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CHAPTER 2 

CFT - QUANTUM HALL 

CONNECTION 

Conformal field theory has seen many different applications in physics. Within the 
context of condensed matter physics, critical phenomena in 2-dimensional classical 
and 1-dimensional quantum systems enjoy the power of the two-dimensional con-
formal group. It is therefore perhaps surprising that CFT can be used to study 
2-dimensional quantum systems. 

The (fractional) quantum Hall effect is primarily related to the existence of in
compressible many-body states. This incompressibility is due to a finite energy gap 
to all excitations, in particular charged quasi-particles (holes). An excitation nec
essarily has a finite size, in marked contrast to gapless excitations in other systems 
such as photons and phonons. 

We wish to study these incompressible states at energy scales below the gap to 
excitations. This corresponds to probing the system on length scales larger than 
the typical size of an excitation, the correlation length. If we imagine that the 
interaction has a finite range, i.e. smaller than the probe, then excitations will 
behave as free particles. Only statistical properties remain and we are in the regime 
of topological field theory. In 2 + 1 dimensions, these theories take the form of 
Chern-Simons theories. 

The link between Chern-Simons theory and conformal field theory (CFT) was 
established by Witten. It is thereby possible to obtain a quasi-particle wavefunction 
as a correlation function in a conformal field theory. Subsequently. Moore and 
Read realized that this link can be extended to interpret correlation functions in 
CFT as wavefunctions for the underlying particles in 2 dimensions. The powerful 
machinery of CFT can now be applied for a detailed study of the (topological) 
properties of quantum Hall states. The original state proposed by Laughlin turns 
out to be described by the simplest of CFT's, the free boson. Generalizations, in 
the form of the Haldane hierarchy where a finite density of quasi-particles also forms 
a Laughlin liquid, likewise are abelian CFT's. With the CFT connection at their 
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display. Moore and Read proposed a non-abelian quantum Hall state. After the 
appearance of the anomalous fractional quantum Hall effect at v = 5/2 (see chapter 
1). convincing evidence has shown that this Moore-Read state is actually realized 
in this experiment! 

One should keep in mind that we wish to address properties of well-defined states. 
The question of their experimental relevance and the possible phase transitions to 
other states is beyond this approach. We imagine a scenario in which the suggested 
state is a good approximation to the true ground state of the 2-dimensional system 
of interest. Although the quantum Hall states are obtained from a critical theory, 
they represent incompressible quantum ground states with gaps to all excitations. 

In later chapters in this thesis, we will be addressing properties of several specific 
non-abelian quantum Hall states. To prepare for this, this chapter will offer a 
glimpse of the tools, available in CFT. to study non-abelian quantum Hall states. 
Several examples of these CFT's. so-called Wess-Zumino-Witten models, appear in 
later chapters as the natural language to describe these non-abelian states. 

2.1 TOPOLOGICAL FIELD THEORY 

The topological field theory associated to incompressible (chiral) quantum Hall 
states is the Chern-Simons theory. This follows from general considerations such 
as current conservation and time-reversal (and parity) breaking. The term which 
dominates the long-distance, low-energy properties is the Chern-Simons term: 

OTT 

'l,,.cl>vp döxe tr 
'M 

J\^t(Jl/J\p "T ./\fi./\^./\.i, (2.r 

We have introduced the gauge field A, which takes values in some Lie algebra, on a 
general three-manifold M.. The trace is defined such that t r (T 'T J) = 2Sjj, with Tl, 
T-7 generators of the algebra. This term is independent of the metric and is therefore 
purely topological. A consequence of this is that the Hamiltonian vanishes. (This 
can be seen by choosing, e.g.. the gauge Ao = 0. in which only terms with exactly 
one time derivative remain.) Since there is no dynamics in this theory, it may seem 
trivial. However, as is appropriate for a topological field theory, it gives non-trivial 
results to topological questions. One of these is the ground-state degeneracy on 
2-dimensional (Riemann) surfaces which form the boundary of a 3D manifold. 

