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5 5 

Workk extraction 

Inn this chapter we show how one can use the setup of the previous chapter to extract 
workk from the out of equilibrium situation defined in Eq.(4.25). 

5.11 Definit ion of work 

Thee action of external fields on the system is connected with flow of work. The work 
donee in the time-interval (0, t) is standardly defined as the increase of the average 
overalll  energy of the spin and bath defined by the explicitly, i.e. in the Schrödinger 
picture,, time-dependent Hamiltonian H(t) [LL87, Kei87, Bal92]: 

W(0,, t) = tr[p(t)H(t)}  - tr[p(0)jy(0) ]. (5.1) 

Duee to the conservation of energy of the entire system (spin+bath), work is 
equall  to the energy given by the corresponding work-source. Since external fields 
aree acting only on the spin, there is a differential formula for the work which uses 
onlyy quantities referring to the local state of the spin and which thus illustrates that 
thee work-sources exchange energy only through the spin: 

t r ^ ( t ) -|JJ-- (52) 

wheree Hp(t) as defined by (4.33) is the contribution of the external fields into the 
spinn Hamiltonian, and where ps(t) is the density matrix of the spin. Eqs. (5.1, 5.2) 
aree related with each other by the von Neumann equation of motion 

pp = ^[H(t),p(t)] = l-[H  + HF(t),p(t)] (5.3) 

forr the common density matrix p(t) of the spin and the bath. 
Inn order to get (5.1) from (5.2), note that the external fields are acting only on 

thee spin and that dtHF{t) ~ dtH{t). Then in expression Eq. (5.2), we can change 
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thee reduced density matrix p$ for the full density matrix p since the only time 
dependencee of the Hamiltonian lives in the Hilbert space of the spin. Then Eq. (5.2) 
cann be written as 

dH'' f ( m^Ml\ f ( ma"^\ i- n 

iüiü  = tr{" {t)^r) =tr{p{t)^r)-  M ) 

Noww integrate this expression from 0 to r: 

d\Vd\V fT ,. ( ,.dH{t)\ d , l r = H ' ( 0 . r )) = y ( ) d * t r l p ( 0 dt 

trr (P(T)H(T)) - tr (p(O)H(O)) - ƒ dftr (j)(t)H(t)j 

Notee that the last integrand is equal to zero due to the equation of motion (5.3). 
Moree specifically, we are interested in the wTork due to a pulse. For the example 

off  a single pulse at time t this quantity reads from (4.36. 4.47. 5.1): 

\V{0.\V{0. t + 6) = W(t. t + S) = tr[ (p{t + 6)- p{t)) H] = tr{p{Q) [Vt H - H]). (5.5) 

Thiss expression is directly generalized to several successive pulses: assume that 
thee pulse Vt at time t was followed by another pulse Vt+T at time t + r with r > 0. 
Thee work done during the first pulse is given by (5.5). while the work done during 
thee second pulse reads: 

W(t+TW(t+T + ö.t + T + 26) = tr[ (p(t + T + 26) - p{t + T + 6)) H] 

==  tr(p(t + r + S)[Vt+rH H}) = tr(p(0) StVtST [Vt+TH - H]). 

Summingg this up with W(0, t + 6) one gets for the complete work for the 2 pulse 
situation: : 

W(0.W(0. t + T + 2ó) = tr(p(0) [StVtSrVt+rH H]), (5.7) 

justt equal to the difference between the final and the initial energy, as it should be. 

5.22 General restrictions on work extraction 

Att this point it is useful to recall that the setup of two systems having initially 
differentt temperatures and interacting with a source of work allows to draw a num-
berr of general relations on work-extraction. Departing from the following general 
assumptions: : 

1.. Out of equilibrium initial conditions. The initial conditions at the moment 
tt = 0 are given by Eq. (4.25), where the bath and the spin have initially 
differentt temperatures T and Tg, respectively. Recall from discussion in section 
4.1.33 that this initial condition is equivalent to the factorized one (4.17, 4.27). 
Wee use the former one since it is more convenient when dealing with the general 
restrictionss on the work-extraction. 
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2.. Cyclic external fields. For the following derivation the Hamiltonian HF(t) of 
externall  fields acting on the spin is arbitrary. In particular, it need not be 
composedd by pulses. The only general assumption made on HF(t) is that its 
actionn is cyclic at some final time tf-. 

HHFF(Q)=H(Q)=HFF(t(tff)) = 0. (5.8) 

Wee can find the following two relations (derived explicitly in Appendix 5.A): 

W>(l-^jW>(l-^j  AHS. (5.9) 

W>(I-Y)W>(I-Y) ( A # I + A # B ) . (5.10) 

where e 

AHAHkk = tr [Hk [p{U)  - p(0)]) , k = S.I.B, (5.11) 

aree the changes of the corresponding average energies of the spin, bath and interac-
tion,, with p(t{) being the complete density matrix of the spin and bath at time r. 
andd where the total work reads: 

WW = AHS + AHi + AHB. (5.12) 

Thenn from Eqs.(5.9.5.10) we can draw the following conclusions: 

 If Ts > T. then in order to extract work. W < 0. Eq.(5.9) implies that 

AHAHSS < 0, AHi + AHB > 0 : (5.13) 

soo the system looses energy, while the bath gains it and the amount of the 
extractedd work \W\ is then bounded from above by |A//s|. 

