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Chapterr 5 

Baryogenesiss in electroweak 
tachyonicc preheating: 3 +1 
dimensions s 

Abstract t 

Wee consider a scenario in which the baryon asymmetry was created in the early 
universee during a cold electroweak transition. The spinodal instability of the Higgs 
fieldfield caused by a rapid change of sign of its effective mass-squared parameter induces 
tachyonicc preheating. We study the development of Chern-Simons number in this 
transitionn by numerical lattice simulations of the SU(2)-Higgs model with an added 
effectivee CP-violating term. A net asymmetry is produced, and we study its depend-
encee on the size of CP violation and the ratio of Higgs to W mass. This chapter has 
beenn published as [142]. 

5.11 Introduction 

Thee baryon number asymmetry of the Universe, expressed in terms of the observed 
ratioo of baryon number density (ns) to photon number density (z?,7) [13] 

^ = 6 . 5 i S -4
3 x l ( ) - l uu (5.1) 

il-, il-, 

iss thought to be the result of high energy processes in the very early Universe. These 
processess need to break charge conjugation symmetry (C), the symmetry under the 
combinedd charge conjugation and parity (CP) and conservation of baryon number 
(B).. In addition it is necessary for the processes to take place during a period when 
thee Universe was sufficiently out of thermal equilibrium [53]. 
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Chapterr 5. Baryogenesis in ETP: 3+1 dimensions 

Quitee a few theories of baryogenesis have been proposed that can explain the order of 
magni tudee of the asymmetry (5.1). see e.g. the review [143]. Most of these are based 
onn physics beyond the Standard Model (SM) and because of our limited knowledge 
off  this physics and of the history of the very early universe, it is hard to falsify a 
part icularr proposal. We consider it therefore important to search for a viable scenario 
off  baryogenesis within the known physics of the Standard Model. We should also 
includee its renormalizable extension that includes right-handed neutr ino fields and 
Diracc and Majorana mass terms which we shall call the Extended Standard Model 
(ESM)) - to incorporate the neutrino masses. 

Inn the (E)SM all criteria for baryogenesis are met. Baryon number is violated through 
ann anomaly [G3] and the weak interactions violate C and CP. For three or more gener-
at ions.. CP violation in the quark sector is possible through the Cabibbo-Kobayashi-
Maskawaa (CKM) mixing matr ix [144. 145]. Experimentally, three generations are 
observedd and the measured CP violation in Kaon and heavy-quark systems is con-
sistentt with the CKM matr ix [92]. There may be more sources of CP violation in 
thee neutr ino sector, thus far hidden in the neutr ino mixing matr ix. The required 
non-equil ibriumm may be found in the decay of heavy neutrinos falling out of thermal 
equil ibriumm at temperatures T >  10s GeV [58] the leptogenesis scenario — or in 
thee electroweak transit ion. 

Tachyonicc electroweak transition 

I tt is a great challenge to develop a scheme in which the baryon asymmetry follows from 
thee physics of the (E)SM at an energy scale of order 100 GeV. At this energy scale 
thee Hubble rate is only about 10_ o eV and the required non-equilibrium dynamics is 
thenn to be caused by the electroweak transit ion. Such schemes fall under the unifying 
namee of electroweak baryogenesis [1. 2. 110]. Most schemes rely on the electroweak 
transit ionn being a sufficiently strong first-order f inite-temperature phase transit ion. It 
wass found later that the electroweak transit ion cannot be first order in the Standard 
Modell  [104. 105]. given the experimental bound on the Higgs mass IUH > 114 GeV 
[92].. This has led to investigations of whether the phase transit ion can be first order in 
theoriess with an extended Higgs sector, such as the Minimal Supersymnietric Standard 
Modell  [146. 118]. 

Anotherr possibility for the required out-of-equilibrium conditions is preheating at the 
electroweakk scale after low-scale inflation, either through resonant preheating [3. 4], or 
tachyonicc preheating and the creation of topological defects [4. 26]. In these scenarios 
thee electroweak transit ion is not a regular f inite-temperature transit ion but a cold 
t ransit ion,, caused by a hybrid-inflation type coupling of the Higgs field to an inflaton 
field.field. Such electroweak transit ions have been investigated in more detail [40. 46]. and 
thee tachyonic case appears most promising [43. 126, 81]. 

Inn such a tachyonic electroweak scenario for baryogenesis. the baryon number gener-
atedd during the transit ion is given by the anomaly equation 

B(t)=3(NB(t)=3(Ncscs(t)-N(t)-Ncscs(0)).(0)). (5.2) 

78 8 



5.1.. Introduction 

wheree Nes is the Chern-Simons number in the SU(2) gauge fields and B is assumed 
too be negligible (e.g. due to inflation) before the transition at time / = 0. A sufficient 
CPP bias is needed to produce the observed asymmetry (5.1). 

CPP violation 

AA further hurdle to be overcome is the strength of CP violation. In the Standard 
Modell  this has been estimated as being of order [91] 

JJ {vu - yc)
2{yc - yt)\yt - yu)2(Vd - ys)

2(ys - yb)
2{yb - yd)2 ~ KT 2 3. (5.3) 

wheree yu, ..., yt are the fermion-Higgs Yukawa couplings and [92] 

J=\\m{VJ=\\m{Vl3l3VVklklV*V* llVZVZ33)\)\ = (3 ) x 10"5 (5.4) 

iss the simplest rephasing-invariant combination of the CKM matrix V. In [89, 90, 2] 
finite-temperaturefinite-temperature estimates were given with yj —*> m2JT2 and T of order of the 
electroweakk transition, X % 100 GeV, which led to a magnitude « 10- 2 0. Clearly, if 
thesee estimates are to be taken seriously, Standard Model CP-violation is much too 
weakk for baryogenesis, which is the current lore. 

CPP violation is a subtle effect based on quantum mechanical interference, which can be 
destroyedd at high temperatures. The above finite-temperature estimate can perhaps 
bee justified by a high-temperature expansion and dimensional reasoning. However, 
thee zero temperature estimate (5.3) seems less reliable to us. since it contradicts the 
measuredd magnitude of CP-violating observables. Factors such as J are hard to avoid 
inn analytical calculations, but the product of Yukawa couplings in (5.3) could be com-
pensatedd by perturbative energy-denominators or non-perturbative effects (see e.g. 
[95.. 96. I l l ] and [97]). We found indications of such compensation in a computation 
off  the effective action obtained by integrating out the fermions [101]. 

Onee motivation for our work here is the possibility that at zero temperature the 
strengthh of CP violation in the SM is given by J. i.e. without the product of y's. 
Thiss is another reason for considering scenarios based on a tachyonic electroweak 
transition.. In the ESM with Majorana masses there is less rephasing-invariance and 
thee corresponding J' = Im(V '̂-V^*) | could be even larger. 

Sphaleronn transit ions 

Itt is important that the effective temperature after the transition is low enough for 
sphaleronn processes to be strongly suppressed, otherwise B might diffuse to zero again 
(seee [77. 70] for recent results on the magnitude of the sphaleron rate). Because a ta-
chyonicc transition occurs at a relatively low energy, which becomes redistributed over 
thee many degrees of freedom by the efficiency of the preheating process, sphaleron 
wash-outt is not expected to be a problem, as already suggested in [3]. A recent 
studyy [147] of Higgs- and W-particle numbers shortly after a tachyonic electroweak 
transitionn indeed showed low effective temperatures. However, particle numbers in 
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thee important low momentum modes were found to be still rather large, correspond-
ingg to large chemical potentials [147]. suggesting the possibility of a sizable effective 
sphaleronn rate after the transition. 

