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Chapterr 1 

Introduction n 

Numericall  field theory 

Quantumm field theory describes convincingly the basic processes of particle collisions 
ass performed in accelerator experiments. Within the frame-work of zero temperature 
perturbationn theory at weak coupling we believe to be able to describe all experi-
mentss to the order of accuracy we bother to calculate, given the correct choice of 
particlee content and interaction Lagrangian. At the moment, the Standard Model 
off  particle physics provides what seems to be an adequate model, although certain 
aspectss suggest that it is a low energy limit of a more fundamental theory. 

Havingg conquered the zero-temperature perturbative regime of QFT, experimentalists 
andd theorists alike have moved towards understanding non-perturbative aspects of 
thee SM, in particular the apparent confinement of color in QCD. Non-perturbative 
methodss have been developed, including expansions in parameters other than the 
couplings,, and what is perhaps the most "first principle'1 approach, Monte-Carlo 
integrationn of path integrals of field theories discretized on a Euclidean space-time 
lattice. . 

Takingg advantage of the fundamental analogies between the path-integral formulation 
off  QFT and quantum statistical physics, a theory has in turn been developed for 
quantumm fields at finite temperature. It is ideally suited for Monte-Carlo calculations, 
butt also has a perturbative regime. It turns out that it is often necessary to reorganize 
thee terms in the expansions (re-summation). 

Thee possibility of using a Euclidean description is central for numerical and many ana-
lyticall  approaches alike. Out of equilibrium. Monte-Carlo simulations in the standard 
wayy are of no use. Formalisms for studying QFT out of equilibrium have been de-
velopedd along the lines of the path-integral equilibrium treatment. It is formulated 
inn Minkowski space, and the quantities of interest are correlators of time dependent 
operators. . 

Inn practical calculations it has turned out that except in the simplest approximations, 
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Chapterr 1. Introduction 

numericall  tools have to be introduced somewhere along the line. This is essentially 
becausee real-time evolution means solving non-linear part ial differential equations 
inn a regime where1 there is no obvious "small" parameter. Far out-of-equilibrium 
processess such as phase transit ions are inherently non-perturbative. Also the lack 
off  t ime translat ion invariance means that most problems are initial value problems, 
whichh depend on "memory" stretching back to the initial t ime. This dependence on 

yy kernels" can be a challenge to deal with. 

Inn the Early Universe we believe that phase1 transit ions took place as well as out-
of-equilibriumm decay of heavy particles. These1 processes require1 out-of-equilibrium 
heldd theory for a proper description. For some out-of-equilibrium processes, it can 
bee argued that classical dynamics provides a good approximation in terms of quasi-
particless (Be)ltzmann equations) or classical field equations. This makes the study of 
thee transit ion between quantum and classical regimes interesting in its own right. 

Inn this thesis we shall be1 studying thnn1 such processes, baryogenesis. reheating after 
inflationn and thermalizat ion using some of the numerical tools available. In particular 
wee shall be interested in regimes where the classical approximation to the dynamics 
iss expected to be valid. 

Th ee problem at hand: Cold Electroweak Baryogenesis 

Anotherr perspective on the present work is that we construct a model of baryogen-
esis.. the creation of the cosmological baryon asymmetry, realized within a minimal 
extensionn of the Standard Model of particle pliyics. Al l the ingredients required for 
baryogenesiss are present in the SM [1. 2]. and many realisations of baryogenesis have1 

beenn proposed. As wil l be reviewed in chapter 3. they all suffer from some1 basic prob-
lems,, which can perhaps be solved by extending the1 SM. for instance by imposing 
Supersymmetry. . 

Wee wil l develop a model for baryogenesis based on electroweak physics, which take's 
placee after low-scale inflation, and in which Higgs symmetry breaking happens at zere) 
temperaturee [3. 4]. This Cold Electroweak Baryogenesis has some nice feature-s which 
circumventt many of the problems of the original electroweak baryogenesis scenario. 
I tt requires the construct ion of a model of low-scale inflation (chapter 7). the origin 
off  which cannot be within the SM itself. The only SM field with the1 right quantum 
numberss to act as an inflaton is the scalar Higgs. and it has the1 wrong potential 
forr inflation. It wil l be of interest to study the end of inflation anel the subsequent 
tachyonicc preheating in CEB. which is very much an emt-eff-equilibrium process, anel 
thee thermalizat ion stage through which we recover a normal radiation dominateel 
Universee (chapter 6). 

Wee wil l need to treat the SM baryon number changing processes fully non-perturbatively 
usingg numerical simulations of the dynamics of the electroweak degrees of freedom 
includingg a CP-violat ing term. The resulting equations of motion turn out to be very 
complicatedd and require extensive computing power (chapters 4. 5). Finally we wil l 
applyy an approximation to the full quantum dynamics which goes beyond classical 
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1.1.. Cosmological frame-work 

fieldd equations, partly to study thermalization and partly to see whether the classical 
approximationn is valid for Cold Electroweak Baryogenesis (chapter 8). 

Manyy of the methods used in this thesis are standard (or variations of standard) 
numericall  and analytical methods for (quantum) field theory. Rather than review the 
formalismss we refer to text books on the subjects of: Quantum field theory [5. 6]. 
Latticee field theory [7, 8. 9], Cosmology [10. 11] and numerical methods [12]. 

1.11 Cosmological frame-work 

Wee will assume the Universe to be described by a flat Friedmann-Robertson-Walker 
(FRW)) metric 

dsds22 = -dt2 + a2{t) (dr2 + r2dil) . (1.1) 

Wee use a (—h -f+) metric signature. The time evolution of the scale factor a(t) is 
governedd by the Friedmann equations 

H2=H2= p a = _ 0 ^ + 3 p) 
3 mJ]]  a 6 mpl 

wheree we have introduced the reduced Planck mass mp\ — (8ITG)~1/2 — 2.436 x 
10188 GeV. which encodes the strength of gravity: p is the energy density and p the 
pressure.. A possible cosmological constant is included in the energy density. H = aja 
iss the Hubble rate. The current value is defined to be HQ = h 100kins- 1 Mpc- 1. 

Wee have used that for a homogeneous, isotropic Universe the comoving energy mo-
mentumm tensor T^v is diagonal 

T^T  ̂ = dmg(p.p,p.p). (1.3) 

Forr most of the evolution of the Universe, p and p have a simple relation, sometimes 
knownn as the equation of state 

pp = up. (1.4) 

withh UJ some constant. We can solve for the evolution of the scale factor in three 
limitingg cases of UJ, 

 Vacuum energy domination: 

u>u> = —1. p constant. — — exp (H t). (1-5) 
a0 0 

 Radiation domination: 

u;=1/3.. ^ = ( ^ y 4 . - = ( -V / 2. (i.o) 
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Chapterr 1. Introduction 

Parameter r 
h h 
i] i] 

nn - 1 
SSHH(k(k00) ) 
dn/dhik\kdn/dhik\k{i {i 
^eq q 

*TOC: : 

nnb b 
n m m 
Agoo of Universe 

0.733 5 
(6.55 ) x 10"10 

-0.033  0.03 
3.88 5 x 10"10 

00 rm+U U J8 

u.uoi_0 0 16 6 34544  400 
10888  2 

0.0477  0.006 
0.299 7 

(13.44 ) x 10yyears 

Tablee 1.1: Cosmological parameters as determined by W M A P [13] 

Matterr domination: 

- 0 . . 
Pi)Pi) V 'O 

a a 

«o o 

2/3 3 

;i.7) ) 

Forr radiation domination, we can introduce temperature by relating it to the energy 
densityy of a free gas with g*  (effective) relativistic degrees of freedom 

''  30 J :i.8) ) 

Densit iess of different energy contributions (pi) are usually quoted as fractions of the 
criticall  densitv 

Pi Pi n,n, = ^. pc=3H2nï2pl. 
Pr Pr 

Inn our case of a flat Universe, the total energy density is critical: 

]T ^^ = i. 

;i.9) ) 

1.10) ) 

Wee finally define the redshift z. so that (1  z) = au/az. where ÜQ is the scale factor 
noww and az is at the redshift z. In Table 1.1 we compile the cosmological parameters 
ass determined bv the W M A P mission [131. 

1.22 Cosmological timeline 

Thee evolution of the Universe is usually divided into epochs, each of which is related 
too a certain event, energy scale (p1^4) or type of process. We shortly summarize them 
ass follows (see Fig. 1.1): 
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1.2.. Cosmological timeline 

Bigg Bang 

?? (GUT, SUSY) 
Inflation n 

Reheating g 

Baryogenesiss ? 

Electroweakk phase transition 

Baryogenesiss ? 

QCDD phase transition 

LL k Energy density/Temperature 

AA 1015(?)GeV 

- \\ ?GeV 

} } 

Neutrinoo decoupling 1 

Nucleosynthesiss J 

Matter-radiationn equality 

Photonn decoupling 

\\ <10 (?)GeV 

AA ?GeV 

AA 100 GeV 

AA 100 MeV 

AA lMeV 

andd recombination - \ 1 eV 

Structuree formation 

Now w T i m e \ \\ 2.725 K 

Figuree 1.1: Timeline of the cosmological evolution. 

•• Big Bang: p1!4 > mpi(?), the Universe is created. Study of the origin of the 
Universee awaits a consistent quantum theory of gravity, and we will not comment 
furtherr on it. We should bear in mind, however, that this era sets the initial conditions 
forr inflation. 

•• Inflation : mpi(?) > p1'4 >?. The cosmological horizon and flatness problems 
suggest,, that a period of accelerated expansion took place in the early Universe [14, 
15,, 10, 11]. Most models of inflation are based on the dynamics of a scalar field (the 
inflaton).. In many cases, the energy scale of inflation is the GUT scale (1015 GeV) or 
higher.. Inflation is discussed in chapter 2 and a particular model in chapter 7. 

•• Reheating: Treh < 1015GeV(?). Whatever the initial matter content of the Uni
verse,, the exponential expansion during inflation diluted and redshifted everything 
away.. At the end of inflation, the Universe is thought to have been empty of particles, 
TT = 0 (see however [16]). The energy residing in the inflaton potential is turned into 
kineticc energy. Through interactions, this energy is transfered to other (Standard 
Model)) degrees of freedom, eventually thermalizing to some reheating temperature 
Treh-- Reheating is described in chapter 2 and one scenario is studied in chapters 6 
andd 8. 

•• Baryogenesis: T = 1 MeV < T < Treh < 1015 GeV(?). Astronomical objects con
sistt solely of matter (as opposed to anti-matter) particles. It has been argued, that 
onn scales as large as the horizon, no anti-matter exists [17. 18], except when produced 
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Chapterr 1. Introduction 

inn high-energy processes such as cosmic ray showers or laboratory accelerators. This 
obviouss asymmetry between mat ter and ant i -matter requires an explanation. De-
pendingg on the model at hand, baryogenesis can have taken place any t ime between 
thee end of inflation (before which any asymmetry would have become diluted away) 
andd nucleosynthesis (see belowT). Baryogenesis is discussed in chapter 3 and a specific 
model.. "Cold Electroweak Baryogenesis" (CEB). is the main issue of this thesis. 

•• E lec t roweak phase t rans i t ion : T — Tcw ~ 100 GeV. In the Standard Model of 
part iclee physics, it is assumed that the Higgs field currently has a non zero vacuum 
expectat ionn value (vev). breaking the electroweak symmetry. At high temperatures 
(T(T ~ 100 GeV) it is believed that a phase transition takes place, at which the vev goes 
too zero and electroweak symmetry is restored. During the expansion of the Universe, 
suchh a phase transit ion took place from the symmetric to the broken phase, if the 
t empera tu ree was ever above 100 GeV after reheating. 

•• Q C D phase t rans i t ion : T = TQCD — 170 MeV. Similarly, the QCD sector 
off the Standard Model is expected to have a phase transition at an energy around 
TT ~ 170 MeV. At higher temperatures, quarks and gluons exist freely as a plasma (a 
Quark-Gluon-Plasma,, QGP) , whereas in the current, cold, phase they are confined 
intoo hadrons. 

•• N e u t r i n o decoup l ing: T ~ 1 MeV. Neutrinos experience only weak interactions 
withh the other Standard Model particles. In an expanding Universe, thermal equilib
r iumm can only be maintained as long as the interaction strength T can overcome the 
dilutionn of particles, parametrized in terms of the Hubble rate H. When this was no 
longerr the case, "H > F \ the neutrinos '"decoupled" from the rest of the mat ter , and 
propagatedd freely with the energy distribution relevant to the temperature at decoup
ling.. Subsequent redshift due to the expansion changed this temperature (but not 
thee shape of the distr ibution). This relic neutrino population is in principle detect
ablee and could hold information of the Universe at the time of neutrino decoupling. 
Detect ionn methods are not yet sensitive enough to measure this neutrino background. 

•• N u c l e o s y n t h e s i s: T ~ 1 MeV. The earliest epoch of which we have direct observa
tionall relics is the fusion of primordial protons into the nuclei of the lighter elements. 
Itt took place at around T = 1 MeV, the typical binding energy of a nucleus. Detailed 
modelss of fusion have resulted in very accurate predictions of the abundances. These 
cann be compared to observed amounts of these elements, and allow us to fix the single 
unknownn parameter of nucleosynthesis, the rat io of baryons to photons [19]. 

== nb - n-b = __ x 1 0 _ 1 0 

whichh is nicely in agreement with the W M A P result (Table 1.1) [20]. 

Thee parameter 7/ which here enters as an input to the nucleosynthesis calculations 
quantifiess the asymmetry between matter (b) and ant i-matter (b). The creation of such 
ann asymmetry is the result of baryogenesis as described above, and the constraints 
onn the primordial abundances therefore provides a bench-mark with which to test 
proposedd models of baryogenesis. In particular, 77 7̂  0, requiring baryogenesis to have 
takenn place before nucleosynthesis. 
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1.2.. Cosmological timeline 

 Matter-radiatio n equality: As time went by. relativistic matter p oc a- 4 was 
overtakenn by non-relativistic matter p oc a- 3 as the dominant contributor to the 
energyy density. For z > zeq the scale factor is approximately given by a oc t1//2, for 
zz < zeq. a oc t2/3. 

•• Photon decoupling and recombination: As the gas of nuclei and electrons 
wass diluted, eventually the temperature reached T ~ 1 eV, somewhat below the 
typicall binding energy of an electron in an atom. Neutral atoms formed, and photons 
scatteredd much more rarely and eventually were able to propagate freely. This Cosmic 
Microwavee Background (CMB) is the prime source of knowledge of the early Universe, 
andd our only probe of inflation. 

•• Structur e formation : The fluctuations on the CMB tell us, that the Universe was 
nott completely homogeneous at recombination. This sets the stage for the formation 
off galaxies and stars through gravitational collapse around seeds of excess density. 
Althoughh this mechanism is very complicated and the details not settled, the standard 
loree suggest that it takes around 109 years to generate galaxies, and we indeed see 
thee oldest galaxies at such redshifts (1 + 2 = 5 — 6). 

•• Now: T — 2.725 K, t ~ 13.7 x 109 years. We are presently experiencing a transition 
fromm matter domination to vacuum domination. Indeed, the present energy content 
seemss to be divided between (dark) matter (ftm = 0.3) and dark energy (fl\ — 0.7). 
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Chapterr 2 

Inflationn and reheating 

2.11 Introduction 

Inflationn was originally introduced to resolve the flatness, monopole and causality 
problemss of Standard Big Bang cosmology [14, 15, 10, 11]. Today, inflation provides 
predictionss for the anisotropics in the Cosmic Microwave Background, which are con-
sistentt with observations. The physics of the CMB is rather involved (see for instance 
[11,, 21]) and connects the quantum fluctuations of the infiaton to the temperature 
anisotropiess in the CMB. Below, we shall briefly introduce the relevant concepts and 
calculationall  tools, which will allow us to test different models of inflation using the 
observationss of the spectrum of anisotropies. 

Att present, only the spectrum of scalar perturbations (as opposed to tensor perturb-
ations)) has been observed. Depending on the amplitude, and consequently the model 
off  inflation realized in Nature, tensor perturbations may be detected by the Planck 
satellitee [22]. At the moment, the state-of-the-art observational constraints come 
fromm the WMA P project [23], and in the examples below we shall compare model 
predictionss with these observations. 

Wee will also review the process of (p)reheating. in which the energy of the infiaton is 
transferedd to the Standard Model degrees of freedom through perturbative (reheating) 
orr non-perturbative (preheating) decay. Numerical simulations of these complicated 
processess is the topic of chapters 6 and 8 

Wee shall be interested in particular in the construction of a model of inflation ending 
att or near the electroweak scale with small reheating temperature Xreh < 100 GeV. 
Thiss sets the stage for the model described in chapters 4. 5. 6 and 7. 
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Chapterr 2. Inflation and reheating 

2.22 The Cosmic Microwave Background 

Apartt from astronomical sources (galaxies, stars, etc.). astronomers detect a homo-
geneouss isotropic background of photons with a near-perfect blackbody spectrum at a 
temperaturee of TCMB = 2.725 K [24. 13]. At recombination, electrons and nuclei be-
camee bound into atoms, and shortly after, the scattering of photons off these charged 
particless ended. The photons were ahle to propagate freely until they were picked up 
byy a detector. The CMB consists of these photons, correspondingly red-shifted. 
Thee homogeneity of the background suggests, that the Universe itself was very homo-
geneouss at decoupling. We do however measure tiny anisotropics in the background, 
f luctuationss in the temperature at the 10_5-level. These temperature fluctuations 
STST can be related to fluctuations in the density of mat ter Sp (where mat ter means 
baryonicc and non-baryonic mat ter) at decoupling. These in turn can be related to 
curvaturee fluctuations1 71, which are the result of vacuum fluctuations of the infiaton 
fieldd So. A full t reatment of the dynamics leading from So to ST is beyond the scope 
off  this thesis. In the following we wil l limi t ourselves to a brief overview of the steps 
andd concepts involved [11. 21]. 

Thee CMB comes to us from a surface of a sphere at a distance of order the horizon 
size e 

dcMBdcMB = -FT - 6000/i-1 Mpc. (2.1) 
- " 0 0 

Structuress of a size x in co-moving2 units are seen as an angle 

99-J^--J^- (2-2) 
Wee are interested in the correlation of temperature fluctuations in different directions 

ei .2 2 

„ / n ,, /dT(e2)ST(e1)\ 
C(0)C(0) = { K

T y ' ) . (2.3) 

wheree 0 is the angle between directions e12- Isotropy means that the correlator only 
dependss on the relative angle. The average is an average over different directions on 
thee sky. and in the following this average wil l be related to a quantum mechanical av-
eragee of field fluctuations. Having only one Universe available we cannot average over 
ann ensemble of realizations. For small scales the averaging over directions provides 
suchh an ensemble, but for scales comparable to the whole horizon, the procedure is 
unreliable.. This is known as the problem of cosmic variance. 

Wee can expand the sphere in terms of spherical harmonics 

^ ( e )) = ^ a Z m r , m ( e ) ! C(0) = £ ^ ^ C , P , (cosö), (2.4) 
lmlm I 

xxThcThc curvature perturbation is related to the spatial curvature as R:i — -4V2TZ. It is a useful 
intermediatee quantity, which wil l however disappear in the final result. Its one crucial feature is that 
itt is constant on super-horizon scales, 

2Noticee that co-moving sizes are equal to the physical sizes now, since by convention O,Q = 1. 
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2.2.. The Cosmic Microwave Background 

withh Ci6u>6mm> = (aima*,m,). Isotropy imposes trivial dependence on m. 
Inn a linearized treatment, we can encode the entire evolution of density fluctuations 
inn a transfer function T&(k.l). It relates the primordial curvature fluctuations dur-
ingg inflation3 Tllm(k) to temperature fluctuations at decoupling, and determines the 
coefficientss a/m 

47T T 

ah ah (2TT) 3 / 2 2 
rTrTee(kJ)K(kJ)Klrnlrn(k)kdk.(k)kdk. (2.5) 

Jo Jo 

and d 

f^f  ̂ dk 
CI=4-KJCI=4-KJ Tl{kA)Vn{k)T. (2.6) 

Inn eq. (2.6) we have introduced the spectrum of curvature fluctuations 

t.33 25 
VVnn{k,l)8{k,l)8ww88mmmm,6(k-tf),6(k-tf) = ^{TVlm{k)KVm'{k')) =  T\6H\2(k). (2.7) 

Thee spectrum of scalar perturbations SH is a central quantity in inflation model 
building,, since it is directly measurable in the CMB. More about this in section 2.3. 
AA multi-pole Q corresponds to an angular scale 0 ~ 2TT/1 and thus the co-moving scale 
2/(H2/(H00l)l)  — 6000h~l l~ l Mpc. Recombination took a finite time, during which photons 
weree re-scattered. The CMB is therefore not a perfect snapshot at decoupling, but is 
smearedd on scales smaller than the photon propagation length during this time. This 
lengthh is around 7Mpc corresponding to / = 900 h~l. So for larger I (smaller scales) 
wee expect the C/ to go to zero. The horizon at decoupling corresponds to I = 70/J- 1. 
Ass we will see below we expect that for smaller / the C\ are approximately equal to 

^^  + l)C^ffe| 2(f). (2.8) 

Typically,, results from observations are plotted in terms of 1(1 + l)Ci since the curve 
iss then flat for low / for a flat spectrum \$H\2-

Forr intermediate 70 < / < 900 the transfer function is very complicated and requires 
aa relativistic treatment of the gravitational collapse induced by density fluctuations. 
Thiss translates directly to the spectrum of multi-poles. 

2.2.11 Density fluctuations 

Duringg accelerated expansion (a > 0). the particle horizon d(t) in co-moving coordin-
atess is decreasing. 

mm== [[ ttj!Lj!L  (29) 
a(t)a(t) Jo a(t) 

33TZ(k)TZ(k) and 7li,n(k) are expansion coefficients of TC(x) on a Cartesian and spherical basis respect-
ively.. Normalizations are chosen so that (\Tlim(k)\2) = (|TC(k)|2) which is all we wil l need. In 
addition,, because of isotropy the dependence on direction (/. m) and (k) is trivial. 
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Chapterr 2. Inflation and reheating 

soo for a power-law expansion 

a(t)=aa(t)=a00(^-)(^-) - - ^ j * / 1 ^ . p > l ^ o > 0 (2.10) 
V WW a[t) 

Lengthh scales x (or equivalently niomentuni modes k — 2~/x) in causal contact at 
earlyy t imes wil l eventually leave the horizon, in the sense that x > d(t)/a(t) in co-
movingg coordinates. The curvature perturbat ion 7l(k) on such scales wil l freeze in 
unt ill  some time after inflation, when the horizon catches up with it. 

Oncee a scale k is back within the horizon, gravitational collapse on that scale wil l 
occur.. In the standard ("Concordance") Big Bang Model, the Universe is dominated 
byy non-baryonic Cold Dark Matter and Dark Energy, with a smaller component of 
baryonicc matter, part of which wil l become the visible Universe. The two matter 
componentss only interact gravitationally. The evolution of density fluctuations S(k) — 
dp(k)/pdp(k)/p is determined by 

Xbar / j ,\\ , o U n b a re i. \ i „2  U\ U\ I 1 xn,\bar SStrMtrM(k)(k) + 2Hö^r(k)+c^t)\^] <S(fc)bar - ^Gpö(k)tot = 0. ( 2 . i r 

SScmïcmï(k)+2HÖ(k)+2HÖCDUCDU(k)-lnGpS(ky(k)-lnGpS(kyotot = 0. (2.12) 

wheree r s is the speed of sound in the baryonic fluid, which is temperature and time 
dependent.. In the second equation we have taken into account that the CDM has no 
pressuree (being Cold) and therefore no sound. 

Thee initial density fluctuations at horizon reentry are given by the primordial curvature 
f luctuations s 

44 / k \ 2 

S{k)=S{k)=9\^H)9\^H) U{k)- ( R a d- D o m - ) - f2-13' 

22 / k^ 2 

ö ( A - ) = - ( — JJ n(k). (Mat. Dom.). (2.14) 

Thee CDM wil l collapse gravitationally around these initial excesses of density. Bary-
OILSS on the other hand have pressure. One defines the Jeans momentum and length 
kjkj — 2n/Xj to be when the last and next to last terms of eq. (2.11) are comparable. 

k.,k., =  V
 ( ' . (2.15) 

Forr large length scales (k < kj) the gravitational potential dominates, and we can 
neglectt the sound (pressure) term. For these scales, gravitational collapse proceeds 
ass for the CDM component. For smaller length scales (k > kj). the pressure term 
dominatess and the density fluctuations perform acoustic oscillations. This continues 
unt ill  decoupling, when the photon pressure suddenly drops. Afterwards, normal 
gravitat ionall  collapse occurs, with the baryons density profile approaching the one of 
thee dominant CDM component. 

20 0 



2.2.. The Cosmic Microwave Background 
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Figuree 2.1: The spectrum of multipoles as measured by WMAP. Overlaid the best 
fitfit  to the "Concordance Model". From [13], with permission from the authors and 
publisherr (AAS). 

Thee largest scales reenter the horizon after decoupling, and correlations on these 
scaless are only affected by the effect of the gravitational potential on the otherwise 
freelyy propagating photons, the Sachs-Wolfe effect. In this case the transfer function 
iss remarkably simple [11] 

^ ( e )) = - i f t ( 2 e / F0 ) . (2-16) 

Thee acoustic oscillations last from horizon reentry to decoupling. This time determ-
iness for a given mode k (or multi-pole /) whether the density contrast is at a peak or 
aa trough at decoupling. In the multi-pole spectrum we therefore expect an oscillatory 
behaviorr for these multi-poles which are not smeared (so / < 900) and did not reenter 
thee horizon after decoupling (/ > 70). This is indeed the well-known picture 2.1. 
Thee observed spectrum can be fitted convincingly by a Concordance model depending 
onn only six cosmological parameters: Baryon density Qhh

2, matter density Qmh2, 
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Hubblee constant //. the optical depth r. the ampli tude of primordial fluctuations at 
aa reference scale k{!. \dH |2(/r0) and the spectral index 

d\Sn\d\Sn\22
lt lt 

(A'o)) = n - l . (2.17) dd In k 

I tt is possible to include1 a seventh parameter describing the scale dependence ("run-
ning""  ) of the index 

dndn , 
^ k ,, (2.18) 

Thee W M A P results relevant here and in the following chapters are summarized in 
Tablee 1.1 of chapter 1. 

2.2.22 e-folds 

Ass mentioned, curvature fluctuations are constant for scales larger than the horizon 
[11].. The CMB fluctuations of a given momentum mode h are therefore determined 
byy the epoch at which the corresponding scale ~ 1/A' left the horizon, so when 

—— = Hn. (2.19) 
an an 

wheree k is a momentum in co-moving units, k/a in physical units and 1/H-n is the 
horizonn size at this epoch. Consider a mode which has some size compared to the 
horizonn now 

k k 

—— = cH0. (2.20) 
a.a.0 0 

forr some c. For WMAP. the reference scale is k/a0 = 0.05 M p c - 1 . c ~ 200. We can 
writ ee eq. (2.20) as 

frfr  = <*HHH  __ On «e »reh "eg Hn 

tt()#0tt()#0 « 0 #0 «f fl-reli «eq «-0 # 0 ' 

wheree we have expanded the scale factor rat io 'jf- into ratios at different epochs. av 

att the end of inflation. nr eh after re-heating and «oq at mat ter / rad iat ion equality. 

Wee are interested in how long before the end of inflation the mode k left the horizon 
inn terms of e-folds N^ 

. Y , = - l n ( ^ ) .. (2.22, 

Iff  we make the simplifying assumption that re-heating was instantaneous4 ae/areu - 1 
wee can write 

exp(A 't )) = 'f ( ^ ) ' / J (1 + ; „ , ) - - $ - . (2.23) 
**  \PrehJ v 3 mp i 

Wee wil l see in chapter 6 that this is valid for low-scale inflation. For GUT scale reheating 
thiss may not be such a good approximation depending on the mechanism of reheating, giving an 
uncertaintyy on the number of e-folds. More about this in section 2.4. 
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2.3.. Scalar field dynamics and vacuum fluctuations 

Sincee peq = 2p™ = 2Qm {1 + zeqf pc0 and pr eh ~ pn. we find 

^^ = _ m (_*_) + I in f-^O + I in (-^) . (2.24) 

Withh fZm = 0.29, 1 + 2eq = 3455, JJo = 73km/sMpc_1 

ppnn = (1018 GeV)4 -> Nk = 61, (Planck scale). (2.25) 

p**  = (1015 GeV)4 -*  Nk = 54, ( GUT scale), (2.26) 

ppnn = ( l02GeV)4 -+ Nk = 24, (Electroweak scale). (2.27) 

Whenn comparing model predictions of inflation to observations, SH, n—\ and -^-^ 
shouldd be evaluated Nk e-folds before the end of inflation for modes at the WMA P 
pivott scale. We shall mainly be concerned with inflation at the electroweak scale, for 
whichh Nk = 24. 

2.33 Scalar field dynamics and vacuum fluctuations 

Inflationn is usually described in terms of a scalar field a (the inflaton), which is rolling 
inn its potential. If the potential dominates the energy density, the Universe inflates, 
sincee then (see eq. (1.5)) 

LLoo = P-=Y2~V ^-l. (2.28) 

Thee equations governing the evolution are the Friedmann equations (1.2) and the 
equationn of motion for a scalar field in an expanding background 

HH22 = T̂(^- + v), a + 3H& + V'(cj) = 0, (2.29) 
3mjii  V 2 

withh V'(cr) = dV/da. a is assumed to be homogeneous (thus no dfa), as all in-
homogeneitiess are red-shifted away during inflation. Notice that one is treating the 
homogeneouss background inflaton as a classical field. We still need to choose the po-
tentiall  V and the initial condition for the field in such a way that we indeed produce 
inflation. . 

Usually,, the equations are studied using one (or both) of two methods: application 
off  the slow-roll approximation and numerical solution on a computer. In addition to 
solvingg for the evolution of the background homogeneous Universe and inflaton, we 
aree interested in the growth of quantum fluctuations of the inflaton field (5 denotes 
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quantumm operators). 

&(x.t)=a(t)+S&(x.t).&(x.t)=a(t)+S&(x.t). (2.30) 

5a{x.t)=5a{x.t)= [ -^öök(t)e^. (2.31) 
JkJk (2 7 r) 

Sêk(t)=aSêk(t)=akkffkk(t)(t) + alfC(t). (2.32) 

wheree ok- ak are the creation-annihilation operators and we have expanded on time-
dependentt mode functions fk(t). This is possible in the Gaussian approximation, 
wheree the equations of motion are linear. In such a linearized approximation the 
modess evolve independently, according to the equation 

k^k^2 2 

IkIk + ZHfk + m2fk +[-)  fa = 0. (2.33) 

Wee shall neglect the mass m2 since it is usually constrained to be very small by 
observations.. In a typical inflation model H is roughly constant, and one can solve 
forr the mode functions fk a few e-folds after horizon crossing k/aH = 1. In terms of 
thee spectrum, the result is 

^ WW = ^<l/k
2|> = ( £ ) !,=«„  (2.34) 

evaluatedd at the time tn when the mode k leaves the horizon. The primordial 
curvaturee fluctuations are given by5 

n(k)n(k) = - ( - ) SakL. (2.35) 
a a 

Wee find 

l*" |2(*)) = éf? l '«p ' = 2^ff |'«- (2-3C) 

Itt is usually assumed6 that the spectrum obeys a power-law 

| 2 / MM _ ijt 12/ - * / k \tH\'\tH\'zz(k)(k) = \SH\2(k0){j-j  . (2.37) 

Thee WMA P results tell us that (Table 1.1) 

l<^|2 xx 10-: o. (2.38) 

n ( A - 0 .. (2.39) 

^(fco)=0.031+S:8!S.. (2.40) 

withh the WMA P pivot scale is k0 = 0.05 Mpc- 1. Whether the running of the spectral 
indexx ( j^ l fc, ,  ̂ 0) is real or not awaits future observations. 

5Thiss relation relies on the choice of coordinate systems implicit in the definition of TZ and 5a. 
Forr details, see for instance [11] chapter 15. 

6Thiss is true in slow-roll, see below. 
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2.3.. Scalar field dynamics and vacuum fluctuations 

2.3.11 Slow-roll 

Wee define the slow-roll parameters7 [11]. 

wheree V = V(<r), V' = ^ etc. In the regime where e <gC 1 and/or 77 <jC 1, we can 
neglectt the first term in eq. (2.29) and the kinetic energy in eq. (1.2) 

« * = < - " •• F = 3- (2 '43) 

Thee inflaton is said to be slow-rolling, and the Universe is inflating, since 

^ = - e .. l=H\l-t).  (2.44) 

Observablee quantities can be expressed in terms of these (and higher order) slow-
rolll parameters (see for instance [21]). We will restrict ourselves to "first order in 
slow-roll". . 

AA mode k leaves the horizon at time t-n(k). This corresponds to a number Nk of 
e-foldss before the end of inflation te 

rUrU 1 ran y 
NNkk==  H(t) dt = — —do, (2.45) 

Jt-HJt-H mp] JaenA
 V 

wheree the second equality applies for slow-roll. The crucial observational quantities 
aree given by 

\S\SHH\\22(k)=(k)= \ 4 ^ . (2.46) 
1500 7HmJj eH 

n{k)-l=-6en{k)-l=-6enn + 2rm. (2.47) 

(III (III 
--rr(k)(k) = -16eHTin+24e2

n+2&,  (2.48) dinn (A;) 

alll evaluated at the time when the mode k left the horizon (subscript Ti) 

'' In chapter 7 they will be denned in a slightly different way. when the equations will be written 
inn terms of e-folds instead of time. 
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Chapterr 2. Inflation and reheating 

E x a m p l e::  P o w er  law po ten t ial 

Assumee a simple form of the potential 

V(a)V(a) = ^ V \ (2.49) 
P P 

wit hh p a positive integer. The full equation of motion for a is 

aa + 3Ha+ A, ,<TP _1 = 0. (2.50) 

wit h h 

r2__ K»p 
H ^ = - ^ - .. (2.51) 

• * " ' P > > 

Inflationn lasts as long as 

22 2 2 4 

€€=^—Y'=^—Y' i}  = I>(l>-l)—T- Z = P ( / ^ - l ) ( p - 2 ) — J - . (2.52) 

art11 smaller than one. Defining the end of inflation to be e = 1. we find 

^ = y V > / 2 .. (2.53) 

Thiss dietates our choice of initial conditions o, > (p/ \/2)mv\. Notice that we could 
havee chosen // = 1 as our criterion for the end of inflation. In the current model. 
jj/ejj/e — 2(p — 1)/p. In the slow-roll regime, we can approximate eqs. (2.50. 2.51) by 

^ / " p i ^ 2 " 1 .. (2.54) 

Whichh can be solved straightforwardly 

a(t)a(t) = a ( f 0 )exp [ -\/ ̂ n,p](t t0) j . p = 4. (2.55) 

aa*-v(2*-v(2{t){t)  _ a2-p/2{{)) =  ( | _  ̂ ^ m p l ( / _ M . p t 4. (2.56) 

Horizonn crossing of the /r'th mode took place at 

""""  =(2plft+(^)')1'i- (2-57) 
«'pii y V "'-pi 

soo we would observe 

| 2 / ; ,, \ _ AP / n *r .. , P 

™™™™==^4rt->\^4rt->\ 2N2N>>v+v+2)2)  (2-58) 

» - ll = - j ^ . (2.59) 
4AA.. + p 

t/nn 8(2 + />) 

d inn A' (4Nk+p)2 (2.60) ) 
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2.3.. Scalar field dynamics and vacuum fluctuations 

Forr p — 2 and N  ̂ = 61 (Planck scale chaotic inflation [25]) this gives 

22 5043 A2 A2 

^ l ( f c o )) = 5ö^^" lü^; - (2-61) 

nn - 1 = ~ -0.03. (2.62) 
1233 ; 

dHdH 8 ~ 0.0005. (2.63) 
dinn A; 15129 

Forr p — 4 and N  ̂ — 61 (Planck scale A<74-model) 

\S\SHH\\22{k{k00)) ~2600A4, (2.64) 

nn - 1 = - A ~ -0.05. (2.65) 

dinfc c 
0.0008.. (2.66) 

Thee constraints on |<5#|2(&o) can be satisfied through the choice of Ap. For electroweak 
scalee inflation (Nk =24) 

n-ln-l = - . (2.67) 
966 + p 

Althoughh the WMAP can be accommodated at the 2-a level with p — 2, we will have 
too discard this model: The energy density at the end of inflation is 

ADD m ,̂ 
V>end)) = / * „  (2.68) 

^^ e n a^ pl-p2p/2 v ; 

whichh is far above the electroweak scale if Xp is chosen to fit the amplitude \6H |2- For 
pp = 2. for instance. V(crend)/(100GeV)4 ~ 1054. making the reheating temperature 
muchh larger than the electroweak scale. 

Example::  Inverted inflatio n 

Ann alternative type of potentials are [26. 27] 

V »» = V0 - ^ V ' + ^-(7q. (2.69) 
pp q 

Inflationn is obtained through domination by the constant energy density VQ. The 
thirdd term is present to ensure that the full inflaton potential is bounded from below, 
butt is assumed not to influence the inflationary stage. Notice that the inflaton is 
rollingg from small values towards large ones. Using V0 > ~iraP- t m s c an De solved for 
alll  p as before. 
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Figuree 2.2: Left: The inflaton field in a power law potential, p = 2. using the exact 
(fulll  line) and the slow-roll (dashed) equations of motion. Also shown is the number of 
e-foldss of inflation. Right: The same thing for inverted inflation, p = 4. In both cases 
slow-rolll  seems a good approximation, although in the latter case, slow-roll estimates 
inflationn to end 1—3 e-folds too early. 

Inn these models, r/ is in general larger than e. r\ = 1 is therefore a reasonable criterion 
forr the end of inflation. We introduce the useful quantities x = Apm^/Vb and a = -^—. 

\S\SHH\\22(k(k00) ) 
In n ;.2(l-p) ) 

755 7T2 m* , x2 n 

22 ~ 2 ( p - l ) ^P- 2 2 nn - 1 = - 3xz a^~> + 2x{\- p)dP
H 

dndn 2 x2 

d\n(k) d\n(k) 

withh for p > 2 

^ ( (p - l ) ( (p -2 )4""  + 4 x 4P) + 3 x2^ ) : 

aa22-P(t)=^-P(t)=^22-P\t-P\t00)+(2-p), )+(2-p), II  Vo 
3 m p i i 

mmpp\(t-\(t- t0), 

- (2-p) ) 
7W W (p-2)xJVf c+a;(P- l ) . . 

(2.70) ) 

(2.71) ) 

(2.72) ) 

(2.73) ) 

(2.74) ) 

Forr p = 2 we see that 77 = — x. Slow-roll thus requires x < 1. Once this is obeyed, 
inflationn can onlv end when e = 1. so 

a(t)a(t) =a(t0) exp f —===mPi (*  - *o) / • 

72 2 
<rww = — exp(—Nkx). 

(2.75) ) 

(2.76) ) 

Forr electroweak scale inflation we again require N  ̂= 24. In this case it is not possible 
too satisfy the WMAP constraint on re — 1 for any p. Notice that the spectral index 
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2.3.. Scalar field dynamics and vacuum fluctuations 

dependss only on the parameter x. We shall have much more to say about this type 
off  model in chapter 7. 

Fig.. 2.2 shows a comparison between the slow-roll equations (2.42) and the complete 
oness (2.29). both for power-law and inverted inflation. The slow-roll approximation 
doess very well in describing the evolution during inflation. At the end of inflation the 
approximationn breaks down, as the inflaton begins a damped oscillation. Being first 
order,, the slow-roll equations cannot describe this. 

Example::  Hybri d inflatio n 

Inn some models, inflation never ends. The inflaton continues slow-rolling indefinitely. 
Onee example is "power-law" inflation, with an exponential potential 

Vrr = Vr
0exp(-Cff), (2.77) 

Thee equations of motion have an attractor solution where the scale factor grows as a 
powerr law with exponent a(c) which depends only on c 

tt ^ Q(c) 

andd the inflaton evolves as 

a(t)a(t) = a0 ( - ) . (2.78) 

a(t)a(t) = &(tQ) + -c\n(~\ (2.79) 

Itt is an attractor in the sense that solutions from different initial conditions without 
exactt power-law behavior will converge towards this attractor as inflation proceeds. It 
iss a general feature of inflation that there are such attractor solutions. The slow-roll 
parameterss are constant 

c = y ,, // = c2, e = c\ (2.80) 

soo according to the slow-roll criteria, c < 1 signals that inflation will never end. 

AA second field can be introduced to ensure an end to inflation [28. 29]. We call it è. 
inn anticipation of the following sections, where it wil l be identified with the Standard 
Modell  Higgs field. The combined potential reads 

V(<r.0)) = V(a) + \ { \ i y - K V + - ^ . (2.81) 

Ass long as a < ac = \ij  y/Xa(p, the field <p stays zero, and inflation proceeds. Wrhen 
aa becomes larger than <r c. <f>  begins rolling and the inflaton experiences a (time-
dependent)) mass m%(t) — \a^

2, ending slow-roll. Consider the case of <t>  being the 
Standardd Model Higgs. Then fj,2 ~ 100 GeV. Unless Xa(p is very small, 

V o e x p f - c — ")) = V 0 e x p| - c ^ = ] ~ VQ, (2.82) 
m p ll  / V TTlpl 
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sincee c < 1. After inflation, the potential is just 

V(a.o)V(a.o) = V'o + -{K0a
2 - fi2)o2 + - o4 . (2.83) 

22 4 

(7(7 rolls to va = (J. and o to v0 = 246 GeV completing elect roweak symmetry breaking. 
Thee inflaton field is still present with a mass rn  ̂ = Xao1'2,- ^"e c an üx K) through 

V(r,.rV(r,.ro)o)=0=0 - V„  = g = g . (2^84, 

Thee spectral index is deterniined by c 

n~ln~l = -c2. (2.85) 

whichh fits observations for c < 0.3. The number of e-folds is satisfied through 

onon =  Nk- + <Te.ui = - f A U - 7 = ^ - r Ar
A.. (2.86) 

andd we have1 

Thiss means that 

V(aV(ann)) =Vóexp(rA'A.). (2.87) 

.. , ,o VQ exp (cNk) 
6 / / 2 == "  4 2 - 2 - 8 8 

Withh Vo = (100 GeV)4, this can only fit observations for c ~ 10~30 > 0. This in turn 
meanss that the spectral index n — 1 ~ 10- 6 0. 

Althoughh the exponential potential can in principle reproduce observations, it suffers 
fromm another problem. When quantizing the theory, one would expect to have to 
studyy the quantum effective potential rather than the classical one. Loop corrections 
aree expected to spoil the exponential form of the potential, destroying slow roll. We 
wil ll  discuss loop corrections to inverted-type inflation in chapter 7 (see also [30]). 

2.44 Reheating 

Thee central assumption of inflation is that the potential dominates the energy density 
off  the Universe. As the expansion progresses, all radiation (p = p/3) and dust (p = 0) 
wil ll  be diluted away. The end of inflation has been defined as f = 1 in slow-roll, the 
timee at which the inflaton kinetic energy becomes non-negligible compared to the 
potential. . 

Inn case the inflaton is not coupled to other fields, it will eventually reach the minimum 
off  its potential and start oscillating. In an expanding Universe the amplitude will 
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dampp until all the available energy has been red-shifted away and the infiaton lies 
stilll  at the bottom of its potential. The equations determining these oscillations are 

aa + 3Hd + V' = 0. (2.89) 

andd the Friedmann equation 1.2. In the limi t where the infiaton potential is quadratic 
(V(V — m^cr2/2), and we can easily solve the set of equations (see Fig. 2.3). 

a(t)~c(—a(t)~c(— J sm{mat). a{t) = a0(—j . (2.90) 

Thee Universe is matter dominated by the coherently oscillating infiaton field, which 
wee can view as zero momentum particles with mass ma. 

Obviously,, the interesting case is when the infiaton is coupled to other fields. We 
cann then expect that infiaton particles will decay into particles of these fields. These 
interactt and will thermalize to some temperature Tren given by the energy scale of 
thee infiaton potential at the end of inflation and the process through which the decay 
iss performed. This process of (re-)heating is a complicated non-equilibrium process 
whichh has received significant attention [31, 32, 33, 34, 35, 36]. 

Inn the following we will present three different mechanisms of interest: "normal" 
reheatingg through particle decay [10, 31. 32, 33, 34, 35]. Resonant preheating, a 
periodd of resonant particle production preceding and setting the initial distribution 
forr subsequent decay [35. 37, 36. 38]. and finally tachyonic preheating, where reheating 
iss realized as a scalar ("Higgs") field performs symmetry breaking as a zero (or low-
)) temperature transition [39. 40. 41. 42. 43]. This last case is what is expected to 
happenn in many hybrid inflation scenarios, in particular in electroweak scale inflation 
[44,, 27, 26, 45, 46]. 

2.4.11 Reheat ing by infiaton decay 

Ass mentioned, a homogeneous field oscillating in a quadratic potential can be thought 
off  as coherent zero momentum particles with a mass given by the second derivative 
off  the potential. In perturbation theory, these can decay to particles of fields to 
whichh they are coupled, if the mass of the infiaton is larger than the mass of the 
decayy products. Consider the case where the infiaton is coupled to one other scalar 
field,field, the mass of which is much smaller than the infiaton mass (ma ^S> rn0). The 
Lagrangiann could read 

CC = \ d ^ o + hm2
aa

2 + \dli(pd^0 + \m\tf 

++ 2 A^(t\x + a) V + —X(p\ (2.91) 

wheree for convenience we have assumed that the quadratic infiaton potential is just 
thee result of an expansion around the minimum a = va which may or may not. be zero. 
Att tree level the decay rate is dominated by a —» 00 decay8. In more complicated 

8Thiss non-zero vev allows for simple tree level decay. Otherwise we could just introduce a general 
decayy channel with some rate. 
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Figuree 2.3: Left: The inflaton field performing damped oscillations with amplitude 
DCC t~ . Right: During reheating the radiation (<p) component experiences a rapid 
initiall  growth, decays as a- 3 / 2 as long as it is sourced, and finally as a"4 as in a 
normall  radiation dominated Universe. 

modelss where the inflaton couples to other particles species, one should take additional 
decayy channels into account. 

I >> - 00) 
2TTTTl2TTTTlr7 r7 n>-„ n>-„ 

(2.92) ) 

Inn an expanding Universe the equations governing the energy density of the two 
particlee species can be approximated by [10] 

p„p„  + 3Hp„ = — Yapa. inflaton. 

P(j,P(j, + 4:Hp0 = Tapa. radiation. 

HH22 = (pa + p(p)/(3mll). 

(2.93) ) 

(2.94) ) 

(2.95) ) 

Thiss can again be solved numerically (Fig. 2.3). Assuming that the decay products 
thermalizee fast through self interactions or interactions with other particle species, 
wee can assign a temperature to the radiation component through 

P<t> P<t> 30 0 
9*T9*T4 4 

Thee maximal temperature during reheating is [10] 

rn n o.89; 1/4my2(r amp l )
1/4. . 

(2.96) ) 

(2.97) ) 

andd the final temperature at t = Fa , when most of the energy has been transfered 
too the light species is 

Trehh = 0.553*  (rCTm pii  J 
,1/2 2 (2.98) ) 
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Inn this standard picture, we should consider reheating a prolonged process, which from 
ann initial oscillating inflaton produces a thermal equilibrium state of light (Stand-
ardd Model) particles. Since the decay is not instantaneous, the resulting reheating 
temperaturee will depend on the expansion rate and the decay rate, and will not be 
determinedd by just instantaneously redistributing the potential energy over the light 
particlee species 

PoPo = ^ . 9 * ^ l s t = V(a)(te) ~ m X i - (2-"> 

Comparingg the two temperatures gives 

-idecay y 
reh h r f f f 
T™**  ma H(te) 

(2.100) ) 

Thee last equation expresses the obvious fact that the efficiency of reheating depends 
onn the contest between the decay rate and the expansion rate. If T » H the decay 
iss almost instantaneous on the expansion time scale. On the other hand, for T <<C H 
decayy products are diluted away as soon as they are created and the Universe reheats 
too a very low temperature. 

Soo we see that after inflation there is first an inflaton dominated period, where the 
Universee is matter dominated. The radiation component is sourced, and its energy 
densityy therefore decreases slower than normal for radiation p  ̂ oc a~3^2. Eventually 
radiationn will dominate, the decay will be completed and the Universe will proceed 
ass radiation dominated. We must always require the reheating temperature to be 
abovee a few MeV in order for nucleosynthesis to proceed successfully. In most models 
off  inflation, the reheating temperature is well above the electroweak scale, although 
inn some models it can be constrained from above by bounds on created massive 
particless (see for instance [47, 48]). If the inflaton is related to GUT physics, it is not 
unreasonablee to require 1010 GeV > Treh > 1 MeV. 

2.4.22 Resonant preheating 

Onee can also attempt to treat the field dynamics themselves in a non-perturbative 
way.. The result is that momentum bands of fields coupled to the oscillating inflaton 
cann be in resonance and be boosted with very large particle numbers. This process is 
knownn as resonant preheating [35. 37. 36]. 

Wee shall again be concerned with the model of the previous section, with one scalar 
fieldd coupling to the oscillating inflaton eq. (2.91). Assuming small (linear) fluctu-
ations,, we can expand the field <p in terms of mode functions 

ó(x.t)ó(x.t) = 0(t) + £ (ak/k(0 + almt)) . (2.101) 
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Figuree 2.4: Left: An fk(t) in the resonance band. Overlaid the envelope DC exp (q t/2). 
Right:: The logarithm of the occupation number nk eq. (2.105) for a non-expanding 
Universe.. A{k) = 1. q = 0.1. Overlaid exp(gi). 

Thee equation for the fk(t) is approximately given by 

(2.102) ) 

£*(* ) ) 
1.2 2 

a*(t) ) 
++ mo + «A(<?>2) + A

CTo (tV + cr(t) sin (mat)y 

Wee have assumed for now that the inflaton performs a simple oscillation with a time-
dependentt amplitude a(t) and we have included the <$>  self-interaction in the Hartree 
approximationn (see chapter 8). The coefficient of fk(t) acts as a time dependent 
frequencyy £jk{t). 

Inn the simplest case where we can neglect the expansion. H = 0. a(t) and a(t) are 
constants.. We can also simplify things by setting va = m  ̂ = A = 0. Then the 
equationn turns into a Mathieu equation 

hh + (k2 + \a<pa
2sin2 (mj,)) fk(t) 

Inn terms of the quantities 

KéêKéê2 2 

0. . 

44 m2, 
A(k)A(k) = 

2k2k22 + X^a2 

2ml 2ml 

(2.103) ) 

(2.104) ) 

thee equation has instability bands enumerated by A(k) = l 2. 22 . . .. with widths given 
inn terms of q, 8k ~ ql.q2 For such (A{k).q) combinations, the equation has 
exponentiallyy growing solutions fk oc exp(/i£mf f i) . For the first band A(k) = 1. 
^k^k = § (Fig. 2.4). We can define particle numbers nk and frequencies u>k in terms of 
thee mode functions [49, 50] 

nnkk = \l\fk\2\fk\\ uk = \l\fk\2l\fk\ 2. (2.105) ) 

Choosingg a nonzero m  ̂ alters the expression for A(k). Similarly putting va » a 
allowss us to neglect the sin2 (mai)-term compared to the sin (mCTf)-term. The resulting 
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Figuree 2.5: Logarithm of the occupation number nk eq. (2.105) for resonant pre-
heatingg in an expanding Universe, A(k)(t = 0) = 16. Overlaid is 10 x y/A(k) which 
decreasess as a~2{t). We expect the jumps to happen when y/A(k) crosses integer 
valuess 4. 3. 2.1. This doesn't seem to be strictly obeyed. 

equationn can also be rewritten as a Mathieu equation with different (Ak,q) and half 
thee frequency of oscillations. 