 If T = Tg both Eqs.(5.9. 5.10) produce: W > 0. which is. in fact, the statement 
off  the second lawr in Thomson's formulation: no work can be extracted from 
ann equilibrium system by means of cyclic perturbations. 

 If Ts < T inequalities in Eq.(5.13) are reversed: now work-extraction implies 
that t 

AHAHSS > 0. AHi + AHB<0. (5.14) 

andd \W\ is then bounded from above by \AHj + AHB\. 

Thesee conclusions are close to what one could have expected from the standard 
(phenomenological)) thermodynamical reasoning. However, it should be emphasized 
thatt Eqs. (5.9, 5.10) were derived starting from first principles (see Appendix 5.A), 
and.. moreover, their derivation is by no means restricted to a weak bath-spin cou-
pling,, a restricted situation which need not be satisfied in practice. 
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5.2.11 Efficiency of work-extraction 

Anotherr useful notion is the efficiency // of the work-extraction, which shows how eco-
nomicallyy one uses for work-extraction the given non-equilibrium, two-temperature 
resourcee [LL87. Kei87. Bal92]. The special importance of efficiency comes from the 
factt that in the standard thermodynamics it is bounded from above by Carnot 's 
value,, which is a system-independent, thus universal, quantity. 

Thoughh our system star ts out of equilibrium due to different initial  temperatures 
off  the spin and the bath, the notion of efficiency should be studied for it anew, since 
itt does not automatical ly fall into the class of heat-engine models, as studied in 
textbookss of thermodynamics and statistical physics [LL87. Kei87. Bal92]: 

 Then1 is no working body which operates cyclically between two thermal baths. 
Wi t hh us cyclic processes are defined with respect to the work source. 

Thee interaction between the systems having different temperatures 
casee discussed, here the spin and the bath— is not weak. 

inn the 

 We do not insist that our systems always stay very close to equilibrium. In 
contrast,, both during and immediately after the work-extraction process, the 
spinn is in a non-equil ibrium state, which in general cannot be described in 
termss of a t ime-dependent temperature. 

However,, in spite of all these differences we can define the notion of efficiency 
andd this wil l be an equally useful characterization of the work-extraction process 
[LL87.. Kei87. Bal92]. 

Recalll  that external fields are acting exclusively on the spin variables and not on 
thosee of the bath. This implies that when during work-extraction the source of work 
receivess energy \W\. this energy consists of a contribution coming directly from the 
spinn and of a part which comes to the work-source from the bath but through the 
spin.. In this context one can write the change1 of energy of the spin as 

dt dt 
tv[ptv[p55(t)H(t)Hss(t) (t) 

==  tr 
(1 1 

d? ? Ps(>)) Hs{t) ++ tr (*(t)(*(t)  (^m* : -s «« + £»-
wheree in our case the Hamil tonian of the spin reads from Eqs. (4.1. 4.33): 

1 1 
# s (00 = r £ 2 + Y,Y, hk(t)& k. 

A-=I-,J/. Z Z 

(5.15) ) 

(5.16) ) 

andd the partial derivative in the middle expression is to stress that we employ the 
Schrödingerr representation and the time dependence comes only from external fields, 
inn part icular dtHs{f) = <9f#y(r). i n the last equality of Eq. (5.15) we have used 
Eq.. (5.2) and then we could use this expression as a definition of heat (dQ). This 
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iss indeed the case, one can see that Eq. (5.12) is just the statement of the first law 
off  thermodynamics with 

AQ=-AQ=- (A#i + AHB). (5.17) 

ass found by integrating Eq. (5.15) from 0 to r. 
Notee that in the above definition of heat, the average interaction energy is at-

tributedd to the heat received from the bath although it by itself depends on the 
variabless of the spin; see Eq. (4.3). The reason for this asymmetry is clearly con-
tainedd in the very initial statement of the problem, where we —quite in accordance 
withh the usual practice of statistical physics— restricted the work source to act only 
onn the spin. 

Al ll  this being said, one can now proceed for W < 0 (work-extraction) with the 
usuall  definition of efficiency as the ratio of the useful energy \W\ to the maximal 
energyy involved in the work-extraction: 

\W\ \W\ 
/ __ max( |AHs|, \AH} + AHB\) 

Forr Ts > T Eqs. (5.12, 5.13) and W < 0 imply \W\ = |A#S| - |Ai?i + AHB\, 
andd then (5.18) results in 

\W\ \W\ 

^^ = ïAïr r (5-19) 

II Art s I 
Analogously,, for Ts < T we have 

IWII  \W\ 
'' \AHi + AHB\ \W\ + \AHS\ 

fromm \W\ = \AHi + AHB\ - \AHS\. 
Itt is now seen from Eqs. (5.9,5.10, 5.13, 5.14) that the efficiency is always bounded 

byy the Carnot value: 

» < l - m i l ' < ^ S >> (5.21) 
maxx (1 , 1 s ) 

5.33 Work-extract ion via two pulses 

5.3.11 Formulas for work 

Thee work done for the first pulse reads (as defined in Eqs.(5.5)): 

where e 

WiWi =  ̂ (Vtfz - az)t + -{(Viêz - oz)X)_ , (5.22) 

A)A)tt=ti[Ap(t)l=ti[Ap(t)l  (5.23) 
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forr any operator A. The value of H^ is read off from Eqs.(4.6. 4.7. 4.17): 

WiWi = (1 - c< !> 
22 2V (5.24̂  ^ 

wit hh G as defined in Eq. (4.32). and where cz.\ is the corresponding parametr izat ion 
coefficientt of the first pulse as defined by (4.48). 