When Chern-Simons theory is considered on the three-sphere (S3), we are faced 
with an ambiguity. For all simple Lie groups n-s(G) = Z, so there exist solutions 
to the field equations T^v = 0 which cannot be continuously connected to the 
trivial solution A = 0. In particular, the Chern-Simons term acquires the value 
£Qg = 2-Kkm, with m G Z the winding of the solution. Consistency of quantum 
field theory now requires that k is an integer. 

An important observation is that when the manifold has a boundary, the Chern-
Simons action (with the additional requirement of gauge invariance on the edge) 
induces dynamics on the boundary OM.. Consider a gauge transformation 

A, 9 Ag - g d,,g (2.2; 
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The Chern-Simons action is invariant, up to a surface term: 

*A3S = 
k e f W ^ t r 

'M 
0„(dygg lAp) + -g ldtigg ldugg ldpg .(2.3) 

In particular, the dynamics is given by specific conformal field theories, Wess-
Zurnino-Witten models: 

*([<?]) = J VAcxp(lCcs(A)) 

= e x p ( ? X w z w ) , where 

C wzw 
k -la dzxtr{g ldtlgg ld^g) 

k 
+ ^ I / d3XE^tv(g-1dllgg-10„gg-1dpg) 

(2.4) 

(2.5) 

where the path integral in the first line is over all configurations of the gauge field 
such that Ap = g~1dlxg on the boundary, with g an element in the gauge group. 
The field g is an extension of g into an auxiliary third direction. The second term 
is topological, however it affects the theory such that it becomes critical. 

As the Chern-Simons theory is topological, it is invariant under continuous de
formations of the manifold (Ai) and has no dynamics on a compact 2 dimensional 
geometry. Non-trivial results, however, are obtained when one considers (closed) 
lines which carry a charge under the gauge algebra: 

W(i) = fvAUj Pexpfi I ux ^ j \ ^ exp(iCcs(A)) [2-6) 

where P denotes the path-ordered product (the matrices A for different points in 
general do not commute) and tr_,- is the trace in representation j . Witten showed [99] 
that the above amplitude can be used to define knot invariants, in particular the 
Jones polynomial at q = et7T^k is recovered when the gauge group is SU(2). The 
field equations are modified to: 

i. 

4TT ^"l/ = Jo ;2.7) 

where the current J is determined by the (Wilson) loop. In the Wess-Zumino-
Witten model, the loops end on the plane and correspond to punctures (flux in
sertions). We will want to calculate correlation functions of these insertions (XJ , 
which amounts to a sum over all (classes of) loops: 

{Xl(zl,zl)---Xn(zn.zn)} = £ W ( { 7 » 
{7} 

(2.8) 
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The second line follows from conformal invariance of the correlator [12] (see e.g. [25] 
for an extensive introduction to CFT). The functions Tv are called conformal blocks. 
in general their number is finite for any correlator. In particular, if n < 3, there is 
only one block. The conformal blocks define the Hilbert space of a Chern-Simons 
theory [99]. 

We will, from this point on, largely ignore the 2 + 1-dimensional interpretation 
of conformal field theories. Our main interest is in the conformal blocks, since 
these give us quantum Hall wavefunctions. The operators in a correlator directly 
correspond to the particles (electrons or bosons) of interest, or of quasi-particles 
over the quantum Hall state. 

2.2 FRACTIONAL QUANTUM HALL STATES 

An important special case of the conformal field theory approach to the construc
tion of quantum Hall states is the Laughlin liquid. The machinery of CFT is too 
powerful for this particular example, as we can use other, perhaps more direct, 
methods. However, it illustrates important concepts of CFT which allow for direct 
generalization. 

