a Fermi 
surface. In Landau levels higher than the second the behaviour is anisotropic: a 
striped phase develops due to a density wave instability. 

In chapters 5 and 6, we will extend the notion of pairing and find paired quantum 
Hall states for spin-| electrons. In particular, we find a quantum Hall state which 
displays spin-charge separation and a field-theoretic description of the liberated spin 
and charge degrees of freedom. 
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CHAPTER 2 

CFT - QUANTUM HALL 

CONNECTION 

Conformal field theory has seen many different applications in physics. Within the 
context of condensed matter physics, critical phenomena in 2-dimensional classical 
and 1-dimensional quantum systems enjoy the power of the two-dimensional con-
formal group. It is therefore perhaps surprising that CFT can be used to study 
2-dimensional quantum systems. 

The (fractional) quantum Hall effect is primarily related to the existence of in
compressible many-body states. This incompressibility is due to a finite energy gap 
to all excitations, in particular charged quasi-particles (holes). An excitation nec
essarily has a finite size, in marked contrast to gapless excitations in other systems 
such as photons and phonons. 

We wish to study these incompressible states at energy scales below the gap to 
excitations. This corresponds to probing the system on length scales larger than 
the typical size of an excitation, the correlation length. If we imagine that the 
interaction has a finite range, i.e. smaller than the probe, then excitations will 
behave as free particles. Only statistical properties remain and we are in the regime 
of topological field theory. In 2 + 1 dimensions, these theories take the form of 
Chern-Simons theories. 

The link between Chern-Simons theory and conformal field theory (CFT) was 
established by Witten. It is thereby possible to obtain a quasi-particle wavefunction 
as a correlation function in a conformal field theory. Subsequently. Moore and 
Read realized that this link can be extended to interpret correlation functions in 
CFT as wavefunctions for the underlying particles in 2 dimensions. The powerful 
machinery of CFT can now be applied for a detailed study of the (topological) 
properties of quantum Hall states. The original state proposed by Laughlin turns 
out to be described by the simplest of CFT's, the free boson. Generalizations, in 
the form of the Haldane hierarchy where a finite density of quasi-particles also forms 
a Laughlin liquid, likewise are abelian CFT's. With the CFT connection at their 



12 CHAPTER 2. C F T - QUANTUM HALL CONNECTION 

display. Moore and Read proposed a non-abelian quantum Hall state. After the 
appearance of the anomalous fractional quantum Hall effect at v = 5/2 (see chapter 
1). convincing evidence has shown that this Moore-Read state is actually realized 
in this experiment! 

One should keep in mind that we wish to address properties of well-defined states. 
The question of their experimental relevance and the possible phase transitions to 
other states is beyond this approach. We imagine a scenario in which the suggested 
state is a good approximation to the true ground state of the 2-dimensional system 
of interest. Although the quantum Hall states are obtained from a critical theory, 
they represent incompressible quantum ground states with gaps to all excitations. 

In later chapters in this thesis, we will be addressing properties of several specific 
non-abelian quantum Hall states. To prepare for this, this chapter will offer a 
glimpse of the tools, available in CFT. to study non-abelian quantum Hall states. 
Several examples of these CFT's. so-called Wess-Zumino-Witten models, appear in 
later chapters as the natural language to describe these non-abelian states. 

2.1 TOPOLOGICAL FIELD THEORY 

The topological field theory associated to incompressible (chiral) quantum Hall 
states is the Chern-Simons theory. This follows from general considerations such 
as current conservation and time-reversal (and parity) breaking. The term which 
dominates the long-distance, low-energy properties is the Chern-Simons term: 

OTT 

'l,,.cl>vp döxe tr 
'M 

J\^t(Jl/J\p "T ./\fi./\^./\.i, (2.r 

We have introduced the gauge field A, which takes values in some Lie algebra, on a 
general three-manifold M.. The trace is defined such that t r (T 'T J) = 2Sjj, with Tl, 
T-7 generators of the algebra. This term is independent of the metric and is therefore 
purely topological. A consequence of this is that the Hamiltonian vanishes. (This 
can be seen by choosing, e.g.. the gauge Ao = 0. in which only terms with exactly 
one time derivative remain.) Since there is no dynamics in this theory, it may seem 
trivial. However, as is appropriate for a topological field theory, it gives non-trivial 
results to topological questions. One of these is the ground-state degeneracy on 
2-dimensional (Riemann) surfaces which form the boundary of a 3D manifold. 

When Chern-Simons theory is considered on the three-sphere (S3), we are faced 
with an ambiguity. For all simple Lie groups n-s(G) = Z, so there exist solutions 
to the field equations T^v = 0 which cannot be continuously connected to the 
trivial solution A = 0. In particular, the Chern-Simons term acquires the value 
£Qg = 2-Kkm, with m G Z the winding of the solution. Consistency of quantum 
field theory now requires that k is an integer. 

An important observation is that when the manifold has a boundary, the Chern-
Simons action (with the additional requirement of gauge invariance on the edge) 
induces dynamics on the boundary OM.. Consider a gauge transformation 

A, 9 Ag - g d,,g (2.2; 
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The Chern-Simons action is invariant, up to a surface term: 

*A3S = 
k e f W ^ t r 

'M 
0„(dygg lAp) + -g ldtigg ldugg ldpg .(2.3) 

In particular, the dynamics is given by specific conformal field theories, Wess-
Zurnino-Witten models: 

*([<?]) = J VAcxp(lCcs(A)) 

= e x p ( ? X w z w ) , where 

C wzw 
k -la dzxtr{g ldtlgg ld^g) 

k 
+ ^ I / d3XE^tv(g-1dllgg-10„gg-1dpg) 

(2.4) 

(2.5) 

where the path integral in the first line is over all configurations of the gauge field 
such that Ap = g~1dlxg on the boundary, with g an element in the gauge group. 
The field g is an extension of g into an auxiliary third direction. The second term 
is topological, however it affects the theory such that it becomes critical. 

As the Chern-Simons theory is topological, it is invariant under continuous de
formations of the manifold (Ai) and has no dynamics on a compact 2 dimensional 
geometry. Non-trivial results, however, are obtained when one considers (closed) 
lines which carry a charge under the gauge algebra: 

W(i) = fvAUj Pexpfi I ux ^ j \ ^ exp(iCcs(A)) [2-6) 

where P denotes the path-ordered product (the matrices A for different points in 
general do not commute) and tr_,- is the trace in representation j . Witten showed [99] 
that the above amplitude can be used to define knot invariants, in particular the 
Jones polynomial at q = et7T^k is recovered when the gauge group is SU(2). The 
field equations are modified to: 

i. 

4TT ^"l/ = Jo ;2.7) 

where the current J is determined by the (Wilson) loop. In the Wess-Zumino-
Witten model, the loops end on the plane and correspond to punctures (flux in
sertions). We will want to calculate correlation functions of these insertions (XJ , 
which amounts to a sum over all (classes of) loops: 

{Xl(zl,zl)---Xn(zn.zn)} = £ W ( { 7 » 
{7} 

(2.8) 
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The second line follows from conformal invariance of the correlator [12] (see e.g. [25] 
for an extensive introduction to CFT). The functions Tv are called conformal blocks. 
in general their number is finite for any correlator. In particular, if n < 3, there is 
only one block. The conformal blocks define the Hilbert space of a Chern-Simons 
theory [99]. 

We will, from this point on, largely ignore the 2 + 1-dimensional interpretation 
of conformal field theories. Our main interest is in the conformal blocks, since 
these give us quantum Hall wavefunctions. The operators in a correlator directly 
correspond to the particles (electrons or bosons) of interest, or of quasi-particles 
over the quantum Hall state. 

2.2 FRACTIONAL QUANTUM HALL STATES 

An important special case of the conformal field theory approach to the construc
tion of quantum Hall states is the Laughlin liquid. The machinery of CFT is too 
powerful for this particular example, as we can use other, perhaps more direct, 
methods. However, it illustrates important concepts of CFT which allow for direct 
generalization. 

We start from Laughlin's celebrated wavefunction (cq. 1.3. repeated here for 
convenience): 

*&„(•-. •-«) = n<*-*r«p(-i l>i ' ) 

- O * *)«p(-iEhp) -(2-9) 

The coordinates of particles are specified by zi — x,j + ixji and we see that the 
wavefunction takes the form of a holomorphic function times an exponential. This 
is in fact true for any wavefunction in the lowest Landau level. A wavefunction is 
thus fully specified by the holomorphic part and we will drop the exponential. The 
tilde should remind the reader that we are considering reduced wavefunctions. 

Explicit derivation1 of the low-energy action shows that it is an abelian Chern-
Simons theory: 

£(1/m) = -^ / V ' ^ c V v , (2.10) 
47T ./ 

where a is a U{1) gauge field. Quasi-particles couple to this gauge field and act as 
sources of magnetic flux. These particles naturally correspond to the Wilson loops 
we encountered earlier. 

One simplification from the general WZW model is that the Laughlin liquid (and 
all abelian generalizations) use the abelian group U{\) as the underlying Lie group. 

1 t he long-range nature of the Coulomb interaction is ignored here, for a proper account sec[64] 
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E D G E C F T 

Wen[94] derived the edge theory of a Laughlin liquid by hydrodynamical arguments. 
In this point of view, the bulk of a sample is filled by an incompressible fluid. The 
only excitations then are oscillations of the edge. The gradient in the potential (E) 
induces a current along the edge j — (JHE. The velocity of the electrons near the 
edge then is v — Ec/B. Deviations from a straight edge, at constant potential, 
are expressed in the ID density p. The dynamics of the edge is now conveniently 
expressed in terms of a free boson ip\ 

p(x) = -—f=dx(p (2.11) 

CedgJ = ^Jdtdx((dt<pf-v2(dx<pf) , (2.12) 

with the chirality constraint dtp = vdxip. 
The above model is also known as the chiral Luttinger liquid and appears in vari

ous other contexts, e.g. when interacting electrons are bosonized. A rigorous deriva
tion, starting from the microscopic equations of motion, was given by Pruisken, 
Skoric and Baranov [64]. 

Electron operators can now be defined, by requiring that they locally create a 
charge 1 excitation. The operator that accomplishes this, is: 

Vel(z) = : é^*{z) : . (2.13) 

The boson tp is compactified with radius B2 = m. tp = tp + 2irR. We will set v = 1 
and rewrite the action as 

£ e d g e = ± jdtdx{d-zp>){dzp) , (2.14) 

where z = x — vt and z = x + vt. The propagator is 

(p(z)p(z')) = -log(z-z') . (2.15) 

As promised, the chiral Luttinger liquid provides exactly the dynamical fields, 
needed to make Chcrn-Simons theory with a boundary well-defined. This establishes 
the connection between the topological field theory in the bulk of a quantum Hall 
sample and the dynamical 1 + 1-dimensional edge theory. 

This edge theory can be used to make detailed predictions of edge effects. If 
we consider, for instance, tunneling through a quantum point contact from a Fermi 
liquid into the quantum Hall edge, we find that the current is proportional to V'n. It 
should be noted that a more careful calculation, taking into account the long-range 
Coulomb interaction, changes the predictions of this naive model [64]. 

B U L K C F T 

The Chern-Simons description implied a well-defined form of the edge theory. It also 
provides, due to the Chern-Simons-CFT connection, wavefunctions for the quasi-
particlcs. These can be obtained as correlators in the conformal field theory. Moore 
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and Read noted [55] t ha t it is necessary tha t also the electronic wavefunction (at 
distances where the Chern-Simons description is valid) can be obtained as a corre
lator. In particular, there should b e a n operator in the conformal field theory which 
corresponds t o the electron. 

In the case of the Laughlin liquid, t he 2 + OD C F T is quickly found. If we identify 
z = x + iy in the edge theory, introduced above, then we find that we indeed recover 
the Laughlin wavefunction. Since the action is quadrat ic , we can easily calculate 
correlations: 

(vel(Zl)---Vel(zN) : e-^^zoo) :} = (2.16) 

exp -mY^i^iMzj^+mNj^i^iMzcc)) • (2.17) 

We have introduced a background charge at z^. which ensures t ha t the correlator is 
charge neutral (a necessary requirement for a non-vanishing correlator). We recover 
t he wavefunction as an appropriate limit: 

= Wizi-ZjT • (2-18) 

A different procedure of dealing with t he background charge is to use a homogeneous 
distribution. This approach is somewhat more involved, but it has the advantage 
of reproducing the exponential factor. 

An impor tant tool from conformal field theory is the operator product expansion 
( O P E ) . When two operators approach each other, we can expand their product in 
the relative coordinate. For instance, when we take two vertex operators: 

: eia(p(z) : : eif*v(w) : = (z - w)a0 : ei{a+l3)*{w) : . (2.19) 

Such OPE ' s allow us to find operators which correspond to quasi-particles. 
The conformal field theory that generates a part icular quantum Hall s tate, also 

provides information about the quasi-particles. Since any s ta te in the lowest Landau 
level is analytic in the particle-coordinates, we require the quasi-particle operators 
to be relatively local with respect to the particle operators: 

${w)Vel(z) ~(z- w)p$'(w) + ..., (2.20) 

where <I> is the quasi-particle operator. Ve\ the particle operator and <£' some com
posite (local) operator. The constraint of relative locality now implies tha t p is an 
integer. This guarantees t ha t the correlator 

<*(«ii) • ' • S C t n O V ^ i ) • • • Vcl(zs)e-^(Zoc)) (2.21) 

is an analytic function in the 2, coordinates. The charge q is equal to the sum of 
the charges of the <É> and Vp\ operators. The fact t ha t the electronic wavefunction 
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should be single-valued restricts the operators that can be used to represent quasi-
particles. In the case of the Laughlin liquid, the operator with the smallest charge 
is: 

Vqh(w) = : e ^ / v ^ M : . (2.22) 

All other operators which also satisfy the criterion of locality can be obtained as 
composites of this operator. 

When we use the operator in eq. (2.22) to create quasi-holes, we recover the 
quasi-hole wavefunction originally proposed by Laughlin: 

The charge of a quasi-hole is the well-known fractional charge ^ . In conformal field 
theory, we can use the total charge operator Q = § p(x) = \/{2-Ky/m) § dtp(z) to 
measure this charge. In particular for the quasi-hole operator we find [Q, V^z)] = 
m K i h W It is important to note that, although the CFT charge operator suggests 
otherwise, the electron and the hole have opposite charges. The quasi-hole operator 
creates a — ;pseudo'-charge which is screened by the electrons. Because of this 
deficiency of real electrons, the actual charge of a quasi-hole is — ^ . This "inversion' 
also takes place for other quantum numbers, such as spin. 

In this example of the Laughlin wavefunction, there is one (chiral) free boson 
which determines the filling factor. This fact generalizes to all cases encountered 
in this thesis. The electron (or boson) operator contains a vertex operator of form 
• et<p/\/^ :_ w i th v the filling factor. The boson ip represents the charge degree of 
freedom. 

THE MOORE-READ STATE 

The general procedure to generate trial wavefunctions using conformal field theory is 
now to generalize the above abelian construction. We take an operator Ve\ from CFT 
to represent the electron (or boson) and obtain the wavefunction as a correlator: 

*({<'}) = Mm ziN2(v^(z^)---V^(z%n:exp(-iNM(^)-)(2M) 
Zoo—*00 * ' 

with 0 = 1/'\fv the 'charge' of the operator and a.; representing additional quantum 
numbers (e.g. spin) of the particles. When the operator Vej is one of the currents 
of the WZW model, it is straightforward to find the operators which can represent 
quasi-holes. These constitute representations of the (affine) Lie algebra, generated 

= lim tf+"^2 FqhW-^K) 

= liivH-vij)1'™ U(zi-wj)Jl(zi--zJ)
m . (2.23) 

i<3 i,3 i<3 
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by the currents. In equation (2.20). the requirement of locality implies that $ and 
<&' belong to the same representation. 

To illustrate explicitly what happens when one calculates such a correlator, we 
will discuss the simplest example of a non-abelian quantum Hall state, the Moore-
Read state for bosonic particles. The conformal field theory is given by the sum of 
the Ising model and a scalar boson. The operator we will use to represent the (2D) 
boson is 

Vhos(z) = u : e * : (*) , (2.25) 

where the subscript "bos" indicates that we are describing bosons. 
Since the CFT is the sum of two independent theories, the correlator we wish 

to calculate factorizes: 

( ^ b o s ^ i ) - - - ^ b o S ( ^ ) : e - ^ ( ^ ) : ) = <tf(*i) • • • V>(zN)) 

x{:e*(z1):---:e
i*(zN)::e-iNf>(z00):) . (2.26) 

We can now use the fact that 'O describes a free (real) fermion. Correlation functions 
can be calculated by applying Wick's theorem. Note that the number of particles 
should be even, otherwise the correlator vanishes. We find 

M*i ) " ' ^ (*Jv )> = y^g"(<7) If (2.27) 
i<N/2 M 2 i - 1 ) - z*(2i) 

where the sum is over all possibilities (permutations of the particles) to decouple 
the correlator. In the second line we introduced the Pfaffian. Tins function is de
fined for general antisymmetric even-dimensional matrices as Pf(M) = y/det(M) = 
A{M\2^/3,1 • • •)• with A denoting antisymmetrization. 

Including now the vertex operator contribution to the correlator, we obtain the 
full expression for the Moore-Read quantum Hall state: 

The filling factor is v = 1. This conformal field theory is also known as SU(2)2, 
the Wess-Zumino-Witten model based on the Lie algebra SU(2) with coupling con
stant k = 2. In general WZW models, the currents satisfy the affine Lie (also known 
as Kac-Moody) algebra. And indeed, the currents J ± = ipe±llfi, Jz = dip generate 
the affine Lie algebra SU(2) at level k = 2. The U(l) charge sub-algebra is gener
ated by Jz. This identification with SU(2)2 allows us to identify the quasi-holes 
operators with spin-k fields. 

The scaling (conformal) dimension of i \ the Ising fermion. is i while that of the 
vertex operator is also ^. Upon a rotation of 27r. an operator with scaling dimension 
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A changes by phase factor el27rA. An operator with an integer dimension describes 
a bosonic particle, while a half-integer dimension corresponds to a fermion. As 
V^os has dimension 1. the wavefunctions constructed with this operator are indeed 
bosonic. 

The state which is observed at // = | in the quantum Hall experiments, is a slight 
generalization of the Moore-Read state. In general, we can change the statistics 
of the underlying particles by adding additional Jastrow factors. For instance, a 
fermionic state at v = | is obtained as 

M'ermionic ^boson ic l l ' 2 ' zi> • (2.30) 

The electron operator can be obtained by rescaling the charge boson, tp —> yfqtp. 
In this case q = 2 which, by calculating the confer mal dimension, indeed gives a 
fermionic operator. Values of q, other than 1 and 2, give rise to the q-Pfaffian states, 
with filling factor v — 1/q. 

2.3 APPLIED CFT 

STATE COUNTING 

To find the dimension of the space of states corresponding to a given number of 
quasi-particles and use these to check the non-abelian degeneracies, expected from 
CFT, it is convenient to construct a toy model. In particular, we wish to find a 
Hamiltonian that has the proposed ground state as an exact eigenstatc. A conve
nient geometry is the sphere, which allows for a direct comparison of conformal field 
theory and numerical results. 

We take a sphere with radius R and N^ flux quanta, and work in units where 
the magnetic length / is equal to 1. This fixes the radius to be R2 = N<p/2. The 
number of states in the lowest Landau level is equal to N^ + 1. A convenient 
representation is obtained in terms of polynomials of degree N^ in spinor coordinates 
(u.v) = (cos(0/2)e-^/2 , sin(0/2)e^/2): ' 

Lz = \{udu-vdv) L- = vdu L+ = udv (2.31) 

Xm(u,v) = ^/N^(^yu
n-mvm , (2.32) 

for m = 0 . . . N^. with lz — N^/2 — m. Expressed in these variables, the Laughlin 
wavefunction takes the form on a sphere with Nv — 3N — 3 flux quanta: 

<hL = rft"^-^)3 • (2-33) 
Note that this is the full wavefunction. The gaussian factors for the planar wave-
functions arise as one uses the stereographical projection z = v/u and takes the 
limit A^ —> oo. 
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The curvature of the sphere introduces a shift in the relation between N and 

Np = -N-S , (2.34) 
v 

where S is an integer parameter, which depends on the ground state of interest, e.g. 
S = 3 for v = 1/3. (for more on the shift of abelian quantum Hall states, see ref. 
[95]) 

We can expand a polynomial wavefunction in terms of the total angular momen
tum of any two particles: 

*({«*;«<}) = ^ ( « « W j - t t i ^ r *„(«, , t^.Uj.üjO^yaiiik.üfc}) .(2.35) 

where \&'( ,. does not depend on positions (UJ.VJ) and (uj.Vj). The values of n 
depend on the symmetry of \&. i.e. even for bosons and odd for fcrmions. The 
polynomials <£>„ are symmetric under i *-* j and finite when (UJ.VJ) —» (v.j,Vj). The 
number of such symmetric polynomials is 2(Nl- - n) + 1 for a given n. and they 
form a multiplet (under L,j = L, +L 7 ) with angular momentum Ijj = N^ — n. 

One can see that in the v — 1/3 state, every two particles have a total angular 
momentum l,j < Nv — 1. The Haniiltonian which has this state as an exact zero-
energy eigenstate is: 

ffLaughlin = ^ ^ ^ ( A ^ - D . (2.36) 
><j 

The operator Pi,{L) projects onto the term in equation (2.35) with Uj = L. 
Of particular interest are now the zero-energy eigenstates of this Haniiltonian. 

If we increase the number of fluxes at a fixed number of particles. Ar ,̂ = Nv + AJV ,̂, 
then quasi-holes will appear in the spectrum. The electronic wavefunction (eq. 2.23) 
can be expanded as 

*({*;«;,-}) = Y.(:MW^MZ^ • (2-37) 

p-'i 

where {IVJ} are the positions of the n quasi-holes and epq arc symmetric polynomials 
of degree p. The highest degree of any w is N, the number of electrons. We can 
incorporate such a restriction naturally. We interpret the epq's as the wavefunctions 
of 7i bosons on a sphere with N flux quanta. The number of states for such a system 
is 

#(»,») = ( J V + B ) . (2.38) 

We can obtain information about the angular momentum of these states by con
structing the generating function of the number of states at different lz: 

Z{q) = Y, 'f" #( e ' s of d e S r e e m ) (2*39) 
m 
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& «-> 
lq \'l;q 

)q = ( l _ g * ) ( l _ g « - l ) . . . ( l _ g ) . (2.41] 

The generalized binomial Z(q) reduces to the ordinary binomial as q —> 1. For 
example, with N — 4 particles and n = 2 quasi-holes, we obtain: 

Z{q) = 1 + q' + 2q2 + 2q3 + Zq4 + 2q5 + 2q6 + q7 + q8 . (2.42) 

so that the angular momentum multiplets are L = 0,2,4. The polynomial interpre
tation of binomials in fact carries over to all state-counting formulas encountered in 
this thesis. 