I tt is seen from Eq. (4.51) that the work \\\ is always positive. This is in 
agreementt with the thermodynamical intuition: the second term in the RHS of Eq. 
(5.24)) is the contr ibut ion from the spin energy and it is positive, since the spin was 
inn equil ibrium before the application of the first pulse (remember that T$ > 0). 
Anotherr positive term ( 1 - cl1] ) hG in the RHS of Eq. (5.24) comes from the 
interact ionn Hamiltonian. as the bath operators, and thus the bath Hamiltonian. are 
nott influenced by this first pulse. Again, i t is intuitively expected that the interaction 
Hamil toniann should make the average energy costs higher. 

Thee work done for the second pulse reads analogously to Eq. (5.22): 

WW22 =  £- (V2az - az)t+T+6 + | ((V2a2 - az) X) . (5.25) 
^^  Z \ I  t + r + d 

Forr a detailed derivation of this expression see [ASNb]. The resulting total work 
WW = Wi + W2 is: 

^^ = - \ ( l - 421 4!i ) <**> + e ^{r) » {4V*  c[% e  ̂ (j*'  **o z)) (5.26a) 

++ ^ (1 - < ö) + ^ ( 1 - 42i ) (G(T) + cte(r) <£>) (5.26b) 

++  e-^3t{cMgc™+einr (ih^r) <e*°**  az) + hg2{r)  <e*3 * * ) ) } . (5.26c) 

Thee detailed explanation of various terms in this expression and of their physical 
meaningg is as follows. 

Thee first term in the RHS of Eq. (5.26a) is the contribution from the initial spin 
energy.. The second term comes from the transversal degrees of freedom excited by 
thee first pulse. The factor e~^T) accounts for the reduction of this terms in time 
intervall  between pulses r. Recall that the parametrization coefficients c+'^ and 

(11 2) i 

(z.z(z.z for the first and the second pulse are defined in Eq. (4.48): 
Thee terms in Eqs. (5.26b, 5.26c) are the joint contribution from the bath Hamil-

toniann (3.3) and from the interaction Hamiltonian (4.3). The last of them couples 
too the transversal degrees of the spin, as reflected by the presence of e~^r) . Recall 
thatt the averages (...) in Eqs. (5.26a, 5.26c) refer to the initial state Eqs. (4.17. 
4.27). . 

Finally,, the factors 

9*{T)9*{T)  = G-G{T). (5.27) 

X2{r.t)=X2{r.t)=  f ds[G(x)-G(t + s)}=F(t) + F(T)-F(t + T). (5.28) 
Jo Jo 
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(thee lower index 2 refers to the two-pulse situation) come from the baekreaction of 
thee spin to the bath. For the ohmic case and in the limi t t » 1/T. #2(1") and \2(T) 
readd from Eqs. (4.66. 4.67) 

KMKM = TT^P- ( ' " 9) 

\2{T)\2{T) = -7a rc tan ( r r ). (5.30) 

Nextt we note that the behavior of W = W\ + W2 is controlled by a few dimen-
sionlesss parameters, see [ASNb] for a derivation. For the ohmic case it reads 

WW = W, + W2 = ^ u - ^ o . ^ . <**>. r r ) . (5.31) 

Lett us state them explicitly: i) The ratio ^ of the bath temperature to its 
responsee energy; this can be viewed as the dimensionless temperature of the bath. 
ii)ii)  The dimensionless coupling constant 7. iii)  The ratio of the spin frequency 
OO = ejh to the response frequency Y of the bath, iv) The initial average population 
differencee (az) defined in Eq.(4.51); the spin temperature Ts enters only through 
thiss parameter, v) The dimensionless time i T of the free evolution between the two 
pulses. . 

Theree are two situations within the present setup, where work-extraction is not 
prohibited:: T > Tg and T < 7g. We deal with them in separate sections, since for 
thesee cases the work-extraction effect exists in different ranges of the parameters. 

