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9 9 

Thee Ising Spin-Glass on a 
Hypercubicc Cell 

InIn this chapter we describe a numerical simulation of the statics of an Ising spin-
glasss on a hypercubic cell. This model was proposed a decade ago by Parisi, Ritort 
andd Rubi [PRR91] in order to have a better understanding of the solution of the 
Sherringtion-Kirkpatrickk model proposed by Parisi [Par79]. Analytic progress on 
thee stability of the solution was intricate and numerical solutions were a hope to 
havee more information. The SK model however, is extremely CPU time consuming 
sincee all spins are connected. Therefore some finite range models that converge in 
thee thermodynamic limit to the mean-field SK were proposed. Hypercubic lattices 
inn finite dimensions are good candidates to this end. 

Inn the case of ordered systems, the Ising model on a hypercubic lattice converges 
too mean field when the dimension goes to infinity [Par88]. The same happens for 
spinn glasses [GMY90]. We deal with an hypercubic cell, i.e. an hypercubic lattice 
withh lattice size L = 2. with connectivity z = D and free boundary conditions. The 
hypercubicc lattice, on the contrary, has connectivity z = 2D. It can be proven that 
thee hypercubic cell in ordered systems converges towards mean field. We expect the 
samee to happen in disordered systems. In the cell the number of spins is TV = 2D 

aa fixed parameter for a given dimension, while in the hypercubic lattice N and 
DD are two independent parameters. In ordered systems a high coordination (high 
dimension/highh temperature) expansion in l/z for the thermodynamic potential 
showss that the hypercubic cell (in dimension D) and the hypercubic lattice (in 
dimensionn 2D) are similar also at finite dimensions [Par88]. If that holds, as we 
expect,, for spin-glasses the study of the hypercubic lattice can give us information 
overr the spin glass in hypercubic lattices, thus the Edwards Anderson (EA) model. 

Wee study the equilibrium properties as a function of the dimension (which in this 
casee is the same as the size of the system). We look at the behaviour as dependent 
onn both finite size and finite connectivity (dimensional) effects and try to distinguish 
differentt regimes separated by a crossover and we carefully look, in the range of sizes 
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wee are capable to reach with our numerical simulations, the way the system tends 
too its mean-field limit : the Sherrington-Kirkpatrick Model. 

9.11 The Model 

Thee hypercubic cell is an hypercubic lattice of lattice size L = 2. Thus in D — 2 is 
aa square. D = 3 is a cube and so forth. It consists of 2D Ising spins .s,. each with D 
nearestt neighbors (nn) whose1 interaction is described by the Hamiltonian 

wheree < ij  > denotes nn couples i.j. Having D nn is due to the geometry of 
thee system. One can have the pictorial image in 3D. where1 the spins lie on the 
verticess and the couplings lie on the edges of a cube. This view can be generalized 
algebraicallyy to higher dimensions. The Jrj are binary quenched random couplings 
wit hh probabil i ty distr ibut ion 

PVij)PVij) = ^ Wij ~ J) + \i>  (Jij + J) (9-2) 

off  zero mean and variance Jfj = J'2 — 1/D (this is chosen in order to properly 
normal izee extensive observables in the limi t D —> oc). The overline denotes the 
averagee over the disorder, thus over the distr ibut ion Eq. (9.2). 

9.22 Simulation and Data Analysis 

9.2.11 Exchange Monte Carlo 

M o t i v a t i o n s s 

Inn a statistical mechanical system at equilibrium the probabil i ty that a certain con-
figurationn can take place at a given temperature is given by the Boltzmann-Gibbs 
distr ibut ion.. Any proper dynamics must lead to such a distribution in the long-
t imee limi t and must satisfy detailed balance at any step of relaxation. Based on 
suchh general propert ies is the Metropolis algorithm, the kernel of the Monte Carlo 
methodd widely used in numerical physics. 

Inn a complicated model in statistical mechanics such an algorithm allows to 
exploree most of the phase space even though different states are often separated by 
highh energy barriers in the free energy landscape. Initially , the sequences of Monte 
Carloo steps move the system around the region of the phase space next to the initial 
configuration.. If that region is separated by other regions of the phase space by high 
barr ierss or narrow paths it can take a lot of t ime to cross to another region and 
cont inuee the probe of the system's states. To reach equilibrium can become a very 
hardd task. This is the case in disordered systems such as spin-glasses. 
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Too be operative we can look at the computer time needed to achieve equilibrium, 
thatt increases with the size of the simulated system exponentially. In the more precise 
computerr science language this heuristic observation translates into saying that our 
thermalizationn problem is a Non-deterministic Polynomial Complete (NP-complete) 
problemm [GJ79]. The Exchange Monte Carlo method is an improved Monte Carlo 
methodd which in many cases incredibly reduces the thermalization time and it is 
extremelyy effective in spin-glasses. 

Thee goal is to make the system explore the whole phase space accessible for a 
givenn temperature. In the case of spin-glasses however, it is known that for low tem-
peraturess the free energy displays a very rough landscape. This landscape consists 
off  a large number of valleys, i.e. minima, separated by large energy (or entropy) 
barriers.. Moreover, these energy barriers grow exponentially with the size of the 
system.. Then, for low enough temperatures and/or high enough sizes, the system 
wil ll  most likely get stuck in one of these valleys not being able to overcome the 
barriers.. With difficulties a barrier will be crossed and a new minima will be visited, 
notwithstanding,, the dynamics will be too slow and the number of Monte Carlo 
stepss needetl to reach thermal equilibrium will be too large. The Exchange Monte 
Carloo method circumvents this problem by using the fact that at high temperatures 
thee energy barriers decrease and ultimately disappear above the phase transition to 
aa paramagnet. 