M O O R E - R E A D COUNTING 

It is straightforward to generalize the above counting procedure to other abelian 
quantum Hall states. However, the non-abelian states require more care. In the 
example of the Moore-Read state, we have seen that the CFT includes the Ising 
model. In this model, there is a spin field a (the original Ising spin in the continuum 
limit), with the follow operator product expansions: 

a(z)a(w) oc —-r + (z-w)^(w) + ... (2.43) 
[Z - W) 8 

a(z)4>(w) OC -Ta{w) + ... , (2.44) 
{Z - W) 2 

where we have allowed ourselves a slight abuse of notation. The first line implies that 
there are two fusion paths; the two terms lead to two different conformal blocks. 
With this operator at our disposal, we can find an operator which is local with 
respect to the electron: 

KfhV) = a{w) : e^2(w) : . (2.45) 

In the affine Lie algebra interpretation of the CFT, this operator indeed corresponds 
to a 'spin-i ' representation. 

When quasi-holes are created, the spin fields can be fused in different ways, 
symbolically represented as a x a = I + ip. (The identity operator is represented as 
I) For example, with four spin fields, there are two conformal blocks [12]: 

Fo = ( iim y / 8
( 1 + y r ^ ) 1 / 2 (2.46) 

Ti _ f „,m, Y\i-VT^}1/2 , (2.47) 

where the positions of the spin fields are r/; and rjij = //; — r/j. The anharmonic ratio 
enters as x = 71I2VM/113124• 
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0 2 4 7 7 - 2 77 

Figure 2.1: The Bratteli diagram of the Ising model 

Many details on the quasi-hole wavefunctions, including braiding properties of 
quasi-holes, can be found in the work of Nayak and Wilczek [59]. By the use of 
quantum groups. Slingerland and Bais [86] were able to recover the braiding ma
trices of the Moore-Read state, i.e. the rotations in the space of degenerate states 
which are induced when quasi-holes are braided, without the use of explicit wave-
functions. This powerful technique can yield results even when explicit correlators 
are unknown; braiding matrices for the Read-Rezayi states (see chapter 4) have 
been obtained [86]. 

Such explicit formulae are not necessary if we only wish to count. The fusion 
paths can be graphically represented in a Bratteli diagram, see figure 2.1. The 
number of conformal blocks is equal to the number of fusion paths. In figure 2.1 
this has been done for n spin fields. When the number of electrons is even, we 
should end up at the identity to obtain a finite correlator. The number of paths is 
now easily computed to be 2 t _ 1 . With an odd number of electrons, the fusion path 
should end at v> and we obtain the same number of fusion paths. 

In a more detailed derivation[28], the degeneracy is determined by the number 
of states in the Ising model, with a cut-off set by the number of spin fields. The spin 
fields provide 77/2 orbitals which can be filled by the fcrmion y'. The total number 
of states is now found to be: 

#(conformal blocks: n a's) = Yl\ p ) ' (2-48) 

where the prime denotes the restriction to even F. This formula is in a form, which 
we can embed into the full counting formula, taking into account the bosonic part 
of the theory. The F fermions can be interpreted as F/2 broken pairs. The final 
counting formula for the Moore-Read state with N electrons and n quasi-holes now 
is: 

#MR(-n) - i(f){{N-y+n) • (-> 
There is an additional restriction. F < N. The second binomial has a simple 
interpretation when the Moore-Read state is viewed as a BCS condensate. The 
Cooper pairs provide (N — F)/2 + 1 orbitals for the 77 half-flux quanta. 

The conformal field theory framework was introduced by Gurarie and Rezayi[28], 
who used it to compute the counting formula for the k = 3 Read-Rezayi state (see 
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chapter 4). Later, it was generalized to generic affirie Lie algebras[5. 8. 6, 7] at any 
level. The Ising model is generalized to parafermionic CFT's which provide spin 
fields, used in the quasi-hole operators. 

TORUS DEGENERACY 

In general, the degeneracy of a ground state depends on the topology of the surface, 
parametrized by the genus g, the number of 'handles' of a two-dimensional surface. 
In a spherical geometry, this number is zero, and the ground state is always unique. 
In a toroidal geometry (g = 1) an abelian quantum Hall state at filling' // = p/q (p. q 
coprime) has degeneracy q. Haldane[30] used the fact that all many-body states in 
the lowest Landau level which differ by an excitation of the center of mass motion 
have the same energy, to show that such degeneracy is generic. In particular, it is 
independent of the nature of the ground state. Wen[95] derived the ground state 
degeneracy for abelian states on generic geometries and found that it is given by q9. 

An important modification occurs when the ground state is a non-abelian quan
tum Hall state. E. Verlinde [92] showed how conformal field theory can be used to 
calculate the degeneracy of the CFT vacuum on generic surfaces. On the torus, this 
number is equal to the number of primary fields in the CFT. 

ORDER PARAMETERS 

Read[65] showed that in the Laughlin states at filling v — 1/ra, there is long range 
order in the following operator: 

A{x) = i>\x)Um{x)e-W2/4 , (2.50) 

U(x) = exp f fd2x' log(.T' - x) p(x'y\ (2.51) 

where ifi is the electron operator and U the quasi-hole operator. The Laughlin state 
can now compactly be represented by the "Bose condensate" of this operator: 

|i/ = l/m> = (fd2xA{x)j |0) , (2.52) 

where |0) is the vacuum, with no electrons present. The important point to note is 
that many properties which are derived for the Laughlin state do not depend on the 
exact form of the wavefunction. This is similar to what is seen for the Bosc-Einstein 
condensate. In that case, the defining feature is the macroscopic occupation of one 
particular single-particle state. The distortion of this state by interactions does not 
alter the kinematics of excitations over the ground state, only the dynamics. In the 
same sense, order parameters such as those above, describe "universality classes". 
wherein the fundamental properties are invariant. 

An important property of the Read operator for the Laughlin states is the fact 
that only a single electron is involved. Excitations correspond to vortices in the 
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order parameter and this property implies that a vortex is quantized, with flux 
equal to the fundamental flux quantum $ 0 = hc/e. In the hierarchical construction 
of (spin-polarized) abelian quantum Hall states, this flux quantum is unaltered, 
although the statistics of quasi-partieles change. When we consider non-abelian qli 
states, such as the Read-Rezayi series, however, more complex order parameters are 
found. The simplest of these arises for the (bosonic) Moore-Read state: 

AMR(z) = (d2x'^{x + x'l2)U{x + x'/2) 

•0f(.r - x'/2)U(x - x72)e- | x l 2 / 2 - | a : ' | 2 / 8 . (2.53) 

where we recognize the \jz pairing amplitude of the />wave BCS superconductor. In 
general. order-A' clustering will be described by an order parameter with k electron 
operators. An important observation concerning these order parameters was made 
by Moore and Read[55], who noted that such an order constrains the operators one 
can consider in a conformal field theory. 

The presence of an order parameter with charge 2e implies, as in BCS theory, a 
fractionalization of the flux quantum to <& = h/2e. In order-/,- clustering, the flux 
quantum will be <1> = h/ke. 

2.4 DISCUSSION 

It is amusing to note that, in contrast to the usual (condensed matter) order of 
experiment predating theory, sometimes this order is reversed. Chern-Simons mod
els were originally introduced as interesting toy models, but the discovery of the 
fractional quantum Hall effect has introduced them into physical reality. The con-
formal field theories, associated to the boundaries of Chern-Simons models, can now 
be used to make detailed predictions. 

The framework of CFT gives us a powerful set of tools to study quantum Hall 
states. It allows us to calculate properties of the chiral edge such as tunneling 
through a quantum point contact. Moreover, we can use it to construct trial 
states and analyse their properties in great detail. Particularly important are Wess-
Zumino-Witten models, whose current operators naturally correspond to bosons. 
We will encounter these models often in the remainder of this thesis. 
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SLOWLY ROTATING SPIN-1 

CONDENSATES 

In this chapter we study the ground states of spin-1 atoms in a slowly rotating trap1 . 
This is the regime where quantum fluctuations are weak and conventional mean-field 
theory is expected to give good results. By truncation of the one-particle spectrum 
to the lowest Landau level (LLL), we are able to obtain much stronger results. 
however. At the SU(3) point of the interaction (see below), the exact many-body 
ground states are found for small angular momenta. 

The results in this chapter are not directly related to quantum Hall spin-1 liquids, 
but the model is largely identical to that in chapter 4. Here we will take into account 
a finite rotation frequency UJ while in the high rotation limit it will be set to u>o- the 
trap frequency. Many differences with the scalar case are found in the slow rotation 
regime. It is expected that this regime is experimentally the most easily accessible. 

The interaction of spin-1 bosons at low densities contains two contributions: a 
spin-independent interaction, with strength CQ, and a spin-dependent interaction, 
strength c^. The dimensionless parameter 7 = 02/('o introduces many features in 
the phase-diagram of rotating spin-1 bosons. We consider generic values of 7 in 
the repulsive regime CQ > 0, and also focus on the special case 7 = 0. where the 
interaction has an SU(3) symmetry[70]. 

This chapter is organized as follows. In section 3.1 we define the model by 
discussing LLL truncation in a disc, sphere or torus geometry, specifying the inter
action Hamiltonian. and make remarks on the genera] symmetry properties for later 
use. In section 3.2, wc study the phase diagram by direct numerical diagonalization. 
In section 3.3 exact quantum ground state wavefunctions and energies for a slowly 
rotating (angular momentum L < N) system in the c-2 = 0 limit are presented. For 
nonzero C2, we use a LLL mean field treatment to study the slowly-rotating system 
(in section 3.4) and the various skyrmion and vortex lattices (in section 3.5). 

1This chapter is largely based on a collaboration with J.W. Reijnders, K. Schoutens and N. 
Read, see [70, 71] 
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Before we come to the details of our analysis, we briefly summarize some of the 
results in the literature for rotating bosons, with either a single component (scalar 
case) or several components, such as spin 1 (vector case). 

NON-ROTATING CONDENSATES AND TOPOLOGICAL EXCITATIONS 

The case of vector BEC without rotation has been investigated, most often by 
mean-field theory using the spin-1 Gross-Pitaevskii equations, or with the further 
approximation of neglecting the kinetic energy term (the Thomas-Fermi approxi
mation). There are two regimes [34], as mentioned already. In the ferromagnetic 
regime c2 < 0. the ground state has maximum possible spin. S = N. Such a spin 
state can be constructed by condensing all the bosons into a single-particle state 
with Sz = +1 , or as a spin-rotation of this. In the opposite antiferromagnetic 
regime. Co > 0. the ground state has minimal spin. Such a spin state can be con
structed by condensing all the bosons in the same Sz = 0 single-particle spin state, 
or by taking a spin-rotation of this (notice that this is distinct from all of the fer
romagnetic states). This "polar" state1 breaks spin-rotation symmetry, even though 
the expectation value of the total spin, or of the spin density, is very close to zero. 
The distinct ordered states, that can be mapped onto each other by the (broken) 
symmetries of spin rotation and phase rotation, are labelled by points in an order 
parameter manifold (or target space). For the ferromagnetic case, this manifold is 
SO('S) [34], while for the antiferromagnetic or polar case it is S1 x 5 2 /Z 2 [34, 103]. 
These ordered states possess excitations that can be described as topological defects 
in the order, either with a singularity at a point surrounded by a "core", or without 
a singularity at all. A brief description of the different defects is given; those that 
carry non-zero vorticity are relevant to the rotating case which we discuss next. 

VORTICES AND SKYRMIONS 

If the number of bosons in a rotating trap is sufficiently large, the effect of slow-
rotation can be studied in a mean field framework. For a single species of bosons 
with repulsive interactions, the rotation is accommodated through the creation of 
singular vortices, with vanishing particle density at the vortex cores. As the rotation 
rate is increased from zero, there is a critical frequency at which a single vortex first 
appears in the system [97], followed by additional vortices at still higher rotation. 
With a spin degree of freedom, the system has several components in which to 
store the angular momentum. There is the possibility that a vortex core for one 
spin component is filled by another spin component, leading to core-less vortices or 
^skyrmions". In such configurations, the total particle density is nowhere zero, and 
there is a smooth spin texture. Mean field states of this type for rotating spin-1 
bosons have been investigated theoretically by solving the spin-full Gross-Pitaevskii 
(GP) equations [101. 37, 53, 52]. For attractive interactions, in contrast, the BEC 
remains in a compact blob, without any vortices, all the way up to the maximum 
rotation frequency (the trap frequency) [97]. 



3.1. LLL MODEL HAMILTONIAN AND ITS SYMMETRY 27 

LATTICES OF VORTICES AND SKYRMIONS 

When several vortices are present in a rotating scalar boson condensate with repul
sive interactions, they line up in a triangular (Abrikosov) vortex lattice [1, 16]. In a 
vector BEC one expects to find similar lattices, built from the coreless vortices just 
described. The details of all this depend crucially on the relative strength 7 = C2/C0 
of the spin-dependent interaction. For 7 = 0, where the SU(3) symmetry between 
the different spin components is not broken, the lattice that is expected upon rota
tion is composed of three intertwined triangular lattices. The vortex cores do not 
overlap, so that the density is (almost) uniform. This lattice has been shown to be 
independent of the strength of the interaction by Kita et al. [45]. The vortex lattice 
shows a rich phase diagram, however, when the interaction is spin-dependent. For a 
range of positive values of 7, a square lattice composed of 7r-disclinations has been 
predicted [45]. 

3.1 LLL MODEL HAMILTONIAN AND ITS SYMMETRY 

In this section we describe the truncation of the space of single-particle states to 
those in the LLL, and then explain the use of different geometries (sphere, torus) 
once this truncation has been made. Then we give the form of the interaction 
Hamiltonian that will be assumed, and some analysis of the symmetries of the 
model, with particular reference to certain limits and different geometries. 

TRUNCATION TO THE LOWEST LANDAU LEVEL 

In a rotating frame of reference the Hamiltonian for N trapped, weakly-interacting 
spin-1 bosons is 

A 

/ / = Ehf ( - V ?+^)-^- L * +#int • (3-1 2 
t 

Here to is the frequency of the rotation drive, Lj the angular momentum of the i-th. 
particle and H-mt the interaction Hamiltonian, which we discuss below. We have 
set h and the harmonic oscillator length I = (h/rribUJo)1/2 of the trap (with UQ the 
trap frequency and rrib the boson mass) equal to one. Modes in the direction of 
the rotation axis are frozen out, leaving us effectively with a two-dimensional (2D) 
system. The energy eigenvalues of the single-particle part of the Hamiltonian arc 
then En,m = (2n + m+ l)u>o — mu, with n > 0 the Landau level index and m > —n 
the 2-component of angular momentum, labelling the states within each Landau 
level. 

We consider the model in which the single-particle states are restricted to the 
lowest (n = 0) Landau level (LLL) [96]. This is valid when the interactions are 
sufficiently weak, as we will explain momentarily. The normalized LLL wavefunc-
tions are 4)m(z)(a with the orbital part <t>m(z) ex zme~^ /2 (z = x + iy), and (a 

a three-component complex vector representing the spin state; here a labels the 
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eigenstates of the z-component of the spin Sz for each particle, a —]. 0, j . [Later in 
the paper it will be convenient also to use the basis of Cartesian components for spin 
1, labelled by // = x. y. z.\ When we use second quantization, we will denote the bo
son creation and annihilation operators for these single-particle states by b\na. bmQ. 
and the corresponding occupation numbers by nmoc = 6j,lQ6mQ- Also, we sometimes 
use the field operator ipa(z) = Ylmbma4>m{z)- The single particle contributions to 
the Hamiltonian add up to (u-'o - to)L, with L = J2i LZi the z-component of total 
angular momentum. We will refer to this geometry as the disc in view of the form of 
the fluid states (for repulsive interactions) which tend to form a disc or "pancake". 
because of the centrifugal force. Note that we must have u! < UJQ, otherwise the 
system becomes unstable. 

To study the bulk properties of the quantum ground states, we will eliminate 
boundary effects by using instead two other geometries and taking the limit u —> LÜQ. 
In a spherical geometry [29]. the orbital part of the LLL single-particle wave functions 
is <j>rn(z) oc zmj(l + (\z\/2R)2)1+Nv'2, where z represents position on the sphere by 
stereographic projection to the plane, and R is the radius of the sphere. The number 
of orbitals is restricted by the vorticity Nv penetrating the sphere. 0 < m < Nv. The 
Nv + 1 single-particle orbitals form a representation of orbital angular momentum 
equal to Nv/2, see Ref.[29]. In the limit R —> oc. keeping Nv/R

2, N and z constant, 
the single-particle wave functions on the sphere reduce to those for the disc as above. 
The total angular momentum on the sphere is characterized by quantum numbers L 
for the magnitude, and Lz for the z-component. In terms of L which has eigenvalues 
L = Ylimi a s before. L~ — ̂ NNV — L. We emphasize that our definition of L 
when used for the sphere does not have its usual meaning, but is related to the 
z-component in such a way that the Nv —»• oc limit agrees with the plane. 

The final geometry we use is the torus. Here the single-particle wavefunctions 
take the form 0(z) oc f(z)e~y in the Landau gauge, with ƒ a quasiperiodic holo-
morphic function. With Nv flux quanta, ƒ has JV,, zeros in the unit cell. There are 
exactly Nv independent solutions, of the form ƒ(z) = Yli=i $1 (z ~ Z>\T)- with r do-
scribing the geometry of the unit cell and Z{ the zeros of ƒ. The use of ^-functions 
ensures that d> is periodic. Many-body states can be classified by their Haldane 
momentum [30]. 

INTERACTION HAMILTONIAN 

In a model description, the Hamiltonian describing the 2-body interactions of a 
system of N spin-1 bosons is a contact interaction, and contains spin-independent 
(Hn) and spin-dependent (Hs) terms, of strengths CQ, 02 respectively 

#int — Hn + Hs 

A' 

= 2irj]^2>(r i-r i)[cö + caSi-Si] . (3.2) 

Here c0 = {go + 2g2)/3, c2 = [g-2 -flo)/3, gs = ̂ h2as/mb and as (S = 0, 2) the 2D 
s-wave scattering phase shift in the spin-5 channel [61. 34]. A factor 2TT has been 
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extracted for later convenience. One can obtain these parameters by integrating over 
the third direction. Assuming, for example, harmonic confinement with quantum 
length l± in the z-direction. one finds a2

s
D = a\D/\/2TTI± when l± -C /. For the 

sphere, the coordinates r in this Hamiltonian take values on the surface of the 
sphere, with radius R. 

In mean-field approximation of a Bose-Einstein condensate, we can define a local 
order parameter <p = (b) = y/n£, with £ a normalized three-component complex 
vector. In the x.y.z representation /i. the spin is given by S = ?'0 x (p. Assuming 
a finite density everywhere, we can find the topological excitations. The vorticity 
carried by such an excitation can be calculated as 

2ni * = 1^-^OiC-OjC (3.3) 

= / /£*•*< • (3-4] 
It is easy to see that the above expression gives the correct result for a vortex in a 
one-component condensate. 

In the polar regime, |(S)| = 0, the order parameter £(r) can be written as 
£ = ettpm., with m a three-component real vector of unit length, m • m = 1. The 
vorticity simplifies to 

*polar = f ^ e - ^ ö e e ^ 

= ±-(<P(2TT)-<P(0)) . (3.5) 
Z7T 

A skyrmion texture in m, with ip = constant, does not carry any vorticity. but 
the 7r-disclination does. As r —> oc, the 7r-disclination is given by (p = 0/2. m = 
(cos(#/2), sin(6/2). 0) (or a global rotation and/or phase shift). The vorticity is then 
equal to | . 

In the ferromagnetic regime, there is a vortex (corresponding to -n\ (SO (3)) = Z2) 
with vorticity 1. As implied by the homotopy result, vortices with larger vorticity 
are unstable. Indeed, a ferromagnetic condensate supports skyrmions with vorticity 
2[34]._ 

It is noteworthy that such topological defects can exist in the lowest Landau 
level. The notion of r —> oc needs to be adjusted, however, as the size of a defect 
is fixed to the oscillator length /. This can be naturally done by compatifying the 
plane to a sphere. 

The use of the LLL reduced Hamiltonian is justified when the interactions are 
weak. Physical quantities evaluated in the full model differ from those in the LLL 
model by relatively small corrections when ucs *C 2o;o- Here v is the typical filling 
factor (expectation of the occupation numbers, summed over a or n) of the single-
particle states. Notice that this condition becomes much less stringent as UJ —> LJQ 
in the repulsive regime, as then the particles spread out into a pancake, and the 
filling factor u becomes of order 1. 
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Finally then, the LLL Harniltonian in the rotating frame which we wish to 
analyze is 

tfw = (u0 - u)L + flint . (3.6) 

Note that we use precisely this definition in the case of the sphere as well a.s for the 
disc. It will be useful also to know the ground states of fljnt for each L. 

SU(3) SYMMETRY ANALYSIS FOR C2 = 0 

In general, the only symmetry in spin space of the Hamiltonians H-mi and H^ is spin-
rotation symmetry S ,0(3) spin . This implies that spin states will come in multiplets 
of spin S with degeneracy 2 5 + 1 (with S integer since the particles have spin 1). 
However, at c-2 = 0. the interaction Harniltonian reduces to the spin-independent 
interaction Hn. In this case the spin-rotation symmetry is enlarged from 50(3)Spjn 

to SU(3)Sp[n. It will be useful to understand what this implies about the spin 
multiplets in a finite size system. 

For C2 = 0. the spectrum will contain degenerate spin multiplets labelled by 
5t/(3)-quantum numbers (p,q). These tuples are the Dynkin indices labelling irre
ducible representations of dimension dim(Pi9) = | ( p 4- l)(q + l)(p + q + 2). Since 
SO(3) is embedded in SU(3). each multiplet can be decomposed into a set of 50(3) 
multiplets. These 50(3) spin quantum numbers can be deduced by using branching 
rules for SU(S) *—> SO ('S). The fundamental branching rule states that a (p. 0) or 
(0.p) multiplet contains 5 = p. p-2. p — 4. . . . , 1 (0) for p odd (resp.. even). Using 
the fusion rule 

(p, 0) ® (0, q) = (p.q)®(p-l.q-l)e---@(p-qA)) • (3.7) 

which is valid for p > q. general branching rules can be derived. A multiplet (p. q) 
with q odd and p > q decomposes in 50(3) multiplets with highest weights ,5' 
according to the branching rule 

(3.8) 

For q even we find 

(P,Q) 

(P, <l) 

i — > 

• -

V " P+<?-2i 

i=0 S=2i+1 

(© © S 'H©2i 
v i=0 5=2;+1 V , --2±i 

<;-2 . „ . 2. 
, 2 P+q-2t v y f X 

(© © S)*(®2j) 
^ i=0 S=2i+2 ' V j=0 / 

p odd (3.9) 

p even. (3.10) 

Note that the highest 50(3)-spin in an 5c/(3)-multiplet (p, q) is always S = p + q. 
and the lowest S — 0 or 1. 
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ORBITAL SYMMETRY IN SPHERICAL GEOMETRY 

In the plane geometry. Hmt is invariant under translations and rotations in the 
plane. When working on the sphere, this symmetry group is replaced by the rotation 
group SO(3)o r b (strictly, we should say SU{2)ovh whenever Nv is odd) of the sphere. 
In the limit R —> oo described above, this symmetry becomes translations and 
rotations of the plane. When taking this limit, we also hold L fixed, and hence 
many-particle states of definite SO(3)o r b quantum numbers {L,L2) become in the 
limit infinite-dimensional multiplets of the Euclidean group of the plane. States 
within each multiplet differ only in the state of the center of mass variable (which 
has coordinate zc = Ylizi/N)- Thus, if tpL is an eigenfunction of H-mt at certain 
angular momentum L, then there exists a whole "tower" of states IJIL+L' <* z^'tpL 
with the same interaction energy at angular momentum L + L'. 