5.3.22 Work extraction for T > Ts 

Itt was seen above that the first pulse always costs work, since it is applied on the 
spinn whose state is (initially) in local equilibrium at temperature Ts. However, the 
firstt pulse can do more than simply wasting work. For example, f in ^-direction: 

where e 

VV (tp: y) oz = é ^ / 2 oz e'j ^-" / 2 = oz cos p - ox sin p. (5.33) 

V(tp\y)V(tp\y) <JX = é{pd^2èxe,-lip&»/2 = oz siny? + ox costp. (5.34) 

excitess the transversal component ax. This degree of freedom starts to decay under 
thee action of the bath, and thus correlations between the spin and the bath are 
established.. If now a proper second pulse is applied at a time r. for instance a 
rotationn | in the a;-direction: 

7>22 = ? ( £ ; * ) , (5.35) 
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Figuree 5.1: Dimensionless total work w (see Eq. (5.31) in the text) versus dimen-
sionlesss time TT in between two pulses in the regime T > Ts. The parameters are: 
XX = 10. 7 = 1, JL = 0.01, (az) = -0.8. -0.5. -0.4. -0.3 (from bottom to top). 
Thee two pulses are given by Eqs. (5.32. 5.35) with: c^l = 1, cf}+ =  c{

z
l)z = 0 

(2) (2) 

andd cz,z = 0. Work-extraction (W < 0) disappears for larger (&z). that is, for closer 
(initial)) temperatures of the spin and the bath. 

where e 

V(ip;x)V(ip;x) oz =ei<p»*/2êze-i<p**/2  = az cos if+  ay sirup, (5.36) 

V(ip;x)V(ip;x) &y =eiv,a'/2dye~i,p&'/2 = -&zsinip + aycosip, (5.37) 

thenn not only some work can be extracted by the second pulse, but the overall work 
byy the two pulses can be negative: 

WW = Wx + W2 < 0. (5.38) 

ass seen in Figs. 5.1, 5.2. 
Notee that the time r needed for work-extraction should be neither too short 

otherwisee the two pulses will effectively sum into one, and we know that no work-
extractionn is achieved by a single pulse,— nor too long, otherwise the transversal 
degreee of freedom excited by the first pulse will decay, and we will have two isolated 
singlee pulses. This is seen in Figs. 5.1. 5.2. Note that the choice of pulses is obviously 
importantt for having work-extraction. Eqs. (5.32. 5.35) represent only one particular 
examplee leading to work-extraction in the regime T > Ts. 

Ass for the magnitude of the extracted work, one notes from Eq. (5.31) and Fig. 5.1 
thatt it is of order of ftr/2, which is basically the response energy of the bath. This 
iss not occasional, since as seen from (5.14) the work in this regime T > Ts is coming 
fromm the bath. 

Notingg the ratio £/(hT) = 0.01 in Fig. 5.1 -this and even smaller ratios are usual 
forr the realizations of the model as we discussed in section 4.4— we conclude that 
thee extracted work can be of several orders of magnitude larger than the energy 
(orr free energy) of the spin. On the other hand, the extracted work is limited 
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Figuree 5.2: The ratio S = ^ (see Eq. (5.31) in the text) versus dimcnsionless time 
r rr for two pulses in the regime T > T$. The parameters are: ^ = 10. ^= = 0.01. 
(<r2)) = —0.8 and 7 = 4 (upper solid curve). 7 = 2 (lower solid curve). 7 = 0.5 (thick 
curve),, 7 = 0.1 (dotted curve), The two pulses are given by Eqs. (5.32, 5.35) with: 
cczz

22''++  = J-, c+ 2 = 1, ci,] = 0 and cl.i = 0. It is seen that the maximal extracted 
workk is a non-monotonous function of the dimensionless coupling constant 7. 

byy T which is the characteristic thermal energy available in the bath. In Fig. 5.1, 
T/(hT)T/(hT) = 10. Not unexpectedly, the possibility for work-extraction disappears when 
thee temperatures T and Ts are close to each other; see Fig. 5.1. 

5.3.33 Work extract ion for T < Ts 

5 5 

3 3 

w w 

1 1 

0 0 

- 1 1 
00 1 2 3 4 5 6 

cr r 

Figuree 5.3: Dimensionless work w (see Eq. (5.31) in the text) versus dimensionless 
timee r r for two pulses in the regime T < Ts in the case of 7 = 0.1. (az) = —0.01, 
cc+l+l = i, ci2+ = h <£l = ° and c^ = °- Normal curve: w = a i> W = 3^  Dashed 

curve:: ^ = 0.1, -  ̂ = 2. Thick curve: -^ = 1 , ^ = 3. 

Lett us now turn to scenarios of work-extraction in the regime Ts > T. As 
seenn from (5.13). the specificity of this situation is that if there is work-extraction 
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att all, the work should come from the average energy difference of the spin, while 
thee quantity AH\ + AHB is then necessarily positive. Since the latter quantity is 
off  order of ~,T (response energy of the bath), and the spin's energy difference is 
obviouslyy of order e. there are two ways to try to achieve work-extraction, that is. 
too get W = \AH} + AHB\ - \AHS\ < 0: One should either take e/(HT) ~ 1 or 
takee the dimensionless coupling constant 7 very small. The second way did not lead 
too work-extraction, since the required coupling constants are so small that the spin 
effectivelyy decouples from the bath. In contrast, the first case with e/(fiT) ~ 1 led 
too a sizable work-extraction, as see in Fig. 5.3. Recall in this context that systems 
withh ef{hT) = Q/F ~ 1 are well-known: see section 4.4 for details. 