Lett us consider a spin glass at low temperature. It is trapped in a minimum, not 
visitingg other minima within a reasonable number of standard Monte Carlo steps. 
InIn order to make it move in the free energy landscape the system lias to be heated 
enoughh for these barriers to decrease and then cooled down again expecting that the 
valleyy visited this time will be different from the previous one. By repeating these 
"heatt kinks" many times, the phase space accessible at a given temperature is much 
easierr explored, and thermalization is much less time consuming. 

Thee above described procedure is called Simulated Tempering, where one system 
movess back and forth around different temperatures. In order to do this guaranteeing 
thatt the true Boltzmann-Gibbs measure is yielded for long times, one needs to set 
certainn parameters and this requires a certain number of "tuning" simulations before 
startingg the actual analysis. More efficient is the Exchange Monte Carlo method, also 
calledd Parallel Tempering method, that uses the same idea of heating and cooling 
butt is applied to more (n) systems in parallel. At the beginning of the procedure 
thesee n systems are distributed over n different temperatures, see fig. 9.1. They are 
heatedd and cooled by swapping them among adjacent thermal baths. 

1 22 3 4 5 6 7 

— % — tt 1, ' + / — t x — r -T 

Figuree 9.1: Schematic picture of the different systems in an Exchange Monte Carlo. 
Heree n = 7 

Thee procedure is as follows: 

i)i)  Initial random systems are placed each one at a different temperature, see 
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fig.fig. 9.1. 

li)li)  The dynamics of each system is simulated simultaneously and independently 
ass canonical ensemble for a few Monte Carlo steps using the standard Monte 
Carloo method. 

ni)ni) A pair of systems at adjacent temperatures is interchanged according to some 
ruless that will  be described below. 

iv)iv) Repeat steps ii  and in until equilibrium is reached in the thermal bath of lowest 
temperature. . 

Finally,, and if the procedure has been properly carried out. each of the systems 
hass visited all temperatures, which effectively means that it has been warmed up and 
cooledd down exploring then different regions of the phase space for each temperature. 
If.. on the contrary, we focus our attention to just one temperature, one system, 
thoughh a different one each time, it has visited most of the phase space and then 
equilibriumm has been reached for that temperature. So in the end we have systems 
att equilibrium at all temperatures of the grid. 

Thee exchange is performed two by two, so the configuration at 0O tries to be 
swappedd with the one at 0X. After that, the swap between the configuration at 
0i0i and the one at ;32 is proposed, and so forth. After a few iterations of this 
proceduree the starting systems are completely spread in the temperature space. 
Theyy walk around the different heat baths. An intermediate situation could be the 
onee described in figure 9.2 

TT 0 (7) (7) r:\ r?) (?) 
T-— X—X—T—T— tt  X "T 

Figuree 9.2: Example of the spreading of the systems among the different tempera-
tures s 

Exchangee probabilit y computation 

Inn order to be physical, the exchange of systems at different temperatures has to 
satisfyy detailed balance. Otherwise, we would be inducing a biased evolution. Let 
P(X,/3P(X,/3mm)) = Z-l((3m)e-0mU(X) be the probability of having the configuration X 
att temperature l/j3m and let W(X,Bm\ Y, 0n) be the probability of exchanging the 
configurationn X at temperature l/0m with the configuration Y at temperature l/0n. 
Detailedd balance means that the transition in one direction, say from X. 0m —  Y, /?„, 
hass the same chance as in the other direction. Y.Bn —> X. f3m. Formally it reads: 

P(X.0P(X.0mm)P(Y.0)P(Y.0nn)W(X.f3)W(X.f3mm\\ Y.0n) = P(X.pn)P(Y.0m)W(Y,0m\ X,0n). (9.3) 
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wheree we have used the fact that the probability of each configuration at each tem-
peraturee is independent of each other, i.e. P(X,/3m;Y,0n) = P(X,/3m)P(Y, pn). 
Wee can write Eq. (9.3) as 

W(X,f3W(X,f3mm\Y,(3\Y,(3nn) ) exp{(A-p\n)[H(X)-H(Y)]} exp{(A-p\n)[H(X)-H(Y)]} (9.4) ) 
W{Y,(3W{Y,(3mm\X,(3\X,(3nn) ) 

Wee then use the Metropolis algorithm to evaluate the exchange probability. This 
amountss to say that 

W(X,(3W(X,(3mm\Y,p\Y,pnn) ) , - A A 

iff  A < 0. 

iff  A > 0. 
(9.5) ) 

Thiss basically states that both systems are always in equilibrium, in both involved 
thermall  baths, even after the exchange. The configurations X and Y are valid 
configurationss for both (3n and fim otherwise no exchange is performed. The more the 
twoo energy distributions overlap the higher is the exchange probability. Figure 9.3 
reproducess a schematic representation of the region of energies where the exchange 
successfullyy takes place. 

Figuree 9.3: P(E) for different temperatures. The overlap has to be large enough to 
havee good exchange rates 

Forr this method to be effective, we need to have not too low exchange rates 
sincee otherwise it would be just standard Monte Carlo of many systems, bringing no 
improvement.. Also, we need to guarantee that each system visits all thermal baths 
withh the same frequency. We can tune the exchange rates by properly choosing 
thee temperature grid. If the distance between temperatures is too large, there will 
almostt be no overlap between adjacent P(E)'s so there will almost be no exchange 
off  systems. 