We remark that in situations where only a few quantum orbitals are available 
to the bosons, the spectrum is largely determined by symmetry considerations. 
Particular examples are the spectrum for Nv = 2 on the sphere, where the exact 
N-body energies are given in terms of Casimir invariants of the orbital and spin-
symmetries (see eq. (3.13) below), and the case with Nv = 4 on the torus, where 
the topological degeneracy eq. (4.11) below pertaining to particular quantum liquid 
states is recovered from the SU(3) spin-symmetry. 

3.2 MAIN FEATURES OF THE PHASE DIAGRAM 

In this section we make a first pass through the phase diagram with numerical 
results on moderate sizes. First we consider the ground states of fljnt in the disc 
geometry for each L, then use this to find the ground states of H^ as a function of 
UJ. All this is done for general values of CQ, C2. 

GLOBAL STRUCTURE OF THE PHASE DIAGRAM 

First we point out that the magnitude (CQ + C^) 1 / 2 only sets the overall energy scale, 
so it can be divided out. Thus the phase diagram can be thought of as a circle, in 
which a point on the circle represents a ray in the c0-c2 plane. We wish to examine 
this for each L, or later for each to. In Figure 3.1 the CQ-C2 plane is shown with 
certain special directions (c0 = 0, c2 = 0. g0 = 0, g2 = 0) that will be important 
later picked out. 

For L = 0. the ground state has total spin S = N for c2 < 0 (ferro regime) and 
5 = 0 (1) for AT even (odd) for c2 > 0 (anti-ferro regime). These states are the way 
that the broken symmetry states described in Sec. 4.1 (the ferromagnetic and polar 
states respectively) appear in a finite size study. For c2 = 0, there is a single St/(3) 
multiplet of spin states, decomposing into one SO(3) multiplet of each spin S = N, 
N - 2, . . . The transition at c2 = 0 can thus be viewed as levels crossing, with a 
larger degeneracy on the line c2 = 0. As L increases, these two phases at c2 ^ Ü 
survive in part of the phase diagram, as compact drops of fluid, with the center of 
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Figure 3.1; Overview of CQ-C2 plane, with special regions and directions marked. 

mass carrying all the angular momentum. Meanwhile, the positive CQ axis gradually 
opens into a region that contains other phases. By the time L is > N, the C0-C2 
plane contains the three regions labelled I A. I B . and II in figure 3.1. 

The ground states in regions I-A and I B are similar to the one in the "attrac
tive" regime in the scalar case [97]. The orbital part of the ground state wavcfunc-
tioii is of the form SP(zi) oc z'c;. In region I-A (c0 < 0. c-i > 0), the spin state is 
the same spin-singlet as for the 1 = 0 ground state, and the energy [35] becomes 
[coiV(Ar - l ) /2 — Ncz]- In region I-B (c2 < 0. c0 < —c2). the spin state is ferro, 
S = N, giving energy [97] (c0 + c2)A r(A r-l)/2 < 0. At c2 = 0. c„ < 0. the spin states 
again form the SU(3) multiplet. In the remaining ••repulsive*1 region II, the ground 
state is in general not a common cigenstate of the CQ and Ci parts of the interaction, 
and the ground state energy depends non-linearly on the ratio 7 = C2/C0. Note 
that we have now located the repulsive region more precisely than in our previous 
characterization of it simply as c0 > 0. Most of the following analysis focuses on 
region II only which can be parametrized by 7 = C2/C0 alone. 

FINITE SIZE RESULTS IN REGION II AS A FUNCTION OF UJ 

In figure 3.2 we show the ground state quantum numbers (L, S) in region II for 
N — 6 bosons as a function of the rotation frequency UJ. As the phase diagram 
for each UJ is a circle (which in region II can be parametrized by 7 = C2/C0. or by 
0 = arctan 7), we are free to plot u) radially. The parameters are shown in units of 
UJQ and with CQ =0.25, but notice that the ground state quantum numbers can only 
depend on the dimensionless ratios of energies (a;o — u;)/co and C2/C0, so that the 
structure shown is actually present (though with the radial variable rescaled and 
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Figure 3.2: Ground 
state quantum num
bers (L.S) in region 
II for N = 6 spin-1 
particles in the planar 
(disc) geometry, as a 
function of the driv
ing frequency UJ (plot
ted radially) and the 
ratio 7 (correspond
ing to the angle with 
respect to the hori
zontal axis). The spe
cial directions gi = 
0, c2 = 0. gQ = 0. 
Co = 0 are shown 
as double-dotted ra
dial lines. The in
set shows a cut along 
the C2 = 0 direc
tion, with the angu
lar momentum given 
on the vertical axis 
and the (degenerate) 
spin values S marked 
at each of the steps. 
In this figure, the pa
rameters co, C2, and u 
are in units of UJQ , and 
the value CQ = 0.25 
is used in the main 
figure as well as in 
the inset. For addi
tional discussion, see 
the main text. 
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shifted) for all parameter values (unless CQ is too large). The dashed rays are the 
lines C2 = —CQ. CO = 0 and c<2 — co/2, and the outer dashed circle is the locus of 
LO = U)Q. The ground state angular momentum L and spins S at Ci = 0 and as a 
function of to, are shown in the inset. The degenerate spin values at L < N are 
seen to correspond to the following irreducible SU('Ó) multiplets: (p. q) = (6. 0) for 
L = 0. (p.q) = (4.1) for L = 1. (p.q) = (2.2) for 1 = 2. (p,q) = (1.1) for 1 = 3 
and {p.q) = (0.0) for L — 6. Note also that for c2 < 0. c0 > — c-i the ground state 
spin gradually decreases from 5 = 6 at u) = 0 to 5 = 0. 

3.3 EXACT GROUND STATES 

For larger sizes, a brute-force numerical approach is not feasible, so we develop 
other approaches. In this section we determine the exact ground state energies 
and wavefunctions for slow rotation (angular momentum up to the boson number. 
L < N), for Co > 0 and c-2 = 0. exploiting the SU(3) symmetry described in 
the section 3.1. Some of the ground states we find were described in Ref. [36]. 
We analyze a system of TV spin-1 bosons in spherical geometry with Nv quanta of 
vorticity. with the disc geometry emerging as the limit Nv —* DC. We remark that 
for N sufficiently large, it becomes natural to discuss low energy properties in terms 
of mean field configurations that break the various symmetries and whose energy is 
slightly higher than that of the exact quantum ground state: this will be discussed 
in section 3.4. 

E X A C T EIGENSTATES OF Hn 

The ground state spectrum for c2 = 0 and L < N can be understood by exploiting 
the SU(3) symmetry of the Hainiltonian Hn. In our analysis we proceed as follows. 
We consider two series of eigenstates of Hn, in which (roughly speaking) the bosons 
occupy at most the lowest three orbitals. Among these eigenstates. we identify the 
exact quantum ground states on the disc and the sphere, as a function of the angular 
momentum. This then allows us to compute the u) dependence of the ground state 
angular momentum for general TV at c-i = 0. 

We write the first series of eigenstates as \p,q. n)1. These states contain doublets 
and triplets of spin-1 bosons that are fully antisymmetric in spin indices, and in the 
orbital indices (guaranteeing the overall symmetry that is required). The different 
numbers of single bosons, doublets and triplets correspond uniquely to the values 
of N and the quantum numbers (p,q) of the corresponding SU(3) multiplets. The 
triplets, which appear n times, are singlets under SU(3), and so do not affect the 
overall SU(3) representation. The highest spin component (Sz — p + q) of the 
corresponding SU(3) multiplet takes the following form (up to normalization) 

Ip.q.n)1 a [ei • B|]"[e2 • (BJ x B0)]"[B0 • (BJ x BJ)]" |0>. (3.11) 

with e, = (1.0.0). e2 = (0.0.1) and B\ = (&o,a>&i,eri4,a)- Clearly, the total 
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number of bosons is N — p + 2q + 3n. The energies corresponding to eq. (3.11) are 

^ / . . „Nv^/„, , \ i „Nv 
1 

K.q.n/C* = OL^n{n-ï) + a^q{q-ï) + -p(j>-\) 

+a"v np + - qp + of" nq. (3.12) 

with 

Af„ _ p ll;V,2-20A^.+6 AT,, _ 5AT,,-2 
Q 'l ~~ ö4(2Nr-3)(2N,,-l) Q2 ~ 2(2Ar

t,-l) 

Nv _ 7N„-4 A, _ 5 a ^ 
" 3 — 2(2/V',.-l) a 4 — 2 • 

This energy is for spherical geometry, and it depends on the number Nv of flux 
quanta. For Nv —> oo eq. (3.12) gives the energy in a disc geometry; Nv = 2 gives 
the energy on a sphere with 3 orbitals. On the basis of exact diagonalization studies 
for N = 6,9,12,15,18 particles we claim that on the disc for L < N/2, the ground 
state multiplet is precisely \p. q, 0)', with p = N — 2L, q = L. 

On the sphere with Nv = 2. we have obtained a much stronger result [74], namely 
a closed form result for all eigenvalues of Hn. It turns out that these energies can 
be given in terms of the number N of bosons, the total angular momentum L and 
the (p, q) labels of the 5/7(3) representation, according to 

^r2 /co = ^N{N-l)+l-Tlq + \iCL+l) , (3.13) 

where T^q = (p2 + q2 + pq)/3 + p + q is the quadratic Casimir operator for SU(3) 
in the representation (p, q). Specializing this expression to the states in series I, by 
eliminating N in favor of n and using the fact that L = p + q. reproduces the result 
in eq. (3.12) for Nv = 2. 

Analyzing the ground state on the disc for L > N/2, we identified a second 
series of states \p. q, n)n. One can think of the type II states as having the p single 
bosons in m = 1 rather then m = 0, so that now ei = (0,1,0). That is not quite 
correct for the energy eigenstates, as we will explain below, but it does give the 
correct quantum numbers. The states in series I. II share the property of having 
p single bosons and q doublets, leading to SU(S) Dynkin labels {p.q). It may be 
illuminating to display the structure of the states in terms of diagrams similar to 
Young tableaux as in figure 3.3. For the orbital structure of the highest-weight 
states in cither series I or II, the lengths of the three rows represent the number of 
bosons in the orbitals ra = 0. 1,2 respectively (in the rough point of view, which 
will be corrected below), while the differences p, q and n in the lengths correspond 
to the SU(S) structure. Essentially, these diagrams are ordinary Young tableaux 
for the states, but with the first two rows exchanged in the case of series II. 

For the case of the type II states, the following correction must be made to 
obtain the energy eigenstates. In the case of scalar bosons, it is known[96, 13, 87] 
that the ground state configuration at L = p of p bosons is a vortex located at their 
center of mass, with wavefunction Yiiizi ~ zc) with zc = ̂  zi/p. This state is not 
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Figure 3.3: The structure of the two different series of eigenstates of Hn. displayed 
in a form similar to Young tableaux. In both cases, the corresponding SU(3)-
representation has Dynkin labels (p,q). 

entirely restricted to the in = 1 orbital, as there are components in which other 
orbitals in the range 0 < m < p are occupied as well. The p bosons in the state 

form such a vortex. This complication makes it difficult to write down \p. q. n 
,11 

the closed form expression for the states in series II; based on numerical analysis 
for small N and mean field results for large N (see section 3.4). we do propose the 
following closed form expression for the corresponding energy on the disc 

E ii p.q.n 'C 0 = 
33 , , . 5 . 
-n(n - \) +-q(q - 1 T P ( P - 2 ; 

25 
-nq 

11 
"8 np+ qp. (3.14) 

Note that the p-independent terms in this formula are identical to those for type I 
states with Nv = oo. The state \p,0,0)n, has energy p(p — 2)/4. which is exactly 
the ground state energy of a rotating scalar BEC at L = p = N. This justifies 
the interpretation of the polarized subsystem with p bosons forming a vortex at the 
center of mass. However, it turns out that \p. 0.0)11 will never be the lowest energy 
configuration for a rotating spin-1 system. 

Among the type I/II states the following are special. First. \p. 0, 0)1 is the non-
rotating ground state, corresponding to the (p. 0)-multiplet. Second. |0.g.0) gives 
a wavefunction composed of anti-symmetrized pairs of bosons, a Boson-Doublet-
Condensate (BDC) or (0,r/)-multiplet. Third, |0.0. n) is composed of 3-body sin
glets. It is a condensate of triplets or boson-triplet-condensate [70] (BTC); we shall 
see that it forms the ground state at L = 3n = iV. The BTC-state can be regarded 
as a symmetrized version of the core-less vortices observed in mean field studies (see 
section 3.4 for more on this). 

More generally, the type I/II states are examples of "(multi-) fragmented" con
densates [60], see also [35], in the sense that they contain several macroscopically 
occupied elements in the density matrix. For instance, for the BTC- and for 
(any component of) the BDC-state we have (nmQ)BDC — (1 — <5m.2)(l — <^a|)5/2, 
( % O ) B T C = Ti/3. Since the spin is fixed in these states. (Ana)

2 = ((nQ — (nQ))2) = 
0. where nQ = Y^m=Q l 2n»'"*- However, within each spin component, the fluc
tuations of the boson number between orbitals is of the order of the system size: 
(Anm Q)BD C = q{q + 2)/12. (An, ? I Q) |T C = n(n + 3)/18. This is an indication that, 
as in the case of the singlet ground state at L = 0 in the antiferromagnetic regime 
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Figure 3.4: L/N as N —> oo of the ground state on the disc (bold line) and on the 
sphere with Nv — 2 (dashed line), as functions of cD = (io — LOQ)/(CON) at C2 = 0. 
The horizontal lines mark the values L/N = 1/3 and L/N = 2/3. The cusps in 
both curves indicate the point where the m = 2 quantum orbital is first used in the 
ground state. 

and the related "polar" mean field state [35]. it may be best to think of these states 
as broken symmetry states [2]. That is the approach we will take in section 3.4. 

EXACT GROUND STATES AT C2 = 0 AS A FUNCTION OF L OR U 

The ground state of a rotating gas with iV spin-1 bosons in the LLL and a spin-
independent (c2 = 0) interaction is formed by a sequence of type I or II states 
lying on a certain path in (p, g)-space as L increases. To find the ground state in 
a rotating frame of reference, we need to find the ground state of HUi eq. (3.6), 
instead. Since this Hamiltonian contains only two energy scales, the ground state 
angular momentum per particle L/N can be written as a function of the ratio 
(to — UQ)/(NCQ). For finite boson number this function consists of a sequence of 
steps, as can be seen in figure 3.2. It turns out that (thanks to our judicious choices 
of factors of N) the limit N —> oo with L/N and (to—coo)/(CQN) fixed of this function 
exists, and this is the most convenient information to display. In the following we 
determine the path of the ground states in (p. g)-space as a function of L, and the 
L{OJ)/N behavior of the ground states in this limit for both the sphere (Nv = 2) 
and the disc (Nv — oc) in the regime L/N < 1. 
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GROUND STATES ON THE SPHERE AT NV = 2 

On the sphere, our notion of rotation is such that the SO(3)orb-angular momentum 
L decreases as the system rotates faster and faster. With three orbitals (Nv = 2) we 
have Lz — N — L (see section 3.1). (We consider Nv = 2 because this case can just 
accommodate L < N.) At L = N. we know already that the |AT. 0,0)7 multiplet 
forms the ground state. As L starts to decrease, again a type I state has the lowest 
energy: the [p. f/)-path is parametrized by (2L — N.N — L). Bosons are gradually 
added to the m = 1 orbital and form anti-symmetrized pairs with the remaining 
ones. The point up to which this continues can be found by comparing the energies 
of \2L - N. N - L. ())' and |2L - N + t. N - L - t, t/3)1. After minimizing with 
respect to t this yields the critical 5/7(3)-indices (p. q)c = (N/3. N/3). At this point, 
with L = 2AT/3. ground states with a nonzero (7? > 0) number of triplets become 
energetically favorable. In the remaining region. 2N/3 > L > 0. type I states arc 
the ground states following the path (p. q) = (L/2. L/2). Eventually this terminates 
on the BTC at L — 0. L/N of the ground state as a function of the rotation drive 
u! shows a cusp at L/N = 2/3 (L/N — 1/3). as is shown in figure 3.4. 

GROUND STATES ON THE DISC 

For a system on the disc (Nv — 00), the results are rather different. We will again 
present the ground states in order of increasing' L. At L = 0, the \N. 0, ü)/-multiplet 
forms the ground state as we know. For L < N/2 the ground state is formed by a 
type I state with n = 0 and 5t/(3)-quantum numbers (p.q) — (N — 2L.L). This 
state terminates on the BDC at L = N/2. In this range, increasing L leads, as on 
the sphere, to more bosons occupying the m = 1 orbital, forming anti-symmetrized 
pairs with the ones in the m = 0 orbital. For L > N/2, the type II states have 
the lowest energy. As L increases, bosons move from the m = 0 into the m = 1 
orbital, decreasing the number of doublets, and giving type II states at (p. q) — 
[2L - N. N - L). Comparing the energies of \tN. (1 - t)N/2. 0)1J and \(t - s)N, (1 -
t)N/2. sN/3)H, we can determine the point where it becomes favourable for triplets 
to enter the ground state. We find a critical angular momentum L = (1 —tc)N with 
tc ~ 1/3-3/JV, which approaches L = 2N/3 for N large. For L > 2N/3 the number 
of triplets is gradually increasing as L grows. Minimizing \2L — N — s. N — L. s/Z)n 

with respect to s, we find that the ground state is now the type II state with 
s(N, L) = 3L - 2JV, giving (p. q.n) = (N - L, N - L.L- 2N/3). For L = N the 
ground state is the BTC with p = q = 0. n = N/3. 

To summarize the above results, for 0 < L < N/2 the ground state is given by 
\N - 21. L. 0)1 and for N/2 <L< 2N/3 by \2L - N. N - L. 0)11. In the remaining 
range 2N/3 < L < N the number of 3-body singlets is nonzero, and the ground 
state is given by \N - L.N — L. L - 2N/3)'1. Minimizing the energy in a rotating 
frame of reference leads to the L(a;)/Air-depcndence of the ground states for N —> oc 
which is depicted in figure 3.4. In this figure, the curve shows a cusp at the point 
where the m = 2 orbital first enters the ground state configuration, which is at 
L/N — 2/3 for the disc with Af large. A signature of this cusp in an experimental 
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Figure 3.5: Degeneracies of zero-energy ground states on the sphere at 7 = — 1 for 
N = 6, Nv = 2 (top left), N = 5, Nv = 3 (top right) and JV = 6, Ar„ = 00. All 
multiplicities refer to highest weight states of the orbital 50(3) symmetry. 

system might be a change in the expansion rate (the rate of change of the outer 
radius of the drop with respect to uS) if the angular momentum exceeds 2AT/3. We 
shall see that the cusp survives in the anti-ferromagnetic regime, C2 > 0. 

It is important to contrast all this with the well-known behavior of scalar bosons 
in a rotating trap [96, 97]. In the latter case there is a jump from L/N = 0 to 
L/N = 1 (for all N) when one vortex enters the system, whereas for spin-1 bosons 
we find (at N —> oc) a continuous L(co)/N curve with a discontinuous slope. 

T H E BOUNDARIES OF REGION II 

The behavior at the phase boundaries I-A/II and I-B/II (see figure 3.1) deserves 
special attention. At the boundary I-B/II, where 7 = C2/C0 = —1, the Hamiltonian 
simplifies as gi = 0 and only the contact interaction which projects onto the spin-
singlet channel remains. As a result of this, large degeneracies occur. For example, 
all fully-polarized states (S = N) have zero energy. We have not obtained analytic 
expressions for these degeneracies. That they are not due to the specific geometry 
was observed on the torus. The zero energy states are not sensitive to changes in 
the geometry. As examples of these degeneracies, we have in figure 3.5 tabulated 
the L, S quantum numbers of the zero energy states for N = G, Ar„ = 2 and for 
N = 5, Nv — 3 on the sphere, and for Ar = 6 particles in the disc geometry. 
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3 .4 L L L MEAN FIELD THEORY 

At low rotation rates, the typical boson occupation numbers (nma) of the occu
pied (nma i=- 0) single-particle states are large compared with 1. In this situation, 
a mean field (or classical) approach to the problem is generally expected to be 
quantitatively accurate. In such an approach, the boson operators are replaced by 
expectation values, which are complex c-numbers: 6J„a —> b*na, and the second-
quantized Hamiltonian is then minimized with respect to both the magnitude and 
phase of these numbers to find the ground states. In essence the resulting state 
is a Bose condensate with the bosons condensed in one linear combination of the 
single-particle states. This typically involves breaking the orbital and spin symme
tries, as well as particle number conservation. (States with definite values of the 
good quantum numbers such as N. S, L can be obtained afterwards by applying a 
projection to the mean field quantum state [2].) In the case of very low rotation, 
where L < N, we have seen that (neglecting the subtleties that arose for type II 
states) the states essentially involve only the in = 0. 1. and 2 states, so that the 
basis set for the mean field calculation is particularly small. In these cases, the mean 
occupation numbers of the single particle states are of order N. and their energies 
exceed the exact ground state energy (which is of order Ar2) by an amount of order 
N. We refer to [44, 39] for an extensive account on mean field theory for the case 
of scalar bosons, including the order N correction related to quantum fluctuations. 
In this section we pursue this mean field calculation for this regime. This gives us 
easy access to the ground states at large N for r2 ^ 0 in region II. In the following 
section, we study instead the mean field states at larger rotation, which can be 
assumed to be states in which the translational and rotational symmetry group of 
the plane is broken to that of a lattice. 