5.3.44 Efficiency of work extract ion 

1 . 0 2 -- . . — I 

1 .01 1 

0 . 999 / \ 

00 . 98 1 

00 0 .1 0T2 0T3 ~ 0 .4 
i r r 

Figuree 5.4: Efficiency rj  versus dimensionless time TF for two pulses in the regime 
TT > Ts. The parameters are: ^ = 10, 7 = 1, ^ = 0.01, (<rz) = -0.8. c^\ = 1. 

c22 + = gr, cz/z = 0 and cz,z = 0. The efficiency is slightly below the corresponding 
Carnott value and is maximizal at a value for TF coinciding basically with the maximal 
dimensionlesss work w: see Fig. 5.1. 

Lett us now turn to the efficiency of work-extraction as defined by Eqs. (5.18. 
5.19,, 5.20). To calculate it one needs to know the total work given by Eqs. (5.24, 
5.26a,, 5.26c), and the contribution AHs to the work W coming from the average 
energyy of the spin, which is read from the RHS of Eq. (5.26a). 

Thee efficiency as a function of TF is presented by Figs. 5.4, 5.5 for T > Ts and 
TT < Ts- respectively. There are two important things to note. First, for T > Tg 
thee efficiency can be very close to one. if the temperatures T and Xs are sufficiently 
separatedd from each other, which is the case in Fig. 5.4. It is, however, always limited 
byy Carnot's value, as given by Eq. (5.21). For T < Ts the efficiency is sizable, but 
iss rather below the corresponding Carnot value. Second, the work and efficiency are 
maximall  in TF almost simultaneously. 

Itt should be recalled in this context that in the standard thermodynamics ef-
ficienciesficiencies close to the optimal value are connected to very small work per unit of 
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Figuree 5.5: Efficiency n (upper curve) and dimensionless work w (lower curve) versus 
dimensionlesss time TT for two pulses in the regime T < Ts- The parameters are: 

c(1) ) 00 and cz/z 0. . ££ = 0.1, 7 = 0.1, # = 3, (&x) = -0 .01, c(l] z = i, 4% = i , 
Thee efficiency is quite below the corresponding Carnot value 0.99 and it is maximal 
inn TT almost simultaneously with the dimensionless work w. 

timee (zero power of work), since they are achievable for very slow processes. This is 
nott the case with the presented setup. As seen from Figs. 5.1, 5.2, 5.3, the work is 
extractedd on times which are of order of 1/T (response time of the bath), which is 
typicallyy much smaller than the internal characteristic time I/O. of the spin. Thus, 
inn Fig. 5.4 we have nearly optimal efficiencies together with the maximal work and 
aa finite power of work. 

5.44 Work-extraction via spin-echo pulses 

Soo far we assumed that we deal either with a single spin coupled to the bath, or, 
equivalently,, with an ensemble of identical non-interacting spins each coupled with 
itss own bath. However, many experiments —especially in NMR physics— are done 
onn ensembles of non-interacting spins which are not identical. Their difference lies in 
thee different energies e. Moreover, these energies are randomly distributed, so that 
thee collective outcomes from such ensembles are obtained by averaging over e = Ml 
thee corresponding expressions for a single spin. This induces a X,*  relaxation as we 
alreadyy discussed in section 4.1. 

Wee shall assume that the distribution of O is Gaussian with average fi0 and 
dispersionn d: 

P(fi) ) 
1 1 -(Q-n-(Q-n00))

22/(2d) /(2d) (5.39) ) 

Itt is now clear that the averaging over P(fl) the oscillating terms elUT will  produce 
aa factor ~ e"dT I2 that is, a strong decay on characteristic times 

T2**  ocl/Vd. (5.40) ) 
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Forr T/T2*  > 1 all the terms containing ei Q r wil l be zero after averaging, and 
thee corresponding averaged work for two pulses wil l always be positive as seen from 
Eqs.. (5.24. 5.26a. 5.2Gb. 5.26c). Indeed, all possible negative values of the full work 
\V\V were related to transversal degrees of freedom excited by the first pulse. These1 

te rmss come with the factor e'Qr which is connected to the free evolution in between 
thee two pulses. The decay of these terms in between pulses after r/T2 3> 1 prevents 
workk extract ion. 

Lett us now notice that quantum coherence is not lost on the1 timescale T2. To 
extractt work in the strongly-disordered situation where T2 is short, we combine 
ourr work-extraction setup with the spin-echo phenomenon [Hah50. Wau92]. For our 
presentt purposes this amounts to applying a rr-pulse, for instance in ./--direction: 

VVnn CT: = VVTTn, n, V^V  ̂ a.r (5.41 1 uu w y

att the moment right in the middle of two pulses. Thus we have the setup described 
byy (4.5.'J). the first and the third pulses being at the moment arbitrary, while V- is 
givenn by Eq. (5.41). The work done by the first pulse reads from Eq. (5.24) after 
averagingg over P{il)  given by Eq. (5.39): 

mm - ( i rr 22G-E G-E 

when* * 

EE = dnp{ii)iifdnp{ii)iif AAnh'-^^-nh'-^^- < o. 