We start from Laughlin's celebrated wavefunction (cq. 1.3. repeated here for 
convenience): 

*&„(•-. •-«) = n<*-*r«p(-i l>i ' ) 

- O * *)«p(-iEhp) -(2-9) 

The coordinates of particles are specified by zi — x,j + ixji and we see that the 
wavefunction takes the form of a holomorphic function times an exponential. This 
is in fact true for any wavefunction in the lowest Landau level. A wavefunction is 
thus fully specified by the holomorphic part and we will drop the exponential. The 
tilde should remind the reader that we are considering reduced wavefunctions. 

Explicit derivation1 of the low-energy action shows that it is an abelian Chern-
Simons theory: 

£(1/m) = -^ / V ' ^ c V v , (2.10) 
47T ./ 

where a is a U{1) gauge field. Quasi-particles couple to this gauge field and act as 
sources of magnetic flux. These particles naturally correspond to the Wilson loops 
we encountered earlier. 

One simplification from the general WZW model is that the Laughlin liquid (and 
all abelian generalizations) use the abelian group U{\) as the underlying Lie group. 

1 t he long-range nature of the Coulomb interaction is ignored here, for a proper account sec[64] 
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E D G E C F T 

Wen[94] derived the edge theory of a Laughlin liquid by hydrodynamical arguments. 
In this point of view, the bulk of a sample is filled by an incompressible fluid. The 
only excitations then are oscillations of the edge. The gradient in the potential (E) 
induces a current along the edge j — (JHE. The velocity of the electrons near the 
edge then is v — Ec/B. Deviations from a straight edge, at constant potential, 
are expressed in the ID density p. The dynamics of the edge is now conveniently 
expressed in terms of a free boson ip\ 

p(x) = -—f=dx(p (2.11) 

CedgJ = ^Jdtdx((dt<pf-v2(dx<pf) , (2.12) 

with the chirality constraint dtp = vdxip. 
The above model is also known as the chiral Luttinger liquid and appears in vari

ous other contexts, e.g. when interacting electrons are bosonized. A rigorous deriva
tion, starting from the microscopic equations of motion, was given by Pruisken, 
Skoric and Baranov [64]. 

Electron operators can now be defined, by requiring that they locally create a 
charge 1 excitation. The operator that accomplishes this, is: 

Vel(z) = : é^*{z) : . (2.13) 

The boson tp is compactified with radius B2 = m. tp = tp + 2irR. We will set v = 1 
and rewrite the action as 

£ e d g e = ± jdtdx{d-zp>){dzp) , (2.14) 

where z = x — vt and z = x + vt. The propagator is 

(p(z)p(z')) = -log(z-z') . (2.15) 

As promised, the chiral Luttinger liquid provides exactly the dynamical fields, 
needed to make Chcrn-Simons theory with a boundary well-defined. This establishes 
the connection between the topological field theory in the bulk of a quantum Hall 
sample and the dynamical 1 + 1-dimensional edge theory. 

This edge theory can be used to make detailed predictions of edge effects. If 
we consider, for instance, tunneling through a quantum point contact from a Fermi 
liquid into the quantum Hall edge, we find that the current is proportional to V'n. It 
should be noted that a more careful calculation, taking into account the long-range 
Coulomb interaction, changes the predictions of this naive model [64]. 

B U L K C F T 

The Chern-Simons description implied a well-defined form of the edge theory. It also 
provides, due to the Chern-Simons-CFT connection, wavefunctions for the quasi-
particlcs. These can be obtained as correlators in the conformal field theory. Moore 
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and Read noted [55] t ha t it is necessary tha t also the electronic wavefunction (at 
distances where the Chern-Simons description is valid) can be obtained as a corre
lator. In particular, there should b e a n operator in the conformal field theory which 
corresponds t o the electron. 