Forr a non-zero expansion rate, it becomes much more complicated to solve the equa-
tion.. Additional complications come in if the inflaton potential is not quadratic, 
makingg the oscillations non-harmonic. Finally, one should take into account back-
reactionss from the created 0 excitations (A  ̂ 0)9. Analytical solutions have been 
foundd including one or more of these effects [35, 37, 51]. 

Wee content ourselves with a numerical solution in the case of a quadratic inflaton 
potentiall  but with finite expansion rate 

k(t)k(t) +3Hfk(t) + (JL; + K^2(t) sin (mat f ^j /k(t) = 0. (2.106) 

Wee expect a similar picture as before, except that modes are now redshifted by the 
expansion,, so that they move through the instability bands. The result is a jump-
ingg behavior, with large boost taking place roughly when A(k)(t) run through the 
instabilityy bands. There is still a net exponential growth of the particle numbers, 
seee Fig. 2.5. As a result of back reactions, eventually the resonance will end. This 
setss the stage for the standard decay scenario, but now with a specific non-thermal 
particlee distribution as initial condition. Whereas in the case of perturbative decay 
alll  the inflatons were coherently oscillating and had zero momentum to start off with, 
thee Higgs and inflaton fields now have sharp peaks (for negligible expansion) and 

9Thee large Higgs (scalar) field modes wil l also back-react on the inflaton oscillations, although we 
neglectt it here. In the case when the inflaton field couples to itself it wil l also be "preheated'' and 
thiss may alter the oscillations as well. In general a small fraction of the inflaton energy is released 
throughh this parametric resonance even though the particle numbers can become very large. 
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broadd bands (for finite expansion) of high occupation numbers at low but non-zero 
momentum.. This may influence the final reheating temperature. In addition it is 
possiblee that heavy particles [48] and topological defects are produced as a result of 
thee violent chaotic dynamics. Al l of this may add up to significantly alter the way 
reheat ingg proceeds. 

2.4.33 Tachyonic preheating 

Inn hybrid models, inflation ends as the symmetry breaking of a second field is triggered 
andd this field begins rolling down into a potential well (section 2.3.1). If the two fields 
weree classical and homogeneous, it would be just two coupled degrees of freedom 
rollingg down into a common potential, oscillating. If they are coupled to other fields, 
decayy and resonant preheating could occur, this t ime with a more complicated beha-
viorr of the t ime-dependent frequency. 

Inn reality the fields are quantum, and we should keep track of the evolution of all 
thee momentum modes, start ing from the vacuum fluctuations. After inflation the 
Universee has zero temperature. Writing for the Higgs10 

o{x.o{x. t)= J J—J  ̂ ok(t) exp (,'kx). (2.107) 

thenn for a quadrat ic potential 

V(o)V(o) = ^ o 2 + j / - V(o) = ^ o 2 (2.108) 

thee equations for the modes decouple, and 

0kk = - ( * 2 - / / 2 f f ( f ) ) 4 . (2.109) 

Forr constant //|2ff . this equation is solved as usual as 

Ok(ff  < 0) = -==  ff l kcxp {-U> kt) + alvxp (iu;kf)) . (2.110) 

wheree J2. — k2 + (j2H. The normalization has been chosen so that 

1.. (2.111) 

andd in general 

«k-ak k 

(ók«kk + ^ k ) 
2 2 

wheree the «A are the particle numbers in the initial state 

nfrr + 1/2. (2.112) 

100 Although we think of the SM Higgs field as the second field, the discussion applies for any scalar 
field. . 
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Figuree 2.6: Occupation numbers nk during tachyonic preheating for an 0(4) model 
off  scalar fields. We used the approximate Hartree dynamics introduced in chapter 8. 
Thee occupation numbers grow exponentially in time (notice the logarithmic scale on 
thee y-axis). 

Thee tachyonic transition is triggered as nls(t) becomes negative. Let us assume that 
thiss happens instantaneously. 

A / ,2
f f ( i<0)=M

2.. ^(t > 0) = V (2.113) 

Thiss means that for the modes with k2 < \y?\, ujk becomes imaginary. It follows that 

0k(tt >0) = - = = (duexp(\ujk\t) + dlexp{-\u;k\t)). (2.114) 
y/ZLOky/ZLOk V / 

wheree the a^. a£ are related to the a^, a*k by a Bogoliubov transformation (see chapter 
4).. The mode 0k is exponentially growing. This proceeds until the back-reaction from 
thee other terms in the potential becomes important. For the Higgs this would be the 
X(f)X(f)AA term11. For a sufficient speed of the transition and a small enough coupling A 
thee low momentum modes will have grown very large, and in turn the corresponding-
particlee numbers will be very large. This sets the stage for subsequent preheating 
fromm the oscillating infiaton and decay into lighter particles as described above. 
Oncee the back-reactions kick in, higher momentum modes will also become populated. 
Becausee of the high occupation numbers and the near quadratic initial potential, we 
expectt a classical description to be reasonable (see chapters 4. 8). 
Electroweakk Tachyonic Preheating (ETP) is studied in detail in chapters 6 and the 
validityy of the classical approximation in this context is the subject of chapter 8, where 

1 '' If the Higgs is coupled to gauge fields we may expect the energy to be distributed over all the 
degreess of freedom. More about this in chapter 6. 
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wee apply a higher order approximation to the quantum dynamics (see also [52. 43] 
andd chapter 4). 
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Electroweakk Baryogenesis 

3.11 Introduction 

Baryogenesiss concerns the creation of an asymmetry in the abundance of particles and 
anti-particless from a symmetric initial state. At present, these particles are mostly 
photonss and neutrinos, as well as protons and electrons which exist in equal numbers, 
becausee of the apparently exact charge neutrality of the Universe. Traditionally, one 
hass been concerned with the creation of baryons (quarks) but the problem may as 
welll  be phrased as leptogenesis, the creation of leptons (electrons). 
Thee problem is often illustrated as follows: Assume that a particle species i.e. protons 
iss in thermal equilibrium. If anti-protons are equally abundant this equilibrium will 
bee maintained by creation-annihilation processes until the plasma is rarefied enough 
thatt collisions no longer occur. The current density of these relics will be whatever 
itt was at this freeze-out time, diluted by the expansion since then. In terms of the 
usuall  baryon-to-photon ratio the expected particle number densities (m) are [10] 

Z^^ = I ^ 1 0 - 1 8 . (3.1) 
n77 n7 

Successfull  nucleosynthesis requires 

rlbrlb ~ Ub ~ 10"9, (3.2) 
71-y y 

Thesee nine orders of magnitude are to be resolved through baryogenesis. 

3.22 Requirements for baryogenesis 

Baryogenesiss is only possible if the fundamental interactions fulfil l certain criteria 
[53].. Obviously, baryon (B) number cannot be strictly conserved by all interactions 
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off  the theory. Otherwise a zero baryon number after inflation would stay zero. With 
aa general density matrix p 

{B){i){B){i)  = Tr(p{t)B) = T r ( e ' ' " ' / » ( 0 )e- ' ^ B ) = Tr (p(0) è) = (B)(0). (3.3) 

if[H.B]if[H.B]  = 0 . 

Second,, since baryon number is odd under charge conjugation C we must require 
thatt it is not a symmetry of the theory either. Otherwise a process generating baryon 
numberr would have a C conjugate version generating the exact same but oppositely 
signedd amount. A similar argument applies to the combined C and parity P. since 
baryonn number is even under parity. In other words, since 

CBC-CBC-11 = -B. PBP~l=B. TBT~'=B. (3.4) 

baryonn number is odd under C. CP and CPT. So if the initial condition is symmetric 

C/HOJC-11 =p(0) or (CP)fX())(CPf] =/5(0). (3.5) 

thenn if [H. C] = 0 (and/or [H. CP] = 0) 

( f l ) ( r )=Tr (p ( f )Z?)) = T r ( p C -1 C B C - 1 c ) 

== - Tr (e ' ' "' CmC~l r~i A ' fi) = -(B)(t) = 0. (3.6) 

(andd similarly for CP). 

Thirdlyy we must require the processes to take place out of thermal equilibrium, since 
irrespectivee of symmetries being broken, the equilibrium distribution of particles and 
anti-particless depends only on their masses, which is the same (m = ill) 

»(P)) = ( c V ^ ^  I ) " ' = n(p). (3.7) 

forr bosons (-1) and fermions (+1). respectively. This means that the expectation 
valuee of B is zero in equilibrium. Using 

pp = exp (-H/T). (CPT)-' H (CPT) = H. (3.8) 

{B)=TT([>B){B)=TT([>B)  = T r ( e- / " , / T B ) 

== Tr (i~H/T(CPT)B(CPT)-1  ̂ =-{B)=Q. (3.9) 

Inn eq. (3.7) we have assumed that there is no chemical potential for baryon number 
/IB -- This applies while baryon number is not conserved. In most barvogenesis models 
baryonn number violating processes are suppressed below a certain temperature or 
energyy scale, and afterwards thermal equilibrium is restored. Because of the generated 
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non-zeroo baryon number there is now a chemical potential, and eq. (3.9) no longer 
goess through, since 

(CPT)-(CPT)-11
 e-(Ü-VnB)/T ( C p T ) = e-(H+»Bè)/T ^ ^ 

Iff  thermal equilibrium1 is restored while the baryon number violating processes are 
stilll  active, a generated asymmetry will be washed out again. 

Fulfillmentt of the above criteria is a necessary but not sufficiënt condition for ba-
ryogenesis.. and still requires us to construct a scenario in which everything comes 
togetherr to give the correct size of the baryon asymmetry. 

Thee most straightforward way to fulfil l these criteria is within Grand Unified Theories, 
extensionss of the Standard Model with a larger gauge group. Typically leptons and 
quarkss are in a common multiplet of the gauge group, thus breaking baryon number 
throughh the gauge interactions. C and CP are already broken in the Standard Model, 
andd in general GUT's there is no reason why they should be symmetries. The typical 
energyy scale of the gauge bosons of GUT's is TG UT = 1015^16 GeV, and baryogenesis 
iss realized if the decay rate F of these massive particles is slower than the expansion 
ratee of the Universe 'T < H". In that case the reactions fall out of equilibrium (the 
particlee distribution function is no longer thermal) and a baryon asymmetry can be 
generatedd [10]. 

AA variation on this scenario is when the heavy particles that decay are massive neut-
rinos.. This leptogenesis [54, 55] creates a non-zero lepton number which can be 
convertedd into a non-zero baryon number through sphaleron processes (see below). 
Thee leptogenesis model has many compelling features. For instance heavy neutrinos 
occurr in extensions of the SM. where a Majorana mass term is added for the neutrinos. 
Throughh the seesaw mechanism this may explain the tiny (but non-zero) masses of 
thee SM neutrinos. In addition, most inflation models predict reheating temperatures 
farr below GUT scale r r eh ~ 109~10GeV <C TGUT- This means that the heavy GUT 
particless may never have been created (see however [56, 48]). In leptogenesis, the 
massivee neutrinos can have masses around M ~ Tret, and still generate the required 
asymmetryy [55, 57, 58]. 

Wee shall be concerned with the possibility of realizing baryogenesis within the SM 
itself. . 

3.2.11 The Standard Model 

Thee Standard Model of particle physics is a gauge theory based on the group SUC(3) x 
SUj(2)SUj(2) x £/y(l) with the classical Lagrangian density 

££ = £-SU{'.i) + £>SU(2) + £ f / ( l ) + ^Higgs + £fermion + £ Yukawa- (3-11) 

with h 

11 Kinetic and chemical equilibrium. 
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-Cu-^^iD^D^o-Cu-^^iD^D^o + xL'o-'-j] . (3.13) 

-^ferrnio.,, = -C^D^V +  l l .C. - £ Yukawa = r4>AP/? t' + {<\i&P LC (3.14) 

GG(({{ tt.. A"t. S/ ; and G";l/. A"tll/. Bfn/ are the gauge fields and field strengths for color, 
isospinn and hypercharge respectively, and g^.fj-z-fji the corresponding gauge coup-
lings.. PLJR = (1 =F " ° ) / 2 are the left-/right-hand projectors. 

DDflfloo = ( ^ - iA«T" iBtlY)o. (3.15) 

y j i V '' = v (^ - iG*; ti
a - /A;;T'JPL - mtl (YLPL + YRPR)) U. (3.i6) 

aree the covariant derivatives for Higgs and ferniion fields, o = (01.O2) is the Higgs 
SU(2)SU(2) doublet field and <!> its matrix version 

* - ( - % £ )  <3-17) 

Thee fermion fields (ƒ' have color, flavor and family indices in addit ion to the Dirac 
index.. The mass matr ix can be written in isospin space1 as 

X"-X"-dd are diagonal matrices and V^'R rotation matrices in family space. Finally 

VCKMM = V^Vt- (3-19) 

iss the Cabibbo-Kobayaslh-Maskawa matrix, which encodes the quark flavor mixing, 
parametr izedd by three mixing angles and one CP-violating complex phase. 

Inn i ts simplest form, elect roweak baryogenesis is studied within the SU(2)-Higgs-
fermionn system with the CKM matrix as the source of CP-violation. For most of the 
following,, we wall neglect the U( l ) and SU(3) gauge fields, since they appear to only 
(niterr as extra background degrees of freedom, and to provide additional interaction 
channels. . 

3.33 Anomalies and baryon number violation in the 
SM M 

Thee SM Lagrangian CSM has a certain number of continuous global symmetries. 
Eachh of these has a corresponding Noether current jf. which at the classical level is 
divergence-lesss and has a conserved Noether charge Qt 

D,j'D,j' ii '(.r)=i).'(.r)=i).  Q^jtfxjl dQQ,= 0.. (3.20) 
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Inn the quantum theory some of these currents are not conserved in the presence of 
gaugee fields, they are anomalous. The non-conservation of baryon number in the SM is 
thee result of such an anomaly. Consider for a general operator T in color/isospin/L-R 
space e 

jvjv =i'ip^f^Tip, vector current, (3-21) 

jgjg =itjjj^^ 5Tip, axial vector current. (3.22) 

ffLL = i^TPLip, left-handed current, (3.23) 

j£=iip'y*j£=iip'y* iiTPTPRR\l>,\l>,  right-handed current. (3.24) 

Byy summing over different species of particles (quarks q and leptons /), we can define 
thee vector baryon B and lepton L(ep.) currents 

66 q I 

withh T = 1 and where color should also be summed over for the quarks. Similarly 
wee can define axial baryon and lepton currents including a j 5 . The charges are the 
baryonn and lepton numbers 

BB = Jd3xj°B, L = Jd3xj°ep, (3.26) 

whichh are then conserved at the classical level. In currents coupling to gauge fields, 
TT is replaced by a charge operator 

Ju(i)Ju(i) = l  ̂ (YLpL + YRPR) V, hypercharge. Y. (3.2T) 

•7*51/(2)) =iï>J fiTaPLi>,  isospin, ra\ a = 1,2,3, (3.28) 

3su{3)3su{3) = ^ 7 M *V , color, tb, b = 1 , . . . , 8. (3.29) 

Forr gauge invariance and Ward identities to be preserved, these currents cannot be 
allowedd to be anomalous. This can indeed be imposed in the SM, which in this context 
iss said to be anomaly free. It does require quarks and leptons to come in families 
withh the proper charge quantum numbers. The consistency of the SM is not the issue 
here,, and we refer to [59, 5]. 

Whenn coupling fermions to gauge fields, global currents can develop anomalies 2 [63]. 
Thee basic Feynman diagram responsible for this is the triangle (Fig. 3.1) with gauge 
fieldsfields coupling to vector currents. The divergence of c^jf,0 has a non-zero matrix 
elementt to create a pair of gauge bosons from the vacuum. For vector-like gauge 
theoriess like QED the basic anomaly is in the axial current. One finds that3 

(p^kld,(p^kld, ( # 7 " 7 V ) 10} = ^^k\e^^F^FbpaC
ab\0), (3.30) 

2Thee Adler-Bell-Jackiw anomalies [60, 61, 62], see also [5]. 
3 Thee step from the two matrix elements of eq. (3.30) being equal to the two operators being 

equall is based on [64] where it is shown that no other diagrams contribute to the anomaly. Non-
perturbativee derivations in terms of the path-integral measure [65] confirm this. 
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G,bb / 

Figuree 3.1: The basic diagrams responsible for the Adler-Bell-Jackiw anomaly. When 
gaugee invariance is imposed so that the gauge currents are anomaly free, the diver-
gencee of the global current receives an anomalous contribution. The two diagrams 
havee different ordering of the charge operators Ta-b. Summing the two results is the 
factorr Tr {TaTb + TbTa) = Cab. 

wheree F£v is the field strength of the gauge field in question. Because we will be 
studyingg gauge fields coupled asymmetrically to left and right handed currents, we 
needd the anomaly from the diagram with left- and right-handed currents respectively 
(Fig.. 3.2), 

88 i'1

UUIJ-JR IJ-JR 

1 1 
64TT2 2 

- 1 1 

64^2' ' 

77 T?d T?b /^iab 

ab ab 
fivfiv11 pcrv-yR ' 

rrF"FF"F bbC C 

(3.31) ) 

(3.32) ) 

AA few comments are in order. We are interested in the anomaly of the baryon current 
andd so at one of the vertices we set T = 1. C^,R is then the trace of the gauge charge 
operatorss in the diagram C£,R = Tr (TaTb+TbTa), where the trace denotes summing 
overr all particles running in the loop, left or right-handed. Had we included a general 
generatorr at the third vertex T = Tc (to find the anomaly in a gauge current j^'c) 
wee would have to replace Cab,R -> dabc, where dabc = Tr [Ta(TbTc + TcTb)}. Notice 
thatt the TaM'c need not be generators of the same gauge group4. The anomaly of the 
vectorr current is the sum of the anomalies of the left- and right-handed currents. For 
twoo external C/(l)'s with hypercharge Y we find (leaving out the redundant labels 

Inn the case where they are, we have to take into account issues of Bose symmetry gi-
off  1/3 [59]. No more about this. 

facte e 
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7 <C C 

T
ay'(l-Y 5)/2 2 

' ' 

bb o, 
TT Y( l-Y

5)/2 2 

v,a a 

o,b b 

TaYd+Y)/2 2 

TbY°(l+Y5)/2 2 

Figuree 3.2: The anomaly of the vector current receives contributions from left (left) 
andd right (right) handed currents. For the baryon number we sum over quarks (and 
color)) in the loop, for the lepton current over leptons. 

a.b) a.b) 

CCqq,,LL=2j2Yt=2j2Yt = \NF, 
,i.i. ,i.i. 

CCLLLL=2j2Yl=N=2j2Yl=NFF. . 
I.L I.L 

10 0 
CCqq..RR=2Y,Y=2Y,Y22

RR = iNF. 
a,R a,R 

Q , f l = 2 ^ y || = 27VF, 

(3.33) ) 

(3.34) ) 

(3.35) ) 

(3.36) ) 
i.it i.it 

wheree we have written quark and lepton contributions out separately. We have input 
thee hypercharge quantum numbers of the SM species and NF = 3 is the number of 
particlee generations. The baryon and lepton vector currents are therefore anomalous 
byy the amount 

aa -M _ _ (Cab — Cah \ rP-vP°~ pa pb NNF F 

~64~̂  ^ 
NNF F aa --A» _ (nab _ nab \ .Itvpa pa pb _ 

00pJhep.pJhep. " \yi,L ^l.R) 6 4 7 r2
e r ^ r p a ~ g ^ 

Aivpo-nAivpo-n r> cc -Jpu pa 

cc LJ pv pa 

(3.37) ) 

(3.38) ) 

fromm coupling to two U(l) fields. For two SU(3) gauge fields a similar argument goes 
through, , 

C%C%bb
LL=6=6abab Y  ̂ l=NFSab, 

L.c.t. L.c.t. 

CCaa
qq

bb
RR=5=5ahah Y, 1 =NF6ab. 

(3.39) ) 

(3.40) ) 
R.c.t. R.c.t. 
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wheree we sum over color triplets (L/R.c.t.). and 

SU{'3)SU{'3) fields couple equally to loft- and right-handed particles and the anomalies 
cancell  in the vector current (but not in the axial current). Finally for SU(2) the 
gaugee vertices couple only to lefthanded currents and 

CCt'L=^>t'L=^>  Y, 1 = 3A><W (3-42) 
L.q.d. L.q.d. 

Cfl=KbCfl=Kb Yl 1 = XF^>- (3-43) 
L.l.d. L.l.d. 

withh sums over quark and lepton doublets (L.q.d.. L.l.d.). Then. 

11 1 V 

11 N 

InIn the remaining cases wliero the two gauge fields have different charge operators (for 
instancee one U{1) and one SU{2) external field). Cab = 0. 
Wee wil l be concentrating on SU{2) 

B(t)B(t) - B(0) = AB = j dt Jd\r ^e^A^A^, = AL. (3.47) 

Thee integrand is a total derivative 

tt'Vfwtt'Vfw  A"  An 

Gi7rGi7r2-2- A»„„A",„  = d,K*. (3.48) 

off  the Chern-Simons current 

KK''XX = ^ 2 f / " ' " T r (A»dPAo ~ i\A,ApAa\ . (3.49) 

Thee corresponding charge is the Chmi-Simons number 

N,N,ss = I cI3xK°. (3.50) 

Forr gauge fields evolving in time, wc write 

tt  r ft  f i 

NNcticti(t)(t) - A - ( O) = I dt j d'sdoK" = f dt f d*x — ^A%A%. (3.5L 
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Thiss brings us to the central equations of electroweak baryogenesis relating the change 
inn baryon number to the change in Chern-Simons number of the background SU(2) 
gaugee fields: 

AB^NAB^NFF(N„{t)-N(N„{t)-N cscs(Q))'(Q))' (3-52) 
A{B-L)=0,A{B-L)=0, (3.53) 

AA  (B + L) = 2 NF (Ncs(t) ~ Nm(0)). (3.54) 

Numericall  studies of SM baryon number violation focus on the evolution of the Chern-
Simonss number in pure gauge or gauge-Higgs systems. It is assumed that the fermion 
fields,, which are carrying the baryon number, just "tag'" along in order to satisfy 
thee anomaly equation (3.52) and that their back-reaction on the dynamics can be 
neglectedd in first approximation. In [66] a study including fermions was performed in 
1+11 dimensions. 

3.44 Sphalerons 

Thee vacua of Sf/(2)-Higgs theory are pure gauge 

AAllll (x)=iQ{x)d(x)=iQ{x)dfifiQ-Q-ll(x).(x). (3.55) 

d>(x)=Q{x)<j>Q.d>(x)=Q{x)<j>Q.  (3.56) 

withh (J)Q — (0,v/\/2), and are enumerated by the gauge field winding number5 

nnAA = l— f (fx eijkrTv [ïüd^r^^fT^I^-fT 1], (3.57) 

whichh is integer. 

AA continuous transition from one vacuum to another has to go through non-vacuum 
configurations,, and thus requires finite energy. For such transitions. 

I>l I>l nnAA{t{t 22)-n)-nAA(t(tll)=)=  I dtl fad^R*1 = N^fo) - N^ih) (3.58) 

Thiss can be seen by plugging a pure gauge (eq. (3.55)) into the definition of Chern-
Simonss number (eq. (3.49)). In such a transition the change in Chern-Simons number 
iss the difference between the initial and final winding. Whereas winding number is 
onlyy well-defined in the vacua and is always integer. Chern-Simons number changes 
continuouslyy during the transition. Chern-Sirnons number is not a gauge-invariant 
quantity,, since any vacuum can be gauge transformed to the trivial one (JVrs = Ü). 
However,, changes in Chern-Simons number are gauge invariant, because the time 
derivativee is. 

doNdoNcscs X f d3x F F -x f d\r E • B. (3.59) 

' 'Thee winding number enumerates mappings from SU(2) the three sphere 5''3. S  ̂ can in turn be 
consideredd as a compactification of R . 
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-11 0 N c s 1 2 

Figuree 3.3: Sketch of the potential for Chern-Simons number Ncs for S'[/(2)-Higgs the-
ory.. A vacuum to vacuum transition can be the result of zero temperature tunnelling 
andd finite temperature thermal hopping. 

Thee (effective) potential of the 5C/(2)-system therefore consists of a series of degen-
eratee vacua, enumerated by integer Chern-Simons number, and separated by energy 
barriers.. It is sketched in Fig. 3.3. 

Vacuum-to-vacuumm transitions can occur as a result of quantum tunneling and through 
finitee temperature thermal hopping. At zero temperature only quantum tunneling 
contributes,, and the transition rate is exponentially suppressed by the Euclidean ac-
tionn of the instanton interpolating between one vacuum and the next6 [67], 

Tinstantonn <X e xp (Se), Se = — 5- ~ 180. (3.60) 
9 9 

Thiss makes the process completely negligible. 

Att finite temperature it is possible through thermal fluctuations to generate finite 
energyy (non-vacuum) field configurations mediating continuous classical transitions. 
Thee lowest energy configuration sitting halfway between two neighbouring vacua (with 
iVcss = 1/2) [68. 69], is a saddle point solution to the equations of motion known as 
thee sphaleron. Classical paths between the two vacua will go through this or similar 
configurationss which are close (in energy) to the sphaleron. Sphalerons are localized 
objectss in space, and because they are strong field phenomena it can be argued that 
theirr dynamics can be treated classically (see [2] for a review). 

Thee 5C/(2)-Higgs system has a high- and a low-temperature phase. At low temper-
aturee the Higgs field acquires a non-zero expectation value 

(p(x))(p(x)) = ( v^Ka; )) = v/y/2, (3.61) 
66gg is now 32-
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andd an approximate solution can be found for the sphaleron [68. 69]. It has energy 
proportionall  to the Higgs expectation value v 

fflffl ww(r)(r) gv(T) 
EEsphsph = K —. rnVf{T) =—-—. {d.bl) 

withh aw = ö2/(47r) and K ~ 3 - 5, so7 Esph ~ lOTeV. Since a transition has to go 
throughh this configuration, the diffusion rate of thermal transitions at temperature T 
iss suppressed by the Boltzmann factor of this energy 

r , p h ( T ) = c 1 Q w 4 T 4 e - V .. (3.63) 

wheree T is defined as 

((N((Ncaca{t)-N{t)-Ncaca(Q))(Q))22)) = Vtr8ph. (3.64) 

andd V is the volume of the system. 

Inn the high temperature phase on the other hand. (p(x)) ~ 0. The barriers in the 
gaugee field potential (Fig. 3.3) become much smaller, and although there is still 
diffusionn of Chern-Simons number, they are probably no longer mediated by localized 
objectss like sphalerons. The rate can be parameterized as [71] 

r s p h( r )) = C2Qw5r4. (3.65) 

Thee numbers Ci,2 have been studied extensively in numerical simulations by looking 
att classical Chern-Simons number diffusion in equilibrium: in the symmetric phase 
[72,, 73, 74, 75, 76, 77, 78, 79] and in the broken phase [70]. In addition, sphaleron 
diffusionn in the presence of a chemical potential has been studied in equilibrium [72. 80] 
andd applied to tachyonic baryogenesis [81]. 

Ass a result of the anomaly equation eq. (3.52) sphaleron transitions can be respons-
iblee for the wash-out of a generated baryon asymmetry. If they arc not sufficiently 
suppressedd immediately after baryogenesis, in equilibrium a generated baryon asym-
metryy will be erased. In particular a baryon asymmetry generated at high energies 
TT » 100 GeV would not survive. Notice however that it is the combined B + L 
whichh is violated. If an asymmetry is generated in the B - L channel, this will not 
bee affected by sphaleron processes. 

Thee U{\) gauge field of the SM also gives rise to an anomaly (eq. (3.37)). However, 
Chern-Simonss number is zero for all vacuum configurations of a U{\) field in 3+1 
dimensions.88 This means that vacuum to vacuum transitions are not accompanied by 
aa change in baryons number. For this reason the U{\) anomaly is usually neglected in 
thee context of electroweak baryogenesis. even though at finite temperature. (N^uii) 

77 We can think of this as the height of the barrier in Fig. 3.3. although in the effective potential 
wee should calculate the free energy including fluctuations around the saddle point, see for instance 
[70]. . 

8Thiss is related to the fact that £7(1) gauge theory has no instantons in 3+1 dimensions, 
7 T 3 ( f / ( l ) ) = 0 . . 
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couldd be non-zero. In 1 + 1 dimensions on the other hand. U{\) gauge fields do have 
instantt ons. and sphaleron transitions happen in an analogous way to the 3+1 dimen-
sionall  case for SU(2). This has been used extensively for toy models of barvogenesis 
[82.. 83. 84. 85. 86. 87. 88. 3]. We will study such a model in chapter 4. 

3.55 C and CP breaking: Electroweak flavour mixing 

Inn the SM the SU{2) and U{\) gauge fields couple differently to left- and right handed 

fields,, thus violating C and P separately. The interactions between ferniions and 

gaugee fields and gauge fields and scalar fields do not violate the combined CP. 

CPCP is broken when ferniions are coupled to the Higgs held through the CKM matr ix 

^Yukawaa = vMPt fO' + vtf&PLV. (3.60) 

Ass mentioned eq. (3.18) 

AA "  ̂ 0 ydyiyH ) • (3.67) 

Au u 

0 0 
0 0 

{) ) 

Ac c 
0 0 

0 0 
0 0 
At t 

A"" = 

AA s tandard parainetrization of the CKM matrix is9 

A(, , 
0 0 
0 0 

0 0 

As s 

Ü Ü 

0 0 
0 0 

A, , 
;3.68) ) 

V'ii V ? = V C K M = V«*  v™ V<>>  = (3-6 9) 
// vud 

K,y y 

VV Vtd 

s s 

<~12<'233 -

-('12^23 -('12^23 

VVUH UH 

Vcs Vcs 

vvts ts 

12t ' l3 3 

*V2»V3 *V2»V3 

-- «12-' 

vvilhilh  \ 
vvch ch 
VVttuu ] 

S2A<S2A<Jd Jd 

'13*23 3 

= = 

S2-M-13 S2-M-13 

f'23^'13 3 

- «12 f ' 233 - C-12fi238i3(ild CV2C23 ~ *12*13SXI<'1° «2:^-13 | - ( 3 . 7 0 ) 

.S1 2C233 - d 

withh three mixing angles 6r2. 623. #13 and one phase S. 

Onee way of proceeding from here is to integrate out the ferniions in the path integral, 
andd recover the effect of the CP-violation in effective higher order terms, composed 
off gauge and Higgs fields. The lowest dimensional combination which violates CP is 
expectedd to be 1 0 

A £ C . T . II = j^ö^oTrA^A"». (3.71) 

9 s i 22 = sin #12. C12 = cos 0i2 etc. 
10Iff 4>^0 is constant this term is similar to the 0 term of QCD. It is then a total derivative, and 

wouldd drop out of the classical equations of motion. do(o*o) can also be seen as a chemical potential 
forr Chern-Simons number. 
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withh some coefficient öcp and a mass M2. 

Attemptss have been made within perturbation theory to estimate the size of öcp in 
thee SM [89, 90]. The conclusion is. that the first contribution appears at 7-loop order 
andd is proportional to 

JJ - sin2 (012) sin2 (023) sin2 (013) sin2 (<5). (3.72) 

whichh vanishes for any of the mixing angles being zero or 6 = 0. It is supposed to be 
multipliedd by a combination of mass eigenvalues vanishing for degenerate masses [91] 

m122 = (ml - m2
c){mi - m2)(m2 - m2)(ml - m2)(m2 - rn2)  ̂ - m2) . (3.73) 

Att finite temperature one should then divide by the typical momentum squared run-
ningg in the loop k2 ~ T2 to a power equal to the number of loops. 

w^w^JJh-h- (3-74) 
Insertingg M ~ v = 246 GeV, T = 100 GeV and the value <5cp = (3  0.3) x 10~5 

suggestedd by experiments [92]. we find 

SScpcp - 10-20. (3.75) 

Thee conclusion is. that if electroweak baryogenesis took place at finite temperature, 
thee SM CP-violation is much too small to produce the observed baryon asymmetry 
[93,, 94](see however [95, 96, 97]). 

Beloww and in chapters 4 and 5 we will study baryogenesis taking place at zero temper-
aturee during Higgs symmetry breaking. It is then not clear how to proceed from eq. 
(3.74)) since T — 0. Making the simple replacement T -  ̂ v results in <5cp ~ 10- 2 3. In 
[98]]  it is shown using the results of [99. 100]. that a gradient expansion of the effective 
actionn at zero temperature does not give a term exactly of the form eq. (3.71), but 
aa similar term with a more complicated structure. In particular, M2 oc (fA(p and so 
thee length of the Higgs field cancels out. In addition, the overall size of the Yukawa 
couplingss drops out as well. In fact, the whole term is identically zero but in a subtle 
wayy (see also the introduction of chapter 5 and [101]). 

Lookingg beyond the SM. terms of the form (3.71) are expected to arise in low energy 
effectivee actions of higher scale models (GUT. SUSY. etc.). M would then be some 
characteristicc mass scale of that theory. 

Onee may also be interested in calculating the coefficients of the next order CP-
violatingg terms, which may be expected to have the form 

A£CKM.22 = («Ï (D  ̂ D,è - 4^LA<;IUA  ̂ -^A^Af™. (3.7G) 

Inn equilibrium, the term eq. (3.76) is expected to produce a skew distribution of 
Chern-Simonss number which has (NC!i) = 0 but (N^A / 0 [102]. Such an asymmetric 
distributionn can then be brought out of equilibrium and maybe create an asymmetry. 
Thee coefficients nf 2

 a re at present unknown. 
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3.66 Baryogenesis in hot and cold transitions 

Havingg seen that B. C and CP are broken in the SM. we are left with the task of 
constructingg a scenario in which these ingredients come together at a stage in the 
evolutionn of the Universe, when the relevant degrees of freedom were out of thermal 
equilibrium. . 

InIn many scenarios, reheating after inflation generated a radiation dominated Universe 
att a temperature 

TTnnhh > Tew. (3.77) 

Att these temperatures, sphaleron transitions were in equilibrium, and any preexisting 
BB + L was washed out. If there was a primordial B — L from another mechanism in a 
GUTT model, this would however survive. If that was not the case, the Universe must 
havee been baryon symmetric all the way to the electroweak scale. 
Thee Universe expanded and cooled, eventually reaching T = Tev/ ~ 100 GeV. One 
wouldd think that the expansion itself would force the system out of equilibrium. 
However,, around the electroweak scale the expansion rate was 

TT2TT2 (100 GeV)4 14 

HH22 =  2
 ; - H ~ 10-14 GeV. (3.78) 

Equilibriumm was maintained as long as the typical reaction rates T were larger than 
thee expansion rate 

## > 1- (3.79) 

Thiss is amply satisfied for electroweak rates at the electroweak scale. 
Ass mentioned in section 3.5. the electroweak theory has a phase transition associ-
atedd with Higgs symmetry breaking. This finite temperature transition has a critical 
temperaturee of Tc ~ 100 GeV in the SM11 [103. 104. 105]. Above Tc. symmetry is 
restoredd by thermal fluctuations, and12 (p(x)) ~ 0. Below Tc. (p(x)) = v/\/2 > 0. 
Suchh a transition is a possible source of out-of-equilibrium conditions. 
Iff  the transition is first order, bubbles of the broken phase nucleated in the symmetric 
phasee [106. 107]. These bubbles grew and eventually merged. Because of C and CP 
beingg broken, as the bubble walls swept through space, they had different reflection 
andd transmission coefficient for left- and right-handed particles. Outside the bubble, 
sphaleronn transitions were in equilibrium and B{+L) was zero, while inside they were 
suppressedd by a non-zero vev v(Tc)

u. This effectively produced a baryon asymmetry 
[1,, 84. 108. 109. 85. 106, 110, 96. I l l , 94, 112. 113, 114]. The usual criterion for 

TTcc depends on the Higgs mass. For the largest Higgs masses for which the transition is first 
order,, Tn ~ 100 GeV 

1 2I tt is not exactly zero since it is an average over a strictly positive quantity. In this sense. (p(x)) 
iss not a real order parameter of the transition. 

1 3Whichh at finite temperature is not the zero temperature one v(Tc) < v(0). 
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thee process to be effective and for sphalerons to be sufficiently suppressed inside the 
bubblee is a constraint on the vev v(Tc) [2]. 

VV-^--^- > 1. v{Tc) > lOOGeV. (3.80) 
-L-L  c 

Thee strength of the transition is determined by the only remaining unmeasured para-
meterr of the SM, the Higgs mass. The current lower bound is rnH > 114 GeV [115]. 
Inn the SM. Higgs masses beyond 72 GeV imply that the electroweak transition is not 
firstt order, but a cross-over [103, 116. 117]. This means that the Universe was in equi-
libriumm all the way to the QCD phase transition at 100 MeV at which time sphaleron 
transitionss had stopped occuring. 

Forr supersymmetric models and non-minimal SM's with extended Higgs sectors, the 
electroweakk phase transition can be first order. For the minimal supersymmetric SM. 
thiss requires mH < 120 GeV for the lightest Higgs [118]. There are many reasons to 
believee that supersymmetry is realized in Nature, and progress is still being made in 
calculatingg the produced baryon asymmetry in these models [119]. In particular the 
dynamicss of the bubble walls [120, 121]. their interactions with the plasma [122] and 
thee bubble nucleation rate [107. 123. 124. 125]. 

Inn the minimal SM it seems impossible to generate the observed baryon asymmetry 
iff  the Universe reheated to Treh > Tew and cooled as a normal radiation dominated 
Universe.. The masses of quarks and the Higgs are such, that there would be no phase 
transtionn but a cross-over preserving thermal equilibrium. In addition the GKM CP-
violationn is suppressed by products of the CKM couplings by a factor ex 10- 2 0. 

Whatt  if T = 07 

Thesee problems could be avoided if electroweak symmetry breaking occured immedi-
atelyy after or as a result of the end of inflation, and the reheating temperature was 
zero14.. Investigation of this Cold Electroweak Baryogenesis scenario is the main focus 
off  this thesis. It is summarized in Fig. 3.4. 

14Orr very small compared to the electroweak scale 

53 3 



Chapterr 3. Electroweak Baryogenesis 

Coldd Electroweak Baryogenesis 

Inflationn at low energy scale. 
Inflationn ends. Temperature is zero. 

Thee energy density after inflation is 0(100 GeV) . 
^Higgss symmetry breaking is triggered by the rolling of the inflaton. 

Tachyonicc preheating transfers vacuum energy to kinetic energy. 
CP-violationn biases the baryon number changing processes. 

Baryogenesiss is achieved since the process is out of equilibrium. 
Thee system thermalizes to a low temperature T<100GeV. 

Thee evolution of the Universe proceeds normally. 

Questions: : 

Cann we make a consistent model of low scale inflation? 
Whatt is the thermalization time and resulting temperature after preheating? 
Howw large is the generated baryon asymmetry for a given magnitude of CP-violation? 
Iss the classical approximation valid during tachyonic preheating? 
Howw large is the effective CP-violation in the SM? 
Whatt is the role of sphalerons? 

Figuree 3.4: Summary of Cold Electroweak Baryogenesis. 
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Baryogenesiss in electroweak 
tachyonicc preheating: 1+1 
dimensions s 

Abstract t 

Wee consider the creation of non-zero Chern-Simons number in a model of the early 
Universe,, where the Higgs field experiences a fast quench at the end of inflation and 
subsequentlyy rolls down its potential barrier. Neglecting the expansion, we perform 
numericall  lattice simulations in the Abelian Higgs model in 1+1 dimensions with 
ann added phenomenological C and P violating term during this stage of so-called 
tachyonicc preheating. The results suggest that even the sign of the Chern-Simons 
andd thus baryon number is dependent on the ratio of the Higgs to W mass. We also 
discusss the appropriate choice of vacuum initial conditions for classical simulations. 
Thiss chapter has been published as [126]. 

4.11 Introduction 

Itt was proposed some time ago [3, 4] that the observed baryon asymmetry may have 
beenn produced in the electroweak transition at the end of an inflationary period. The 
mechanismm assumed resonant preheating, in which low-momentum bands of the Higgs 
spectrumm obtained large occupation numbers. These would then ensure a high effect-
ivee temperature in the low-momentum gauge degrees of freedom, leading to baryon 
numberr production via Chern-Simons number generation by sphaleron transitions. 
Att a later stage the system would thermalize at a low temperature below the elec-
troweakk scale, leading to the well-known suppression of the same sphaleron processes. 
Numericall  simulations of the 1+1 dimensional classical Abelian-Higgs model with a 
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CC and P violating term in the action supported this idea [3]. Recently [127]. it was 
proposedd that electroweak production of Chern-Simons number could even be reson-
antt itself, with a large boosting of the Chern-Simons number at preheating. Another 
scenarioo that has been put forward exploits the production of topological defects in 
thee Higgs field by the Kibble mechanism, resulting in a Chern-Simons asymmetry 
underr influence of CP violation [4. 26]. 

Wee investigate here a related mechanism that does not assume resonant preheating 
orr the necessity of topological defect production. Also in this scenario inflation is 
assumedd to end at the electroweak scale, leaving the Universe in a cold state. We 
assumee that the electroweak transition was sufficiently rapid that it resulted in a 
spinodall  instability at essentially zero temperature. In this chapter we model it 
byy a quench, in which the parameter  ̂ in the effective Higgs potential ^0*0 + 
X(0*0)X(0*0)22 changes sign from positive to negative on a time scale much shorter than a 
typicall  electroweak time. Initially the quantum fields are in their semiclassical ground 
statee at /i^ff > 0. Subsequently /^f f -» - / /2 and quantum modes in the Higgs field 
withh momenta smaller than // grow exponentially fast, the spinodal instability. After 
somee time large occupation numbers are reached and a classical description makes 
sense.. One expects the growing Higgs field to generate a growing SU(2) gauge field 
ass well (chapter 6). through the classical equations of motion, and when CP-violating 
interactionss are operative, a Chern-Simons asymmetry will be created. Some of this 
mayy survive or even grow during the ensuing redistribution of energy over the field 
modes,, and a practically frozen non-zero Chern-Simons number may emerge if the 
effectivee temperature is sufficiently low. 

Thee problem we address ourselves to is: neglecting the expansion of the Universe and 
ignoringg remaining inflation effects, how large a baryon asymmetry is generated in the 
non-equilibriumm process under influence of CP violation? We have in mind the CP 
violationn in the Standard Model corresponding to the Cabibbo-Kobayashi-Maskawa 
matrix,, and similar terms in an extended model including neutrino mixing. This 
CPP violation is generally considered much too small but the arguments leading to 
thiss conclusion are based on dimensional analysis involving the electroweak symmetry 
breakingg scale [90] or a high temperature of order of 100 GeV [2], and the situation 
mayy be different at zero temperature and small Higgs condensate during electroweak 
symmetryy breaking. By assuming a quenching electroweak transition at zero temper-
aturee we may expect to obtain the largest possible baryon asymmetry in this kind of 
scenario. . 

Inn a first approach to this problem we study a 1 + 1 dimensional analog model in this 
chapter,, the abelian-Higgs model with an effective C- and P-violating interaction of 
thee form also used in [3] (for an early study, see [86]) 

£ CPP = -K-e^Flxl,0*0. (4.1) 

Thee more realistic case of the SU(2)-Higgs model with effective CP-violating term 

£C PP = - K 0 t 0 T r / v F ' "' (4.2) 
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wil ll  be reported in a future publication (see [128] for preliminary results and chapter 
5).. Real time numerical studies of the SU(2)-Higgs model in equilibrium including the 
abovee CP-violating term can be found in [72]. An early study of the effect of a quench 
onn the SU(2)-Higgs system is in [129]. A scenario for the quench is to introduce a 
scalarr field a. conveniently identified with the inflaton. with a coupling to the Higgs 
fieldd given by 

V{<f>,V{<f>,  a) = (A^ a' - , ^ ) 0> + \{<P*QY. (4.3) 

i.e.. /igff = \atj>^2 — y2- As the inflaton eventually ends its slow roll and drops to 
nearr zero, the Higgs symmetry breaking is triggered. This is a hybrid inflation model 
[130].. It turns out that for viability reasons it is necessary to modify it into what is 
calledd Inverted Hybrid Inflation [26]; see also [27] for possibilities of inflation ending 
att the electroweak scale. In this study we ignore inflation and the expansion of the 
Universe. . 

Thee abelian-Higgs model is introduced in section 2. As a consequence of the spinodal 
instabilityy produced by the quench, the Higgs field acquires classical properties, which 
wee review in section 3. The basics of this can already be found in [131]. This can 
bee exploited to derive realistic initial conditions for numerical simulations using the 
classicall  approximation, as already advocated in [132]. These initial conditions differ 
fromm those e.g. in [133, 134, 38, 42, 41, 135, 4(J, 136] in that they do not put power 
intoo the short-wavelength modes, which may lead to artificial equilibration properties 
[132,, 137]. We give here a detailed derivation of these initial conditions (section 3 
andd 4. with a numerical detail in the appendix). Related studies are in [138, 43]. In 
sectionn 5 we present our numerical results, give an interpretation of these in terms of 
simplee models, and analyze the possible role played by the Kibble mechanism. We 
concludee in section 6. 

4.22 The Abelian-Higgs model 

Thee Abelian-Higgs model in 1 + 1 dimensions is given in the continuum by the action 

SS = - f dtdx [^FtlvF»" + D^<(>*D*(j>+  ^ - »20*cj>  + \{(p*<j>) 2 

++  K-e^F^O*0\. (4.4) 

wheree F  ̂ = 0^Ay -d„A^, D^cp = (0  ̂ - iA^)o, Dfl0* = (dtl + iA^o*. and e0\ = +1. 
Wee have added a P and C breaking' term biasing the Chern-Simons number: 

ƒ ƒ dxdx K-efll,F
tiU(p*o = 2TTKNCSO*0, (4.5) 

whichh is the 1+1 dimensional analog of the CP-breaking term (4.2). The Higgs and 
WW masses are given by m2

H — 2/i2, mfv = (e2/2A) m2
H. 
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YVee discretize this action on a space-time lattice in the standard way. in a periodic 
spat iall  volume L. The classical Euler-Lagrange equations of motion for o. A\ and A^ 
readd in temporal gauge (AQ = 0): 

d'd'00ÖoOÖoO = D[Dio + {ft2 - 2Xo*o)o + KÜQAÏQ. (4.6) 

O'^AiO'^Ai = -e2i(o*D }o-D]o*o)-(2Kd'0(Q
xo). (4.7) 

O'tduAiO'tduAi = e2i(o*d l)o-d0o*o)-e2Kd'1{o
mo). (4.8) 

Heree dfJ is the forward and 0' is the backward lattice derivative. Ü^f(.r) — [f(.r  + 

"t*P)"t*P)  ~ fU)]/ fh- ^K-r) = [ƒ(•'') - /'(•'' ~ "/i/<)]/<V with ap the lattice spacing in the 
//-direction.. Equation (4.8) is the Gauss constraint. In integrated form it enforces 
zeroo total charge in our periodic volume. 

Y^Y  ̂ i{o*düQ - Oao^o) = 0. (4.9) 

Thee Chern-Simons number simplifies to 

Nc.sNc.s = ~aiy2Al(x). (4.10) 
x x 

Itt is easy to show that the equations of motion preserve- the Gauss constraint and the 
totall charge. 

4.33 Classical approximation 

Inn the limit of small Higgs and gauge couplings (A//i2 <C 1. e2jfi 2 <§i 1 in 1 + 1 
dimensions),, we can solve the quantum evolution in the gaussian approximation. 
Beforee the quench we assume the field to be in its ground state in the potential 
\'(o)\'(o) = }i2)0*o. For simplicity we take /<o = //. The quench then just flips the sign of 
thee potential . V(ó) —> —fi2ó*ó. In this section we focus on the Higgs field, using the 
no ta t ionn appropriate for 1 + 1 dimensions. The generalization to 3+1 dimensions will 
bee obvious. Gauge fields will be included in the next section. 

Choosingg periodic boundary conditions in space1 with volume (length) L. we make a 

Fourierr decomposition for each real field operator oy j =  1.2. ó = {<t>\  + /Ó2)/v2-

andd lij  — a, 

o,, X E^r°iE^r°i ff"" kJkJ'-'-  M* ) = E-7r*i fi1'*' - <4-n: r* ''  '  -n J ̂ VL 

Modess with wave number k2 < ft2 will be unstable and grow exponentially, those 
wi thh A'2 > [i 2 will not grow. We start by expanding each real field1 in creation and 

Wee drop the index j . 
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annihilationn operators just before the quench near t = 0. 

d>d>k k 

7U--

;« f ce-^+aV^ f ; ; 

-ILO -ILO 

2*+ + 
[a[a kkee '"*  * - a l . fi 

whereass after the quench, for t > 0, we write 

where e 

Matchingg at t ime zero gives the relation 

1 1 
«& & 

2x/2u;+ + 

w, , 

5*.. = i^fe e 

22 \ / 2uJ,. 

u>, , 

u>, , 

w. . 

1 + - M a ] t + 1 - - M a a 

eifcc + ( 1 + — ) « i f c 

(4.12) ) 

(4.13) ) 

(4.14) ) 

(4.15) ) 

(4.16) ) 

Forr the stable modes to, is real and ftk (-A-- Forr the unstable modes u, is 

imaginaryy and we write —— ï a-'  i (thee opposite sign gives equivalent results). Then 

aakk = a-k and $k = $-k. In both cases the reality conditions $\ = 0-k- k̂ — 7T_A.-
aree satisfied. 

Considerr now the unstable modes, i.e. with \k\ strictly smaller than // and uJk — i\^k\-
whichh grow exponentially fast when \idk\t ^> 1. Neglecting the decaying exponential 
inn expressions (4.13) gives 

0k0k ~ (*k(-k TXTXkk ÏZ \iük \0k. (4.17) ) 

Thiss strongly suggests classical behavior, since [d^.d/] = 0 and consequently 0k and 
itkitk commute in this approximation. Of course, there are states and observables for 
whichh the approximation is not valid, e.g. the hermitian operator i[fck.ó-i} = Sk[ at 
alll  t imes, being the canonical commutator. So let us see what happens to the field 
correlationn functions in the physically relevant state, the initial state just before f = 0. 

Thee initial state is assumed to be the ground state just before the quench. |0). which 
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satisfiess ak\{)) = 0. We can now find the field correlators at t ime t > 0: 

C^C  ̂ = {()\oko{\0) = 

crcr = mkti\o) = 

i i 

99 -+ 

22 r 

11 + 

11 + 

,, + 2 
'k 'k ,2 // -^  ̂ - 1 )am£{^t) 

,, + 2 

^ 22 - i ) cos2(^- r 
;;k k 

,+2 2 
'k 'k 

'k 'k 

2 - 11 s in (2^ - /) + 

(4.18) ) 

(4.19) ) 

(4.20) ) 

Thee correlator {()| nlok|0) follows from the commutat ion relation ok-h\. — Kkok + /'. 

Wee re-express these correlators in terms of t ime-dependent particle numbers }ik. fre-
quenciess ujk. and off-diagonal particle numbers nk. as follows: 

C^'C^' = (nfr + l/2)M-
crcr = K + I/2)̂ A -
C™C™ = nk + i/2. 