Thesee exchange rates depend on the size of the system. The larger the system the 
shorterr the interval between temperatures. In practice, we check the exchange rates 
forr different temperature grids at the highest size to be simulated before starting the 
reall  simulation. We choose a minimal exchange rate of 30% in order for the method 
too be effective. 

Thee Parallel Tempering algorithm has proved very effective in the statistical 
mechanicss of disordered systems. It offers the possibility to deal with low temper-
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att ure regimes whose equilibrium could not be reached for reasonable sizes with the 
s tandardd Monte Carlo. There are other methods that improve the Monte Carlo 
technique,, we already commented on simulated annealing for instance. Other re-
latedd methods could be the scaling approaches based on Umbrella sampling, see for 
instancee [TV77]. or the so-called Multicanonical Approaches [BN91. BN92]. Mul-
t icanonicall  Approaches arc1 sometimes more efficient than Exchange Monte Carlo, 
e.g.. they work better for first order phase transit ions, but are much more difficul t 
too implement. In general, when the Exchange Monte Carlo method is applicable, it 
iss recommended since it is easy to implement and very powerful. 

9.2.22 Multispin coding 

Inn order to calculate the energy we use the multispin coding technique. This is 
basedd on the fact that, since Ising spins ) can take only two variables, they can 
bee represented by a 1-digit binary number. Then, when performing a simulation, 
eachh spin in the system corresponds to a single bit in the computer 's memory. That 
reducess enormously the memory consumed by the program and increases its speed 
duee to the fact that mult iple operations can be done at the same time. 

Thee way we distr ibute the spins in the computer memory is as follows. We 
makee use from the fact that the computer is prepared to work with "words", i.e. 
sequencess of bits that create an integer, a float... We use. long long integers, which 
aree sequences of 64 bits. 

Posit ionn 0 1 2 3 4 5 6 7 8 9 10 11 62 63 
Valuee 0 0 1 0 1 1 0 1 1 1 0 1 0 1 

Wee write in each of these bits the value of one spin of a different system in the 
parallell  tempering technique. That limit s the number of systems to the length of 
thee word (though, more words could be used), but it improves, as we wil l see. the 
speedd of the simulation. We wil l have then an array of words corresponding to each 
off  the spins of all systems. Therefore, the bit in position 0 of the 0th word of the 
arrayy wil l correspond to the first spin of the first system (so the first temperature 
inn the parallel tempering technique) note that usually in computer 's language 
enumerat ionss start at 0 and not at 1. the bit in position 3 of the 4th word of the 
arrayy wil l correspond to the 4th spin of the 5th system, and so on. Couplings are 
wr i t tenn in the same way. each bit corresponds to each of the different systems in the 
parallell  tempering (which is always the1 same value for all systems in one sample, 
butt using this we can compute various samples in parallel) and there is an array of 
suchh words corresponding each of the different couplings inside the hypercube. 

Thiss is different from what it is commonly done, say when simulating the SK 
model.. There, usually each bit of one word corresponds to different spins of the same 
systemm and not of different ones. The main difference is that in our situation the 
geometryy of the system mat ters. One has to find the correct neigbours for a given 
spinn and the couplings among them. By choosing this way of distr ibut ing the spins 
inn memory, one has to look only once for the neighbours for all samples involved 
andd this, to our understanding, reduces considerably the t ime. In the SK. however, 
sincee there is no geometry, all spins are neighbours, so they are all coupled to each 



III.9.2III.9.2 Simulation and Data Analysis 123 123 

other,, and no intricate search for neighbours is needed. Having then all spin of one 
systemm aligned in the computer memory can be useful. 

Too evaluate the energy of the system we have to use H x - J2i.j JijSiSj. For 
thatt we have to find the neighbours of each spin and the corresponding coupling. 

Too find the neigbours we have to keep in mind the geometry of the hypercube, 
seesee figs. 9.4. 9.5 

(1,0,0)) (1,1,0) 

\y \y 

(P,oS (P,oS ) ) 

/f,1,1) ) 

/ / 

(0,0)) (0,1) (o.o.i) (o,i,i) 

Figuree 9.4: Hypercube D = 2 Figure 9.5: Hypercube D = 3 

Itt is important to notice that an hypercube in D dimensions has 2° spins and 
D2D2DD~~11 couplings. The spins lie in the vertices of the hypercube while the couplings 
cann be represented by the edges between vertices. Then, if we think in cartesian 
coordinatess with a vertex of the hypercube in the origin and the length of the edges 
beingg 1, each of the vertices is defined by a set of D 0's or 1's. These defines an integer 
writtenn using binary numbers. Each of the D neighbours of the, say (0,0,0,0,....0) 
spin,, can then be found by changing each time a 0 by a 1, see figs. 9.4, 9.5. To find 
thee coupling linking the spin with one of its neighbours is a bit more complicated. 
Theree are D2D~1 couplings, which means that there are 2D~1 couplings for each 
off  the D directions. Since we change one bit from the spin coordinates to find one 
neighbour,, that defines which direction we have the coupling (the edge between these 
twoo vertices), then the rest of the binary sequence of the spin coordinate (taking out 
thee one bit that changes) is a number ranging from 0 to 2D~1 — 1 so the residue of 
thee division of such number and 2D~1 yields the couplings that we have to use along 
thatt direction. Then the first 2D~1 couplings are in the 1st (x) direction the next 
22DD~~11 in the 2nd (y) and so on til l the direction number D. 