In terms of the complex numbers bma. 6*m. the energy becomes a quartic 
polynomial and the ground state can be found by minimizing this polynomial 
with respect to these variables. This is done here with the mean boson number 
(A7) = Y,,nabmabma and angular momentum (L) = Y,ma

mbmabma fixed at the 
values N, L. respectively. The spin is not constrained at all. For c<i = 0 the 
Hamiltonian on the sphere takes the form 

Hn = eg y j y Vmim2m. im., lomiaüm23om. i (,6,„ l,i. (3.15) 
a/3 rai-in.| 

with matrix elements 

V ^ - m , = r,1 7 ^ v C I S - (3-16) 

This exhibits the dependence on the spatial orbitals. For c2 / 0. the matrix elements 
in the additional term consist ofVmi...m4 multiplied by matrix elements of S(; • Sj. 
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Figure 3.6: Two-dimensional density profile of each of the spin components of two 
LLL mean field ground state configurations at C2 = 0, L = N. The upper panels 
shows the axi-symmetric spin-vector configuration (0Q(Z). <f>\(z), Ó2(z)). The two 
configurations share the same distribution of the total density, and they are related 
by the SU(Z) symmetry. For C2 ^ 0, there are similarly distinct profiles related by 
50(3) symmetry. 

which depend on the a\, . . . , a^ labels of the bosons. These matrix elements can 
be found in standard quantum-mechanics texts. 

The fact that mean-field configurations break the various symmetries implies 
that the minima of the mean field energy form orbits under the action of these 
same symmetries. On a disc, and at C2 ^ 0, one expects and finds that, typically. 
from a generic minimum there are 5 fiat directions leading to adjacent minima with 
equal energy. These fiat directions correspond to the 3 generators of the 50(3) spin 
symmetry, an overall phase, and an orbital 0(2) rotation. For spin-independent 
interactions the symmetry orbits are generically 10-dimensional. 

One convenient quantity to plot is the expectation value (S) of the spin, whose 
length is conserved under global spin rotations. In special cases, this expectation 
value is axi-symmetric; in the more general case it is non-axisymmetric and the mean 
field configuration breaks the orbital 0(2) symmetry. Another useful quantity is the 
three-component condensate wavefunction (analogous to the familiar spinor for spin-
1/2), which is the expectation value of the field operator, (ipa(z)) = ]T) bma<pm(z) 
(see Sec. 3.1). It is a vector in the a =T, 0, J. basis. From this we can plot the density 
in each spin component in position space. This could be accessed experimentally if 
after switching off the trap to allow the particle cloud to expand, a Zeeman term is 
switched on, which causes the three a components to separate as they expand. 

As an example, we plot in figure 3.6 the 2D density profile in each spin component 
of two different mean field ground state configurations at c'2 = 0, L = N. The top 
frame shows the densities for the condensate proportional to (0o, (pi,^)'- the lower 
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frame shows a configuration that is related to this by an SU(3) rotation. The total 
density in each of the m = 0. 1.2 orbitals is an SU(3) invariant, and it is the 
same for both configurations shown in figure 3.6. The mean field energy of these 
configurations is EM F = 4§N2, m agreement with order N2 term in the energy of 
the exact quantum (BTC) ground state, eq. (3.12) with Nv = 2. p = q = 0 and 
n = AT/3. 

First we consider the disc geometry with 02 = 0. Carrying out the mean field 
minimizations, we find in terms of £ = L/N that for 0 < 2. < 2/3 the number 
densities (nm) = Yla Kuchma m the orbitals of the mean field ground states behave 
like (here and in the remainder of this section, these numbers are normalized so 
that they sum to 1) (rc0) = 1 - /:'. (ni) = t and (n2) = 0. For § < £ < 1 we find 
(no) = | ) ("1) = I — £ and (77-2) = £ — §. All this is in agreement with the results 
derived from the exact quantum ground slates in section 3.3. 

For very small interaction ratios I71 >C 1. the total densities in the orbitals remain 
the same as for 7 = 0, but there is non-trivial structure in the spin dependence, 
leading to spin transitions at critical values of i = L/N. as we will describe shortly. 

In figure 3.7 we have plotted region II of the phase diagram, this time with 
/ radially. The shaded regions show where only the first two orbitals (111 = 0.1) 
are present in the condensate. One region is a tiny strip near £ = 1 for 7 > 
(7 + 4\/2)/17 « 0.75. where the (m.a) = (1. 0) state is occupied by all the bosons. 
This state can be seen as a "polar" vortex, since it has the same spin state as the 
polar BEC. The other region, centered (roughly) around the 0% = 0 axis, contains 
states in which both the 777 — 0 and 777 = 1 orbitals are used. 

In the anti-ferromagnetic regime for t < 1 there is a large area where the m = 3 
orbital requires a non-zero density; in this area, mean field theory in which only the 
first three orbitals are used is not valid. However, around and at the 5Z7(3)-axis 
and around the polar vortex as well as in the ferromagnetic regime, the density in 
the m = 3 orbital is very small for E < 1 and can safely be ignored. Besides, if the 
energy Hu in a rotating frame (see eq. (3.6)) is minimized, only the states which 
use the first three orbitals rn = 0.1.2 are of interest for I < 1. [This is with the 
exception of the vicinities of the boundaries of region II (see figure 3.1) at 7 —* 00 
and at 7 = — 1.] 

In the following subsections we present results for the LLL mean field ground 
state for |-y | -C 1. in both the ferromagnetic and anti-ferromagnetic regimes, and we 
discuss the ground states at £ — 1 for general values of 7. 

Our mean field results pertain to the LLL, relevant for the regime of weak 
interactions, and they thus differ from the mean field solutions of the GP equations 
[52, 50]. Nevertheless, there is agreement on some of the important features, such 
as the smooth dependence of L on to in the ferro regime, and the role of the state 
with a single 7r-disclination near I = 0.5 in the antiferromagnetic regime [50]. 

ANTI-FERROMAGNETIC INTERACTIONS 

We now specify the mean field ground states, given in the form of a three-component 
condensate wave function, for small, positive 7 = +e, and for t < 1. As before, the 
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Figure 3.7: Regions in the 7. i plane in which only the m = 0 and m = 1 orbitals 
are present in the mean field ground state on the disc are shaded. The angular 
coordinate is 0 = arctan 7 and I = L/N is plotted radially. In the shaded strip near 
I = 1, a "polar vortex" forms the ground state. The dotted lines mark the 7 = ±1 
and 7 = 0 directions. 
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condensate wave function is a vector in the a = | . 0. J. basis. In the table below we 
specify the mean occupation numbers of the four states that we found. 
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Tabic 3.1: Occupation numbers of the LLL mean field ground state with small 
anti-ferromagnetic interaction 7 = e. 

Note that the condensates given in this table are specific representatives of fam
ilies of condensates that are related by the 5 ,0(3)spin symmetry. There are two 

critical values, £\ = = — , V'-> 0.37 and £% = 10 - 4 ^ - êy/si 0 - ÖÖVÖ ~ 0.83. 

where we see a discontinuous rearrangement of the condensate configuration and of 
(S). For nonzero 7, these changes in the condensate are continuous: they become 
singular (discontinuous) only as 7 —* 0 + . 

For I < £c
a. the condensate can be represented by {-^<PQ{Z).IIÓ\{Z), -JK<PQ{Z)) 

with A = y/N — L. 7] = \TL. Applying SO('3)sr>-m rotations, one finds alterna
tive representations such as {-J=[\&Q{Z) — r)(j)\{z)\.0. -j=[\(f>o(z) + rj<t>i(z)]). The 

5'0(3)Spjn-invariant quantity |(S)| is found to be 

N 
\(S)\' = —i(l-i)(z + zye -\2„-2\z\ (3.17) 

The state that emerges at £ > £\ corresponds to (r/0i(2),O. \(j>o(z)). leading to 

l(S}|2 = 
N 

[l-(]-£\z\2)2e 2\2-2\z\ 13.18) 

For £ / 1/2, the integrated value of (S) for this state is non-zero and there is a 
spontaneous magnetization. In figure 3.8 a two-dimensional plot of (S) at both 
sides of the spin transition at £ = £€

a is shown. The state at 0 < £ < ta can be 
viewed as a configuration of two 7r-disclinations off the center of the trap, while the 
state in the regime £e

a < £ < 2/3 (or possibly even as far as £\) can be understood 
as a single 7r-disclination in the polar state. 

The angular momentum for which the m = 2 orbital is first occupied in the mean 
field ground state, £ = | , is robust against small anti-ferromagnetic interactions. For 
7 = +e, 2/3 < £ < £\. the condensate can be represented as {T0I(Z). <T<t>2(z),£,<fio(z)), 

while for it < £ < 1 we have with £ = 

{-aè2{z).Tèv{z).i(pQ{z)). 
£ - f , r = 3 L-
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Figure 3.8: Two-dimensional plot of (S) ai both sides ot' the spin transition a1 
/ = i'n. The intensity codes the length |(S)| , while the color indicates the direction 
on the spin sphere as in figure :',.\ 1 below. The Left and right pictures correspond 
in c(is. (3.17) and (3.18), respectively. 

In figure 3.9, we have depicted the ground stale angular momentum per particle, 
' . as a Function of the rotation frequency u; tor some positive values of 7. It is seen 
thai upon increasing - a semi-plateau (a distinguished pan of the curve on which 
the angular momentum increases gradually) develops. Upon increasing * Inn her. 
the semi-plateau becomes Hatter and the width decreases, until for - larger than 
some critical value -,. ~ 1.1!). I (^) jumps from / = 0 to an / = 1 plateau at a critical 
frequency u)c given by u>o - ~ y ~ 0.15CQN. This is a transition trom the non-rotating 
state to the polar vortex, analogous to what occurs in the scalar boson case. 

FERROMAGNETIC INTERACTIONS 

With small negative - = —e the mean held ground slates for slow rotation are char

acterized (up to S'0(3)Spjin rol at ions) by the occupation numbers given in table 3.2. 

Again, we find two spin t ransitions. the first at /,/' = 2 — y2 ~ 0.59 and t he second 

at / ' % 0.69. 
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Table .'5.2: Mean occupation numbers of t he LLL condensate for small ferromagne! ic 
interaction ~ = — e. 
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Figure 3.9: The ground state angular momentum per particle (' on the disc as a func
tion of Co = {to — LOQ)/CQN for various interaction strengths and slow rotation. Upper 
figures: anti-ferromagnetic regime, ö = 0.1. 0.5, 0.75. Lower figures: ferromagnetic 
regime, <f> = - 0 . 1 , - 0 . 3 . -0 .5 . 

For I < £~c the condensate can be represented by (0, r}4>i(z), Xóo(z)) with A and 
// as given above. In this state, the expectation values of the components of the spin 
vector take the following form 

(sJ:) = JLyiij^rf){z + -z)e-\^ 
~i\\J A 

(Sy) = *y/£(X=Ij(-i)(z-z)e-i*r 
7T\J I 

(Sz) = -(l-i)e-^\ (3.19) 
/i 

The state at i~€ < I < 2/3 corresponds to (0, \(f)o(z),r}(f>i (z)). leading to a spin 
vector that vanishes at the center of the disc. The spin-textures for 7 = — e. £ < 2/3, 
can be interpreted as half-skyrmions (or merons). 

For 7 = —e, the condensate can be represented as (cr4>2(z),€4>o(z)> TÓ\{Z)) 

for 2/3 < I < £^(, with £, a and r as above, while for £^e < t < 1 we have 
(a<j)2{z),Tèi{z).X0Q{z)). 

In the ferromagnetic regime the LO dependence of the ground state angular mo
mentum becomes a smooth curve: see Figure 3.9. 
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MEAN FIELD CONFIGURATION AT L = N 

Assuming that only the first three m = 0,1,2 orbitals participate in the ground 
state, the mean field ground states at t = 1 take the form ( ^ ^ ( z ) , TÓI(Z),^(J)Q{Z)), 

with £ = a = \fk± and r = ^ 1 — 2k±. and with the (+)— sign corresponding to 
(anti-)ferromagnetic interactions. The parameters k± depend on 7 according to 

- T(19 + 28v^)72 + ( 4 2 ± 4 y / 2 b - 3 
k ± { l ) - 7 1 7

2 + 1 2 6 7 - 9 • ( , i- 2 ü ) 

The orbital occupation numbers, given as 

(nio) = 1 - 2k±. <noi) = (n2T) = fc± , (3.21) 

are continuous for 7 going through 0, but the spin-texture, which is sensitive to the 
phases in the condensate wave function, is not. We find that for 7 = ±e, up to an 
overall constant, 

(Sx) = (lT^zz)(z + z)e-^2 

(Sy) = (l?-j=zz)(-i)(z-2)e-M* 

(Sz) = ( l - l ( « ) a ) e - W a . (3.22) 

Note that in the anti-ferromagnetic case, the expectation value of the spin vector 
is vanishing on the circle zz = \/2, while in the ferromagnetic case we see a single 
skyrmion texture with (S) non-vanishing everywhere. Figure 3.10 shows the spin 
texture at £ = 1 for 7 = ±e. 

From (3.20) it is possible to derive the critical anti-ferromagnetic interaction 
ratio for which the polar vortex appears, by simply solving £+(7) = 0. The critical 
value found then is 7* = (7 + 4\/2)/17 « 0.75 (see figure 3.7). If 7 increases towards 
7*, the density in the m = 3 orbital acquires a small value. So, strictly speaking, 
the states discussed here are not the true mean field ground state in the whole 
intermediate region. Around 7 = 0 and 7 = 7* however, (ri3Q) is zero and the value 
of 7* is in agreement with numerical results. 

In the ferromagnetic regime, upon lowering 7 the parameter fc_ gradually de
creases from k- = 1/3 at 7 = 0 to k_ = 1 - 1 / \ / 2 at 7 = — 1, with the corresponding 
occupation numbers given in eq. (3.21). 

T H E SPHERE WITH Nv = 1, 2 

It is instructive to perform LLL mean field theory on a system of spin-1 bosons in 
a spherical geometry, with Nv = 1 or Nv = 2, meaning that 2 or 3 orbitals are 
available to the particles. To compare with the disc as before, we write these results 
in terms of £ = [\NV - L)/N. Notice, however, that by flattening out the sphere by 
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Figure 3.10: The spin texture at / — 1 for - = ±f. The left side is the anti-
ferromagnetic case, the righl is the ferromagnetic case. The color coding is as in 
figure 3.1 I. 

stereographic projection, the results are qualitatively similar to those lor the disc 
when only i lie firsl i wo or three orbitals are occupied. This is especially true for the 
s ta tes al A, 2. > = I. Even though the topological classification of textures (see 
Appendix A : di »es tn il si rid ly apply to the plane, the form of the spin texl ures on 
the sphere is a useful guide to those in the disc for / < I. 

For the case A', - 1 (two orbitals on the sphere), we inent ion the following 
results. With 0 < * < TT/1 the ground state configuration is the same as the one 
we found on the disc for ' < (*a. This configuration can be interpreted as two 
7r-disclinations at opposite poles of the sphere. For n I • > - n/2 all bosons 
occupy the o = (I spin component, forming a polar s tate with a single vortex. In 
the ferromagnetic regime, with very small * we find the same spin transition as 
the one on the disc al < ('~f. With A", = 1 this transition lies at / 1 2. 
These configurations can be interpreted as a half-skyrmion (or meron) in the spin 
texture, with the spin density vanishing at one point on the sphere, around which 
the spin density winds around the equator in S-space. passing over one pole at the 
opposite end of the sphere. It' the interaction is deformed by increasing A',, towards 
A \ . the location ol' t he spin transit ion is gradually shifted towards ' f~(. 

With finite ferromagnetic interaction (A, - 1 again), there is a finite region where 
the core traces a path oxer the sphere (from the south pole to the north pole, as / 
increases) and connects the two sides o l ' the transition. The interaction energy is 
clearly independent of I. This region is hounded by - ( / ) = |a rc tan(2/ 1) for 
0 : ' < 1. 

For A 2 and - = 0. the occupation numbers, summed over spin, in the three 
available orbitals are given by rig — 1 - /. (ni) = I and (ri2 0 for 0 < ( < \. 
followed by (n0) - | - \ t (ni) = | . (n2) = \< \ for \ < t < 1. These mean 
held results agree with the exact quantum ground state results obtained in section 
3.3. 

For A,. — 2 and small ferromagnetic interactions. ~ - e, the mean occupation 
numbers in the condensate are given in table 3.3 (up to S'0(3)Spi11 and S'0(3)oriD 
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rotations). In the trajectory from ê = 0 to t = 1 there are no spin transitions. The 
i = 1 state, which has (noi) = (rcio) = (™2T) — §J is the mean field ground state 
for arbitrary ferromagnetic spin interactions, 0 > 7 > — 1. It is a single skyrmion 
texture with both uniform number density and magnitude of the spin density, and 
is discussed further in the Appendix. 

0<£< I 

{<£<! 

(™oi) 

\-t 
2 -H 
6 2C 

(«10) 

£ 
1 
3 

("2T) 

0 

H- -
2C 6 

Table 3.3: Mean occupation numbers of the LLL mean field ground state in spherical 
geometry, Nv = 2, with small ferromagnetic interaction 7 = —e. 

In the case Nv — 2, and small anti-ferromagnetic interactions, 7 = +e, for 
0 < £ < I the mean occupation numbers per orbital of the condensate are the 
same as in the ferromagnetic case, but the spin structure is different. For I > | 
the spin expectation values in the m = 0 and 2 orbitals become non-zero (without 
a discontinuity) and are not linear functions of I. Since | (S m - i ) | 2 = 0 and the 
number density is constant in the m — 1 orbital, the spin state describing the 
bosons in this orbital can be arranged by an SO(3) rotation to be (0, l ,0) / \ /3- The 
vectors representing the bosons in the rn = 0, 2 orbitals then are simply constructed. 
Together with the previously-mentioned vector they form a mutually orthogonal set 
which minimizes Hn. Provided that the spin-vectors are properly normalized, the 
energy can be expressed in terms of one parameter a(£). which is connected to the 
spin densities by COS(2Q(^)) = |(So)|/(no) = |{S2) 1/(^2)- Minimizing the energy 
with respect to a(£) gives 

a(C.) — arccos \ 

V 

WA(i-A) 
1 - 4A + 6A2 (3.23) 

/ 

with A = \{£— \)- The maximum of the anti-ferromagnetic energy is not dependent 
on the angular momentum and lies at a = ir/2. In the ferromagnetic case this point 
minimizes the energy, corresponding exactly to the occupation numbers in table 3.3. 

At £ = 1, there are solutions with uniform density, with an unbroken SO'(3) 
subgroup of the 50(3)o r t , x 5 0 ( 3 ) ^ ^ symmetry, as the limiting case of the previous 
( < 1 states. This case is also discussed in the Appendix. There are also solutions in 
which the orbital distribution in the mean field configuration of the ground state is 
not unique. For instance, among the degenerate states at large 7 we find the polar 
vortex with (nio) = 1 and a configuration with (7*20) = {̂ 00) = §• 
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COMPARISON WITH FINITE SIZE EXACT STATES 

It is of interest to t ry to match the mean field states with ground states found 
in diagonalization studies, such as those shown in Figure 3.2 for the disc. Since 
these have definite values of the quantum numbers, they can be compared with 
the mean field s ta tes only by projecting the latter to components with definite 
quan tum numbers [2]. For each N and L. the value of the spin picked out should 
reflect the form of the interaction, and should presumably be the maximal value in 
the ferromagnetic regime, and the minimal value in the antiferromagnetic. For the 
spin-independent case cy = 0. the lowest •5Lr(3)Spj11 quantum numbers are favored 
as ground states . 

We will not a t t empt to identify all the s ta tes in Fig. 3.2 in this way. but only 
some of the more prominent. We have already mentioned that the mean field state 
;it I = 1 and o> — 0 corresponds to the B T C singlet state. Since the mean field 
s ta te has equal mean occupation of (in. ex) = (0. J.). (1.0) . and (2. f) . it does contain 
a unique singlet component which is exactly the B T C state. When Co is turned 
on. the quantum numbers remain at (L.S) = (0.0). but the state will be slightly 
altered in its details. The corresponding skyrmion spin textures on the sphere are 
also discussed in the Appendix. 

T h e BDC multiplet a t L = N/2 for c-2 = 0 that uses only m = 0. 1 also deserves 
comment . This corresponds in mean field theory to the Nv = 1 case discussed 
above and in the Appendix. When c-2 < 0. it becomes a half-skyrmion or meron. 
which survives for all — 1 < 7 < 0. This meron has no projection to spin 0. and 
anyway for this regime maximal spin is expected in the ground state. Indeed, for 
N = 0 the corresponding (L = 3) s ta te has 5 = 3. The whole regime L/N < 1 
for ferromagnetic interactions resembles wha t one expects for skyrmions. that is L 
(corresponding to TV — L on the sphere) decreasing as S increases, as S = N — L 
[88]. For c-2 > 0 and L = N/2, the lowest-spin part of the BDC sta te becomes the 
ground s ta te . 

At larger positive 7, there is a prominent region of [L.S) = (0.0) in the N = 6 
da ta . At the largest, 7. we expect t ha t this can be identified (in the same sense 
as the preceding discussion, or as in Ref. [35]) with the polar vortex s ta te of this 
section. (In a finite size study, one would not expect to see a transition from the 
B T C state at c^ = 0 to this polar vortex with the same quantum numbers at large 
7.) T h e j ump from L = 0 t o L = 6 expected from the mean field is seen in Fig. 3.2. 
At smaller 7, a (3.0) region is seen. We speculate that, this s ta te corresponds to a 
single 7r-disclination at the center of the t r a p (with a second one at infinity, or the 
opposite pole on the sphere), and that the region corresponds to ta < C. < 2 /3 in 
t he mean field results. Notice also the prominent semi-plateaus near i = 0.5 in the 
plots in Fig. 3.9 at larger 7. 
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3.5 VORTEX AND SKYRMION LATTICES 

Upon driving the system faster, multiple skyrmions are induced. These are expected 
to form a lattice and can be well treated in a mean field analysis. Such an analysis 
was performed by Kita et al. [45], who found a range of different lattices for c2 > 0, 
depending on the relative strength to CQ and the rotation. By including higher 
Landau levels, they were able to show that some of these lattices are qualitatively 
identical at high and low rotation. Near C2 = 0, the (scalar) vortex breaks up 
into three vortices, one for each spin component, forming a triangular lattice. For 
C'2 > 0.069c'o, the vortex splits into two 7r-disclinations, which make up a square 
(anti-ferromagnetic) lattice. 

We have carried out a program, similar to Mueller and Ho[57], appropriate for a 
mean field LLL description of a multi-component condensate. The LLL approxima
tion (in the limit u —> UJQ) fixes the vortex lattice spacing to be equal to the harmonic 
oscillator length. Note that this is different from the Thomas-Fermi regime, where 
the distance is fixed by the number of vortices, as the density of bosons is the same 
as in a non-rotating trap. 