(4.21) ) 

(4.22) ) 

(4.23) ) 

Thesee n -̂ and jjk have proven to be robust and very useful in numerical studies of 
interactinginteracting scalar fields out of equilibrium [50]. Often hk is equal to zero, but hert1 

i tt is not and it plays an important role in the transit ion to classical behavior, as wo 
shalll  see below. We note the identity 

[n[n kk + 1/2 + nk)(nk + 1/2 - nk) = If A. (4.241 1 

Considerr again the unstable modes. Their particle numbers grow exponentially. For 
|ut-'A.. \t ;§> 1 we find 

nnkk.. + 
£s/£s/tt,*-k*t ,*-k*t 

j j k k == Vt k' k' (4.25) ) 
22 "" 4 y ^4 - A-4 

andd the generic field-expectation values behave as classical. To express this more 
clearly,, let us introduce sources J^' and .ƒ£ which are only nonzero for k in the unstable 
region,, i.e. A-2 str ict ly smaller than u2: 

(4.26) ) dxdx (J°o + r-k) = Y, V-kOk + Jl^k). y/f = (1 - 0/<- . . 
\k\<Li\k\<Li f f 

wheree e is a small positive number < 1. For sufficiently largo times the expectation 
valuess of products of <p' and 7r's. with any operator ordering, can be calculated. Using 
thee approximation (4.17) we find for the generating functional 

Q[A Q[A (0|| exp 

exp p 

jdr\Jjdr\Jóó{x)ó{x){x)ó{x) + r{x)%{.r) 

--ll-jdrdyJ-jdrdyJnn{x)C^{x.{x)C^{x.yy)J)Jhh{y) {y) 

10) ) 

(4.27) ) 
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wheree we summed over a. b — {d>. 7r}. and the dominant part of the correlator corres-
pondingg to the unstable modes is given by2 

CCuu k = 

\k\<»\k\<»f f 

11 \u)\ 
4 K I / / 

,2y/fl*-k2t ,2y/fl*-k2t 

K K k+ k+ 

(4.28) ) 

(4.29) ) 

Thee matr ix Cnk is singular, which reflects the fact that fik — \üu'^\4>k hi this approx-
imation.. So, for sufficiently large times, the dominant part of the quantum correlators 
cann be expressed as a probability distr ibution in a functional space of classical <fi  and 
TTTT consisting only of unstable modes: 

Q\J] Q\J] M M [dcpdir] [dcpdir] n s^ kk ~ K \^ 
k<n. k<n. 

(4.30) ) 

exp p ii  J' dxdy4>a{x)C-lb{x,y)4>b(y)+ j ' dx Ja(x)óa(x) 

wheree M is such that Q[0] = 1. and 0  ̂ — ó. (pn = n. The functional measure 
[d<t>[d<t>  dn] can be explicitly (and tediously) expressed in terms of the independent real 
andd imaginary par ts of irk and <pk with \k\ < \xt. but we wil l refrain from doing this 
here. . 

Wi t hh the help of the classical probability distr ibution (4.30) we can calculate expect-
ationn values of products of the usual observables that have a classical correspondence, 
whichh are represented in the quantum theory by products of <j>  and fi (symmetrized, 
iff  needed, e.g. the charge density j° — —filé2 + fi20l. Provided such observables 
aree dominated by their unstable mode contribution, we can sample the distr ibution 
(4.30).. use the samples as initial conditions for subsequent classical dynamical evol-
utionn into the non-linear regime, and compute expectation values by averaging over 
thee initial conditions. 

Thee above prescription runs into the question: what to choose for c? It would be nice 
too be able to let e —> 0, but it is clear from (4.29) that we then have to do something 
differentt near the boundary of the unstable region, because of the factor \jyj\xA — k4. 
Wee propose to make the replacement 

C u J t- > R e Cf c c 
(ra**  + \)l^k 2-2-

nk nk Jik Jik 

nnk k 

++ i: Wfc c 
(4.31) ) 

whichh goes over into Cuk for large \*; k \t. and to set e — 0. Using the real part 

correspondss to symmetrized products, e.g. KeCk
n — {0\^(okfil + ^ l ^OI^ ) - which 

2Wee used the Campbell-Baker-Haussdorf 

exp^ZkC-kCkCtexp^ZkC-kCkCt00)-)-

formulaa for expEfcC^«A-|o) ) 
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0 . 8 8 

0 .6 6 

0 . 4 4 

0 . 2 2 

Figuree 4.1: The difference nk + 1/2 - nk versus k/n at early times tfj, = 0. 0.3. 0.9. 
2.44 (from top to bottom at k = 0). 

goess over into the corresponding classical correlator in the classical limi t [139]. The 
deltaa functional in (4.30) is to be omitted in the replacement (4.31). It is generated 
automaticallyy in approximate form when the instability progresses. This can be seen 
byy introducing the variables 

£ £ 11 / *k 
 s/^Jkék ) . 

\/22 \ V W * 

inn terms of which the proposed classical distribution takes the form 

(4.32) ) 

exp p 
\k\<n \k\<n 

Is", , ++ |2 !47 7 
nnkk + 1/2 + nk nk + 1/2 - nk 

(4.33) ) 

Ass time progresses. nk + 1/2 — hk -> 0 rapidly, for |fc| < [i f_. as illustrated in figure 
4.1.. and the delta functional enforcing  ̂ oc (irk — C0k<t>k) = 0 in (4.30) appears 
automatically.. This squeezing of the (pk — irk distribution along -Kk = u>k4>k has been 
studiedd earlier in detail in [131], and in [43]. 

Wee could of course drop the £7" modes altogether, since they never grow large. How-
ever,, by including them we will be able to compare with another practical method 
forr obtaining initial conditions in classical numerical simulations, which will be in-
troducedd below. Here we note that the modes with |fc| > ^ have nk + 1/2  hk just 
oscillatingg around 1/2, with an amplitude decaying like k~4. Similarly nk —> 1/2 for 
\k\\k\ —> oc. So these modes stay in the quantum regime and we do not include them in 
thee initial conditions for the classical approximation. Figure 4.2 shows nk  nk and 
ujujkk at time t = 4.2/i~ l . 

Wee now give an estimate of the time-span for which we have reason to trust the 
free-fieldd approximation. Consider the unstable mode contribution to (O|02(x)|O), 
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4.3.. Classical approximation 

Figuree 4.2: Left: nk + l/2 + nk (coming down from « 2224 at k = 0) and nfc + 1/2—rafc 

(practicallyy zero at fc = 0) versus k/fj, at time ƒ// = 4.2. Right: |w^"| and wfc versus 
k/nk/n at t/i = 4.2. 

Figuree 4.3: Left: the function (p^(t)/fid 1 versus tfi for d =1 (full). 3 (dashed). It 
reachess the value 3 at tfi « 2.05, 4.20. respectively for ci = 1. 3. Right: plot of 
77*+11 (2.05) (full) and of 77^+1(4.2)/100 (dashed) versus k//i. 

(0|<i)2(x)|0)unstt = f2- We define a time tn\ ('i-non-linear') such that tp has grown 
soo large that it is at the inflection point of the potential, i.e. d2V(tp)/d<p2 = 0, or 
'~p'~p22 = /U2/(3A) = t>2/3. For times t > tn\. non-linearities will certainly come into play. 
Usingg the correlator (4.18) in the infinite volume limit this gives the criterion, in d 
spatiall  dimensions, 

rf rf 
ddddk k -i4><j>-i4><j>  _ A * 

fcfc,,<M<M (2TT)^ * ~ 3 A' 
(4.34) ) 

Figuree 4.3 (left) shows ip2
d as a function of time. For large time it behaves as ipd 

CdV CdV d/2-l d/2-l -d/2e2M t t withh a = 0.070528, c3 = 0.0056111. which is accurate within 
5%% for [it  > 2, 2.5 in one, respectively three dimensions. For the Standard Model. 
AA = g2m2

H/(Sm2
w) 1/99 for m2

H/r 2,, and the corresponding value 3 ~ 1/(3A) 
iss indicated in the figure by the horizontal line. We see that in 1 + 1 dimensions 
thiss line is reached earlier. Figure 4.3 (right) shows the particle numbers nk at the 
timee tn\. for d = 1 and 3. For small k they are much larger than one. especially in 
threee dimensions, which justifies switching to the classical approximation at a time 
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somewhatt before tn\ 

4.44 Initial conditions 

Ourr basic assumption is that at the end of inflation and before the instability has 
sett in. the system is in its time-dependent semi-classical ground state, which we 
approximatee by the free vacuum of the Higgs and gauge fields corresponding to /^f f > 
0.. As the unstable Higgs fields grow large, we switch to the classical description at a 
roll-offf  time fro before non-linearities have become important. fro < tn\. This means 
thatt we sample the distribution (4.33). construct o{x) and ir(.r)  from the ^ . and 
usee these as initial conditions for subsequent classical evolution. Since all Higgs field 
modess that have not grown large are neglected this way (those with \k\ > p). it is 
naturall  to set the initial gauge field to zero as well (i.e. Aik = A\k = 0 for all k). 
However,, this would wrongly ignore the Gauss constraint. 

Thee global Gauss constraint (4.9) of zero total charge renders the distribution (4.33) 
non-gaussian.. We take this into account by Monte Carlo methods. See the appendix 
forr more details of this. Given a sample of the initial o and n with zero total charge, 
wee then keep Ai — 0 and satisfy Gauss' law by solving for the non-zero modes of A\ 
(itss zero momentum mode is set to zero as well). Note that this brings the coupling 
e22 into the initial conditions. 

Forr t > tro the classical evolution takes place with non-zero e2 and A. But if the 
non-linearr interactions are small at the time /ro. then at first the correlators C°°. 
CC07T07T and Cnn are still given by the expressions (4.48)- (4.20). So the results should 
nott depend on the precise value of tro. In fact, since the classical evolution for Cnb is 
identicall  to the quantum evolution in the gaussian case, we may as well send fro to 
zero.. This might give better results in case of stronger couplings, for which the non-
linearitiess cannot be neglected even at small times. Since nk = fik = 0 (and uik = u^) 
att t = 0. the denominators in the distribution (4.33) only contain the factor 1/2 -
whichh is why we call this choice of initial conditions the "just a half" method. This is 
almostt identical to the choice made in [133. 134. 38. 42. 41. 135. 40. 136]. but with the 
importantt difference that we have a cut-off on the initialized modes that are non-zero: 
\k\\k\ < fi. 

AA completely different initialization is obtained by replacing nk + 1/2 and hk in (4.33) 
byy a Bose-Einstein (BE) distribution. 

Hfcc + 1 / 2 - - —^ . r i f c -0, (4.35) 

withoutt restriction on k. Such an ensemble of quanta! BE initial conditions for a 
classicall  approximation may seem strange, but they do indeed represent a free-field 
thermall  quantum density operator [50]. i.e. of the form 

pp oc exp TT ^ 
k k 

a\,aa\,akk + \ (4.36) ) 
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Figuree 4.4: Left: Dependence of <f>^4>  on the roll-off time i ro with 'spinodal' initial 
conditions,, including 'just a half' (tTO = 0). The 'thermal' case with T/TUH = 0 .1 
coincidess with "just a half". Right: (Ncs) in runs with three different initial condition 
schemes. . 

forr each real component of the Higgs field. The temperature T controls the initial 
fluctuationss that start up the tachyonic instability. Choosing T low enough, the high-
momentumm modes are sufficiently suppressed to avoid Rayleigh-Jeans problems or 
regularizationn artefacts, at least for some time after start-up. since classical equilib-
rationn to equipartition is a slow process. 

Inn summary, we have considered three types of initial conditions for the classical 
evolution: : 

-- 'spinodal': sampling (4.33) at roll-off time 2/x~1 < tIO < tn\ (assuming tn\ > 
2/z-1), , 

-- ;just the half: sampling (4.33) with rik = ük = 0 at t = 0. 

-- thermal: sampling (4.33) with the BE form (4.35). with T/fj, <C 1. 

4.55 Numerical results 

Mostt of the results presented here are for a number of lattice points N = 512, lattice 
spacingg amn — a%/2/i = 0.3, where a = ai, temporal lattice spacing ao = 0.1 oi, and 
volumee LrriH  = 153.6. We have typically used an ensemble of 1000 initial conditions 
andd have run for a time t = 600 m^ , keeping track of the average {(ftcj)) and Chern-
Simonss number. (Ncs)- We studied the dependence on the coupling ratio 2A/e2 = 
mjj/myymjj/myy and various coupling strengths X/^,2 = 1/8. . . .. 1/512. We also checked, 
usingg larger lattices (N = 10240) that the final asymmetry is proportional to the 
physicall  volume, (Ncs) <x muL. 

6-") ) 



Chapterr 4. Baryogenesis in ETP: 1+1 dimensions 

4.5.11 Dependence on initia l conditions 

Figuree 4.4 shows (o*o) and (Acs)  ̂ early t imes, for spinodal initial conditions with 
variouss choices of the roll-off t ime tro. and a comparison is made with "just a half' and 
thermall  initial conditions. The CP-asymmetry parameter K = —0.03. The coupling 
iss fairly weak. / /2/A = 8. for which tn\ % 1.98 (from (4.34) for j \ = 8/3). with 
2A/e22 = 1 (mH = m\v)- We see the curves for (o1 o) already breaking away from the 
'justt a ha lf curve for somewhat smaller values of tro than tn\. We have checked that 
thesee deviations diminish for weaker couplings. The plot for (Acs) contains also a 
comparisonn with the thermal method for T/mH = 0.1 and 0.3. Compared to the 'just 
aa half' curve (fro = 0). the thermal curve has a longer "waiting t ime' before the initial 
dipp occurs, which indicates smaller fluctuations in the initial conditions. Apparently, 
thee effect of the vacuum fluctuations (characterized by n  ̂ + 1/2 = 1/2) is substantial 
inn comparison with n^E at T/TJIH = 0 . 1. 

4.5.22 Initia l asymmetry 

Wee can est imate the initial effect of the C and P breaking term from the equations of 
motion.. Approximat ing the Higgs field by its homogeneous mode falling in the inver-
tedd quadrat ic potent ial. o(t) — o(0) exp(//f). inserting this into the equation of motion 
(4.7)) for Ax. with Ax{{))  = A{{0) = 0. neglecting the current-term (-2e2\è\2Al) and 
tak ingg into account only the K-term. we find at t = tn\. 

2/f f 
^ i ( f n ii  - - e2 / ó*ödt « - ^ |ó(r„ i) |2. (4.37 

Jo Jo 

wheree we have neglected the seed |ö(0)|2 compared to \ó(in\)\
2. Using ó — (ó\ + 

i02)/v2i02)/v2 and choosing the 1-axis in the complex plane along o (i.e. 02 = 0). gives 
\0(t\0(tn]n])\)\

22 = rf/2 = ^2 /6A (cf. (4.34)), and the est imate 

Ncs(tni)Ncs(tni) = — ( — ) — # • 4.38) 
2TTT \nnvj Qy/2 

Thee actual value of the asymmetry in the full simulation in the minimum of the initial 
dipp in A c s in figure 4.5. is indeed within a factor of two of this estimate (figure 4.5). 
andd in particular, the sign is right. 

4.5.33 Dependence on mH/mw and K 

Afterr the initial dip. the behaviour of the Chern-Simons number depends on the ratio 
off the Higgs to W mass, as shown in figure 4.5. For mH/mw around 0.G25 (Arcs) 
keepss the same sign as the initial dip (left plot), for most others it ends up with the 
opposi tee sign (right plot) . The final A c s is typically larger than the value at the 
bo t t omm of the initial dip due to what looks like resonant behavior. 

Wee end the simulation at a t ime mut — 600 when the trajectories are stuck (see 
below),, and measure the final value of the average Chern-Simons number, (Ncs). 

66 6 

file:///nnvj


4.5.. Numerical results 

/\ \ y : : 
' J J 

V V 

5 5 

4 4 

< < 
2 2 

1 1 

0 0 

-- |'; 

!!  ' 
!! i/i 

""  '<  l i 

-- ;  f.' m m 

ii ' i 

ii A ' I ƒ \ ' 

ÏÏ 1 / \ ! ^ 

"V V 

ll ' l 

/ / 
.. / 

«f)) (f)> 

_ _ 

--

--

--

--

Figuree 4.5: Examples of (NQS) I o r rnn/mw 
volumee LTUH = 153.6 and K = —0.05. 

200 40 60 80 100 

mHt t 

== 0.625 (left) and 1.0625 (right). The 

Figuree 4.6: Left: The distribution of the Chern-Simons numbers at trriH  = 600 in an 
ensemblee of 1000 initial conditions, K = -0.05. mH/mw = 1.0. Right: Dependence 
off  the final (NQS) o n K f°r mn/mw = 1-

Thee distribution of the 1000 trajectories in such an average is just gaussian (figure 
4.66 (left)). The dependence of the final Chern-Simons number on the mass ratio 
rnrnHH/m/mww at fixed A//i 2. mHL and K (SO changing e2) is quite complicated (see figure 
4.7).. Only in a narrow range around mH/mw = 0.6 is the sign of (iVcs) the same as 
thatt of the initial dip and the input K (negative). For large mass ratio the asymmetry 
iss expected to go down because of the explicit factor e2 accompanying K in (4.7). 
However,, the strong dependence on the mass ratio is related to the resonant behavior 
mentionedd previously. The actual value of K in realistic models is presumably quite 
small,, so it is comforting to see that the behavior of the final iVcs as a function of K 
iss simply linear, see figure 4.6 (right). 
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Figuree 4.7: Dependence of the final (NQS) on mif/mw 
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Figuree 4.8: Left: Examples of NQS in single trajectories, m # / mw = 1- Right: The 
effectivee temperature calculated from the canonical momentum of the Chern-Simons 
degreee of freedom. 
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Figuree 4.9: (NCs) for different K at mH/rnw = 1, LmH = 153.6, except for the top 
curve,, which represents iVcs/20 in the 20 times larger volume LrnH = 3072. 

4.5.44 Suppression of sphaleron wash-out 

Thee effective temperature at the end of tachyonic preheating should be low enough 
thatt any Chern-Simons asymmetry created by the tachyonic instability does not get 
washedd out through equilibrium-type sphaleron processes. If the system ends up deep 
enoughh in the broken phase the sphaleron rate will be exponentially suppressed with 
temperature.. We can estimate the rate by running single configurations for a long 
timee and monitor effective temperature and transition rate. Figure 4.8 shows some 
examples. . 

Thee Chern-Simons number eventually gets almost stuck at times of order 1000 TOT^ 
andd afterwards the transition rate is strongly suppressed. We estimate the temper-
aturee of the system by monitoring the average canonical momentum of the Chern-
Simonss degree of freedom [140, 87] (this is the only dynamical degree of freedom in 
thee gauge field, as is clear e.g. from the formulation in the Coulomb gauge [87]). A 
typicall  evolution of this temperature is shown in Figure 4.8 (right). For a somewhat 
differentt value of mn/m-w it was shown in [87] that the sphaleron rate in this model 
iss exponentially suppressed by the sphaleron Boltzmann factor when 0' = fi3/(XT) is 
largerr than ~ 7. In the case of figure 4.8 (right) we get j3' « 10 and so we are deep in 
thee broken phase with a strongly suppressed sphaleron rate. This is also clear from 
estimatess of the rate from pictures like figure 4.8 (left). When averaging over initial 
conditions,, it turns out that the average Chern-Simons number gets stuck already at 
tmtmHH « 200 (fig. 4.9). Its distribution (fig. 4.6) then widens at a rate equal to the 
sphaleronn rate. 

Off  course, in a realistic application the additional degrees of freedom in the Standard 
Modell  and the expansion of the universe are expected to lead to further suppression 
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Figuree 4.10: Analog of figure 4.5 in the homogeneous approximation: dashed: &2 

versuss tmH, continuous: Nc,s- Left: mH/mw = 0.625. right: rrin/mw = 1.0625. 
Thee initial values are o = 0.02. o = Ai = Aj = 0. 

off  the rate, such that it ends up being negligible at practically zero temperature. 

4.5.55 Volume dependence 

Whenn the volume is increased, the fluctuations of the final Chern-Simons number 
overr the initial ensemble also grow, but the fluctuations in the density NCs/L should 
goo down like L~1//2. For a very large volume, one classical realization should suffice 
too provide an accurate estimate of the density (which in the realistic case would de-
terminee the fermion-number density of the universe). We have performed simulations 
usingg a 20 times larger volume (N = 10240. LmH = 3072). which should result in an 
averagee density that is approximately the same as presented in the previous sections 
(usingg LmH = 153.6) . with a standard deviation smaller by a factor \/2(). We have 
checkedd this by using also 20 times fewer initial conditions (1000 —» 50), and found 
thee same standard deviation for the density as before. See the upper two curves and 
theirr final-time error bars in figure 4.9 (the top curve represents the largest volume). 
AA closer look revealed that (up to an insignificant shift in time) the two curves are 
actuallyy indistinguishable until tmH ss 13. Also, the lattice spacing' dependence is 
veryy small. 

4.5.66 Modell ing 

Inn this section we attempt to interpret the data in terms of simple models for the dy-
namicss of Ncs, or equivalently, the homogeneous gauge field in the Coulomb gauge. 
A].A]. The first model is simply the restriction of the equations of motion to homo-
geneouss fields, with the full non-linear dynamics. Without loss of generality, we can 
assumee (j>  to be real. Figure 4.10 shows the result for parameter values as in figure 4.5. 
AA striking difference with fig. 4.5 is the non-linearity of the oscillations in the fields, 
duee to the absence of damping by the in-homogeneous modes. However, it appears 
thatt the behavior until the second minumum of (4>*<f>)  {tmH « 12) is reasonably well 
represented.. The initial dips in figure 4.5 (4.10) are -0.66 (-0.66) and -0.74 (-0.53). 
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respectivelyy for mH/mw = 0.625 and 1.0625. In the former case the Chern-Simons 
numberr oscillates more rapidly when 0*0 is large, because the W mass is larger, and 
whenn 0*0 is low again after its first maximum. Ar

Cs coasts along almost freely in the 
negativee (positive) direction in the left (right) plot of figure 4.10. The homogeneous 
approximationn breaks clearly down already in the region of the second minimum of 
0*0.. but the sign of the true final asymmetry (fig. 4.5) is the same as the sign of NCs 
inn this region (12 < tmH < 20) in the homogeneous approximation (fig. 4.10). 
Whenn we add damping terms 70 and 7 A ^ I to the homogeneous approximation, the 
resultingg 02 can be made to look pretty much like figure 4.5. including the oscillation 
period.. However, the resulting NQS then simply performes a damped oscillation 
aroundd zero. In the real simulations Ar

Cs gets stuck in a minimum between the 
sphaleronn energy barriers. We have tried to model this by adding a periodic potential 
VVss(LAi,(f)),(LAi,(f)), periodic in LAX with period 27T, and height equal to the sphaleron energy 
EEss = (2mH/3)v2, where v2 is the expectation value 20*0 = v2 = m2

H/2\ in the 
classicall  ground state. The effective action then takes the form 

'eff f == L fdt  ̂ + <P2 + /*V " V 4 + «i i02 + V{LAl.0) (4.39) ) 

Sincee the homogeneous 0 is varying in time we try the simplistic form V(LAi,<f>) oc 02: 

V(LAV(LA11,<i>),<i>)  = <j?L-2f{LA1), (4.40) 

withh the tentative conditions 

ff (LA,) = lmHL. LAi = n. (4.41) 

-- (LArf+OULAi)4). LA^O. (4.42) 

Thee first condition represents the sphaleron energy, the second takes care of the fact 
thatt the effective A\ mass is 2e202. A possible solution can be given in the form 
f(LAi)f(LAi) = i 0 c „ ( m « i ) cos(nLAi), with coefficients c„  depending on mHL. The 
equationss of motion follow straightforwardly from the effective action, after adding 
alsoo the required damping terms. 

00 + 70 = (m2
¥ / 2 -2A02 + 2L-2/(27rNCs) + ^ i ) ^ (4.43) 

NcsNcs + ie2Ncs = -(e2/27r)(/,(27rAr
cs)02 + 2K L00) (4.44) 

wheree we assumed the damping for Ai to be proportional to e2. 

However,, for mHL of order 1 (the sphaleron size) and K = 0.05. the K-term is much too 
smalll  to push the Chern-Simons number over the sphaleron barrier and the resulting 
asymmetryy is zero. For larger volumes the barrier itself is too high to get Ncs 

sufficientlyy away from zero; the / '-term in (4.44) becomes very large near the top 
off  the barrier (cf. (4.41)). The /-term in (4.43) may actually be neglected for large 
L. L. 
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Figuree 4.11: Analog of figure 4.10 including the time-dependent sphaleron-like poten-
tiall  (4.45.4.46): dashed: d>2 versus tmH. continuous: Ar

Cs- Left: mH/mw = 0.625. 
right:: rnH/mw = 1.0625. 

Too proceed, we shall interpret the above equations as effective equations for the Chern-
Simonss density, with an effective potential ƒ that is not constrained by the barrier 
conditionn (4.41). and that is even time-dependent. We have to incorporate the fact 
thatt at early times t < 13 rnjj1 the quadratic form L~2f{LA{) = A\ gives a reasonable 
descriptionn of the data. The bottom of the dips in figure 4.10 is deeper than the 
sphaleronn value - 1 / 2. This means that the sphalerons have not appeared yet. because 
Acss bounces back (on the A\ potential) instead of rolling down the hill on the other 
sidee of a (lower) sphaleron barrier. We model this by an effective potential that 
changess from quadratic to periodic, e.g. 

L~L~22f{LAf{LAxx)) -» r 2 [ 2 - 2 c o s ( M i ) j, (4.45) 

£(t)£(t) = to + £i[l  + tanh(6(t-to))]/2, (4.46) 

withh parameters such that £(t) is very small at t = 0 (and consequently L~2f(LAi) « 
A\)A\) and reasonably large at t = oc. such that Ax is able to hop over the barrier. 
Forr simplicity we set ii  = 153.6 raT1, the value of L in most figures. Then, with 
/oo = O.OlmJj1, t0 = 16m7 .̂ S = 0.16m//, and damping coefficients 7 = 0.14m//, 
77 = 0 .8mj , we get the result shown in figure 4.11. The other parameters are as in 
figuree 4.5 and 4.10. Although figure 4.11 appears to capture the qualitative behavior 
off  the process, we should keep in mind that the model system is quite chaotic, and a 
smalll  change of e.g. damping coefficients can change the result. This could be avoided 
byy considering an ensemble of initial conditions. The real simulation lacks of course 
thee arbitrary parameters of the modelling, and it is also more subtle, e.g. in that the 
resonance-likee behavior seen in figure 4.5 is not very well captured by the modelling. 

4.5.77 Role of topological defects 

Thee mechanism proposed in [4. 26] assumed that the electroweak transition produced 
topologicall  defects in the Higgs field, by the Kibble mechanism, with winding numbers 
averagingg to zero in absence of CP violation. With CP-violating there would then sub-
sequentlyy be a bias towards non-zero average winding number, with a corresponding 
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Figuree 4.12: Winding number of the Higgs field Nw, Chern-Simons number TVcs and 
(f>*4>(f>*4>  in two large-volume [Lmn = 3072) simulations, one with the usual thermal initial 
conditionss (left), and one for which the initial Higgs winding is suppressed (right). 

Chern-Simonss number characterizing the vacuum. Translated to our current notation 
thee asymmetry would then be given by a formula of the form ncs = Ncs/ L = cnn^, 
wheree n(j is the density of defects and c a dimensionless factor. 

However,, although we do not doubt the fact that there will  be a non-zero density 
off  topological defects shortly after the transition, this does not play a role in our 
interpretationn of the asymmetry as presented in the previous section. With the ef-
fectivee C and P violation used here, the all important initial asymmetry (section 
4.5.2)) is already about 10% or more of the final value, and it has nothing to do with 
thee winding-number density of the Higgs field; it depends only on K,do(4>*<p)- As a 
checkk we performed a simulation with initial conditions such, that there is no Kibble 
mechanism.. They were obtained from the thermal initial values by rotating 4>(x) and 
7r(x)) to the positive real axis. (i.e. (Re0, lm0)) —> (|0|.O). (Re7r,Im7r)) —» (|vr|,0)), 
andd subsequently enforcing Gauss's law. This has the effect that initially there is 
noo topological winding number in the Higgs field. Figure 4.12 shows an example of 
thee effect on one large-volume configuration, for the m# = raw case. We have also 
plottedd the winding number of the Higgs field3. 

1 1 
NNww = — V " " 

2TTT ^ 
a(xa(x + ai) - a{x)}\ (4.47) ) 

withh 4>{x) = p(x)ela(x\ and where [.. .J7^^ denotes taking the value modulo 2n. The 
artificiallyy non-winding initial configurations are evidently much less random, and 
wee see indeed that 4>*(t>  in the right-hand plot of fig. 4.12 suffers less damping in its 
firstfirst half-period than in the left-hand plot (which resembles closely the corresponding 
plott in fig. 4.5). Note also the deeper and broader minimum around tuin = 13, 
whichh reminds us of that in figure 4.10. However, we note in particular the complete 

'Usingg the gauge-invariant winding number of [141] gave identical results 
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absencee of Higgs-winding in the right-hand plot of fig. 4.12 in 0 < tmH < 12. as 
comparedd to the somehat noisy winding in this time-interval in the left-hand plot. 
Afterr time tmH — 30. it appears that the Higgs-winding number is pulled along by 
thee Chern-Simons number (bringing down the magnitude of the covariant derivative 
D\o).D\o). such that in both plots A'cs ~ Ar

u.. Despite the large initial deviations, the final 
asymmetryy is semi-quantitat ively unchanged with the artificially winding-suppressing 
init iall  conditions. 

Wee conclude that it is the gauge field that, after being biased into the 'initial dip', 
pullss the Higgs phase along, and the picture of a mult i tude of topological defects un-
windingg under a biasing C(P) asymmetry in the equations of motion is not relevant 
forr the final asymmetry in the present model. 

4.66 Conclusion 

Thee 1 + 1 D abelian-Higgs model illustrates nicely that a sizable Chern-Simons asym-
metryy can be produced by a tachyonic electroweak transit ion under the influence 
off  the usual effective C- and P-violating interaction. The numerical results can be 
summarizedd as 

»cs»cs = ^-~- = -i).7nmH- (4.48) 

att mji/m\y = 1 with the dependence on Higgs to W mass ratio as shown in figure 
4.7.. The linearity in K enabled us to carry out the simulations at a much larger value 
thann might be expected in realistic applications. 

Besidess initial conditions that are motivated by the quantum-to-classical transit ion 
inn the gaussian approximation, we also used low-temperature thermal noise for gen-
erat ingg initial configurations. We found that the quantitat ive results do depend mod-
eratelyy on the choice of initial conditions, but not the qualitative outcome. 

I tt came as a surprise to us that (even the sign of) the final Chern-Simons number 
andd thus the corresponding baryon number asymmetry is very sensitive to the Higgs 
mass.. An interpretation of this intriguing effect was given in section 4.5.6. 

Thee mechanism for the generation of the asymmetry here is different from that sug-
gestedd in [3. 4. 26]. since neither resonant preheating nor Kibbledike generation of 
topologicall  defects plays a crucial role in the model studied here. 

Wee have neglected here any effects related to the dynamics of the expansion of the 
universe,, because our pr imary aim is to see the order of magnitude of the asymmetry 
thatt can be generated, given a form of CP violation. It wil l be very interesting to see 
similarr results in the physically relevant SU(2)-Higgs theory in 3+1 dimension [128]. 
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4.7.. Appendix 

4.77 Appendix 

Implementingg zero total charge 

Ass discussed in section 4.4. we need to generate the distribution (4.33) subject to the 
constraintt of zero total charge. ^2X e2((p*7r — n*(p). or in terms of Fourier variables 
(definedd as in (4.11)). 

Q E ^ ( 7 r [ > 2
f c - 7 r ^ ) = 0 . . (4.49) ) 

Onn the spatial lattice with an even number of Ar sites, x — ma. m — 0 N — 1. 
thee wave vectors can be chosen to take the values 

kk = 
27m m 

Na Na 
nn = -JV/2 + 1. ....A/2. (4.50) ) 

Thee reality of the fields 4P{x) and TT^(X). j = 1.2, and the fact that exp(ikx) is real 
forr n = 0. N/2, imply that we can write 

t>it>i = ^ r f c = 
i i 

//2uJk 2uJk 
aiai + i nn = 1, 

N N 
~2 ~2 

1. . 

44 = ^  = / f ( 4 + ̂ i) - n = i f - i . 

## = r̂ .. — yJZJk^. n = 0. 
~2' ~2' 

(4.51) ) 

(4.52) ) 

(4.53) ) 

wheree the real a's. . . ., e's, are independent variables. In terms of these the zero-charge 
conditionn (4.49) takes the form 

QQ — c0aQ c0a0 + cAy2G-N/2 cN/2aN/2 
N/2 -1 1 

++ ]T (44 - clai + 4bl - dibi) = o. 
fc=i fc=i 

(4.54) ) 

Too implement the zero charge constraint, the probability distribution (4.33) has to 
bee multiplied by S(Q(a. b. c. d)). which means that it no longer depends quadratically 
onn the aj. c?k. For example, for thermal initial conditions nk = 0. and we have 

P{a.P{a. b. c, d) -x S(Q) exp 
N/2 -11 2 

EE E 
A-=ll  j = l 

i'2 i'2 

'a»'a» + b?+C?+<P* 
nnkk + 1/2 

l f f < + CC ^V/2 + ^ /2 
22 t t V»o + l/2 WAV2 + 1/2 

(4.55) ) 
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Figuree 4.13: The distribution of (plain) <p\ (the constrained variable) and of 
(checkered)) <PQ for a set of 500 initial conditions for a thermal ensemble at temperature 
T/rriHT/rriH  = 0 . 1. Overlaid, a gaussian with the relevant width. 

Wee can now integrate out one variable, say aj to get rid of the 6 function 

1 1 

1 1 

k.j k.j 

22 z-^ \ n0 + 1/2 

,-/-' ' 

+ + 

++ K2 + r{2 + 4 
nnkk + 1/2 

J'22 i J'2 ' 
aaN/2N/2 "r" CJV/2 

l7V/2 2 ++ 1/2 
ii  (Q/ „2\ 2 2 

2nf f 1/2 2 
(4.56) ) 

where e 

Q(a.. b. c. d) = Q(a, b. c. d) + c$al (4.57) 

Thiss distribution is no longer gaussian in the remaining aJ
k cj,. We sample it 

usingg Monte-Carlo methods. Sampling a distribution with a ó-function is notoriously 
difficult .. However if we have enough variables on which to "distribute" the constraint, 
thee deviation from a gaussian distribution is expected to be small, which is indeed 
thee case, see figure 4.13. Our choice of dependent variable (aj) should not matter, 
inn principle, but only with an ideal Monte-Carlo algorithm. As it turned out. the 
numberr of variables was sufficiently large that no problem was encountered. 

Havingg produced a realization, we solve for aj and so construct a field configuration 
{<t>i(x),{<t>i(x),  7TJ'(x)}  with zero Q. As mentioned in section 4.4, the gauge field configuration 
thenn follows from Ai(x) = 0 and determining doAx(x) by solving the Gauss constraint. 
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Chapterr 5 

Baryogenesiss in electroweak 
tachyonicc preheating: 3 +1 
dimensions s 

Abstract t 

Wee consider a scenario in which the baryon asymmetry was created in the early 
universee during a cold electroweak transition. The spinodal instability of the Higgs 
fieldfield caused by a rapid change of sign of its effective mass-squared parameter induces 
tachyonicc preheating. We study the development of Chern-Simons number in this 
transitionn by numerical lattice simulations of the SU(2)-Higgs model with an added 
effectivee CP-violating term. A net asymmetry is produced, and we study its depend-
encee on the size of CP violation and the ratio of Higgs to W mass. This chapter has 
beenn published as [142]. 

5.11 Introduction 

Thee baryon number asymmetry of the Universe, expressed in terms of the observed 
ratioo of baryon number density (ns) to photon number density (z?,7) [13] 

^ = 6 . 5 i S -4
3 x l ( ) - l uu (5.1) 

il-, il-, 

iss thought to be the result of high energy processes in the very early Universe. These 
processess need to break charge conjugation symmetry (C), the symmetry under the 
combinedd charge conjugation and parity (CP) and conservation of baryon number 
(B).. In addition it is necessary for the processes to take place during a period when 
thee Universe was sufficiently out of thermal equilibrium [53]. 
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Quitee a few theories of baryogenesis have been proposed that can explain the order of 
magni tudee of the asymmetry (5.1). see e.g. the review [143]. Most of these are based 
onn physics beyond the Standard Model (SM) and because of our limited knowledge 
off  this physics and of the history of the very early universe, it is hard to falsify a 
part icularr proposal. We consider it therefore important to search for a viable scenario 
off  baryogenesis within the known physics of the Standard Model. We should also 
includee its renormalizable extension that includes right-handed neutr ino fields and 
Diracc and Majorana mass terms which we shall call the Extended Standard Model 
(ESM)) - to incorporate the neutrino masses. 

Inn the (E)SM all criteria for baryogenesis are met. Baryon number is violated through 
ann anomaly [G3] and the weak interactions violate C and CP. For three or more gener-
at ions.. CP violation in the quark sector is possible through the Cabibbo-Kobayashi-
Maskawaa (CKM) mixing matr ix [144. 145]. Experimentally, three generations are 
observedd and the measured CP violation in Kaon and heavy-quark systems is con-
sistentt with the CKM matr ix [92]. There may be more sources of CP violation in 
thee neutr ino sector, thus far hidden in the neutr ino mixing matr ix. The required 
non-equil ibriumm may be found in the decay of heavy neutrinos falling out of thermal 
equil ibriumm at temperatures T >  10s GeV [58] the leptogenesis scenario — or in 
thee electroweak transit ion. 

Tachyonicc electroweak transition 

I tt is a great challenge to develop a scheme in which the baryon asymmetry follows from 
thee physics of the (E)SM at an energy scale of order 100 GeV. At this energy scale 
thee Hubble rate is only about 10_ o eV and the required non-equilibrium dynamics is 
thenn to be caused by the electroweak transit ion. Such schemes fall under the unifying 
namee of electroweak baryogenesis [1. 2. 110]. Most schemes rely on the electroweak 
transit ionn being a sufficiently strong first-order f inite-temperature phase transit ion. It 
wass found later that the electroweak transit ion cannot be first order in the Standard 
Modell  [104. 105]. given the experimental bound on the Higgs mass IUH > 114 GeV 
[92].. This has led to investigations of whether the phase transit ion can be first order in 
theoriess with an extended Higgs sector, such as the Minimal Supersymnietric Standard 
Modell  [146. 118]. 

Anotherr possibility for the required out-of-equilibrium conditions is preheating at the 
electroweakk scale after low-scale inflation, either through resonant preheating [3. 4], or 
tachyonicc preheating and the creation of topological defects [4. 26]. In these scenarios 
thee electroweak transit ion is not a regular f inite-temperature transit ion but a cold 
t ransit ion,, caused by a hybrid-inflation type coupling of the Higgs field to an inflaton 
field.field. Such electroweak transit ions have been investigated in more detail [40. 46]. and 
thee tachyonic case appears most promising [43. 126, 81]. 

Inn such a tachyonic electroweak scenario for baryogenesis. the baryon number gener-
atedd during the transit ion is given by the anomaly equation 

B(t)=3(NB(t)=3(Ncscs(t)-N(t)-Ncscs(0)).(0)). (5.2) 
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wheree Nes is the Chern-Simons number in the SU(2) gauge fields and B is assumed 
too be negligible (e.g. due to inflation) before the transition at time / = 0. A sufficient 
CPP bias is needed to produce the observed asymmetry (5.1). 

CPP violation 

AA further hurdle to be overcome is the strength of CP violation. In the Standard 
Modell  this has been estimated as being of order [91] 

JJ {vu - yc)
2{yc - yt)\yt - yu)2(Vd - ys)

2(ys - yb)
2{yb - yd)2 ~ KT 2 3. (5.3) 

wheree yu, ..., yt are the fermion-Higgs Yukawa couplings and [92] 

J=\\m{VJ=\\m{Vl3l3VVklklV*V* llVZVZ33)\)\ = (3 ) x 10"5 (5.4) 

iss the simplest rephasing-invariant combination of the CKM matrix V. In [89, 90, 2] 
finite-temperaturefinite-temperature estimates were given with yj —*> m2JT2 and T of order of the 
electroweakk transition, X % 100 GeV, which led to a magnitude « 10- 2 0. Clearly, if 
thesee estimates are to be taken seriously, Standard Model CP-violation is much too 
weakk for baryogenesis, which is the current lore. 

CPP violation is a subtle effect based on quantum mechanical interference, which can be 
destroyedd at high temperatures. The above finite-temperature estimate can perhaps 
bee justified by a high-temperature expansion and dimensional reasoning. However, 
thee zero temperature estimate (5.3) seems less reliable to us. since it contradicts the 
measuredd magnitude of CP-violating observables. Factors such as J are hard to avoid 
inn analytical calculations, but the product of Yukawa couplings in (5.3) could be com-
pensatedd by perturbative energy-denominators or non-perturbative effects (see e.g. 
[95.. 96. I l l ] and [97]). We found indications of such compensation in a computation 
off  the effective action obtained by integrating out the fermions [101]. 

Onee motivation for our work here is the possibility that at zero temperature the 
strengthh of CP violation in the SM is given by J. i.e. without the product of y's. 
Thiss is another reason for considering scenarios based on a tachyonic electroweak 
transition.. In the ESM with Majorana masses there is less rephasing-invariance and 
thee corresponding J' = Im(V '̂-V^*) | could be even larger. 

Sphaleronn transit ions 

Itt is important that the effective temperature after the transition is low enough for 
sphaleronn processes to be strongly suppressed, otherwise B might diffuse to zero again 
(seee [77. 70] for recent results on the magnitude of the sphaleron rate). Because a ta-
chyonicc transition occurs at a relatively low energy, which becomes redistributed over 
thee many degrees of freedom by the efficiency of the preheating process, sphaleron 
wash-outt is not expected to be a problem, as already suggested in [3]. A recent 
studyy [147] of Higgs- and W-particle numbers shortly after a tachyonic electroweak 
transitionn indeed showed low effective temperatures. However, particle numbers in 
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thee important low momentum modes were found to be still rather large, correspond-
ingg to large chemical potentials [147]. suggesting the possibility of a sizable effective 
sphaleronn rate after the transition. 

Thiss work 

Inn this chapter we report on a study of the asymmetry generated in a taehyonic 
electroweakk transition by lattice simulations of the SU(2)-Higgs model with effective 
CPP violation. The transition is modelled by a rapid quench and we use a classical 
approximationn that can be justified for such transitions [43. 126]: the quantum average 
iss approximated by an average over a classical ensemble of initial conditions, which is 
evolvedd using classical equations of motion. 

Thee effective CP violation we use is given by a term 

KK ofoTr [F^F^j (5.5) 

inn the lagrangian (<t>  is the Higgs doublet. Fflu the gauge field strength tensor and F l̂v 

itss dual). The coefficient K parametrizes the CP violation and has mass dimension 
—— 2. One may write it as 

3SCP 3SCP 
KK = WflAP (5-6) 

wheree M is some mass scale and Sep is dimensionless. 

Theree are two possible interpretations of the term (5.5). We can see it as a crude rep-
resentationn of the CP violation due to the fermions in the (E)SM. in which case 
wee choose M — rn.\y. In the second interpretation the term (5.5) could be the 
lowest-dimensionall  CP-violating operator resulting from integrating out heavy fer-
mionss (with masses beyond the electroweak scale) in a path integral, in a large class 
off  theories beyond the Standard Model. In this case we choose M = 1 TeV. Notwith-
standingg the approximate nature of the model, which neglects the dynamics of the 
(E)SMM fermions as well as the U(l) and SU(3) gauge fields, it is very interesting to 
obtainn an estimate of the value of Sep that is needed for reproducing the asymmetry 
(5.1)) via (5.2). in either interpretation. 

Withh one exception [72]. simulations in 3+1 dimensions have not included CP viol-
ation.. In [72] there was a search for an asymmetry induced by a chemical potential 
forr Chern-Simons number. Technical difficulties were reported and no asymmetry 
wass seen. Simulations in 1 + 1 dimensions similar to what we consider here were per-
formedd in [86. 3] and in more detail for the case of a taehyonic quench in [126]. In 
[126]]  (chapter 4) we showed that the final asymmetry is proportional to the applied 
CC violation (in 1 + 1 dimensions, C violation plays the role of CP violation in 3+1 
dimensions),, with an interesting dependence on the ratio of Higgs to W masses. 

Thee structure of the rest of this chapter is as follows: In section 5.2 we review scenarios 
forr taehyonic preheating after inflation. In section 5.3 we describe the SU(2)-Higgs 
modell  with the added CP-violating term, and discuss the equations of motion. Section 
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5.44 is devoted to the classical approximation and the details of the applied initial con-
ditions.. In section 5.5 we present our results. Finally, section 5.6 concludes with our 
estimatee for the generated baryon asymmetry and the magnitude of Sep- Technical 
detailss can be found in the Appendix. 
Preliminaryy accounts of this work have been given in [128. 148. 149. 101]. 

5.22 Tachyonic electroweak preheating 

Ass mentioned in the Introduction, with regard to the magnitude of CP violation it 
iss interesting to explore scenarios in which the electroweak transition took place at 
zeroo temperature. Let us assume that the effective mass parameter //2ff in the Higgs 
potential l 

^^ = Vo+ / /2
f f <^ + A(<^)2 (5.7) 

wass at first positive and then turned negative ('tachyonic'), ending up at the current 
valuee — p2. We recall that fi is simply related to the Higgs mass, fj2 — m2

H/2. 
andd assume for the purpose of discussion that fi « 100 GeV. We now discuss two 
realizationss for the sign change of fi2H, firstly one that is instructive but that we will 
arguee to be not viable, and secondly the more conventional one proposed in [26]. 
Ann elegant realization for /^f f could be a non-minimal coupling to the gravitational 
field. . 

A44 = ZR - /i2, (5.8) 

withh R the scalar curvature. As far as we know, there are no limits known yet on the 
parameterr £. An indicative value is £ = 1/6. the conformal case, so it is natural to 
assumee ( « 1/6. As an example, consider inflation in which R is initially large and 
positive,, such that ^2

ff is positive. After inflation R goes down and /^f f goes through 
zeroo when R & (100GeV)2. The transition will take place somewhat later when the 
Hubblee rate, which is generically of order R1/2. has dropped sufncently for the Hubble 
dampingg term in the Higgs-field e.o.m. (3H(p) to become subdominant, say H w 1-10 
GeV.. For H w 1 GeV, the energy density is still very large, p = 2>H2m% « (109GeV)4 

(wee use mp = (SirG)~1^2), far above the electroweak scale of about (100 GeV)4. After 
thee transition the inflaton still dominates the energy and it should have released this 
intoo the SM degrees of freedom before big bang nucleosynthesis (BBN) can take over. 
InIn the conventional scenario (see e.g. [10], section 8.3). the universe expands in matter-
dominatedd fashion when the inflaton (a) has fallen out of slow roll and is oscillating 
inn the minimum of its potential, while decaying into the SM degrees of freedom 
('radiation').. The inflaton decay rate T  ̂ should be sufficiently slow, otherwise the 
maximumm temperature in radiation [10]. 

r m a x ^ ' X n f l ^ m p ) 1 / 4 .. (5.9) 
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mightt rise above the electroweak transition temperature T(. % 100 GeV. and the 
splialeronn rate would wash out the generated asymmetry. Here g+ is the usual effect-
ivee number of d.o.f and A/ inf l is the energy scale of inflation, which by the previous 
argumentt is larger than =s 109 GeV. Requiring Tmax < 100 GeV leads to T„  < 10~27 

GeV.. Such an extremely small decay rate is perhaps not unnatural if the inflaton 
residess in gravitat ional degrees of freedom, and (£ - 1/6)2 is sufficiently small. How-
ever,, it also leads to a reheating temperature [10] 

TTlhlh^g^^g^/4/4(T(TaammPP)^)^22 (5.10) 

thatt is smaller than 10~2 MeV. in conflict with BBN. Moreover, the entropy in a 
coniovingg volume produced by the decaying inflaton. S = sa:i (s is the entropy density 
andd a the scale factor), increases y. a1'^*  [10]. whereas the corresponding baryon 
numberr D = nB(i :i is essentially conserved for T < 100 GeV. Then the crucial rat io 
nnBB/s/s suffers dilution by a huge factor ( « i / a2 ) i r , / 8 = {ti/t2)

r>/A ~ 10~3 4. where t1 % 
mP/ M 2

) f 11 is the t ime at the end of inflation and t2 ~ l/Ta the time the inflaton has 
decayed. . 

Thee numbers look better, but not good enough, if the inflaton potential does not 
havee quadrat ic minimum but simply falls away such that the kinetic energy dominates 
( 'kinetion').. as in quintessential inflation [150]. In this case the energy density falls 
fasterr than the radiat ion in SM particles. pa DC <r (i. However, going through a similar 
analysiss leads to practically the same Tv\t. an entropy growth S oc a3/4 and a dilution 
factorr % 10~8. In case Ta is negligible, the entropy would be conserved and UB/* 
wouldd be constant. However, it then takes too long for the energy density in SM 
d.o.f... PSM "X a- 4 , to become comparable to p„.  This would happen at a temperature1 

muchh too low for BBN: TjTx = m/a = ( / > S M / / V ) 1/ 2 ~ 10"1 4. or T « 10"9 MeV. 
These11 problems are avoided if the energy scales of inflation and radiation are com-
parable,, specifically low-scale inflation with i\/ illf i % 100 GeV. For this the realization 
(5.8)) does not work (unless £ > 1026!) . In [3. 4] a hybrid inflation mechanism was 
proposedd in which the Higgs field is coupled to the inflaton. 

/4ff  =ACT0<72 -/i2. (5.11) 

andd er was assumed to roll from large values towards o = 0. Considering the effect 
off  radiat ive corrections of the Higgs to the inflaton led [26] to the conclusion that 
invertedd hybrid inflation is a better option (see also [27]). 

/'t
2fff  =l4-X^(T2. (5.12) 

wheree now a runs from 0 to [(//2 + /;2 ) /A ( T O] 1 / 2. An explicit example of the infiaton-
Higgss potent ial is given in [26]: 

V(a.o)V(a.o) = V0-- A 5a5 + -K6(T
G + - ( / / 2 - Ko<y2)o2 + -Xol (5.13) 

oo 0 2. 4 

(forr simplicity for one real o). with A5 = 7.3 x 1 0_ 5G e V_ 1 . KG = 2.4 x 1 0_ 7G e V ~2 . 
^ 22 = 1000 GeV2. Xa0 = 0.04. and V0 such that V = 0 in its minimum. V0 ~ 
(866 GeV)4. 
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5.2.. Tachyonic electroweak preheating 

Choosingg A - 1/9 leads to the vacuum expectation values (o) = 237 GeV (reasonably 
closee to the correct 246 GeV). (a) = 426 GeV. and /i = 79 GeV. The inflaton-
Higgss coupling Xa(P is quite strong, which causes substantial mixing in the minimum 
off  the potential. The eigenvalues of the mass matrix are given by (74 GeV)2 and 
(147GeV)2,, differing considerably from the diagonal elements d2V/da2 = (121 GeV)2 

andd d2V/d(t>2 = (111 GeV)2. so one may wonder if the SM Higgs physics is not too 
muchh affected (see chapter 7). 