In the case of the Laughlin liquid, t he 2 + OD C F T is quickly found. If we identify 
z = x + iy in the edge theory, introduced above, then we find that we indeed recover 
the Laughlin wavefunction. Since the action is quadrat ic , we can easily calculate 
correlations: 

(vel(Zl)---Vel(zN) : e-^^zoo) :} = (2.16) 

exp -mY^i^iMzj^+mNj^i^iMzcc)) • (2.17) 

We have introduced a background charge at z^. which ensures t ha t the correlator is 
charge neutral (a necessary requirement for a non-vanishing correlator). We recover 
t he wavefunction as an appropriate limit: 

= Wizi-ZjT • (2-18) 

A different procedure of dealing with t he background charge is to use a homogeneous 
distribution. This approach is somewhat more involved, but it has the advantage 
of reproducing the exponential factor. 

An impor tant tool from conformal field theory is the operator product expansion 
( O P E ) . When two operators approach each other, we can expand their product in 
the relative coordinate. For instance, when we take two vertex operators: 

: eia(p(z) : : eif*v(w) : = (z - w)a0 : ei{a+l3)*{w) : . (2.19) 

Such OPE ' s allow us to find operators which correspond to quasi-particles. 
The conformal field theory that generates a part icular quantum Hall s tate, also 

provides information about the quasi-particles. Since any s ta te in the lowest Landau 
level is analytic in the particle-coordinates, we require the quasi-particle operators 
to be relatively local with respect to the particle operators: 

${w)Vel(z) ~(z- w)p$'(w) + ..., (2.20) 

where <I> is the quasi-particle operator. Ve\ the particle operator and <£' some com
posite (local) operator. The constraint of relative locality now implies tha t p is an 
integer. This guarantees t ha t the correlator 

<*(«ii) • ' • S C t n O V ^ i ) • • • Vcl(zs)e-^(Zoc)) (2.21) 

is an analytic function in the 2, coordinates. The charge q is equal to the sum of 
the charges of the <É> and Vp\ operators. The fact t ha t the electronic wavefunction 
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should be single-valued restricts the operators that can be used to represent quasi-
particles. In the case of the Laughlin liquid, the operator with the smallest charge 
is: 

Vqh(w) = : e ^ / v ^ M : . (2.22) 

All other operators which also satisfy the criterion of locality can be obtained as 
composites of this operator. 

When we use the operator in eq. (2.22) to create quasi-holes, we recover the 
quasi-hole wavefunction originally proposed by Laughlin: 

The charge of a quasi-hole is the well-known fractional charge ^ . In conformal field 
theory, we can use the total charge operator Q = § p(x) = \/{2-Ky/m) § dtp(z) to 
measure this charge. In particular for the quasi-hole operator we find [Q, V^z)] = 
m K i h W It is important to note that, although the CFT charge operator suggests 
otherwise, the electron and the hole have opposite charges. The quasi-hole operator 
creates a — ;pseudo'-charge which is screened by the electrons. Because of this 
deficiency of real electrons, the actual charge of a quasi-hole is — ^ . This "inversion' 
also takes place for other quantum numbers, such as spin. 

In this example of the Laughlin wavefunction, there is one (chiral) free boson 
which determines the filling factor. This fact generalizes to all cases encountered 
in this thesis. The electron (or boson) operator contains a vertex operator of form 
• et<p/\/^ :_ w i th v the filling factor. The boson ip represents the charge degree of 
freedom. 

THE MOORE-READ STATE 

The general procedure to generate trial wavefunctions using conformal field theory is 
now to generalize the above abelian construction. We take an operator Ve\ from CFT 
to represent the electron (or boson) and obtain the wavefunction as a correlator: 

*({<'}) = Mm ziN2(v^(z^)---V^(z%n:exp(-iNM(^)-)(2M) 
Zoo—*00 * ' 

with 0 = 1/'\fv the 'charge' of the operator and a.; representing additional quantum 
numbers (e.g. spin) of the particles. When the operator Vej is one of the currents 
of the WZW model, it is straightforward to find the operators which can represent 
quasi-holes. These constitute representations of the (affine) Lie algebra, generated 

= lim tf+"^2 FqhW-^K) 

= liivH-vij)1'™ U(zi-wj)Jl(zi--zJ)
m . (2.23) 

i<3 i,3 i<3 
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by the currents. In equation (2.20). the requirement of locality implies that $ and 
<&' belong to the same representation. 