Thiss work 

Inn this chapter we report on a study of the asymmetry generated in a taehyonic 
electroweakk transition by lattice simulations of the SU(2)-Higgs model with effective 
CPP violation. The transition is modelled by a rapid quench and we use a classical 
approximationn that can be justified for such transitions [43. 126]: the quantum average 
iss approximated by an average over a classical ensemble of initial conditions, which is 
evolvedd using classical equations of motion. 

Thee effective CP violation we use is given by a term 

KK ofoTr [F^F^j (5.5) 

inn the lagrangian (<t>  is the Higgs doublet. Fflu the gauge field strength tensor and F l̂v 

itss dual). The coefficient K parametrizes the CP violation and has mass dimension 
—— 2. One may write it as 

3SCP 3SCP 
KK = WflAP (5-6) 

wheree M is some mass scale and Sep is dimensionless. 

Theree are two possible interpretations of the term (5.5). We can see it as a crude rep-
resentationn of the CP violation due to the fermions in the (E)SM. in which case 
wee choose M — rn.\y. In the second interpretation the term (5.5) could be the 
lowest-dimensionall  CP-violating operator resulting from integrating out heavy fer-
mionss (with masses beyond the electroweak scale) in a path integral, in a large class 
off  theories beyond the Standard Model. In this case we choose M = 1 TeV. Notwith-
standingg the approximate nature of the model, which neglects the dynamics of the 
(E)SMM fermions as well as the U(l) and SU(3) gauge fields, it is very interesting to 
obtainn an estimate of the value of Sep that is needed for reproducing the asymmetry 
(5.1)) via (5.2). in either interpretation. 

Withh one exception [72]. simulations in 3+1 dimensions have not included CP viol-
ation.. In [72] there was a search for an asymmetry induced by a chemical potential 
forr Chern-Simons number. Technical difficulties were reported and no asymmetry 
wass seen. Simulations in 1 + 1 dimensions similar to what we consider here were per-
formedd in [86. 3] and in more detail for the case of a taehyonic quench in [126]. In 
[126]]  (chapter 4) we showed that the final asymmetry is proportional to the applied 
CC violation (in 1 + 1 dimensions, C violation plays the role of CP violation in 3+1 
dimensions),, with an interesting dependence on the ratio of Higgs to W masses. 

Thee structure of the rest of this chapter is as follows: In section 5.2 we review scenarios 
forr taehyonic preheating after inflation. In section 5.3 we describe the SU(2)-Higgs 
modell  with the added CP-violating term, and discuss the equations of motion. Section 
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5.44 is devoted to the classical approximation and the details of the applied initial con-
ditions.. In section 5.5 we present our results. Finally, section 5.6 concludes with our 
estimatee for the generated baryon asymmetry and the magnitude of Sep- Technical 
detailss can be found in the Appendix. 
Preliminaryy accounts of this work have been given in [128. 148. 149. 101]. 

5.22 Tachyonic electroweak preheating 

Ass mentioned in the Introduction, with regard to the magnitude of CP violation it 
iss interesting to explore scenarios in which the electroweak transition took place at 
zeroo temperature. Let us assume that the effective mass parameter //2ff in the Higgs 
potential l 

^^ = Vo+ / /2
f f <^ + A(<^)2 (5.7) 

wass at first positive and then turned negative ('tachyonic'), ending up at the current 
valuee — p2. We recall that fi is simply related to the Higgs mass, fj2 — m2

H/2. 
andd assume for the purpose of discussion that fi « 100 GeV. We now discuss two 
realizationss for the sign change of fi2H, firstly one that is instructive but that we will 
arguee to be not viable, and secondly the more conventional one proposed in [26]. 
Ann elegant realization for /^f f could be a non-minimal coupling to the gravitational 
field. . 

A44 = ZR - /i2, (5.8) 

withh R the scalar curvature. As far as we know, there are no limits known yet on the 
parameterr £. An indicative value is £ = 1/6. the conformal case, so it is natural to 
assumee ( « 1/6. As an example, consider inflation in which R is initially large and 
positive,, such that ^2

ff is positive. After inflation R goes down and /^f f goes through 
zeroo when R & (100GeV)2. The transition will take place somewhat later when the 
Hubblee rate, which is generically of order R1/2. has dropped sufncently for the Hubble 
dampingg term in the Higgs-field e.o.m. (3H(p) to become subdominant, say H w 1-10 
GeV.. For H w 1 GeV, the energy density is still very large, p = 2>H2m% « (109GeV)4 

(wee use mp = (SirG)~1^2), far above the electroweak scale of about (100 GeV)4. After 
thee transition the inflaton still dominates the energy and it should have released this 
intoo the SM degrees of freedom before big bang nucleosynthesis (BBN) can take over. 
InIn the conventional scenario (see e.g. [10], section 8.3). the universe expands in matter-
dominatedd fashion when the inflaton (a) has fallen out of slow roll and is oscillating 
inn the minimum of its potential, while decaying into the SM degrees of freedom 
('radiation').. The inflaton decay rate T  ̂ should be sufficiently slow, otherwise the 
maximumm temperature in radiation [10]. 

r m a x ^ ' X n f l ^ m p ) 1 / 4 .. (5.9) 
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mightt rise above the electroweak transition temperature T(. % 100 GeV. and the 
splialeronn rate would wash out the generated asymmetry. Here g+ is the usual effect-
ivee number of d.o.f and A/ inf l is the energy scale of inflation, which by the previous 
argumentt is larger than =s 109 GeV. Requiring Tmax < 100 GeV leads to T„  < 10~27 

GeV.. Such an extremely small decay rate is perhaps not unnatural if the inflaton 
residess in gravitat ional degrees of freedom, and (£ - 1/6)2 is sufficiently small. How-
ever,, it also leads to a reheating temperature [10] 

TTlhlh^g^^g^/4/4(T(TaammPP)^)^22 (5.10) 

thatt is smaller than 10~2 MeV. in conflict with BBN. Moreover, the entropy in a 
coniovingg volume produced by the decaying inflaton. S = sa:i (s is the entropy density 
andd a the scale factor), increases y. a1'^*  [10]. whereas the corresponding baryon 
numberr D = nB(i :i is essentially conserved for T < 100 GeV. Then the crucial rat io 
nnBB/s/s suffers dilution by a huge factor ( « i / a2 ) i r , / 8 = {ti/t2)

r>/A ~ 10~3 4. where t1 % 
mP/ M 2

) f 11 is the t ime at the end of inflation and t2 ~ l/Ta the time the inflaton has 
decayed. . 

Thee numbers look better, but not good enough, if the inflaton potential does not 
havee quadrat ic minimum but simply falls away such that the kinetic energy dominates 
( 'kinetion').. as in quintessential inflation [150]. In this case the energy density falls 
fasterr than the radiat ion in SM particles. pa DC <r (i. However, going through a similar 
analysiss leads to practically the same Tv\t. an entropy growth S oc a3/4 and a dilution 
factorr % 10~8. In case Ta is negligible, the entropy would be conserved and UB/* 
wouldd be constant. However, it then takes too long for the energy density in SM 
d.o.f... PSM "X a- 4 , to become comparable to p„.  This would happen at a temperature1 

muchh too low for BBN: TjTx = m/a = ( / > S M / / V ) 1/ 2 ~ 10"1 4. or T « 10"9 MeV. 
These11 problems are avoided if the energy scales of inflation and radiation are com-
parable,, specifically low-scale inflation with i\/ illf i % 100 GeV. For this the realization 
(5.8)) does not work (unless £ > 1026!) . In [3. 4] a hybrid inflation mechanism was 
proposedd in which the Higgs field is coupled to the inflaton. 

/4ff  =ACT0<72 -/i2. (5.11) 

andd er was assumed to roll from large values towards o = 0. Considering the effect 
off  radiat ive corrections of the Higgs to the inflaton led [26] to the conclusion that 
invertedd hybrid inflation is a better option (see also [27]). 