Anotherr question that needs further investigation is the fact that in this model the 
inflatonn decay width is much larger than the Hubble rate. At this low-scale inflation 
thee Hubble rate is only H « 10- 5 eV. whereas one expects Ta w 1 GeV. In the 
regimee Ta » H, warm inflation has been advocated [151]. which puts into question 
ourr assumption of a cold universe after inflation. 

However,, the problems with the previous realization (5.8) are avoided. After the 
transitionn the inflaton decays rapidly into the SM d.o.f. via the mixing with the 
Higgs.. Neglecting the tiny Hubble rate and using energy conservation, the 'reheat' 
temperaturee is approximately given by 

r= /3o_y/4
V( j/«.. (514) 

\n\n22g*J g*J 

Withh g* = 86.25 for the effective number of d.o.f. below the W mass (leptons, quarks, 
gluons,, photons), and a Higgs mass of, say, 160 GeV, this gives T ~ 51 GeV, well 
abovee the BBN and QCD transition temperatures. 

Becausee of the uncertainties in the specific realization of the assumed tachyonic elec-
troweakk transition, we model the transition by an instantaneous quench: 

== -fi2. t>0. (5.15) 

Thiss is a limiting case of the transition in a finite time treated in [45. 81]. In this 
wayy we 'shield' the SM from the uncertainties of the inflaton and presumably, the 
quenchh will generate a maximal baryon asymmetry for a given amount of CP violation. 
Requiringg zero vacuum energy gives 

VVQQ = fi4/4X, (5.16) 

withh a 'reheat' temperature similar to the model (5.13). 

Thee initial state for the Higgs field is <0) = 0 with {i2  ̂> 0. When /i2ff < 0 the Higgs 
fieldd suffers the spinodal instability: (é) does not change, but its low momentum 
modess grow exponentially [126]. Soon the quartic term in the Higgs potential kicks 
inn and eventually with the other SM couplings the fields will thermalize in the broken 
phasee minimum. Initially there is rapid effective-thermalization [147], called -tachy-
onicc preheating' [41]. 
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5.33 The SU(2)-Higgs model 

Too study the bar von asymmetry emerging after the elect roweak transition we used 
thee SU(2) Higgs model with effective CP violation, given by the action 

SS = - I d\ 
1 1 

Trr F^F»" + (D^D^o - , / V o + A(ofo)2 + V0 

++  KOtoTrF^FIJJ (5.17 

Heree Fflu = i)flA„  - dvAil - i[A fl. A„].  D^o = (dfl - iA^o. with o the Higgs doublet. 
FFtt,v,v = ftll,pfJF

pa/2. our metric is (-1.1.1.1) and f0i23 = +1- As usual Afl = AJ>a/2 
withh rn. a = 1.2.3. the Pauli matrices. The vacuum expectation value of the Higgs 
fieldd is |{(è) | = v/\/2. with v = / / /vX and the Higgs and W masses are given by 
mmHH = v^/J = V2X v. m-w = gv/2: Vn = ^/1\. The magnitude of the effective CP 
violationn is parametrized by K. For later reference, we define the dimensionless 

fcfc = 167T2Km?v. (5.18) 

Thee equation of motion for the Higgs doublet is 

(D(D(l(lD»D» + //2 - 2\óU - KTTF^F  ̂ 0 = 0. (5.19) 

Forr the gauge fields the equations of motion are given by 

DoDo (^ Et ~ 2 N O U B ^ ~ f *"" D ' ( ^ K + ^^óE^j + 3$ = 0. (5.20) 

wheree E'k' = F'k'Q and B'k' = f fr,mF£n/2 are the SU(2) electric and magnetic fields. Dk 

iss the covariant derivative in the adjoint representation, e.g. 

DDflflBBaa
kk=d,D^=d,D  ̂ + f(lhcAlBc

k. (5.21) 

andd j£ is the Higgs contribution to the SU(2) current 

3l3l = i(Dfió)^ó-i^~D,ó, (5.22) 

Inn addition, the Gauss constraints have to be satisfied. 

1 1 ï t ^ r ? " " D **  {j2E*-  2h'ó0Bk) + Jo = 0- (5.23) 

Iff  these conditions hold at one time, they hold at all times as a consequence of the 
equationss of motion (5.20). 

Iff  0^0 were constant, the CP-violating terms are ineffective, since then the «-term in 
thee action is the integral of a total derivative. 

T r F ^ ^ = 1 6 7 r2 ^ # s .. (5.24) 
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wheree j ^ s is the Chern-Simons current 

Jcss = 3 ^2  ̂ (AxF  ̂ - ^abcAiA  ̂ . (5.25) 

Similarly,, for constant 4>^<f>,  the K terms drop out of the field equations because of the 
Bianchii  identities eKX^DxF  ̂ = 0. Hence, an alternative version of (5.20) and (5.23) 
is s 

00 = DkE
a
k-2g2

KBa
kd0(4>i4>)+92J  ̂ (5-26) 

00 = D0E%-2g2KB%dQ((l>1<t>)-e klmDlB^ 

-25
2K C f c,m££0,(^0)) + g2j%, (5.27) 

respectively. . 

5.44 Initial conditions and classical approximation 

Wee consider an initial state where the Universe is at zero temperature, with the Higgs 
fieldd expectation value at zero. In the vacuum, there are quantum fluctuations, and we 
wouldd like to use those to seed the Higgs symmetry breaking. Several ways have been 
suggestedd (see for instance [40, 132]). We follow the line described in [126] (see also 
[43]]  for the more realistic case of a rapid but not instantaneous quench), by solving 
thee quantum evolution in the limi t of zero coupling. A = 0. We also neglect the 
interactionss with the gauge fields for the moment. In this limit , the Higgs potential 
afterr the quench at t — 0 is just an inverted parabola 

V{(f>)V{(f>)  = V0- / *V 0 = Vo~\ l?K<i><*  (5-28) 

wheree the (fia, a = 1, 2,3,4, are four real fields representing the complex Higgs doublet. 
Forr the moment we consider just one of those real components. It is straightforward 
too solve the operator equations of motion for t > 0 with the initial condition that the 
fieldd is free with mass /i for times t < 0. In terms of Fourier modes 

</>kk = fd3xe-^-<P(x) (5.29) 

inn a periodic volume L3, one then finds that modes with k < \L are unstable and grow 
exponentially.. For A / / ? — k2 t > 1, 

0kk oc exp ( vV 2-A ; 2£) . (5.30) 

andd the particle numbers of the unstable modes in the initial state |0) (the vacuum 
forr t < 0) also grow exponentially. So these dominating modes become classical and 
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indeed,, the expectation value of generic products of field operators can be reproduced 
byy a classical gaussian distribution [126]. 

-lH -lH \f\f++\\2 2 
Iskk I 

+ + 16 6 
22 t  ̂ \nk + l/2 + ük nk + l/2-hk 

k | < / j j 

U;U; kk®U.®U.  TTk) . 

'5.31 1 

[5.32] ] 

wheree 7r is the canonical conjugate to 0. The particle numbers nk. nk and frequencies 
LdLdkk are defined in terms of the two-point functions 

(^k4 ) ) nnkk + ^ J Uk-

<̂ 4>> = {^+\)~ 

whichh can be calculated to be [126] 

<7Tk k̂)) + i = rïk + 

<^k0k> > 

<7Tk0k) ) 

H H 
2o,+ + 

4^ 4^ 

11 + 

11 + 

i! ! 
- 2 2 
k k 
+2 2 

2 2 
k k 

11 ) sin2(u;fc£) 

11 cos 2(,2(, .-
k k t) t) 

+22 . 
^ - l ) s i n ( 2 ^ ) + - . . 

== 2 + R 

(5.33) ) 

(5.34) ) 

(5.35) ) 

(5.36) ) 

(5.37) ) 

(5.38) ) 

(5.39) ) 

Explicitt expressions for nk. nk and ujk are easily obtained, which show that for 
\u>\u>kk\t\t > 1. nk + 1/2 + nfc grows exponentially, whereas the difference nk + 1/2 — n*. 
rapidlyy approaches zero (see figure 2 in [126]). This means that the typical  ̂ grows 
exponentiallyy and the typical ££" -• 0. In terms of 0 k and 7rk the distribution gets 
squeezed. . 

Itt therefore makes sense to treat the dynamics classically, as soon as the particle 
numberss are large, nk > 1/2. This is the case for sufficiently long "roll-off'1 times, 
keepingg in mind that the quadratic approximation will break down when the interac
tionn terms becomes non-negligible. For a given choice of "roll-ofF time and thus nkl 

nnkk and uik, we reproduce generic quantum correlators of the initial conditions by an 
ensemblee of random classical initial field configurations. These can then be evolved 
usingg the classical equations of motion. In this classical approximation the quantum 
averagess are replaced by averages over the initial ensemble. 

Thee classical evolution can be carried out on a computer, including fully the non
linearr interactions. This assumes of course that the particle numbers in the gauge 
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fieldsfields wil l also grow large, such that they can also be treated classically. A large growth 
off  gauge field modes could be seen a posteriori In [147]. we found that the Higgs 
occupationn numbers for the unstable modes indeed become very large (n0 « 100) 
duringg the instability. In addition, the gauge fields also acquire large occupation 
numbers,, thereby supporting the classical approximation for the whole system, at least 
forr the time scales under consideration here. The large particle numbers in the gauge 
fieldd modes suggest that our major observable to be computed, (NCs{t) - iVcs(O)), 
cann also be obtained reasonably accurately in the classical approximation. 
Thee Gauss constraints (5.23) need to be imposed on the initial conditions. We do this 
ass follows. As long as the free-field approximation is valid, the gauge fields cannot feel 
thee exponential growth of the Higgs fields, so we initialize A" = 0. Then the covariant 
derivativee in (5.23) reduces to an ordinary derivative and it is straightforward to solve 
forr the electric field components, E%, given the Higgs charge densities j 0 a drawn from 
thee distribution (5.31). However, before doing so one constraint has to be imposed 
first:: in finite volume the global charge vanishes, 

ƒƒ exit = j d3x dkF£k/g
2 = 0. (5.40) 

Wee thus modify the distribution (5.31), 

P{0-+P{Z)S(G),P{0-+P{Z)S(G), (5.41) 

wheree 6(G) encodes this global Gauss constraint. This makes the distribution not 
quitee Gaussian. For details see appendix 5.7. 

Wee wil l apply two types of initial conditions, dubbed 'Just-a-half' and 'Thermal'. For 
additionall  details on these schemes, see [126]. 

5.4.11 Just-the-half distributio n 

Inn the quadratic approximation, classical and quantum evolution is identical, and we 
cann therefore choose to sample the initial distribution (5.31, 5.41) at "roll-off " time 
zero,, when the n's and CJ'S are simply given by 

nnkk=h=hkk==  0, u>k = y/fi? + k2. (5.42) 

leavingg just the 1/2 in the denominators in (5.31). We only initialize momentum 
modess that are unstable and that will acquire large occupation numbers under the 
spinodall  instability, so |k| < (i. This also avoids initializing modes close to the lattice 
cut-offf  scale [132]. We name these initial conditions: Just-the-half. 

5.4.22 Thermal distributio n 

AA different condition is obtained from an initial state that is thermal but at a low 
temperaturee T <C mH- We consider this possibility to get some indication of the 
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sensitivityy of the results to the initial conditions. The initial particle numbers of the 
Higgss fields are chosen to be Bose-Einstein distributed: 

nnkk = (exp {jj k/T) -l)~l. nk = 0. «:k = v V + fr2. (5.43) 

Wee use T/mH = 1/10. In this case we initialize all the modes, not only the unstable 
ones,, but of course, only the unstable ones will grow. In practice the large-momentum 
taill  is so suppressed that it should make littl e difference to introduce the cut-off k < //. 
Wee name these initial conditions: Thermal. 

5.55 Numerical simulation 

Forr the numerical simulation we translated the action to a lattice in (Lorentzian) 
space-timee according to the usual method of lattice gauge theory, from which the 
discretizedd field equations follow in the standard fashion. The Gauss constraint (5.23) 
iss compatible with the discretization and since the initial A0 = 0. it stays zero and we 
aree using temporal gauge. Because of the CP-violating terms the numerical algorithm 
forr the equations of motion turns out to be •implicit', causing it to be rather computer-
expensive.. Lattice details are given in the appendix. 

Wee evolved ensembles of 45 initial conditions in time using classical dynamics. In 
twoo cases (Thermal initial conditions, k = l67T2Kmfv = 0 and 3) we averaged over 
largerr ensembles of about 300 configurations. We used volumes (LmH)3 = 213 with 
periodicc boundary conditions, and a spatial lattice spacing amH = 0.35. so with 603 

lattices.. This is a compromise between computer time and capacity and the need 
too have enough unstable modes on the lattice. Here, we have about 50 such modes. 
Also,, we found that with this choice of lattice spacing discretization errors in the 
Chern-Simonss number and Higgs-winding number (see below) were small enough for 
ourr purpose. 

5.5.11 Observables 

Thee spatial average of <p^ó, 

iss a good indicator for the development of the instability in time 
observablee is the Chern-Simons number 

NcsNcs = J d3xfcs, 

(5.44) ) 

Ourr most important 

(5.45) ) 
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--
1 1 

kk = 0 

''  k = 3 

1000 0 20 40 60 80 

mHt t 
100 0 

Figuree 5.1: Left: Volume-averaged Higgs field 2d^4>/v2, Chern-Simons number and 
windingg number, for a typical trajectory with Thermal initial conditions, mn/rnw = 
1,, and no CP violation, k = 0. Right: Example of NQS and Nw for two trajectories 
withh the same initial conditions, without (k = 0) and with (k = 3) CP violation. 
Thermall  initial conditions, m #/ mw = 1-

sincee the change in time of its expectation value determines the baryon asymmetry 
throughh eq. (5.2). 

33 / dxl 

'o 'o 
ddAAxx (dM jgs) B(t)B(t) = 3(NCS(t) - NCS(0)) 

8**8** JO 

Anotherr interesting observable is the winding number in the Higgs field 

1 1 

dx°dx° / d3x(E%B%). 

A" " 

V V 

24TT2 2 

(iT(iT224>*,<P) 4>*,<P) 

dd33xexeklmklmTi-Ti- (dkVV^diVV^dmVV^) 

ee SU(2). 

(5.46) ) 

(5.47) ) 

(5.48) ) 

Forr configurations near equilibrium with low energy in the covariant Higgs derivatives, 
thee gauge field is not far from being pure-gauge, A  ̂ ~ —id^VV^, and then A ĉs — Nw. 

Observabless such as the Chern-Simons number and the winding number are notori-
ouslyy difficult to implement on the lattice in the quantum theory, but they turn out 
too be manageable in our classical approximation because the high-momentum modes 
aree suppressed in the initial conditions. 

5.5.22 Single trajectories 

Wee evolved the initial configurations to time t = 100 mjj . and computed the volume-
averagedd Higgs field 0t0. the Chern-Simons number iVcs and the Higgs winding 
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2 2 

1.5 5 

1 1 
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„„  JJJi lU 
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llnmm rfl 

- 1 00 1 2 3 4 -4 
Ncs,, Nw 

0 0 
Ncs,, Nw 

Figuree 5.2: Left: The distribution of final Ncs a nd Nw; Thermal initial conditions, 
rtifi/ni\\-rtifi/ni\\-  = 1. no CP violation (k = 0). 303 configurations. Right: The same with 
CPP violation, k = 3. 

numberr iVw. The initial Chern-Simons number was set to zero, so we really computed 
itss change through eq. (5.46). which is gauge invariant. 

Fig.. 5.1 (left) shows the observables versus time from a single such trajectory in 
configurationn space. We see that tfi^è "falls off the hill into its broken phase minimum", 
wheree it performs a damped oscillation as the energy becomes slowly distributed over 
thee higher momentum modes. Meanwhile, the Chern-Simons number and winding 
numberr bounce around, until they settle near the same integer value (for Nw the 
differencee with the integer is a finite-lattice spacing effect). The winding number 
appearss to settle first and then the Chern-Simons number approaches it somewhat 
later. . 

Inn Fig. 5.1 (right) we show a particular initial configuration evolved with and without 
CPP violation. In this case, the final Chern-Simons number and winding number are 
shiftedd approximately by an integer (1) under the influence of CP violation. It is these 
shiftss that will  give us a net Chern-Simons number asymmetry. Due to the chaotic 
naturee of the equations of motion the shifts cannot be predicted from the magnitude 
off  the CP violation (for example, in figure 5.1 (right) the final Ncs — 1 for k = 0 and 
~~ 0 for k = 3). However, on the average, more shifts happen to one side than to the 
other. . 

Fig.. 5.2 (left) shows the distribution of final Chern-Simons number and winding num-
ber.. Although both observables cluster around integers, the winding number is more 
peaked.. The relatively short evolution time does not allow Chern-Simons numbers to 
settlee completely (m^ £finai = 100). Furthermore, the system has a non-zero effective 
temperature,, so the Chern-Simons numbers need not be integer. We have checked for 
aa few configurations, that the Chern-Simons number settles eventually, sometimes as 
latee as rant = 500. For most cases the Chern-Simons number is stuck already at time 
mmHHtt = 100. 
Fig.. 5.2 (right) shows the final distributions when adding CP violation. Note that 
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Figuree 5.3: Left: Averaged observables: 2($4>)/v2, {NQS} and (Nw) versus time for 
ran/rawran/raw = 1, Just-a-half initial conditions and k = 8. Right: Expectation values 
2((f)2((f)JJf<i>)/vf<i>)/v 22 and (Ncs) for different k; mn/mw = 1 and Thermal initial conditions. 

thee initial configurations in Figs. 5.2 (left)and 5.2 (right) are exactly the same. It is 
nott obvious that anything has changed and to spot the asymmetry we have to form 
ensemble-averagedd quantities. 

5.5.33 Ensemble averages 

Inn Fig. 5.3 (left) we plot the ensemble averaged Higgs expectation value, Chern-
Simonss number and winding number vs. time. We see that the average Higgs field 
dampss more strongly. The Chern-Simons number oscillates with a large amplitude 
beforee settling down. The oscillations seem to be driven by the oscillations in the 
Higgss field. At the end, both observables settle at non-zero values. Fig. 5.3 (right) 
showss the average Chern-Simons numbers for different values of k. Notice that the 
oscillationss have larger amplitude with larger k. 

Fig.. 5.4 sums up our results and the dependencies on the parameters. We keep 
mwmw fixed and plot (Ncs) / (Lmw)3 vs. k at m#£ = 100. The dependence on initial 
conditionss appears to be weak. There is a hint of a dependence on mass ratio mn/mw-

Thee dependence on k is not linear for the Thermal, niH/mw = 1, case. We have ob-
servedd similar non-linear behavior for large K (large C-violation) in the 1+1 D Abelian 
Higgss model, but were able to establish linearity at smaller n. Here a linear regime 
presumablyy also exists at small k, but it is unclear where it ends. We lack sufficient 
statisticss to draw a conclusion. Still, a linear fit  through the origin is consistent with 
thee data for k < 10 (dashed lines), for the rnn = \f2~mw case (x2/d.o.f = 0.25) and 
lesss so for m# = mw (x2/d-o.f = 2.4), 

,, ,, = (0.32  0.15) x 10~5fc. mH = mw, (5.49) 
[LmwY [LmwY 

==  (0.79  0.36) x 10_5fc, mH = V2mw. (5.50) 
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Figuree 5.4: Results for the Chern-Simons density all k, mjf/mw and initial conditions. 
Thee full lines represent linear fits through the two points with lowest k: k = 0. 3 
(TTIH(TTIH = triw) and k = 0.1.5 {TTIH = \[2mw)- The dashed lines are linear fits through 
thee origin, ignoring the da t a at k = 0, and also at k = 16 for the case run = mw-

Thiss fit takes into account tha t with infinite statistics the result at k = 0 should 
bee zero. However, the large x 2 in the ran = 'rriw  case suggests contamination from 
non-linearr behavior. 

Too diminish the uncertainty of where the linear regime ends we focus on the lowest 
k-k-values,values, k = 0.3. m # = rriw, and k= 0,1.5, m # = \/2mw We expect these points 
too be close to, or in. the linear regime tha t is of physical relevance. Furthermore, 
sincee we used exactly the same initial configurations for the da ta at k = 0 and at 
kk = 1.5,3, the effect of C P violation is the difference between the zero and non-zero 
kk results. An overall shift due to finite statistics cancels out in this difference. These 
fitsfits are represented by the continuous lines in figure 5.4. The fitted slopes are given 
by y 

(iVcs s 
{Lrriwf {Lrriwf 

(0.799  0.31) x 10~5 k, mH = mw 

1.44 x 10 " 5 k, mH = V2mw. 

(5.51) ) 

(5.52) ) 

Thee error in the m j ; = mw case is obtained by shifting the da ta upward with the 
negativee of the k = 0 value and combining the errors at k = 3 in quadrature . For the 
casee m H = \2mw this would lead to a too large, not meaningful error, which we 
havee left out. We consider as our best est imate for the slope the result (5.50) from 
thee previous fit (upper dashed line in figure 5.4), keeping in mind tha t this is perhaps 
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ann underestimate because of the apparent curvature in the data. 

5.5.44 Initia l rise 

Itt is clearly difficult to predict the final averaged Chern-Simons number analytically. 
Forr early times, specifically during the very first roll-off of the Higgs field, we can 
howeverr understand the asymmetry generated by the driving force of the CP-violating 
term,, through an analysis similar to that used in the analog 1+1 D Abelian Higgs 
modell  [126]. Consider a spatial region in which the fields are gauge-equivalent to 
beingg homogeneous and choose a gauge in which they actually are homogeneous. For 
homogeneouss fields, the equations of motion for the gauge field read: 

3?A%3?A% = Ab
kA

bAf - Aa
kA

bAb - \ giiA%^<f, - 2g\Ba
k dt(4>U) (5-53) 

Inn the Abelian Higgs model in 1+1 dimensions [126], the simplicity of the C-bias term 
ensuress that the gauge field does not enter into the driving force (the K-term). In the 
presentt case, however, its effect is suppressed by 

BBaa
kk = ^eklmeabcA

bAc
m. (5.54) 

Too estimate the asymmetry, we assume that the Higgs field, which may be viewed as 
ann 0(4) vector, rolls off the quadratic potential, say in the direction 03: 

dd22<f><f> 33 = ^203 - 4>U = 4>l e2^. (5.55) 

Assumee that we have solved the system for K, = 0. From the simulations, we know 
thatt the gauge field also grows exponentially, say 

KoKo = Ca
ke

c^. (5.56) 

Wee perturb with the K term, and write 

A-kA-k = Ac,o + KAkl. (5.57) 

Thenn the equation for the perturbation A  ̂ 1 is 

0M£,ii  = -tffcMu " 20X0 W V ) , (5.58) 

with h 

J J## = (A2Skl - Ac
kAf)5ab - Aa

mAb
m5kl + 2Aa

kA
b
t - AfAb

k + \ g2^cf>5kl8ah.: (5.59) 

evaluatedd at zeroth order in K. For small times H is dominated by the 0^0 term, 
whichh acts like an effective-frequency term for the perturbation, that will turn the 
initiall  rise induced by the source term ex dt^cfi) into the small initial bump in figures 
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5.33 (left) and 5.3 (right). Assuming this effective mass term can be neglected at early 
timess we can integrate (5.58) using (5.55) and (5.56) and express the result as 

AA^^  = -(2jifk?292Bi-o0to- (5-60) 

Forr homogeneous fields the Chern-Simons density is given by (cf. (5.25)) 

ncs(t)ncs(t) = J dx° d0fcs = - ^ 2 ^imeabc Aa
kA\Ac

m (5.61) 

evaluatedd at time t. Averaging over initial conditions the zeroth order contribution 
inn K wil l vanish and we get 

<»<*>> = - «  W A ) = g ^ L _ ( B V 0 > . (5.62) 

Wee now assume this expression, which was derived for our homogenous patch, to 
bee independent of where the patch was located, and replace {B2($(j)) —• (B2) (cp  ̂<p).. 
wheree (B2) and (0^(p) stand for the average over the volume as wTell as over initial 
conditions.. This gives for the density in W-mass units. 

("es)) = V~2k (W)(óÜ>)(2/v2) 

m ^^ (8TT2)2(1 + C)2 m^rriH ' J 

Usingg the computed values of (B2) and {fflcp), and inferring c from the measured 
behaviorr (B2) oc exp(4c^/i). we can compare (5.63) to the data. For c we find c ~ 0.67. 

Fig.. 5.5 shows the initial bump for TTIH/^HV = v2 . for varying k. The inset shows 
aa comparison with the estimate (5.63). evaluated at a time for which (^(p) = v2/6 .. 
thee value at which the curvature in the Higgs potential changes sign and the quad
raticc approximation (5.55) will be become more strongly affected by non-linearities. 
Becausee of finite statistics, there is an overall shift of the results that can be read off 
fromm the k = 0 simulation, which should give zero with an infinite number of initial 
configurations.. In this case the k — 0 and 1.5 simulations started from the exact 
samee initial conditions, and so we shift the k = 0 result to zero, and the k = 3 result 
byy the same amount (as we did in section 5.5.3). These are the crosses in the inset. 
Thee agreement of (5.63) with the data is surprisingly good, given the approximations 
made. . 

5.5.55 Final temperature and sphaleron wash-out 

Inn order for baryogenesis to be successful, we need the final temperature after sym
metryy breaking to be low enough so that an asymmetry does not get washed out 
byy equilibrium sphaleron processes. The usual requirement for avoiding subsequent 
wash-out,, namely, that the sphaleron energy is much larger than the temperature, can 
bee conservatively formulated as [104] v/T > 1.49, or T/v — 0.67. The estimate (5.14). 
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4e-05 5 

2e-05 5 

Figuree 5.5: The initial rise for various k's. The inset shows the size of the bump 
versuss k for the estimate (5.63) (line), the results of the simulations (dots) and results 
shiftedd by the negative of the value at zero k (see main text); m #/ mw = \[2. 

basedd on distributing the Higgs potential energy (V0 

degreess of freedom, leads to 

-- =0.442 (— ' 
vv V v 

vv mjj/8) over g* relativistic 

(5.64) ) 

wheree we used g* = 10 for the Higgs and W degrees of freedom. With v = 246 
GeVV and a Higgs mass in the range 114 - 200 GeV [92], the requirement is amply 
satisfied.. For example, for ran = \/2mw — 114 GeV the estimated temperature is 
TT = 74 GeV. 

Inn fact, our system is not yet in equilibrium after the transition and our particles are 
nott massless. In [147] we computed Higgs and W particle numbers using the field 
configurationss produced in our numerical simulation, from which we obtained effective 
temperaturess and chemical potentials by comparing to a Bose-Einstein distribution. 
Wee found 

rnrnH H 
0.4, , 

ch h 

1. . mmH H 
V~2 V~2 mw-mw- (5.65) ) 

Att first glance this temperature should keep us safe from equilibrium sphaleron wash-
out.. The implied temperature 0.4 x 114 = 45 GeV is lower than the 74 GeV found 
above,, which can be ascribed to the occurrence of the chemical potential. However, 
thiss large chemical potential implies that the occupation numbers are still very large 
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forr the low momentum modes, n  ̂ = [exp(\/m2 + k2jT — fich/T) — 1 ]~! ;g> 1. Since 
thesee modes are the ones responsible for sphaleron processes, the actual rate may be 
largerr than one would expect from the temperature alone. 

Inn the Standard Model, the W and Higgs particles decay into the lighter particles, 
whichh wil l rapidly lead to a lowering of the temperature. For the \V. the decay width 
iss about 3 GeV and the Higgs width is expected to be similar, so that in a t ime span 
off a few hundred mjj1 these particles have decayed. We do not see any wash-out on 
t imee scales of a few hundred rnjj . Then the final temperature wil l be determined 
byy light degrees of freedom and thus close to the estimate (5.14) with the somewhat 
moree favorable g* — 86.25: 

-- = 0.25 
v v (^rr  <5-c6» 

(andd a temperature T — 43 GeV for UIH = 114 GeV). We do not see a problem with 
wash-out. . 

5.5.66 Effective sphaleron rate 

I nn [3] an effective sphaleron rate was introduced and used in estimating the effect of 
thee CP-bias term using quasi-equilibrium concepts, 

reff f 
nBnB^Jf2^Jf2TTeff^f—>eff^f—> (5-67) 

wheree Scp/M2 = 167T2K/ 3 and Teff is an effective temperature estimated to be about 
3500 GeV. This effective sphaleron rate was computed recently [81]. with parameters 
differentt from ours (and with a finite quenching rate), and it is interesting to see its 
behaviorr in our simulation. The effective rate per unit volume can be defined as 

re fff = jr3 j f [<Acs(02> - (Acs(*)>2] - (5-68) 

wheree we set Ncs — 0 at t — 0. In Fig. 5.6 we show reff versus t ime. It turns out 
too be insensitive to the choice of initial conditions, and insensitive to m^/m\y. In 
equil ibriumm this quant i ty is the diffusion rate of Chern-Simons number, in which case 
i tt is the slope of a straight line approximating {N ŝ) — (A rcs)2 (see inset). 

I nn the tachyonic transit ion such a diffusion regime is preceded by a period of pre-
heat ing,, where the gauge fields acquire energy and as a result a non-zero (N2,s). 
Thee early-t ime rate at which this happens does not have anything to do with the 
equil ibriumm sphaleron rate. Rather, it is determined by the time scale of the preheat-
ingg mechanism. Note how7 this rate is initiall y in phase with the Higgs field, but it 
hass a large magni tude for small and large values of (é^é). At these early t imes the 
systemm is not experiencing potential barriers proportional to (0t 0 ). with sphalerons 
mediat ingg Chern-Simons number change. Even at the latest time the rate is not as 
smalll  as the temperature would suggest. Averaging out the oscillations in the region 
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ii i i i i i i 1 1 

00 20 40 60 80 100 
mHt t 

Figuree 5.6: The effective sphaleron rate T^/m^; mn/ruw = 1, k — 0, Thermal 
initiall  conditions. Inset: integrated rate JQ dt' Tes(t')/m3

H. 

100 < tmH < 40, the effective slope (rate) is about Tefi/m% « 0.35 x 10 5, about the 
samee value as obtained in [3]. By (5.67) this leads to the estimate (for mH = rn,w) 

n B / m 3
f f - 0 . 1 x r 5 tt (5.69) 

ann order of magnitude smaller than our result (5.51) (which should be multiplied by 
33 to get ris/mly). 

5.66 Conclusion 

Usingg numerical simulations that include effective CP violation we have obtained 
resultss for the Chern-Simons asymmetry as a function of CP-violating parameter K. 
Thiss can now be used to estimate the value of K needed to reproduce the observed 
baryonn asymmetry ns/n^. Following the usual arguments, this ratio is related to 
TIB/S,TIB/S, which is approximately conserved in time, where s is the entropy density. 
AfterAfter BBN, s = 7.04 n7 [10], whereas after the tachyonic electroweak transition it 
iss given by s = (2/T2/45) g*T3, g*  = 86.25 the effective number of d.o.f. in quarks, 
leptons,, gluons and photons, and T = 4.0^mn(GeV) GeV from (5.66). We also need 
mwmw = 80.5 GeV [92]. Our results (5.50,5.51) for the asymmetry (k = 167r2Km^) 
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noww lead to 

—— = (0.79  0.31) x 10~2K m  ̂ (mH = mw). (5.70) 

== (0.46  0.21) x lQ-2Km2
w (mH = y/2mw). (5.71) 

Givenn our approximations of an instantaneous quench, initial temperature zero and 
thee neglect of damping effects from degrees of freedom left out in the simulation, we 
considerr these upper limit s on the generated baryon asymmetry1 (the value (5.71) is 
probablyy somewhat low. cf. sect. 5.5.3). To reproduce the observed baryon asymmetry 
(5.1)) for mH = y/2mw - 114 GeV. K has to be 

1.44 x 10~7 2.2 x 1 0 -5 

K ~~ 2 - Ö-- (5-72) 
m\m\vv ITeV2 ' 

whichh does not seem to be particularly large. Phrasing it differently, venturing the 
scalee M ~ mw (cf. (5.6)). it means 

<5CPP ^ 0.7 x H T 5 . (5.73) 

whichh is smaller than the Standard Model J ~ 3 x 1Ü- 5 (cf. (5.4)). We see this as 
encouragementt for further pursuing scenarios for ESM electroweak baryogenesis. 

5.77 Appendix 

Latticee formulation 

Thiss appendix contains details of the latt ice formulation. The lattice spacings in the 
threee spatial directions are ai — a2 = 03 = a, and in the time direction it is a0 = at 

(alll  aM are positive). The parallel t ransporter, also called the link variable, from 
latt icee point x + a^fi to x is2 U x̂ = U*_^x+a  ̂ = exp[-ial,Al(x)rb/2]. such that e.g. 
thee forward covariant derivative on the Higgs doublet is 

D^(x)D^(x) = [U^x<j>{x  + a»p.) - ó{x)}/afl. (5.74) 

I nn the following we use a re-scaled matrix form of the Higgs field defined by 

$ TT = v A a 
4>*4>* 22(x)(x) (p^x) 

__ -4>\{x) fa(x) 
- T r [ $ + $]]  = A a20 V - (5.75) 

Fur thermore,, we shall use lattice units for x and the covariant derivatives, e.g. 

D(i®xD(i®x = U x̂^x+fl - <5> x. (5.76) 

^ o t e,, however, that we have also not taken into account the effect of CP violation before the 
transition.. This may bias the initial distribution into an asymmetric form that still has zero average 
baryonn number. See also [102, 152]. 

2I nn this appendix we use summation convention for the group indices a,b,..., but not for the 
space-timee indices n,m,n,. . .. 
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Thee backward covariant derivative (indicated with a prime) reads 

D'^D'^xx = *x - Ulx_ x̂-a = $*  - U-^-t. [5.77) ) 

Action n 

Wee discretize the action on a space-time lattice of size L3t 
ai/aa « 1 in the following way [72]: 

(Na)(Na)33 x Ntat with 

== E & E f1 - \TT t^ i ) - PG E f1 - ^Tr  ̂ - ^ 
ii  L n n>m 

++ / ^ T r (DQ^)*  (A>** ) - /% E ^ T r (A,**) ' (D«** 
n n 

-- /3„  Q TT [$t$x] _ vfat j - 0Kbrr [*i$ x]Tr [FF]lat.x ;5.78) ) 

wheree C/on,x and f7mn,x are timelike and spacelike plaquette fields defined as 

C>IAJ-- — Uvil.X ~~ Un-xUv,T + ilUn.x + vUv.T- (5.79) ) 

Thee CP-violating term contains 

Trr [FFU,X = - Y, e^'h* [Ü^,xÜa 

fiiscrp fiiscrp 

wheree U û,x is a symmetrized plaquette field: 

(5.80) ) 

UILV.XUILV.X — , \\J [iv.x i U — n — v.x I U — ufl.X T Uf — n. 's.sr r 

Matchingg continuum and lattice parameters we find: 

atat _ 4 a v 4 at - ?' _ 1 a ,,s _ 1 ^ . 
gg11 at g a Aa( A a 

K K oo _ 1 at ... 
AA a «ZA 

22 _ {arriH, 
r i a tt — , 

(5.82) ) 

(5.83) ) 
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Equationss of motion 

Varyingg the action with respect to A'  ̂ r gives the classical equations of motion: 

-Trr [& x* x]  - — 

23, 23, ++ —^Tr[FF] l a t. , .^. 
' ' ƒ ƒ ƒ 

5.84) ) 

•^o^..,-- = y E ^ T r \iTbUm„. x]  + - ^ T r [(£>„*,)* "-'<!>,] 

23 23 
++ fE^^ 0Tr 

hi hi 

i-ri-raaTTJJ T7 TT^ 
lTlT  L"- L~l-h.T+n+0U

n,J. + U 
Tr r . r+n+OO Jr-i-«+0 

+£>,"'** Tr \,r"iU ruxULx+n + UuU Î+i )U_k_QtX+fl+j (Ul .Ul + C7 v. v. 
xTrr j $ f $ J_. , 

xx + h + l  + » +' 

Above,, we have defined the lattice E-field E  ̂ x through 

/'Tr r ff TT' TC 

k.s+hk.s+h n.jr 

(5.85) ) 

(5.86) ) 
Wee have chosen the temporal gauge. UQ,X — 0, and D\"h is the backward covariant 
derivativee in the adjoint representation, e.g. 

j-)/abpb j-)/abpb £"!?? - -Tr \U ,r,raaU. U. 

Thee variation with respect to AQ gives the Gauss constraint: 

00 = CÏ = - E D'nb^.n + # T r [do*lir a*,] 
m m 

(5.87) ) 

[5.88) ) 

2tf f 
-- - UJ Tr 

AA Xoether argument tells us that the quantity C" is conserved in (lattice) time for 
eachh x when evolving the system with the equations of motion. 

Becausee of the synnnetrization in the discretization of TrFF, which we found to 
bee important for reducing discretization errors, both the Higgs and the gauge field 
equationss of motion are implicit. They depend in a non-linear way on forward (in 
time)) links and Higgs fields. We solve these equations by iteration. With sufficiently 
smalll time steps and/or K convergence should be good, and indeed we encountered 
noo problems, iterating between 3 and 9 times per time step with at/a = 0.05. How
ever,, the computational costs were correspondingly large. We iterated to computer 
accuracyy (double precision) and checked that the Gauss constraint is satisfied, again 
too computer accuracy. 
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C h e r n - S i m o nss number  and w ind in g n u m b er 

Thee latt ice expression for the change in Chern-Simons number is given by 

t t 

167Tf f 

11 ' 
NNcscs(t)(t) - Ncs(0) = y^l- E E T r lFFU.x. (5.89) 

wheree Tv[FF]\at_x is given in (5.80). The following lattice implementation of the 
windingg number in the Higgs field, 

x,, i j k 

Tr r [(y[(y x+x+ii  - vx_i) v} (vx+] - vx_3) vl (vx+k - vx_k) vx\ 

wheree Vx = V(x) with V(x) the SU(2) matr ix defined in (5.48), turned out to perform 
satisfactorilyy in our simulation. 

Copingg with the Gauss constraints 

In i t ia ll  H iggs fields 

Ourr task is to generate an ensemble of initial conditions for the Higgs field in our 
classicall  simulations according to the distr ibution (5.31.5.32.5.41). The distr ibution 
appliess to a real scalar field with the definitions 

^ x)) = E ^ ^ - nW = T,^m**-  (5-91) 

kk VL k \JL 

Inn finite volume the momentum label takes on the discrete values k = 2-KXI/L, 
andd on the lattice with lattice spacing a = L/N we can choose tij  — —(N/2 — 
1 ) , . . ... 0 , . . ., N/2. The reality of the fields imposes 0k — 01 k and similarly for the 
canonicall  momenta, except for the special modes n = (0 or N/2, 0 or iV/2. 0 or N/2). 
forr which exp( ik-x) is real, and so the reality conditions imply that the corresponding 
0kk and 7rk are real. We shall term them "corner'' modes. There are 8 of them. The 
restt we may as well name "bulk" modes. We can write these latter complex variables 
as s 

K=K=7s7sK+K+ iK)iK)  * £= VT" ( c £ +l € )  (5'92) 

Wee have put in a label a = 1. 2 ,3, 4 for the real fields of the Higgs field doublet: 

'' ól + i02 03 + ié4 

V2V2 ' v/2 
(5.93) ) 
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andd similar for the canonical conjugate TT. On the lattice we have 

;5.94) ) 

andd the lattice Higgs doubled is defined as 

pxx = «<j>(x). (5.95] 

Wee continue to use lattice units and define the lattice canonical conjugate of ox as 

TTxx = <%0x = O xx + 0 o> > (5.90) ) 

Forr the corner modes, the b£ and d  ̂ are just zero. 

Forr each spatial lattice site there are three Gauss constraints (one for each generator 
off  the gauge group) to be satisfied by the initial configurations. In terms of3 

PZPZ = ig2\ (^rao - 0tr^7r)x = i^L Tr [ Q , $ W ] x < a = l 4_ ( 5 9 7) 

thee constraints read 

nn n.x / x" [5.98) ) 

wheree we have used the fact that our initial AQ
n = 0. Integrating the left and right 

handd sides in a periodic volume, this reduces to three global Gauss constraints. 

()) = £ ^ . ;i=  1.2.3. ;5.99) ) 

Thesee are three constraints on our many Fourier modes. Because we have four real 
scalarr fields it is convenient, to impose and additional fourth constraint: 

0 0 E-' ' pipi 3 = 4. [5.100) ) 

whichh can be seen as the requirement that the total hypercharge also vanishes in the 
periodicc volume. Since it is only one extra global constraint on the many modes we 
doo not expect that imposing it or not has a noticeable effect on the physical results. 

Insertingg equations (5.91). (5.92) and (5.93) into (5.99) and (5.100) we get a set of 
constraintss on the a^, b^, ck, dk, of which the last one {ft — 4) is 

°° = £ E E k u k k + + £ 2 ( r MM + <*k&k) 5>o«o]]  + /4- (5.ioi; 

*Wee denote the 2 x 2 unit matrix by T4. 
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wheree we have singled out the k = (0.0. 0) component for later use. and dumped the 
restt into the quantity f\. In a similar way it is easy to find for the constraints for 
.i=.i=  1.2.3: 

00 = 44 - 44 + cjai - 4a4
0 + ƒ!, (5.102) 

00 = 4a3
0 - 44 + 4a4

0 - 4a2
0 + f2. (5.103) 

00 - 4(4 - 4a2
0 + 4aA

0 - 4  ̂ + /3, (5.104) 

wheree again ƒ1.2.3 are straightforward but long combinations of the remaining vari-
ables. . 
Thesee equations are linear in all the variables and can be written as 

00 = Mc 0 + f. (5.105) 

withh M = M(ao) a 4 by 4 matrix. We are left with the task of generating sets of 
randomm numbers according to the distribution 

P(a.b,c.d)*exp\~t-YP(a.b,c.d)*exp\~t-Yakak +t?k +C*  U ( M c 0 + f). (5.106) 
nnkk + 1/2 

Wee can integrate out the eg to get 

\\ k.a 
P ( a , f c c , d ) * ^ e xpp - - £ ^ * - - - — ^ l (5.107) 

wheree the prime indicates that the sum over modes no longer includes the eg, and 

y -- ƒ2 
G22 = {M-^fM'H = i r Q "2, (5.108) 

Z^ QQ a o 

detMM = J2a°2- (5"109) 

Q Q 

Thee distribution is no longer a product of Gaussians and we sample it using a Monte-
Carloo algorithm. For every realization of the remaining unconstrained variables, we 
thenn solve for the eg. such that the global Gauss constraints are fulfilled. 
Samplingg a distribution with a 5-function can be difficult, and can require very elab-
oratee Monte-Carlo algorithms. However, having sufficiently many degrees of freedom 
too "distribute the constraints on", the deviation from (in this case) a Gaussian distri-
butionn is small. In our simulation, where there are about 50 unstable modes (when 
usingg Just-the-half) and the whole collection of lattice modes when using Thermal, 
wee did not encounter such problems. 

Initia ll  gauge fields 

Thee Gauss constraint (eqs. 5.88) imposes a constraint on the gauge fields at each 
pointt in space, given a Higgs field configuration. Keeping in mind that the gauge 
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fieldss only grow large and classical because of the coupling to the Higgs fields, we set 
thee gauge fields to zero initially . This simplifies the constraints dramatically, to read: 

KJKJ — v ^ ™ — \ j r . J_J t . ., ~y~ 

2 ^ ^ 

4J 4J 
Tr r (do^)(do^)JJiTiT aa^ ^ (5.110) ) 

Wee put C" to zero at each point in space, which means that there art1 no sources 
otherr than the Higgs field. Given the Higgs fields we can now write: 

W , WW = /4- a = 1.2.3. '5.111' ' 

whichh is just a Coulomb equation, and is solved by introducing a set of scalar functions 
\££ so that 

Fourierr transforming 

gives s 

EEaa = -f) \ " 

 = pi 

X-a(k) ) V'2V'2

'5.112) ) 

[5.113) ) 

[5.114: : 

Sincee we use a periodic volume. p£ should vanish at k — 0. i.e. the global Gauss 
constraintss on the Higgs fields 

XX X 

havee to be satisfied. Their implementation is described in the previous section. 
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Chapterr 6 

Particlee distributions during 
electroweakk tachyonic 
preheating g 

Abstract t 

Wee study out-of-equilibrium quasi-particle distributions of the Higgs and W fields 
duringg the zero-temperature tachyonic electroweak transition that has been assumed 
inn recent scenarios of baryogenesis. Approximating the process by a fast quench, 
wee perform classical real-time lattice simulations in the SU(2)-Higgs model. The 
emergingg quasi-particle numbers and energies are then used to determine the effect-
ivee temperatures, chemical potentials and masses of the particles shortly after the 
transition.. This chapter has been published as [147]. 

6.11 Introduction 

Ann electroweak transition, in which the particles of the Standard Model acquired 
theirr masses, is assumed to have taken place in the early universe. According to the 
standardd lore, it was a finite-temperature transition. However, in recent scenarios 
off  electroweak baryogenesis [3, 4], this transition is assumed to have taken place at 
essentiallyy zero temperature shortly after low-scale inflation [27] by the effective mass-
squaredd parameter of the Higgs field going negative ('tachyonic1) [26. 126. 43. 81]. 
Thee resulting spinodal instability has been shown to provide an effective mechanism 
off  preheating [136, 40, 41, 135, 153]. 

Thesee are topics of non-equilibrium field theory. Quantum fields that are way out 
off  equilibrium need to be treated non-perturbatively. which is well-known to be a 
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Chapterr 6. Particle distributions during ETP 

difficul tt task. When applicable, classical approximations can be very useful, since 
theyy can be treated by numerical simulation. The tachyonic electroweak transit ion is 
ann excellent example, since the classical approximation is well justified [126. 43]. 

Whereass results so obtained are within the language of classical fields, it is desir-
ablee to connect with the terminology of kinetic theory, when appropriate. Particle-
distr ibut ionn functions have intuitive appeal: they may be describable by t ime-depend-
entt effective temperatures and chemical potentials. In this chapter we address the 
problemm of extract ing particle-distrihution functions from field-correlation functions 
obtainedd in classical approximations. 

Ass is well known, the identification of quasi-particle distributions in field theory is not 
unique.. We use a method that was introduced in [49] for fermions and [50] for bosons. 
Thiss method has also been found useful in other out-of-equilibrium studies [154. 155. 
132.. 156. 157. 158. 159]. and in QCD studies using the classical approximation applied 
too the initial stage of heavy-ion collisions [160. 161. 162]. 

A nn important topic in electroweak haryogenesis is the time needed for the system 
too reach approximate thermalization after the transition, and the value of the cor-
respondingg effective temperature. The thermalization should be fast enough and the 
temperaturee low enough to prevent a possible washout of the generated baryon asym-
metryy by sphaleron transt ions. One of the results in this chapter is an estimate of 
thiss effectivc-thermalization t ime and temperature. However, we shall also find that 
aa temperature is not sufficient to characterize the particle distr ibution and that a 
substant iall  chemical potential is needed as wTell. A preliminary application to the 
presentt case is in [163]. 

Inn section 2 we introduce the equations of motion and recall the initial conditions 
forr the tachyonic electroweak quenching transit ion [126]. Section 3 deals with the 
definitionn of distr ibution functions for the Higgs and W particles, with more details 
inn the Appendix. In section 4 we present results of numerical simulations: particle 
numberss and effective energies and the determination of effective temperatures and 
chemicall  potentials. A discussion of the results is in section 5. 

6.22 Tachyonic electroweak transition 

Inn a tachyonic electroweak transition the effective mass-squared parameter of the 
Higgss field in the effective potential is assumed to change sign from positive to neg-
ative.. In hybrid inflation models [26. 81]. this is caused by the coupling of the Higgs 
fieldfield to the inflaton field. In a first exploration we assume the transit ion to be dom-
inatedd by the dynamics of the SU(2) gauge-Higgs sector of the Standard Model, and 
modell  the transit ion by a quench. At the electroweak energy scale the expansion rate 
off  the universe (0(1O~5) eV) is negligible compared to the dynamical t ime scales of 
thee fields and the process can be studied in Minkowski space-time. 
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6.2.. Tachyonic electroweak transition 

6.2.11 Equations of motion 

Thee SU(2)-Higgs model is given by the action 

==  - fd4x J^TTF^F  ̂ + (D^D  ̂ ~ fi2d>U + X(éUy (6.1) ) 

withh F^v = d^Av - dvA  ̂ - i\A^A^\, D  ̂ = {d  ̂ - iA^)(j>. Furthermore, A  ̂ = 
AAaarr aa/2./2. the ra, a — 1,2,3 are the Pauli matrices and <f>  is the Higgs doublet (our 
metricc is diag( —1,1,1,1)). The zero-temperature Higgs and W masses are given by 
mm22

HH = 2\v2 = 2/i2, m2  ̂ = g2v2/4, with v — fi/vX the vacuum expectation value of 
thee Higgs field. The equations of motion are (ra. n = 1, 2, 3): 

c>200 = DnDn4> + ^4>-2\{(j)^)  ̂ (6.2) 

ÖoKÖoK = ö K n + y W j V ^ - ^ r 0 ^ ] , (6.3) 

withh E% = F%0, D%b the covariant derivative in the adjoint representation and we have 
chosenn the temporal gauge, AQ = 0. The equations of motion for AQ constitute the 
threee Gauss-constraint equations, which are to be satisfied by the initial conditions. 
Theyy are conserved by the equations of motion, and read 

K'KK'K = i^(^V0 - tfr'dot). (6.4) 

Forr the numerical simulations the action is discretized on a space-time lattice, which 
leadss to discretized equations of motion, see e.g. [72]. More details are given in [142]. 

6.2.22 Initia l conditions 

Beforee the electroweak transition the system is assumed to be in the symmetric phase 
({4>)({4>)  — 0) corresponding to an effective action in which the term —fi2<ft4) in (6.1) is 
replacedd by /i2ff<^< ,̂ with positive /i^ ff . The transition is then caused by £*gff going 
throughh zero and ending up at today's value — /i2. We model this process by a quench, 
inn which fi2s has magnitude ^2 and flips its sign instantaneously: ^i2ff = fi2 —*• — ji2. 
Thiss approximation gives maximal out-of-equilibrium conditions, which we use for 
testingg the baryogenesis scenario [126, 142]. The more gradual transition expected 
fromm the coupling to the inflaton field gives qualitatively similar results [43, 81]. 

Thee state just after the quench is unstable (the spinodal instability), and in the limit 
AA —• 0, g2 —• 0 it is possible to solve exactly the time evolution of the momentum 
modess of the Higgs field 

0(k,t)) = - L [d3xe-lkx0(x.t). (6.5) 
v l 33 J 

Heree L3 is the volume of our system with periodic boundary conditions. 
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Thee low momentum modes (|k| < /i) initially grow roughly exponentially until the 
interactionn terms in the equations of motion become important. Before that happens, 
thee exponential growth leads to large occupation numbers and to effectively sharp 
valuess of both canonical variables 0 and TT = do&. which justifies the subsequent 
usee of the classical approximation [131. 126. 43]. The full nonlinear back-reaction is 
thuss taken into account without further approximation. This classical approximation 
shouldd be reasonable for observables that are dominated by the low momentum modes, 
untill  classical equipartition sets in. which, as we shall see. does not occur on the time 
scalee of our simulation. 

Inn [126] it was shown that a consistent way to initialize the Higgs field (in the initially 
free-fieldd approximation), is to generate classical realizations of an ensemble that re-
producess the quantum vacuum correlators in the symmetric phase before the quench, 
i.e. . 