Energyy calculation 

Noww we have the couplings and each of the spins, then by just using two bitwise ex-
clusive-OR:clusive-OR: A, we compute the energy contribution of each couple of spins connected 
byy it. 
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EijEij  = Ju A(SiASj) 7 = 1 A" (9.6) 

Sincee this operat ion is performed with each word, the energy at t r ibuted to a link 
betweenn two spins can be computed with a single operation for the whole set of 
differentt systems in the exchange Monti1 Carlo method. Finally, the energy related 
too one spin can be found by summing all the contributions from its neighbours. And 
thee total energy is found by summing this value for all the spins and dividing by 
two.. because of double counting. 

Inn the Monte Carlo procedure each spin is asked to turn around. If that favours 
thee energy, e.g. the total energy decreases, the turn is accepted, otherwise it is 
acceptedd only with some probabil i ty that depends on how large is the energy increase 
proposedd and on the temperature of t he system. Such a probabil ity only depends 
onn that spin and its couplings to its neighbours. Then to perform the switch of one 
spinn we only have to calculate the energy locally. 

9.2.33 Data Analysis 

Equ i l i b ra t i o n n 

Onee of the main issues when performing numerical simulations is to be sure that the 
systemm has thermalized before starting making measurements. If equilibrium is not 
reached,, the observables wil l drift and yield systematic errors. 

Inn the Monte Carlo evolution, one waits a number of t imesteps letting the system 
evolvee towards equil ibrium. Only afterwards the measurements are started. This 
numberr of steps drastically depends on the size of the system and on the temper-
a ture.. The larger and the colder is the system, the longer we must let the system 
evolvee to reach thermalizat ion. Many different methods have been created to ensure 
thermalizat ion.. all of them having drawbacks, the worst being that most of the ef-
fectivee methods are a posteriori, so one has to run the simulation up to a point and 
thenn observe whether the system has thermalized or not. 

Inn this work we have used two thermalization checks: 

i)i)  Specific heat cheek. In this case one checks whether the specific heat computed 
as s 

dTdT Tn + ] - T 
(9.7) ) 

wheree (en) is the t ime averaged energy in the thermal bath at temperature Tn 

andd the last expression gives the discretized derivative, is the same as the one 
computedd via the fluctuation formula of the canonical ensemble 

(e2>> -
<-=*<-=*  'T2' ' - (9.8) 

thatt holds exclusively at equilibrium. 
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ii)ii)  Symmetry of Pj(q) under q —  —q for each sample. In equilibrium, the proba-
bilit yy distribution of the overlaps has to be symmetric for our model because 
off  the Hamiltonian invariance under st —  -st. This check is very strong in 
standardd Monte Carlo since it corresponds to a flip in the whole sample of 
sisi —> —Si, which is the slowest mode of the dynamics. Even if in the Paral-
lell  Tempering dynamics this mode needs not to be the slowest one, the check 
turnss out to be still quite reliable. This method is specially useful and powerful 
sincee it works for one sample (one {Jij}  realization) quantities and one does 
nott need very long runs to perform it. 

Withh these two methods, we obtain a lower boundary for the number of time 
stepss needed to thermalize for each size to simulate. A number far above this one 
iss chosen to be sure, and it is used in the successive runs as the starting time of the 
measurements. . 

Critica ll  Point 

Inn numerical simulations of systems of finite size, good tools to determine the critical 
temperaturee are quantities that, in the critical regime where correlation length are 
off  the order of the system extension, do not depend on the size. Exactly at the 
phasee transition, therefore, these parameters are expected to take the same value, 
irrespectivelyy of the specific size simulated. Actually, in systems of small size, for 
whichh the correlation length soon overcomes their characteristic length, such an 
indicationn is not as precise as for large systems, and finite size corrections should 
bee taken into account. However, as the size increases, such effects are less and less 
importantt and a proper fit of the crossing points of these observables as functions 
off  temperature with increasing N should provide the "true" critical temperature. 

Anyy dimensionless observable satisfies the finite size scaling (FFS) assumption: 

0{N.0{N. T) = g ((T - rc(,V)) A " 1 ^ ) (9.9) 

with h 
TTCC{N){N) = Tc{oc) + A N~l/l/ (9.10) 

wheree N is the number of spins (AT = LD) and v is the critical exponent related to 
thee divergence of the correlation length £ oc \TC — T\~v. 

Thee first parameter we will consider is the Binder cumulant 

22 V m ) 
wheree (...) represents the average over quenched disorder and (...) the thermal 
average. . 

Inn systems such as the one we study here, whose Hamiltonian satisfies the time-
reversall  symmetry (TRS) and displaying a Replica Symmetry Broken phase at low 
temperature,, the Binder cumulant is the proper quantity to identify the transition 
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point.. It grows from zero, in the paramagnetic phase, to unity for T — 0. displaying 
aa steep increase around Tc. This steepness is enhanced as N —> oc. 

Iff  a magnetic field // is added, however. TRS is broken and. due to The lack of 
self-averagingg in the P(q). the Binder cuniulant behaves strangely and is no more a 
sui tablee quanti ty to investigate the transit ion to the spin glass phase. 

Inn order to bypass the problem of non-self-averaging two other parameters were 
thenn introduced [M +98a. BBDM98. M+98b. PPR991: 

:o.i2: : 

;o.i3) ) 
-- W2) 

Theirr relationship with D is the following 

**  = i-|ê <9'14) 

Forr RSB systems such as the one we consider, using the Guerra identity [Gue95] 

l-r-rrl-r-rr 2 ^ ^ 2 

44 = 

GG = 

ww22))22 - w2r 
W)W)2 2 

( Q 2 ) 22 - (<12Y 

Wï-ïüWï-ïü11))2 2 

WW22))22==  3 ( ' /4 > + 3 < ï2 ) (9.15) 

Onee can show that G is equal to 1/3 in the whole frozen phase (in the thermodynamic 
l imit) .. The parameter A is. instead, a measure of the fluctuations of the spin glass 
susceptibi l i tyy \-sg — V(q2). It vanishes at zero temperature, being a non trivial 
increasingg function of the temperature as it increases towards Tr. 