TORUS WAVEFUNCTIONS 

The single-particle wavefunctions in a toroidal geometry are easily obtained, starting 
from the cylinder in the Landau gauge Ay = x: 

^cylinder(r) = 1 ^ l k y e-{x-kf/2 > fe € 2 * z ^ 

VTTL L 

torus/ \ \~^ ,cvlinder/ \ / o n r \ 

^ ( r) = 2^cikii>k (r) (3-25) 
A' 

where L is the width in the y direction, Li = (0. L). Under a translation of L2 = 
(lx,ly) we demand invariance up to a gauge transformation A = —ylx (corresponds 
t o A ' ( r + L2) = A(r)): 

^ o r u s ( r + L2) = e - ^ ^ o r u s ( r ) (3.26) 

= • cik = e~ikly ci{k_lx) , * X € Y Z • (3-27) 

This last expression is the flux quantization condition. Setting lx — 2nNv/L, we 
obtain for the total flux $ = L| x L 2 = 2nNv. There are Nv independent solutions, 
z = 0 . . . Nv - 1: 

Cik OC e-Hyl^2/2-iklj2 ? Q.28) 

and k = ^-(i + nNv), n e Z. 
Note that in the above, we have assumed periodic boundary conditions. These 

can be generalized and solved as 

0 torus/ ( r + L i ) = ei^torus/(r) ( 3 2 9 ) 
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^ o r u s , ( r + L 2 ) = e ' ^ e - ' ^ y ; o r u s / ( r ) (3.30) 

= * r!onis'(r) = ^(T + itoUfaNv-tnUltoK) . (3.31) 

MULTI-COMPONENT CONDENSATES 

Under the assumption that the vortices in each spin component form a Bravais 
lattice, we can choose the one-particle wavefunctions to be the torus wavefunctions 
with A',, flux quan ta (typically. J\\. = 1 or A",. = 2). For a scalar condensate, the 
latt ice is completely specified by the geometry r of the torus. 

In the case of multi-component condensates, however, more general boundary 
conditions are possible. We only need to demand 

v'ir + L,) = c ' A ' ( r , [ / / c ( r ) . (3.32) 

where L, (/ = 1. 2) define the geometry and A,- is the gauge transformation men
tioned above. The matrices U\ and Uo should commute. U\U2^J\ c/̂ ~ = 1. to 
obta in single-valued wavefunctions. 

We require t ha t the translations commute with the Hainiltonian. so that the en
ergy of a unit cell is well-defined. For 7 ̂  0. this implies Uj € 5'0(3)Spin . The com
mon eigenvectors of U\, Ui then have eigenvalues (l ,e l v* ] . e - ' 1 2 ' ) and ( l , e t V 2 , e ~ l t p 2 ) . 
W i t h an overall 5 0 ( 3 ) rotation, we can fix the direction of the vector with eigen
value 1 to be parallel to z in spin space. Wi th this, the unit cell of the magnetic 
order (seen in the spin density which is gauge invariant, for example) is larger than 
t ha t of the density, but always contains an integer number of the latter. 

Using this approach, we can confirm a large part of the phase diagram of Kita 
et al[45], but we also find additional phases in the ground states at large 7. These 
are polar phases, for which we use a unit cell with a single flux quantum. We will 
use 4> — arcta.117 as the parameter. The minimization procedure uses a simplex 
downhill algorithm in the geometry r and the phases <p\, -po- The wavefunction is 
obtained from the polynomial free energy by using a conjugate gradient algorithm, 
s tar t ing from a random point. The wavefunction in general is unique up to a phase 
and a 5 0 ( 3 ) rotation along the i-axis. 

The phases we obtain, as illustrated in figure 3.11. are as follows: 

f e r r o l a t t i c e . A major part of the ferromagnetic phase diagram ( —~/4 < è < 
—0.08) is covered by a lattice wi th Nv = 2 flux quanta in the unit cell. This is 
the same lattice as one obtains for the s p i n - | bosons with full SU(2) symmetry 
or. equivalently. the quantum Hall ferromagnet with the Lande factor g = 
0 [84, 57]. If we consider the spin-1 to be composed of two spin-1/2 particles, 
then AT„ = 2 for the spin-1 bosons corresponds to Nv = 1 for the spin-^ 
particles. This s t ructure is related to the A",. = 2 skyrmions discussed in the 
Appendix. 

s k y r m i o n - v o r t e x l a t t i c e . At è ~ —0.08, it becomes beneficial to include vortices 
("nierons"). The uni t cell now has Nv = 3. with both a skyrmion and a 
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Figure -'5.11: The differenl lattices found in rotating spin-] boson condensates. The 
first piel ure is the Hammer-Aitoff projecl ion of the colors on the spin-sphere. Top 
and bottom correspond respectively to the north and south pole. The intensity 
codes | (S) | . the size of the spin-vector. Other pictures are the spin expectations at 
differenl r a t i o s c 2 / c 0 : <t>= - 0 . 1 . - 0 . 0 5 , 0.01, 0.016, 0.04, 0.1, 0.54, 0.7 and 0.9. The 
last picture shows the density, as the spin vanishes. 

vortex. Based on direct computat ions in disc geometry (see below), weexpeel 
that this phase does not extend to o - 0. hut that there arc other phases in 
the weakly ferro regime -0.02 < o < 0. 

tr iangular v o r t e x la t t ice . Exactly at a = 0. the nodes in the three components 
are arranged in a triangular lattice. This lattice can he realized with .V,. = .'5 
and ^i = ^2 = 0. The mean-field components hin), (m - (1.1.2). form a 
unitary 11 '(•''>)! mat rix. This lat t ice is nut shown in figure 3.1 1. as the 5 0 ( 3 ) -
spin is not well defined. 

square ladder. The triangular vortex lattice of the r_> = 0 case is essentially un
changed up to <> - 0.(11 13, being squeezed only. However, the SU(3) symme
try is broken. This spin shows a ladder structure, where adjacent ladders arc 
shifted by 3/2 rung-spacings. 

canted ladder. 0.(1143 < 0 < 0.0193. The ladder structure stays intact, however 
t he rungs are now canted. 

tr iangular ladder. 0.0193 <o< 0.069. 

square - -d i s c l ina t ion . at 0 % 0.069, there is a first order phase transition to the 
square rr-disclination lattice. Only the ' and | components are present in this 
lattice. 

s q u e e z e d ~-discl . . 0. 128 ; << < 0.(i'_'. The lattice is squeezed in one direction and 
expanded in the other. 
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t r i angu la r 7T-discl., 0.62 < o < 0.786. At <fi ~ 0.62. there is a first order phase 
transition to a triangular 7r-disclination lattice. 

po la r Abrikosov, beyond o % 0.786. the 7r-disclinations are unstable and the 
systems prefers to have only one component, such that (S) = 0 everywhere. 
The vortices of this component form an Abrikosov lattice, with vanishing 
density at the cores. 

The phases at o > 0.428. and at 0 < 0 have not been observed before. Figure 3.11 
shows the spin texture in the various lattices, with colors coding the direction of 
the spin vector and the intensity marking its length, so that black regions indicate 
places where all components of the spin vector vanish. [For the lattice at o = 0.9. 
which is the polar Abrikosov lattice, the spin density vanishes and we plotted the 
particle density instead.] The particle density is finite in all lattices except the polar 
Abrikosov one. 

To check whether the Ansatz is sufficiently general in the complete phase dia
gram, we have supplemented the above analysis by direct numerical computations 
of LLL mean field ground states in a disc geometry, with u) < O-'Q. Since no periodic 
structure is imposed, the lattices form spontaneously. These computations show 
that the torus correctly reproduces the dominant phases such as the square lattice 
of TT-disclhiations and the skyrmion and skyrahon-vortex lattices. In the region 
—0.02 < 0 < 0 the two geometries showed different lattice structures, possibly due 
to finite size effects. We leave conclusive results in this region for future work. 

At special values of ipi, if2, when they are both of the form pir/q (p, q integer), it 
is possible to realize the lattice by using a larger unit cell and identical phases for all 
three spin components. An example of this is the triangular lattice at c-2 — 0. where 
<^\ = —1,02 = 27r/3. In this case, we can realize the same lattice by using a torus 
with 3 flux quanta and ^p\ — ip2 = 0. The other example is the square 7r-disclination 
lattice, which can be described by using 2 flux quanta. This can be compared to the 
spin- ̂  situation[57], where the lattice at 5x2 = 9\ = #2 (unbroken SU(2) symmetry) 
can equivalently be described by using a torus with 2 flux quanta[45. 83]. 
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3.6 DISCUSSION 

In this chapter we have studied the phase diagram of spin-1 bosons in a rotating 
trap, within the LLL approximation, using a variety of techniques (numerical diag-
onalization, mean field theory, and analytical constructions). We concentrated on 
certain regimes. These were 

• low rotation, such that the angular momentum L is less than or equal to the 
particle number N, where the system is beginning to contain some vorticity. 

• higher rotation, where the bulk of the fluid accommodates vorticity and is 
occupied by a lattice of (possibly coreless) vortices, which we considered as 
infinite periodic structures. 

There is a rich variety of phases as the interaction parameters, especially the ratio of 
the coefficients of spin-dependent and spin-independent interaction terms are varied. 
The results obtained here, especially those at lower rotations which should be more 
easily accessible, should motivate further experiments to rotate spin-1 bosons with 
unbroken spin-rotation symmetry. 

Non-rotating spin-full 87Rb condensates are currently controlled with great pre
cision. This has allowed a detailed study of the (F = 1 and F = 2) spinor dynam
ics [78. 18]. 

In a recent preprint [58], Mueller discusses the situation with an angular mo
mentum per particle up to « 8, with 7 = ±0.05. In a detailed analysis of the 
symmetries of the configurations with a few textures present, the formation of the 
lattice is illustrated beautifully. 

The regime where quantum Hall conditions are reached will be considered in the 
next chapter. Loosely speaking, this happens when the average number of bosons 
in an orbital becomes of order 1, where fluctuations will become so strong that the 
condensate is quantum disordered. 
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C H A P T E R 4 

QUANTUM HALL LIQUIDS OF 

S P I N - 1 BOSONS 

In this chapter1, we will propose several (non-abelian) quantum Hall spin liquids 
of spin-1 bosons. These liquids arc expected to arise for dilute systems of spin-
1 atoms under high rotation. The parameter which tunes the transition between 
different quantum Hall states and which drives the quantum disordering of the spin-
texture lattices is v = N/Nv, the filling factor. In current experiments, v is still 
several orders of magnitude greater than 1, so these experiments are deep within 
the mean-field regime. In the vigorous experimental pursuit [79. 15] of the quantum 
liquid regime, this situation is likely to change in the near future. Meanwhile, the 
theoretical question as to what happens when this extraordinary simple system is 
subjected to strong quantum fluctuations is interesting in itself. 

In the scalar case, the critical v was estimated to be vc « 10 by the Lindemann 
criterion [20, 85] (that is, the average fluctuation in the position of the vortices 
equals the separation between them). Explicit calculation of small systems have 
confirmed this transition and found vc w 6 10. A similar transition will occur in 
the spin-1 case, although we have not calculated the appropriate vc. We expect this 
to be of the same order of magnitude as in the scalar case. 

In the extreme limit UJ —> UJQ, we can analyze the quantum liquids analytically in 
a part of the phase diagram, as we can explicitly find the zero-energy eigenstates of 
the Hamiltonian. Two of the series we propose, the SU(4)k and the 50(5)& series, 
have a member of this form for k = 1. The third series consists of a generaliza
tion of a family of fractional quantum Hall states, the hierarchy/composite fermion 
states, to spin-1 particles. We present some numerical results on small sizes, which 
unfortunately are probably not conclusive for the nature of the states, due to the 
restriction to insufficiently large sizes. 

We first briefly review the scalar boson quantum Hall regime and discuss the 
quantum liquids which have been identified. 

1this chapter is based on a collaboration with J.W. Reijndcrs, K. Schoutens and N. Read [70, 71] 
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4.1 SCALAR BOSON LIQUIDS 

In one of the first applications of the quantum Hall-CFT connection, by Read and 
Rezayi. a series of non-abelian quantum Hall states (called RR states) was found. 
The construction of Moore and Read is generalized by using the affine Lie algebra 
SU{2)fc. This algebra naturally incorporates a £7(1) symmetry, as the generators 
can be written as 

(4.1) 

(4.2) 

(4.3) 

k-where ip is a scalar boson field, compactified with radius \Jk/2. and ipi (I — 0. 
1) are Ẑ - parafcrmions. The filling factors for the Read-Roxavi quantum Hall states 
follow directly from the vertex operator, they are // = k/2. The parafermions have 
conformal dimension /(/>• - l)/k so that the operators .7" have dimension 1 and are 
in fact the SU(2) currents. The operator product expansion of the parafermions is 

ipi(z)ipi>(w) = 
(z-w)-2"'/kwl+r(w) + ... l + l' < k 

l + l' >k 
(4.4) 

The parafermion ipo is identified with the identity operator. 
The OPE shows that if we insert k J+ operators at the same point in a correlation 

function, the parafermions will fuse to the identity, and the correlator will be non
zero. Approaching with the k 4- 1-th operator, however, kills the correlator. In 
quantum Hall language, this means that the wavefimction vanishes whenever k + 1 
particles are on the same position. This statement allows us to give a Hamiltonian 
which exactly reproduces the CFT correlator as a zero-energy eigenstate. It consists 
of a k + 1-body contact interaction: 

Hsu(2) = v J2 ^ ' i ~ zi2)6(zi-2 ~ z>s) • • • S{zik - zik+x) (4.s; 
i i < " - < i f c + i 

A particularly elegant representation of the wavefimction was found by Cappelli 
et al.[17] by using a different coset construction of the Zfc parafermions: 

*W{*}) = S n 
i<j 'GA] 

— Z, n< 
i< j€A 2 

r i ' Zj? (4.6) 

where {A;} is a distribution of N = kn particles into k groups of n particles. The 
symmetrization S sums over all possible distributions. When k + 1 particles are 
put in the same position, (at least) two of them are in the same group and so the 
wavefunction vanishes. [ It is amusing to note that we can obtain (topological) 
information, such as torus degeneracy and the Haldane momenta of the degenerate 
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ground states, by considering a torus with Nv = 2. When k particles are present, 
the Hamiltonian vanishes and every state is a ground state. ] 

These Read-Rezayi (RR) states are incompressible quantum Hall fluids. The 
special case k = 1 is the Laughlin state [48] for bosons at v = 1/2, while the 
k = 2 state is the Moore-Read "Pfaffian" state [55] (see also chapter 2). The 
RR quantum Hall states possess a specific "order-fc" clustering property: there is 
a so-called composite-boson order parameter [26, 65], an operator that creates k 
bosons and 2 vortices, and is the minimal order parameter (the one that creates 
the smallest number of bosons) that has long-range ("off-diagonal") order. Such 
order implies that the quasiparticles over these liquids are (quantized) vortices in 
the liquid, carrying fractional vorticity 1/k, analogous to a fractional magnetic 
flux <$>/<&o that occurs in certain quantum Hall states in electronic systems. In 
quantum Hall liquids, the Hall conductivity implies a fundamental quasiparticle 
charge q = ±k"£>/«ï>o in units of the charge of the electron. In the context of neutral 
bosons in a rotating trap, the same argument implies that a fractional particle 
number (q = ±1/2 for the RR states) is present in the quasiparticle, relative to the 
background density. Furthermore, for k > 1 there are non-local degrees of freedom 
associated with these quasiparticles, that is, the ground states with more than three 
quasiparticles are degenerate in the limit where all the separations go to infinity. As 
these degrees of freedom are of a non-local, topological nature, they do not couple 
to local probes and the degeneracy is protected in the large separation limit. For 
the case k = 2 there is an interpretation in terms of a Majorana fermion in each 
vortex core [66], more details can be found in chapter 6. 

The statistics of quasiparticles in 2D can be defined in terms of adiabatically 
dragging them along paths, keeping them well-separated, to exchange them. For the 
RR states, in the case k = 1. the statistics are "abelian"; the wavefunction acquires 
a phase factor when two particles are exchanged, just as for the Laughlin states. For 
k > 1, however, the statistics becomes "non-abelian" [55, 68]. This means that there 
is a degeneracy, when the positions of the quasiparticles are fixed (in general, this 
is true only when the quasiparticles are well-separated, though for the k + 1-body 
Hamiltonian and for quasiholes it is exact for any separation). In terms of the trial 
functions (4.9) and their generalization to quasiholes, this degeneracy is caused by 
the symmetrization procedure S. which destroys the "group" quantum number of 
the (quasi-) particles[17]. The general framework to obtain these degeneracies from 
CFT, introduced in chapter 2, has been worked out and agrees with numerical results 
for the Moore-Read, RR, and other states [55, 67, 28, 5, 6]. We expect the same 
framework to apply here. When the quasiparticles are exchanged adiabatically, the 
effect is a matrix operation within these spaces of degenerate states, described by 
the braiding matrices of the corresponding CFT [55]—hence the term non-abelian 
statistics. 

VORTEX LATTICE MELTING 

An extensive study of the quantum melting of the vortex lattice was conducted 
by Cooper, Wilkin, and Gunn [20], who performed exact diagonalization studies 
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Figure 4.1: Energy gap (4.7) as a function of v for Nv = 6 vortices, at a/b = 1, 
Upward spikes signal values of v for which the ground state is incompressible. The 
collapse of the gaps at v ~ 6 indicates the transition to the vortex lattice phase. 
(Inset shows the density of the mean held ground state.) 
Picture and caption taken from ref. [20]. 

in the LLL in a toroidal geometry. They predict that the vortex lattice melts 
into a quantum disordered phase at a critical value v,. ~ 6-10 of the filling factor 
v — N/Nv, with Nv the number of vortices and N the number of bosons. They also 
found that the quantum state is incompressible at v = k/2 < //,.. with A- = 0. 1, 2. 
. . . . and observed that the ground states at v = k/2 have substantial overlaps with 
the Read-Rczayi quantum Hall states. 

Figure 4.1 shows the particle-hole excitation gap 

A(iV) = N 
E{N - 1) E(N + 1) E{N 

N-l + JV+1 ~ N 
(4.7) 

for a rectangular geometry. The collapse of this gap at v ~ 6 indicates the transition 
to the BEC regime. Further support to the vortex lattice interpretation beyond 
v ~ 6 is given by the collapse of excitation energies at reciprocal lattice vectors of 
the vortex lattice [20]. 

More evidence for the appearance of the Moore-Read state was recently provided 
by Regnault and Jolicoeur [69], who observed the low-lying two-particle branch in 
numerical simulations, upon adding one flux quantum in a spherical geometry. They 
also found evidence for other quantum Hall states not in the RR series. 
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4.2 SU{4)k SERIES 

We now turn to the rapidly rotating spin-1 bosons, which we analyze using the LLL 
model, introduced in chapter 3. eq. (3.6). We put LO —* UJO and are thus left with 
the interaction Hamiltonian eq. (3.2). It is straightforward to construct zero-energy 
states at C2 = 0. The repulsive contact interaction dictates that the wavefunction 
should have a node whenever 2 particles are on the same place. Furthermore, 
two bosons with the same spin should have a double zero in order to maintain a 
symmetric wavefunction. In terms of the components of the wavefunction for given 
values /./, = x, y, z of the spin for each particle, we can write such a state down 
[36. 62, 70]: 

^ 2 - 2 - 2 - 1 ' 1 ' 1 ) (^ , . . . ,^ ; , f . . . . , 4 y ;^ . . . . ,^ ) = 

n n«-*?)a n n«W) . ^ 
fi=x,y,zi<j fj.'<fj." i,j 

where na denotes the number of particles with spin a. The lowest angular mo
mentum L for which this state can be realized is when Nx = Ny = Nz = N/3. 
Notice that L = N(2N/3 — 1), and the filling factor, which can be defined as 
v = limjv-»oo N2/(2L), is v — 3/4. This state is a straightforward generalization 
of both the Laughlin v = 1/2 state for spinless particles, and the (2, 2,1) Halperin 
spin-singlet state for spin-1/2 bosons. The full state for Nx = Ny = Nz — N/3 is 
an 5?7(3)Spiri singlet {{p,q) = (0,0)), and arguments similar to Laughlin's plasma 
mapping show that moreover it has short range spin correlations. Because the state 
vanishes whenever the particles are at the same point, this state is a zero-energy 
eigenstate for all values of Co, c^- However, it will only be the ground state (at 
L = N(2N/3 — 1)) when H-mi is positive, that is in the region go, g^ > 0, within 
region II. For larger values of L, there are many more zero-energy eigenstates, so 
the ground states are degenerate in the window go, .92 > 0. On minimizing H^. 
with respect to L, this implies that the lowest possible filling factor as to —* cuo from 
below is v = 3/4 in this regime (within the model in Sec. 3.1). 

The state in eq. (4.8) is an exact eigenstate, but in general we are not able 
to find the exact highly-correlated ground states of -£qnt- Instead, we seek to un
derstand numerical results, and make predictions for the physics at larger sizes by 
using (among other techniques) trial wave functions. These states, which are not 
generally exact for any known two-body interaction, serve as paradigms for the 
phases of matter in the thermodynamic limit, as they possess interesting ("univer
sal" ) properties such as the quantum numbers and statistics of their excitations that 
are robust against small changes in the Hamiltonian, until some phase boundary is 
passed (this philosophy has been discussed e.g. in Ref. [68]). One way to produce 
trial wavefunctions, that is closely connected to their universal properties, is to use 
conformal field theory (CFT). We will show how to obtain wavefunctions from a 
CFT in somewhat more detail in the next section. The CFT describing eq. (4.8) is 
SU(4)i, so following a strategy in Read-Rezayi [68], and motivated by the analogous 
results for scalar bosons [20], we can consider a series, SU(4)k. where k = 1, 2, 
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These states have filling factor > 3/4. and are explicitly 5,C/(3)Spjn invariant. Hence 
we expect them to be relevant near e.'2 = 0. 

The trial states we consider have wavefunctions, in spin components (generalizing 
those in [17. 76] to spin-1). 

^SU(4)(\Zi}) — «^groups 
TT ^(2.2.2.1.1,1) 

Lgroups 
(4.9) 

In this construction the Ar = 3pk bosons are first partitioned into k groups, each 
with p particles of each spin component x. y. z. 

For each group we write a Halperin \j>(2-2,2,i.i.i) f a c to r a n c j these are multiplied 
together. Finally, the symmetrization operation S over all ways of dividing the 
particles into groups is applied. The angular momentum is L = N[2N/(3k) — 1], 
and the filling factor (as N —* oc at fixed k) is therefore v = 3A;/4. It happens that 
if we put k = N/3, the state contains k groups of three bosons each, and the state is 
exactly the L = N BTC. However, we do not believe this is particularly significant, 
as the BTC state is the unique 5t/(3)Spjn singlet state at L = N. 

The states (4.9) are zero-energy eigenstates of a Hamiltonian consisting of a 
k -+- 1-body interaction: 

HSU(4) =V Y, S(zh - zi2) • ••5{zih - zlk+l) . (4.10) 
ti<---<*fc+i 

The interaction is positive for V > 0. so all eigenstates have E > 0. This interaction 
penalizes A" —I- 1 particles at the same point. Therefore, zero-energy eigenstates are 
those in which the wavefunction vanishes if any A^+l coordinates coincide, regardless 
of the spins. One can see that the above function has this property, even before 
the symmetrization over groups, as for any k + 1 particles, at least two must be in 
the same group, forcing the function to vanish. For less than k + 1 particles at the 
same point, it does not necessarily vanish. In fact, for each k, (4.9) is the unique 
zero-energy eigenstate of Hgbr,4, with lowest angular momentum L. 