(0(k)0(k)t)) = J — <7T(k)7T(k)t) = v / / i 2 + k 2 . (6.6) 
2V^ 2+k22 2 

However,, we only initialize the unstable (low momentum k < fi) modes (k = |k|). 
Thiss initial condition scheme is the "Just the half" case of [126]. 

Theree is an issue concerning how to choose these initial realizations such that they 
obeyy the global Gauss law. This technical point is treated in Appendix A of our paper 
[142]]  and. for the case of 1 + 1 dimensions, in [126], Given a realization of the Higgs 
fieldfield with zero total isospin charges, we can solve the local Gauss-law equations (6.4) 
too find the Ef. We set A? = 0 initially. 

Becausee only the modes with k < j.i are initialized, we do not expect problems with 
latticee artifacts until the system equilibrates classically. We will see that this happens 
onn timescales much longer than the ones reached in our simulations (see also [163. 
137]). . 

6.33 Distribution functions 

Underr appropriate circumstances kinetic equations can be derived in field theory, 
inn which particle numbers constitute a reduced set of dynamical variables, see. e.g. 
[164]]  for the case of QCD. Here we are not concerned with this role of distribution 
functions,, since the dynamics is treated numerically, but consider them as observables 
forr studying the preheating process after the quench. 

Forr interacting fields out of equilibrium the definition of local particle numbers is not 
unique.. At finite (and typically short) times it is not possible to 'go on shell', and 
theree may be damping and finite-width effects. However, the system may display 
effectivee particle-like behavior in the two-point correlation functions. 

Inn non-abelian gauge theories there is also the question of gauge invariance when the 
chosenn two-point functions are not gauge invariant, as is usually the case. One may 
renderr them gauge invariant by supplying parallel transporters along suitable paths, 
ass advocated in [164]. This introduces path-dependence. More generally, there may 
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6.3.. Distribution functions 

00 5 10 15 20 25 30 
mHt t 

Figuree 6.1: Higgs field expectation values {(ft^cft) /v2 versus time. Inset: the long time 
behavior. . 

bee field dependence: different fields with the same quantum numbers have different 
correlatorss and the resulting particle numbers may or may not depend on the choice 
beingg made. 

Partt of the ambiguities reside in the identification of effective-particle energies, the 
dispersionn relations. We use a method [49, 50] in which the effective-particle numbers 
andd energies are determined selfconsistently. Ref. [49] also contains a study of the 
effectt of using parallel transporters and makes a comparison with the Wigner-function 
approach.. See also [159] for further details on the fermionic case and the relation with 
conservedd charges. 

6.3.11 Higgs and W particl e numbers and effective energies 

Wee are interested in the Higgs- and W-quasi-particle distributions, which can be 
obtainedd from the (ft- and A-correlation functions in a suitable gauge. The natural 
choicee of gauge for the Higgs fields is the unitary gauge, in which <ft has only one 
non-zeroo real component. For the gauge fields, we will study the particle distribution 
inn both the unitary gauge and in the Coulomb gauge diAi = 0. 

Writingg the Higgs field in the form 

^-t)^-t)  = ^H^l\  + ^f^  (6.7) 
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wheree ^ 0 . o = 1. • • • .4 are real, the unitary gauge is defined by 

j aa = 0. a = 1.2.3. h = ï\ > 0- (6.8) ) 

Accordingly,, h = \j2o^o. The normalization of the fields is chosen such tha t , in 
Thee small ampli tude approximation around a ground state, the fields enter in the 
kineticc part of the (in general effective) action with the canonical normalization. In 
thee present case we have S = j d4x(l/2)dohdoh + • • • . After extraction of the gauge 
couplingg <f. A"n —> gA"n. the field .4" is also properly normalized. This normalization 
criterionn can also be applied to composite fields, e.g. the rho-meson field in QCD. 
providedd their effective-action approximation is known. 

Forr simplicity, let us first neglect the coarse graining that is implicit to the notion 
off distribution functions, and come back to this later. The particle numbers and 
energiess are defined [49. 50] by analogy with the free-field expectation values of the 
equal-timee correlators (<p<p). {TITI). (AA). (EE) (see also the Appendix). The Higgs 
particlee numbers and effective energies are defined as 

t)t) = 

y/</?.(k.. t)h(-k. t))c(7Th (k. f> , , ( - k . t )>,. 

'(7r'(7rhh{k.t)7T{k.t)7Thh(-k.t))(-k.t))c c 

(h(k.t)h(-k.t))(h(k.t)h(-k.t))c c 

(6-9) ) 

(6.10) ) 

wheree (• • -)f. is the connected two-point function given by {AD)r = (AD) — {A)(B). We 
have11 replaced the 'quantum" particle-number combination ///,.+ 1/2 with the 'classical' 
ill,.,ill,.,  and used spherical symmetry to write these as a function of k = |k|. 

Inn a general gauge, we can decompose the gauge field two-point function in a trans
versee and a longitudinal par t , as 

{A';(k.t)A'}(-k.t))=6{A';(k.t)A'}(-k.t))=6ab ab 

{E'{E' ll '(kj)E';(-k,t))'(kj)E';(-k,t)) = dah 

hi hi A-2 2 

k ^ ^ 

k,k k,k 

T2" " D^k.t)D^k.t) + ^Di(k.f 

,En,,En, r, , k''k'J.DtJ{ D£{k.f)D£{k.f) + 
k' k' 

k.t) k.t) 

(6.11 1 

(6-12) ) 

Thee Ó„i)  reflect the fact that the initial conditions are isospin symmetric. In the 
Coulombb gauge, the gauge potential is purely transverse. D'^{k. i) — 0 (but D£'(AT. t) ^ 
0).. and the n£ and uj  ̂ can be defined analogously to the Higgs case: 

n£(t)n£(t) = JD*(k,t)D*(k.t) UJ?U)UJ?U) = 
D^kJ] D^kJ] 

D$(k.t) D$(k.t) 
(6.13) ) 

Inn the unitary gauge, the free-field correlators are those of a massive Yang-Mills field 
( thee derivation is given in the Appendix): 

kikj\kikj\ 7i/, 

(Ei(k.t)Ej(-k.t)) (Ei(k.t)Ej(-k.t)) SuSu -
h'ikj h'ikj 

JJ A-2 + m 2
r 

—— J'U-̂ 'A-

(6.14) ) 

(6.15) ) 
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Wee decompose this into longitudinal and transverse modes, and arrive at the expres-
sionss we will use to determine longitudinal and transverse occupation numbers and 
modee energies in the unitary gauge. 

Dj!<*)Df(fc) .. ^ = J | g . (6.16) 

ntnt = y/Di(k)Df(k). 4 = ™%Jj$j?j  («-17> 

Thee transverse case is analogous to the Higgs case. In the longitudinal case we 
assumedd the form ajf^2 = rn  ̂ + k2 and replaced m2

v —> m  ̂ in (6.14.6.15). Then 
(6.17)) follows straightforwardly. Note the inverse dependence on DE/DA in u)L. In 
practicee we analyze the data by first replacing m  ̂ —> m\,\: in (6.17). and then correct 
forr it. 

6.3.22 Coarse graining 

Considerr the problem of defining a position-dependent distribution function n(x. k.i) 
forr a system out of spatial equilibrium. A natural approach is to consider a region 
i?(x)) of size B around the position x. e.g. a cube of volume B'K and to focus on this 
region.. This means restricting the Fourier integrals etc. in the formulas in the previous 
sectionn to the region i?(x). The size of the region then determines the precision in 
momentaa and positions of the particles. Similarly, one expects to have to do some 
coarsee graining in time in order to control the fluctuations in the energies of the 
particles.. Such time averages were taken in [5Ü. 155]. but since we try to follow the 
out-of-equilibriumm process in time as closely as possible, we shall not do so here. 

Forr simplicity, consider a scalar held in 1 + 1 dimensions and let the localized region 
R(x)R(x) be the interval (x—B/2.x+B/2). The correlators in momentum space associated 
withh R(x) are then given by (suppressing the common time label) 

rJr+B/2rJr+B/2 -iku+ikz 
C^(x.k)C^(x.k) = / dydz—- (v(yMz))r. 

J.r-B/2J.r-B/2 U 

r.rr.r + B/2 —iky + ikz 
C.Ax.k)C.Ax.k) = / dydz—— (7r(y)7T(z))t.. (6.18) 

J.r-B/2J.r-B/2 -" 

fromm which we obtain the distribution functions in the quantum theory as 

C^(x.k)C^(x.k) = "(•'•^•) + 1 / 2 < cvv(x.k) = (n(x.k) + 1/2) ^(x.k). (6.19) 
JJ\X.JJ\X. h'j 

Inn the classical approximation the T/2 ' is left out. 
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Forr a homogeneous system we can improve statistics by taking a spatial average. 

CW(fr)) = ^JdxC^(x.k)=Yt«iP-k)(<P(p)f(-p)). (6.20) 

4sin2[(p-A-)£/2] ] 
w(p-k)w(p-k) = 

DL{p-k)DL{p-k)2 2 (6.2i; ; 

andd similar for the TTTT correlator (-f(p) is the Fourier transform in the total volume, as 
inn (6.5)). The weight function w(p — k) is sharply peaked about p = k and normalized. 

^VQ,-A' )) = 1. [0.221 1 

Thee particle numbers are obtained after the spatial averaging, 

C.^{k)C.^{k) = "*  + 1 / 2 . CWA-) = ( „ , + 1/2) u*. (6.23] ] 

Thee coarse graining has the effect of smoothing out the correlators in momentum 
space.. This is a welcome feature, since the initial momentum modes of the fields are 
uncorrelated.. no matter how large the volume (their variance is given by (6.6)). 

Inn practise we implement spatial coarse graining by 'binning" our momenta spherically, 
forr example for the Higgs field: 

{/».(k.f)/ ,(-k.f)>- ii  V 'Mp.t)h(-p.t)). 'Mp.t)h(-p.t)). (6.24; ; 

-fc-A<|p|<A-- + A 

wheree A7/,, is the number of independent momenta in the momentum bin labelled by 
A'.. In position space this corresponds to spherical shells of thickness of order IT/A. 

6.3.33 Earl y tim e 

Thee exponential growth of the particle numbers after the quench was studied in [126] 
inn the approximation A = g — 0. For each real mode ^Q. a — 1. • • • .4. of the Higgs 
field,field, the particle number in the unstable region (k < //) is given by 

1 1 /'" " 
-.1/2 2 

44 4(^/4 - A;4) 
s i n h 2 ( 2 vV-- k2t) II ~ Kiy/Jï^t (6.25) ) 

wheree the last form holds for 2 yV 2 - k2 t ^> 1. The field correlators are given by 

cr^cr^  = sat3 2y/fl2y/fl22+k+k2 2 11 + 9
2 / l , „ Hhlh2(yjfi2-k2t) (6.26) ) 

Usingg the above information we can estimate the particle number at a time tn\ where 
thee neglected nonlinearities may be expected to stop the exponential growth. We 
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0 . 22 0 . 4 

Figuree 6.2: Left: nk for a real Higgs mode versus fc. Right: u)k and ^ / j ^ 2 - k2\ versus 
fc.fc. The units are fi = mH/V2 and the time is t = 3.32321 A*" 1 = 4.7 mj/. 

identifyy tn\ with the time where {(pa<Pa) (unstable modes only) reaches the inflexion 
pointt fi2/3\ of the Higgs potential, i.e. 

(<Pa<Pa)(<Pa<Pa) - 2_, J /2 7 r)3 ^ 3A' ' 
(6.27) ) 

Forr the parameters (A = 1/9) used in our simulation this gives tnl = 3.32321 fi 1. 
Thenn (6.25) gives for the particle number of each real mode at zero momentum 

riorio  (*ni 193. . (6.28) ) 

Thee distribution at that time is plotted in figure 6.2, together with the frequency uk 

[126].. We have not attempted to compute the corresponding quantities for the radial 
modee h = sj^a^a-, but expect them to be similar. 

6.44 Results 

Wee have performed simulations with g = 2/3, A = 1/9. giving m2
Hlm2

w = 2. 
andd volume L 21Jm m H H 

Alll  results shown will be quoted in units of the zero-
temperaturee Higgs mass run-
Wee used a 603 lattice, with lattice spacing a = 0.35 mjj1. The maximum momentum in 
eachh direction is ir/a — 9.0mH, but reasonably accurate continuum behavior is expec-
tedd to be limited to the region \kt\ < l/a = 2.8mH- As is well-known, lattice-artifacts 
aree substantially reduced by using the corrected momentum fc,' = (2/o) sin(afc;/2). In 
thee following we always use fc,- and drop the prime. 
Wee generated 42 independent realizations of the initial conditions (6.6), and sampled 
thee subsequent time evolution for tmH = 1. 2 12. 20. 30. 40. 50. 100. The 
Coulomb-gaugee fixing has been performed using an overrelaxation algorithm [165, 
166],, stopping when L~3 £ x , 0 l<M°(x)|2 < 10"15 in lattice units. This precision has 
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00 1 2 3 

k/mH H 

Figuree 6.3: Higgs-particle numbers as a function of k. 

beenn chosen to ensure that also the low-momentum modes are transverse to a high 
degreee of accuracy. 

Wee have averaged nearby momenta as described in section 6.3.2. within 'bins' of size 
2AA = 0.05a- = 0.0175mH. The zero-mode is always in a bin of its own. and will 
bee treated separately in that it will  not be included in any fit to the data. 

6.4.11 Part ic le distr ibutions 

Inn figure 6.3 we show the particle distribution for the Higgs fields. We see that 
thee occupation numbers of the low-momentum modes increases exponentially up to 
tt sa 6 - 8 f f l j . where they start saturating to an n0 of about 100. At this point, the 
high-momentumm modes rapidly become populated, and after t « 20 rnjj1 the system 
evolvess only very slowly, resulting in ann approximately exponential distribution. 
Inn figure 6.4 we show the Coulomb-gauge W-particle numbers for all times. We see 
thee same qualitative behavior as for the Higgs field, with the occupation numbers 
increasingg exponentially up to t ss 6 m ^, where they start saturating to n0 sa 15. 
followedd by a rapid growth in the high-momentum modes ('sudden up-sweep of the 
tail')) and only a slow evolution for t > 20 m^1. The main difference with the Higgs 
casee is that the initial particle numbers are much lower — initially all the energy is 
inn the Higgs fields. In figure 6.5 we show the time evolution of the particle numbers 
riQriQ  of the zero modes. 

Thee exponential growth and subsequent slow evolution can also be seen by plotting 
thee lowest non-zero momentum modes separately as a function of time, as in figure 6.6. 
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0.(11 1 

o.oooi i 

le-06 6 

le-08 8 

Figuree 6.4: Coulomb-gauge W-particle numbers as a function of k. 

1000 -

0.011 r-

Figuree 6.5: Particle numbers of the zero modes as a function of time; H: Higgs; WT: 
transversee W in unitary gauge; WC- transverse W in Coulomb gauge: inset: early 
time. . 
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Figuree 6.6: Coulomb-gauge W-particle numbers for the four lowest momentum modes, 
ass a function of time. 
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berss as a function of k. 
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k/mH H 

Figuree 6.8: Particle distributions at the latest time, for all four particle 'species'. 

Figuree 6.7 shows the W-particle distribution in the unitary gauge, with the longitud-
inall  and transverse modes plotted separately. Note that the longitudinal zero mode 
iss not defined. The same qualitative behavior as before can be seen. In this case the 
initiall  particle numbers are much larger and close to those of the Higgs field, which 
iss natural since the Goldstone modes, which are absorbed into the unitary-gauge 
W-fields,, are also populated by the initial conditions (6.6). 

Finally,, in figure 6.8, we show the particle distribution for all four 'species' (Coulomb-
gaugee W, transverse and longitudinal unitary-gauge W, and Higgs) at the latest time, 
tt = 100 mjj1. We see, firstly, that all four have an exponential fall-off at large mo-
menta.. Secondly, for k < 0.7 m# the occupation number remains significantly above 
1,, vindicating our use of the classical approximation. Thirdly, the transverse gauge 
fieldfield modes have almost exactly the same distribution in the unitary gauge as in 
thee Coulomb gauge. The distribution of the longitudinal modes on the other hand 
deviatess somewhat from that of the transverse ones. 

6.4.22 Dispersion relation and effective mass 

Inn figure 6.9 we show the dispersion relation, J1 as a function of k2. for Coulomb-
gaugee W-particles. For t < 20 mj/1 there is no sensible dispersion relation, as can 
bee seen from the data for t = Sm^1; while for t > 30 m~£ it approaches the form 
u)u)22 = me

2j + ck2, with c « 1. The inset shows the dispersion relation for t = 30, 40. 50 
andd 100 mZ1 in a more restricted momentum range. The data are very well described 
byy a straight line, and for t = 40. 50 and 100 mjj1 they are indistinguishable. It is 
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Figuree 6.9: Dispersion relation for W-particles in Coulomb gauge. 

strikingg that the data turn out to be compatible with a straight line all the way up to 
kk22 = 40rn2

H. far into the region where one would expect lattice artifacts to dominate 
andd the classical approximation to break down. 

Inn figure 6.10 we show the dispersion relation in the unitary gauge. In this case, a 
particle-likee behavior takes considerably longer to emerge than in the Coulomb gauge: 
forr the transverse modes the slope is still smaller than 1 (and increasing) at the latest 
time,, t = 100 m^1, while for the longitudinal modes a curvature remains for k2 > m2

H. 
However,, the intercepts (effective mass-squared) are quite compatible. 

Inn figure 6.11 we show the dispersion relation for the Higgs particles, for trnH = 8, 20, 
30,, 40. 100. Here again, we find that the dispersion relation is stable for t > 30m^1 . 
Evidently,, there is still some remnant of the odd-looking dispersion relation u\ sa 
\fi\fi 22 — k2\ during exponential growth at early times, shown in figure 6.2. Standard 
tjj\tjj\  = "'eff + A'2-likc behavior emerges between tmH = 12 and 20. Note also that the 
W-dispersionn relation at trnH = 8 in figures 6.9 and 6.10 shows similar behavior: the 
variouss field modes appear to adjust to each other locally in momentum space. This 
cann also be seen in the particle numbers. Similar 'local momentum space equilibration' 
hass been observed and explained in [155]. 

Wee fit the effective energies to the form cof. = ck2 + m2^. The uncertainty in the 
dispersionn relation is estimated by varying the end-point kmax of the fitting range and 
determiningg the statistical errors by the bootstrap method. In figure 6.12 we show 
thee result of this procedure for the slope of the Higgs dispersion relation. We find 
thatt in order to obtain stable values for c and meff ; we need to include points up to 
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t t 

30 0 
40 0 
50 0 

100 0 

WWc c 

TOTOeeffff C 

0.56(2)) 0.94(2) 
0.64(1)) 0.974(6) 
0.66(1)) 0.970(7) 
0.68(1)) 0.972(7) 

WWT T 

mmeSeS c 
0.59(3)) 0.70(5) 
0.67(1)) 0.69(3) 
0.67(1)) 0.79(1) 
0.69(1)) 0.828(6) 

H H 
TOeffTOeff C 

0.93(2)) 0.91(3) 
0.79(3)) 1.02(2) 
0.84(2)) 1.01(2) 
0.89(2)) 0.98(2) 

Tablee 6.1: Effective masses (in rnH units) and slopes in the dispersion relation. The 
errorss are purely statistical. 

A'' « 2 mH in our fits, while beyond this point the fit values do not change significantly. 
Thiss was the case for all the fits we performed, and we have thus chosen fcmax = 2 mH 

whenn quoting the fit parameters and statistical errors in table 6.1. For the gauge 
fields,fields, the intercepts (effective masses) in the two gauges are compatible, yielding 
aa value meg « 0.68ra#, close to the zero-temperature value 0.71 ran- However, 
thee slope, which in the Coulomb gauge is very close to 1. is considerably lower in the 
unitaryy gauge, although it appears to approach 1 with increasing time. Quasi-particle 
behaviorr appears to take longer to emerge in this gauge. For the Higgs field, we find 
ann effective mass « 0.88 mH at t = W0 rnjj1. which is significantly smaller than the 
zero-temperaturee Higgs mass, although it appears to be increasing with time. The 
slopee is found to be consistent with 1 from t = 40 m7/ onwards. The effective Higgs 
masss appears to be increasing with time, which may be expected from the fact that 
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i>2
fff = {(p^Q) (averaged over an oscillation period) is still slowly increasing {figure 1). 

Onee would expect a component veff/v ~ 0.87 in both effective Higgs and W mass 
ratios,, but the effective W mass somehow seems to have settled from t = 40 mH ' 
onwards. . 

Finallyy we turn to the longitudinal dispersion relation cuf:. In plotting the data in 
figuree 6.10 (right) we used rnw instead of m f̂f in eq. (6.17), and we now consider 
thiss point. Let u)'k be the frequency defined by (6.17) with m f̂f —+ mw Then 
uLuL — {m^/m^)uj'k and m f̂f = (m2

v /W) . where m' = LO'0. The data for u'k
2 with 

kk22/m/m22
HH < 1 in figure 6.10 (right, tinn = 100) can be fitted well by a straight line 

withh slope very close to 1, and effective mass m'2 ~ 0.49 m2
H as m2^.. It follows that 

mekk ~ m w t o a S00(l approximation. 
Thee different slopes in the dispersion relations may be interpretable by simple para-
meterr changes in an effective quasi-particle lagrangian, but we shall not follow up on 
thiss here. 

6.4.33 Approximate thermalization, temperature and chemical 
potential l 

Wee will model the particle distribution with a Bose-Einstein (BE) distribution, 

Itt may seem strange to use the BE form instead of the classical nk — T/(iok — /-0-
butt this form would not be able to describe the roughly exponential tail of the nk 

data.. We use the BE form simply as a distribution to compare the data with, in 
orderr to extract effective temperatures and chemical potentials. The BE form may 
bee re-expressed as 

BBkk = In (l + - ) = ^ ^ (6-30) 
VV  rik / 1 

Iff  we have a Bose-Einstein distribution, Bk is a linear function of u^k- and in a plot of 
BB vs u;, the inverse temperature can be read off as the slope. We will therefore refer 
too such plots as "inverse-temperature plots". 

Wee will use two methods to determine effective temperatures and chemical potentials. 
Thee first (method 1) is to perform a straight-line fit to (6.30). using the data for nk 

andd cük- The second (method 2) is to take Luk from the dispersion relation, using the 
fittedd values for c and meff determined in the previous section. We then fit nk directly 
ass a function of u)k to the Bose-Einstein distribution (6.29). 

Inn figure 6.13 we show B as a function of UJ for Coulomb-gauge W particles, for 
rr = 20. 30. 40. 50.100 m^1. For uk < 2.5 - 3mH the data are compatible with a Bose 
Einsteinn distribution, with a rather large chemical potential. At higher energies, 
ass shown by the inset, there is some curvature around u .̂ = 4. In this region the 
particlee numbers are very small and it is clearly way beyond the range of validity for 
thee classical approximation. It is nevertheless interesting to see that the qualitative 
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Figuree 6.13: Inverse-temperature plot for W particles in Coulomb gauge. 

behaviorr of the distribution is unchanged as we go from the infrared to the ultraviolet. 
Wee also see that the distribution changes only very slightly with time, with the 
effectivee temperature slowly increasing. The same qualitative picture is found also in 
thee unitary gauge. 

Figuree 6.14 shows B as a function of u> for the Higgs fields at the latest time. The 
statisticall  errors in u> are larger here than for the W fields. A fit  to a straight line 
throughh the lowest modes - those where n*, > 1 deviates from the data at higher 
u>,u>, and. as seen in the inset, there is a curvature in the region ŵ  = 2.5 — 4. 

Figuree 6.15 shows the fitted temperature T from the straight-line fits, as a function of 
thee end-point u>max of the fitting range. We have chosen ojmax = 2.1. which is below 
thee region where Bk shows curvature in the inserts in figures 6.13 and 6.14. 

Thee fit values are given in table 6.2. Since they were obtained with method 1, we 
havee added the subscript 1 to T\ and / / j . The effective temperature T\ in the unitary 
gaugee turns out to be somewhat lower than in the Coulomb gauge: 0.31 compared 
too 0.35 TIIH at the latest time. This can be put down to the slope of the dispersion 
relationn being lower, resulting in a smaller effective energy for the same mode. The 
chemicall  potentials are consistent between Coulomb and unitary gauge, giving a value 
/.// ~ 0.78 m-H- This is higher than the effective mass w 0.68 m -̂ in table 6.1, which 
iss of course nonsensical, since it would lead to a pole in n  ̂ for very small k. The 
effectivee temperature for the Higgs is similar to that of the W fields, although slightly 
lowerr « 0.28 m//. The chemical potential for the Higgs comes out to be « 0.95 m#, 
againn higher than the effective mass « 0.88 mg in table 6.1. 
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t t 
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T\T\ /il 
0.320(8)) 0.717(12) 
0.319(3)) 0.772(8) 
0.323(4)) 0.786(9) 
0.345(6)) 0.786(9) 

WWT T 

T\T\ iii 
0.24(4)) 0.73(4) 
0.268(8)) 0.742(9) 
0.298(3)) 0.758(8) 
0.309(4)) 0.781(7) 

H H 

T\T\ Mi 
0.23(2)) 1.07(3) 
0.28(3)) 0.94(3) 
0.27(2)) 0.97(3) 
0.28(2)) 0.95(3) 

Tablee 6.2: Effective temperatures and chemical potentials, from fits to 0 < to < 
2.1rriH-2.1rriH- The quoted errors are a combination of the statistical errors and systematic 
errorss obtained by varying the fit range with a;max between 1.6 and 2.6mjy. 
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T-iT-i fl2 

0.50(1)) 0.62(1) 
0.420(7)) 0.698(11) 
0.427(7)) 0.721(9) 
0.424(6)) 0.735(9) 

WWT T 

TT22 fi2 

0.33(3)) 0.64(2) 
0.31(1)) 0.713(10) 
0.335(7)) 0.719(10) 
0.370(5)) 0.733(9) 

H H 

Ï 22 H2 

0.45(2)) 0.97(2) 
0.58(6)) 0.83(3) 
0.46(2)) 0.88(2) 
0.38(1)) 0.90(2) 

Tablee 6.3: Effective temperatures and chemical potentials, from fits to the lowest 5 
non-zeroo modes (method 2). 
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Figuree 6.17: Higgs and W-particle numbers at t = 100 m ^ 1 as a function of the 
effectivee energy w taken from the fitted dispersion relation. Also shown is the Bose-
Einsteinn distribution (6.29) with parameters from table 6.3. The zero-modes are 
outsidee the boundaries of the plot (they are given by (0.68,45(2)) for VFc, (0.69,52(2)) 
forr WT and (0.89.12(2)) for H). 

Figuree 6.16 shows the Coulomb-gauge W-particle number as a function of the effect
ivee energy u>, together with the best inverse-temperature fit to the five lowest-lying 
modes.. These da ta do not appear to be particularly well described by a Bose-Einstein 
distribution,, largely due to what appears to be a somewhat erratic behavior of the 
effectivee energy u>k- Replacing uik with values taken from the fits in table 6.1, we 
obtainn a much smoother da ta plot, as shown in figure 6.17. We fit the 5 lowest-lying 
modess (for which n^ > 0.5) of these da ta to a Bose-Einstein distribution (method 
2)) and give the results in table 6.3. The fit describes the displayed da ta well in the 
importantt region where the classical approximation is supposed to be valid. 

Againn we find tha t the effective temperature for the W particles in the unitary gauge 
iss lower than in Coulomb gauge, due to the lower slope of the dispersion relation. On 
thee other hand, the effective Higgs-temperature is falling from t = 40 m^}1 onwards 
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andd the unitary-gauge W-temperature is rising. A conversion of energy in the Higgs 
too the W may still be going on at the latest time, which is also suggested by the 
behaviorr of the zero modes in figure 6.5. 

Thee chemical potentials both for the Higgs and W particles are lower than those 
obtainedd using method 1. reflecting the fact that modes with small u; have a larger 
weight.. For the Higgs. //2 is compatible with the effective1 mass, but for the W it is 
stilll  larger. Note that the zero-modes have not been included in any of the fits. It 
turnss out that they have occupation numbers much lower than would be 'predicted" 
byy any Bose-Einstein distr ibut ion that would simultaneously fit the other "classical' 
modes. . 

Thiss is another indication (in addition to chemical potentials larger than effective 
masses)) that the BE fit wil l overestimate1 the true distr ibution for momenta below 
ourr lowest finite-volume momentum A"min = 2TT/L = 0.30 m ^. The flattening of the 
distr ibut ionn in figure 6.2 as k —> 0 appears to be very resilient. 

6.55 Conclusions 

Wee have obtained Higgs- and W-particle distributions and energies after a quenched 
electt roweak transit ion, when the system is still out of equilibrium, for the case mH = 
\/2'mw.\/2'mw. The particle distr ibutions could be obtained from early times t — 1/WH on-
wards.. On the other hand, the effective energies (frequencies) suffered much more from 
fluctuationss and they appeared to get conventional forms only after r > 20 m^ . Much 
moree statist ics would be required to go determine them with reasonable accuracy at 
earlierr times (where they retain the memory of the instabil ity). The Coulomb-gauge 
\YY distr ibution appears to be smoother than the corresponding transverse distribution 
inn the uni tary gauge, but the two approach each other and by the t ime 1 0 0 m^ they 
arcc practically indistinguishable. At this stage the gauge dependence has practically 
disappeared:: also the longitudinal W modes have settled to nearly the same distribu-
tion.. We have carried out a few simulations up to times 500 mj/. which showed that 
thee distr ibutions change very slowly after t ime 100// /̂  . 

Thee maximum value of the Higgs-partiele number turned out to be smaller than the 
analyticall  est imate in (6.28). by a factor of 2. This mismatch is evidently due to 
thee fact that with the "Just a half" initial conditions, the interactions (including the 
Coulombb interaction generated by the Gauss constraint) are turned on straight away 
fromm t ime zero onwards, and that the driving powTer of the instabil ity is damped by 
sharingg energy with the gauge field. At low momenta the particle numbers are still 
largee even at t — 100 mj/ and there is no reason to doubt the1 classical approxima-
tionn for these modes. In contrast, the high-momentum modes are still exponentially 
suppressedd at this t ime and there is no sign yet of classical equipart i t ion (njt 'x 1/Ar 
forr large k) in our simulation. Hence, lattice artifacts are expected to be small in the 
low-momentumm part of the distributions. 

Al thoughh we know of no good reason to expect a Bose Einstein distr ibution, this 
formm fitted the da ta quite well in the important (low momentum) region (figure 6.17). 
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Thee same is true at intermediate momenta, where the particle numbers are much 
smallerr than one. albeit with slightly different temperature and chemical potential. 
Thiss is fortunate, since it allows for a familiar interpretation of the results. The final 
temperaturess of the Higgs and W degrees of freedom turned out to be reasonably 
closee at time 100 m^1, which indicates that the system is near kinetic equilibrium. In 
contrast,, the rather large chemical potentials show that it is still far from chemical 
equilibrium.. For very low momenta (lower than our finite-volume simulation was able 
too deal with) the BE fit has to break down because the chemical potentials are slightly 
largerr than the effective masses. 

Thee temperature in the gauge fields at time 100 mj/ is relatively low. 0.44 m#, which 
suggestt that sphaleron transitions are highly suppressed. However, such a conclusion 
cannott be drawn from the temperature alone. The large chemical potentials corres-
pondd to the fact that there is still quite some power in the low momentum modes, and 
sphaleronn transitions might still be non-negligible over a long time span. However, in 
thee full Standard Model the Higgs and W particles will have decayed in a few hundred 
mjjmjj and we do not see a problem with the baryogenesis scenario. 

6.66 Appendix 

Free-fieldd correlators in Higgs and Coulomb gauge 

Wee derive here the free-field correlators used for guidance in the definition of the 
distributionn functions in the unitary gauge and the Coulomb gauge. 

Inn the unitary gauge, expanding around the ground-state configuration h = v. A  ̂ — 0. 
andd keeping only terms up to second order in the fields, leads to the effective free-field 
lagrangian n 

-d-d00hdhdaahh - -d„hdnh - -m2
H(h - vf -I -I Lf™,, = / drx 

22 "  "  2 "  "  2 

_ii  jpa p a _ _ pa TTVX 2 /1a i l " i „ , 2 /\a /\a 

TT 2 ° " On ^rmiirmn 9 W n n 9 W (6.3i; ; 

wheree we rescaled A —> gA and the nonlinear terms in F v̂ should be dropped. To 
simplifyy the notation we suppress the common time label t in the following. 

Thee canonical conjugate of the Higgs field is ^ ( x ) = SL/Sdoh(-x) = Ö0/ Ï(X) . Let u>k 
andd rik be defined in terms of the equal-time correlators, assuming (spatial) translation 
andd rotation invariance, by 

(h(k)h(-k))(h(k)h(-k))((.. = (nk + l/2)/u;k. (6.32) 

(7T(7Thh{k)7T{k)7Thh(-k))(-k))rr = (nk + l /2)^ f c . (6.33) 

Sincee n  ̂ — d^h. the quantity u;k has the interpretation of a local (in time) frequency. 
Thee meaning of the quantity nk is elucidated by introducing the annihilation operators 

6(k)) = - 7 ^= M M k ) - r<4.o) + mh{k)} . (6.34) 
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whichh satisfy the usual commutation relations with the creation operators 6T(k). 
Then,, using the canonical commutation relations we get 

(& +(k)6(k)>> = rik+^(nh(k)h(-k)--h(-k)h(k))c 

==  nk. (6.35) 

wheree the last step follows from rotation invariance. So. nk is the expectation value 
off  the number operator 6^(k)fr(k). 

Forr the gauge field the free-field effective action of is just the sum of three actions 
thatt are identical in form: one for each value of the isospin index a. For simplicity 
wee suppress the index a and also the index \V on m i r . The canonical momenta 
off  the gauge fields are given by If0 — SL/ÖOQAO = 0. II,, = SL/SdoAtl = F0u = 
(doA(doAnn -dnA0) = —En. The field .40 is not an independent variable, but it follows 
fromm the time component of the field equation dtiF

f,u-m2Al/ = 0. i.e. A0 — dnIl n/in
2. 

Thiss can be used to express II n in terms of doAri. 

UUHnHn-^-\u-^-\unn̂ doA^doAmm.. (6.36) 

Inn Fourier space. 

UnnUnn + ^ ) nn(k ) = doAm(k). n„,(k) = (<Smn - ^ f ^ ) doAJk) (6.37) 

Thee annihilation operators can be defined by analogy to the scalar case. 

aann (k) =  [^kAn (k) + idoAn (k)] . (6.38) 

andd in this case the canonical commutation relations imply 

[f l m(k).4(k')]]  = (smn +
 k-^~\ 6w. (6.39) 

Inn terms of spin-polarization vectors e^(k. A). A = 1.2.3. satisfying1 

e r i ( k . A ) ^ m M - ^ ^ V „ ( k . A ' )) = 5xy. (6.40) 

^ c m ( k . A K ( k . A )) = ( ^ + ^ F ) - (6-41) 

11 These are the usual orthonormality and completeness relations of a massive vector field with mass 
m.. A realization is given by en (k, A) — unit vector perpendicular to k, A = 1. 2, e„ fk. 3) — k^^^/km. 
Thee vectors can be completed with a time component e°(k. A) = 0. A = 1.2, e°(k.3) = k/rn. such 
thatt they satisfy the standard relations e^(k, A)*e'J(k. A') = 6XX>. Y.\ e" ( k - A ^ f k . A) = rfu + 
k^h"lmk^h"lm22 and k^{k,X) = 0. 
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thee usual annihilation operators for a specific spin state are given by 

a(k.A)) = C ( k : A ) ^ m n - ^ ^ ) a n ( k ) . (6.42) 

a„(k)) = £a(k ,A )e „ (k ,A ). (6.43) 
A A 

withh standard normalization 

[a(k,A).at(k ,.A')]= <5k.k^AV .. (6-44) 

Inn a translation- and rotation-invariant state with 

(a^k.. A)a{k, A)) = n*. independent of A, (6.45) 

andd (am(k )an( -k ) + a j^ -k ja i fk )) = 0, we have 

{A{Amm(k)A(k)Ann(-k))(-k)) = ( ^ m n + * ^ W + i/2) —; (6.46) 

(Em(k)nn(-k))) = ^ m n _ J ^ ^ ( n f c + l/2)Wfc, (6.47) 

withh cjfc = \Jk2 + rn2\ recall m = ni\y in this derivation. 

Conversely,, in a more general setting we can follow the same route as for the Higgs 
case,, define nk and ujk by (6.46.6.47) and then derive (6.45). which justifies the inter-
pretationn in terms of particle numbers. Evidently, using rotation invariance makes it 
possiblee to avoid having to make the assumption that (am(k)a„.(—kj + a^f—k)ajj(k)) 
vanishes. . 

Nextt we consider the Coulomb gauge dnA
(^ = 0. For this case the free lagrangian is 

givenn by 

'freee I (1 X 
J .3 . . -- dohDoh+ -do^padoya 

-- -dnhdnh - -dnipadntpa - -m2
H{h2 - v2) 

++  l-dnAldnA
a
Q + l-m2

wAa
QA« - mwAld^a 

++  ^doA'doAZ - l-DmAa
ndTnAl - \m2

wAa
nA

a
n (6.48) ) 

wheree we used dnA„  — 0 and the parametrization (6.7) of the Higgs field, ^4 = h. 
Thee canonical momentum of A% is u£ = F0

ü
n = do A* - dnA% = -Ea

n. Again the A% 
aree not independent degrees of freedom but given by the constraint equation 

dj\dj\aa
nn + m2

wAa
Q - mWTTa = 0, (6.49) 
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wheree 7Ta = d0^a and dnIl°  = -dnd„A%. So the ira mix with the longitudinal com-
ponentss IT£L = -dnA%. The â degrees of freedom play the role of the longitudinal 
componentss of the W field, and they can be shown to have a mass mw  We shall 
nott give further details as we study those components numerically only in the unitary 
gaugee where they are included in the gauge field. 

Thee canonical commutation relations of transverse components of the gauge field have 
thee usual form familiar from Coulomb-gauge electrodynamics: IT,'7 = d()Aa

n. 

K,(k) .. nf(-k ' )] = 6nb (ömn - ^ \ 4k'. (0.50) 

andd the equal-time commutator of A  ̂ with U^L equals zero. In an isospin-symmetric. 
translation-- and rotation-invariant state we can now define nk and ^k by 

(A<;(A<; nn(k)A(k)Abb
nn(-k)} (-k)} 

(n;j,;r(k)nf(-k)} } 

wheree the frequencies ujk = y/m\v + k'2 in the free case. With the usual transverse 
polarizationn vectors en(k. A), A = 1.2, and annihilation operators 

a(k.. A) = v*n  (u;kA« + i<hAa
n). (C.53) 

VV  t-'^k 

itit  follows that the nk have the particle number interpretation 

<a+(k.A)a(k.A))) = nk. (6.54) 

—— Snh  I (5,„ » — 
ktnk>,ktnk>, \ nk+ 1/2 

k k 

" 'T / JJ  " ' 

^k ^k 

==  Kb Ömn -pr~ (nk + V 2) ^A-

(G.5i; ; 

(6.52: : 
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Chapterr 7 

AA model of electroweak scale 
inflation n 

Abstract t 

Wee construct a phenomenological model of electroweak-scale inflation that is in ac-
cordancee with recent CMB observations by WMAP, while setting the stage for a 
zero-temperaturee electroweak transition as assumed in recent models of baryogenesis. 
Wee find that especially the scalar spectral index poses tight constraints for low-scale 
inflationn models. The infiaton-Higgs coupling leads to substantial mixing of the scalar 
degreess of freedom. Two types of scalar particles emerge with decay widths similar 
too that of the Standard Model Higgs. This chapter has been published as [167]. 

7.11 Introduction 

Withh the results from the WMA P mission [13. 23] it has become relevant to critically 
revieww models of inflation, especially with regard to the scalar spectral index. WThile 
clearlyy still susceptible to improvement, the cosmic microwave background (CMB) 
observationss are accurate enough to rule out certain (classes of) models, see e.g. 
[168,, 169, 170]. In this chapter we consider electroweak-scale inflation, which turns 
outt to be tightly constrained by the spectral index indeed. 

Thee motivation for looking at electroweak-scale (i.e. of order 100 GeV) inflation is 
twofold.. Firstly, it is interesting to see if one can construct a working model of inflation 
withh just minimal extensions of the Standard Model (SM) of particle physics, and to 
derivee what kind of additional constraints such a coupling to the SM puts on an 
inflationn model. The second (main) motivation has to do with baryogenesis, the 
productionn of the observed baryon asymmetry in the universe. As reviewed in [2]. all 
necessaryy ingredients for baryogenesis (baryon number violation. C and CP violation. 
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andd non-equil ibrium) are present in the SM. This provides a strong motivation for 
t ry ingg to construct a working model of electroweak baryogenesis. However, the current 
loree is that in a s tandard finite-temperature electroweak transit ion both the CP-
violatingg and the non-equil ibrium effects are too small to be able to account for 
thee observed baryon asymmetry. These problems may be resolved in the context of 
tachyonicc preheating at the electroweak scale after low-scale inflation [3. 4. 41. 26. 81. 
142].. A tachyonic electroweak transition is strongly out of equilibrium, and the fact 
thatt the process takes place at zero temperature at the end of inflation may maximize 
thee effectiveness of CP violation [101]. In addit ion, the low reheating temperature 
preventss sphaleron wash-out of the produced baryon number [2]. 

Inn this context it becomes important to check that the models that combine low-
scalee inflation with tachyonic electroweak preheating satisfy all the new observational 
constraintss from YVMAP. Low-scale inflation has been considered in many papers (see 
forr instance [2G. 171. 169. 27. 172]). In this chapter we build in particular on [26]. 
whichh was also motivated by the problem of electroweak baryogenesis. The main 
ideaa is that we have a kind of hybrid inflation model [28. 29]. in which inflation is 
drivenn by a nearly constant potential energy of order (100 GeV)4 [3. 4]. while one 
fieldfield ( the infiaton) slowly rolls down its potential and the other field (the Higgs) 
iss in a local minimum at zero. Once the infiaton passes a critical value, the local 
min imumm for the Higgs field develops into a local maximum and both fields roll down 
rapidlyy to the absolute minimum at a non-zero value of the Higgs field, thus breaking 
thee electroweak symmetry. As was shown in [26]. ordinary hybrid inflation models in 
whichh the infiaton rolls from large field values towards zero are not viable at low scales 
becausee of large quantum loop corrections. This problem can be avoided in inverted 
hybridd inflation models, in which the infiaton rolls away from zero and inflation takes 
placee at very small field values. Note that unlike standard hybrid inflation, slow-roll 
inflationn ends in this case before the critical value is reached, instead of the end being 
causedd by the phase transit ion, so that the slow-roll inflation stage and the phase 
transi t ionn can be considered as two separate processes. 

Thee paper [26] was wri t ten before WMAP. and the authors did not study the spectral 
index.. As we wil l show in this chapter, their model gives a spectral index that is too 
loww according to WMAP. In [27] somewhat more general low-scale inflation models 
weree considered, although not from the point of view of electroweak baryogenesis. but 
thesee models still appear to be incompatible with WMAP. We shall show that one 
cann improve these models to obtain a spectral index that lies comfortably within the 
W M A PP confidence levels. 

Att first sight it may seem that one can always fine-tune a model with sufficient 
parameterss to satisfy the constraints, but this is not necessarily the case within a set 
off  reasonable rules. To formulate these rules we start from the point of view that 
wee are construct ing a purely phenomenological model, a minimal extension of the 
SMM that introduces only one extra infiaton field in order to describe the history of 
thee universe during and after inflation. We stress that there is nothing wrong with 
fine-tunedfine-tuned parameters in a phenomenological model, as the phenomenologically very 
successfull  SM shows. In incorporating a slow-roll inflationary regime compatible with 
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thee CMB measurements, one is led to an inflaton potential with non-renormalizable 
couplings.. To constrain this potential we assume a polynomial approximation, such 
thatt there is only a limited number of terms to be parametrized. 
Thiss leads to a tight fit when we also incorporate the scenario of tachyonic electroweak 
baryogenesis,, which requires that the inflaton field ends up far from the slow-roll re-
gimee with a vacuum expectation value similar to that of the Higgs field. The inflaton 
iss a gauge singlet and it couples only to the radial (gauge-invariant) mode of the Higgs 
field.. This coupling should induce a sufficiently fast tachyonic electroweak transition 
too make baryogenesis possible, without being unrealistically large. It implies a con-
siderablee mixing between the inflaton and Higgs modes, and the model predicts the 
existencee of (only) two scalar particle species with electroweak-scale masses. Up to 
mixing-anglee factors, their decay widths are similar to that of a SM Higgs with the 
samee mass. The model should therefore be falsifiable by accelerator experiments, in 
particularr with the LHC. 

Ann important issue with any slow-roll inflation model is the question whether the as-
sumedd flatness of the effective potential is consistent with basic properties of quantum 
fields,, with 'quantum corrections'. We investigate this by calculating one-loop correc-
tionss to the effective potential. This exercise also led us to a rough estimate of the scale 
att which the model may be expected to break down because of its non-renormalizable 
andd strong couplings. 

Thee outline of the chapter is as follows. In section 7.2 we first address the number of e-
foldss of inflation between horizon crossing of a WMAP-observable scale and the end of 
inflation,, which number is crucial for the computation of CMB observables. Contrary 
too the generic situation, there is littl e uncertainty here because the (p)reheating of the 
universee and the onset of the radiation-dominated era are reasonably well understood 
inn this model. Next, in section 7.3. we review the model of [26] and show that its 
spectrall  index disagrees with WMAP. The implied infiaton-Higgs mixing is studied 
inn section 7.4. We then show in the following section (plus appendix A) that, by 
addingg two additional terms to the potential and tuning the coupling parameters to a 
certainn extent, values for the scalar spectral index in agreement with WMA P can be 
obtained.. In section 7.6 (plus appendix B) we calculate one-loop quantum corrections 
too the effective potential and study the implications. Finally, section 7.7 summarizes 
ourr conclusions. 

7.22 Number of e-folds 

Onee of the most important differences between low-scale inflation and 'normal' infla-
tionn taking place around the GUT scale is that the number of e-folds Nk of inflation 
betweenn horizon crossing of the observationally relevant modes k and the end of in-
flationflation is much lower. An expression for Nk is derived as follows [173] (see also the 
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recentt papers [174. 175]): 

*-'' _ UHHH _ OH Qe «reh «eg HH 

QOHQQOHQ Q0HQ av areh oeq a0 H0 

VPrelJJ ^ ^ 0 ( 1 + ^ ) 

Heree a is the scale factor. H = a/a the Hubble rate, z is the redshift. the subscripts 0. 
H.H. e. roh and eq denote evaluation now. at horizon crossing (k = aH). at the end of 
inflation,, at the end of reheating and at radiation-matter equality, respectively, and 
KK is the inverse reduced Planck mass, K2 = 8TTG ( K _ 1 = 2.436 x 1018 GeV). Here we 
usedd the fact that p oc a~4 during radiation domination and the Friedmann equation 
too rewrite HH- Furthermore we made use of the fact that electroweak (p)reheating 
iss nearly instantaneous on the Hubble time scale at the end of inflation. «e/areh = 1. 
sincee its time scale is of order of 1 GeV- 1 for the SIM degrees of freedom [147], whereas 
thee Hubble time H~l at the end of electroweak-scale inflation is of order 1014 GeV"1. 
Att radiation-matter equality the energy density p(,q is twice that in non-relativistic 
matter.. peq = 2ttm{l  +zcqfpc0. with pc0 the critical density at present. pc0 = 3K~2H$. 

Moreover,, in our model preil. pe and pH are all practically equal, and so we find 

* - K : K H - ( « £ 5 H - ( * ) - --

wheree we used [13] fim = 0.29. 1 + ceq = 3455. H0 = 73 km/s Mpc"1. the WMA P 
pivott scale of k/a0 = 0.05 Mpc^1 and an inflationary energy scale ofpj^'1 = 100 GeV. 
Hence,, this number of e-folds Nk is much smaller than the 50 00 one gets in the 
customaryy models whore inflation takes place at much higher energy scales. 
Ass we will show below, the scalar spectral index n = n - 1 is approximately inversely 
proportionall  to Nk. This means that the smaller Nk of low-scale inflation makes 
itit  more difficult to satisfy the WMAP constraint that 11 should be close to zero. 
Moree precisely the constraints from WMA P (including CBI and ACBAR. but. no 
otherr experiments) for the amplitude \Sk\

2 and spectral index ft of the CMB power 
spectrumm are given by [13] (converted to our normalization, see the definitions in 
(7.7)): : 

<5k|
22 = (3.8  0.5) x IQ"10. n = -0.03  0.03. (7.4) 

(7.1) ) 

(7.2) ) 
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7.33 Core model 

7.3.11 Model and WMA P constraints 

Thee model proposed in [26] contains a scalar field a (the inflaton) in addition to the 
SMM Higgs field (p. The effective potential of the scalar fields has the form1 

V{(T.(f>)V{(T.(f>) = V0- -apa
p + -aqa

q - \\^o2<$> 2 + -fi24>2 + T A 0 ( 0 2 ) 2 , (7.5) 
pp q 2 I 4 

wit hh integer q > p > 2. The authors of [26] arrived at the values p = 5, q = 6. As 
wee shall explain below, the value of p is fixed by matching the inflationary (small a) 
partt of the potential to the SM physics part where a and 0 are near their vacuum 
expectationn values. First we need to establish the connection with the CMB data 
(7.4). . 

Wee choose the inflationary energy scale VQ = 100 GeV. This choice guarantees that 
afterr preheating and thermalization the temperature Treh is substantial ly below the 
electroweakk crossover temperature Tc ~ 70 GeV [105], thereby avoiding sphaleron 
washoutt of the generated baryon asymmetry. The reheating temperature can be 
estimatedd as TTeh = [30V0/{7v2g*)} 1/4 ~ 0 .43VQ/ 4 , with g* = 86.25 the effective 
numberr of SM degrees of freedom below the W mass.2 

Initiall  conditions are assumed such that the inflaton has a tiny but non-zero value 
aa00 < 1 0- 1 0 GeV. The Higgs field is assumed to be in the ground state corresponding 
too this value of a. i.e. ó = 0. Only when a reaches the critical value ac = \ij\J\a4>-, 
whichh happens long after inflation has ended in this model, wil l 0 roll away from zero 
andd break the electroweak symmetry. This means that we can consider the single-field 
slow-rolll  inflation stage and the phase transit ion as two separate processes. 
Att the tiny values of o relevant for inflation the oq term in the potential is irrelevant. 
Takingg only the first two terms into account, the model can be solved analytically in 
thee slowr-roll approximation in terms of the number of e-folds N since the beginning 
off  inflation: 

knHa.knHa.NNff = ^ ^ - \ fj=!J!f.-e=(p-l)1ftr<j'-'.  (7.6) 

wheree e = —H/H2 and fj = a /{Ha) are the slow-roll functions, and we have used 
thee fact that ë <<C q. because apa

p <C V0 during inflation, to neglect the I term in 
thee expression for fj, as well as to set H2 = (K2/3)VQ. Defining fj = 1 as the end 
off  inflation, we can now compute the scalar ampli tude and spectral index to leading 

^ c r ee 02 / 2 stands for <p^tp, with <p the usual complex SU(2) Higgs doublet of the SM. 
2I ff  there are in addition three thermalized relativistic sterile neutrinos, g+ — 91.5. 