/'t
2fff  =l4-X^(T2. (5.12) 

wheree now a runs from 0 to [(//2 + /;2 ) /A ( T O] 1 / 2. An explicit example of the infiaton-
Higgss potent ial is given in [26]: 

V(a.o)V(a.o) = V0-- A 5a5 + -K6(T
G + - ( / / 2 - Ko<y2)o2 + -Xol (5.13) 

oo 0 2. 4 

(forr simplicity for one real o). with A5 = 7.3 x 1 0_ 5G e V_ 1 . KG = 2.4 x 1 0_ 7G e V ~2 . 
^ 22 = 1000 GeV2. Xa0 = 0.04. and V0 such that V = 0 in its minimum. V0 ~ 
(866 GeV)4. 
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5.2.. Tachyonic electroweak preheating 

Choosingg A - 1/9 leads to the vacuum expectation values (o) = 237 GeV (reasonably 
closee to the correct 246 GeV). (a) = 426 GeV. and /i = 79 GeV. The inflaton-
Higgss coupling Xa(P is quite strong, which causes substantial mixing in the minimum 
off  the potential. The eigenvalues of the mass matrix are given by (74 GeV)2 and 
(147GeV)2,, differing considerably from the diagonal elements d2V/da2 = (121 GeV)2 

andd d2V/d(t>2 = (111 GeV)2. so one may wonder if the SM Higgs physics is not too 
muchh affected (see chapter 7). 

Anotherr question that needs further investigation is the fact that in this model the 
inflatonn decay width is much larger than the Hubble rate. At this low-scale inflation 
thee Hubble rate is only H « 10- 5 eV. whereas one expects Ta w 1 GeV. In the 
regimee Ta » H, warm inflation has been advocated [151]. which puts into question 
ourr assumption of a cold universe after inflation. 

However,, the problems with the previous realization (5.8) are avoided. After the 
transitionn the inflaton decays rapidly into the SM d.o.f. via the mixing with the 
Higgs.. Neglecting the tiny Hubble rate and using energy conservation, the 'reheat' 
temperaturee is approximately given by 

r= /3o_y/4
V( j/«.. (514) 

\n\n22g*J g*J 

Withh g* = 86.25 for the effective number of d.o.f. below the W mass (leptons, quarks, 
gluons,, photons), and a Higgs mass of, say, 160 GeV, this gives T ~ 51 GeV, well 
abovee the BBN and QCD transition temperatures. 

Becausee of the uncertainties in the specific realization of the assumed tachyonic elec-
troweakk transition, we model the transition by an instantaneous quench: 

== -fi2. t>0. (5.15) 

Thiss is a limiting case of the transition in a finite time treated in [45. 81]. In this 
wayy we 'shield' the SM from the uncertainties of the inflaton and presumably, the 
quenchh will generate a maximal baryon asymmetry for a given amount of CP violation. 
Requiringg zero vacuum energy gives 

VVQQ = fi4/4X, (5.16) 

withh a 'reheat' temperature similar to the model (5.13). 

Thee initial state for the Higgs field is <0) = 0 with {i2  ̂> 0. When /i2ff < 0 the Higgs 
fieldd suffers the spinodal instability: (é) does not change, but its low momentum 
modess grow exponentially [126]. Soon the quartic term in the Higgs potential kicks 
inn and eventually with the other SM couplings the fields will thermalize in the broken 
phasee minimum. Initially there is rapid effective-thermalization [147], called -tachy-
onicc preheating' [41]. 
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5.33 The SU(2)-Higgs model 

Too study the bar von asymmetry emerging after the elect roweak transition we used 
thee SU(2) Higgs model with effective CP violation, given by the action 

SS = - I d\ 
1 1 

Trr F^F»" + (D^D^o - , / V o + A(ofo)2 + V0 

++  KOtoTrF^FIJJ (5.17 

Heree Fflu = i)flA„  - dvAil - i[A fl. A„].  D^o = (dfl - iA^o. with o the Higgs doublet. 
FFtt,v,v = ftll,pfJF

pa/2. our metric is (-1.1.1.1) and f0i23 = +1- As usual Afl = AJ>a/2 
withh rn. a = 1.2.3. the Pauli matrices. The vacuum expectation value of the Higgs 
fieldd is |{(è) | = v/\/2. with v = / / /vX and the Higgs and W masses are given by 
mmHH = v^/J = V2X v. m-w = gv/2: Vn = ^/1\. The magnitude of the effective CP 
violationn is parametrized by K. For later reference, we define the dimensionless 

fcfc = 167T2Km?v. (5.18) 

Thee equation of motion for the Higgs doublet is 

(D(D(l(lD»D» + //2 - 2\óU - KTTF^F  ̂ 0 = 0. (5.19) 

Forr the gauge fields the equations of motion are given by 

DoDo (^ Et ~ 2 N O U B ^ ~ f *"" D ' ( ^ K + ^^óE^j + 3$ = 0. (5.20) 

wheree E'k' = F'k'Q and B'k' = f fr,mF£n/2 are the SU(2) electric and magnetic fields. Dk 

iss the covariant derivative in the adjoint representation, e.g. 

DDflflBBaa
kk=d,D^=d,D  ̂ + f(lhcAlBc

k. (5.21) 

andd j£ is the Higgs contribution to the SU(2) current 

3l3l = i(Dfió)^ó-i^~D,ó, (5.22) 

Inn addition, the Gauss constraints have to be satisfied. 

1 1 ï t ^ r ? " " D **  {j2E*-  2h'ó0Bk) + Jo = 0- (5.23) 

Iff  these conditions hold at one time, they hold at all times as a consequence of the 
equationss of motion (5.20). 

Iff  0^0 were constant, the CP-violating terms are ineffective, since then the «-term in 
thee action is the integral of a total derivative. 

T r F ^ ^ = 1 6 7 r2 ^ # s .. (5.24) 
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wheree j ^ s is the Chern-Simons current 

Jcss = 3 ^2  ̂ (AxF  ̂ - ^abcAiA  ̂ . (5.25) 

Similarly,, for constant 4>^<f>,  the K terms drop out of the field equations because of the 
Bianchii  identities eKX^DxF  ̂ = 0. Hence, an alternative version of (5.20) and (5.23) 
is s 

00 = DkE
a
k-2g2

KBa
kd0(4>i4>)+92J  ̂ (5-26) 

00 = D0E%-2g2KB%dQ((l>1<t>)-e klmDlB^ 

-25
2K C f c,m££0,(^0)) + g2j%, (5.27) 

respectively. . 

5.44 Initial conditions and classical approximation 

Wee consider an initial state where the Universe is at zero temperature, with the Higgs 
fieldd expectation value at zero. In the vacuum, there are quantum fluctuations, and we 
wouldd like to use those to seed the Higgs symmetry breaking. Several ways have been 
suggestedd (see for instance [40, 132]). We follow the line described in [126] (see also 
[43]]  for the more realistic case of a rapid but not instantaneous quench), by solving 
thee quantum evolution in the limi t of zero coupling. A = 0. We also neglect the 
interactionss with the gauge fields for the moment. In this limit , the Higgs potential 
afterr the quench at t — 0 is just an inverted parabola 

V{(f>)V{(f>)  = V0- / *V 0 = Vo~\ l?K<i><*  (5-28) 

wheree the (fia, a = 1, 2,3,4, are four real fields representing the complex Higgs doublet. 
Forr the moment we consider just one of those real components. It is straightforward 
too solve the operator equations of motion for t > 0 with the initial condition that the 
fieldd is free with mass /i for times t < 0. In terms of Fourier modes 

</>kk = fd3xe-^-<P(x) (5.29) 

inn a periodic volume L3, one then finds that modes with k < \L are unstable and grow 
exponentially.. For A / / ? — k2 t > 1, 

0kk oc exp ( vV 2-A ; 2£) . (5.30) 

andd the particle numbers of the unstable modes in the initial state |0) (the vacuum 
forr t < 0) also grow exponentially. So these dominating modes become classical and 
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indeed,, the expectation value of generic products of field operators can be reproduced 
byy a classical gaussian distribution [126]. 