Evenn though for the system at // = 0 this does not provide new information on 
thee transit ion temperature, we have also analyzed the behavior in temperature and 
sizee of .4 and G for the hypercubic spin-glass cell (see Figs. 9.8-9.9). to check and 
improvee the Tc est imate. 

U l t r a m e t r i c i t yy in t h e f rozen phase 

Study ingg the structure of the states in the RSB spin-glass phase by means of P{q) one 
findss a very special hierarchical structure: the ultramc.tric structure. In the Parisi 
Ansatzz this becomes evident in the computat ion of the joint probability distr ibution 
off  the three overlaps among three real replicas, i.e. three different configurations of 
spinss exchanging among them the same interactions: P.i(q\2-Q23-Qi3)-

Averagingg over quenched disorder we And 

Pj(qA.qB.qc)Pj(qA.qB.qc) = Urn _ _ V 6{Qab-qA)S{Qb(.-qB)6{Q,u.-qc) (9.16) 

wheree (abc) are triples with different values. From the analysis of the overlap matr ix 
QabQab in the Parisi Ansatz it conies out that this probabil ity is zero unless, taken three 
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replicas,, at least two overlaps are equal to each other and the third one is equal or 
smaller. . 

Iff  we define the distance 

da/3da/3 = ^J2(m" 
-0\2 -0\2 

Z{<IEAZ{<IEA  - qa[i) 

thee ultrametric property is expressed as the inequality 

ddaa00 < max(d/37, day) 

(9.17) ) 

(9.18) ) 

Thiss allows to set a metric in the states space such that there can be either isosceles 
orr equilateral triangles. 

Wee can alternatively represent the ultrametric structure setting the correspon-
dencee between a pure state and the leaves of a branch of a tree. The distance between 
twoo states will then be proportional to the height at which the two branches, to which 
thee two states belong (see Fig. 9.6). 

conn fig ural] ons 

Figuree 9.6: An example of partition of the ultrametric structure on three levels. 
Thee nodes at level 1 correspond to three pure states. The leaves at the lower level 
connectedd to each node are configurations belonging to the corresponding state. The 
overlapss qï2l qu, 945, 935, 967, 978, 968 between configurations belonging to the same 
puree state take the value q\ = qsA, while overlaps of configurations belonging to 
differentt states take the value qo < q\- q2 = 1 is the value of the overlap of a 
configurationn with itself. 

Wee can otherwise separate the space in groups formed by all the points occurring 
insidee at a certain distance the ones from the others. Each of this groups (clusters) 
cann still be separated in subgroups containing all the points occurring at a smaller 
distance,, and so on. 

Inn the ultrametric space, such a partition does not lead to overlapping and each 
subgroupp exclusively belongs to one group hierarchically above it. The sequence of 
decreasingg distances taking place in this refinement of the states space partition is 
expressed,, in terms of overlaps, as the increasing sequence 

9oo < 9i <  < «A/1 < < « M M 1. . (9.19) ) 

wheree A/j is the number of levels. If we consider, for instance, three levels (see Fig. 
9.6),, in general q2 wil l be equal to 1 (overlap of a configuration with itself) and qi 
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wil ll  be equal to r/EA (overlap of a pure state with itself). The second level is the 
onee of pure states: at each state belong the configurations represented by the leaves 
branchingg from it. 

Thee computat ion of Eq. (9.16) leads to 

Pj{qPj{qAA.q.qBB.q.qCC)) = ^P(QA) A)ö(qA - qB)5{qA ~ Qc) + (9.20) 

++  -P(qA)P(<JB)ö(qA - <]B)SUIB - qc) + 

++  \p{qB)P{qc)0{qB ~ qc)S(qc - qA) + 

++  ^P(qc)P(qA)0(qc qA)S(qA - qB). 

clearlyy showing the tree propert ies above described, with x(qA) = j ' q A dqP(q). 
Ultrametr ic i tyy is a very peculiar property of disordered systems and it is yet an 

openn and widely discussed problem to understand whether such highly non-trivial 
s t ruc turee exists also beyond mean-field theory, in terms of which it was originally 
derived.. It is in any case based on a strong time-scale separation. 

Wee now introduce useful tools to identify and analyze the possible ultrametric 
propert iess of the spin-glass phase in numerical simulations of any kind of model 
wi thoutt assuming any mean-field behaviour. To this aim. it is necessary to simulate 
simultaneouslyy three independent replicas of the system and to measure the three 
overlapss one can build with them. 

AA first method is to verify the Gnorra relations [Gue95]: 

~mf~mf = \W)2 + i (?) 
I ^ r 22 1 

(q(q22q'q'22)) = ~2(q
2) + ^{qA) (9.21) 

wheree q e q' are any two of the three possible overlaps. 
Ann alternative study can be performed introducing other observables, func-

t ionss of the three overlaps. For instance those introduced as 'Binder cumulants' 
inn Rel'. [IPRL96]: 

„„  = (kl2gl3<?23[) R , (<Zl2gl3g23) ,„  „ „ , 
qqqqqq ~ T^3/2 qqq ~ -r-^-3/2 [ ] 

(QV(QV (Q2) 

((\Q\-W\)((\Q\-W\)22)) ((q-qisign(qu)f) 

mi)mi) <d/> 
wheree q\j is defined as 

qqMM = nmx{qi2.qi3,q-23} (9-24) 

andd q and q' are the other two overlay values (q. q' < q,\[). 

file:///q/-W/)2


III.9.3III.9.3 Numerical Results 129 129 

Sincee they are size independent observables. at criticality these can also be em-
ployedd to give an estimate of the critical temperature and of the u critical index. 
Abovee all. however, their low T behavior can be compared with the theoretical 
previsionn for ultrametric systems. 