V.N V.N 

€ € 
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PP = 4 
PP = 5 
pp = 6 

1P P 
2.711 x 10~12 1.4 x 10-y 

1.511 x 10-1 GeV"1 1.4 x 10"9 

6.755 x 10+5 GeV~2 1.5 x 1CT9 

aaee (GeV) <r H (GoV) ff, 
3.66 x 10-1U 

5.44 x If) -10 

7.22 x 10~10 

1.99 x 10-™ 
1.00 x 10-r>6 

7.55 x 1 0 -" 

Tablee 7.1: Some quantities in the inflation model with potential V = Vo - -apa
p 

withh Vo = (100 GeV)4 for p = 4.5.6. as follow from applying the WMA P amplitude 
constraintt for the mode that crossed the horizon at \ H . defined as A\. = 22 e-folds 
beforee the end of inflation A>. 

orderr in slow roll (see e.g. [173. 176]): 

11 k | = 50^77 = 7 5 ^ ° r " (K Vó)""2 (U-V + (/>- 2 ) A - , )^ • 

ftft = -2fjH - 4èH = -2 ^ « - A P - l I ( 7 7) 

( p - i )) + (;>-2).v, A ' A - P - 2 '
 [{-{) 

usingg again that è// -C r/#. Hence we see that n is indeed approximately inversely 
proportionall to N^.. 

Fromm (7.7) we see that the best (least negative) value one can get is n = -0.084 (in 
thee limit of large p). Actually the situation is even worse than this, for two reasons. 
Inn the first place we find in numerical studies that generically there are about 2 more 
e-foldss of inflation after fj = 1 has been reached, which means that one should use 
NkNk — 22 instead of 23.8. Secondly, one cannot take an arbitrarily large p. because, 
ass we will show below, p > 5 is not compatible with the constraints from the Higgs 
sector.. This means that the upper limit is actually n — -0.114 in this model, which 
iss 3(7 away from the WMAP result (7.4). 

Thee coefficient ap is determined by fitting the amplitude (7.7) to the WMAP value 
(7.4).. Results are given in table 7.1 for the cases of;; = 4.5.6. From this we can 
derivee at which value av of the inflaton slow-roll inflation ends (77 = 1). and at which 
valuee aH horizon crossing of the scale under consideration occurs, see the table. Note 
thatt € at the end of inflation, also given in the table, is still tiny. 

7.3.22 Higgs sector 

Nextt we look at the matching to the Higgs sector, i.e. we consider the stage after 
inflationn when a has grown larger than ac and ó is no longer zero. Here we have the 
followingg constraints. Denoting the value of the fields in the absolute minimum by 
vvaa and i^, respectively, we have firstly the two conditions that the first derivatives 
off the potential with respect to a and ö in the point (va. rp) vanish. Secondly, we 
demandd that the second derivative with respect to 6 in this point is equal to the 
thee diagonal Higgs mass squared. m\. The actual particle masses are to be obtained 
fromm a diagonalization of the a-é mass matrix, which we will discuss in section 7.4. 
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Thirdly,, there is the condition that V(va.v0) = 0. so that there is no residual vacuum 
energyy (or that it is at least negligible compared to the eiectroweak scale). 

Takingg v^, m  ̂ and /J as addit ional input parameters, these four constraints lead to 
expressionss for \a(p, A^, aq and va: 

1 1 
U H ^ 22 + ^ j t ; 2 . K = T^- (7-8) 

<p <p 

/x22 + i m ^ r J r - ' + Qp i - r * . (7-9) 

Thee vacuum expectat ion value of the inflaton. vG. cannot be given analytically, but 
cann easily be computed numerically from the condition that V{va.v^) = 0. given the 
abovee relations. We take 

V00 = 246GeV, m^ = 200 GeV, / / = 100 GeV, (7.10) 

wheree v<p is the usual SM value. The value for the Higgs mass is of course not known 
yet,, but we require that the eigenvalues of the a-<fr mass matr ix are above the current 
lowerr bound on the Higgs particle mass of 114 GeV [92]. It turns out that to satisfy 
thiss lower bound we need to choose a much larger value for the diagonal Higgs mass: 
2000 GeV wil l be sufficient, 

AA further condition comes from baryogenesis: the inflaton-Higgs coupling should be 
largee enough that the tachyonic transit ion is sufficiently out of equilibrium. The 
ratee of change of the effective Higgs mass squared when a crosses ac = fi/y/X  ̂ is 
determinedd by a dimcnsionless velocity parameter u\ 

__ 1 d{p2 - X^a2) y / A ^ da 
uu = T T ^ ~^ = 2~ "ÖT' t = tc- (7.11 

2//JJ at [i 2 at 

wheree tc is the t ime when a — ac. We have used // to set the scale. The value of this 
masss is not critical here (although it may influence the precise value of the generated 
baryonn asymmetry) and we have chosen ji  = 100 GeV. We shall assume that u *>  0.15 
forr sufficient baryogenesis.3 The value of u can be estimated from energv conservation 
[26]: : 

11 {da\ T̂ XTI  ̂ _ Tr n Y fi4 2 
22 f \ =V0-V(ac.0)=cVo. Q<c<l=*\ a0 = -£yru'. (7.12) 

Requiringg u > 0.15 means that \U(p > 0.01/c > 0.01 (for our choices // = 100 GeV 

andd V0 = 100 GeV). On the other hand, Xa<p should not be too large in order that 

radiativee corrections are under control, say Xa<p < 1. 

Fromm the expressions given in (7.9) and (7.10) we find the results given in table 7.2. 
Noww we can draw the conclusion alluded to before: p — 5 is the only value that satisfies 
alll  constraints. For p < 4 the coupling Xaó between the inflaton and the Higgs is too 

3Ourr u is equivalent to the velocity V of [43. 81]. 
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pp = 4. 
pp = 5. 
pp — 6. 

pp = 6. 

QQ = 

qq = 

QQ = 

QQ = 

- 6 6 
== 6 
-- 7 
== 8 

X/ro X/ro 
1.44 x 10"6 

0.36 6 
2.00 x 103 

3.11 x 103 

AA o 
Ü.33 3 
0.33 3 
0.33 3 
0.33 3 

aaq q 

3.22 x 10"22 GeV-2 

8.44 x 10-6 GeV"2 

3.00 x K r 5 GeV"3 

2.99 x l ( r 5 GeV-4 

<VV (GeV) 
1.455 x 10° 

288 8 
3.90 0 
3.09 9 

Tablee 7.2: Values for the parameters and infiaton vacuum expectation value v„  in the 
fulll  model (7.5) for different choices of (p.q). following from constraints on the Higgs 
sectorr of the model, as explained in the main text, using the values given in table 7.1 
andd equation (7.10). 

smalll  for baryogenesis. while this case is also worse for the scalar spectral index n. 
Forr p > 6. Xao is much too large, making quantum corrections uncontrollable. Note 
thatt even the extreme p = G case with q — 7. fi — 1 GeV and ma = 132 GeV (which 
meanss that the smallest eigenvalue of the a-o mass matr ix is 115 GeV) gives a Xa(t> 

thatt is still much too large {Xa0 — 625). so that this conclusion does not depend on 
ourr parameter choices. Hence, we really cannot go beyond p = 5 when we try to 
maximizee the spectral index. 

Thee basic reason for the limi t on p is the fact that p > 5 implies a rapid turning down 
off  the potential as a increases and together with the low value V0 = 100 GeV this 
leadss to a very small va; this in turn requires a very large X(T0 in order to obtain the 
requiredd value ACT(i)c

2 — p2 — rn2
cj2. 

Wee end this section by not ing that for the p = 5. q — 6 case, h = —0.114; furthermore 
(7(7CC = 166 GeV. which satisfies ac •C oc < oa as we assumed, and c = 0.09 (cf. 
(7.12)).. Note tha t A^^ = 0.36 satisfies the requirement Xa0 > 0.01/c. The energies 
correspondingg to the values of a 5 and a 6 are somewhat above the electroweak scale: 
l/c*55 = 661 GeV. l/y/a  ̂ - 344 GeV. 

7.44 Inflaton-Higgs mixing 

Inn this section we take a first look at the possibility of testing the model by acceler
a torr experiments. The shape of the potential near its absolute minimum determines 
thee particle masses and interactions t ha t we can measure in the laboratory. The in
fiatonn and Higgs fields have the same quan tum numbers after electroweak symmetry 
breaking,, and consequently the emerging particles correspond to a mixture of the two 
fields.. The particle masses are given by the eigenvalues of the a-ó mass matrix. 

(( y  ̂ y " 0 ) . °=Va. <t>  = V0. (7.13) 
\\ V .0(7 V .ÓO ) 

andd for the core model with p — 5. q = 6 they are given by m\ = 385 GeV. m-2 — 
1255 GeV. safely above the current experimental lower bound for the1 Higgs mass of 

138 8 



7.4.. Inflaton-Higgs mixing 

1144 GeV. The mixing angle defined by 

(pi(pi = (TCOS£ — <i>sm£- <p2 = (7sin£ + c>cos-̂ (7-14) 

wheree 0i and 02 are the mass eigenmodes, is given by sin£ = 0.43, cos£ = 0.90, or 
££ = 0.44. 

Becausee mi > 2m2, the heavier particle can decay into two lighter ones and it is of 
interestt to calculate the decay rate (see e.g. [177]): 

l\22\/l\22\/mm\\ ~ 4 m^ 
>2+22 — 327T?Ti^ ^ 

(7.15) ) 

withh 7i22 the three-point coupling: 

dd33V V 
71222 = », ^ , » , , <T = V<T, 0 = ^ . (7.16) 

001002 2̂ 2 

Wee find 7122 = 53 GeV and a decay rate Ti_>2+2 = 56 MeV. However, the mixing 
intoo the Higgs proportional to sin£ facilitates decays into the modes allowed for a 
SMM Higgs particle with mass mi, e.g. the decay into two W bosons, with a much 
largerr rate reaching 100 GeV for a mass £s 500 GeV [92]. Since the latter decay 
modee is forbidden for the lower mass particle 2, it decays predominantly via the bb 
channell  with a much smaller rate of order 10 MeV [92]. Hence the branching ratio 
viaa 1 —> 2 -f- 2 will be very small. So the model predicts 

Ti^xTi^x ^ s i n2 £ r H ^ x , m0 = mi, (7.17) 

TT22̂ x^x - cos2 £ TH^x-, rn  ̂ = m2, (7-18) 

forr a dominant decay mode X of the SM Higgs particle. 

Lett us conclude this section by discussing the number of parameters of the model. 
Considerr coupling the gauge-singlet inflaton field to the SM Higgs field in a renormal-
izablee fashion. To start out with this would introduce three new parameters beyond 
thosee of the SM: 

m jj  = V f f 0 . (uf f ,V^) , Xa = -VaavaiVa^Vj,) (7.19) 

andd \a(f,. Lacking the symmetry a —»• —a. we should also include V ^ ^ ^ t v , - ^ ) and 
^adxpi^Va-v^).^adxpi^Va-v^). The linear term in the expansion around the minimum vanishes since 
y.aivtj.v^)y.aivtj.v^) = 0, which determines va. We should also keep in mind the cosmological 
constant,, which is needed to control the energy density of the vacuum (approximated 
byy zero in this chapter) and which is usually not included in the parameter set of the 
SM.. So within the renormalizable class of models we should not be surprised to find 
sevenn new parameters. The scenario for baryogenesis suggests the introduction of two 
moree parameters in order to be able to adjust the height and the first derivative of the 
potentiall at the spinodal point ac: V(ac.0) and V_a(ac.Q) (where ac is determined 
byy V,<t>4>{vc-,Ü) = 0). These two conditions suggest that we need more freedom in the 
potential,, e.g. provided by the coefficients of non-renormalizable a5 and tr6 terms. 
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Inn the core model all these parameters are basically set by the inflationary paramet-
erss Vo and ap. except for the cosmological constant which is controlled by aq. It 
wouldd of course be surprising if the thus obtained parameters were just right for the 
phenomenologyy in the electroweak domain. To influence their values (e.g. to control 
rnrn22,, and hence also mf) we would have to add further terms to the potential in the 
electrowreakk regime. For the case p — 5. q — 6 these would be a7, a8. . . .. Experiment 
wil ll  inform us of the need of such terms. Moreover, in the inflationary domain there 
aree terms that have been arbitrarily set to zero in the potential of the core model 
withh p — 5. namely the a2. a3 and a4 terms. These will be considered in the next 
section. . 

7.55 Improving the core model 

7.5.11 Adding a quadratic term 

Too bring the scalar spectral index closer to the central WMAP value we add a negative 
quadraticc mass term for the inflaton to the potential, as in the class of models studied 
inn [27]: 

V(a.V(a. (p) = Vcore(a, <f>)  - ^a2a
2. (7.20) 

withh VCOTe((T.(p) defined in (7.5). In this case the slow-roll system (considering only 
VQVQ — \a2o

2 — -}apa
p) can still be solved analytically: 

a(N)a(N) = 2££ + ( ^ , + M e x p( ( 2 _p ) ^ A r 
aa22 V " 2 / V K'VO 

a a 
WVg WVg 

aa22(l(l  + ^ ^ - 2 ) \ ?j=-%-(\ + {p-l)^cT*A.. (7.21) 
\\ a2 J KZVQ \ Q2 / 

whichh agrees with (7.6) in the limit that a2 —> 0. 

Inn a derivation analogous to the one in the previous section, we find for the spectral 
indexx the following expression: 

-- 9 ( P - 2 ) ( 1 - X) + (1 + ( P - 2 ) . T ) ^ -2 ) - ^ . t , _ «2 , . 
nn = — IX -— ; ; :—--; ^—r:  ~ .. W i t h X = OT_ • ( 1.11) 

(x-l)(x-l) + (l + (p- 2)x)e(p-^x N><  K2V0 

Thee curve n(x) is plotted in figure 7.1 for p = 4.5.6 and Nk — 22. We see that 
thee situation can be somewhat improved compared to the massless (x = 0) case by 
choosingg a2 such that x ~ 0.023, i.e. yja? = 6.3 x 10~16 GeV. which for p — 5 changes 
nn from —0.114 to —0.092. However, this is still a 2a deviation from the central WMAP 
result.. Note that the added quadratic term is completely negligible for a ~ va, and 
itss only effect for the Higgs sector comes from changing the value of ap that follows 
fromm the WMAP amplitude (to ct5 = 5.0 x 10 - 3 GeV - 1 for the case p = 5). This 
doess not change the conclusion about p > 5 being excluded. 
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Figuree 7.1: The scalar spectral index n = n — 1 as a function of the dimensionless 
masss parameter x = a^A^Vo) m the model (7.20), as given in equation (7.22), with 
Nf;Nf; = 22 and plotted for p = 4 (solid), p = 5 (long dashes) and p = 6 (short dashes). 

7.5.22 . . . and a quarti c term 

Includingg in addition a quartic term for the inflaton allows for more variation in the 
spectrall index: 

V(a,V(a, 4>) = Vrcore(CT, 4>) - -a2a
2 + ja4a

4, (7.23) ) 

withh Vcore(a, (ft) defined in (7.5), where we have now fixed p = 5, q = 6. This means 
thatt for the inflationary part we consider the potential 

Vlnfl(o-)) = Vo - -a2cr2 + 7Q4CT4 - -a5a
5. 

22 4 5 

Forr the analysis it turns out to be useful to make the following definitions: 

R R 
27Q2CÏ5 5 o 2 2 3a5 5 aa = a 

aa4 4 

(7.24) ) 

(7.25) ) 

(thiss is the same definition for x as in the previous subsection). Assuming that all 
a'ss are positive there is always a maximum at a = 0, and for a > 0 there are 
threee different cases depending on the value of R. For R > 27/4 the potential has a 
negativee second derivative for all positive a, for 4 < R < 27/4 the second derivative 
changess sign from negative to positive and back to negative, and for R < 4 there is 
ann additional minimum maximum pair. For R = 4 the potential has a flat plateau 
aroundd a = 2. We restrict ourselves to the region with R > 4, because an additional 
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minimumm would stop the inflaton from ever reaching the critical value ac (ignoring 
quantumm tunneling which we do not consider in this chapter) and the electroweak 
symmetryy would not be broken {nor would inflation end at all).. In the full model 
theree is of course no drop off to minus infinity, because after inflation the \a§a& term 
wil ll  come into play to create the absolute minimum at va. 

Usingg the slow-roll equation of motion, we can derive expressions for l{a) and ff{a) 
inn this model as well, leading to the following results for the amplitude and spectral 
index,, still in terms of the inflaton field: 

|ik|22 = 2^(f) 3(fl*»-3**'+*i>" 2- (7'26) 

nn = ~{R-95%+id3
H). (7.27) 

Too determine an we need to solve the equation of motion. Although it can be integ-
ratedd analytically to give N(a). the inversion to obtain a(N) has to be carried out 
numerically.. The horizon-crossing value &n is then the held value 22 e-folds before 
thee end of inflation, which is defined by the relation fj = 1. The analytical results 
usedd in this procedure are given in appendix A. 

Ann important result that can be seen from the equations in the appendix, is that an 
dependss on the parameters R and x only. That means that the same is true for n. 
AA contour plot of n as a function of x and (R — 4)~l is given in figure 7.2 (we use 
(R(R — 4)"1 for the ordinate to avoid the curves getting squashed in the region R [  4.) 
Wee conclude that there is a parameter region (the red area) where a spectral index 
compatiblee with the la WMA P constraint (7.4) is produced. For R < 27/4 (i.e. 
(R(R — 4)^1 > 4/11) it is even possible to get n > 0 (the blue region). On the other 
hand,, the amplitude does not just depend on R and x. butt also on Q4 explicitly, as 
cann be seen from (7.27). 

Noww we can apply all the constraints and determine the parameters in the following 
way.. First we determine x and R from the spectral index constraint. Of course this 
cannott be done uniquely; basically we are free to choose e.g. x (within certain limits as 
indicatedd in figure 7.2) and then R is fixed by the constraint. Actually there are still 
twoo possibilities for R, but it turns out that the smaller value (corresponding to the 
upperr branch in figure 7.2) leads to smaller non-renormalizable couplings a$ and ag, 
andd also to a smaller dimensionless coupling \a (cf. (7.19)). which we consider more 
acceptable.. Next a A is fixed by the CMB amplitude constraint. Finally, the other 
parameterss are determined by the coupling to the Higgs sector, in a way completely 
analogouss to the treatment in subsection 7.3.2 and section 7.4. Setting h = —0.03, 
thee central WMA P value, an explicit example with x chosen to be 0.1 is: 

xx = 0.10 : R = 4.32. a\/2 = 1.30 x 10~15 GeV, a4 = 4.36 x KT 12, 

aa55
ll = 357 GeV. a6

 1/2 = 238 GeV, Xa<j>  = 0.46. A^ - 0.33. 

\ aa = 8.6, vj, = 246 GeV, va = 255 GeV. ll22 = 65.5 GeV. 

mii  = 4277 GeV. m2 = 128 GeV. £ = 0.39. (7.28) 
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Figuree 7.2: Contour plot for n = n— 1 as a function of the parameters x and (R — 4 )_1 

(definedd in (7.25)) in the model (7.24) for the mode that left the horizon Nk = 22 
e-foldss before the end of inflation. The contours are (from outside to inside) for 
nn = -0.12, -0.09, -0.06, -0.03, 0.00, +0.03, +0.06, respectively. This means that the 
darkk grey region (between the contours —0.06 and 0.00) corresponds to the la WMAP 
constraintt (7.4). while the lighter regions (on the left and at the bottom) indicate 
valuess that are too low, and the regions on the right values that are too high. The 
right-handd regions also correspond to a blue (n > 0) spectrum. 
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Figuree 7.3: Variation of the dimensionful (top) and dimensionless (bottom) paramet-
erss in the model described in subsection 7.5.2 as a function of the one free parameter 
xx when all CMB (with n = -0.03) and SM constraints are applied (and choosing the 
smallerr value for R). 
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Forr a more general picture see figure 7.3. where all the parameters have been plotted 
ass a function of x (and choosing the smaller value for R). We sec that as x increases, 
thee non-renormalizable mass scales Q.r1 and a§ also increase and that the (rather 
large)) inflaton selfcoupling \a decreases. Since smaller couplings are generically easier 
too deal with, the larger x values would be favoured, but we shall not pursue this aspect 
further. . 

7.66 Loop corrections 

Thuss far we have assumed the potential V to be an effective potential that approxim-
atelyy describes some extension of the SM, i.e. including all quantum effects. Never-
theless,, since the calculation of the spectral index is based on the growth of quantum 
fluctuationss during inflation, it is important to try to ascertain that the back-reaction 
off  these fluctuations on the inflaton and on the SM is under control. After all. the a 
valuess vary over some twelve orders of magnitude from the inflationary to the elec-
troweakk domain. We therefore investigate in this section one-loop corrections based 
onn V. 
Correctionss on the effective potential in the inflationary domain due to a Higgs loop 
havee been investigated in [26], but not those coming from an inflaton loop. There 
iss reason for concern, because the four-point selfcoupling Xa of the inflaton in the 
minimumm of the potential, defined in (7.19), is rather large. For example. Xa = 8.6 for 
thee case (7.28). With such large couplings, computing loop 'corrections1 is a hazardous 
endeavourr and the calculations in this section are aimed at obtaining insight rather 
thatt getting quantitative results. 

Att strong couplings the non-perturbative phenomenon of "triviality " conies into play: 
ass the cutoff used to define the model is raised the renormalized couplings go down, 
andd they even vanish in the infinite cutoff limit . Larger couplings imply a smaller 
maximumm value of the cutoff, which is then interpreted as a momentum scale where the 
modell  breaks down (also known as 'the Landau pole'). For a review of the application 
too the SM see [92, 178]). Assuming that this phenomenon applies also here, we shall 
tentativelyy use it to estimate the maximum cutoff from the large inflaton selfcouplings. 
Anotherr reason for expecting such a scale where the model breaks down is the fact that 
itt contains non-renormalizable couplings of dimension larger than four. This situation 
mayy be compared with effective pion models for QCD. These models are typically 
alsoo non-renormalizable (even non-polynomial) and in first instance only valid up 
too a few hundred MeV.4 Loop corrections may then further extend their validity. 
AA well-developed scheme is Chiral Perturbation Theory, in which all perturbative 
infinitiess are removed by counterterms. with new physical constants parametrizing 
thee corresponding finite parts [179, 6]. 
Beforee continuing in detail we should add the cautionary remark that the usual equi-

4Wee recall also the linear sigma model, in which the selfcoupling is large, A = m^/(2f%) ~ 2 0 - 45 
forr a sigma resonance in the range 600 - 900 MeV. 
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l ibriumm effective potential can in principle not be applied blindly to systems out of 
equil ibrium:: we interpret it as being only indicative of the back-react ion. More soph-
isticatedd methods {e.g. Hartree or 2PI [180]) are available, but they are a lot more 
complicated.. In the inflationary domain the one-loop potential is complex due to the 
treee potent ial being' unstable, and we shall concentrate on its real part. 
Considerr the potential 

1 , 1 , 1 , 1 1 
-a-a44aa - - • —— VQ — -c\2&~ + T Q 4 r r ' — ;:f*r><70 + - n G r r 6 

-\-\0000aa22oo22 + -/ro2 + - A 0 o 4 . '.29) ) 

whichh is to be identified with V at tree-level. For simplicity we consider here only 
onee real Higgs field to avoid the complications of massless Goldstone bosons, which 
wouldd be absorbed by the W and Z bosons in the full SAL The one-loop contribution 
too the effective potential is given by (see e.g. [178]) 

VV[V)[V)  = f ( ^ ) + f ( m | ) + c.t. (7.30) 

wheree f(m2) is the ground-state energy-density of a free scalar field with mass rn. c.t. 
denotess counterternis and m'j and m\ are the eigenvalues 

2 2 
1.2 2 == g ("'" + <  y/(»'l->»l)2+-l»>U)  (7-3i; 

off the field-dependent mass matr ix 

"L "L 
>»l >»l 
m% m% 

= = 

= = 

= = 

vv{0{0l l 
.. ab 

™LL  = 
mmlolo = 

(a.b)(a.b) e {cr.0}. 

-- —a-2 + 3a^a2 — 4Q5a"3 4- Setter'* 

==  [i 2 - \„4,cr 2 + 3A^02 . -m2
aé = 

-- KoO2. 

-- -2\0(1>oé. 

(7.32) ) 

(7.33) ) 

(7.34) ) 

Thee ground-state energy-density is given by 

2,, /' ^ 3 P 1 
€[nr]=€[nr]=  ' J^2^m2 + p2- (7-35: 

|p|<AA l Z 7 r J z 

wheree we used a spherical cutoff A on the three-momenta. Alternatively, we can use a 
four-dimensionall euclidean cutoff on the usual log-determinant form \ndct{tti'flb + 02}. 
whichh leads to 

f(mf(m22)) = 11 f <iP , 0 9, 

Thee first regularization (7.35) has the advantage that time is kept real (and con
t inuous),, which is conceptually attractive for systems out of equilibrium, whereas the 
regularizationn (7.36) can be applied only in equilibrium with imaginary and somewhat 
fuzzyy time. It turns out that both regularizations give very similar results and for 
definitenesss we shall continue with the first one, (7.35). 
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Withinn the spirit of a polynomial parametrization. the counterterms are supposed to 
bee polynomial in a and 0. It is desirable that they are able to cancel all divergencies 
ass A —> oc: the quartic (oc A4), quadratic (oc (m2 + m^A2) and logarithmic (;x 
{{ml){{ml) 22 + (m2)2)lnA ) ones. This is possible, since the square root in (7.31) drops 
outt of the sum m2 + m|, and also (m2)2 + (m2,)2 = (ra2)2 + (m2)2 + 2(m2

(p)2 is a 
polynomiall  in a and (p. We define 

eeff(m(m22)) = e(m2) - ^ L f 2A
4 + 2m2A2 - (m2)2 In 2 e ^ A ) (7.37) 

o o 

(m2)22 In —- + 0(A" 2 In A), (7.38) 
1 1 

64TT2 2 V' V' 

wheree we introduced the renormalization scale v. Dropping terms with negative 
powerss of A, the form (7.36) for e reduces also to the form (7.38) (with a different 
subtraction).. We shall continue with the full form (7.37) with e(m2) given in (7.35), 
withoutt dropping negative powers of A. 

Thee total potential at one loop is 

VV = VW+V{1) (7.39) 

Att this stage we have used counterterms corresponding to all the terms in (7.29) to 
cancell  the divergent cutoff dependence, as well as a few more: a7, a8, <r3</>2 and <JA4>2 . 
Thee finite parts of these counterterms have been assigned values by the subtraction 
inn (7.37) (which is similar to the minimal subtraction used in perturbative QCD 
calculations).. However, we still need at least some of these parameters to impose 
renormalizationn conditions on the potential. A minimal set of conditions is: (i) the 
reall  part of the expansion of V in a around a — 0, at 0 = 0, coincides with the original 
V^V  ̂ up to and including cr5, {ii)  V vanishes in its absolute minimum at a = va, 
4>4> — v<t,, and {Hi) v$ — 246 GeV, unchanged. Requirement (i) expresses our wish to 
keepp the potential unchanged in the inflationary domain, {ii)  keeps the cosmological 
constantt zero and {in) is needed for electroweak phenomenology. Furthermore, in a 
sensiblee renormalized perturbation scheme it is desirable that the particle masses in 
loopp diagrams are kept at the same values as in the tree-graph starting point, so we 
addd to our minimal set of conditions: {iv) va, (v) m2 and {vi) m2, are unchanged 
inn the minimum of the potential. We can impose all these conditions by using only 
countertermss according to the parameters listed in the tree potential (7.29). It turns 
outt that ffi2a<p ends up also very close to its tree value so that the particle masses mi 
andd m2 are indeed practically unchanged. The unusual combination of two classes of 
renormalizationn conditions, {i)  in the inflationary region and {ii)-  (vi) in the today's 
physics'' region, makes an interesting problem. 

Summarizing,, the above renormalization conditions can be implemented by coun-
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terr te rms of the form 

1 1 
c.t.. = 

327T2 2 

E E 

4A44 + 2{m\ + ml) A2 - ({mjf + (m2,)2) In — 

 r ' , 2 \ , , / 2 ReW^ (m- )) + 6/(m-)J F (7-40) 

fr=0fr=0 ^ ^ <r=o=0 
. a 66 a2o2

 2o
2 o4 

+oa+oaGG — 0AaO— h dfi — + dXp — . 

whichh satisfies condition (i) (note that m\ = m2 and zn2, = m2 in the inflationary 

region,, since ó = 0). The first thing to check is the coefficient of the a6 term in the 

expansionn around a = 0: it should not be large, as this might spoil the neglect of 

suchh a term in the inflationary domain. For the Higgs loop this has been done already 

inn [26]. Its contr ibut ion to the coefficient of <76/6 is —A^ó/(32/T2/Jt
2). which for the 

casee (7.28) is only —3.1 x 1 0- 8 G e V- 2 . even much smaller (in absolute value) than 

etc,, = 1.8 x 10~° G e V- 2 . For the inflaton loop the effects are even smaller because 

thee effective mass ma is tiny in the inflationary region: although l n ( m2 / ^ 2 ) is the 

logari thmm of a very small number, the (m2 )2 in front of it makes it negligible. Since 

thee terms with different powers of a up to and including o° are by construction all 

approximatelyy equal during inflation, a rough estimate of the relative importance of 

thee inflaton loop corrections is given by a2, \n(a2/v2)/(64TI2a2&jj)  = C(10~1 2) . 

Wee now impose the renormalization conditions (ii) (vi) in the minimum of the po-

tent ial.. These are five linear equations for the four parameters of the counterterms 

inn the third line of (7.40). plus the renormalization-scale parameter \nis. Using as an 

examplee the parameter set (7.28) and choosing A = oc for a start, results in 

SaSa66/a/a66 - 0.10. SXa0/Xaó = - 0 . 011. <5/i2/^2 = -0 .058. v = 939 GeV. 

*A 0/A **  = 0.026, m ^ 0 + 1 ) / m ^ 0 ) = 0 . 9 5, A ^ / A ^ = 2.07. (7.41) 

wheree (0) indicates the tree-graph value and (0+1) the value derived from the full 
potent iall  (7.39). The renormalization scale u seems to be somewhat large, but small 
changess in \n{v) are of course amplified in v itself. The finite counterterms look 
reasonablyy small. The mixing mass ma  ̂ is also close to the tree-graph value, in 
accordancee with our desire to keep the particle masses in the loop contributions close 
too the tree values. The inflaton selfcoupling \ a has increased by an unpleasant factor 
off  about two. which seems to make the calculation untrustworthy. Another way of 
t reat ingg the renormalization to deal with this is discussed in appendix B. 

Sincee we have removed the divergent cutoff-dependence with the counterterms. the 
renormalizedd effective potential cannot give us information on the scale where the 
modell  is expected to break down. For this we look at the bare coupling defined in 
termss of the bare potent ial V  ̂ +c . t ., by 

ASb>> = ( l /6)(VW+c.t . ) .C T f f f f f f . (7.42) 

evaluatedd at its absolute minimum. In a simple 04 model with one real scalar field the 

relat ionn between the bare and renormalized coupling is qualitatively well described 
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byy the one-loop renormalization-group relation (see e.g. [178. 181]) 

A (b)) = ^ — = A + \23t + • • • , t = ln(A/m) + const.. (7.43) 
ii  — o \t 

withh 8 = 9/(87r2) the one-loop bet a-function coefficient. The bare coupling A(b) 

divergess when the denominator vanishes at the position of the 'Landau pole', and 
numericall simulations have indicated that this gives an order of magnitude estimate 
off the limiting A (modulo the uncertainties related to methods of regularization and 
factorss like 2e _ 1 / 4 in (7.37): for a review see e.g. [181]). As can be seen from the 
expansionn in (7.43). the one-loop value of the bare coupling equals twice the tree 
valuee at the pole, and we shall use this for an estimate of the maximal cutoff Amax: 

XX{{
aa

b)b)/X/Xaa = 2 =• A = A m a x . (7.44) 

Usingg the results from the renormalization procedure in (7.41) we find that the max
imumm value is already reached near A ~ 600 GeV. for which Xa = 12.8 (and v — 702 
GeV). . 

Thee loop calculation in this section has given evidence that the flatness of the in
flationaryy part of the potential can be kept consistent with quantum corrections. It 
appearss that the model has to break down already at a fairly low scale. For the 
examplee (7.28) this could be around 700 GeV or perhaps as low as 300 GeV (see 
appendixx B), but for larger x values this scale slowly increases. Above this scale new 
physicall input is needed. 

7.77 Conclusion 

Inn this chapter we investigated the implications of the WMAP results for low-scale 
inflationn and found that there are severe constraints. This is essentially because the 
proximityy of the observed scalar spectral index n = n - 1 to zero is hard to reconcile 
withh the small number of e-folds between horizon crossing of the observable scales and 
thee end of inflation in these models. Working in the context of a phenomenological 
electroweak-scalee inflation model that allows for tachyonic electroweak baryogenesis 
andd consists of one additional scalar field a coupled to the Standard Model Higgs, we 
weree led to further constraints on the infiaton-Higgs potential. However, we found 
thatt there is a range of parameters compatible with a spectral index close to (and 
evenn larger than) zero in this model. 

Thee polynomial approximation together with all the constraints led to the conclusion 
thatt we need a a'J term in the potential during inflation (as in [26]). In addition a2 

andd a4 terms are needed, and (or instead of the cr4) there might be a a* term, but no 
powerss higher than 5 can be present during inflation. The appearance of an odd power 
(er5)) implies a local minimum at small negative values of the infiatoii field (a = 0 being 
thee value where the potential has a local maximum). A universe with initial conditions 
inn this negative region would classically never end inflating, which is why we assumed 
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aa small positive initial condition for the inflaton held. However, quantum tunneling 
mightt very well make the case of a negative initial condition viable as well. The use of 
aa polynomial approximation is quite natural for the inflationary region of the potential 
wheree the infiaton held is small, hut it seems somewhat artificial in the large field 
regionn where the Higgs field comes into play. The odd and non-renormalizable power 
aa;j;j  in the potential appears to be the price we have to pay for keeping the number of 
parameterss limited. It is not excluded of course that the model with its non-symmetric 
potentiall  and non-renormalizable couplings can be embedded satisfactorily in a model 
withh more symmetry that is also renormalizable. e.g. a supersymmetric extension of 
thee Standard Model. 

Inn the one-loop calculation we found that the very different renormalization conditions 
inn the inflationary and electroweak regimes did not lead to unresolvable conflicts. In 
ourr results quantum corrections do not disrupt the required flatness of the potential 
inn the inflationary region. The non-renormalizable couplings and also the relatively 
strongg inflaton selfcoupling suggest a breakdown of the model already at a fairly low 
scale,, perhaps below 1 TeV. depending on the choice of parameters. 

Wee conclude with the important remark that the phenomenological model arrived 
att here can be falsified experimentally through its conspicuous generic feature: the 
existencee of two (and only two) particle species with zero spin and masses around the 
electt roweak scale, and couplings to the rest of the SM equal to that of the Higgs up 
too factors related to the mixing angle. 

7.88 Appendix 

7.8.11 Some analyt ical results for  the ful l model w i t h a quart i c 
te r m m 

Startingg from equations (7.24) and (7.25) in subsection 7.5.2. we find the following 
slow-rolll  field equation: 

1ATT R da 
dftdft = - — — r r. (7.45) 

.v.v Ra - 3<7-J + al K ! 

Integratingg it from horizon crossing (subscript H) to the end of inflation (subscript 
e).. we obtain for R > 4 (with Nf. = Ne — NH): 

' ** - 3.T 

22 + Q+2Q2 j n / g - l + Q + Q "1 

1+Q+Q22 I v
/ a ^ ( 2 + g + Q - ' j < T + Q - f Q - i+ Q2 + Q-2 

+ 3 h ll (*-i +Q+Q-0 + >/3 ̂ ^ F(«r 7.46) ) 
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with h 

and d 

g 33 = ï ( i ? - 2 + \ / ^ > / ^ : 4 )  ̂ JR = 2 + Q3 + Q-3. (7.48) 

Thee field value at the end of inflation that follows from the condition 77 = 1 is for 
xx < 1 given by 

33 / i x  SR 1 - x ( 21 x \ _ t^ 

7.8.22 Another renormalization treatment 

Wee found in (7.41) that the already large inflaton selfcoupling ACT increased by an-
otherr factor of two when applying the renormalization conditions. Of course, de facto 
XXaa is a derived coupling: it depends on the other parameters of the model and we 
mayy just have to accept how it turns out. In principle, further experimental inform-
ationn is needed to be able to pin down the non-renormalizable couplings beyond a*, 
andd a6. similar to what is done in Chiral Perturbation Theory. To continue, we can 
pretendd that our tree-level values for couplings such as Xa are actually phenomenolo-
gicallyy correct, i.e. consider them as experimental input. Alternatively (but leading 
too the same treatment) we can work from the point of view presented at the end of 
sectionn 7.4 that Xa is a primary coupling and that the other parameters have to be 
chosenn accordingly. (At this point we have assigned values to the non-renormalizable 
couplingss of the a7, a8, a3<p2 and aA<p2 terms in a somewhat arbitrary way by the 
subtractionn in (7.37) and the value of the renormalization scale v.) So we continue 
thiss exploration by imposing that in addition to va, V& and the particle masses m j, 
m\m\ and mJL. also the tree-graph value of XG is to remain unchanged, and that the 
otherr parameters have to be chosen accordingly. 

Wee add to our renormalization conditions: (vii) m2
a(t> = maip and (viii) \„  — Xa

Sincee Acr is naturally controlled by the a parameters, we add to (7.40) the finite 
counterterms s 

aa77 cr8 

++  6a7— + Sa8 — . (7.50) 
tt  o 

stilll  keeping the coefficients of <r :i(f>2 and a4(p2 set by the value of v. The result of this 
exercisee is given by 

6a6a66/a/a66 = -0.75. 8\aof\a0 = 0.15. tf/i2//^2 = 0.34, ^ = 3987 GeV. 

5X5X00/X/XÓÓ = 0.092. 5a~l/3 = 217GeV. {~Sas)~
l/4 = 363GeV. (7.51) 
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Wee see that the scale of 6aT and <5Q8 is similar to that of a5 and a(>. and the other 
counter termm parameters are larger than before in (7.41) but still reasonable, except 
thatt v has slipped to a rather large value. We could fix v to. say. 400 GeV and use 
onee of the ako2 couplings in its place, but then the resulting comiterterm parameters 
forr the other couplings are larger. Moreover, we prefer to keep v variable since it 
adjustss itself natural ly in such a way that the loop correction vanishes as A —> 0. 

Whenn we try to determine the maximal cutoff in this case using the est imate (7.44). 
wee find that this criterion cannot be applied meaningfully because the bare potential 
quicklyy becomes unstable (no lower bound) as A is increased from zero. This happens 
alreadyy for A between 200 and 30Ü GeV (where v has come down to % 300 GeV). 
Suchh a low value is also suggested by the fact that 250 - 350 GeV is the scale of the 
non-renormalizablee couplings a5 and nf i in the example (7.28). 
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Chapterr 8 

Scalarr field dynamics using 
<I>-derivablee approx imat ions 

8.11 Introduction 

Mostt of this thesis has focused on applications of the classical approximation to out-
of-equilibriumm field dynamics (chapters 4. 5. 6). The argument for making this ap-
proximationn was that for the process under scrutiny, baryogenesis during tachyonic 
preheating,, the low-momentum modes which are relevant for the baryon number vi-
olatingg processes have very large occupation numbers. 

nfcc + l / 2 » l / 2 . (8.1) 

Inn this chapter we study an alternative description of out-of-equilibrium dynamics 
inn which equations of motion for quantum correlators are derived from a suitable 
quantumm effective action (the 2-PI effective action). The basic variables are now the 
onee and two point functions (mean field 0 and correlator G). which are in principle 
thee full non-perturbative dressed correlators. The derived equations are self-consistent 
andd include infinite loop resummations. 

Althoughh the approach is formally exact, practical calculations require us to trun-
catee an infinite expansion of diagrams, defining a truncated effective action. Taking 
thee (functional) derivative of the effective action provides the ^-derived equations 
off  motion. The formalism is closely related to truncations of the Schwinger-Dyson 
expansionn [182]. 

AA crucial feature of ^-derivable approximations is that the derived equations of motion 
conservee global symmetries and associated Noether currents in time. In particular 
thee energy is conserved. This is a useful feature when studying out-of-equilibrium 
processess where most other quantities like particle distribution functions evolve in a 
complicatedd way. The conservation of energy applies not only to the full effective 
action,, but to any level of truncation, as long as the energy functional is truncated at 
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thee same order. 

Numericall  implementation of the formalism was introduced in [183] for thermalization 
off  scalar fields in 1 + 1 dimensions, and subsequent studies include [184. 156. 185. 186] 
inn 1 + 1. [187] in 2+1 and [180. 188] for fermions and scalars in 3+1 dimensions (see 
alsoo [186]). The process of resonant preheating was studied in [189]. Related works 
includee [66] for fermions in a classical background and [50. 190] for the lowest order 
(Hartree)) truncation in an inhomogeneous system in 1 + 1 dimensions. 

Afterr a brief introduction to the real-time formalism in statistical field theory (section 
8.2).. we shall be concerned with the process of thermalization in a pure scalar theory 
inn 3+1 dimensions with three- and four-point interactions (section 8.3). Apart from 
beingg interesting in its own right, it can be considered as a simple toy model for non-
abeliann gauge theories. Application of the present. 2PI formalism to gauge theories 
themselvess is not straightforward, since gauge invariance is not preserved in a general 
truncationn of the 2PI effective action [191]. We study a single real scalar field and 
usee a loop expansion of the 2PI effective action. The resulting numerical algorithm 
iss easily parallelizable for numerical computation. Results will be presented in the 
symmetricc phase 0 = 0 and in the broken phase of pure 04 theory, where we will 
makee a comparison between two different truncations. 

Inn section 8.4 we will study tachyonic preheating in an 0(4) model of scalar fields 
similarr to the complex Higgs doublet of the SM. In particular we will be interested 
inn comparing results from the ^-derivable equations to the classical approximation 
appliedd in chapters 4. 5, 6. It turns out that to cope with the large occupation 
numberss generated during preheating, the loop expansion becomes unreliable (and. 
indeed,, numerically unstable). This is resolved by using a different resummation of 
diagramss in an expansion in 1/JV with N the number of fields (here JV = 4). Numerical 
integrationn using this expansion is stable, but the algorithm is not as straightforwardly 
parallelizablee as for the loop expansion. 

8.22 Real t ime statistical field theory 

Thee state of a quantum system is determined by a density matrix p. Expectation 
valuess of Heisenberg operators O[0(x, t)]  are defined as: 

{0[4>{x.t)]){0[4>{x.t)])  =Z-1Tr[ /5C[0(x . t ) ] ]. (8.2) 

Thee partition function is given by 

ZZ = Tr[p}=Y,W\p\n). (8.3) 
n n 
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C, , 

c. . 

Figuree 8.1: The fields and currents live on a time contour in the complex plane. 

withh \n) a complete set of states. In the presence of currents one can define a gener-
atingg functional for the correlation functions, 

Z[J,C,p]Z[J,C,p] =Tr TTClCl exp \i I dt 

xTcxTc22 exp WW W 
ddssxJxJ11(x,t)<p(x,t)(x,t)<p(x,t) } ,3(0) 

d3xJ2(x, f)0(x, i ) ) (8.4) ) 

Thiss definition requires some explanation. The currents Ji.2 and fields are now defined 
inn 3+1 dimensional space, but with the time label t running from 0 to <max and back 
too 0 along the contour depicted in Fig. 8.1. Subscripts 1.2 denote whether a given 
timee label t is on the upper or lower branch. Time integrals are performed along the 
contourr with a sign, so for instance 

dtdtClCl -> dt, / dtC2 -> - / dt. (8.5) 
'oo Jo Jo Jo 

Timee ordering Tcx a is ordering along the contour. Z[J, C, p] is a generating functional 
forr correlation functions in the sense that 

SZ[J,C,p], SZ[J,C,p], 

iG(t.t'x.y) iG(t.t'x.y) 

0(x.t)) = 

1 1 

1 1 

Z[0,C,p]Z[0,C,p] SiJ!(x,t) 

ÖÖ2 2 

\j=o-\j=o- (8.6) ) 

Z[J.C, /5] | j=o-0(x. t )^(y ,O-- (8-7) 
Z[0Z[0ffC,p]öiJ(y,V)6iJ(x,t) C,p]öiJ(y,V)6iJ(x,t) 

Onee can introduce a path integral representation of the generating functional by 
insertingg complete sets of eigenstates of the field operator at time zero 

0(x,O)|0>=#x)|0),, (8.8) 
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too find 

Z[J.Z[J. C.p]= VolVo2 (oi | p(0) \o2) 

xx (Q2\TC2 exp < - i ƒ dt / d3x J2(-K.t) o(x.t 

x T C l e x p | ?// dt d3xJ1{x.t)ó{^t)\\^)i). (8.9) 

Thee second matrix element can be written as a path integral. 

(0(022\\ •  \0i) = IVo exp | z ( SC[<P]  + J©) }• (8.10) ) 

where. . 

Sc[<f>]Sc[<f>]  + J<i>=  f dt I d:ix[C{0)(x.t) + J ! . 2 (x . t )0(x .O] . (8.11) 

withh £(<p) the Lagrangian density, and where we integrate along the contour C. Vo 
meanss that we sum over all field configurations1 <p(x. t) along the contour with bound
aryy conditions 

<A(x,0!)) = (^i(x). 0(x,O2) = 02 (x), (8.12) 

wheree Oi is the start and 02 the end of the contour. We write 

Z[J.K,C.p]Z[J.K,C.p] = /z>0iZ>02{4>i|p(O)|02} 

xx mexpli(sc[4>}  + J0+-<pK(i)) I. (8.13) 

wheree we have generalized to include a two-point current /f(£.t ' ,x, y) which couples 
too two 0's. These can live on either branch of the contour. The definition of the 
generatingg functional includes the prescription of the contour. 
Inn equilibrium (at temperature X) the density matrix is given by 

p*exp{-H/T).p*exp{-H/T). (8.14) 

Thee first matrix element of eq. (8.9) can then be written as a path integral in ima
ginaryy time on a contour from t— O2 to t — —id = —i/T. We will be interested in a 
generall out-of-equilibrium situation, but with Gaussian initial density matrices 

1/0(0)102)) oc exp ƒƒ d3xRa{x)0a(x)+ / d3xd3y 0a{x)Rab(x,y)0b{y) (8.15) ) 

forr general Ra(x), i?at,(x.y). a.b = 1,2. summation over a, b implied. 

llWee use the same notation for fields on a time slice <XX) and fields in space time 0(x . i ) . This 
shouldd not lead to any confusion. 
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8.2.11 1 and 2 Pi-effective action 

Givenn the generating functional Z[J,K.C.p] = Z[J.K], we can define an effective 
actionn in the same way as in zero temperature field theory. In the following we 
shalll  use a notation where x = (x, £), y = (y,t'), z = (z,£"), t, t', t" along the 
contour.. With only the one-point external current, we have the generating functional 
off  connected diagrams, 

W[J]W[J]  = -i\nZ[J], (8.16) 

fromm which we can find the mean field (f>. 

Wee can then define the effective action as the Legendre transform, 

T[4>]T[4>]  = W[J] - f éx J{x) 4>{x). (8.18) 

Itt is a functional of the mean field and we see that 

8<j){x) 8<j){x) 
==  -J(x). (8.19) 

Forr vanishing J, the mean field minimizes (or is at least an extremum of) the effective 
actionn functional. This equation can be seen as an equation of motion for the mean 
field.field. r[0] is the generating functional of one point irreducible diagrams and is known 
ass the 1PI effective action. 

Wee define the 2PI effective action in a similar way in terms of the generating functional 
withh two currents2: 

expp {  i W[J, K]}  = Z[Jt K] = (8.20) 

/ P 0 e x p |ii  (s[4>}+  f d4x4>(x)J(x) + ~ f dAxéy4>{x)K{x,y)<j){y)\ \ 

wheree W[J, K) is now a functional of the sources J(x) and K(x,y). We define the 
meann field and the connected propagator, 

- ,, SW[J,K] „fiWjJ.K]  - -

withh the notational convention that3 , 

ii  G{x, y) - {Tc<p{x)<f>{y))  - 4>{x) 4>(y) (8.22) 

2Thee initial conditions can be absorbed in the sources J and K 
3Noticee that the propagator is denned by j ^ - . We could also have defined it through  At 

thiss level they are equivalent, but once we truncate the effective action, they are no longer the same 
[182].. Then the proper definition is the one used to define the effective action through the Legendre 
transform.. This wil l be the former of the two. 
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Wee can perform a Legendre transform to define the effective action in terms of o and 
G G 

T[o.T[o. G] = \V[J. K] - / d'x o(x) J(x) (8.23) 

-- l- j dlxdAyK{x.y) (iGU:y) + 6(x)ö(y)) 

andd in turn derive the equations satisfied by the objects o and G: 

SYlö.G] SYlö.G] 

do{x do{x 
J(x)-J(x)- / d+yK(x.!j)o(y). (8.24; 

oG(x.y)oG(x.y) 2 

InIn the case of vanishing sources J = K = 0. This simplifies to 

S=aa M.(1. „ 2 6) 

whichh serve as a set of coupled equations of motion for o and G. Having been formally 
derivedd from the full partition function Z[J. K}. at. this point the solutions é and G 
aree the fully dressed mean field and propagators respectively. 

Wee can consider solving for G given o. If G[o] is such a solution. 

SG[x~y)SG[x~y)lGlG== aa^-°-^-°- (8-27) 

then n 

r [ e . G [ 0 ] ] = I > ] .. (8.28) 

wheree T[o]  is the 1PI effective action. In a similar way we can define 3-. 4-. n- point 
irreduciblee effective actions to be functionals of 1-. 2-. 3-. 4-. n-point correlators, for 
whichh we can then derive equations of motion. Subsequently solving for the n-th 
orderr correlation function and inserting into the n-PI effective action functional, we 
recoverr the (n-l)-PI effective action as a functional of the remaining 1 (n-l)-point 
functions. . 

8.2.22 Equat ions of motion 

Thee 2PI effective action can be written in the form [192]: 

T[0.. G] = S0[ó]  + ^Tr lnG"1 + ?-Tr G^G - i$[0. G}. (8.29) 
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withh (for a scalar field theory) 

So[4>]=JdSo[4>]=Jdiixdxdii
ffii

22)(x.y)0(y).)(x.y)0(y). (8.30) 

Trr l n G - 1 = f d4xd4y \n{G-1){x.y)6{x - y). (8.31) 

T r G ö1 ^ ^^ d4xd4yG^1{x.y)G{y.x). (8.32) 

G»,"'»» £Si=(a !V l , i ») ''  (8-33) 
Thee functional 3>[0, G] is the interaction part of the classical Lagrangian plus the 
summ of all 2PI skeleton vacuum diagrams4 (no external lines), with all full propagator 
lines.. Taking the functional derivative we find 

Wee identify the self-energy defined through 

G-\x.y)G-\x.y) = Gö\x.y) -E(x.y). (8.35) 

too be 

£(...„)) = 2 ^ 24 (8.36) 

Wee need to introduce 

G(x.y)G(x.y) = G>(x.y)6c{t ~ t') + G<(x.y)0c(t' - t). (8.37) 

GG>> (x.y)(x.y) = -iF(x.y)-p(x.y)/2. (8.38) 

G<(x.G<(x. y) = -iF(x. y) + p(x. y)/2. (8.39) 

F(*-V)F(*-V)  = \({é(x).ó{y)}). p(x.y)=i{[ó(x).(t>(y)]). (8.40) 

Thee step functions 9c (t — t') refer to the time label along the contour C. For a real 
&{x).&{x).  F and p are real and have the symmetry properties 

F(x.y)F(x.y) = F(y.x). p(x.y) = -p(y.x). (8.41) 

Thee canonical commutation relations imply 

dtp{x,y)\dtp{x,y)\tt=v=v = -dt>p(x.y)\t=t, =S{x~y). (8.42) 
4Thee diagram does not disconnect upon cutting two propagator lines. 
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Inn a similar way we can introduce the components of the self-energy. 