-lH -lH \f\f++\\2 2 
Iskk I 

+ + 16 6 
22 t  ̂ \nk + l/2 + ük nk + l/2-hk 

k | < / j j 

U;U; kk®U.®U.  TTk) . 

'5.31 1 

[5.32] ] 

wheree 7r is the canonical conjugate to 0. The particle numbers nk. nk and frequencies 
LdLdkk are defined in terms of the two-point functions 

(^k4 ) ) nnkk + ^ J Uk-

<̂ 4>> = {^+\)~ 

whichh can be calculated to be [126] 

<7Tk k̂)) + i = rïk + 

<^k0k> > 

<7Tk0k) ) 

H H 
2o,+ + 

4^ 4^ 

11 + 

11 + 

i! ! 
- 2 2 
k k 
+2 2 

2 2 
k k 

11 ) sin2(u;fc£) 

11 cos 2(,2(, .-
k k t) t) 

+22 . 
^ - l ) s i n ( 2 ^ ) + - . . 

== 2 + R 

(5.33) ) 

(5.34) ) 

(5.35) ) 

(5.36) ) 

(5.37) ) 

(5.38) ) 

(5.39) ) 

Explicitt expressions for nk. nk and ujk are easily obtained, which show that for 
\u>\u>kk\t\t > 1. nk + 1/2 + nfc grows exponentially, whereas the difference nk + 1/2 — n*. 
rapidlyy approaches zero (see figure 2 in [126]). This means that the typical  ̂ grows 
exponentiallyy and the typical ££" -  0. In terms of 0k and 7rk the distribution gets 
squeezed. . 

I tt therefore makes sense to treat the dynamics classically, as soon as the particle 
numberss are large, nk > 1/2. This is the case for sufficiently long "roll-off'1 times, 
keepingg in mind that the quadratic approximation will break down when the interac-
tionn terms becomes non-negligible. For a given choice of "roll-ofF time and thus nkl 

nnkk and uik, we reproduce generic quantum correlators of the initial conditions by an 
ensemblee of random classical initial field configurations. These can then be evolved 
usingg the classical equations of motion. In this classical approximation the quantum 
averagess are replaced by averages over the initial ensemble. 

Thee classical evolution can be carried out on a computer, including fully the non-
linearr interactions. This assumes of course that the particle numbers in the gauge 
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fieldsfields wil l also grow large, such that they can also be treated classically. A large growth 
off  gauge field modes could be seen a posteriori In [147]. we found that the Higgs 
occupationn numbers for the unstable modes indeed become very large (n0 « 100) 
duringg the instability. In addition, the gauge fields also acquire large occupation 
numbers,, thereby supporting the classical approximation for the whole system, at least 
forr the time scales under consideration here. The large particle numbers in the gauge 
fieldd modes suggest that our major observable to be computed, (NCs{t) - iVcs(O)), 
cann also be obtained reasonably accurately in the classical approximation. 
Thee Gauss constraints (5.23) need to be imposed on the initial conditions. We do this 
ass follows. As long as the free-field approximation is valid, the gauge fields cannot feel 
thee exponential growth of the Higgs fields, so we initialize A" = 0. Then the covariant 
derivativee in (5.23) reduces to an ordinary derivative and it is straightforward to solve 
forr the electric field components, E%, given the Higgs charge densities j 0 a drawn from 
thee distribution (5.31). However, before doing so one constraint has to be imposed 
first:: in finite volume the global charge vanishes, 

ƒƒ exit = j d3x dkF£k/g
2 = 0. (5.40) 

Wee thus modify the distribution (5.31), 

P{0-+P{Z)S(G),P{0-+P{Z)S(G), (5.41) 

wheree 6(G) encodes this global Gauss constraint. This makes the distribution not 
quitee Gaussian. For details see appendix 5.7. 

Wee wil l apply two types of initial conditions, dubbed 'Just-a-half' and 'Thermal'. For 
additionall  details on these schemes, see [126]. 

5.4.11 Just-the-half distributio n 

Inn the quadratic approximation, classical and quantum evolution is identical, and we 
cann therefore choose to sample the initial distribution (5.31, 5.41) at "roll-off " time 
zero,, when the n's and CJ'S are simply given by 

nnkk=h=hkk==  0, u>k = y/fi? + k2. (5.42) 

leavingg just the 1/2 in the denominators in (5.31). We only initialize momentum 
modess that are unstable and that will acquire large occupation numbers under the 
spinodall  instability, so |k| < (i. This also avoids initializing modes close to the lattice 
cut-offf  scale [132]. We name these initial conditions: Just-the-half. 

5.4.22 Thermal distributio n 

AA different condition is obtained from an initial state that is thermal but at a low 
temperaturee T <C mH- We consider this possibility to get some indication of the 
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sensitivityy of the results to the initial conditions. The initial particle numbers of the 
Higgss fields are chosen to be Bose-Einstein distributed: 

nnkk = (exp {jj k/T) -l)~l. nk = 0. «:k = v V + fr2. (5.43) 

Wee use T/mH = 1/10. In this case we initialize all the modes, not only the unstable 
ones,, but of course, only the unstable ones will grow. In practice the large-momentum 
taill  is so suppressed that it should make littl e difference to introduce the cut-off k < //. 
Wee name these initial conditions: Thermal. 

5.55 Numerical simulation 

Forr the numerical simulation we translated the action to a lattice in (Lorentzian) 
space-timee according to the usual method of lattice gauge theory, from which the 
discretizedd field equations follow in the standard fashion. The Gauss constraint (5.23) 
iss compatible with the discretization and since the initial A0 = 0. it stays zero and we 
aree using temporal gauge. Because of the CP-violating terms the numerical algorithm 
forr the equations of motion turns out to be , causing it to be rather computer-
expensive.. Lattice details are given in the appendix. 

Wee evolved ensembles of 45 initial conditions in time using classical dynamics. In 
twoo cases (Thermal initial conditions, k = l67T2Kmfv = 0 and 3) we averaged over 
largerr ensembles of about 300 configurations. We used volumes (LmH)3 = 213 with 
periodicc boundary conditions, and a spatial lattice spacing amH = 0.35. so with 603 

lattices.. This is a compromise between computer time and capacity and the need 
too have enough unstable modes on the lattice. Here, we have about 50 such modes. 
Also,, we found that with this choice of lattice spacing discretization errors in the 
Chern-Simonss number and Higgs-winding number (see below) were small enough for 
ourr purpose. 

5.5.11 Observables 

Thee spatial average of <p^ó, 

iss a good indicator for the development of the instability in time 
observablee is the Chern-Simons number 

NcsNcs = J d3xfcs, 

(5.44) ) 

Ourr most important 

(5.45) ) 
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--
1 1 

kk = 0 

''  k = 3 

1000 0 20 40 60 80 

mHt t 
100 0 

Figuree 5.1: Left: Volume-averaged Higgs field 2d^4>/v2, Chern-Simons number and 
windingg number, for a typical trajectory with Thermal initial conditions, mn/rnw = 
1,, and no CP violation, k = 0. Right: Example of NQS and Nw for two trajectories 
withh the same initial conditions, without (k = 0) and with (k = 3) CP violation. 
Thermall  initial conditions, m #/ mw = 1-

sincee the change in time of its expectation value determines the baryon asymmetry 
throughh eq. (5.2). 

33 / dxl 

'o 'o 
ddAAxx (dM jgs) B(t)B(t) = 3(NCS(t) - NCS(0)) 

8**8** JO 

Anotherr interesting observable is the winding number in the Higgs field 

1 1 

dx°dx° / d3x(E%B%). 