Ass the original Binder cumulant Eq. (9.11) also these cumulants do not depend 
onn the index i]  and the generic scaling behavior at finite size goes as in Eq. (9.9). 

Lett us consider the cumulant Bqqq. Its behavior can also be computed analyt-
icallyy assuming an RSB phase, starting from P{q). Carrying out the average over 
thee joint probability distribution of three overlaps, given in Eq. (9.16) one obtains: 

oo f Jo dxq2(x) j ; 1 dyq(y) + \ ft dx x q3(x) 
BBqqqqqq = — - 3 ^ . {U.te, 

(jadxq*(T)) (jadxq*(T)) 

Thiss is a function of T tending asymptotically to 1 as T —> 0. If the structure of the 
spacee of the states is actually ultrametric the values of Bqqq computed directly from 
thee data of numerical simulations would also display the same behavior in the deep 
frozenn phase. 

9.33 Numerical Results 

Wee studied systems with dimensions D = 6.7.8.9.10.12 and 14 (number of spins 
NN = 2D). We were running three replicas in parallel since we wanted to study the 
ultrametricityy properties of the model. In order to have good acceptance rates in 
thee parallel tempering technique even for large sizes we have employed 40 different 
temperaturess in the range [0.49.1.06]. The range is such that we have some systems 
inn the disordered phase and we can reach temperatures as low as 0.5. The number 
off  samples for the system of dimension 6. 7. 8. 9. 10 is a few hundreds (600 - 800). 
forr dimension 12 a hundred. The D=14 run is in the temperature range [0.69.1.06] 
andd we simulated 50 samples. 

9.3.11 Phase Transition 
InIn order to study the phase transitions in the figures 9.7, 9.8, 9.9 we show the plots 
forr B. A and G for all sizes studied. From the crossing points of the cumulants at 
differentt sizes we can infer the transition temperature as D —• oc. We show the 
resultss for the Binder cumulant in table 9.1. 

Thee estimates of the critical temperature and the v index are: Tc =  0.96(3) 
andd v — 2.4(6). We perforin a finite size scaling of the crossing points of the 
Binderr cumulant to get the phase transition temperature in the thermodynamic 
limit.. N —> oc. It scales as Eq. (9.10). From the analogue crossings of the parameters 
GG and A at different sizes we respectively get the estimates 

TTcc =  0.98(1) v =  3.2(5) (9.26) 

TTrr =  0.96(5) i/ = 3(l) (9.27) 
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Tablee 9.1: Size dependent transition temperature. 
Thee data are taken from the crossing point of the 
Binderr parameter, Eq. (9.11). The thermody-
namicc limit value is yielded by fitting the data with 
thee FSS Eq. (9.10). 

Figuree 9.7: The Binder cumulant at sizes 
2D ,, D = 6,7, 8, 9,10.12. As the size in-
creasess the steepness of B in the frozen 
phasee increases. 

Figuree 9.8: The A Parameter for the Figure 9.9: The G Parameter for the 
samee cases as in fig 9.7 same cases as in fig 9.7 

Thee G parameter becomes steeper and steeper as D increases (see Fig. 9.9) and 
thee curves behaviour is consistent with the limi t of 1/3 for T < Tc except for the 
higherr sizes, showing the lack of enough sampling [PRS02]. The SG susceptibility 
fluctuationss A, already reach a maximum in the critical region here investigated (for 
DD > 8 in Fig 9.8) and start decreasing for decreasing T, as it is expected. The peak 
shiftt towards the crossing region as D increases. 

Dimension n 
6-8 8 
7-9 9 
8-10 0 
10-12 2 
12-14 4 

oc c 

jT c(Nspins) ) 
0.7633  0.002 
0.8088  0.002 
0.8499  0.002 
0.9111  0.005 
0.9177  0.005 
0.966  0.03 
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9.3.22 Low temperature behaviour 

Wee expect the hypercubic spin-glass cell to approach the SK model for large dimen-
sions,, i.e. to have the same limit of the hypercubic lattice (the Edwards-Anderson 
model).. We have computed the overlap distribution function 

PN(q)=5(q-qPN(q)=5(q-q1212(t)) (t)) (9.28) ) 

with h 

912(«) ) 
1 1 

~N ~N 

N N 

(9.29) ) 

where e „(1.2) ) thee ith spin in the replica (1,2). We can compute three overlaps at 
eachh Monte Carlo step since we have three replicas. We use two of them (using all 
threee could induce correlations in the results) to increase statistics in all calculations 
involvingg one overlap quantities. In figures 9.10-9.13 we plot P/v(<?) at T = 0.69 for 
differentt dimensions ranging from 6 to 14 and at T = 0.649,0.610,0.488 for D 
rangingg from 6 to 12. At higher temperature, as soon as a peak is distinguishable, 
onee notices that it is at a value of q below the SK value of ^EA at that temperature 
(alsoo shown in the figure 9.10) as opposed to what happens in the SK model as N 
increasess [You83]. 
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Figuree 9.10: The overlap probability dis-
tributionn P(q) at T = 0.488 from D = 6 
(widestt curve) to D = 12 (most peaked 
curve).. Also the analytical P(q) for the 
SKK model at this temperature is plotted. 
Thee delta functions at A are repre-
sentedd by vertical lines. 
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Figuree 9.11: The overlap probability dis-
tributionn P(q) at T = 0.61 for D = 
6,7,8,9,10,122 (from widest to narrow-
est).. Also the analytical P(q) for the SK 
modell  at this temperature is plotted. The 
deltaa functions at A are represented 
byy vertical lines. 
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rr = 0.610 