To illustrate explicitly what happens when one calculates such a correlator, we 
will discuss the simplest example of a non-abelian quantum Hall state, the Moore-
Read state for bosonic particles. The conformal field theory is given by the sum of 
the Ising model and a scalar boson. The operator we will use to represent the (2D) 
boson is 

Vhos(z) = u : e * : (*) , (2.25) 

where the subscript "bos" indicates that we are describing bosons. 
Since the CFT is the sum of two independent theories, the correlator we wish 

to calculate factorizes: 

( ^ b o s ^ i ) - - - ^ b o S ( ^ ) : e - ^ ( ^ ) : ) = <tf(*i) • • • V>(zN)) 

x{:e*(z1):---:e
i*(zN)::e-iNf>(z00):) . (2.26) 

We can now use the fact that 'O describes a free (real) fermion. Correlation functions 
can be calculated by applying Wick's theorem. Note that the number of particles 
should be even, otherwise the correlator vanishes. We find 

M*i ) " ' ^ (*Jv )> = y^g"(<7) If (2.27) 
i<N/2 M 2 i - 1 ) - z*(2i) 

where the sum is over all possibilities (permutations of the particles) to decouple 
the correlator. In the second line we introduced the Pfaffian. Tins function is de
fined for general antisymmetric even-dimensional matrices as Pf(M) = y/det(M) = 
A{M\2^/3,1 • • •)• with A denoting antisymmetrization. 

Including now the vertex operator contribution to the correlator, we obtain the 
full expression for the Moore-Read quantum Hall state: 

The filling factor is v = 1. This conformal field theory is also known as SU(2)2, 
the Wess-Zumino-Witten model based on the Lie algebra SU(2) with coupling con
stant k = 2. In general WZW models, the currents satisfy the affine Lie (also known 
as Kac-Moody) algebra. And indeed, the currents J ± = ipe±llfi, Jz = dip generate 
the affine Lie algebra SU(2) at level k = 2. The U(l) charge sub-algebra is gener
ated by Jz. This identification with SU(2)2 allows us to identify the quasi-holes 
operators with spin-k fields. 

The scaling (conformal) dimension of i \ the Ising fermion. is i while that of the 
vertex operator is also ^. Upon a rotation of 27r. an operator with scaling dimension 
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A changes by phase factor el27rA. An operator with an integer dimension describes 
a bosonic particle, while a half-integer dimension corresponds to a fermion. As 
V^os has dimension 1. the wavefunctions constructed with this operator are indeed 
bosonic. 

The state which is observed at // = | in the quantum Hall experiments, is a slight 
generalization of the Moore-Read state. In general, we can change the statistics 
of the underlying particles by adding additional Jastrow factors. For instance, a 
fermionic state at v = | is obtained as 

M'ermionic ^boson ic l l ' 2 ' zi> • (2.30) 

The electron operator can be obtained by rescaling the charge boson, tp —> yfqtp. 
In this case q = 2 which, by calculating the confer mal dimension, indeed gives a 
fermionic operator. Values of q, other than 1 and 2, give rise to the q-Pfaffian states, 
with filling factor v — 1/q. 

2.3 APPLIED CFT 

STATE COUNTING 

To find the dimension of the space of states corresponding to a given number of 
quasi-particles and use these to check the non-abelian degeneracies, expected from 
CFT, it is convenient to construct a toy model. In particular, we wish to find a 
Hamiltonian that has the proposed ground state as an exact eigenstatc. A conve
nient geometry is the sphere, which allows for a direct comparison of conformal field 
theory and numerical results. 