A" " 

V V 

24TT2 2 

(iT(iT224>*,<P) 4>*,<P) 

dd33xexeklmklmTi-Ti- (dkVV^diVV^dmVV^) 

ee SU(2). 

(5.46) ) 

(5.47) ) 

(5.48) ) 

Forr configurations near equilibrium with low energy in the covariant Higgs derivatives, 
thee gauge field is not far from being pure-gauge, A  ̂ ~ —id^VV^, and then A ĉs — Nw. 

Observabless such as the Chern-Simons number and the winding number are notori-
ouslyy difficult to implement on the lattice in the quantum theory, but they turn out 
too be manageable in our classical approximation because the high-momentum modes 
aree suppressed in the initial conditions. 

5.5.22 Single trajectories 

Wee evolved the initial configurations to time t = 100 mjj . and computed the volume-
averagedd Higgs field 0t0. the Chern-Simons number iVcs and the Higgs winding 
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2 2 

1.5 5 

1 1 

0.5 5 

Nw w 

Ncs s 
\ \ 

::  \i 
„„  JJJi lU 

--

1 1 

llnmm rfl 

- 1 00 1 2 3 4 -4 
Ncs,, Nw 

0 0 
Ncs,, Nw 

Figuree 5.2: Left: The distribution of final Ncs a nd Nw; Thermal initial conditions, 
rtifi/ni\\-rtifi/ni\\-  = 1. no CP violation (k = 0). 303 configurations. Right: The same with 
CPP violation, k = 3. 

numberr iVw. The initial Chern-Simons number was set to zero, so we really computed 
itss change through eq. (5.46). which is gauge invariant. 

Fig.. 5.1 (left) shows the observables versus time from a single such trajectory in 
configurationn space. We see that tfi^è "falls off the hill into its broken phase minimum", 
wheree it performs a damped oscillation as the energy becomes slowly distributed over 
thee higher momentum modes. Meanwhile, the Chern-Simons number and winding 
numberr bounce around, until they settle near the same integer value (for Nw the 
differencee with the integer is a finite-lattice spacing effect). The winding number 
appearss to settle first and then the Chern-Simons number approaches it somewhat 
later. . 

Inn Fig. 5.1 (right) we show a particular initial configuration evolved with and without 
CPP violation. In this case, the final Chern-Simons number and winding number are 
shiftedd approximately by an integer (1) under the influence of CP violation. It is these 
shiftss that will  give us a net Chern-Simons number asymmetry. Due to the chaotic 
naturee of the equations of motion the shifts cannot be predicted from the magnitude 
off  the CP violation (for example, in figure 5.1 (right) the final Ncs — 1 for k = 0 and 
~~ 0 for k = 3). However, on the average, more shifts happen to one side than to the 
other. . 

Fig.. 5.2 (left) shows the distribution of final Chern-Simons number and winding num-
ber.. Although both observables cluster around integers, the winding number is more 
peaked.. The relatively short evolution time does not allow Chern-Simons numbers to 
settlee completely (m^ £finai = 100). Furthermore, the system has a non-zero effective 
temperature,, so the Chern-Simons numbers need not be integer. We have checked for 
aa few configurations, that the Chern-Simons number settles eventually, sometimes as 
latee as rant = 500. For most cases the Chern-Simons number is stuck already at time 
mmHHtt = 100. 
Fig.. 5.2 (right) shows the final distributions when adding CP violation. Note that 
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Figuree 5.3: Left: Averaged observables: 2($4>)/v2, {NQS} and (Nw) versus time for 
ran/rawran/raw = 1, Just-a-half initial conditions and k = 8. Right: Expectation values 
2((f)2((f)JJf<i>)/vf<i>)/v 22 and (Ncs) for different k; mn/mw = 1 and Thermal initial conditions. 

thee initial configurations in Figs. 5.2 (left)and 5.2 (right) are exactly the same. It is 
nott obvious that anything has changed and to spot the asymmetry we have to form 
ensemble-averagedd quantities. 

5.5.33 Ensemble averages 

Inn Fig. 5.3 (left) we plot the ensemble averaged Higgs expectation value, Chern-
Simonss number and winding number vs. time. We see that the average Higgs field 
dampss more strongly. The Chern-Simons number oscillates with a large amplitude 
beforee settling down. The oscillations seem to be driven by the oscillations in the 
Higgss field. At the end, both observables settle at non-zero values. Fig. 5.3 (right) 
showss the average Chern-Simons numbers for different values of k. Notice that the 
oscillationss have larger amplitude with larger k. 

Fig.. 5.4 sums up our results and the dependencies on the parameters. We keep 
mwmw fixed and plot (Ncs) / (Lmw)3 vs. k at m#£ = 100. The dependence on initial 
conditionss appears to be weak. There is a hint of a dependence on mass ratio mn/mw-

Thee dependence on k is not linear for the Thermal, niH/mw = 1, case. We have ob-
servedd similar non-linear behavior for large K (large C-violation) in the 1+1 D Abelian 
Higgss model, but were able to establish linearity at smaller n. Here a linear regime 
presumablyy also exists at small k, but it is unclear where it ends. We lack sufficient 
statisticss to draw a conclusion. Still, a linear fit  through the origin is consistent with 
thee data for k < 10 (dashed lines), for the rnn = \f2~mw case (x2/d.o.f = 0.25) and 
lesss so for m# = mw (x2/d-o.f = 2.4), 

,, ,, = (0.32  0.15) x 10~5fc. mH = mw, (5.49) 
[LmwY [LmwY 

==  (0.79  0.36) x 10_5fc, mH = V2mw. (5.50) 
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Figuree 5.4: Results for the Chern-Simons density all k, mjf/mw and initial conditions. 
Thee full lines represent linear fits through the two points with lowest k: k = 0. 3 
(TTIH(TTIH = triw) and k = 0.1.5 {TTIH = \[2mw)- The dashed lines are linear fits through 
thee origin, ignoring the da t a at k = 0, and also at k = 16 for the case run = mw-

Thiss fit takes into account tha t with infinite statistics the result at k = 0 should 
bee zero. However, the large x 2 in the ran = 'rriw  case suggests contamination from 
non-linearr behavior. 

Too diminish the uncertainty of where the linear regime ends we focus on the lowest 
k-k-values,values, k = 0.3. m # = rriw, and k= 0,1.5, m # = \/2mw We expect these points 
too be close to, or in. the linear regime tha t is of physical relevance. Furthermore, 
sincee we used exactly the same initial configurations for the da ta at k = 0 and at 
kk = 1.5,3, the effect of C P violation is the difference between the zero and non-zero 
kk results. An overall shift due to finite statistics cancels out in this difference. These 
fitsfits are represented by the continuous lines in figure 5.4. The fitted slopes are given 
by y 

(iVcs s 
{Lrriwf {Lrriwf 

(0.799  0.31) x 10~5 k, mH = mw 

1.44 x 10 " 5 k, mH = V2mw. 

(5.51) ) 

(5.52) ) 

Thee error in the m j ; = mw case is obtained by shifting the da ta upward with the 
negativee of the k = 0 value and combining the errors at k = 3 in quadrature . For the 
casee m H = \2mw this would lead to a too large, not meaningful error, which we 
havee left out. We consider as our best est imate for the slope the result (5.50) from 
thee previous fit (upper dashed line in figure 5.4), keeping in mind tha t this is perhaps 
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ann underestimate because of the apparent curvature in the data. 