For the same Hamiltonian on a torus, there are again zero energy states, at least 
for TV divisible by 3k. For these cases, the degeneracy of these SU{A)k ground states 
is 

# * = i ( * + l ) ( * + 2)(* + 3) . (4.11) 

We have verified that this result, which can be inferred from the CFT connection, 
is reproduced by exact diagonalization of the Hamiltonian eq. (4.10) on the torus. 

Like other incompressible quantum Hall states, the phases of matter exemplified 
by the trial states (4.9) possess point-like quasiparticle excitations which may have 
fractional particle number (relative to the background density) and/or spin. The 
particle number associated with the elementary quasiparticles can be found once it 
is understood that, similar to the RR states [68], the SU(4)k states are clustered 
states, in which particles occur in clusters of 3k (in an 5ü7(3)spin-singlet). Then a 
similar argument to that given in section 4.1 shows that they carry charge q = ±1/4. 
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They also have spin 1. The quasiholes, at which there is a deficiency of particle 
number, can be studied as zero-energy eigenstates of H^,,^, and fairly explicit 
trial wavefunctions can be found using the relation with CFT. For k = 1. the 
statistics of the quasi-particles are abelian, like in the case of the Laughlin and 
Halperin states. With k > 1, however, the parafermion fields in the conformal field 
theory are non-trivial and there are multiple fusion paths for the spin-fields when 
more than 3 quasi-particles are present. There will be a degeneracy due to this and 
braiding will induce rotations in the space of ground states. The SU(4)k states are 
therefore non-abelian for k > 1. 

4.3 SO(5)k SERIES 

Similar to the SU(4)k case, the SO(5)k states can be written in the form: 

*50(5)({^}) 

where now 

Here the spin states for all the particles are included explicitly (the product of spin 
states Q being the tensor product) Pf M^ denotes the Pfaffian of an antisymmetric 
matrix M^. In the present case the Ar = 2kp particles are partitioned into k groups, 
with 2p particles in each. The particles in each group form an 5'0(3)Spjn singlet. 
The product over these groups is then symmetrized. The state as a whole is clearly 
an 5 ,0(3)Spjn singlet, and has angular momentum L = N[N/(2k) — 1], so the filling 
factor is v = k. 

The k = 1 case, which closely resembles the Moore-Read paired state [55] but for 
spin-1 particles, is the exact ground state of our two-body Hamiltonian HUji when 
go = 0. That is because, in the state ^50(5), two particles are found at the same 
point only if they have total spin 0. Again, the ground state as above is the unique 
zero-energy eigenstate at the stated angular momentum, but at larger L there are 
many more zero-energy states. So v — 1 is the lowest filling factor possible at .90 = 0. 
This implies that in finite size on the disc a boundary between ground states with 
the L values of the S,C/(4)] and 50(5)1 states must run into u = UQ at go = 0 
(this is for N divisible by 6, but there will be similar statements for other values). 
Such behavior is seen in Fig. 3.2. For go < 0 (7 > 1/2), we do not know the exact 
lowest v that occurs as ui —• o;o from below. The 50(5) 1 state can be interpreted in 
terms of BCS spin-singlet complex-p-wave pairing of composite fermions, in which 
the Pfaffian represents the pairing in position space [55, 66]. 

More generally, for each k there is a Hamiltonian for which the SO(5)k states 
are exact zero-energy eigenstates, again given by a A; + 1-body interaction: 

Hso(5) = v J2 5tei ~ **»)"'' 5(Zi>< ~ zik+i)pk+i(h, • • • ,«fc+l) -(4.14) 
t i< -<*fc+i 

= 5, groups - fgroups^so(5; f4.12: 
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Figure 4.2: Roots and weights of the algebra 50(5) . The condensate operators \I> are 
associated to roots (filled symbols) and the fundamental excitations Q correspond 
to the weights of the spinor representation (open symbols). 

This interaction includes a projector Pfc+i{i\..... ik+i) of the spin state of the k +1 
particles concerned onto total spin k + 1. 

For general k, these states can be considered to be built up out of clusters of 
2k particles in a spin singlet. From this fact we can obtain the fractional particle 
number of the elementary quasiparticles. q = ±1/2. Also, the quasiparticle spin 
is 1/2, which is fractionalized compared with the spin 1 of the underlying bosons. 
and so the number of these quasiparticles must be even. For k = 1, there are 
also excitations with zero particle number that behave as fermions with spin 1. In 
this case, the universal properties may be understood by a simple extension of the 
methods of Ref. [66] to this case. 

Because it is difficult to see through the symmetrization operation <S. we will 
provide some details on the conformal field theory behind these states. Such a CFT 
description allows us to obtain more insight into the topological properties, such 
as degeneracies and braiding. For example, to obtain the degeneracy of ground 
states on the torus, CFT tells us that we only need to know the number of non-
trivial representations at level k. In the case at hand, this number turns out to be 
|(/c + l)(k + 2). Again, we verified this number using exact diagonalization of the 
(k + l)-body interaction. 

The chiral algebra of the CFT which describes these states is based on the 
SO(5)k affine Kae-Moody algebra. SO(b) is a rank 2 Lie algebra, which contains 
mutually commuting SO(3) and U(l) Lie subalgebras. which we can identify with 
the symmetries under 5'0(3)Spjn and number conservation. In these subalgebras, the 
generators are respectively S+. S~, Sz and c respectively. According to the CFT-
qH correspondence[55]. we can also obtain the quantum Hall state wavefunctions as 
correlators in the chiral part of a CFT. in which the particles (bosons) should be 
represented by fields that have abelian braiding properties. In the present case (and 
the SU(4)k case is similar), the bosons correspond simply to a different triplet of 
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current operators of the SO(b)k affine Kac-Moody algebra. Thus the wave f unction, 
now in spin components, can be written 

* 5 0 ( 5 ) « * } ) = U m ZS/k(e-iNtpjVli(z00)Jai(z1)---JaAzN)) -(4.15) 

with Ja (a =1, 0, t ) an 5'Ö(3)Spiri triplet of currents in the affirie Lie algebra, that 
carry U{\) charge + 1 . The currents are shown in the 50(5) weight lattice (fig. 4.2), 
as Vl/j, \I/o, ^i- The operator whose position tends to oo represents a background 
charge, such that the total U(l) charge of the operators is zero (as it must be in 
order that the correlator be nonzero). The currents can be expressed as 

Ja(z) = *Jja(z)ei0a'0/VJ°(z), (4-16) 

where ipa is a parafermion field, of conformal weight 1 — 1/k for the long roots and 
1 — 1/2/c for the short roots. The vertex operator el0a'^^k{z) contains the two free 
boson fields ipc (charge) and ips (spin), with (3 the position in the root lattice. For 
Ja these are ft = (1,1), 0O = (1.0). ft = (1, - 1 ) . 

The parafermions simplify when we specialize to the case k = 1, where they 
reduce to the identity operator for the long roots (\I/j and ^j_, in particular) and 
a Majorana fermion for the short roots (^o)- The correlator can then be readily 
written down, as the correlation functions for Majorana fermions is well known: 

mzi)--^(zn)) = Pff-J—V (4.17) 
\ z i zj / 

This reproduces the 50(5)i wavefunction, in the same way as for the spinless Moore-
Read state [55]. 

We note that the same 50(5)fc algebra will be used in another construction in 
the next chapter, in a system of spin-| particles. The present case differs in that 
the physical 50(3) s p j n symmetry is embedded differently in 50(5) . because of the 
different spin of the underlying particles. 

Wavefunctions for zero-energy states containing quasiholes can also be written 
down as chiral correlators, which now contain vertex operators for primary fields 
of the 50(5)fc algebra that represent the quasiholes. For the k = 1 case, these 
contain (in the scalar field plus Majorana fermion language) a spin field for the 
Majorana fermion, and give rise to quasihole wavefunctions analogous to those for 
the Moore-Read state [55, 67]. 

4.4 O T H E R SPIN-1 QUANTUM HALL LIQUIDS 

COMPOSITE FERMIONS 

Alternative quantum Hall states to the rather exotic series in the previous two 
sections can be constructed by applying conventional methods to spin-1 bosons. 
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One such approach, as in the case of scalar bosons, is to map the bosons onto 
composite fermions, by attaching (say) one vortex to each boson. These fermions 
see a reduced effective magnetic field, and one can construct an incompressible 
state when an integer number of Landau levels in the effective magnetic field is 
filled with all three components. This construction gives states with filling factors 
v = 3p/(3p± 1). which are SU(3)S[ym singlets. 

One can interpret the Moore-Read state as the p-wave pairing of composite 
fermions [55]. In this case, p-wave 50(3)-singlet pairing is possible (in contrast to 
the spin-1/2 case) and indeed, we have seen that the 50(5) i state can be inter
preted this way. In the SU(3) symmetric case at u = 1, no 2-particle 5£/(3)-singlet 
pairing is possible and there are two options for the system. One is to form a Fermi 
liquid, the other is to spontaneously break the symmetry and form (p. q) = (2.0) 
pairs. Note that this last possibility includes the 50(3) singlet and thus can be 
continuously connected to the 50(5)i state. 

VORTEX LATTICES WITHOUT POLAR ORDER, AND NEMATIC QUAN
TUM HALL LIQUIDS 

The earlier discussion of quantum Hall liquid states focussed on singlets under spin 
rotations, with short range spin correlations. It is interesting to wonder also if 
quantum Hall liquids with some form of spin ordering could occur. One possibility 
would be a ferromagnetic quantum Hall liquid. Such states can be easily written 
down, by using any wavefunction for a quantum Hall state of spinless bosons, with 
all the boson spins in the a = | state (or a global spin rotation of this). One might 
expect these to occur in the ferromagnetic (c2 < 0) part of region II. but in fact 
we see no sign of them: leaving aside the skyrmion textures in the BEC at low L. 
at larger L all ground states are spin singlets. We note that for spin-1/2 electrons, 
spin-polarized states can occur, e.g. at v = 1, even for spin-independent interaction, 
due to exchange effects. However, the exchange effects are presumably different for 
bosons. 

A more feasible-looking possibility is quantum Hall states with polar spin order, 
perhaps in the antiferromagnetic region c^ > 0. In the regime at large 7 where 
mean-field theory predicts the Abrikosov vortex lattice, the spin-order is polar. In 
the polar state, the vector condensate can be written as (ip^) = e'^n^. with \p 
the phase and h a real vector. In the Abrikosov lattice, the magnitude of the 
vector h and the phase <p vary to give a triangular lattice of vortices. We can 
now imagine that quantum fluctuations destroy either part of the order (restoring 
either the phase or the spin-rotation symmetry) without the other. When the U(l) 
and translational symmetry that are broken in the vortex lattice are restored, the 
ground state is a quantum Hall fluid. For large quantum fluctuations one might 
expect that the quantum Hall liquid has restored SU(2)sp-m symmetry. However, 
the two transitions at which these symmetries are restored are independent, and 
the transitions could in principle occur in either sequence as we go to smaller v. 

The intermediate phase in which spin symmetry is restored but not the phase 
would be a vortex lattice in a boson paired state, a BEC of boson pairs. This would 
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be characterized by having a nonzero expectation value of ^ tp'fj,{z)ip^(z), which is 
invariant under ip —> —0. (Such a vortex lattice would also be possible with vortices 
containing a half-unit of vorticity each, instead of integers as we assume otherwise, 
and this might be reached by restoring symmetry in the 7r-disclination lattice state.) 

The other possible sequence of transitions would be that in which the intermedi
ate phase is a quantum Hall liquid with restored translational and phase symmetry, 
but still has the polar order, which breaks SU(2)s„-m. The single-boson expectation 
(i>ij.(z)) would be zero, but if we look at the composite operator tpliz^^^z), this 
can have an expectation value. This matrix has a trace equal to the density, which 
is uniform by assumption. The traceless Hermitian matrix obtained by subtracting 
off the trace contains antisymmetric and symmetric parts. The (imaginary) anti
symmetric part corresponds to a spin-1 irreducible tensor that is simply the spin 
density, which is assumed to be zero here. The (real) symmetric part corresponds 
to a spin-2 irreducible tensor. This is the order parameter of a polar or nematic 
state, which represents a vector n, but is invariant under n —> — n, so it parametrizes 
5 2 /Z 2 = RP2. Trial wavefunctions for these nematic quantum Hall states can be 
written down as those for scalar bosons, times a spin state such as a — 0 for all 
bosons, or as a spin-rotation of this. 

It would not be surprising if such nematic quantum Hall liquids occurred in 
the phase diagram at large 7, now that the corresponding (polar Abrikosov) vortex 
lattices are known to be present. In finite size, the ground state would always be 
low spin [2], S = 0 or 1. and there need be no transition separating it from a state 
at the same L, S with short-range correlations, such as the 50(5) i state at go = 0. 
Thus the appearance of such nematic order in a quantum Hall fluid of spin-1 bosons 
in the thermodynamic limit cannot yet be ruled out. 

4.5 NUMERICAL RESULTS 

To examine how well the proposed states describe the true ground states, we have 
performed exact diagonalization of small systems. In the regime L < N, we have 
used both the disc and sphere geometries. As we have seen, these results differ 
somewhat. But when looking at fast rotation, however, where the filling factor is of 
order 1, the system is spread out into a pancake. It makes sense to focus attention 
on the interior of the disc and avoid edge effects. This can be done by using an 
edgeless geometry such as the sphere or torus. Here we will be interested in the 
ground states in which (unlike the work in chapter 3) we find the ground states 
without constraining L. Quantum Hall liquid ground states will usually then show 
up as L = 0 states. At finite sizes on the sphere, such ground states that form 
a sequence of sizes tending to a particular filling factor v in the thermodynamic 
limit lie on a sequence of the form Nv = N/v - S [29]. Here S is known as the 
shift, and its appearance is connected with the coupling of the particles to the 
curvature of the sphere. The value of S depends on the liquid state, not only on v. 
Nv can be obtained from the angular momentum on the disc as L = NNv/2 (all 
states have L = 0). That is. when the states in the W notation are written for the 
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sphere, one can take Nv as small as possible, so that Nv equals the highest power 
of any 2, appearing in the wavefunction (see Sec. 3.1). For quantum Hall ground 
states, this will usually mean that L = 0. For the SU(4)k ground states, we have 
Nv = 4N/{3k) - 2. while for the SO(5)k ground states Nv = N/k - 2. We will 
compare the results of numerical solution for the ground states with these series of 
trial states. 

The 5f7(4)fc states with k = N/3 are the exact ground states for c-> = 0 at 
Nv — 2 on the sphere. It is not surprising that they are eigenstates. because they 
are the only SU(3) singlet states, as in the case of L = N for the disc. 

As a further test for the SU(4)k states, we have looked at sizes (N. Nv) at which 
such a ground state could lie for k > 1. Since N must be divisible by 3k, such sizes 
increase rapidly even for k — 2. The next case after the trivial BTC for k = 2 is 
N = 12. Nv = 6. Here it turns out that the overlap-squared of the exact ground 
state for c2 = 0 with the trial state is [73] \(SU(4)2\G.S.)\2 = 0.915226. 

The 50(5)1 state was shown to be an exact ground state for CQ > 0. </o = 0- The 
higher members of this series, however, had a vanishing overlap with the ground 
states throughout the phase diagram. 

As a further test of our proposed wavefunctions, we have performed calculations 
for torus geometries. On the torus, one simply has v — NjNv for the finite size 
sequence of ground states that tend to a fluid of filling factor v in the thermodynamic 
limit. We saw in the mean field analysis of the skyrmion lattice, that the lattice can 
only be observed when the number of flux quanta is a multiple of three. However, at 
low filling factors, we expect to see quantum Hall states at v = 3k/4. To be able to 
observe these, Nv has to be a multiple of 4. Unfortunately, this implies torus sizes 
which are too large to observe both the quantum liquids and the skyrmion lattice. 

To see if the proposed wave-functions arc good candidates, we are therefore 
forced to look at tori which frustrate the mean field skyrmion lattice. The cases we 
considered are Nv = 3, 4. 6. For Nv = 4, we find that the ground states are exactly 
given by the SJ7(4)/,- series. However, as for the BTC states on the sphere, this 
is due to the fact that the trial ground states, which are 5 ^ ( 3 ) ^ ^ singlet states, 
span the space of all SU(3)Sp-m singlets on the torus, which has dimension equal 
to eq. (4.11), the degeneracy of SU(4)k torus ground states. Clearly this must be 
independent of the geometry of the torus (described by r) , and we verified this in 
some cases. 

In fig. 4.3 we have plotted the particle-hole excitation gap A(Ar) (eq. 4.7) for 
Nv — 4. In the thermodynamic limit, this quantity will exhibit upward peaks at 
filling factors that corrrespond to incompressible states. 

For Nv — 6 (figure 4.4), we focussed on the state at v = 3/2. N = 9. which 
corresponds to k = 2. We have calculated the overlap-squared with the SU(4)2 
state to be 0.939804. Another feature in the Nv = 6 plot is the state at v = 1 
(N = 6). This could be a precursor to a paired composite fermion state; however, 
the overlap with the 50(5) 1 state was small. 
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Figure 4.3: Particle-hole excitation gap A(iV) versus v, for Nv = 4, in a rectangular 
geometry, a/b = \/3/2. The peaks can be interpreted as an indication of incom-
pressibility of the corresponding states. For N — 3,6,9 we verified that the ground 
states, which are degenerate, are exactly the SU(4)k quantum Hall trial states with 
k = 1, 2, 3, respectively. 

Figure 4.4: Particle-hole excitation gap A(N) versus v, for Nv = 6, in a rectangular 
geometry, a/b = \ /3 /3 . 
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4.6 DISCUSSION 

In this chapter, we have studied several spin-1 spin liquids in the quantum Hall 
regime. The vortex lattices have melted into translationally-invariant quantum 
fluids, which we considered in edgeless geometries. The transition regions around 
the critical filling factor(s) where the quantum melting transition occurs, were not 
considered. 

We have found the conformal field theories underlying the different liquids and 
ultra-local Hamiltonians that have the proposed states as exact ground states. The 
exact diagonalizatioii studies are unfortunately not conclusive, since it was only 
possible to consider small system sizes. 

The many-body interactions, considered in this chapter, may seem unphysical. 
However, as recently shown by Cooper [19]. close to a Feshbach resonance it may 
be possible to create a 3-body (or even 4-body!) contact interaction. 



CHAPTER 5 

QUANTUM HALL LIQUIDS OF 

SPIN-rj F E R M I O N S 

Strongly correlated electrons in low dimensional systems are known to exhibit physi
cal phenomena that are surprising and, at first sight, counterintuitive. Among these 
is the remarkable phenomenon of quantum number fractionalization: elementary ex
citations in strongly interacting many-electron systems can have quantum numbers 
(for spin and charge) that are fractions of those of the electron. This fractionaliza
tion can take the form of a separation of spin and charge degrees of freedom, or of 
a literal fractionalization of the electric charge of the electron. 

The fractional quantum Hall effect has proven to be a rich playground of many-
body physics. The elementary particles carry the quantum numbers of a fraction of 
an electron and their braiding and exclusion statistics interpolate between fermionic 
and bosonic. However, sofar it seemed impossible to separate the spin degree of 
freedom from the charge. There is by now considerable literature on the description 
of abelian (spin-singlet) quantum Hall states in which the spin and charge bind 
together (in a socalled gluing theory) to form the physical excitations. 

In this chapter1, a series of quantum Hall spin liquids is proposed which displays 
a true separation of spin and charge. The presence of a pairing structure allows 
spinons and holons to move independently. We will also discuss a different class of 
non-abelian quantum Hall spin liquids, the so-called NASS states. These, however, 
do not exhibit a separation of spin and charge. 

SPIN-CHARGE SEPARATION 

In D = 1 spatial dimension, the separation of spin and charge is well understood. It 
is seen in explicit solutions of specific integrable model systems (Hubbard and super-
symmetric t-J models). The general framework of the Luttinger Liquid has made it 

1 based on a collaboration with E. Ardonne, A.W.W. Ludwig and K. Schoutens [9] 
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clear that in 1+1 dimensions the separation of spin and charge is a generic feature. 
which does not require any fine tuning of the interactions among the electrons. 

In spatial dimensions D = 2 or higher, spin and charge tend to confine and a 
separation of the two is only possible under very special conditions. It has been 
proposed that the key feature underlying the anomalous behavior of the cuprate 
high-Tc materials is precisely a separation of spin and charge [3], and concrete 
scenario's, based on Z2 or U(l) gauge theories, have been put forward [82]. 

In this chapter, we discuss the separation of spin and charge in the quantum Hall 
(qH) regime. We propose a series of paired spin-singlet qH states, of filling factor 
v = „ 2 , , which are generalizations of the Moore-Read or pfaffian states for spin 

2 m + l i o 

polarized electrons. The fundamental excitations over these states are spinons (with 
spin ^ and zero charge) and holons (with zero spin and fractional charge ± 2 m+i r 

in units of the charge of the electron). The braid statistics of these excitations 
are non-abelian. and thereby the paired spin-singlet states fall in the category of 
'non-abelian qH states'. 

Even though the experimental relevance of the spin-charge separated state re
mains questionable, there is considerable theoretical motivation to understand the 
phenomenon of spin-charge separation. 

SPIN-SINGLET STATES 

Before we present the non-abelian spin-singlet states, we briefly recall some facts 
about spin-singlet quantum Hall states. Despite the presence of strong magnetic 
fields in the qH regime, there is experimental motivation to study states that are 
not (fully) spin polarized (see e.g. [22]). In many qH systems, the energy scale 
for the Zeeman splitting is relatively low, and it can be further suppressed by the 
application of hydrostatic pressure. Using this technique, combined with a tilted 
field technique, spin transitions in the qH regime can be studied [43]. The simplest 
qH states that arc singlets w.r.t. the SU{2) spin symmetry are the Halperin states 

[31] 

Halperin vl*i»*jJV v ' 

xii<3{z] - z}y"+iYit<M - *jr+ 1nij(*} - zj)m, 

where z] and z\ are the coordinates of the spin up and spin down electrons, re
spectively, and m is an even integer. The state eq. (5.2) has filling factor v = 
2/'(2m + 1 ) . Hierarchies of more general (abelian) spin-singlet states were studied 
in [72, 100. 49, 51]. 

It is important to stress that these conventional abelian spin-singlet qH states 
do not exhibit a separation of spin and charge. The excitations over such states are 
conveniently analyzed in terms of a -spin-charge decomposition' [55, 10, 51] but this 
is subject to certain gluing conditions (expressing locality of the excitation w.r.t. 
the electrons), which exclude single spinons or holons from the (bulk) physical spec
trum. The essential feature that liberates spin and charge in the paired states is 
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Figure 5.1: The root lattice of 5Z7(3), with <£a the spin-± boson operators and Sa 

the local spin currents. 

the presence of the pairing condensate: by binding to a vortex in the pairing con
densate, the spin and charge excitations become local with respect to the electrons 
in the ground state, and they can propagate independently. 