^^ = 0.49308 

== 0.43313 
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Lookingg at the PN(Q) it is possible to see that it eventually tends, for large N, 
too the analytical P(q) computed for the SK model in the thermodynamic limit . 
Inn Fig. 9.14 the evolution of the maximum of PN(Q) (<Zmax) is plotted for different 
temperatures.. One can see there clearly the trend towards qEQ- Conversely, for lower 
temperature,, e.g. T = 0.488 in Fig. 9.10. we can see that, at the simulated sizes, 
thee peak of PN(Q) tends to its infinite dimension limi t from above (in magnitude), 
butt becomes lower than it around D = 8. A crossover between the two different 
behaviorss has to take place in between. To understand better the situation we have 
too look at intermediate temperatures, trying to see evidence of a turning point in 
thee range of D values at our disposal. In Figs. 9.11-9.12 we show the probability 
distributionss at T = 0.61 and T = 0.649 and in Fig. 9.15 the behavior of the qmax as 
aa function of the size around these temperature values. Even though the uncertainty 
onn the peak is large, it is still possible to observe that a crossover occurs, but data 
aree not refined enough to determine the Z)cross(T) at which it takes place. 

Figuree 9.12: The overlap probability dis-
tributionn P(q) at T = 0.649 for D = 
6.. 7. 8. 9.10 and 12 (from widest to nar-
rowest).. Also the analytical P(q) for the 
SKK model at this temperature is plotted. 
Thee delta functions at A a re repre-
sentedd by the vertical lines. 

Figuree 9.13: The overlap probability dis-
tributionn P(q) at T = 0.69 for D = 
6.7.8.9.10.122 and 14 (from widest to 
narrowest).. Also the analytical P(q) for 
thee SK model at this temperature is plot-
ted.. The delta functions on i^EA are rep-
resentedd by the vertical lines. 

Whatt happens is that, at a given temperature, the system starts evolving towards 
thee mean-field limi t as in the fully connected model. In the hypercubic cell the 
connectivityy is z = D, whereas the number of particles is N = 2D . In the low 
DD regime, where the dilution is small (z/N not too small), finite size corrections 
happenn to be qualitatively similar to the finite size correction of the SK model. 
Whatt matters in this case is, thus, the number of particles. At some (temperature 

188 > T = 0.649 

166 qE A- 0.43877 

144 xc = 0.41027 
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dependent)) value D, the peak of the P(q) overcomes the fully connected limi t of the 
hypercubicc lattice. Increasing the dimension further, the system eventually stops its 
monotonouss tendency and turns back towards the SK value. In this second regime, 
thus,, the geometry (meaning here the way the spins are connected, or, equivalently, 
thee dimension of the cell) plays the most important role. 

Att T = 0.69 the crossover D is so small that cannot be even distinguished and the 
systemm already for D = 6 is in the regime driven by "finit e dimensional" corrections. 
Att T = 0.488 the temperature is so low that, for the sizes that we were able to 
simulate,, we always stay in the regime for which the corrections to the values of the 
systemm mostly depend of its finite size. For the size range we have, the crossover is 
visiblee only for T e [0.61 : 0.662]. 

? ? 

1 1 

H H 

11 \ 
TT = 0.61 

TT = 0.649 

: : 
oo o o 

TT = 0.676 

- -

--J J 
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Figuree 9.14: The maximum value of Figure 9.15: Crossover region for the 
thee P(q) versus N = 2D for D = maximum value of the P(q) versus N = 
6,7,8,9,10,12,144 at T e [0.488 : 0.690]. 2D for D = 6,7,8,9,10,12 at T e [0.610 : 
Thee value of <?EA for the SK model is also 0.676]. The value of <7EA for the SK model 
plottedd as reference on the right side of is also plotted as reference on the right 
thee figure. A crossover takes place be- side of the figure, 
tweenn T = 0.61 and T = 0.69. 

Alreadyy in Ref. [PRR91] such a behavior was conjectured, even though no precise 
evidencee could be found numerically. This very particular feature of the spin-glass 
hypercubicc cell, as opposed to the lattice usually studied, shows up in almost every 
thermodynamicc observable. Rather than in P{q), the just mentioned crossover is. 
however,, clear in self-averaging quantities, that we will now analyze. 

Too study the possible convergence to the SK model, as D —> oc. we compute the 
locall  susceptibility 

XX = d 1 dqdq P(q) q (9.30) ) 

whichh in the SK model at vanishing external field is always equal to unity for any 
TT <TC. and the internal energy that, in the SK model, is known to be equal to 

U U 
A 7 7 ƒ ƒ dqdq P(q) q' (9.31) ) 
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Inn Ref. [PRR91], the susceptibility versus D (at T = 0.5) was increasing monoton-
ically.. Refining the simulation we have found that the increase is blocked at some 
givenn size and a slight turning occurs also in this observable towards the SK value. 
Thee phenomenon is clearer at T = 0.69 than at T = 0.488. since more statistics 
andd an extra size D = 14 is available. At T = 0.69 the turnover is clear around 
DD = 10. at lower temperature this turning point moves to higher dimensions and 
wee cannot see it anymore due to the lack of higher sizes for that temperatures. See 
fig.fig. 9.16. To better show this effect, in fig. 9.17 we plot the temperature where the 
turnoverr occurs versus the dimension. As one notices, also for high temperature the 
dimensionn at which the x(D) turns downwards increases outside the range of the 
simulatedd sizes. 