E(x.y)E(x.y) = Y>{x.y)Bc{t -t') + Z<(x.y)Oc(t
f -t). (8.43) 

£>(x.. y) = -iEF(jr. y) - Ep(.r. y)/2. (8.44) 

E<(.r.y)) = -lZF(x.y) + Yp(x.y)/2. (8.45) 

EF(.r.y)) = EF(/y..r). Ep(.r.,y) - -Z„(y.x). (8.46) 

Eq.. (8.35) becomes more useful if we multiply it from the right by G(y.z). 

SH*SH* - z) = I dt' j d3y (Go"1 (x. y) G(y. z) - E(:r. y) G(y.z)) . (8.47) 

Thiss determines G(y. z) in a self-consistent way. since the self-energy is itself a func-
tionall  of G. eq. (8.36). Similarly for the mean field. 

0=0=SSH_SSH_iiS^G\_S^G\_ (8.48) 
00(x)00(x) S(j)(x) 

Itt turns out that these equations are explicitly solvable, preserve the properties eq. 
(8.41.. 8.42) at all times and conserve energy for any choice of truncation of $[ó.G]. 
Theyy are our starting point for studying two different scalar field models using two 
differentt expansions of &[ó.  G]. As mentioned the 2PI-<&-derivable approach has been 
mostlyy studied for scalar fields, but also applies to fcrmions and possibly to gauge 
fields,, although it has been shown that general truncations do not preserve gauge 
invariancee [191]. 

8.33 Scalar ó3 and 04 theory, loop expansion 

Wee first study a single real scalar field with è* and ó4 interactions. 

SS = - / d4x  + ^-ó2(x) + ^ö:i(x) + ^ó\x)+ao{x) (8.49) ) 

wheree all the parameters are bare. We will derive the equations for general values 
off  the couplings, although we will concentrate on the case A3 = 0 in the numerical 
simulations. . 

Inn the case A3 = 0 = a we recover a pure 04 theory. It has a "symmetric"' phase for 
(att tree level) /i2 > 0. 0(x) — 0. and a "broken symmetry" phase fi2 < 0. o(x) — v = 
\/6|/i2|/A4.. The mass in the broken phase is given by 

dó dó 
mlmlIokIok = -rrk= v = ^4V2 = 2\fi2\. (8.50) 
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Wee will  study equilibration and thermalization in this model when initializing the 
systemm out of equilibrium both in the symmetric and the broken symmetry phase. 
Returningg to the general case of eq. (8.49). we find for the free propagator 

GöGöll(x,y)(x,y) = (-d2
0+d*-v2)64(x-y). .51) ) 

Thee series of vacuum diagrams in a simple loop expansion is 

$[0,G] ] 

++ 12 \ Z7 1 2 ^ ^ 12 ^ ^ 12 W 48^Z7 
(8.52) ) 

wheree we have indicated the order of truncation. Small black dots denote vertices 
(-zA4.. -iX3, —ia respectively), shaded blobs are mean-fields and a line is a full 
propagatorr (iG). Introducing the effective three point coupling. 

Xf{x)Xf{x) = X3 + X4^(x), 3.53) ) 

wee can write down the truncated «^-functional: 

$tr[0,G] ] <fx <fx 

44 J„. 4 ++  I dx dy 

244 6 

<j>(x)iG{x,x)<j>(x)iG{x,x)  —4>2(x)iG(x,x) 

i3A4 4 GG22(x,y)6\x-y) (x,y)6\x-y) 

-\r(x)G-\r(x)Gii(x,y)Xr(y) (x,y)Xr(y) 

488 v yJ 
.54) ) 

i r .2 2 Wee are keeping terms of order A4 ("Hartree" approximation). A3 ' ("Pippi"), A4 

("Sunset")) but neglecting order A ^ ' ^ and higher. By taking the functional deriv-
ativee with respect to G(x, y) we find the equations of motionn for G and <p, and taking 
intoo account that integrations and differentiations are performed along the contour 
Fig.. 8.1. using the form eq. (8.47) and switching to the notation in terms of the real 
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functionss F and p. we find 

(d(d22-df)F{x.y)=-M-df)F{x.y)=-M22(x)F(x.y) (x)F(x.y) 

-rr ƒ dt" JdzY.p{x.z)F(z.y) 

- JJ dt" JdzZF(x.z)p(z.y). (8.55; 

{d{d22-df)p(x.y)=~M-df)p(x.y)=~M22(x)p(x.y) (x)p(x.y) 

++  f dt" i dzZp(x.z)p(z.y). (8.56) 

(d(d22 - df) 0(x) = - Ml(x) i(x) - (jF(x. X) + a) 

++  f dt" fdzZ0(x.z)0(z), (8.57) 

withh the local part of the self-energy included in the mass 

MM22(x)(x) = p2 + X3ó(x) + ^ {F(x. x) + d2(x)) . (8.58) 

Ml(x)Ml(x) = p2 + ^é(x) +  ̂ (3F(x.x) + ó2(x)) . (8.59) 

andd with the remainder of the self-energies given by5 

EH.r.,)) = A f ( j ^ V - P V 4 ) ( . r . 

++  ^F(F2-3p2/4)(j-.-). (8.60) ^22 o „ 2 -- r 1 r 

6 6 

M - r -- z) = [2Fp ) (x. 

++  ^p(3F2-p2/4)(x.z). (8.61) 

A2 2 

^ )̂)(x.z)^-^p(3F(x.z)^-^p(3F22-p-p22/4)(x.z)./4)(x.z). (8.62) 

Thee expectation value of the energy momentum tensor for the same truncation is 

5Wee use a notation where for instance (2pF)(x. y) = 2p(x. y)F{x. y) etc. 
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[182] ] 

{1™(x)){1™(x)) = 
{dMx)){dMx)) dtdt>F(x,y) 

+ + 

|| Ei(a>(s)) , Y.AAvnx,v) 
x-y x-y 

++ ^ - (F{x.x) + 4>2{x)) + G0{X) 

++  X^{4>3(x) + 3ê(x)F(x,x)) 
0 0 

++ ^ (4>\x) + 6^2(x)F(x,x) + 3F2(x,x)) 

~lf~lfdtdt""  J dz\f(x)\f(z)p{3F2 - p2/4) (z.x) 

-^-  ̂ f dt" jdzpF{F2-p2/A){z,x). 
(8.63) ) 

Althoughh explicitly solvable, the equations of motion are non-local in time, in the 
sensee that each new time step depends on a memory integral stretching all the way 
backk to time zero. In a numerical implementation as the one described below, this 
meanss that "the F's and the p's '" have to be saved all the way back, making solving 
thee equation a very time- and memory-demanding problem. 

Fromm now on we shall consider the system discretized on a space-time lattice with 
spatiall  size L3 = a|raj. In lattice units a = ax = at/dt = 1, we define the fields 
andd parameters on the lattice as <t>\ at = «r<£ —• <P- Ajf1 = ax^3 —* A3. A4

at = A4 

== {axm)2 -* m\ crlat a.a. We define forward d^0 = (<f>(x + p.) -4>{x))/a^ 
andd backward derivatives &u<t>(x)  = {<p{x)  - <p(x - p))/a^. The action in lattice units 

i s s 

' lat t z> > {dt<t>(x)Y {dt<t>(x)Y E E (dié(x)Y (dié(x)Y 

aa2 2 

22 v 
^  ̂ j.3/ \ ^ 4 , 4 / 00 (X) 0 (X 
66 v ; 24 ^ 

o0{x) o0{x) (8.64) ) 

wheree we have re-used the continuum notation for the lattice quantities. The complete 
derivationn of the equations of motion goes through unchanged. We will specialize to 
aa homogeneous and isotropic system, so that 0{x) = 0(t). G(x.y) = G{t. f ' . x - y ) . 
Thiss translates to symmetry properties of our basic variables F, p, £ F and Sp . The 
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Figuree 8.2: Left: The mean field in the Hartree approximation, when started away 
fromm its minimum. When we do not include a mass counter-term (clashed) and when 
wee do (eq. (8.70)) (full). Right: The mean field evolution in the case of A3  ̂ 0 in the 
Hartreee approximation. The dashed line is before performing the renormalization eq. 
(8.75).. full line is after. 

latticee equations of motion are then: 

ddttd'd'ttF{t,t',x)F{t,t',x) =did'jF(t.t'.x) - M2{t.x)F(t.t'.x) 
t t 

++  Y dt^Tzp(t.t".z)F(t",t.x-
t"=0t"=0  z 

t' t' 

YY dtJ2^F(t,t".z)p(t".t.x-z) 
e"=oo  z 

ddttd'd'ttp(t.t'.p(t.t'.xx)) =dldlP{t.t/.x)-M2(t.x)p(t.t'.x) 

++  Y dtY^Zp(t,t",z)p(t",t,x-z) 
t"=t' t"=t' 

ddttd'd'tt4>{t)4>{t)  = - Ml{t,*)4>{t) 

As s 
tt0)0) + <r) 

t t 

YY dtYzó(t.t".z)\f(t") 

(8.65) ) 

(8.66) ) 

(8.67) ) 
<""  = () z 

withh Ef, Ep and E^ given by identical relations to eqs. (8.60, 8.61. 8.62) with 
x.. z —> x - z. The energy eq. (8.63) is transcribed accordingly to the lattice. 
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8.3.11 Renormalization 

Ass was shown in [193, 194, 195, 196], ^-derivable approximations are renormalizable. 
Thee discrete lattice used here provides a regularization of the quantum theory, and 
wee shall not be taking the limit of lattice spacing going to zero. We do however wTant 
too perform renormalization at finite lattice spacing, to make sure that the relevant 
lengthh scales in our simulations {m~ t̂) are (much) larger than the lattice spacing 
a.a. This will ensure that lattice artifacts are small. We wil l return to the action eq. 
(8.64), , 

(d(dtt<P(x)f<P(x)f ^(dMx))2 iA + 8m< 

xx L i 

(A33 + ÖA3) 3 , . (A4 + <5A4) 4 . , . 
-- -4> {x) - ^~^rA <P {x) - (cr + 6<r)(f>{x) (8.68) ) 

wheree we have replaced the bare parameters by the sum of a renormalized parameter 
pluss a counter-term to be determined. We will perform a one loop renormalization 
onlyy in terms of a mass {5m?) and a linear (Sa) counter-term. A complete renor-
malizationn treatment also includes coupling (and wave-function) renormalization, but 
wee find that those effects are very small (at the percent level), and therefore neglect 
them;; 6X4 = 6X3 — 0. 

Thee effective mass is the bare mass in the equation of motion plus contributions from 
thee self-energy, (where for the moment, a vertex is just A3;4) 

22 ~-2 '1-°- +lO +(lO-)-  (8-69) " W = MM + 2 • 2 - ' V6 

InIn a one-loop renormalization the bare mass fj2 (in lattice units) should therefore be 
chosenchosen to be: 

AA A2 

lili 22 = ra2
n + 5m2 = mfn - y c i ( m i n ) - y c 2 ( m m ) , (8.70) 

(givenn mm) to have mout ^ mul < a"1 in the vacuum. On a lattice with nl sites we 
have: : 

C I M = 4 E ^ T ^ ''  (8-71) 

2(m)) = - ^ 7 ,, \ NX,, (8.72) C2 C2 

wheree the first term comes from the Hartree diagram and the second is the contri
butionn from the Pippi diagram when we take external momenta to be zero. On the 
lattice, , 

^ ( m ) = m 22 + ft,2at, kf&t  = £ ( 2 - 2cos(fci)) (8.73) 
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Noticee that the mass in the loop in taken to be the renormalized one. mi n . We could 
havee chosen to include the contribution from the sunset diagram as well, even though 
itt is higher order. In practice it is a small correction. 

Classically,, we can get rid of a linear term in the action by a field redefinition. 0 = 0 
iss then a solution to the classical equations of motion. We wil l choose the linear 
counter- termm in such a way that o = 0 is a solution to the "quantum" equations of 
mot ionn in the vacuum, when the renormalized linear coupling vanishes, a = 0. The 
equat ionn for the stat ionary mean field reads: 

00 = ( V + ^F(t. t. ())) Ö + ^ o 3 + ^ o 2 + (^F(t. t.0) + ö + öa) (8.74) 

whichh has the solution <p = 0 for a - 0 if we choose 

S(TS(T = ~~F(t.tA)). (8.75) 

Inn the symmetric phase vacuum, a very good approximation is to set F{t.f.0) — 
ci(rnci(rn[n[n).). Our renormalization procedure is therefore the choice of (.i2 from eq. (8.70) 
andd a = da = -^fc\ (nini). which enter in the equations of motion eqs. (8.65). (8.66). 
(8.C7)) and the energy functional eq. (8.63). We shall always keep a = 0. 
Thiss renormalization wil l be sufficient for our purpose, making the output effective 
masss mo ut very close to the input mass mi n . This is i l lustrated in Fig. 8.2 (left) 
wheree we show the behavior of the mean-field which has been shifted initiall y from 
it ss equil ibrium value at zero. We use Hartree dynamics only. The black line shows 
thee evolution without renormalizing (yu2 = mfn). and the mass of the oscillations is 
indeed d 

n i o utt = 1.10 mi n ~ Wm2
n + Cl(m.m) = 0.77.... (8.76) 

wi t hh A4 = 1. m-m = 0.7 and c i (mi n ) = 0.212.... The grey line is after including 
thee counter-term, where we find mout = mi n within one percent. Similarly. Fig. 8.2 
(right)) shows the mean field before (black) and after (grey) we introduce the linear 
counter-term.. Because the renormalization is not exact, the mean field is small but 
non-zero. . 

Ass mentioned above, the case A3 = 0 corresponds to a pure p4 model. It has a 
symmetr icc phase m'fn > 0 in which we apply the renormalization scheme above. In 
thee broken phase m'fn < 0. we renormalize in a similar way by choosing the bare mass 
parameterr according to eqs. (8.70). (8.71) and (8.73). except that the mass running 
inn the loop in (8.73) is set to be the broken phase mass mb r ok = y/2\ïn-m\. Also, the 
threee point coupling in (8.70) is replaced by 

A33 - Xf = \4v. (8.77) 

(seee eq. (8.53)). with 

/ 6 | m ?| | 
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— || i 

Thermal l 

n.. =BE(T=1). 

Figuree 8.3: The different choices of nk + 1/2 for the initial conditions: Thermal, 
"vacuum",, Tsunami (/cmin = 1, A:max = \/3) and Step (fcmax = \/2). 

Sincee X-i = 0. the linear counter-term 5a is zero. 

8.3.22 Initia l conditions 

Thee initial condition is formally encoded in the matrix elements of the density operator 
att time zero in eq. (8.13). The assumption of the density operator being Gaussian 
iss equivalent to saying that the initial state can be described completely in terms of 
one-- and two-point functions [197]. Consequently, an initial condition is a choice of 
initiall  F's, p's and 4>. We will need to specify 

i({0(O,x),0(O,O)}}}  = F ( M ' , x ) |t = t , = 0 

i({^(0,x),7r(0,0)}>> = dtF(i,r.', X)) t=t '=0 , 

-({7r(0,x),7r(0,O)})) = dtdt,-F(t.,t/,x)|t=t'=o, 

inn addition to: 

</>(0,x),c/>(0,x ) ) p(0.0,x)) = 0. 

i([f(0,x),^(0,0)])) = dtp(t,t',x)t=t>=o = 5x,o-

(8.79) ) 

(8.80) ) 

(8.81) ) 

(8.82) ) 

(8.83) ) 

(8.84) ) 
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wheree we use that for a homogeneous system G(x.y) = G(t.t'.x-y). This also 
allowss us to go to momentum space and define6 

i< {o k (0 ) .o_k (0 ) |)) =F(().0.k) = ""nt + * /2. (8.85) 

i<{7rk(0J.Ó-k(0)})) =dtF(t.t'.k)\t= r=0 = nf\ (8.86) 

^({^(0)^-km\)^({^(0)^-km\) =dtOt'F(t.t,.k)\t=r=0  = (n^x +1/2)^. (8.87) 

givenn a choice of "occupation number distribution" n">h and "dispersion relation" 
*j"*j" ntnt.. We will specialize to the case n£Mt = 0. noting that in equilibrium this correlator 
iss indeed zero We consider two options for the mean field: 

•• Symmetric phase (mfn > 0): o= 0 + or. 

•• Broken phase1 (mfu < 0): o = v + Sv. 

withh v given by eq. (8.78). Adding an initial displacement 6v allows us to study 
thee relaxation of the mean-field to its equilibrium value. In either phase we will be 
concernedd with different initial F'a and p's (Fig. 8.3): 

•• Thermal: //J!"1 = (exp {u;^[t/Tinit) - l ) " 1 for some temperature T]mt. 

•• "Vacuum": iif lt = 0 for all k. 

 Tsunami: «J!111 = 0 for all but a range of |A-|. kmm < |k| < km:ix which are given 
somee non-zero value. 

•• Step: A Tsunami with knun = 0. 

Thee quotation marks around ••vacuum"' represent that although it is a zero temperat
uree Bose-Einstein. the choice of the input mass may not be the equilibrium one. and 
soo the initial condition may not describe the exact ground state of the system. We 
shalll refer to it as a vacuum or Tinit = 0 initial condition. In all cases 

-•A2'""11 = '»?„it + *it = ™L + Y, (2 " 2C0S (*')) • f8"88) 

Inn the symmetric phase we choose the initial condition mass to be m init = mm (section 
8.3.1).. In the broken phase. millit = mbrok = \/2\m[n\. As a result of our choice of 
renormalization.. the dynamical masses should be very close to these input masses at 
zeroo temperature, but for a general finite energy initial conditions, the effective mass 
willl change in time. In particular, our zero temperature input for the vev eq. (8.78). 
willl not be correct at finite temperature, and we expect the mean field to eventually 
settlee in the correct minimum of the effective potential. 

6Wee use the same notation in momentum and position space F( r . f ' .k ) <— F(t. i ' . x ) . They are 
relatedd through F(t.t'.k) = j - £ x F(t. / ' . x ) e - ' k x . F(t, t'. x) = £ k F(t. t', k ) p ' k x . We don"t expect 
thiss to lead to any confusion. 
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8.3.33 Observables 

Wee follow the evolution of o. F(t.t.x = 0) and the energy eq. (8.63) in time, and 
calculatee occupation numbers nk and frequencies jjk through the inverted version of 
eq.. (8.85). 

nnkk + 1/2 = cfc yJdtdvF{tJ'.M)\t=vF{t,t,\i). (8.89) 

uukk = y/dtdt>F(t,t',k)\t=tl /F{t,t,k). (8.90) 

Thee prefactor ck = (I - ^-kf^)1^2 corrects for lattice artefacts associated with the 
timee discretization ([198], eq. (2.92)). The quantities nk and u)k coincide with the 
truee particle occupation numbers and frequencies when applied to a free field in equi-
librium,, and have proven to be very useful out-of-equilibrium in interacting theories as 
welll  [199, 200]. When seen to behave reasonably, we can fit to a massive quasi-particle 
dispersionn relation 

u;u;22
kk = a(rn2

out + klt) (8.91) 

andd a thermal Bose-Einstein distribution 

Thiss allows us to extract an effective mass moui, an effective temperature T and a 
chemicall  potential7 /ichem< in a way similar to what was done for a classical system 
inn chapter 6. One difference is that in the quantum system the Bose-Einstein form is 
expectedd to be more than just an approximation, a can be thought of as a measure 
off  the "speed of light" (squared) on the lattice and is very close to one. Using the 
latticee &fat (eq. (8.73)) rather than the continuum one takes care of most of the lattice 
artifactss present. 

Wee also compute the self-energies Y,F(t, t', k) and Ep(f. t'. k). which can be compared 
withh perturbative estimates. For long runs, finite computer memory requires us to 
''cutt off" the self-energy memory kernel, and the size of the self-energies will help us 
determinee whether we have cut off late enough that the discarded memory is negligible 
forr the dynamics. A too early cut-off also shows up as a non-conservation of energy. 
InIn all the runs presented here, the energy is conserved to within two percent. At early 
timess the fluctuations are due to time discretization errors. At very late times, the 
effectt of cutting of the memory kernel can add up to a very slow drift in the energy, but 
stilll  within the two percent band. When keeping the whole kernel (say. for lattices of 
smallerr spatial extend) there is no such drift, and we have checked that later cut-offs 
makee the drift smaller. Our choices of memory cut-offs reflect a compromise between 
exactt energy conservation, lattice sizes, computer memory and especially CPU time, 
andd the wish to study long time evolution. Notice that for a cut off at mint = 28 
errorss accumulate to show up as a drift of 1 percent at times as long as rri int ~ 2000. 

'Nott to bo confused with the mass parameter ji  occurring in the equation of motion and the 
action. . 
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Figuree 8.4: The evolution of the occupation numbers nk vs u>k in the Hartree (black) 
andd sunset (grey) approximation respectively, starting from a Tsunami initial state. 

8.3.44 Symmetric phase, approach to equilibriu m 

Wee perform simulations on n:J = 163 lattices with amln = 0.7, at/a = dt = 0.1. 
A44 = 6. A3 = 0. and we cut off the memory kernel at m-mt = 28. which we made sure 
wass sufficiently late. We will start off with the mean field at zero. With no three 
pointt coupling it wil l then stay zero. Al l quantities shown are in lattice units, except 
forr time, which is in units of the input mass m n̂ . 

Wee can study the approach to equilibrium by starting in an out-of-equilibrium state 
andd follow the evolution of the occupation numbers nk vs ojk and the dispersion 
relationn uif, vs k2. Fig. 8.4 shows the evolution of n*. vs u>k in time using Hartree 
(black)) and sunset (grey) dynamics respectively, when starting from a Tsunami initial 
state88 (fcmin = 1, ^max = V^ ami height nk = 2. see Fig. 8.3). In the Hartree 
approximation,, the occupation numbers do not equilibrate at all. Including the sunset 
diagram,, equilibration takes place and the distribution function approaches a thermal 
form. . 

8Onee may worry that the modes |k| > 1 suffer from lattice artifacts, and should therefore be 
consideredd unreliable to represent the continuum behavior. Consequently the Tsunami should be 
locatedd at smaller value of |k|. We wil l see that lattice artifacts are very mild when studied in terms 
off  the lattice k? , and we see no problem with this choice of initialization. 
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Figuree 8.5: Dispersion relation {uf. vs k2) s tart ing from a vacuum, thermal (Xjnjt = 1) 
andd Tsunami initial condition (top to bot tom) . Including sunset diagram. 

Fig.. 8.5 shows the evolution of the dispersion relation for initial vacuum, thermal and 
Tsunamii state (in order of growing energy density) when including the sunset diagram. 
Thee effect of the sunset is to smear the initial oscillatory behavior into a quasi-particle 
dispersionn relation with an effective mass. We see tha t there is some difference in 
thee t ime scales of equilibration, which is faster with larger energy density. It was 
remarkedd already in [183] (1+1 dimensions) and later [187] (2+1 dimensions) that 
thee final distribution of n  ̂ depend only on the energy density (at a given coupling). 
Thiss should of course be the case if the limit distribution is a Bose-Einstein with zero 
chemicall potential, characterized by just one parameter, the temperature . In 3+1 
dimensionss this is also the case as can be seen in Fig. 8.6 (see also [159]). It shows 
thee evolution of individual modes when start ing from a Tsunami and a Step with 
equall energy. For each mode we can see an asymptotic approach to a final value. 

Att time m\nt = 500, the dispersion relation has semi-equilibrated, Fig. 8.7 (right). 
Fig.. 8.7 (left) shows ln( l + 1/rifc) at this time for a thermal (T;nit = 1), a Tsunami, 
aa step with the same energy as the Tsunami and another thermal (Xjnjt = 2 ) . In 
thee thermal (Tin;t = 1) case we have fairly low energy density, and the occupation 
numberss still have a long way to go before returning to a Bose-Einstein distribution. 
Wee again see that the two initial conditions with the same energy are closely similar, 
andd the higher tempera ture (Tm\t = 2) case has already equilibrated. So except for 
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Figuree 8.6: Evolution of individual modes for a Tsunami (black) and a Step (grey) 
initiall  condition with the same energy. 
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Figuree 8.7: Left: The occupation numbers ln(l+l/nfc) at intermediate times (mm\tt — 
500).. For initial thermal (T = 1 and T = 2). and for a Tsunami and a Step with 
thee same energy density. Right: The dispersion relation for the same four cases in 
thee low momentum region. The slopes are close to 1. The intercepts are the effective 
massess squared, which we see are ordered according to energy. The arrow shows the 
inputt zero temperature mass squared (mfn = 0.72). 

thee (Tinit = f) case, we have achieved approximate kinetic equilibration at this time. 

Fittingg with a straight line (eq. (8.92)) to the Tsunami curve, we find: 

TT  ̂ Mchci 

m i , ,, ' " i n 
1.0. . (8.93) ) 

Wee have a sizeable chemical potential. Since there are no conserved charges present. 

172 2 



8.3.. Scalar <fi 3 and 04 theory, loop expansion 

Figuree 8.8: Left: Occupation numbers In (1 + 1/rife) for long times (mmt = 3000), 
startingg from a Tsunami and a Step with the same energy. The two curves are almost 
exactlyy superposed. Right: The dispersion relation is stable. 

5000 1000 15000 2000 2500 3000 
mt t 

Figuree 8.9: Results from fitting a Bose-Einstein distribution to the occupation num-
berss at late times, for the Tsunami initial condition. Effective temperature and chem-
icall  potential are in units of the input mass mln. 

wee expect chemical equilibration to take place, apparently over a much longer time-
scale.. Fig. 8.8 shows ln(l + 1/rifc) (left) and u\ (right) for a run lasting until mmt = 
3000,, for the Tsunami and the Step, with the same energy. The dispersion relation 
iss stable, and we find 

0.83. . 1.00,, (Tsunami and Step). .94) ) 
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Figuree 8.10: Left: Evolution of the mean field in the case of a Xjnit = 0.1. 2 thermal 
initiall  state. A4 = G. Right: Damping rate as a function of temperature and coupling. 
Insertedd is the mass in the oscillations. mosc, vs A4T2. 

Wee can estimate the thermal mass (in the continuum) at one loop order: 

mm22{T) {T) mtmt + 
A4r

2 2 

d.v d.v V^ V^ (mm/T)2 2 

'm'minin/T /T expp (x) — 1 
(8.95) ) 

Att mint = 3000, T ~ 0.79. giving an estimate of m(T) = 0.75, which is somewhat off. 
However,, including the chemical potential and iterating the equation by re-inserting 
thee m2(T) in the integral gives m(T) = 0.835. In terms of the mass, the sunset 
diagramm does not seem to contribute much. 

Thee occupation numbers move very slowly towards smaller chemical potential. We 
cann fit at different times and plot the chemical potential and temperature in time 
(Fig.. 8.9). We see that after some moving about, the chemical potential settles down 
too a steady decrease, and the temperature to a steady growth. This is not unnatural, 
givenn that the energy. 

k k 
u)u)kk exp 

f^k f^k Mchei i 

T T 
(8.96) ) 

iss constant. Extrapolating linearly we find that the chemical potential should reach 
zeroo at a time of about mmt = 30000. We do however expect a linear extrapolation 
too become unreliable as the chemical potential approaches zero, where the curve may 
bee closer to an exponential. A similar argument applies to the effective temperature. 
Wee conclude that chemical equilibration is taking place in the sunset approximation. 

8.3.55 Symmetric phase, mean field damping 

Wee can also study the response of small fluctuations at finite temperature. Using 
aa thermal initial condition, we initialize the mean-field away from its equilibrium 
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positionn at zero, with 

Öinitt = 0 + Jr. Sv = 0.l. (8.97) 

Wee expect the mean-field to perform damped oscillations 

0{t)0{t) = öinit e " r t cos(mosc 0- (8.98) 

withh some damping rate T — T(T. A4) depending on the temperature and the coupling. 

Fig.. 8.10 (left) shows the evolution in time of the mean-field starting from a Tinj t = 
0,1,, 2 thermal initial state, respectively. An overlaid fit (eq. (8.98)) is hardly discern-
ible.. For Tjnit — 0 there is a small but nonzero damping. We also vary the coupling 
A4.. For high temperatures, we expect the sunset diagram to induce a damping rate. 

—— = c^rr  (8-99 

m i nn 2567T2 mo s cm i n 

withh c ~ 0.57 [201]. In Fig. 8.10 (right) we plot the damping rate against XlT?nit/mosc. 
Itt can be nicely fitted to a straight line, giving: 

TTJ?lM.J?lM. = (0A7 + 0 . 2 5 ^ ^ x It)" 3 (8.100) 
mi nn \ ™osc™m J 

Fromm eq. (8.99) the slope is predicted to be 0.23 x 10 3, in nice agreement with our 
numericall  findings. In the inset, we see that the mass does not simply follow a oc A4T2 

behaviorr as one would expect for high temperatures. We checked that mosc ~ mout 

ass determined from the dispersion relation. 

8.3.66 Broken phase: Pippi vs Sunset 

Wee perform a similar study in the broken phase <t>  — v (eq. (8.78)). Because of the 
non-zeroo mean field, we have an effective three point coupling 

A ff  = A 4 t ' = ^ 6 ^ 41 A4. (8.101) 

Thiss allows us to study the effect of the Pippi diagram on the dynamics. 

Inn order to be deep enough in the broken phase and have a three point coupling which 
iss not too large, we need to use a smaller A4 than in the symmetric phase. This means 
thatt thermalization times are longer, and the memory also should be cut off at longer 
times.. As a result, we report here on work in progress, for which the very long time 
resultss have yet to come in. 

Wee initialize the system with a Tsunami initial condition, again with n3. = 163. at/a — 
dtdt = 0.1. with a smaller coupling A4 = 1 —> A^ ~ 1.7 and the self-energy memory 
kernell  cut off at mmitt = 56. WTe initialize the mean field in the zero temperature 
minimumm eq. (8.78). This is not the equilibrium finite temperature value, since 
thermall  fluctuations will change the effective mass as well as the effective vev. Fig. 
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Figuree 8.11: Evolution of the mean field in the broken phase using the Pippi (black) 
andd sunset (grey) approximation. 

8.111 shows the evolution of the mean field when using the Pippi diagram and sunset9, 
respectively.. The Hartree provides no damping and we do not show it. Perturbatively, 
thee Pippi diagram should also not give damping (see for instance [182]), so we see 
heree the effect of having resummations included in the dynamics. In Fig. 8.12 we 
showw the time evolution of the dispersion relation with (from top to bottom) sunset. 
Pippii  and Hartree. Hartree provides no equilibration. Both sunset and Pippi lead to 
equilibration,, although on different time scales: including the sunset is faster, but not 
byy a large factor as might have been expected. Indeed, in terms of the occupation 
numbers,, (Fig. 8.13) we see that equilibration is almost as fast for the Pippi alone as 
whenn including the sunset. 

8.3.77 Break-down of loop expansion 

Althoughh the equations of motion derived from any truncation are self-consistent and 
conservee energy, this does not necessarily mean that they are a good approximation 
too the full quantum dynamics, if we do not take terms in the expansion in order of 
"size".. In normal perturbation theory, the expansion in terms of loops and powers of 
thee coupling is (hopefully) asymptotically convergent. In the loop expansion of the 
2PII  effective action adopted here, a given term has an additional factor of the coupling 
(orr couplings) compared to the lower order term. For small coupling the hope is that 
thee expansion is well behaved. This is however only the case if the propagator is also 
formallyy "perturbative" (a polynomial in the coupling). Since adding a loop means 
addingg at least one propagator, if the propagator is non-perturbatively large oc 1/A. 
thee loop expansion of the 2PI effective action may break down. In practice it even 

9Whichh includes the Pippi diagram. 
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Figuree 8.12: The dispersion relation for sunset, Pippi and Hartree (top to bottom), 
startingg from a Tsunami. Broken phase. 

turnss out that solving the equations at the order of truncation used above, for a large 
couplingg and/or large occupation numbers often results in numerical instabilities. In 
thee cases we have studied so far, temperatures have been fairly low and we have not 
pushedd the coupling higher than was safe. Below we will be interested in tachyonic 
preheating,, which generically has very large occupation numbers, and the loop ex
pansionn may be inadequate. We find that this is indeed the case for the truncation 
usedd above. 

AA solution is to resum the expansion of the 2PI effective action, and organize the 
seriess not in powers of the coupling A but introducing another small quantity, 1/iV, 
withh N the number of fields. The action of the O(N) model is 

S S J J dd44x x M^ÉpMM^ÉpM + flMx)Mx) + A . {Mx)Mx)f 
(8.102) ) 

aa = 1, • • • , N, summation implied, with the vertex 

SabcdSabcd = ~ilT7j{5abÖcd + ÖacÖbd + 5adSbc)-

correspondingg to three "channels" joining "color" labels of the incoming propagators. 

.103) ) 
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Figuree 8.13: Evolution of ln(l + l/nk) vs. u>k for sunset. Pippi and Hartree (top to 
bottom),, starting from a Tsunami. Broken phase. 

Thee result is that for instance the two loop diagram now comes in two versions 
(suppressingg for now space-time indices) 

-iX -iX 
37V V 

-/A A 
37V V 

// J iGabiGcdöabÖcd, 

abed abed 

2_^2_  ̂ iGabiGcd(SacShd + SadSb .104) ) 
abed abed 

Assumingg Gab = G6ab we find that the first diagram is 0{N) (leading order. LO) and 
thee other 0(1) (next-to-leading order. NLO): determined by how the propagators are 
connectedd by the vertex (denoted by littl e lines along the "flow of color"). So the LO 
contributionn to the $ functional is 

<1> > LO LO '67V V //
 dAx 5Z iG<™(X'  X) ^2 lGbb{x, X). .105) ) 

Similarlyy for the series of loop diagrams which are formally of the same order in A 
whenn F x. 1/A, one choice of connecting the propagators gives a NLO contribution, 

*NLo[C]]  = j . g 1 + i 
166 \=7 32 *tj7 (8.106) ) 
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anotherr a NNLO contribution and so forth. Below we make use of this l/N expansion 
too NLO. LO is similar to the Hartree truncation above, although the coefficient is 
different,, since the second diagram in (8.104) contributes at NLO. Similarly, the 
NLOO result reduces to the "sunset" case for small couplings, again with a different 
coefficient. . 

Thee series (8.106) can be summed to give [185]: 

<3>NLOO = ^fdixln[B(G)](x,x), (8.107) 

with h 

B(x,B(x, y) = 5\x -y) + f^Gab{x, y)Gab(x. y) = S4(x - y ) - \ ' Y j V ' ^A0^ 

aa bubble including only one vertex (black dot, factor of X/3N). Since we will  be 
takingg the functional derivative ölnB/6G, we will  need its inverse, 

B~\x.B~\x. y) = 54{x -y)-i I(x, y). (8.109) 

wheree I(x, y) obeys the equation 

I(x,y)+i^I(x,y)+i^ fdizI(x,z)Gcd(z,y)Gcd(z,y) = ^Gab(x,y)Gab(x,y), (8.110) 

Wee can think of the object / as representing the infinite "bubble" sum. Pictorially, 

^^ = ' X E Ï X I + X [ ! X L ^ + I X [ ] ) C ] X L ] X I + - - (8 1 U) 

Noticee that all these bubbles have contractions of "color" labels in a particular way, 
withh just one of the channels for every vertex. For every vertex we replace by another 
channel,, the diagram becomes one order higher in l/N. For details see [185] and for 
thee relation to 4PI effective actions and the Schwinger-Dyson expansion, see [182]. 
I(x,y)I(x,y) (but not B(x,y)) wil l occur in the equations of motion below (eq. (8.125, 
8.1311 8.132)). where it is split into a IF and Ip in a way similar to eq. (8.43). 

8.44 Tachyonic preheating 

Wee will now study the process of tachyonic preheating using ^-derived equations of 
motion.. Tachyonic preheating is expected to take place if inflation is followed by 
symmetry-breaking,, such as a cold electroweak transition. As described in chapters 
4.. 5 such a transition may have supplied the out of equilibrium conditions necessary 
forr baryogenesis in the Early Universe [3, 4, 26, 81, 142]. The processes responsible 
forr baryon number violation are expected to be dominated by the low-momentum 
modess of the gauge fields. These were treated classically in 4. 5. In the following we 
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wil ll  study whether the classical approximation reproduces the particle distributions 
off  the quantum theory, both for short times (the tachyonic transition) and for longer 
timess (equilibration). 

Wee study an 0(4) model of real scalar fields to mimic the complex Higgs doublet of 
thee SM. There is. however, a significant difference in that once we are in the broken 
phasee minimum of the pure scalar 0(4) model, the dominant fluctuations will be 
thosee of the massless Goldstone modes. In the SM these are transformed into the 
longitudinall  modes of the massive gauge bosons. For this reason the present study is 
perhapss more directly applicable to models of pions and disoriented chiral condensates 
thann to Higgs symmetry breaking. We will perform classical simulations in the same 
modell  and the comparison will provide information on the range of validity of the 
classicall  approximation. 

8.4.11 The spinodal transition 

Ass we have seen in section 8.3.7. the loop expansion of section 8.3 generally is expected 
too break down for large (oc 1/A) occupation numbers. This is precisely what is 
generatedd in tachyonic preheating. We will derive the equations of motion of a O(N) 
modell  of N equivalent fields, using an expansion of the functional <£>[o. G] in orders of 
1/A""  to XLO as described in section 8.3.7 (see also [185. 182]). In our case where we 
aree thinking of the Standard Model Higgs field and/or pion phvsics. we will afterwards 
sett A' = 4. 

Thee scalar 0(N) model has the (lattice) action 

(8.112) ) 

withh a —  .N. In infinite volume, we expect symmetry breaking to occur if 
//22 < 0 (at tree level), where one of the field components (say the N'th). acquires a 
nonn zero vev given by solving the equation 

/x22 + —0b<^)<£« = 0. (8.113) 

,'6AM/z2|| -
0a0a = '• = y — \ d s - a - (8.114) 

Forr a system in a finite volume a zero mean field will stay zero when evolved using 
O(N)O(N) symmetry preserving equations of motion. We will study tachyonic preheating 
onn the lattice while keeping the mean field zero 

(pa(pa = 0. a=l.--,N. (8.115) 
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Imposingg O(N) symmetry the correlators are given by 

(T(TCC0a{x)0b(y))0a{x)0b(y)) = iGab(x.y) = iSabG(x.y) 5.116) ) 

Wee still expect a "broken symmetry phase" with two dynamical masses, one pion 
(orr Goldstone) mass which should be zero10 and one larger mass associated with the 
radiall (a or Higgs) mode. In the 1/N expansion where we impose eq. (8.116), the 
propagatorr G wil l tu rn out to be the pion propagator, since the N - 1 massless modes 
wil ll  dominate the single a mode. It is expected to have the simple approximate form: 

G , r ~ , ,, , f o- » ^ - 0 - (8-117) 
kk2 2 ,22 ' 

Thee spinodal instability occurs when the coefficient of the quadratic term in the 
potentiall  flips sign. Going to the limi t where the fli p happens infinitely fast (a quench) 
wee model it by11 

fifi 22(t(t < 0) = |TT4 |. fi
2(t > 0) = - ]m?n |. (8.118) 

Modess with \k\ <  |mi n | wil l grow exponentially as 

nnkk*exp(2^\m*exp(2^\m22
nn\~k\~k22t).t). (8.119) 

Ass explained in chapter 4, we assume that the initial state of the system is the 
vacuumm of the quadrat ic potential just before the fli p (eq. 8.118). We can then solve 
forr the evolution of the (<^k0-k)- (^k^-k) and (7rk^-k) correlators in the quadratic 
approximationn (A = 0). The result is reproduced here for convenience (eqs. (4.18. 
4.20)). . 

C^{t)C^{t) =  (0kW-k(*)>vac = 

M M 
ii  + 

. - 22 r 

"(*) ) 

Cf(f) Cf(f) 

(7rk ( ï )7T_k ( i ) ) v acc = - ^ r 
Zu}Zu}k k 

{<M*)7T-k(*)}va cc = 

11 + 

 , + 2 

^ 22 - l ) s i n 2 ( o ; - t ) 

,, ,+2 
^k^k  1 
- ^ 22 - 1 

^k ^k 

COSS (iü,,t) 

AA < + 

,+2 2 
uuk k 

-2 -2 
"k "k 

11 sin(2i -«)) + ,. 

(8.120) ) 

(8.121) ) 

(8.122) ) 

wit hh tof — i n |2 + k2. The derived occupation numbers nk and frequencies u)k 

are e 

nnkk +1/2 = \Jcrctó. -*  = \fcrjcf- (8.123) ) 

Wee wil l use these for comparison at early times. As the nk grow, eventually the back-
reactionn from the quartic term wil l become important and the evolution wil l deviate 
fromm the quadrat ic approximation. This happens around the time when 

AA " G(x.x)~\ti
2\/\. 

6 6 I/' ' (8.124) ) 

10Closee to zero in finite volume. 
111 We are still at tree level, n — m-ni. We wil l treat the necessary renormalization below. 
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8.4.22 2PI-1/Ar expansion and equations of motion 

Thee 1/AT expansion of the ®[o.G] functional was described in section 8.3.7. We trun-
catee at NLO. and proceeding as in section 8.3 we find the analogue of eqs. (8.65.8.66). 

ddttd'd'ttF{LF{L  t'. x) = did'tF{t. t\ x) - M2(t)F(t. t'. x) 
t t 

++  Y, <lt^2Y,p(t.t".z)F(t".t.x-z) 

with h 

t"=0 t"=0 

t' t' 

~~ E dtYl^F(t.t".z)P(t".t.x~z) 
t"=0 t"=0 

ddttO'O'ttp{t.t'.x)p{t.t'.x) =did'ip{t.t,.x) - M2(t)p(t.tf,x) 
t t 

++ E <itY,Ep(t-t"-zW'-t'x-ï 
t"=f t"=f 

MM22(t)=v(t)=v22

6A" " 
A A 

ZZFF(t.t".z)=~(t.t".z)=~ (FIF-pIp/A)(t.t".z). 

pp + pIF)(t.t".z). 

Thee functions IF and Ip are the "resunimed bubbles" (eq. (8.110)) 

(8.125) ) 

(8.126) ) 

(8.127) ) 

(8.128) ) 

(8.129) ) 

(8.130) ) 

IIFF(t.t'.(t.t'.XX)=-(F)=-(F 22-p-p22/4)(t.t>.x) /4)(t.t>.x) 

dtX dtX 
++ ^ T - £ £ / F ( f . f " . z ) ( * » ( f " . f ' . x - z ; 

3 3 

dtX dtX 
~6~ ~ 

t"-Qt"-Q  z 

t' t' 

] T £ / P ( / . ^ Z ) ( F 2 ^ 2 / 4 )) (;''.,'.x-z; 
f""  = 0 z 

II pp(t.t'.x)=-(Fp)(t.t'.x) (t.t'.x)=-(Fp)(t.t'.x) 

dtX dtX 
]TT Y,hAt-t"-z){Fp){t".t'.x-z) 

t"=t't"=t'  z 

(8.i3i; ; 

(8.132) ) 

Thee IF and Ip represent an infinite sum of chainss of bubble diagrams, which are all of 
samee order in 1/7V. Assuming that the particle numbers nk are K 1/A they have same 
orderr in A (see section 8.3.7). During the numerical evolution we have to solve for IF 
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andd lp parallel to solving for F and p. Although eqs. (8.131, 8.132) look implicit, by 
doingg things in the right order and taking advantage of the symmetries 

IIFF{t,{t, t', x) = IF(t', U x), Ip(t. t', x) = -Ip(t'. t. x). Ip(t, U x) = 0, (8.133) 

theyy can be solved explicitly. The energy functional is given by 

++ ^( , ,0 ) + ) 

XdtXdt l 

l2Nl2N E E (2pFIF + (F2-Py4)Ip)(tJ",z). (8.134) 
t"=0t"=0  z 

Wee use the same set of observables as in section 8.3: The equal time equal space 
correlatorr F(£.i,0), the energy as denned in eq. (8.134), the occupation numbers nk 

(orr ln(l + l/n*;) ) and the frequencies uik- The latter two are defined as in eqs. (8.89). 

Renormalization n 

Wee perform the renormalization of the mass in the same way as in section 8.3.1, 
exceptt that in this case we only have to do a mass renormalization by fixing 5m2. 
Withh no mean field and no three-point interaction there is no Pippi diagram. So given 
ann input renormalized mass |min|2 which has a\mm\ < 1, we choose the bare mass 
through: : 

-\fi\-\fi\ 22 = Hmi n |2 - A ^ ^ C l ( m i n ) . (8.135) 

Becausee there is no mean field we also do not need a linear counter-term. 

8.4.33 The classical approximation 

Inn the simulations of chapters 4. 5. 6 we applied the classical approximation, in which 
wee drew a sample of realizations from an ensemble of initial conditions, reproducing 
thee initial quantum correlators12, 

11 u+ 
C ^ ( ii  = 0) = —-+ . CZn{t = 0) = -7r- (8.136) 

2a;++ 2 

onlyy initializing the unstable modes, |k| < min. We evolved the realizations using the 
classicall  equations of motion, and observables were then averaged over the sample, 
givingg an approximation of the quantum observables. 

12Wit hh the added complication of the Gauss constraint. This wil l play no role here. 
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Inn order to study whether this approach is valid, we perform classical simulations 
star t ingg from the same lattice Lagrangian as in the quantum case. eq. (8.112). The 
classicall  equation of motion reads 

d'd'000000ooaa(t.(t. x) = J2 &Aoa (t. x) - mfno„(t.  x) - — ( ^ obob)oa(t. x ). (8.137) 
ii  ' b 

Numericall  calculations use the same lattice sizes and spacings as used for the "quantum 
simulations.. As observables we use the analogue of the quanti ty F(t. t. x - y = 0). 

(e>(f.x)c>(f.x))ciaNN = ( -JT7 ^ o a ( / . x ) ó 0 ( / . x (8.138; ; 

averagedd over the sample, and the energy 

^^  = E £ £ 

+ + 

22 2 2 u a U , 

A A 
2 2 

24A" " 
OOaa{j-)O{j-)Oaa(x) (x) (8.139) ) 

Whenn comparing F(t.t.O) to {o(r.x)<£(*.x)) (.ias we should keep in mind that. 

F( f . f .O)) ~ <G>(f.x)0(r.x))cias + <<?(f.x)0(*.x))vacuum. (8.140) 

Wee should therefore compare 

<<?(*.. x)0(f. x))c l as ~ F(f. r. 0) - n (mi n ) . (8.141) 

wit hh cAiriin) given by eq. (8.71). and where we have inserted win as the mass in the 
loop.. The mass is really t ime dependent, but the ci(m) has a mild dependence on m. 
andd we find the associated error to be small. We calculate occupation numbers and 
frequenciess from the 00 and TTTT correlators in a manner similar to eq. (8.123). 

nnkk = \/<7rk7r-k)<<Z>k<P-k}. Vk = \/{7r k7r_k)/(cpk<p_k). f8.1421 1 

Wee average over k with the same length |k|. This gives better statistics, and since the 
systemm is homogeneous and isotropic as for the quantum case, the correlators should 
onlyy depend on the length of k. 

8.4.44 Early t imes: Tachyonic instabil i ty 

Wee first describe simulations on a lattice with n  ̂ = 323 sites. \anvm\ — 0.7. at/a — 
(It(It  — 0.1. with weak coupling A = 1. The number of fields is N = 4. We start from 
ann initial quantum vacuum state immediately before the quench. 

nnkk + 1/2 = 1/2. u,'i.. = 777 l\+kl\+k 2 2 
l a f f (8.143) ) 
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Figuree 8.14: Occupation numbers (nfc vs fc) for the Hartree case (grey) during tachy-
onicc preheating compared to the quadrat ic approximation, eq. (8.123) (black). The 
individuall  plots represent different times. Notice the logarithmic y-axis. 

wit h h 

k k lat t Z ^ ^ (2 -2cos ( f cl ) ) ! ! 
.144) ) 

andd study the evolution through the tachyonic transit ion, with an instantaneous 
quenchh eq. (8.118). We compare four different approximations: 1) The analytical 
resultt in the quadrat ic approximation (eqs. (8.120), (8.121), (8.122)); 2) homogen-
eouss Hartree1 3; 3) NLO- l /N ; and 4) classical, in which only the unstable modes are 
initialized14.. In the classical case, we average over an ensemble of 400 configurations. 
Forr the NLO case these short times allow us to keep the whole self-energy memory 
kernel. . 

Fig.. 8.14 shows the evolution of the occupation numbers for the Hartree approx-
imationn compared to the quadratic. At early t imes the agreement is perfect but 
eventuallyy back-reactions enter and the spinodal growth is ended. As is well known, 
homogeneouss Hartree does not include scattering, and no energy is re-scattered to 
modess of momentum higher than |k| = |mjn|. 

L3f f N+2 N+2 'Noticee that Hartree is not the same as leading order in l/N. Hartree has the coefficient 6N 

thee effective mass eq. (8.128), whereas LO-l/N has 1/6. We choose to look at Hartree. 
14Laterr on we wil l comment on the case where all modes are initialized. 
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Figuree 8.15: As Fig. 8.14 when including the NLO term. There is scattering into 
higherr momentum modes |k| > \m-m\. 

Fig.. 8.15 compares NLO dynamics to the quadrat ic equations. Again the quadratic 
approximationn works very well initially . As the back-reaction kicks in. scattering 
processess included in the higher loop diagrams allow re-scattering of energy into 
excitationss of higher momentum modes. 

Inn Fig. 8.16 we compare the NLO result to the classical case. In the classical case 
onlyy the unstable modes are initialized, which is why the stable modes are outside the 
picturee initiall y (having n^ = 0). In the quadratic approximation the evolution for 
classicall  modes and quantum mode functions is identical, so we expect the unstable 
modess to also be described by eq. (8.123). This is indeed what we see, and as 
back-reactionss kick in, the stable modes become populated and "hook up" with the 
unstablee ones to reproduce the low-momentum part of the distr ibution of the NLO 
casee very well. I t seems that the evolution of the low-momentum modes is very well 
approximatedd by the classical ensemble. Turning things around, it seems that the full 
dynamicss of the classical evolution is well described by the truncated NLO quantum 
dynamics. . 

Fig.. 8.17 shows the dispersion relation during the transit ion at NLO. The low mo-
men tumm modes are again well approximated by the quadrat ic equations, and although 
thee quant i tat ive agreement is lost for large momentum modes and larger times, the 
quali tat ivee picture is well understood. For the Hartree case the picture is roughly 
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Figuree 8.16: Comparing the classical approximation to the NLO result. Classically, 
onlyy the unstable modes are excited and a continuous function is restored at times 
m-m-mmtt ~ 5. 

thee same at these early times. The averaging in the classical case tends to smear the 
oscillations. . 

Finallyy in Fig. 8.18 we show the evolution of F(t, t, 0) — c\ for the NLO, Hartree and 
classicall  (eq. (8.141)) case respectively. The Hartree result is remarkably lower than 
thee others, while the classical approximation seems to work very well. The Hartree 
beingg lower is a result of the choice of coefficient of the local term, the choice of N. 
Inn the limi t of large N we recover the LO result, which in turn overshoots compared 
too the classical and NLO. 