We take a sphere with radius R and N^ flux quanta, and work in units where 
the magnetic length / is equal to 1. This fixes the radius to be R2 = N<p/2. The 
number of states in the lowest Landau level is equal to N^ + 1. A convenient 
representation is obtained in terms of polynomials of degree N^ in spinor coordinates 
(u.v) = (cos(0/2)e-^/2 , sin(0/2)e^/2): ' 

Lz = \{udu-vdv) L- = vdu L+ = udv (2.31) 

Xm(u,v) = ^/N^(^yu
n-mvm , (2.32) 

for m = 0 . . . N^. with lz — N^/2 — m. Expressed in these variables, the Laughlin 
wavefunction takes the form on a sphere with Nv — 3N — 3 flux quanta: 

<hL = rft"^-^)3 • (2-33) 
Note that this is the full wavefunction. The gaussian factors for the planar wave-
functions arise as one uses the stereographical projection z = v/u and takes the 
limit A^ —> oo. 
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The curvature of the sphere introduces a shift in the relation between N and 

Np = -N-S , (2.34) 
v 

where S is an integer parameter, which depends on the ground state of interest, e.g. 
S = 3 for v = 1/3. (for more on the shift of abelian quantum Hall states, see ref. 
[95]) 

We can expand a polynomial wavefunction in terms of the total angular momen
tum of any two particles: 

*({«*;«<}) = ^ ( « « W j - t t i ^ r *„(«, , t^.Uj.üjO^yaiiik.üfc}) .(2.35) 

where \&'( ,. does not depend on positions (UJ.VJ) and (uj.Vj). The values of n 
depend on the symmetry of \&. i.e. even for bosons and odd for fcrmions. The 
polynomials <£>„ are symmetric under i *-* j and finite when (UJ.VJ) —» (v.j,Vj). The 
number of such symmetric polynomials is 2(Nl- - n) + 1 for a given n. and they 
form a multiplet (under L,j = L, +L 7 ) with angular momentum Ijj = N^ — n. 

One can see that in the v — 1/3 state, every two particles have a total angular 
momentum l,j < Nv — 1. The Haniiltonian which has this state as an exact zero-
energy eigenstate is: 

ffLaughlin = ^ ^ ^ ( A ^ - D . (2.36) 
><j 

The operator Pi,{L) projects onto the term in equation (2.35) with Uj = L. 
Of particular interest are now the zero-energy eigenstates of this Haniiltonian. 

If we increase the number of fluxes at a fixed number of particles. Ar ,̂ = Nv + AJV ,̂, 
then quasi-holes will appear in the spectrum. The electronic wavefunction (eq. 2.23) 
can be expanded as 

*({*;«;,-}) = Y.(:MW^MZ^ • (2-37) 

p-'i 

where {IVJ} are the positions of the n quasi-holes and epq arc symmetric polynomials 
of degree p. The highest degree of any w is N, the number of electrons. We can 
incorporate such a restriction naturally. We interpret the epq's as the wavefunctions 
of 7i bosons on a sphere with N flux quanta. The number of states for such a system 
is 

#(»,») = ( J V + B ) . (2.38) 

We can obtain information about the angular momentum of these states by con
structing the generating function of the number of states at different lz: 

Z{q) = Y, 'f" #( e ' s of d e S r e e m ) (2*39) 
m 
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& «-> 
lq \'l;q 

)q = ( l _ g * ) ( l _ g « - l ) . . . ( l _ g ) . (2.41] 

The generalized binomial Z(q) reduces to the ordinary binomial as q —> 1. For 
example, with N — 4 particles and n = 2 quasi-holes, we obtain: 

Z{q) = 1 + q' + 2q2 + 2q3 + Zq4 + 2q5 + 2q6 + q7 + q8 . (2.42) 

so that the angular momentum multiplets are L = 0,2,4. The polynomial interpre
tation of binomials in fact carries over to all state-counting formulas encountered in 
this thesis. 