Maxx Susceptibility 

Figuree 9.16: Susceptibility for the differ-
entt sizes studied at T = 0.5. 0.6. 0.69 

Figuree 9.17: Sketch of the turnover of the 
susceptibility.. Both ends of the line ex-
ceedd the limiting sizes of the simulation 
wee performed thus are only indicative 

Forr the internal energy behaviour, Eq. (9.31) we show the behaviour of U + 
8(1-8(1- < q2 >) /2 between T = 0.488 and T = 0.69. This value has to go to 0 for 
infinit ee dimensions if it has to approach the SK model. We show the plot in figure 
9.18.. At T = 0.488 the deviation from the SK value is small but yet not decreasing, 
whereass at T = 0.69 one can clearly see that the turning point in the size dependence 
hass been overcome, and the deviation decreases to zero. In fig. 9.19 we plot the 
valuess of D (at each possible T) at which the deviation from the energy value of the 
SKK model starts to decrease to zero. Also in this case the maximum deviation point 
inn D shifts towards high D both for low and high T. 

Thee energy dependence on the size of the system shows the expected behaviour. 
Thee energy is self-averaging and so it does not suffer from big fluctuations. Already in 
Ref.. [PRR91] a very good agreement with SK was found. Its behaviour is U oc N~1^2 

(Fig.. 9.20). The fit gives a value for the infinite size system of U = -0.7048(3) at T = 
0.5,, -0.6683(6) at T = 0.61 and -0.6364(8) at T = 0.69. The theoretically predicted 
valuess for the SK model are U = —0.71147, -0.67648 and —0.64558 respectively (see 
Fig.. 9.20). 

Inn figure 9.21 we plot the size dependence of the spin-glass susceptibility per unit 
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Figuree 9.18: The parameter U + Figure 9.19: Sketch of the turnover of the 
/? /2( l-- < Q2 >) at T = 0.488, 0.57 and parameter U + (3/2(1- < q2 >) 
0.69.0.69. versus 1/D = In 2/In AT. 
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Figuree 9.20: Energy at T=0.5. 0.61, 0.69. Figure 9.21: The mean square overlap 
Thee lines are linear fits and the arrows (q2) at T = 0.5. 0.61. 0.69 and the ar-
correspondd to the SK value rows correspond to the SK value 

volume,, (q2), again at T = 0.5, 0.61 and 0.69. In the SK model this value is equal 
too (q2) = 0.28853, 0.17469, 0.10901 respectively. The behaviour is the one expected 
forr the SK model, as it scales with TV -1/2. However, it does not extrapolate to the 
correctt SK value. At T = 0.69 since we have the point at D = 14 we can see this 
turnn towards the right value. This turn is seen clearly at D = 12 for T < 0.78. For 
lowerr temperatures the turn is expected to appear at higher dimensions. No further 
movementt of the minimum can be seen with the present simulation. If we fix T at 
loww D the scaling is clearly the one of SK while at higher D a crossover takes place. 

9.3.33 Evidence for Ultrametricity 

Wee have simulated the dynamics at equilibrium of three replicas at the same time 
inn order to study the possible ultrametric properties of the system. We have studied 
bothh the cumulants given in Eqs. (9.22)-(9.23) and the Guerra relations, Eqs. (9.15, 
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Figuree 9.22: 3 replica cumulant Bqqq Figure 9.23: 3 replica cumulant B' 

9.21). . 
Wee show in figure 9.22 and 9.23 the plots for these cumulants for the different 

systemm sizes. The curves approach unity as expected for low temperatures [IPRL96] 
forr all simulated sizes. The slope of the curve becomes steeper and steeper around 
thee transition region as the size increases, again agreeing with expectation. 

9.44 Conclusion 

Forr very high dimension, the spin glass cell model is expected to approach the mean-
fieldd SK model, corresponding to the infinite dimensional hypercubic lattice spin-
glass.. The mean-field behaviour in the hypercubic lattice is known, more specifically, 
too hold for any D > 8 [DKT91]. In the hypercubic cell the number of spins and 
thee dimension are not independent and in this respect it is different from a D-
dimensionall  Edwards-Anderson spin-glass. Moreover, no refinement is possible at 
smalll  dimensions, since low D means few spins. This difference should vanish as 
bothh models tend to the thermodynamic limit in high dimension. 

Analyzingg the behavior of different observables as the size of the simulated sys-
temss increases we can identify two regimes, (i) For small sizes the system seems 
too monotonously tend to the SK model limit , with deviations mainly due to the 
finitefinite size and that can be parameterized by means of finite size corrections. As D 
continuess to increase, however, the SK limit is overcome, (ii) At some temperature 
dependentt D the monotonous behaviour stops and the observables turn back, quite 
likelyy to the corresponding value in the SK model. 

Wee have been able to identify quite clearly this phenomenon for T down to 0.69 
wheree we have data up to D = 14. As temperature is decreased the turning point 
movess towards larger and larger systems. Thus, already at T ~ 0.662 we cannot 
determinee any crossover dimension because it is at or beyond the highest simulated 
dimensionn D = 12. 

Al ll  by all, we observe a confirmation of the expected convergence of the Hyper-
cubicc Cell model with 2D spins towards the SK model. 