5.421 1 

:5.43! ! 

iss the average energy of the ensemble of spins. The work done by the second --pulse 
iss found by using Eqs. (5.25. 5.41). for details see [ASXbl. with the result being 

U'22 = hG(T) + h <J2(T) c^l - 2E c^l :5.44) ) 

wheree //2(r) is defined in Eqs. (5.27. 5.29). It is seen that W2 > 0 which is connected 
too the fact that the 7r-pulse does not couple properly with the transversal degrees of 
freedomm excited by the first pulse. 

Ultimately,, the total work \V = IF, + \V2 + \V:i done by the three pulses together 
iss derived in Ref. [ASNb] 

U '== ~ ( 1+c l ^cv: , . ( ' . . hG(T)(2-c^lhG(T)(2-c^l -c^l 

hG(2r hG(2r 
2 2 

11 + c{:2! ri ll cc[[ :i-<{:i-<{ 22! ! 

++ r - l ^ ( T ) + € ( 2 r ) ^ ,0)) J2) [ 2 H ( r ) - / - ^ ( 2 r ) ] [ s i n A 3 + / m c o s .X 3 ] ] 

—— h f/3 [cos \ 3 — i j}}  sin \^] 

-E(l+Slc^-E(l+Slc  ̂ + 

(;(;-WT-WT)) + «2T) £{,.<_. ̂  (S2)+ { 2 E c ( )s V;}  _ zhi}(jsm  ̂ }  } 

ff  5.45a) 

(5.45b) ) 

(5.45c c 



II.5.4II.5.4 Work-extraction via spin-echo pulses 93 93 

where e 

9393{T){T) = G-G(2T). (5.46) 

X 3 ( T )) = 2 F ( T ) - F ( 2 T )? (5.47) 

aree the backreaction factors for the considered setup of pulses, and where 

m=m= - f dÜ P(Ü) tanh ^ ^ < 0 (5.48) 

iss the average magnetization of the ensemble. 
Forr the Ohmic case g3 and \3 reduce to 

93(T)) = r^ w (5-49) 
X 3 ( r )) = 7 [ arctan(2rr) - 2 arctan(rr) ] . (5.50) 

Ass compared to Eqs. (5.26a, 5.26b, 5.26c), which present the work for two pulses, 
Eqs.. (5.45a, 5.45b. 5.45c) are different in several aspects: 

1.. There are no oscillating factors elQr which after averaging over the distribution 
P{fl)P{fl)  would produce damping on times 7^*. This is due to the 7r-pulse (5.41) 
rightt in the middle of the two pulses. A simple explanation why the terms 
occ elfiT are absent is as follows: Assume that the interaction with the bath is 
absentt and the spin moves under dynamics generated by the free Hamiltonian 
HHss = Ml öz. Denote by £  ̂ the corresponding Heisenberg evolution operator: 

£,(0)) A = exp 44 H§ \ A exp —^ HQ, . It is now seen with help of (5.41) that 

thee factor elQr drops out: 

4 0 )) V2 ^
0 ) <T+ = eiïÏT£<0> V2 t+ = éUT£^ö_ = ei n Te-i f Ï T ^_ = <r_. (5.51) 

2.. The decay factor e- 4 ^ r ) + e ( 2 r) in Eqs. (5.45b, 5.45c) is different from e~^2 r ). 
Thee last decay factor being the one generated by the free (impulsed) evolution 
duringg the time 2r. Only in the exponential regime £(t) ~ i/72 the two 
situationss are equivalent: e

_ 4 f ( r : ) +^ 2 r ) ~ e~^{2r). Recall that the exponential 
regimee is present for the ohmic spectrum at long times, see section 4.5.1. 
Forr Gaussian decay however, £(£) ~ t2/Z,2. e_^(2T) predicts sizable decay in 
contrastt to e-

4 ? ( T ) + € ( 2 T) ^ 1. 

3.. Now there are two independent parameters which characterize the initial state 
off  the ensemble of spins: E and m. The work W in Eqs. (5.45a, 5.45b. 5.45c) 
cann be expressed in the dimensionless form similar to Eq. (5.31): 

n-yTn-yT (T n„  TS ,i \ 
WW = —W\W-T-K'YZ'TT)- (J-O2) 

I tt is now more convenient to account for the temperature of the spin via ^ 
andd not via the average occupation number (az) as before in Eq. (5.31). since 
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Figuree 5.6: Dimensionless work for three spin-echo pulses with parameters: ^ = 

10.. 5. 1. 0.5 (from top to bottom), j& = 103. £ = 102. 7 = 0.1, ^ = 8, c{l] z = i, 

cZj ++ = \. Work-extraction is poor or disappears for smaller ~j or ^ , because there 
appearss to be to much random thermal energy in the ensemble. 

theree is a new dimensionless parameter ^, which quantifies the ratio of the 
responsee time 1/r to T2*  = \j\fd. 