5.1 NASS QUANTUM HALL STATES 

The (historically) first series of non-abelian quantum Hall states for spin-^ electrons 
is known by the name of 'non-abelian spin-singlet' (NASS) states [5]. These states 
are direct generalizations of the (bosonic) Halperin states and are similar to the 
SU(4)k states discussed in chapter 4. They live at filling factors v = 2Jfc/3 and have 
the explicit form: 

*NASS(W;*J}) = $ 

The N = 2kn = 2iVT = 2iVj_ particles are divided into k groups, each with n spin-
up and spin-down particles. These states are SU(2) singlets and have short range 
spin correlations. It is straightforward to construct the (ultra-local) k + 1-body 
Hamiltonians which have these states as unique ground states: 

#NASS = V J2 S(zh ~ zh) • • • H^ik ~ zik+l) . (5.3) 
' i < - < i f c + i 

To obtain (topological) information about this state, we need to identify the 
correct conformal field theory. The CFT was found by Ardonne and Schoutens [5] 

n 
groups 

v|' !2,2,1) 
Halperin (5.2) 
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to be SU{3)k- in fact by using the reversed construction. The electron operators 
have the form 

•Ak\z) = lg>e&*l^{z) . (5.4) 

The vectors J are indicated in the root lattice, fig. 5.1. The embedded SU(2) affine 
Lie algebra, perpendicular to the charge direction, ensures that all correlators in this 
CFT arc spin-singlets. The parafermions have conformal dimension A,/, = 1 - 1/fc. 

In figure 5.1. we have also indicated the operators (<pa) that create quasi-holes. 
These holes, corresponding to flux $ = ^r$o- carry charge | and spin \. As one 
can see in the root lattice, only composites with integer spin can be neutral, such 
as S±. We will not pursue an in-depth treatment of these states, this can be found 
in rcf. [5] for k = 2 and [C] for k > 2. 

5.2 SPIN-CHARGE SEPARATED QH STATE 

In search of a quantum Hall state which supports independent spinons and holons. 
it is illustrative to consider the fractionalization of charge in the paired q-pfafnan. 
spin polarized, states which were introduced in chapter 2. For the g-pfaffian states, 
Laughlin's gauge argument gives that the adiabatic insertion of a single flux quan
tum will produce an excitation of charge \}. However, as in the case of BCS su
perconductors, the presence of the pairing condensate leads to a reduction of the 
elementary flux quantum by a factor of 2, and thereby the unit-flux Laughlin quasi-
particles are separated into two constituents, each carrying a charge ^ . In a similar 
way. conventional quasipartides (carrying spin and charge) over a paired spin-singlet 
state can be, as shown below, separated into spinons and holons. 

In the paired spin-singlet states that we propose here, the pairing takes place 
in the charge sector, irrespective of the spin of the electrons. This leads to a wave 
function 

«:;:L,(W-j}> = pf (^- )*§^Sn + l ' m ) (« ;^}) , w 

where xi = zj,Zj, m is now an odd integer and the filling factor is v = 2 m + 1 • 
Before discussing the excitations over this qH state, we interpret the wave function 
eq. (5.5) in terms of an associated conformal field theory (CFT). 

5.3 CONFORMAL FIELD THEORY 

Following the CFT-qH correspondence of chapter 2, one quickly finds that the CFT 
associated to the (bosonic) paired spin-singlet state at m = 0 is the (chiral) CFT 
based on the affine Kac-Moody algebra 50(5) i . For this algebra, the eight currents 
associated to the roots of 50(5) can be written in terms of spin and charge bosons 
J/^.C and a Majorana fermion ip. [The assignment of spin and charge quantum 
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Figure 5.2: Roots and weights of the algebra 50(5) . The condensate operators \I/ 
and A are associated to the eight roots (filled symbols) and the fundamental exci
tations (f>SjC correspond to the weights of the spinor representation (open symbols). 

numbers to the weights and roots of 50(5) is indicated in fig. 5.2] For general 
m, the 'condensate' operators \I/ and A are obtained from these currents by the 
substitution ipc —> \J1m + 1 <pc, 

, _ , _ (5-6) 
A _ „iy/Am+2ific A _ „-i\/4m+2'.pc ^A _ e±iv'2ips 

with a = | , I referring to the spin eigenvalue sz = ± | and A =TTJ II- The quantum 
numbers q (charge) and sz arc measured by the operators Q = — i\/ 2m+1 § 2~wl^^c 

and Sz = -4= § ^d^Ps- The wave function eq. (5.5) is obtained as a correlator of N 
spin-up electrons ^ and N spin-down electrons 'J/*, together with a neutralizing 
background charge. The CFT description makes it easy to identify the fundamental 
(quasi-particle) excitations. For m = 0 they are the operators that generate the 
spinor (4-dimensional) representation of the 50(5)i current algebra. For general m 
these become 

0c = < 7 e ^ b § ^ , ^ c = 0 - e ~ ^ T 5 ^ ) ^ = a e ± ^ \ (5.7) 

where a(z) is the so-called spin field associated to the Majorana (Ising) fermion 
ij)(z). Higher excitations, such as those constituting the vector representation, can 
be generated by bringing together two or more of the fundamental excitations. The 
expressions eq. (5.7) show that the fundamental excitations can be characterized as 
spinons 4>% (spin-^ but no charge) and holons 0C, 0C (of charge ±2m+i an<^ z e r 0 

spin). 
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To illustrate the separation of spin and charge, we present explicit wave functions 
for excited states. We first consider an abelian excitation, with spin up (sz = | ) 
and charge 2m+\ • a* l°cation "'• Its wave function takes the familiar form 

w -») *;:td • (5-8) 
i 

The important observation is now that, starting from this wave function, one can 
separate the locations of the spin and charge parts of this excitation, creating a 
spinon at position ws and a holon at wc. In the corresponding wave function, the 
pfaffian factor in eq. (5.5) is replaced by (compare with [55]) 

Pf f * ( j f - 3 » w " Ws)) U(Xi - wc)W
U'{z\ ~ Ws)1/2 . (5.9) 

Xi - X-, 

where 

/ \ I / 2 

/ Xi — Wc Xj — Ws \ , 
^(XUXJ;WC,WS) = - ' _ - +i^j . (5.10) 

\_ .1 j Wc X i Ws J 

That (5.9) in fact defines a well-behaved (see appendix 5. A) electronic wave function 
can be seen by noting that it is identical to 

n,(^-"'^ 
In the limit where ws,wc —> w, spin and charge recombine and the wave function 
reduces to eq. (5.8). 

The charge of the holon excitation equals ^QGH (with <E>o = j the flux quan
tum), showing that the creation of a single holon involves the insertion of a half-
quantum of magnetic flux, which is the canonical flux quantum in the presence of 
a pairing condensate. This flux insertion is accompanied by a vortex in the pairing 
condensate, and this brings in the factor a(z) in the expressions eq. (5.7). 

An important feature that is implied by the presence of spin-fields a(z) in the 
expressions eq. (5.7) for the spinons and holons. is that the braid statistics of these 
excitations will be non-abelian. This feature is analogous to the non-abelian statis
tics of the charge ^- excitations over the (spin-polarized) g-pfaffian state, and we 
refer to section 2.3 for a discussion. 

5.4 STATE COUNTING 

DERIVING THE INTERACTION 

We can extract the interaction needed to produce the paired spin-singlet quantum 
Hall state as the exact ground state directly from the CFT. This procedure can be 
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carried out by the use of the operator product expansions (OPE's) of the theory. 
In fact, the interactions encode the exact same information of the CFT and it is 
possible to derive the OPE's from the interaction. 

The OPE of two electron operators (m = 1) is: 

&{z)&{w) ~ {z-w)eiy/Bv°+iy/5v'(w) + ... (5.12) 

&(z)&(w) ~ eiVE(f,°(w) + ... , (5.13) 

so that two electrons can approach each other as close as the Pauli exclusion principle 
permits. There is no two-body interaction. If wc approach with a third electron, 
however: 

e^"+^*(0)*T(2) ~ zUel3^^+i^s{0) + ... (5.14) 

e*yfcpc(p)y1(z) „ z3^ei3^^^+i^-(ps{0) + ... . (5.15) 

We see that there is no term proportional to z2 in the first line, which implies that 
we need an interaction term which prohibits the closest approach of three spin-up 
electrons. The second line is found to imply two interaction terms, prohibiting the 
two closest approaches. 

The Hamiltonian which has 50(5)1 as the unique zero-energy state for Nv — 
§ J V - 3 i s : 

*SL. = E *w^(§",-3-1) + v>^(>* -2- 5) 
i<j<k v 7 v ~ 7 

+V2Pijk (§iVv - 1, i ) , (5-16) 

where Pijk{L. S) is the projector onto the 3-particle state with angular momentum 
L and spin S. We can study the zero-energy eigenstates of this Hamiltonian, which 
should correspond to our CFT analysis. 

We have carried out the reverse procedure, reconstruction of the CFT from the 
Hamiltonian, for an interaction closely related to the one presented here. When V\ 
vanishes, the resulting Hamiltonian still defines a spin-singlet quantum Hall state 
at v = 2/3, however the conformal field theory now is 5L(2|l)i [77]. 

C O U N T I N G C O M P O S I T E S 

In a numerical analysis of the spin-charge separated state, we use the semi-positive 
Hamiltonian (5.16). which has the spin-charge separated state as the unique zero 
energy ground state of lowest angular momentum. 

It is unfortunately not possible to see the separation of spin and charge in the 
zero-energy spectrum. This is due to the pole in the spinon wavefunction. which 
should be regularized. Upon regularization however, some of the correlations in 
the wavefunction, needed to vanish under (5.16), will be lost. The neutral spinon 
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therefore cannot be observed in the zero-energy spectrum. There is no fundamental 
reason that prohibits the existence of spinons within the lowest Landau level, only 
our decision to study zero-energy eigenstates of this particular Hamiltonian prevents 
their appearance. 

Within the zero-energy eigenspace we should replace the spinon by an operator 
which does not create poles in the electronic wavefunction. Such an operator is 
easily found, by taking the composite of a spinon with a holon. It may look as 
though we are back to the spin-charge confined Halperin case, but the presence of 
individual holons complicates the analysis. 

Let us first look at the Halperin states. The archetypical example is the (1.1.0) 
state, the fully filled lowest Landau level. The number of (spin-^) quasi-hole states 
is simply the number of states within the lowest Landau level with a given number 
of particles and flux: 

«*»> • £(A\:n,)(\r)-
where we sum over n-\ quasi-holes with spin down and nj. holes with spin up. The 
constraint (indicated by the prime ' on the sum), which one can interpret as the 
(spin) singlet condition on a CFT correlator, is iVT + nT = JVj, + n j . Furthermore 
JV-f + N-\ = N, the number of particles, and r?T + nj_ = n, the amount of excess flux. 

We can now introduce a composite operator which creates both an up and a 
down quasi-hole at the same position. This composite has charge 2 and spin 0. The 
existence of such an operator introduces an exclusion between up and down holes. 
We rewrite the above counting formula as 

**,„, - ± (Ar'+;;r"i)('Vi+:r"')(-v:'")-<-) 
We interpret m as enumerating the number of composites. We see that the number 
of available orbitals for a t (I) hole is reduced by the number of J, (f) holes. 

F I N A L C O U N T I N G F O R M U L A 

For the final counting formula we should take the degeneracies, present due to 
the parafermionic CFT. into account. Fortunately, we have already obtained the 
counting formula for the Ising model (Moore-Read state) in chapter 2. The number 
of states which can be obtained by only creating holons is equal to the Moore-Read 
result: 

^('nh/2\ ({N-F)/2 + nh 
*MR(N.nh) = ^ - j ^ nh ) • ^ 

In the combined spectrum of charged spinons and holons, we note that the 
singlet composite which was introduced above can also be obtained as the fusion 
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of two holons. A natural solution to the counting problem now is to sum over all 
distributions of rih, n-\ and nj with the constraints 

Ni +ni = Nt+ ni (5.20) 

rih +ni +ni = In , (5.21) 

with n the number of excess flux quanta. We also take into account the exclusion 
between up and down spinons and arrive at the following state-counting formula for 
quasi-particles over the 50(5) i state: 

± ("f)(^-)/--)(^-:;--)(-^:;--).(5,2) 

We have checked this formula, in exact diagonalization, for a variety of (N, N^) 
combinations and found full agreement. 

5.5 DISCUSSION 

We have presented several quantum Hall spin liquids of spin-^ fermions, including 
a series of paired spin-singlet states which display spin-charge separation. Unfortu
nately, the natural context to search for these states, the quantum Hall effect, does 
not seem to support these exotic states of matter. The pure Coulomb interaction 
favors the anti-parallel flux attached composite fermion state [100] at filling factor 
v = 2/3. Since no second order phase transition is possible between the paired 
spin-singlet state and this composite fermion state, it does not seem likely that a 
small deviation from the Coulomb interaction could change this situation. 

If we interpret the spin of the electron as a layer index, then we find a description 
of a double layer quantum Hall system at v = 2/3. This system has been studied in 
detail by Moore and Haldane [56], who found three different regimes. Depending on 
the tunneling rate and the distance between the layers, either two decoupled u — 1/3 
Laughlin liquids, the anti-parallel flux composite fermion state or the particle-hole 
conjugate of the v = 1/3 Laughlin state is found. It seems unlikely that there is 
room in their phase diagram for a fourth, the spin-charge separated, state. 

The situation is reminiscent of the situation in the Z2 theory of fractionaliza-
tion [80]. The experimental context (high-Tf; superconductors) does not seem to 
realize the fractionalization [81, 14]. There is, however, considerable theoretical 
motivation to understand fractionalization patterns. 

The two theories of spin-charge separation are in fact closely related. The el
ementary excitations, spinons and holons. both introduce a vortex in the pairing 
condensate. In the Z2 theory, the Z2 charge of holons and spinons is liberated by 
a paired condensate of Z2 flux. An important difference between the paired spin-
singlet quantum Hall and the Z2 case is that the p-wave pairing in the quantum 
Hall state introduces a zero mode at the core of the holon (and spinon). In the 
Senthil-Fisher scenario, vortices form s-wave pairs and the absence of a vison zero 
mode makes the braiding abelian. 
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A field theoretic description, which gives a 2D interpretation of the CFT results, 
is presented in the next chapter. 
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5 . A Q U A S I - P A R T I C L E S 

In the case of the spin-charge separated state described in the previous chapter, 
there is a complication in the numerical analysis. As one can see from eq. (5.11). a 
pole is introduced in the electronic wavefunction when a spinon is present. 

This is in fact a situation very similar to the quasi-particle over the Laughlin 
v = 1/3 state. When the CFT formalism is directly applied by using a vertex 
operator with charge —1/3, the wavefunction that follows is 

< = rir^nte-^3 • ( 5-A- J: 
This makes it clear that the CFT connection breaks down at short distances. This 
was to be expected, since correlators in a conformal field theory are not aware of 
any length scale. Therefore, the topological properties that the wavefunctions have 
are present at all length scales. 

Although the quasi-particle present in the excitation spectrum over a quantum 
Hall state has not been identified with an operator in the conformal field theory, we 
believe that the above operator does carry the correct topological information. 

REGULARIZATION 

The pole in the quasi-particle wavefunction can be regularized in various ways. 
Unfortunately, none of these procedures give rise to trial wavefunctions which ap
proximate the true quasi-particle as well as the quasi-hole. The original proposal 
by Laughlin, for a quasi-particle located at the origin, is: 

d 

i<3 
< K^JIK*-^3 (s-A-2; 

A different proposal, by Jeon and Jain [41], is based on the composite fermion 
approach to the construction of trial states. One starts with a wavefunction with 
amplitude outside the LLL, 

^unprojected 

z\ ••• zN 

1 ••• 1 
z\ ••• zN 

'] 
N-2 A" - 2 

Hizi-zj)2 (5.A.3) 

and proceeds by projecting into the lowest Landau level. The complex coordinates 
are normal ordered, i.e. the zi's are moved to the left. Then, one replaces them as 
Zi^2dZi. 

All regularization schemes give the same topological properties, which are our 
main interest. We expect, therefore, that a suitable procedure makes it possible to 
obtain regular electronic wavefunctions with well-defined neutral spinons. 
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CHAPTER 6 

MEAN-FIELD THEORY OF 

SPIN-CHARGE SEPARATION 

In this chapter1, we derive an effective theory for the 50(5) i spin-charge separated 
state. We have seen that we can find the (first-quantized) states which describe 
elementary excitations by the use of conformal field theory. However, in such a 
description, we assume that these excitations behave like free (or at least, weakly 
interacting) particles. So it is natural to ask what field theory could describe their 
topological properties and how such a field theory can be derived. In principle, this 
theory could be used to make detailed predictions. An example of this was given by 
Halperin, Lee and Read [32], who calculated response functions of the "Composite 
Fermion" Fermi liquid at v = 1/2. 

The discussion will be phenomenological to a large extent. There is limited hope 
to derive the effective parameters analytically, since they depend on the highly non-
trivial ground states. A straightforward approach to calculate such parameters uses 
e.g. Monte Carlo techniques to integrate over all different particle configurations. 
We will not pursue this approach. We know that the Coulomb interaction does not 
favor spin-charge separation at v = 2/3 (see the previous chapter). So the effective 
theory would be strongly interacting and quite without physical meaning. 

In general, we will need Chern-Simons terms to describe the more general braid
ing that can exist in 2 + 1 dimensions. It is possible to find operators in second 
quantization that reproduce the states given by the qH-CFT connection. In a path-
integral representation, however, we can only use (complex) scalar or Grassmannian 
fields. 

We will formulate a theory that captures the topological information, retrieved 
from the qH-CFT connection, in this 2 + 1 dimensional description. It is in a large 
extent phenomenological. due1 to a mean-field treatment of a strongly (infinitely 
strong) coupled gauge theory. The effective theory turns out to be a Z2 ® U{l)c ® 

this chapter is based on a manuscript in preparation 
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SU(2)S gauge theory. It is related to the Z2-gauge theory of fractionalization of 
Senthil and Fisher[80. 82]. The derivation that follows is basically dual, in that the 
vortices in that theory appear as particles in ours and vice versa. 

6.1 SEPARATING SPIN AND CHARGE 

The state we will try to understand, looks in first quantization like: 

ï&*({*M» = «(^)®££sr1 , m )(^^ • («-1) 

where xi — zJ.Zj. m is an odd integer (for fermionic electrons). ^Habrri'n ^s 

the Halperin wave function and the filling factor is v = 2w
2

+1. We will consider the 
case m — 1. which corresponds to physical electrons. 

The field theory which describes the spin-charge separated state derives from the 
same observation Balatsky and Fradkin made for the singlet quantum Hall effect. 
They noted that the Halperin wavefunction naturally factorizes into a charge related 
part and a spin part: 

Uixi-xj)"*1'2 , and (6.3) 
i<3 

i<3 i<3 i-,3 

The charge part describes a collection of scmions forming a Laughlin state. The 
spin part is the chiral spin liquid, in continuum form. We will follow their notation 
and introduce a slave-semion decomposition of the electron operator. 

An important distinction occurs in the charge sector. While Balatsky and Frad
kin considered filling factor ;/ = 2/(2ra + l) with m even, we are now in an equivalent 
position with m odd. We will follow their discussion and emphasize the differences 
with the current situation. 

We start out by splitting the electron field ca: 

ca = V o„ , (6.5) 

with ip and (f)a both semionic fields. We will first consider the properties of both sec
tors separately and later glue them together. The spin and charge sectors, although 
in this case defined for semions. both define well-known states. 

j y (m+l ,m+l , " i ) 
Halperin 

^semions ^ x ' >' 

*CSL({*M}) 
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6.2 T H E CHARGE SECTOR 

The two equivalent approaches to a field theoretical description of the fractional 
quantum Hall effect are based on the application of statistical transformation to 
cither bosons[102] or fermions[4Q\. Both constructions use Chern-Simons theory to 
transform the statistics of bare electrons. On a mean-field level, the magnetic field 
is (partially) cancelled by the Chern-Simons gauge field. Fluctuations around this 
mean-field solution will be strong but both theories give well-defined values for the 
quantum numbers of quasi-particles. Numerical methods which solve the full theory 
for small numbers of particles support the belief that these are in fact the correct 
values and that we can use the mean-field theory to start a perturbative expansion. 

In the composite boson construction, the electro-magnetic field is cancelled on 
a mean-field level by the Chern-Simons field. The bosons are effectively in zero 
magnetic field and will form a Bose-Einstein condensate. In the composite fermion 
approach, only part of the external magnetic field is cancelled and in the mean-field 
picture, the fermions will exhibit the integer quantum Hall effect. 

We will pursue the second approach, and transform the charged semion into a 
fermion. In general, this can be achieved by choosing" the Chern-Simons coupling 
constant 9 to be 6 = l/27r(p+ 1/2), with p an odd integer. The most convenient 
choice here is p = m and we obtain 6 = v/2ir. A natural action to describe the 
(non-interacting) fermions is 

Charge = ^*(^>o + /*W + ^P{VC)H + vCCS(*) (6-6) 

D£ = d,, + iA„ + iafl . (6.7) 

where we have introduced the gauge field a. to describe the transformation. A is the 
electro-magnetic gauge field. With some abuse of notation we use ip as a Grassmann 
field to describe the fermions. 

On a mean-field level, we find the field equation for the Chern-Simons gauge 
field: 

^ c ' - ' U a p = {</*> , (6.8) 

where JM is the current of fermions, J° = p. J' = 0. Solving this equation, we see 
that the Chern-Simons magnetic field b = e'-Wiuj is constant. Moreover, it exactly 
cancels the external (electro-) magnetic field! 

The situation that arises is identical to the "composite fermion Fermi liquid" 
at half-integer filling factor. Different behaviour is seen for these liquids in the 
quantum Hall setting. In the lowest Landau level, the liquid seems to survive to low 
temperatures and is well described by a (modified) Fermi-liquid theory [32]. The 
second LL supports the non-abelian Moore-Read state [55] which can alternatively 
be interpreted as a BCS superconductor [27]. In higher LL's a charge-density wave, 
well described by Hartree-Fock theory, develops. 

We will assume that the interaction between the fermions is such that we end 
up with an incompressible state. In particular, there is a gap to all excitations. The 
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most natural candidate is the p-wave BCS superconductor. In appendix 6.A. this 
superconductor is discussed in some more detail. 

We assume that the interaction for the "charge" field w can be transformed into 
the following form by a Hubbard-Stratonovich transformation of the interaction: 

^charge + Ant = 0 ' (iDc
0 + /i)tf + ±-t*(&fv + 

A*ijj(dx + idy)& + ex. + -\A\\ (6.9) 

with u the interaction strength. We furthermore assume that in mean-field approx
imation, there is a BCS condensate, (A) / 0. 

As is clear from the above, the ip field forms p-wave Cooper pairs, and in the 
spectrum a gap opens. The excitations are the neutral BCS quasi-particles and 
vortices in the condensate. 