5.5.44 Initia l rise 

Itt is clearly difficult to predict the final averaged Chern-Simons number analytically. 
Forr early times, specifically during the very first roll-off of the Higgs field, we can 
howeverr understand the asymmetry generated by the driving force of the CP-violating 
term,, through an analysis similar to that used in the analog 1+1 D Abelian Higgs 
modell  [126]. Consider a spatial region in which the fields are gauge-equivalent to 
beingg homogeneous and choose a gauge in which they actually are homogeneous. For 
homogeneouss fields, the equations of motion for the gauge field read: 

3?A%3?A% = Ab
kA

bAf - Aa
kA

bAb - \ giiA%^<f, - 2g\Ba
k dt(4>U) (5-53) 

Inn the Abelian Higgs model in 1+1 dimensions [126], the simplicity of the C-bias term 
ensuress that the gauge field does not enter into the driving force (the K-term). In the 
presentt case, however, its effect is suppressed by 

BBaa
kk = ^eklmeabcA

bAc
m. (5.54) 

Too estimate the asymmetry, we assume that the Higgs field, which may be viewed as 
ann 0(4) vector, rolls off the quadratic potential, say in the direction 03: 

dd22<f><f> 33 = ^203 - 4>U = 4>l e2^. (5.55) 

Assumee that we have solved the system for K, = 0. From the simulations, we know 
thatt the gauge field also grows exponentially, say 

KoKo = Ca
ke

c^. (5.56) 

Wee perturb with the K term, and write 

A-kA-k = Ac,o + KAkl. (5.57) 

Thenn the equation for the perturbation A  ̂ 1 is 

0M£,ii  = -tffcMu " 20X0 W V ) , (5.58) 

with h 

J J## = (A2Skl - Ac
kAf)5ab - Aa

mAb
m5kl + 2Aa

kA
b
t - AfAb

k + \ g2^cf>5kl8ah.: (5.59) 

evaluatedd at zeroth order in K. For small times H is dominated by the 0^0 term, 
whichh acts like an effective-frequency term for the perturbation, that will turn the 
initiall  rise induced by the source term ex dt^cfi) into the small initial bump in figures 
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5.33 (left) and 5.3 (right). Assuming this effective mass term can be neglected at early 
timess we can integrate (5.58) using (5.55) and (5.56) and express the result as 

AA^^  = -(2jifk?292Bi-o0to- (5-60) 

Forr homogeneous fields the Chern-Simons density is given by (cf. (5.25)) 

ncs(t)ncs(t) = J dx° d0fcs = - ^ 2 ^imeabc Aa
kA\Ac

m (5.61) 

evaluatedd at time t. Averaging over initial conditions the zeroth order contribution 
inn K wil l vanish and we get 

<»<*>> = - «  W A ) = g ^ L _ ( B V 0 > . (5.62) 

Wee now assume this expression, which was derived for our homogenous patch, to 
bee independent of where the patch was located, and replace {B2($(j)) —• (B2) (cp  ̂<p).. 
wheree (B2) and (0^(p) stand for the average over the volume as wTell as over initial 
conditions.. This gives for the density in W-mass units. 

("es)) = V~2k (W)(óÜ>)(2/v2) 

m ^^ (8TT2)2(1 + C)2 m^rriH ' J 

Usingg the computed values of (B2) and {fflcp), and inferring c from the measured 
behaviorr (B2) oc exp(4c^/i). we can compare (5.63) to the data. For c we find c ~ 0.67. 

Fig.. 5.5 shows the initial bump for TTIH/^HV = v2 . for varying k. The inset shows 
aa comparison with the estimate (5.63). evaluated at a time for which (^(p) = v2/6 .. 
thee value at which the curvature in the Higgs potential changes sign and the quad
raticc approximation (5.55) will be become more strongly affected by non-linearities. 
Becausee of finite statistics, there is an overall shift of the results that can be read off 
fromm the k = 0 simulation, which should give zero with an infinite number of initial 
configurations.. In this case the k — 0 and 1.5 simulations started from the exact 
samee initial conditions, and so we shift the k = 0 result to zero, and the k = 3 result 
byy the same amount (as we did in section 5.5.3). These are the crosses in the inset. 
Thee agreement of (5.63) with the data is surprisingly good, given the approximations 
made. . 

5.5.55 Final temperature and sphaleron wash-out 

Inn order for baryogenesis to be successful, we need the final temperature after sym
metryy breaking to be low enough so that an asymmetry does not get washed out 
byy equilibrium sphaleron processes. The usual requirement for avoiding subsequent 
wash-out,, namely, that the sphaleron energy is much larger than the temperature, can 
bee conservatively formulated as [104] v/T > 1.49, or T/v — 0.67. The estimate (5.14). 
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4e-05 5 

2e-05 5 

Figuree 5.5: The initial rise for various k's. The inset shows the size of the bump 
versuss k for the estimate (5.63) (line), the results of the simulations (dots) and results 
shiftedd by the negative of the value at zero k (see main text); m #/ mw = \[2. 

basedd on distributing the Higgs potential energy (V0 

degreess of freedom, leads to 

-- =0.442 (— ' 
vv V v 

vv mjj/8) over g* relativistic 

(5.64) ) 

wheree we used g* = 10 for the Higgs and W degrees of freedom. With v = 246 
GeVV and a Higgs mass in the range 114 - 200 GeV [92], the requirement is amply 
satisfied.. For example, for ran = \/2mw — 114 GeV the estimated temperature is 
TT = 74 GeV. 

Inn fact, our system is not yet in equilibrium after the transition and our particles are 
nott massless. In [147] we computed Higgs and W particle numbers using the field 
configurationss produced in our numerical simulation, from which we obtained effective 
temperaturess and chemical potentials by comparing to a Bose-Einstein distribution. 
Wee found 

rnrnH H 
0.4, , 

ch h 

1. . mmH H 
V~2 V~2 mw-mw- (5.65) ) 

Att first glance this temperature should keep us safe from equilibrium sphaleron wash-
out.. The implied temperature 0.4 x 114 = 45 GeV is lower than the 74 GeV found 
above,, which can be ascribed to the occurrence of the chemical potential. However, 
thiss large chemical potential implies that the occupation numbers are still very large 
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forr the low momentum modes, n  ̂ = [exp(\/m2 + k2jT — fich/T) — 1 ]~! ;g> 1. Since 
thesee modes are the ones responsible for sphaleron processes, the actual rate may be 
largerr than one would expect from the temperature alone. 

Inn the Standard Model, the W and Higgs particles decay into the lighter particles, 
whichh wil l rapidly lead to a lowering of the temperature. For the \V. the decay width 
iss about 3 GeV and the Higgs width is expected to be similar, so that in a t ime span 
off a few hundred mjj1 these particles have decayed. We do not see any wash-out on 
t imee scales of a few hundred rnjj . Then the final temperature wil l be determined 
byy light degrees of freedom and thus close to the estimate (5.14) with the somewhat 
moree favorable g* — 86.25: 

-- = 0.25 
v v (^rr  <5-c6» 

(andd a temperature T — 43 GeV for UIH = 114 GeV). We do not see a problem with 
wash-out. . 

5.5.66 Effective sphaleron rate 

I nn [3] an effective sphaleron rate was introduced and used in estimating the effect of 
thee CP-bias term using quasi-equilibrium concepts, 

reff f 
nBnB^Jf2^Jf2TTeff^f—>eff^f—> (5-67) 

wheree Scp/M2 = 167T2K/ 3 and Teff is an effective temperature estimated to be about 
3500 GeV. This effective sphaleron rate was computed recently [81]. with parameters 
differentt from ours (and with a finite quenching rate), and it is interesting to see its 
behaviorr in our simulation. The effective rate per unit volume can be defined as 

re fff = jr3 j f [<Acs(02> - (Acs(*)>2] - (5-68) 

wheree we set Ncs — 0 at t — 0. In Fig. 5.6 we show reff versus t ime. It turns out 
too be insensitive to the choice of initial conditions, and insensitive to m^/m\y. In 
equil ibriumm this quant i ty is the diffusion rate of Chern-Simons number, in which case 
i tt is the slope of a straight line approximating {N ŝ) — (A rcs)2 (see inset). 