Fig.. 5.6 presents a scenario for work-extraction in the regime Tg > T. It 
iss seen that the initial high-temperature ensemble of spins is strongly disordered: 
Y2Y2 = 102 » 1. Still this disorder cannot be much larger, since there will be too 

muchh random energy in the ensemble, that is, the positive term —E (1 + ci2] ci)l J 
inn Eq. (5.45c) will  be too large and cannot be compensated by potential negative 
terms.. For analogous reasons there are no interesting scenarios of work-extraction for 
stronglyy disordered ensemble in the regime Ts < T: the average magnetization \m\ 
appearss to be too low. Recall that in the regime Ts > T there is a positive contribu-
tionn to the total work coming from the bath, and sizable average frequencies ^f > 5 
aree needed to overcome this contribution, as seen from Fig. 5.6. This restriction on 
thee (average) frequency is similar to the one present in the two-pulse work-extraction 
scenarioo for the non-disordered ensemble of spins in the regime Ts > T. 

5.55 Conclusion 

Thiss chapter describes several related scenarios of work-extraction based on the 
spin-bosonn model defined in chapter 4: spin-7; interacting with external sources of 
workk and coupled to a thermal bath of bosons. The work-sources act only on the 
spin,, since the bath is viewed as something out of any direct access. The work 
iss extracted from an initial local-equilibrium state of the spin at temperature Ts, 
nott equal to the equilibrium state of the bath at temperature T. As we recalled 
severall  times, the Thomson formulation of the second law prohibits work-extraction 
viaa cyclic processes, thus includes any sequence of pulses, from an equilibrium state 
off  the entire system: T = Ts [Thi83, BK77, BK79, Bas78, PW78, Len78, AN02]. 

file:///j/fd
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Inn this spirit one would expect that work-extraction is also absent when external 
fieldss are acting only on the spin in a local equilibrium state [Sli90. AG82]. We have 
shownn however, that this is not the case. It is possible to extract work in this latter 
setupp due to the common action of the following factors: i) backreaction of the spin 
too the thermal bath; and ii)  generation of coherences (i.e., transversal components 
off  the spin) during the work extraction process. It is also possible to extract work 
fromm a disordered ensemble of spins having random frequencies. This ensemble can 
evenn be strongly disordered in the sense that the relaxation time T2*  induced by the 
disorderr is the smallest characteristic time in the problem. 

Twoo conditions are necessary for the existence of the work-extraction effect. 
First,, the transversal relaxation time T2 has to be shorter than the longitudinal 
relaxationn time T\. This condition allows the notion of local equilibrium, because 
oncee the transversal components decay after time 7*2, the spin can be described via 
aa temperature different from the one bath; after time 71 the spin relaxes to the 
temperaturee of the bath. This setup would not work for T2 ~ 71 even though when 
bothh are large because, then the coupling to the bath would be too weak and the spin 
wouldd not feel much of its interaction. Therefore it would be close to equilibrium, 
whichh means after all, no work extraction. Second, the action of external fields 
hass to be sufficiently strong. We demonstrated the work-extraction effects for a 
versionn of the spin-boson model which is exactly solvable thanks to pushing the above 
twoo physical conditions to their extremes: the 71-relaxation time is taken infinitely 
largee and the duration of pulses of external fields is taken infinitely small. Both 
thesee idealizations are well-known in NMR/ESR physics and related fields, and were 
numerouslyy applied and discussed in literature [Sli90, EBW87, AG82, VL98, SL04]. 
Itt may be of interest to see how precisely finite 71-times and finite pulsing-times 
influencee the work-extraction effect; to first order a perturbation expansion wil l 
suffice. . 

Ass to provide further perspectives on the obtained results, let us discuss them in 
twoo related contexts, those of lasing without inversion and quantum heat engines. 

5.5.11 Lasing without inversion 

Ass we discussed in the introduction, besides the standard lasing effect, where work 
iss extracted from a spin having population inversion (i.e. having a negative tem-
perature),, there are schemes of lasing which operate with a weaker form of non-
equilibriumm since they employ three or higher-level atoms which are initially in a 
statee with non-zero coherence (i.e. non-zero off-diagonal elements of the density 
matrixx in the energy representation). There are numerous works both theoretical 
andd experimental, partially reviewed in [SZ97, Koc92], showing that in such systems 
onee can have various scenarios of lasing without inversion in the population of en-
ergyy levels. In quantum optics lasers without inversion are expected to have several 
advantagess over the ones with inversion. 

Thee effects described by us also qualify as lasing without inversion —or more 
preciselyy gain or work-extraction. There are, however, several important differences 
comparedd to the known mechanisms. First, we do not require coherence to be present 
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inn the initial state. Our mechanism operates starting from initial local equilibrium 
statee of the spin, which by itself is stable with respect to decoherence (i.e.. T2* 
time-scale).. It does employ coherence however, but it is generated in the course of 
thee work-extraction process, which, in particular, means that the energy costs of 
itss creation is included in the extracted work. Second, we do not need three-level 
systems:: the effect is seen already for two-level systems. Third, in our scheme the 
workk comes from the bath if its temperature is higher than the initial temperature 
off  the spin. Due to this, the extracted work can be much larger than the energy 
changee of the spin. 