Vortices in the condensate have the general form: 

tp = 6/2 (6.10) 
1 
2' 

a* + -c^xj/r2. for r -> oo (6.1b 

where {r.0) are polar coordinates and tp is the phase of the condensate. A = elv>|A|. 
This solution of the gap-equation introduces a branch-cut in p. If a quasi-particle is 
adiabatically transported around the vortex (braided), the resulting wavefunction 
is identical to the original wavefunction but with an additional minus sign. 

If the Bogoliubov-deGcnncs equations (which determine the spectrum of quasi-
particles) are solved in the presence of such a vortex, a zero-energy mode is found [93]. 
(The limiting case //. —> 0. which leads to the same topological properties, was dis
cussed by Read and Green [66].) Explicitly, this zero-mode has the following form 
in Nambu space[93]: 

X(r.0) oc c""-rcxp(- lrds\A(s)\/vF]( \ ) . (6.12) 

with pp = \/p/7r the Fermi momentum and VF = PF/711 the velocity. With 2n 
vortices present, there are 2n real fermionic operators Q satisfying 

{ct,Cj} = 2fy . (6.13) 

When the vortices (i. i+1) are braided clockwise, one of the fermions (i) will see the 
branchcut due to the presence of the other (i+ 1). The operator T, which performs 
this action as Q —> TiCiT~]. was found by Ivanov to equal Ti = exp(^Ci+iCj) [38]. 
The In real fermions constitute n fermionic zero-energy states. Upon braiding, 
these states will be filled (emptied) by the breakup (formation) of a Cooper pair. 
The parity of the number of filled levels is conserved, so that the number of states 
is 2 n _ 1 in each sector. 
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As is known from the Moore-Read state [38], the composite of a half flux vortex 
and a Majorana fermion generate the same representation of the braid group as 
a doublet, coupled to a SU(2)2 Chern-Simons term. This representation is non-
abelian, in the sense that with more than 4 vortices the ground state has a finite 
degeneracy and braiding of vortices in real space induces rotations among these 
ground states [55, 59]. 

At this point, it is possible to integrate ip out and we obtain the following effective 
theory: 

e xP ( « / Charge) = ƒ * > < W exp (i f ( £ c h a r g e + £ i n t ) ) • (6.14) 

Charge = ^ A * ( ö , - 2za,)2A + i | A | 2 + A|A|4 

+ 8 7 2 J D ( 2 Ö O ^ _ " O ) 2 + / : , 0 I > • ( 6 / 1 5 ) 

Aop = ^ w ( 2 ^ - a J ^ ( - ^ - a p ) . (6.16) 

Here, m* is the effective mass of the Cooper pair and A is an effective parameter. 
The density of states at the Fermi energy (D = Anm) provides the screening of 
electric current. The "topological" term £ t o p has no effect, since the combination 
2<9Mv7-aM is gauge-invariant. Furthermore, the finite energy constraint ensures that 
it vanishes faster than 1/r2 as r —» oc. 

6.3 SPIN SECTOR 

The chiral spin liquid has been analyzed by various authors in the context of e.g. 
the triangular Heisenberg model[42] or the singlet quantum Hall effect[10]. We can 
choose a description with a bosonic field coupled to a (non-abelian) SU{2) Chern-
Simons term: 

£spin = ^\Doo\2 + -\Ds(j)\2 + X{^-0-p)2 + lCcs{A) , (6.17) 

where é is a bosonic field in the fundamental representation of SU{2). The gauge 
field A transforms this boson into a semion. The interaction fixes the expectation 
value {\<j)\2) to be equal to p on microscopic length scales. The Chern-Simons term 
disorders the field on length scales / ~ l/^/Wp. Excitations in this liquid correspond 
to non-compensated spins or. equivalently, flux in the gauge field A. The assumption 
of a spin liquid ground state implies that such excitations are gapped. The low-
energy theory for the quasi-particles will therefore be Lorentz-invariant: 

4 = \ \ m 2 + lv2\Bb\2 + ±vW\b\2+£Cs(A) .. (6.18) 

where vs is the "speed of light" and m is the effective mass of the quasi-particles. 
Since this mass is essentially the screening length in the liquid, it will be approx-
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imately given by m = yfïïp. The velocity vs is determined by short distance spin 
interactions and we will treat it as an effective parameter. 

The flux tube which arises from the presence of a spinon creates a branch cut in 
the wavefunction for the original particles è. One can see this easily in the explicit 
wavefunction for a spinon (spin up at position rj) and N particles: 

* s p i n o n f e } : ' / ) = I R * " ^ ' ' ^ C S L t t * » • ( 6 ' 1 9 ) 
i 

The spin of the particles is a, = ±1 and a', the spin of the quasi-particle is a' = 1. To 
have a well-defined wavefunction for the N particles, there should be an additional 
gauge field. If the particles carry charge under this gauge field, while the spinons 
carry (half) a flux, then the branch cut in the wavefunction of the particles is 
compensated by the minus sign one obtains when braiding a charge around a half 
quantum of flux. 

6.4 GLUING CHARGE AND SPIN 

The original decomposition of the electron operator into two semion operators im
plies the presence of a strong-coupling 17(1) ("RVB") gauge field. The invariance 
of the electron operator under the gauge transformation o —* eltp(j), tp —» e - * ^ 
imposes the same invariance on all observable quantities. We can implement the 
RVB gauge field by coupling the charge and spin: 

£ = £ c h a r g e + £ s p i n + ^ ( ^ - ^ ) • (6-2°) 

The field c acts as a Lagrange multiplier and by the explicit form is minimally 
coupled to both spin and charge fields. 

Since we want to obtain a (weakly-coupled) theory expressed in terms of the 
physical excitations, we should look for the excitations which arc invariant under 
the gauge symmetry. 

BCS quasi-part icle: This particle, present in the charge sector of the theory, only 
carries charge under the Z2 gauge field which transforms ip —> —if) and leaves A 
invariant. So we immediately find that this (EM) neutral fermionic excitation 
is also a valid excitation of the coupled theory. 

holon: The finite winding number of the phase of the BCS order parameter is 
cancelled as r -» oo by a vortex in alt. The Chern-Simons term induces a 
finite charge ( J / / 2 ) , associated to this quasi-particle. This extra density can 
be accomodated for in the spin liquid, without introducing quasi-particles. 
The neutral fermion sees a branchcut and induces a Majorana fermion in the 
core of the vortex. 

For the other particles in the theory, we can use the presence of a charged order 
parameter (A). As in usual BCS theory, the superconducting order parameter A 
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acts as a charge 2 scalar Higgs field. In the low-energy limit, only the unbroken 
subgroup Z2 of U{\) will remain. 

We can now identify the gauge field which the spinon needed to give a single-
valued wavefunction. The spin-semion carries a charge under the remaining Z2 
gauge symmetry. A natural choice for the additional flux of the spinon is now a Z2 
flux. This leads to the 

spinon: The Z2 flux of the spinon also couples to the BCS quasi-particle. By the 
same reasoning as for the holon, a Majorana fermion is induced in the core. 

6.5 DISCUSSION 

The presence of the zero-energy modes in the core of both the holon and the spinon 
leads to non-abelian braiding. Upon braiding, the zero modes are occupied (or 
emptied), exactly as in the scalar Moore-Read case. From the conformal field theory 
connection, we know that the spinon and the holon together transform as the 4-
dimensional representation of 50(5) . It should be possible to transform the theory 
into a form in which these quasi-particles are represented by a field transforming in 
this representation, coupled to a 50(5) Chern-Simons term. 

It should be noted that upon fusing an even number of spinous and holons, the 
resulting particle will have abelian braiding relations. When two quasi-particles 
are within a distance of / ~ vF/\A\. the zero-mode wavefunctions will overlap. The 
isolated vortex approximation breaks down and the zero mode shifts to finite energy. 
One such composite is the spin-charge composite, with charge v/2 and spin- ̂ . This 
particle is nothing but the familiar quasi-particle over spin-singlet Halperin states. 
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6.A (SCALAR) P-WAVE BCS THEORY 

For a number of scalar paired quantum Hall states. Read and Green[66] performed 
an extensive analysis of their topological properties in terms of (more or less) con
ventional BCS theory. An important role is played by zero modes. Such modes are 
at the heart of such effects as statistical transformation and instanton interference. 

The p-wave (spin polarized) BCS superconductor has been an important special 
case. In the presence of a vortex, the Dirac equation predicts a mode in which 
the two components have support in very different regions. One component lives 
near the core of the vortex, while the other is supported by the edge of the sample. 
We can therefore treat them as independent modes, each described by a Majorana 
fermion. By doing so. we can quickly recover the state counting for the Moore-Read 
state. In the presence of '2n (well separated) vortices, there are n Dirac zero energy 
solutions. This gives a degeneracy of 2" of the ground state, even if all positions arc 
fixed. Since the breakup of a Cooper pair will always produce two fermions, these 
ground states fall into two categories: one with an even number and one with odd 
number of fermions. In each of these categories the degeneracy will therefore exactly 
be equal to 2 n - 1 , the same number we found in the analysis of quasi-particles over 
the Moore-Read state. 

Note that the fact that the electrons are spin polarized is particularly important. 
In the unpolarized (S) = 0 spin-full p-wave paired case, a situation analogous to the 
quantum Hall (331) state [33], no such degeneracies exist. It is anticipated [66] that 
the phase transition between these two paired states could be observed in quantum 
Hall experiments with two layers. The nature of the transition is very closely related 
to the Helium A to A\ transition. 
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SAMENVATTING 

Systemen die bestaan uit vele deeltjes kunnen zich soms verrassend gedragen. In 
het bijzonder in lage dimensies, waar quantum effecten een grotere invloed heb
ben. Binnen de gecondenseerde materie is met name de situatie waar deze effecten 
overheersen erg interessant. 

In één dimensie, waarbij deeltjes langs een lijn kunnen bewegen, zijn quantum 
effecten het sterkst. Uit de studie van talloze modellen is inmiddels ook duidelijk 
geworden dat deze systemen bij lage temperatuur in het algemeen bijzondere eigen
schappen hebben. In een één-dimensionaal gas van electronen treedt bijvoorbeeld 
spin-ladings scheiding op. De toestanden die toegankelijk zijn bij lage temperaturen 
laten zich beschrijven in termen van deeltjes met enkel spin, spinonen, ofwel lading. 
holonen. Dat dit gebeurt is in speciale gevallen zelfs exact te bewijzen. 

In twéé (of meer) dimensies is dit soort fractionalisatic moeilijker te realise
ren en moeten bijzondere omstandigheden worden opgezocht. Twee verschillende 
systemen, electronen in een magneetveld en snel-draaiende atomen, vertonen in ex
treme limieten dit soort gedrag. De fractionalisatie die optreedt is niet eenvoudig 
te verklaren in termen van de onderliggende deeltjes. Zoals in dit proefschrift wordt 
beschreven, heeft zelfs de statistiek van deze 'elementaire' deeltjes maar een beperk
te invloed. De twee zeer verschillende systemen blijken een sterke overeenkomst te 
hebben. 

FRACTIONEEL QUANTUM HALL-EFFECT 

In dit proefschrift worden systemen bestaande uit vele identieke deeltjes bekeken. 
De deeltjes hebben een interne vrijheid, spin, die een cruciale rol speelt in de analyse. 

In het klassieke Hall-effect wordt een geleider in een magneetveld geplaatst en 
wordt er een stroom doorheen geleid. Dit resulteert in een spanningsverschil lood
recht op de stroom. De electronen worden verstrooid door onzuiverheden, imper
fecties in het kristal, wat leidt tot weerstand. De Hall-weerstand is onafhankelijk 
van deze onzuiverheden en hangt alleen van de vulfractic v = n/B af, waarbij 
n de (twee-dimensionale) dichtheid van ladingsdragers is en B de sterkte van het 
magnetisch veld (uitgedrukt in dichtheid van flux-quanta). 
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Figuur 6.1: De Hall-weerstand RH- gemeten in een zeer zuivere sample. Figuur 
overgenomen uit [23]. De stippellijn geeft het klassieke gedrag, de plateaus liggen 
bij waardes RH = 1/vh/e2. De putten in de parallel-weerstand geven aan waar 
niet-samendrukbare toestanden liggen. 

Wanneer een stuk metaal in een magneetveld wordt geplaatst, is de klassie
ke benadering een uiterst betrouwbare. Dit verandert als de verhouding v (zeer 
groot in het voorgaande voorbeeld) kleiner wordt. Het meest toegankelijke systeem 
wordt gevormd door halfgeleiders. Op het grensvlak tussen twee soorten halfge
leider kunnen electronen (of gaten) worden gevangen. Aangezien de dichtheid van 
ladingsdragers in halfgeleiders zeer laag is, en bovendien experimenteel te regelen is, 
kunnen situaties worden bereikt waarbij v van orde 1 wordt. In deze situatie wordt 
het quanturn Hall-effect waargenomen. De Hall-weerstand ontwikkelt plateaus op 
veelvouden van h/e2. Bovendien valt de parallel-weerstand weg, wat duidt op een 
mobiliteits-kloof: alle electronen zijn gebonden aan onzuiver heden. De veelvouden 
{y = q. met q geheel) worden zeer precies aangenomen, met een nauwkeurigheid 
van 1 op 108 vormen deze metingen tegenwoordig de weerstand-standaard. 

In het geval van zeer zuivere kristallen worden meer eigenschappen waargeno
men. Het fractioncle quantum. Hall-effect bestaat uit het hierboven beschreven 
effect, maar dan bij v — p/q fractioneel. De verklaring ligt in het bestaan van sterk 
gecorreleerde toestanden. Het toeval wil dat de eerst waargenomen fractie, v = g, 
ook zijn oorsprong vindt in de meest eenvoudige toestand, de Lau^/i/m-vloeistof. 
Hoewel deze toestand wordt gevormd door electronen met lading 1 (in geschikte 
eenheden), hebben excitaties (^wasi-deeltjes) boven deze quantum toestand lading 
| . Quantum Hall-toestanden, zoals de Laughlin-vloeistof, hebben bijzondere eigen
schappen. Zo volgt de dichtheid van electronen de sterkte van het magneetveld; 
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iedere verstoring kost meer dan de kloof-energie. Er zijn dan ook geen uitgestrekte 
golven mogelijk, slechts gelokaliseerde deeltjes. 

Het voorstel van Laughlin, de quantum-vloeistof met de exotische eigenschap
pen, heeft inmiddels aanzienlijke generalisaties ondergaan. Zo vormen bijvoorbeeld 
de hiërarchie-toestanden, in het bijzonder de serie die wordt gevormd door samen
gestelde fermionen, een succesvolle verklaring voor de serie toestanden die later 
zijn gezien in experimenten (zie figuur 6.1). In deze benadering wordt een nieuw 
soort fermionen gevormd door de samenstelling van een electron en een even aantal 
flux-buizen. Deze nieuwe fermionen zien hierdoor een gereduceerd magnetisch veld. 
Vrijwel alle waargenomen fracties kunnen nu worden verklaard door aan te nemen 
dat de samengestelde fermionen opnieuw het integer quantum Hall-effect vertonen, 
v' = q met q geheel. 

Een notoire uitzondering wordt gevormd door het plateau dat gezien is bij v = | . 
In het beeld van de samengestelde fermionen correspondeert deze vulfractie met een 
effectief afwezig magnetisch veld. De aanwezigheid van een plateau verraadt echter 
dat een niet-samendrukbare toestand is gevormd. De verklaring hiervoor moet 
worden gezocht in de Fermi-vloeistof die bij hogere temperaturen bestaat, wanneer 
het plateau verdwenen is. De deeltjes vormen paren, welke condenseren, zodat een 
supergeleider ontstaat. 

Op grond van een theoretische connectie met conforme velden theorie, werd deze 
toestand voorspeld door Moore en Read[55], nog voordat het plateau experimenteel 
werd gezien. Deze geschiedenis lijkt zich te gaan herhalen in het geval van draaiende 
atomen. 

B O S E - E l N S T E I N C O N D E N S A T E N 

IJle boson-gassen met zwakke interacties zijn de afgelopen jaren intensief onder
zocht. Een belangrijke impuls hierbij was de creatie van het eerste Bosc-Einstein 
condensaat (BEC) door Cornell en Wieman [4]. Hoewel eerder condensaten zijn 
gemaakt, zoals Helium en verscheidene soorten supergeleiders, bieden ijle gassen 
veel mogelijkheden tot manipulatie. Een BEC bevestigt op spectaculaire wijze het 
quantum-mechanische gedrag van atomen. Duizenden (of zelfs miljoenen) atomen 
bezetten dezelfde quantumtoestand. Gek genoeg zorgt dit er voor dat het systeem 
zich laat beschrijven in geheel klassieke termen. Precies zoals grote aantallen fotonen 
met dezelfde golflengte zich laten beschrijven als klassieke lichtgolven. 

Enkele jaren geleden is een nieuwe richting ingeslagen in dit onderzoek. Met 
verscheidene technieken probeert men de condensaten steeds harder te laten draai
en. Bij de 'verdampings afkoeling' (vergelijkbaar met het afkoelen van koffie door 
te blazen) van bijvoorbeeld een draaiende wolk atomen zal uiteindelijk een conden
saat ontstaan dat meerdere gequantiseerde wervels (vortices) bevat. Het driehoekig 
rooster van vortices in een type-II supergeleider werd voorspeld door Abrikosov. 
Een BEC lijkt (wiskundig) sterk op deze situatie en hetzelfde rooster is dan ook 
gezien in experimenten [1]. 
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We kunnen ons nu voorstellen dat de rotatie-snelheid wordt opgevoerd. Het gas 
dijt hierbij steeds verder uit. tot het moment dat de rotatie-frequentie gelijk is aan 
de opsluit-frequentie. Een regime waar quantum-fiuctuaties van vortices belangrijk 
worden, wordt bereikt zodra er nog slechts een paar atomen per vortex zijn. Het 
vortex-rooster smelt in een vloeistof en het boson-condcnsaat is vernietigd. 

ATOMEN MET SPIN 

In de "conventionele" Bose-Einstein vallen wordt gewerkt met magnetische velden. 
Het Zeeman-effect zorgt ervoor dat enkele van de spin-toestanden een potentiaal 
voelen met een minimum in het centrum van de val. Het lijkt dus onvermijdelijk 
dat de alkali-atomen die in experimenten worden gebruikt gepolariseerd zijn. Echter, 
het is ook mogelijk om atomen te vangen met optische methoden. Zo is zelfs al een 
BEC van atomen met verschillende spin-componenten gecreëerd[ll]. 

We kunnen ons voorstellen dat zo n BEC van spin-1 atomen ook wordt gedraaid. 
Vorticiteit kan in dit geval worden opgeslagen door de spin continue te laten variëren 
in de (twee-dimensionale) ruimte. Zodoende kan de singulariteit, in het centrum van 
de vortex, worden vermeden. Opnieuw worden rooster gevormd bij het opvoeren 
van de rotatie, echter met veel meer structuur dan in het scalaire geval. 

Voor een ijl gas van spin-1 atomen heeft de interactie een extra parameter, de 
relatieve sterkte van de twee botsings-kanalen. Afhankelijk van deze parameter is 
het niet-roterende condensaat ferromagnetisch dan wel anti-ferromagnetisch. Op de 
overgang is er sprake van extra symmetrie. Deze symmetrie stelt ons in staat om 
de opbouw, bij steeds toenemende rotatie, van een 'skyrmion' exact te volgen. Bij 
hogere rotatie veroorzaakt de extra parameter een rijk spectrum aan roosters. 

QUANTUM HALL (SPIN) VLOEISTOFFEN 

Met de vernietiging van het BEC wordt het regime van de quantum-vloeistoffen 
betreden. De quantum-fiuctuaties zijn zo heftig dat het geen zin heeft naar indivi
duele deeltjes te kijken. In plaats hiervan moeten we de collectieve 'dans'-patronen, 
veel-deeltjes yolffuncties. vinden. De analogie met het quantum Hall-effect stelt ons 
een rijke machinerie ter beschikking. Zo is bijvoorbeeld een lichte variatie op de 
golffunctie die Laughlin oorspronkelijk voorstelde een exacte oplossing bij scalaire 
bosonen. 

Een andere toestand die wordt gedeeld in beide situaties is de Moore-Read toe
stand. Een bijzonder aspect van de Moore-Read toestand is het feit dat zij niet-abels 
is. De paar-vorming zorgt ervoor dat, zoals in een conventionele supergeleider, het 
flux-quantum wordt gehalveerd. De speciale paring (p-golf) maakt dat in de kern 
van een vortex een 'half' nul-baantje ontstaat. Zijn er 2n vortices, dan zijn 2 n _ 1 

toestanden ontaard. Dit in tegenstelling tot (abelse) Laughlin of samengesteld-
fermion geval, waarbij altijd slechts één toestand bestaat. Worden de quasi-deeltjes 
van een niet-abelse toestand rond elkaar gedraaid (gevlochten), dan induceert dit 
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een 'rotatie' in deze ruimte van toestanden. De topologische bescherming van de 
ontaarding maakt dit soort toestanden interessant voor de constructie van een quan
tum computer, waarbij operaties als verwisseling en verplaatsing de noodzakelijke 
transformaties genereren. 

Op grond van de connectie van quantum Hall-toestanden met conforme vel
dentheorie leidden Read en Rezayi[67] een serie (niet-abelse) toestanden af, die de 
Moore-Read toestand generaliseren. De paring wordt clustering, waarbij k deeltjes 
met 2 flux-buizen samenklonteren tot een samengesteld boson. Bij condensatie van 
dit boson fractionaliseert de vorticiteit tot een fc-de deel van de Laughlin situatie. 
Alle toestanden met k > 1 zijn niet-abels. 

Om te testen of deze gepostuleerde toestanden ook daadwerkelijk de werke
lijkheid benaderen, moeten we onze toevlucht nemen tot numerieke methodes. Met 
behulp van exacte diagonalisatie kan het probleem voor enkele deeltjes opgelost wor
den. In exacte diagonalisatie van scalaire bosonen met contact interacties is een serie 
niet-samendrukbare toestanden gevonden. Deze serie bleek tot zeer goede benade
ring gegeven te worden door de Read-Rezayi serie van niet-abelse toestanden[20]. 

Geïnspireerd door dit succes hebben we een aantal series van quantum Hall
toestanden voorgesteld voor spin-1 atomen. Helaas zijn onze numerieke studies te 
beperkt om definitieve uitspraken te kunnen doen over hun relevantie voor grote 
aantallen atomen. Echter, het is op voorhand niet duidelijk of deze limiet experi
menteel toegankelijk is. Het lijkt eenvoudiger om bij atomen in een optische val een 
hoge rotatie te bereiken bij kleine aantallen atomen. 

In huidige experimenten wordt, met scalaire bosonen in een magnetische val, de 
quantum-smelt limiet al nagestrceft. De vulfractie v is meerdere ordes van grootte 
kleiner geworden in de laatste paar jaar {y > 500 in november 2003, [79]). Hoewel 
met de lage temperaturen en de eis van een zeer symmetrische val de experimen
tele uitdagingen groot zijn, is er goede hoop dat deze fascinerende toestanden van 
materie in het laboratorium zullen worden gerealiseerd. 
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