M O O R E - R E A D COUNTING 

It is straightforward to generalize the above counting procedure to other abelian 
quantum Hall states. However, the non-abelian states require more care. In the 
example of the Moore-Read state, we have seen that the CFT includes the Ising 
model. In this model, there is a spin field a (the original Ising spin in the continuum 
limit), with the follow operator product expansions: 

a(z)a(w) oc —-r + (z-w)^(w) + ... (2.43) 
[Z - W) 8 

a(z)4>(w) OC -Ta{w) + ... , (2.44) 
{Z - W) 2 

where we have allowed ourselves a slight abuse of notation. The first line implies that 
there are two fusion paths; the two terms lead to two different conformal blocks. 
With this operator at our disposal, we can find an operator which is local with 
respect to the electron: 

KfhV) = a{w) : e^2(w) : . (2.45) 

In the affine Lie algebra interpretation of the CFT, this operator indeed corresponds 
to a 'spin-i ' representation. 

When quasi-holes are created, the spin fields can be fused in different ways, 
symbolically represented as a x a = I + ip. (The identity operator is represented as 
I) For example, with four spin fields, there are two conformal blocks [12]: 

Fo = ( iim y / 8
( 1 + y r ^ ) 1 / 2 (2.46) 

Ti _ f „,m, Y\i-VT^}1/2 , (2.47) 

where the positions of the spin fields are r/; and rjij = //; — r/j. The anharmonic ratio 
enters as x = 71I2VM/113124• 
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0 2 4 7 7 - 2 77 

Figure 2.1: The Bratteli diagram of the Ising model 

Many details on the quasi-hole wavefunctions, including braiding properties of 
quasi-holes, can be found in the work of Nayak and Wilczek [59]. By the use of 
quantum groups. Slingerland and Bais [86] were able to recover the braiding ma
trices of the Moore-Read state, i.e. the rotations in the space of degenerate states 
which are induced when quasi-holes are braided, without the use of explicit wave-
functions. This powerful technique can yield results even when explicit correlators 
are unknown; braiding matrices for the Read-Rezayi states (see chapter 4) have 
been obtained [86]. 

Such explicit formulae are not necessary if we only wish to count. The fusion 
paths can be graphically represented in a Bratteli diagram, see figure 2.1. The 
number of conformal blocks is equal to the number of fusion paths. In figure 2.1 
this has been done for n spin fields. When the number of electrons is even, we 
should end up at the identity to obtain a finite correlator. The number of paths is 
now easily computed to be 2 t _ 1 . With an odd number of electrons, the fusion path 
should end at v> and we obtain the same number of fusion paths. 

In a more detailed derivation[28], the degeneracy is determined by the number 
of states in the Ising model, with a cut-off set by the number of spin fields. The spin 
fields provide 77/2 orbitals which can be filled by the fcrmion y'. The total number 
of states is now found to be: 

#(conformal blocks: n a's) = Yl\ p ) ' (2-48) 

where the prime denotes the restriction to even F. This formula is in a form, which 
we can embed into the full counting formula, taking into account the bosonic part 
of the theory. The F fermions can be interpreted as F/2 broken pairs. The final 
counting formula for the Moore-Read state with N electrons and n quasi-holes now 
is: 

#MR(-n) - i(f){{N-y+n) • (-> 
There is an additional restriction. F < N. The second binomial has a simple 
interpretation when the Moore-Read state is viewed as a BCS condensate. The 
Cooper pairs provide (N — F)/2 + 1 orbitals for the 77 half-flux quanta. 

The conformal field theory framework was introduced by Gurarie and Rezayi[28], 
who used it to compute the counting formula for the k = 3 Read-Rezayi state (see 
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chapter 4). Later, it was generalized to generic affirie Lie algebras[5. 8. 6, 7] at any 
level. The Ising model is generalized to parafermionic CFT's which provide spin 
fields, used in the quasi-hole operators. 