5.5.22 Quantum heat engine 

Thee standard thermodynamic model of a heat engine is a system (working body) 
operatingg cyclically between two thermal baths at different temperature and deliv-
eringg work to an external source [LL87. Bal92]. The work produced during a cycle, 
ass well as the efficiency of the production, depends on the details of the operation. 
Thee upper bound on the efficiency is given by Carnot expression, which is system-
independentt (universal). This efficiency is reached for the Carnot cycle during very-
sloww (slower than all the characteristic relaxation times) and therefore reversible 
modee of operation [LL87. Bal92]. Though the Carnot cycle illustrates the best ef-
ficiencyy attainable, it is rather poor as a model for a real engine, in particular due 
too very long duration of its cycle: the work produced in a unit of time is very small 
(zeroo power). This problem initiated the field of finite-time thermodynamics which 
studiess how precisely the efficiency is to be sacrificed in order to reach a finite power. 

Inn a similar spirit a number of researchers transferred these ideas into quantum 
domainn designing models for engines where the basic setup of the classic heat engine 
iss retained, while the working body operating between the baths is quantum [A1179. 
GK94.. FKOO. ScuOl. HCH02. H+02. FK03. S+03]. 

Ourr setup for work-extraction can also be viewed as model for a quantum engine. 
Itt is. however, of a nonstandard type since there is no working body operating 
betweenn two different-temperature systems (in our case these are the bosonic thermal 
bathh and the ensemble of spins). The two systems couple directly and the work-
sourcee is acting on one of them. From the economical perspective, the absence of 
aa working body is an advantage. In spite of this difference, the notion of efficiency 
cann be defined along the standard lines, and it is equally useful as the standard 
one;; in particular, it is always bound from above by the Carnot value. We have 
shownn that the efficiency can approach this value basically at the same time when 
thee extracted work approaches its maximum. Moreover, the whole process of work-
extractionn takes a finite time of order of the response time of the bosonic bath, which 
iss actually much smaller than relaxation times of the spin. Thus, the three desired 
objectivess can be achieved simultaneously: maximal work, maximal efficiency and a 
largee power of work. 
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Appendixx 5.A 
Derivationn of Eqs. (5.9, 5.10) 

Assumee that the initial state of the spin and bath is: 

1 1 
P(0)) = 7? exp -fkHs-fkHs - tKHT + m ZZ = trr- isHs-W+H»K (5.A.1) 

withh different temperatures for the spin and the bath. 
Ann external field V(t) is acting on the system. 

H(t)H(t) = H + V(t) (5.A.2) 

suchh that it is zero both initially and at the moment t — r: 

V(T)V(T) = V(0) = 0. (5.A.3) 

Thiss condition defines cyclic process. The total work which was done on this system 
reads: : 

WW = AHS + A#i + AHB, (5.A.4) 

where e 

HHkk = tr [Hk [p(r) - MO)]) , k = S,I,B. (5.A.5) 

aree the changes of the corresponding energies, and where p(r) is the density matrix 
off  the entire system (spin+bath) at time r. 

Recalll  that the relative entropy is defined as (see, e.g. [BP02]): 

S[p\\(T]S[p\\(T] = tr(phip- plna) > 0. (5.A.6) 

iss non-negative for all density matrices p and a. One now uses: 

S[p(r)S[p(r) | |p(0)] = tr{  p(r) In p{r) - p(r) In p(0)) = tr( p(0) In p{0) - p(r) In p(Q)) 

== ps&Hs + fl{AHi  + AHB) > 0. (5.A.7) 

wheree we used (5.A.1) and tr/j(r) lnp(r) = trp(0)lnp(0) is due to the unitarity of 
thee overall dynamics generated by the time-dependent Hamiltonian H(t). 

Combiningg (5.A.7) with (5.A.4) one gets Eqs.(5.9. 5.10) 

WW >(l-^) AHS. w>(l-^\ (AH, + AHH). (5.A.8) 

Finallyy note that would we use the separated initial condition 

p({))p({)) = ps(0) S' PB(0) = \ f, e~J s / /s S> l-j7Te~'JIIn ( 5 - A - 9 ) 
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wee would not be able to conclude from the above derivation that efficiency is limited 
byy the Carnot value. Indeed, instead of Eqs. (5.A.8) one has. respectively: 

J .sAtfss + 3&HB > 0. \V > AHi + ( l - — ) AHS. (5.A.1ÜJ 

Thee latter inequality is not infonnative with respect to Carnot 's bound, since it 
cannott and should not in general be excluded that AH] is not small. 

However,, for the model studied in the present paper, the equivalence of the initial 
condit ionss (5.A.1) and (5.A.9) is known from other places, see section 4.1.3. 

Lett us emphasize the main points by which the present derivation differs from 
thee standard textbook one: 

•• Xo postulates were used: the whole derivation is based on the quantum-
meehanicall equations of motion and certain assumptions on the initial con
ditions. . 

•• It was not assumed tha t the interaction between the system and the bath is 
small,, which indeed need not be satisfied in reality. 

•• Tin1 choice of using the initial condition in Eq. (5.A.1) is important in the 
presentt derivation, though presumably Carnot ' s bound is valid in certain more 
generall cases, such as. in our case, the factorized initial condition from Eq. 
(5.A.9). . 