I nn the tachyonic transit ion such a diffusion regime is preceded by a period of pre-
heat ing,, where the gauge fields acquire energy and as a result a non-zero (N2,s). 
Thee early-t ime rate at which this happens does not have anything to do with the 
equil ibriumm sphaleron rate. Rather, it is determined by the time scale of the preheat-
ingg mechanism. Note how7 this rate is initiall y in phase with the Higgs field, but it 
hass a large magni tude for small and large values of (é^é). At these early t imes the 
systemm is not experiencing potential barriers proportional to (0t 0 ). with sphalerons 
mediat ingg Chern-Simons number change. Even at the latest time the rate is not as 
smalll  as the temperature would suggest. Averaging out the oscillations in the region 
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Figuree 5.6: The effective sphaleron rate T^/m^; mn/ruw = 1, k — 0, Thermal 
initiall  conditions. Inset: integrated rate JQ dt' Tes(t')/m3

H. 

100 < tmH < 40, the effective slope (rate) is about Tefi/m% « 0.35 x 10 5, about the 
samee value as obtained in [3]. By (5.67) this leads to the estimate (for mH = rn,w) 

n B / m 3
f f - 0 . 1 x r 5 tt (5.69) 

ann order of magnitude smaller than our result (5.51) (which should be multiplied by 
33 to get ris/mly). 

5.66 Conclusion 

Usingg numerical simulations that include effective CP violation we have obtained 
resultss for the Chern-Simons asymmetry as a function of CP-violating parameter K. 
Thiss can now be used to estimate the value of K needed to reproduce the observed 
baryonn asymmetry ns/n^. Following the usual arguments, this ratio is related to 
TIB/S,TIB/S, which is approximately conserved in time, where s is the entropy density. 
AfterAfter BBN, s = 7.04 n7 [10], whereas after the tachyonic electroweak transition it 
iss given by s = (2/T2/45) g*T3, g*  = 86.25 the effective number of d.o.f. in quarks, 
leptons,, gluons and photons, and T = 4.0^mn(GeV) GeV from (5.66). We also need 
mwmw = 80.5 GeV [92]. Our results (5.50,5.51) for the asymmetry (k = 167r2Km^) 
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noww lead to 

—— = (0.79  0.31) x 10~2K m  ̂ (mH = mw). (5.70) 

== (0.46  0.21) x lQ-2Km2
w (mH = y/2mw). (5.71) 

Givenn our approximations of an instantaneous quench, initial temperature zero and 
thee neglect of damping effects from degrees of freedom left out in the simulation, we 
considerr these upper limit s on the generated baryon asymmetry1 (the value (5.71) is 
probablyy somewhat low. cf. sect. 5.5.3). To reproduce the observed baryon asymmetry 
(5.1)) for mH = y/2mw - 114 GeV. K has to be 

1.44 x 10~7 2.2 x 1 0 -5 

K ~~ 2 - Ö-- (5-72) 
m\m\vv ITeV2 ' 

whichh does not seem to be particularly large. Phrasing it differently, venturing the 
scalee M ~ mw (cf. (5.6)). it means 

<5CPP ^ 0.7 x H T 5 . (5.73) 

whichh is smaller than the Standard Model J ~ 3 x 1Ü- 5 (cf. (5.4)). We see this as 
encouragementt for further pursuing scenarios for ESM electroweak baryogenesis. 

5.77 Appendix 

Latticee formulation 

Thiss appendix contains details of the latt ice formulation. The lattice spacings in the 
threee spatial directions are ai — a2 = 03 = a, and in the time direction it is a0 = at 

(alll  aM are positive). The parallel t ransporter, also called the link variable, from 
latt icee point x + a^fi to x is2 U x̂ = U*_^x+a  ̂ = exp[-ial,Al(x)rb/2]. such that e.g. 
thee forward covariant derivative on the Higgs doublet is 

D^(x)D^(x) = [U^x<j>{x  + a»p.) - ó{x)}/afl. (5.74) 

I nn the following we use a re-scaled matrix form of the Higgs field defined by 

$ TT = v A a 
4>*4>* 22(x)(x) (p^x) 

__ -4>\{x) fa(x) 
- T r [ $ + $]]  = A a20 V - (5.75) 

Fur thermore,, we shall use lattice units for x and the covariant derivatives, e.g. 

D(i®xD(i®x = U x̂^x+fl - <5> x. (5.76) 

^ o t e,, however, that we have also not taken into account the effect of CP violation before the 
transition.. This may bias the initial distribution into an asymmetric form that still has zero average 
baryonn number. See also [102, 152]. 

2I nn this appendix we use summation convention for the group indices a,b,..., but not for the 
space-timee indices n,m,n,. . .. 
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Thee backward covariant derivative (indicated with a prime) reads 

D'^D'^xx = *x - Ulx_ x̂-a = $*  - U-^-t. [5.77) ) 

Action n 

Wee discretize the action on a space-time lattice of size L3t 
ai/aa « 1 in the following way [72]: 

(Na)(Na)33 x Ntat with 

== E & E f1 - \TT t^ i ) - PG E f1 - ^Tr  ̂ - ^ 
ii  L n n>m 

++ / ^ T r (DQ^)*  (A>** ) - /% E ^ T r (A,**) ' (D«** 
n n 

-- /3„  Q TT [$t$x] _ vfat j - 0Kbrr [*i$ x]Tr [FF]lat.x ;5.78) ) 

wheree C/on,x and f7mn,x are timelike and spacelike plaquette fields defined as 

C>IAJ-- — Uvil.X ~~ Un-xUv,T + ilUn.x + vUv.T- (5.79) ) 

Thee CP-violating term contains 

Trr [FFU,X = - Y, e^'h* [Ü^,xÜa 

fiiscrp fiiscrp 

wheree U û,x is a symmetrized plaquette field: 

(5.80) ) 

UILV.XUILV.X — , \\J [iv.x i U — n — v.x I U — ufl.X T Uf — n. 's.sr r 

Matchingg continuum and lattice parameters we find: 

atat _ 4 a v 4 at - ?' _ 1 a ,,s _ 1 ^ . 
gg11 at g a Aa( A a 

K K oo _ 1 at ... 
AA a «ZA 

22 _ {arriH, 
r i a tt — , 

(5.82) ) 

(5.83) ) 
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Equationss of motion 

Varyingg the action with respect to A'  ̂ r gives the classical equations of motion: 

-Trr [& x* x]  - — 

23, 23, ++ —^Tr[FF] l a t. , .^. 
' ' ƒ ƒ ƒ 

5.84) ) 

•^o^..,-- = y E ^ T r \iTbUm„. x]  + - ^ T r [(£>„*,)* "-'<!>,] 

23 23 
++ fE^^ 0Tr 

hi hi 

i-ri-raaTTJJ T7 TT^ 
lTlT  L"- L~l-h.T+n+0U

n,J. + U 
Tr r . r+n+OO Jr-i-«+0 

+£>,"'** Tr \,r"iU ruxULx+n + UuU Î+i )U_k_QtX+fl+j (Ul .Ul + C7 v. v. 
xTrr j $ f $ J_. , 

xx + h + l  + » +' 

Above,, we have defined the lattice E-field E  ̂ x through 

/'Tr r ff TT' TC 

k.s+hk.s+h n.jr 

(5.85) ) 

(5.86) ) 
Wee have chosen the temporal gauge. UQ,X — 0, and D\"h is the backward covariant 
derivativee in the adjoint representation, e.g. 

j-)/abpb j-)/abpb £"!?? - -Tr \U ,r,raaU. U. 

Thee variation with respect to AQ gives the Gauss constraint: 

00 = CÏ = - E D'nb^.n + # T r [do*lir a*,] 
m m 

(5.87) ) 

[5.88) ) 

2tf f 
-- - UJ Tr 

AA Xoether argument tells us that the quantity C" is conserved in (lattice) time for 
eachh x when evolving the system with the equations of motion. 