TORUS DEGENERACY 

In general, the degeneracy of a ground state depends on the topology of the surface, 
parametrized by the genus g, the number of 'handles' of a two-dimensional surface. 
In a spherical geometry, this number is zero, and the ground state is always unique. 
In a toroidal geometry (g = 1) an abelian quantum Hall state at filling' // = p/q (p. q 
coprime) has degeneracy q. Haldane[30] used the fact that all many-body states in 
the lowest Landau level which differ by an excitation of the center of mass motion 
have the same energy, to show that such degeneracy is generic. In particular, it is 
independent of the nature of the ground state. Wen[95] derived the ground state 
degeneracy for abelian states on generic geometries and found that it is given by q9. 

An important modification occurs when the ground state is a non-abelian quan
tum Hall state. E. Verlinde [92] showed how conformal field theory can be used to 
calculate the degeneracy of the CFT vacuum on generic surfaces. On the torus, this 
number is equal to the number of primary fields in the CFT. 

ORDER PARAMETERS 

Read[65] showed that in the Laughlin states at filling v — 1/ra, there is long range 
order in the following operator: 

A{x) = i>\x)Um{x)e-W2/4 , (2.50) 

U(x) = exp f fd2x' log(.T' - x) p(x'y\ (2.51) 

where ifi is the electron operator and U the quasi-hole operator. The Laughlin state 
can now compactly be represented by the "Bose condensate" of this operator: 

|i/ = l/m> = (fd2xA{x)j |0) , (2.52) 

where |0) is the vacuum, with no electrons present. The important point to note is 
that many properties which are derived for the Laughlin state do not depend on the 
exact form of the wavefunction. This is similar to what is seen for the Bosc-Einstein 
condensate. In that case, the defining feature is the macroscopic occupation of one 
particular single-particle state. The distortion of this state by interactions does not 
alter the kinematics of excitations over the ground state, only the dynamics. In the 
same sense, order parameters such as those above, describe "universality classes". 
wherein the fundamental properties are invariant. 

An important property of the Read operator for the Laughlin states is the fact 
that only a single electron is involved. Excitations correspond to vortices in the 
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order parameter and this property implies that a vortex is quantized, with flux 
equal to the fundamental flux quantum $ 0 = hc/e. In the hierarchical construction 
of (spin-polarized) abelian quantum Hall states, this flux quantum is unaltered, 
although the statistics of quasi-partieles change. When we consider non-abelian qli 
states, such as the Read-Rezayi series, however, more complex order parameters are 
found. The simplest of these arises for the (bosonic) Moore-Read state: 

AMR(z) = (d2x'^{x + x'l2)U{x + x'/2) 

•0f(.r - x'/2)U(x - x72)e- | x l 2 / 2 - | a : ' | 2 / 8 . (2.53) 

where we recognize the \jz pairing amplitude of the />wave BCS superconductor. In 
general. order-A' clustering will be described by an order parameter with k electron 
operators. An important observation concerning these order parameters was made 
by Moore and Read[55], who noted that such an order constrains the operators one 
can consider in a conformal field theory. 

The presence of an order parameter with charge 2e implies, as in BCS theory, a 
fractionalization of the flux quantum to <& = h/2e. In order-/,- clustering, the flux 
quantum will be <1> = h/ke. 

2.4 DISCUSSION 

It is amusing to note that, in contrast to the usual (condensed matter) order of 
experiment predating theory, sometimes this order is reversed. Chern-Simons mod
els were originally introduced as interesting toy models, but the discovery of the 
fractional quantum Hall effect has introduced them into physical reality. The con-
formal field theories, associated to the boundaries of Chern-Simons models, can now 
be used to make detailed predictions. 

The framework of CFT gives us a powerful set of tools to study quantum Hall 
states. It allows us to calculate properties of the chiral edge such as tunneling 
through a quantum point contact. Moreover, we can use it to construct trial 
states and analyse their properties in great detail. Particularly important are Wess-
Zumino-Witten models, whose current operators naturally correspond to bosons. 
We will encounter these models often in the remainder of this thesis. 