8.4.55 Intermediate times: equilibration 

Ass interactions become important the spinodal roll-off is ended. Scattering will result 
inn equilibration of the system. For the quantum case, we expect that the inclusion 
off  the NLO diagrams provides scattering and thus equilibration. This has been seen 
inn previous studies in 1 + 1, 2+1 with scalar fields and in 3+1 dimensions including 
fermionss [184, 187, 159, 188] and section 8.3. We expect that the occupation numbers 
convergee to a Bose-Einstein distribution and become stationary there. It is well-
knownn that the homogeneous Hartree approximation does not include scattering, and 
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15 5 

15 5 

15 5 

Figuree 8.17: The dispersion relation (w| vs k2) in the NLO case compared to the 
quadraticc approximation. 

equilibrationn will  not occur. In section 8.3 we have seen that the intermediate kinetic 
equilibrationn has a typical time-scale of mmt ~ 500 for a coupling A4 = 6. Although 
thee expansion used here is different we should not be surprised if the time scales are 
similar.. As opposed to the loop expansion discussed in section 8.3, the equations of 
motionn in the 1/N are not parallelizable in a straightforward way. This puts significant 
boundss on the accessible times. This is even more so because we need fairly large 
latticess to have a reasonable number of unstable (low momentum) modes present in 
thee simulations. 

Oncee equilibration has taken place, we expect to be able to fit the occupation numbers 
byy a Bose-Einstein distribution 

Wfc c 

T T 
A^chc c 

T T 
ln( ll  + l/nfe), .145) ) 

andd a dispersion relation 

:: a(m 2 2 
out t Mat, , .146) ) 

Inn the classical approximation, we expect (after very long times) to recover classical 
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Figuree 8.18: The evolution in time of the equal time correlator F(t, t, 0) — ci(m-m) for 
NLO,, Hartree and classical ( ^ Y.x,a <t>a(x)<j>a(x))

equipartition,, where the occupation numbers are given by, 

Itt was seen in chapter 6 that for intermediate times the low momentum modes could 
bee approximated by a Bose-Einstein distribution allowing us to extract an effective 
temperaturee and chemical potential. 

Wee perform simulations on a n\ = 163 lattice, am-m = 0.7, dt = 0.1, N = 4 and 
largerr coupling A = 6 again with initial conditions in "vacuum" as in the previous 
sectionn eq. (8.143). For classical simulations we average over 1000 realizations, for the 
quantumm NLO case we cut off the memory kernel at 38.5 m"1. We see no problems 
withh energy conservation and we believe this does not affect the evolution much. 
Withh the larger coupling we expect smaller n*, after the transition since it enhances 
thee back-reaction; the spinodal transition does not last as long. So instead of a zero 
modee reaching n0 ~ 1000 we have here only n0 ~ 200. This amply satisfies the 
criterionn for classicality eq. (8.1). 

Fig.. 8.19 shows the evolution of the occupation number at later times. At NLO. 
scatteringg is clearly taking place, and power is being moved towards higher momentum 
modes.. In the Hartree approximation nothing much happens. The classical case also 
re-scatterss and mimics the quantum evolution nicely for the low momentum modes. 
Att these early times it is however not possible to fit a straight line (a Bose-Einstein 
distribution)) to the curve. 

Inn Fig. 8.20 we see the evolution of the dispersion relation. The oscillating behavior 
generatedd during the transition (Fig. 8.17) is washed out by scattering in the NLO 
casee to approach a straight line. At times m-mt = 168, the dispersion relation still has 
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Figuree 8.19: The evolution of In (1 + l/nk) vs. \k\ in time. From top to bottom NLO. 
classicall and Hartree. 

somee curvature. A fit with the form eq. (8.91) in the high momentum range gives 
aa slope of Q ~ 1 but a mout ~ 0.4. while a fit in the low momentum range gives a 
masss close to zero (as would be expected for a Goldstone propagator) but a slope of 
aa = 1.15. As can also be seen by the occupation numbers we are still at early times 
andd far from equilibrium, and we should not be surprised that the linear behavior has 
nott set in. Fits to the classical case gives very similar results. 

8.4.66 Choice of classical initia l conditions 

Ass an aside we comment on the choice of initial conditions for classical simulations 
off tachyonic preheating. Two approaches have been put forward, one in which all 
modess are initialized with the "quantum half" eq. (8.136) [46], the other where only 
thee unstable modes are initialized, as we did in the previous section [202, 126, 142]. 
Itt is clear that initializing all the modes, we risk running into an ultraviolet problem 
inn the naive continuum limit a —> 0. One may worry that the divergent energy sitting 
inn the high momentum modes will flow into the low-momentum range and generate 
aa too high temperature (see [137] for a study with gauge fields). We have seen that 
thermalizationn for scalar fields is rather slow (lasting 1000's in units of rn â), and it 
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Figuree 8.20: The evolution of the dispersion relation in time for NLO, classical and 
Hartreee (top to bottom). Overlaid a straight line with slope 1 and intercept 0 (free 
masslesss propagator). 

iss possible that the high energy modes never come into play on time-scales relevant to 
numericall  simulations of, for instance, baryogenesis. The important criterion must be 
whichh initialization method reproduces the quantum evolution of the low momentum 
modess best, in terms of occupation numbers and equilibration times. We shall take 
thee NLO case as representing the quantum result. When initializing all modes, the 
quantity y 

A A —=<5^o(i,x)0o(i,x)>, , 
6N 6N 

(8.148) ) 

whichh is the characteristic size of the back reaction term, receives a contribution 
fromm all these modes, compared to when only the unstable modes are initialized. We 
thereforee "renormalize" the mass in a similar way to the quantum cases [40], 

/* * l^2|| = -|™?nitl - A -g^ -c i (mi n i t ) (8.149) ) 

wheree again c\ is given by eqs. (8.71). The result is shown in Fig. (8.21), where 
thee two classical approaches are compared to the NLO quantum case. Just after the 
transitionn (left plot, 323, A = 6) both classical initializations follow the quantum case 
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•• Quantum, NLO 
** Classical, all initialized 
•• Classical, unstable initialized 

ft»-; ft»-; 

""'00 0.5 1.5 2 0 i 2 
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Figuree 8.21: Comparing the NLO result to the classical with unstable modes and 
alll modes initialized. Left: mmt = 14. just after the tachyonic transition. Right: 
m.\m.\nntt = 168. after some equilibration. 

nicelyy in the low momentum region. For longer time (right plot. 163. A = 6). we see 
thatt both types of initialization approximate the quantum behavior within a factor 
off two. for most of the modes. The very lowest modes are surprisingly off. 

8.55 Conclusion 

Ass investigated in [183. 185. 184. 156. 159. 189. 187. 188]. ^-derivable approximations 
inn terms of the 2PI-effective action seems to be a useful framework for studying out-
of-equilibriumm and equilibration phenomena in quantum field theory. In this chapter 
wee confirm the expectation that including the sunset diagram in a loop expansion 
providess damping and thermalization in the symmetric as well as the broken phase 
off (f)4, theory in 3+1 dimensions. We were able to extract the mean field damping 
ratess in a straightforward way, and establish that not only kinetic but also chemical 
equilibrationn is taking place, the latter at a slower rate. The limit distribution of 
occupationn numbers is a Bose-Einstcin. which means that the limit of large time only 
dependss on the total energy present in the system (at a given coupling). We were 
alsoo able to compare the sunset approximation to the two-loop (in the action, one 
loopp in the self-energy) approximation in the case where there is an effective three 
pointt coupling: in the broken symmetry phase including a mean field. In contrast to 
simplee perturbative estimates [182]. the non-perturbative (resummed. self-consistent) 
equationss provide damping of the mean field as well as equilibration, although on a 
somewhatt longer time scale than when including the sunset. 

Tachyonicc preheating produces large occupation numbers in the low momentum modes, 
whichh are therefore expected to behave classically. We studied this process using an 
expansionn in l/N to NLO which was able to cope with large occupation numbers 
ass well as fairly large coupling. The tachyonic transition is well described by both 
NLOO quantum and classical dynamics, and for longer times equilibration was shown 
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8.5.. Conclusion 

too occur on a fairly large time-scale. 

Itt is perhaps not very surprising that the classical approximation does well during 
thee tachyonic transition, but it is satisfying given that all numerically simulations of 
thee process, including applications to baryogenesis. have used classical equations of 
motionn [41. 136. 40. 126. 147, 203. 81. 142]. What is perhaps more surprising is how 
welll  the NLO quantum approximation agrees with the full classical result. 
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Chapterr 9 

Conclusion n 

Ass for many models of baryogenesis, the scenario of Cold Electroweak Baryogenesis 
consistss of several parts, which come together to create the observed baryon asym-
metry.. Fitting all the pieces together requires some care. Whereas baryogenesis 
modelss relying on physics beyond the SM usually have some freedom in the choice of 
parameters,, the scenario studied in this thesis is strongly constrained by our substan-
tiall  knowledge of the SM. This can however also be considered an appealing feature 
off  the model, since it makes it falsifiable at coming accelerator experiments. In this 
thesiss we have studied Cold Electroweak Baryogenesis piece by piece. It is reasonable 
thatt we should conclude by laying the jigsaw puzzle and comment on the missing 
pieces. . 

InIn chapter 7 we added to a phenomenological model of inflation [26] where inflation 
endss at the electroweak scale. We imposed the severe restrictions on the inflaton 
potential,, that: 1) it should reproduce the measured anisotropics in the CMB. 2) the 
inflatonn should trigger electroweak symmetry while. 3) not upsetting experimentally 
establishedd electroweak physics. In a simple power expansion of such a potential, non-
renormalizablee terms seemed to be unavoidable. This, and the fact that the model 
probablyy breaks down at energies above a few TeV suggest that we should look at 
suchh a potential as a low energy effective limi t of a higher theory. Embedding low-
scalee inflation in such a model may also provide an origin for the initial value of the 
inflaton.. By including powers 2, 4 and 5 (or maybe 2. 3 and 5), we were able to nicely 
accomodatee the WMAP results (Fig. 7.2). Having done this and imposing restrictions 
onn the speed of the symmetry breaking quench, we found that the electroweak sector 
couldd be kept essentially unchanged. The one difference being the existence of two 
particless (rather than one) with the quantum numbers of the Higgs. mixtures of the 
SMM Higgs and the inflaton field. If this model is realized in Nature they should be 
seenn at coming accelerator experiments. 

Iff  inflation ended at the electroweak scale and the inflaton triggered Higgs symmetry 
breaking,, we may expect the Universe to have been re-heated by the process of tachy-
onicc preheating, rather than through inflaton decay. In particular, the initial condition 
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forr the transition was at zero temperature. We studied this process in chapter 6 in a 
simplifiedd model of the SM including only the S£/(2)-Higgs sector. We applied clas-
sicall  dynamics, the validity of which was confirmed a posteriori since both the scalar 
andd gauge fields acquired very large occupation numbers during the initial transition. 
Inn order to study the subsequent equilibration process, we introduced a set of "particle 
numbers""  and "frequencies". These definitions were not gauge invariant, but we saw 
thatt different gauges agreed at later times and for large occupation numbers (Fig. 
6.8).. We were able to study the initial approach to kinetic equilibration and saw that 
althoughh the temperature was low compared to the electroweak scale, there was a 
sizeablee chemical potential (Fig. 6.17). One of the aims was to establish whether 
tlu11 effective temperature is low enough after electroweak tachyonic preheating that 
sphaleronn transitions are suppressed, thus avoiding wash-out of a generated baryon 
asymmetry.. We found that given the low energy density present and the short time-
scalee of the initial equilibration (a few 100 w^-1). we are safe from wash-out. This was 
confirmedd in chapter 5. 

Havingg established that a baryon asymmetry generated during tachyonic preheating 
effectivelyy freezes in. the question remains how to generate this asymmetry. We saw 
inn chapters 4 and 5 that explicitly including a CP-violating term1 (eq. (5.5)) into 
thee equations of motion (the size of which was parametrized by K). an asymmetry in 
Chern-Simonss number is indeed generated. Through the anomaly equation (3.47). this 
cann in turn be related to a baryon asymmetry. In the simulations in 1 + 1 dimensions, 
wee were able to find a regime where the asymmetry was linear in the C/P-violation 
parameter,, as well as a complicated dependence on the masses of the Higgs and gauge 
fieldfield (Figs. 4.6. 4.7) . Also it seems that topological defects play only a small role in the 
creationn of the asymmetry (Fig. 4.12). The much more demanding task of including 
CP-violationn in the 3+1 dimensional 5,Lr(2)-Higgs model was undertaken in chapter 
5.. We saw that there is indeed an asymmetry produced, although apparently we had 
nott reached the linear regime as in 1 + 1 dimensions. WTe saw evidence of a possible 
dependencee on the particle masses, although statistics were not quite adequate (Fig. 
5.4).. Our estimate of the generated asymmetry is 

—— = (0.46 + 0.21) x 10_2Kï?ïfr. {run = V2mw). (9.1) 

Theree are several issues which need to be discussed. The most pressing one is to 
determinee the size of the effective CP-violation. Whereas the simulations in chapter 
55 gave us an estimate of the asymmetry generated given the coefficient K. extracting 
thiss effective coefficient from the SM CKM matrix is quite complicated [89]. Since 
CEBB takes place at zero temperature, there is hope that the suppression by oc 10_2() 

(eq.. (3.75)) can be bypassed. In [98] it is shown that in a covariant gratlient expansion 
off  the effective action, the first CP-violating term (fourth order in gradients) vanishes 
inn the SM. This means that in order to include the SM CP violation in the dynamics, 
wee should either go to the next order in the expansion, or include all three fermion 
generationss in the dynamics. This is a tough task, in the case of classical bosonic 

JCC and P violating in 1 + 1 dimensions, eq. (4.1). 
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fieldss and quantum fermions sus well as when all fields are quantum (for instance in a 
gauge-fermion-scalarr version of the 2PI-$-derivable scheme). There is however reason 
too believe that the overall size of the Yukawa couplings cancels out. as wrell as the size 
off  the Higgs vev [98]. 

Itt would be satisfying to further determine the dependence of the asymmetry on the 
Higgss and W masses as well as find a linear regime in the asymmetry as a function 
off  K, in 3+1 dimensions. Also, it is not clear whether topological defects play a role 
inn the 3+1 dimensional version of the model. This could be investigated by looking 
forr such defects during the roll-off and study how they wind and unwind under the 
effectt of CP-violation. 

Al ll  the simulations above were done using classical dynamics, and the classicality 
criterionn of high occupation numbers seemed to be very well obeyed in tachyonic pre-
heatingg (Fig. 6.8). In chapter 8 we used an approach to out-of-equilibrium quantum 
fieldss based on the 2PI effective action. Rather than averages over random samples of 
initiall  conditions, we could now calculate the full quantum propagator, using different 
truncationss of the <E> functional. In tachyonic preheating, we saw that for early times 
classicall  dynamics reproduce very well the evolution of the low momentum modes as 
calculatedd in a NLO truncation of the 2PI-1/7V effective action (Fig. 8.16). These are 
thee modes responsible for baryon number violating processes, and we are therefore 
pleasedd that the classical approximation gets those right. 

Inn chapter 8 we also presented a study of equilibration and thermalization in the sym-
metricc and broken phases of scalar éA theory in 3+1 dimensions. Such equilibration 
wass indeed found when including memory kernels in the equations of motion, and we 
weree able to establish kinetic and chemical equilibration (Figs. 8.4, 8.9). This is work 
inn progress, where we intend to further compare the effect of the one-loop ("'Pippi") 
andd the two-loop ("Sunset") diagrams on equilibration times. 

Otherr issues include the dependence of the asymmetry on the speed of the symmetry 
breakingg quench. In all the simulations the quench has been assumed instantaneous, 
andd the inflation model of chapter 7 was built to accommodate a rapid quench. We 
expectt that as the speed goes to zero, so does the generated asymmetry, as the 
departuree from equilibrium becomes small. 

Thee speed of the quench also has significance for the choice of initial conditions. At 
zeroo temperature, we expect the SM to be in a confined phase with strong interactions, 
andd it is unlikely that our free field initial conditions used in chapter 5. 6 are good 
reproductionss of that. Also, the effective Higgs mass, as given by the rolling infiaton 
field,, is time-dependent around symmetry breaking, so it is not even clear whether 
thee initial state was in equilibrium (or even at zero temperature). Such questions 
couldd perhaps be addressed using ^-derivable methods for an inflaton-Higgs system 
{orr an inflaton-gauge-Higgs system). 
Wee consider all of these issues interesting topics for future work. 
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Chapterr 10 

Samenvatting g 

Onss huidige begrip van de vroege geschiedenis van het heelal is gebaseerd op waarnem-
ingenn van de materie (sterren, melkwegstelsels, stof, kosmische straling), de kosmische 
achtergrondstralingg (waarover later meer) en theorieën en experimenten in de hoge-
energiefysica.. Dit alles wordt geïnterpreteerd binnen het raamwerk van de algemene 
relativiteitstheorie,, de (huidige) theorie van de zwaartekracht. 

Eenn verbazende eigenschap van het heelal is dat het geheel is opgebouwd uit materie 
(inn tegenstelling tot anti-materie). De kwantumveldentheorie, de theorie die in het 
algemeenn wordt gebruikt om kwantumdeeltjes te beschrijven, vertelt ons dat er voor 
elkk deeltje met lading (bijvoorbeeld elektrische lading) een anti-deeltje bestaat met 
exactt dezelfde massa en tegengestelde lading. Het elektron (met elektrische lading -1) 
heeftt een partnerdeeltje (met elektrische lading +1) dat positron genoemd wordt. Het 
protonn (+1), dat uit quarks bestaat, heeft het anti-proton (-1), dat uit anti-quarks 
iss opgebouwd, enzovoort. Wanneer een deeltje botst met zijn anti-deeltje annihileren 
zee elkaar en produceren daarbij twee (of meer) fotonen, lichtdeeltjes. Fotonen zijn 
trouwenss hun eigen anti-deeltjes, want ze hebben geen lading. Dit is allemaal experi-
menteell  bevestigd. 

Wee zijn er vrij zeker van dat ons zonnestelsel uit materie bestaat, want we hebben op 
dee meeste plaatsen sondes neergelaten en satellieten rond laten vliegen and (voorzover 
wee weten) is geen van die toestellen bij aankomst geannihileerd. De zonnewind (een 
constantee stroom deeltjes die door de zon wordt uitgezonden) annihileert ons niet en 
lijk tt ook niet te annihileren met enig ander hemellichaam in het zonnestelsel. We 
moetenn dus wel concluderen dat de zon en alle planeten uit materie bestaan. 

Ditt soort argument kunnen we gebruiken om de grenzen waarbinnen er alleen ma-
teriee bestaat verder en verder van ons af te duwen. Het komt eropneer dat wanneer 
materiee (bijvoorbeeld een domein rondom ons) in aanraking komt met anti-materie 
(bijvoorbeeldd een domein naast het onze), we kunnen verwachten dat er een enorme 
hoeveelheidd fotonen geproduceerd wordt waar ze elkaar raken (en men kan laten zien 
datt dat uiteindelijk altijd gebeurt). Uit metingen van de fotonachtergrond (of in 
ditt geval het gebrek aan zo'n achtergrond) kunnen we nu concluderen dat, als ons 
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domeinn slechts een van de vele domeinen is waar deeltjes (in plaats van anti-deeltjes) 
domineren,, dat het dan minstens zo groot moet zijn als het zichtbare heelal. 

Alss het universum oorspronkelijk was gecreëerd met gelijke hoeveelheden deeltjes en 
anti-deeltjes,, dan lijk t er geen reden te zijn waarom het aan één soort de voorkeur zou 
geven.. Een mechanisme dat deze asymmetrie kan verklaren wordt een baryogenese-
mechanismee genoemd (naar baryon. een algemene naam voor deeltjes als protonen, 
neutronenn etc. en '"genese".wording). Terzijde merken we op dat zelfs als het heelal 
alss geheel symmetrisch is, maar in domeinen verdeeld, er nog steeds in elk domein 
baryogenesee moet hebben plaatsgevonden. 

(Voor)zoverr we kunnen zien, dijt het heelal uit. Als dit altijd zo geweest is, moeten 
dee melkwegstelsels in het verleden dichter bij elkaar gelegen hebben. Als we deze 
redeneringg op de spits drijven, moeten we wel tot de conclusie komen dat het heelal 
vanuitt een punt begonnen is, de ''Big Bang" (oerknal). We kunnen uitrekenen wan-
neerr dat was door de huidige expansiesnelheid simpelweg terug te extrapoleren in de 
tijd.. De beste waarde voor de leeftijd van het heelal die we op dit moment hebben, 
iss 13,4 miljard jaar. We merken hierbij wel op dat we deze extrapolatie eigenlijk 
slechtss kunnen vertrouwen tot aan de tijd waarop de algemene relativiteitstheorie het 
begeeftt als beschrijving van de zwaartekracht, de Plancktijd, 10~43 seconde na de Big 
Bang.. Dit gebeurt op zich al weer bij energieën die veel hoger zijn dan die welke in 
experimentenn bereikt zijn. Deze komen overeen met een tijd van 10- 10 seconden na 
dee Big Bang. 

Tegenwoordigg is de temperatuur van het heelal ongeveer 3 Keivin (-270 Celsius), 
maarr kort na de Big Bang moet het universum veel dichter en dus heter geweest 
zijn.. 300.000 jaar na de Big Bang bereikte het de temperatuur waarbij atomen zich 
splitsenn in elektronen en protonen (in het geval van waterstof; helium en hogere ele-
mentenn splitsen in elektronen en atoomkernen). Voor die tijd was het heelal gevuld 
mett een gas van geladen protonen en elektronen. Fotonen hebben een sterke wissel-
werkingg met deze geladen deeltjes, ze werden voortdurend verstrooid en dit maakte 
hett heelal ondoorzichtig. Toen de elektronen en protonen "recombineerden" (deze 
termm is misleidend; ze waren nooit eerder gecombineerd), ontsonden elektrisch neut-
ralee atomen, waarmee de fotonen veel minder sterk wisselwerkten; het universum 
werdd doorzichtig. De fotonen die op dat moment bevrijd werden vullen nu nog steeds 
hett heelal en vormen de kosmische achtergrondstraling (CMB(R), naar het Engelse 
"Cosmicc Microwave Background (Radiation)"). 

Dee CMB heeft dezelfde temperatuur uit alle richtingen (tot op 0.00001 K). Wanneer 
wee het spectrum van de fotonen in verschillende richtingen van de hemel meten vinden 
wee precies hetzelfde resultaat. Het blijkt lastig te zijn om dit te verklaren, omdat men 
kann laten zien dat tegenovergestelde richtingen van de hemel te ver van elkaar afliggen 
omm ooit met elkaar in "causaal contact" gestaan te kunnen hebben. Als twee gedeelten 
vann de ruimte met elkaar in "causaal contact" staan betekent dit dat signalen (licht, 
bijvoorbeeld)) van het ene naar het andere gedeelte kunnen zijn overgebracht binnen 
dee leeftijd van het heelal. Bij "recombinatie" zullen stukken ter grootte van circa 
300.0000 lichtjaar (de afstand die licht in 300.000 jaar kan afleggen) met elkaar in 
causaall  contact gestaan hebben. Zulke stukken zijn sindsdien verder uitgedijd. Men 
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kann aantonen dat het tegenwoordig waargenomen deel van het heelal veel groter is 
dann zo'n stuk en dus dat fotonen die uit verschillende gedeelten van de hemel tot 
onss komen uit verschillende stukken afkomstig moeten zijn. Er is geen enkele reden 
waaromm ze precies dezelfde temperatuur zouden moeten hebben als ze nooit met elkaar 
inn contact gestaan hebben. 

Inflatiee (zie hoofdstuk 2) is een periode van versnelde uitdijing van het heelal die zeer 
vroegg plaatsvond (een minieme fractie van een seconde na de Big Bang). De expansie 
wass zo snel dat een causaal verbonden gebied werd opgeblazen ("inflated") tot een 
omvangg groot genoeg om het tegenwoordig waargenomen heelal te omvatten. Inflatie 
kann ook een verklaring geven voor de kleine temperatuurfluctuaties die toch in de 
CMBB zijn gevonden. 

Err zijn vele theorieën over baryogenese en inflatie, waarvan sommige op de proef 
kunnenn worden gesteld met behulp van waarnemingen van de CMB en andere met 
behulpp van reeds uitgevoerde en toekomstige experimenten in de hoge-energiefysica. 
Inn dit proefschrift proberen wij , bouwend op werk van andere auteurs, een model van 
baryogenesee op te bouwen dat de asymmetrie tussen deeltjes en antideeltjes kan gener-
eren,, met behulp van (alleen) het experimenteel goed geverifieerde Standaardmodel 
vann de deeltjesfysica. De meeste modellen voor baryogenese zijn afhankelijk van uit-
breidingenn van het Standaardmodel die (nog) niet experimenteel zijn waargenomen 
enn die daarom tot op zekere hoogte kunnen worden aangepast (of zelfs geconstrueerd) 
omm de baryon-asymmetrie te reproduceren. 

Err blijkt in het Standaardmodel een klein verschil te zijn tussen de eigenschappen 
vann deeltjes en anti-deeltjes, de manier waarop ze wisselwerken en vervallen, en dit 
verschill  is recentelijk met goede precisie gemeten. Hoewel er herhaaldelijk baryogen-
esemodellenn zijn geconstrueerd met behulp van deze onbalans, is gebleken dat, als 
hett heelal tijdens de baryogenese heet was (zoals je zou verwachten tijdens dit erg 
vroege,, erg samengeperste tijdperk in de ontstaansgeschiedenis van het Al) , de on-
balanss te klein is. Een andere noodzakelijke voorwaarde voor baryogenese is dat het 
thermischh evenwicht verlaten moet worden en dit bleek ook niet het geval te zijn. 
Baryogenesemodellenn binnen het kader van het Standaardmodel (in tegenstelling tot 
uitbreidingenn daarvan) staan bekend als elektrozwakke baryogenesemodellen, omdat 
allee relevante fysica te maken heeft met de (electro)zwakke wisselwerkingen (grofweg 
dee natuurkunde van radioactief verval) en niet bijvoorbeeld met de sterke wissel-
werkingg (de kracht die de quarks bijelkaarhoudt in protonen en neutronen). 

Hett scenario dat wij bestudeerd hebben gebruikt inflatie om van de hoge temperatuur 
aff  te komen. Inflatie doet het heelal heel snel uitdijen en onmiddellijk daarna zijn 
dee deeltjes zo verspreid dat de temperatuur praktisch nul is ("Cold"). In de meeste 
inflatiemodellenn wordt het heelal vervolgens weer opgewarmd met behulp van een van 
verscheidenee kandidaatmechanismen. Dit noemen we "reheating". 

InIn dit proefschrift hebben we zo'n inflatiemodel geconstrueerd dat voldoet aan be-
paaldee voorwaarden die noodzakelijk zijn om te zorgen dat het scenario niet in conflict 
komtt met experimenteel bevestigde eigenschappen van het Standaardmodel (hoofd-
stukk 7). Nu is het nog nodig om de parameter die wij gebruiken om de onbalans 
tussenn materie en anti-materie aan te drijven te relateren aan de experimenteel ge-
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metenn parameter in het Standaardmodel. Dit is echter nog niet zo eenvoudig en 
wee hebben het hier achterwege gelaten. In hoofdstuk 6 hebben het specifieke process 
vann "reheating" bestudeerd dat bekendstaat als "tachyonic (p)re-heating" en waarvan 
wordtt verwacht dat het van toepassing is op dit model voor baryogenese. 
Baryogenesee en "re-heating" zijn in principe kwantum verschijnselen. In een bepaald 
regimee (als er veel deeltjes zijn) is het echter mogelijk om ze met behulp van klassieke 
("Newtoniaanse",, niet-kwantummechanische) methoden te bestuderen. Dit hebben 
wee gedaan met de numerieke simulaties in hoofdstukken 4. 5 en 6. In hoofdstuk 8 
hebbenn we (onder andere) bestudeerd of dit een goede benadering is in het regime van 
"tachyonicc (p)re-heating" en we kwamen tot de conclusie dat dit het geval was. Om 
zoverr te komen losten wij numeriek een nogal ingewikkeld en erg computerintensief 
stelsell  vergelijkingen op. dat een beschrijving zou moeten geven die dichter bij de 
kwantummechanischee beschrijving ligt dan de klassieke dynamica. 
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Resume e 

Voress indsigt i Universets tidlige historie bygger pa observationer af ansamlinger af 
stoff  {stjerner, galakser, st0v, kosmisk straling), den Kosmiske Mikrobetlgebaggrund 
(CMB,, mere om det senere), og teori og eksperimenter indenfor kerne- og hojenergi-
fysikken.. Den gaeldende teori for tyngdekraften, den generelle relativitetetsteori, dan-
nerr baggrunden for en matematisk beskrivelse af Universets udvikling. 

Enn overraskende egenskab ved Universet er at det udelukkende bestar af partikler 
(ii  modsaetning til antipartikler). Vi ved fra kvantefeltteorien, den kvantemekaniske 
teorii  for partikler, at der for hver partikel med ladning (for eksempel elektrisk ladning) 
findesfindes en antipartikel med praecis den samme masse og modsat ladning. Elektronen 
(ladningg -1) har en makker, positronen (ladning +1). En proton ( + 1). som bestar 
aff  quarker, har antiprotonen (-1), som bestar af antiquarker, osv. Nar en partikel 
stoderr sammen med sin antipartikel vil de annihilere hinanden og blive til to (eller 
flere)) fotoner, lyspartikler. Fotonen er iövrigt sin egen antipartikel idet den ikke har 
nogenn ladning. Alt dette er bekraeftet eksperimentelt. 

Vii  er temmelig sikre pa at solsystemet bestar af stof (og ikke antistof). Satelliter 
ogg rumfartojer har besogt et antal himmellegemer, og ingen af dem er (sa vidt vi 
ved)) annihileret med overfladen. Solvinden (en konstant str0m af partikler fra solen) 
annihilererr ikke med os, og annihilerer heller ikke med de andre planeter i solsystemet. 
Vii  ma derfor konkindere at solen og alle planeterne bestar af stof. 

MedMed denne type argumenter kan vi flytte graenserne indenfor hvilke der udelukkende 
err stof laengere og laengere vaek. I sidste ende er det fordi hvis stof (for eksempel 
ett omrade omkring os) moder antistof (for eksempel et omrade ved siden af vores), 
vill ee vi forvente at se en masse fotoner skabt ved annihilation i graenseomradet, hvor 
dee modes (vi antager at de faktisk modes, og det kan man vise altid vil ske). Fra 
malingerr af den kosmiske fotonbaggrund (eller i dette tilfaelde, manglen pa samme) 
kann man konkludere at hvis vores omrade er et af mange der domineres af stof (i 
modsaetningg til dominans af antistof), sa straekker det sig mindst sa langt vaek som 
vii  kan observere. 
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Hviss Universet blev skabt med lige mange partikler og antipartikler. synes der ikke at 
vaeree nogen grund til at det skulle vaelge den ene slags fremfor den anden. En mekan-
ismee hvorrned man kan forklare denne asymmetry kaldes en Baryogenese-mekanisme 
(fraa Baryon, en samlet betegnelse for protoner. neutroner m.v. og "Genesis", ska-
belse).. Vi understreger i denne forbindelse at selv hvis Universet var symmetrisk 
paa stor skala. men opdelt i omrader. vill e det vaere nodvendigt at have baryogenese i 
hvertt enkelt omrade. 

Saa vidt vi kan se. udvider Universet sig. Hvis det altid har vaeret tilfaeldet ma galak-
sernee have vaeret naermere hinanden i fortiden. I sin yderste konsekvens meforer dette 
argumentt at Universet i begyndelsen var samlet i et punkt. "The Big Bang", og vi 
kann beregne hvornar det var ved at ekstrapolere galaksernes nuvaerende hastigheder 
bagudd i tid. Den meste praecise maling af Universets alder er 13.4 miliarder ar. Det 
borr understreges at vi egentlig kun kan stole pa denne ekstrapolation sa laenge den 
generellee relativitetsteori kan antages at beskrive tyngdekraften korrekt. dvs. indtil 
Planck-tidenn 10~43 sekunder efter Big Bang. Denne tid svarer til langt hojere ener-
gierr end vi kan opna i acceleratoreksperirneriter. som snarere svarer til 1()~10 sekunder 
efterr Big Bang. 

Temperaturenn i Universet er nu omkring 3 Kelvin (-270 Celsius), men Universet 
maa have vaeret meget tsettere og derfor varmere kort tid efter Big Bang. 300.000 
arr efter Big Bang svarede temperaturen til den energi der skal til for at atomer falder 
fraa hinanden og bliver til frie elektroner og protoner (for brint: for helium og tungere 
grundstoffer.. elektroner og atomkerner). Indtil da var Universet fyldt af en gas af 
elektriskk ladede elektroner og protoner. Fotonerne vekselvirkede stserkt med disse 
ladedee partikler. og Universet var derfor uigennemsigtigt. Da temperaturen faldt som 
folgee af Universets udvidelse "reküinbineredes" atomerne (navnet er ulogisk; de var 
ikkee "kombinereU tidligere). disse var elektrisk neutrale, og fotonerne vekselvirkede 
langtt svagere med dem. Universet blev gennemsigtigt. Fotonerne som blev fri dengang 
fylderr stadig Universet. og udgor den kosmiske Mikrobolgebaggrund (CMB(R). Cos-
micc Microwave Background (Radiation)). 

Mikrobolgebaggrundenn har samme temperatur i alle retninger (indenfor 0.00001 K). 
Malingerr af fotonspektret i forskellige retninger giver nojagtig det samme resultat. 
Dett viser sig at vaere vanskeligt at forklare. idet det kan vises at modsatte retninger 
paa himlen befinder sig for langt fra hinanden til nogensinde at have vaeret i "kausal 
kontakt".. At to omrader er i kausal kontakt indebaerer at signaler (for eksempel lys) 
kann have rejst fra det ene til det andet omradet indenfor Universets levetid. Omkring 
"rekombinations"-epokenn var omrader med en diameter pa omtrent 300.000 lysar (den 
afstandd lys kan tilbagela^gge pa 300.000 ar) i kausal kontakt. Disse omrader har siden 
udvidett sig yderligere. Det observerbare Univcrs kan vises at vaere meget storre end 
sadann et omrade, og derfor ma fotoner fra forskellige retninger pa himlen komme fra 
forskelligee omrader. Der lader ikke til at vaere nogen grund til at disse omrader skulle 
havee den eksakt samme temperatur hvis de aldrig liar vaeret i kontakt med hinanden. 

Inflationn er en periode med accelererende udvidelse af Universet, som fandt sted 
brokdelee af et sekund efter Big Bang (som beskrevet i kapitel 2). Udvidelsen var 
tilstraekkeligg hurtig til . at eet kausalt omrade blev blaest (inflated) til en storrelse. 
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saa det kunne indeholde hele det synlige Univers. Inflation kan ogsa forklare de 
bittesmaa fluctuationer i Mikrobolgebaggrunden, som faktisk observeres. 
Derr findes mange baryogenese- og infiations-teorier, og nogle kan efterproves ved ob-
servationerr af CMB'en, andre eksperimentelt, nu og i den nsere fremtid. I denne 
afhandlingg forsoger vi at konstruere en model for baryogenese, som kan generere 
partikelasymmetrienn udelukkende indenfor den eksperimentelt efterprovede Stand-
ardd Model for partikelfysik. Vi gor dette ved at bygge videre pa kendte modeller. 
Generellee baryogenesemodeller bygger pa udvidelser af Standardmodellen som ikke er 
underbyggett eksperimentelt. og som derfor i en vis udstraekning kan tilpasses (eller 
enddaa konstrueres) med det formal at reproducere baryonasymmetrien. 

Dett har vist sig at der i Standardmodellen er en meget lill e forskel mellem partiklers 
ogg antipartiklers egenskaber. i forbindelse med hvordan de vekselvirker og henfalder. 
ogg dette er blevet malt indenfor de sidste fa ar med rimelig nojagtighed. Adskil-
ligee baryogenesemodeller baseret pa denne asymmetri er blevet foreslaet, men det 
harr vist sig at hvis Universet var varmt (og det vil normalt vaere tilfseldet kort tid 
efterr Big Bang), da er denne asymmetri alt for svag. En anden forudsaetning for 
baryogenese.. afvigelse fra termisk ligevaegt, har ogsa vist sig ikke at finde sted. Ba-
ryogenesemodellerr indenfor Standardmodellen (i modsaetning til teoretiske udvidelser 
aff  denne) betegnes Elektrosvag Baryogenese, idet den relevante fysik har at g0re med 
dee (Elektro)svage vekselvirkninger (som groft sagt har at gore med radioaktive hen-
fald),, og ikke for eksempel de Staerke vekselvirkninger (som holder quarker sammen i 
protonerr og neutroner). 

II  vores scenarie bruger vi inflation til at komme af med den h0je temperatur. Inflation 
udviderr Universet. meget hurtigt, og umiddelbart efter er partiklerne sa spredt at 
temperaturenn i praksis er nul ("Cold"). I generelle inflationmodeller "genopvarmes" 
Universett efterfolgende gennem en af fiere processer ("re-heating") . 

Vii  studerer en model hvor "re-heating" temperaturen er meget lav (sammenlignet med 
dee energier vi iovrigt har i betragtning, Elektrosvage energier) or hvor baryogenese 
fandtt sted samtidig med at Universet blev "genopvarmet". 

II  denne afhandling konstmerer vi en sadan infiationsmodel, idet vi sikrer os, at mod-
ellenn ikke er i konflikt med eksperimentelt verificerede egenskaber for Standardmod-
ellenn (kapitel 7). Derefter beregner vi partikel-antipartikel asymmetrien som vill e 
blivee skabt. med en given vaerdi for en bestemt asymmetri-parameter (kapitel 4 og 
5).. Det er derfor nodvendigt at udtrykke denne asymmetri-parameter udfra den ek-
sperimenteltt malte storrelse i Standardmodellen. Dette er et kompliceret problem 
ogg vi har ikke pra^senteret det her. I kapitel 6 studerer vi den "re-heating" proces, 
"Tachyonicc preheating". som forventes at vaare relevant i denne baryogenese model. 

Baryogenesee er i princippet kvantemekaniske faenomener. Det er dog muligt. under 
vissee betingelser (nar der er mange partikler til stede) at benytter klassiske ("New-
tonske".. ikke-kvantemekaniske) metoder i beregningerne. Computersimulationerne i 
kapitell  4. 5 og 6 gor brug af denne simplificering. I kapitel 8 studerer vi (blandt an-
det)) hvorvidt denne approksimation er god i forbindelse med "tachyonic preheating", 
ogg vi finder at det er tilfaeldet. Det er nodvendigt at lose et sset meget komplicerede 
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ligninger.. og det viser sig at vaere et meget computerintensivt problem. Disse ligninger 
menoss generelt at vaere en bedre approksimation til den fnlstaendigt kvantemekaniske 
dynamikk end de klassiske ligninger. 
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Chapterr 12 

Summary y 

Ourr current understanding of the early history of the Universe is based on observa-
tionss of its matter content (stars, galaxies, dust, cosmic rays), the Cosmic Microwave 
Backgroundd Radiation {the CMB, more about this later) and theories and experi-
mentss within nuclear and high-energy physics. All is set within the framework of 
generall  relativity, the (current) theory gravity. 

AA puzzling property of the Universe is that it consists solely of matter (as opposed 
too anti-matter). The standard framework describing quantum particles, quantum 
fieldfield theory, tells us that for every particle with charge (say, electric charge), an anti-
particlee exists with the exact same mass and opposite charge. The electron (electric 
chargee -1) has a partner called a positron (electric charge -1). A proton (+1), which 
consistss of quarks, has the anti-proton (-1), which consists of anti-quarks, etc. If a 
particlee and its anti-partner collide, they will annihilate into two (or more) photons, 
lightt particles. Photons, incidentally, are their own anti-particle, since they have no 
charge.. This has all been confirmed by experiment. 

Wee are fairly sure that our solar system consist of matter, since we have landed probes 
andd flown satellites through most of it. and none of them annihilated upon impact 
(wee think). The solar wind (a constant flow of particles emanating from the sun) does 
nott annihilate with us. and does not seem to annihilate with any other astronomical 
objectt in the solar system. We must therefore conclude that the sun and all the 
planetss are made of matter. 

Thiss sort of argument can be used to move the bounds within which there is only 
matterr further and further away. It all boils down to the fact that if matter (say. a 
domainn surrounding us) meets anti-matter (say. a domain next to it), we can expect 
aa huge amount of photons to be created from annihilation processes at the boundary, 
wheree they touch (assuming they do touch, but that can be shown to eventually 
happen).. From measurements of the photon background (or in this case, the lack of 
suchh a background) it is possible to conclude that if our domain is just one of many 
withh particle dominance (as opposed to antiparticle dominance), it is at least the size 
off  the visible Universe. 
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Iff  the Universe was created with equal numbers of particles and anti-particles, there 
seemss to be no reason why it would choose to favor one above the other. A mechanism 
whichh can explain this asymmetry is known as a mechanism of Baryogenesis (from 
Baryon.. a unifying name for particles like protons and neutrons etc.. and "Genesis", 
creat ion).. We note in passing that even if the Universe is overall symmetric, but 
dividedd into domains, we would still need baryogenesis to take place in each domain. 
Ass far as we can see. the Universe is expanding. If this has always been the case, 
galaxiess must have been closer together in the past. Stretching this argument to the 
limit ,, we must conclude that the Universe started from a single point (the Big Bang), 
andd we can calculate1 when that was. by just extrapolat ing the current expansion 
speedd back in t ime. The best current measurement of the age of the Universe is 
13.44 billio n years. We note that we can really only trust this extrapolat ion to the 
t imee when general relativity breaks down as a description of gravity, the Planck t ime. 
100 43 seconds after the Big Bang. This in turn would be at energy scales far beyond 
whatt has been reached in experiment, which correspond to 10"10 seconds after the 
Bigg Bang. 

Att present, the temperature of the Universe is about 3 Kelvin (-270 Celsius), but 
short lyy after the Big Bang the Universe must have been denser and therefore hot-
ter.. 300.000 years after the Big Bang, it reached the temperature at which atoms 
splitt up into electrons and protons (for Hydrogen: for Helium and higher elements, 
intoo electrons and nuclei). Before then the Universe was filled with a gas of charged 
electronss and protons. Photons interacted strongly with these charged particles, scat-
teringg and rescattering. making the Universe opaque. As the electrons and protons 
"recombined""  (the name is misleading: they were never combined in the first place), 
electricallyy neutral atoms were created, which the photons interacted much less with. 
Thee Universe became see-through. The photons which were liberated at that t ime 
stilll  fil l the Universe, and constitute the Cosmic Microwave Background Radiation 
(CMBB or CMBR). 

Thee CMB has the same temperature from all directions (within 0.00001 K) . Measuring 
thee spectrum of the photons in different directions on the sky. we find exactly the 
samee result. This turns out to be difficul t to explain, since it can be shown that-
opposi tee directions in the sky are too far apart for them to ever have been in "causal 
contact".. That two regions of space are in causal contact means that signals (say 
light)) can have traveled from one to the other within the age of the Universe. At 
"recombination"",, patches of the order of 300.000 light years (the distance light can 
travell  in 300.000 years) wil l have been in causal contact. Such patches have since 
expandedd further. The currently observed part of the Universe can be shown to be 
muchh bigger than such a patch, and so photons that come from different directions in 
thee sky originate in different patches. There is no reason why they should have the 
exactt same temprature if they have never been in contact with each other. 

Inflationn is a period of accelerated expansion of the Universe, taking place at very 
earlyy t imes (a tiny fraction of a second after the Big Bang) (as reviewed in chapter 
2).. The expansion was fast enough that a causally connected region was blown up 
(inflated)) to a size big enough to hold the presently observed Universe. Inflation can 
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alsoo explain the tiny temperature fluctuations which have in fact been found in the 
CMB. . 
Theree exist many theories of baryogenesis and inflation, some of which can be tested by 
observationss of the CMB, some by high-energy particle experiments, past and future. 
Inn this thesis we try to construct a model of baryogenesis, building on work by other 
authors,, which can generate the particle asymmetry by only using the experimentally 
welll  tested Standard Model of particle physics. Generic baryogenesis models rely on 
extensionss of the Standard Model which has not been observed in experiment, and 
whichh therefore to some extend can be fitted (or even constructed) to successfully 
reproducee the baryon asymmetry. 

Itt turns out that in the Standard Model there is a tiny difference in properties between 
particless and anti-particles in the way they interact and decay, and it has been meas-
uredd recently with good precision. Although models of baryogenesis have been con-
structedd using this bias on numerous occasions, it turned out that if the Universe 
wass hot at the time (as you would expect in this very early, very dense epoch in the 
Universall  evolution), the bias is too small. Another necessary condition for baryo-
genesis,, departure from thermal equilibrium, turned out also to be missing. Models 
off  baryogenesis within the framework of the Standard Model (as opposed to theoret-
icall  extensions of it) are known as Electroweak Baryogenesis models, because all the 
relevantt physics has to do with the (Electro)weak interactions (roughly the physics of 
radioactivee decay), rather than for instance the Strong interactions (the force which 
keepss quarks together in protons and neutrons. 

Thee scenario we have studied is to use inflation to get rid of the high temperature. 
Inflationn expands the Universe very fast, and immediately afterwards, the particles 
wil ll  be so diluted that the temperature is essentially zero (Cold). In generic inflation 
models,, the Universe is then "re-heated" through one of several processes. 
Wee study a model where the temperature after reheating is very low (compared to the 
energyy scale of the physics we consider, Electroweak physics) and where baryogenesis 
tookk place during "re-heating". 

Inn this thesis we constructed such a model of inflation which fulfilled certain necessary 
criteriaa for the scenario not to be in conflict with experimentally verified features of 
thee Standard Model (chapter 7). Then we calculated the particle-anti-particle asym-
metryy which would be created, given a particular size of a certain biasing parameter 
(chapterss 4, 5). What is now needed is to relate the biasing parameter we used to 
thee experimentally measured parameter in the Standard Model. This is however not 
soo simple, and we have not presented it here. In chapter 6 we studied the specific 
processs of "re-heating", known as "tachyonic (p)re-heating", which is expected to be 
relevantt in this baryogenesis model. 

Baryogenesiss and "re-heating" are in principle quantum phenomena. It is however 
possiblee in a particular regime (when there are many particles present) to study them 
usingg classical ("Newtonian", non-quantum mechanical) methods. This was done 
inn the numerical simulation of chapters 4. 5. 6. In chapter 8 we studied (among 
otherr things) whether this approximation is good in the regime of "tachyonic (p)re-

223 3 



Chapterr 12. Summary 

heating*'' and found that this was the case. To do this we numerically solved a rather 
complicatedd and very computer intensive set of equations, which are supposed to be 
closerr to the complete quantum mechanical description than classical dynamics. 

224 4 



Chapterr 13 

Acknowledgments s 

Firstt and foremost I would like to thank my supervisor, Jan Smit. Jan, you have 
beenn the ideal supervisor. Interested, dynamical, involved, extremely experienced 
andd knowledgeable and full of ideas and comments. While being, as I had been 
warnedd in advance, a no-nonsense person. I also want to thank Jeroen Vink. We only 
gott to work together for littl e over a year, but I enjoyed talking to you and we had 
aa lot of fun teaching the "Kleine Werkgroep" and "Quantum mechanics III" , from 
whichh I learned a lot. 

II  want to thank my collaborators, Jon-Ivar Skullerud, Bartjan van Tent, Alejandro 
Arrizabalagaa and Meindert van der Meulen. I have enjoyed working with you very 
much.. I also want to thank some other people whom I have enjoyed talking to at 
conferencess and workshops, Jens Andersen, Kari Rummukainen, Guy Moore, Arttu 
Rajantie.. Mark Hindmarsh, Mikko Laine. Gert Aarts and Poul Henrik Damgaard. 

Att this point I would like to thank different sources of travel funding which helped me 
attendd schools, workshops and conferences: COSLAB. NorFa and FOM. I also thank 
thee Dutch super-computing center SARA for support, programming courses and a 
hugee amount of computer time on the Beowulf cluster, where all the simulations 
presentedd here were done. In particular I would like to thank Fokke Dijkstra for 
performingg the optimization and parallelization of the code used for chapter 8. 

Thankss to all the very nice people at the institute of theoretical physics in Amsterdam, 
inn particular my continually replaced office mates: Davide. Mischa. Armen. Igor and 
Liat.. Davide, I hope you will take it easy and recover fully, and I look forward to 
visitingg you in Sicily for some serious fishing. Mischa, thanks for all the advice and 
pointerss in particular over computer matters. If not for you I might have been stuck 
withh vi. That would have put an abrupt end to my scientific career. Liat, it has been 
nicee discussing the world with you. in any dimension. Finally, thanks to Prof. Sander 
Baiss for making the atmosphere at the ITF such a pleasant one. and for backing 
wheneverr we came up with silly social activities. 

AA big thank you to my travel companion Jelper. We had some nice times in Krakow. 

225 5 



Chapterr 13. Acknowledgments 

Bilbaoo and London. Oh. and Nijmegen. I guess. Good luck in the money business. 
andd keep in touch. 

Offf  work I spent most of my time singing in the Canticum Anglicum. Ttii s was my 
wayy of relaxing and I owe all the singers, past and present, a big thank you for letting 
mee in and bearing with me. It has been a pleasure singing with you guys, and in 
part icularr it was nice of you to come along with me to Copenhagen and allow me to 
showw you where I come from. And sing in Danish. Emilia, we didn't get to teach 
mee Dutch but we did get to discuss most other subjects along the way. Thanks for 
t ry ing. . 

Somee of the choir people even agreed to subject themselves to my semi-conductor 
skills,, and our littl e octet managed to give a few nice performances. I had a great 
t imee always gett ing things my way. Thanks to Sacha. Natasja. Arnold. Frank. Kerst. 
Erik.. Bregje. Emilia and Ellen. 

Ruben,, f could not have wished for a better fiat-mate. You provided for most of the 
entertainmentt at the Postjesweg, including an unending stream of Spanish Armadas. 
II  th ink we have had the entire Spanish populat ion sleeping over during the last four 
years.. Have a good time in Berlin, and give my greetings to Laura. 

II  have been lucky to meet two great people in Amsterdam who have helped me hang 
onn all the way. Joost in the first two years and Veronique in the latter two. You guys 
aree the good stuff, and I hope wTe can keep in touch in many years to come. 

Finallyy I have to send a greeting to my family: my father, mother and to my sister. 
Ellen,, the sejeste person I know. 

226 6 
















	Cover
	Titlepage
	Contents
	Chapter 1 Introduction
	01. Introduction
	Chapter 2 Inflation and reheating
	Chapter 3 Electroweak Baryogenesis
	Chapter 4 Baryogenesis in electroweak tachyonic preheating: 1+1 dimensions
	Chapter 5 Baryogenesis in electroweak tachyonic preheating: 3+1 dimensions
	Chapter 6 Particle distributions during electroweak tachyonic preheating
	Chapter 7 A model of electroweak scale inflation
	Chapter 8 Scalar field dynamics using ô-derivable approximations
	Chapter 9 Conclusion
	Bibliography
	Chapter 10 Samenvatting
	Chapter 11 Resume
	Chapter 12 Summary
	Chapter 13 Acknowledgments
	Cover