Becausee of the synnnetrization in the discretization of TrFF, which we found to 
bee important for reducing discretization errors, both the Higgs and the gauge field 
equationss of motion are implicit. They depend in a non-linear way on forward (in 
time)) links and Higgs fields. We solve these equations by iteration. With sufficiently 
smalll time steps and/or K convergence should be good, and indeed we encountered 
noo problems, iterating between 3 and 9 times per time step with at/a = 0.05. How
ever,, the computational costs were correspondingly large. We iterated to computer 
accuracyy (double precision) and checked that the Gauss constraint is satisfied, again 
too computer accuracy. 
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C h e r n - S i m o nss number  and w ind in g n u m b er 

Thee latt ice expression for the change in Chern-Simons number is given by 

t t 

167Tf f 

11 ' 
NNcscs(t)(t) - Ncs(0) = y^l- E E T r lFFU.x. (5.89) 

wheree Tv[FF]\at_x is given in (5.80). The following lattice implementation of the 
windingg number in the Higgs field, 

x,, i j k 

Tr r [(y[(y x+x+ii  - vx_i) v} (vx+] - vx_3) vl (vx+k - vx_k) vx\ 

wheree Vx = V(x) with V(x) the SU(2) matr ix defined in (5.48), turned out to perform 
satisfactorilyy in our simulation. 

Copingg with the Gauss constraints 

In i t ia ll  H iggs fields 

Ourr task is to generate an ensemble of initial conditions for the Higgs field in our 
classicall  simulations according to the distr ibution (5.31.5.32.5.41). The distr ibution 
appliess to a real scalar field with the definitions 

^ x)) = E ^ ^ - nW = T,^m**-  (5-91) 

kk VL k \JL 

Inn finite volume the momentum label takes on the discrete values k = 2-KXI/L, 
andd on the lattice with lattice spacing a = L/N we can choose tij  — —(N/2 — 
1 ) , . . ... 0 , . . ., N/2. The reality of the fields imposes 0k — 01 k and similarly for the 
canonicall  momenta, except for the special modes n = (0 or N/2, 0 or iV/2. 0 or N/2). 
forr which exp( ik-x) is real, and so the reality conditions imply that the corresponding 
0kk and 7rk are real. We shall term them "corner'' modes. There are 8 of them. The 
restt we may as well name "bulk" modes. We can write these latter complex variables 
as s 

K=K=7s7sK+K+ iK)iK)  * £= VT" ( c £ +l € )  (5'92) 

Wee have put in a label a = 1. 2 ,3, 4 for the real fields of the Higgs field doublet: 

'' ól + i02 03 + ié4 

V2V2 ' v/2 
(5.93) ) 
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andd similar for the canonical conjugate TT. On the lattice we have 

;5.94) ) 

andd the lattice Higgs doubled is defined as 

pxx = «<j>(x). (5.95] 

Wee continue to use lattice units and define the lattice canonical conjugate of ox as 

TTxx = <%0x = O xx + 0 o> > (5.90) ) 

Forr the corner modes, the b£ and d  ̂ are just zero. 

Forr each spatial lattice site there are three Gauss constraints (one for each generator 
off  the gauge group) to be satisfied by the initial configurations. In terms of3 

PZPZ = ig2\ (^rao - 0tr^7r)x = i^L Tr [ Q , $ W ] x < a = l 4_ ( 5 9 7) 

thee constraints read 

nn n.x / x" [5.98) ) 

wheree we have used the fact that our initial AQ
n = 0. Integrating the left and right 

handd sides in a periodic volume, this reduces to three global Gauss constraints. 

()) = £ ^ . ;i=  1.2.3. ;5.99) ) 

Thesee are three constraints on our many Fourier modes. Because we have four real 
scalarr fields it is convenient, to impose and additional fourth constraint: 

0 0 E-' ' pipi 3 = 4. [5.100) ) 

whichh can be seen as the requirement that the total hypercharge also vanishes in the 
periodicc volume. Since it is only one extra global constraint on the many modes we 
doo not expect that imposing it or not has a noticeable effect on the physical results. 

Insertingg equations (5.91). (5.92) and (5.93) into (5.99) and (5.100) we get a set of 
constraintss on the a^, b^, ck, dk, of which the last one {ft — 4) is 

°° = £ E E k u k k + + £ 2 ( r MM + <*k&k) 5>o«o]]  + /4- (5.ioi; 

*Wee denote the 2 x 2 unit matrix by T4. 
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wheree we have singled out the k = (0.0. 0) component for later use. and dumped the 
restt into the quantity f\. In a similar way it is easy to find for the constraints for 
.i=.i=  1.2.3: 

00 = 44 - 44 + cjai - 4a4
0 + ƒ!, (5.102) 

00 = 4a3
0 - 44 + 4a4

0 - 4a2
0 + f2. (5.103) 

00 - 4(4 - 4a2
0 + 4aA

0 - 4  ̂ + /3, (5.104) 

wheree again ƒ1.2.3 are straightforward but long combinations of the remaining vari-
ables. . 
Thesee equations are linear in all the variables and can be written as 

00 = Mc 0 + f. (5.105) 

withh M = M(ao) a 4 by 4 matrix. We are left with the task of generating sets of 
randomm numbers according to the distribution 

P(a.b,c.d)*exp\~t-YP(a.b,c.d)*exp\~t-Yakak +t?k +C*  U ( M c 0 + f). (5.106) 
nnkk + 1/2 

Wee can integrate out the eg to get 

\\ k.a 
P ( a , f c c , d ) * ^ e xpp - - £ ^ * - - - — ^ l (5.107) 

wheree the prime indicates that the sum over modes no longer includes the eg, and 

y -- ƒ2 
G22 = {M-^fM'H = i r Q "2, (5.108) 

Z^ QQ a o 

detMM = J2a°2- (5"109) 

Q Q 

Thee distribution is no longer a product of Gaussians and we sample it using a Monte-
Carloo algorithm. For every realization of the remaining unconstrained variables, we 
thenn solve for the eg. such that the global Gauss constraints are fulfilled. 
Samplingg a distribution with a 5-function can be difficult, and can require very elab-
oratee Monte-Carlo algorithms. However, having sufficiently many degrees of freedom 
too "distribute the constraints on", the deviation from (in this case) a Gaussian distri-
butionn is small. In our simulation, where there are about 50 unstable modes (when 
usingg Just-the-half) and the whole collection of lattice modes when using Thermal, 
wee did not encounter such problems. 

Initia ll  gauge fields 

Thee Gauss constraint (eqs. 5.88) imposes a constraint on the gauge fields at each 
pointt in space, given a Higgs field configuration. Keeping in mind that the gauge 
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fieldss only grow large and classical because of the coupling to the Higgs fields, we set 
thee gauge fields to zero initially . This simplifies the constraints dramatically, to read: 

KJKJ — v ^ ™ — \ j r . J_J t . ., ~y~ 

2 ^ ^ 

4J 4J 
Tr r (do^)(do^)JJiTiT aa^ ^ (5.110) ) 

Wee put C" to zero at each point in space, which means that there art1 no sources 
otherr than the Higgs field. Given the Higgs fields we can now write: 

W , WW = /4- a = 1.2.3. '5.111' ' 

whichh is just a Coulomb equation, and is solved by introducing a set of scalar functions 
\££ so that 

Fourierr transforming 

gives s 

EEaa = -f) \ " 

 = pi 

X-a(k) ) V'2V'2

'5.112) ) 

[5.113) ) 

[5.114: : 

Sincee we use a periodic volume. p£ should vanish at k — 0. i.e. the global Gauss 
constraintss on the Higgs fields 

XX X 

havee to be satisfied. Their implementation is described in the previous section. 
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