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Chapterr 7 

AA model of electroweak scale 
inflation n 

Abstract t 

Wee construct a phenomenological model of electroweak-scale inflation that is in ac-
cordancee with recent CMB observations by WMAP, while setting the stage for a 
zero-temperaturee electroweak transition as assumed in recent models of baryogenesis. 
Wee find that especially the scalar spectral index poses tight constraints for low-scale 
inflationn models. The infiaton-Higgs coupling leads to substantial mixing of the scalar 
degreess of freedom. Two types of scalar particles emerge with decay widths similar 
too that of the Standard Model Higgs. This chapter has been published as [167]. 

7.11 Introduction 

Withh the results from the WMA P mission [13. 23] it has become relevant to critically 
revieww models of inflation, especially with regard to the scalar spectral index. WThile 
clearlyy still susceptible to improvement, the cosmic microwave background (CMB) 
observationss are accurate enough to rule out certain (classes of) models, see e.g. 
[168,, 169, 170]. In this chapter we consider electroweak-scale inflation, which turns 
outt to be tightly constrained by the spectral index indeed. 

Thee motivation for looking at electroweak-scale (i.e. of order 100 GeV) inflation is 
twofold.. Firstly, it is interesting to see if one can construct a working model of inflation 
withh just minimal extensions of the Standard Model (SM) of particle physics, and to 
derivee what kind of additional constraints such a coupling to the SM puts on an 
inflationn model. The second (main) motivation has to do with baryogenesis, the 
productionn of the observed baryon asymmetry in the universe. As reviewed in [2]. all 
necessaryy ingredients for baryogenesis (baryon number violation. C and CP violation. 
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andd non-equil ibrium) are present in the SM. This provides a strong motivation for 
t ry ingg to construct a working model of electroweak baryogenesis. However, the current 
loree is that in a s tandard finite-temperature electroweak transit ion both the CP-
violatingg and the non-equil ibrium effects are too small to be able to account for 
thee observed baryon asymmetry. These problems may be resolved in the context of 
tachyonicc preheating at the electroweak scale after low-scale inflation [3. 4. 41. 26. 81. 
142].. A tachyonic electroweak transition is strongly out of equilibrium, and the fact 
thatt the process takes place at zero temperature at the end of inflation may maximize 
thee effectiveness of CP violation [101]. In addit ion, the low reheating temperature 
preventss sphaleron wash-out of the produced baryon number [2]. 

Inn this context it becomes important to check that the models that combine low-
scalee inflation with tachyonic electroweak preheating satisfy all the new observational 
constraintss from YVMAP. Low-scale inflation has been considered in many papers (see 
forr instance [2G. 171. 169. 27. 172]). In this chapter we build in particular on [26]. 
whichh was also motivated by the problem of electroweak baryogenesis. The main 
ideaa is that we have a kind of hybrid inflation model [28. 29]. in which inflation is 
drivenn by a nearly constant potential energy of order (100 GeV)4 [3. 4]. while one 
fieldfield ( the infiaton) slowly rolls down its potential and the other field (the Higgs) 
iss in a local minimum at zero. Once the infiaton passes a critical value, the local 
min imumm for the Higgs field develops into a local maximum and both fields roll down 
rapidlyy to the absolute minimum at a non-zero value of the Higgs field, thus breaking 
thee electroweak symmetry. As was shown in [26]. ordinary hybrid inflation models in 
whichh the infiaton rolls from large field values towards zero are not viable at low scales 
becausee of large quantum loop corrections. This problem can be avoided in inverted 
hybridd inflation models, in which the infiaton rolls away from zero and inflation takes 
placee at very small field values. Note that unlike standard hybrid inflation, slow-roll 
inflationn ends in this case before the critical value is reached, instead of the end being 
causedd by the phase transit ion, so that the slow-roll inflation stage and the phase 
transi t ionn can be considered as two separate processes. 

Thee paper [26] was wri t ten before WMAP. and the authors did not study the spectral 
index.. As we wil l show in this chapter, their model gives a spectral index that is too 
loww according to WMAP. In [27] somewhat more general low-scale inflation models 
weree considered, although not from the point of view of electroweak baryogenesis. but 
thesee models still appear to be incompatible with WMAP. We shall show that one 
cann improve these models to obtain a spectral index that lies comfortably within the 
W M A PP confidence levels. 

Att first sight it may seem that one can always fine-tune a model with sufficient 
parameterss to satisfy the constraints, but this is not necessarily the case within a set 
off  reasonable rules. To formulate these rules we start from the point of view that 
wee are construct ing a purely phenomenological model, a minimal extension of the 
SMM that introduces only one extra infiaton field in order to describe the history of 
thee universe during and after inflation. We stress that there is nothing wrong with 
fine-tunedfine-tuned parameters in a phenomenological model, as the phenomenologically very 
successfull  SM shows. In incorporating a slow-roll inflationary regime compatible with 
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thee CMB measurements, one is led to an inflaton potential with non-renormalizable 
couplings.. To constrain this potential we assume a polynomial approximation, such 
thatt there is only a limited number of terms to be parametrized. 
Thiss leads to a tight fit when we also incorporate the scenario of tachyonic electroweak 
baryogenesis,, which requires that the inflaton field ends up far from the slow-roll re-
gimee with a vacuum expectation value similar to that of the Higgs field. The inflaton 
iss a gauge singlet and it couples only to the radial (gauge-invariant) mode of the Higgs 
field.. This coupling should induce a sufficiently fast tachyonic electroweak transition 
too make baryogenesis possible, without being unrealistically large. It implies a con-
siderablee mixing between the inflaton and Higgs modes, and the model predicts the 
existencee of (only) two scalar particle species with electroweak-scale masses. Up to 
mixing-anglee factors, their decay widths are similar to that of a SM Higgs with the 
samee mass. The model should therefore be falsifiable by accelerator experiments, in 
particularr with the LHC. 

Ann important issue with any slow-roll inflation model is the question whether the as-
sumedd flatness of the effective potential is consistent with basic properties of quantum 
fields,, with 'quantum corrections'. We investigate this by calculating one-loop correc-
tionss to the effective potential. This exercise also led us to a rough estimate of the scale 
att which the model may be expected to break down because of its non-renormalizable 
andd strong couplings. 

Thee outline of the chapter is as follows. In section 7.2 we first address the number of e-
foldss of inflation between horizon crossing of a WMAP-observable scale and the end of 
inflation,, which number is crucial for the computation of CMB observables. Contrary 
too the generic situation, there is littl e uncertainty here because the (p)reheating of the 
universee and the onset of the radiation-dominated era are reasonably well understood 
inn this model. Next, in section 7.3. we review the model of [26] and show that its 
spectrall  index disagrees with WMAP. The implied infiaton-Higgs mixing is studied 
inn section 7.4. We then show in the following section (plus appendix A) that, by 
addingg two additional terms to the potential and tuning the coupling parameters to a 
certainn extent, values for the scalar spectral index in agreement with WMA P can be 
obtained.. In section 7.6 (plus appendix B) we calculate one-loop quantum corrections 
too the effective potential and study the implications. Finally, section 7.7 summarizes 
ourr conclusions. 

7.22 Number of e-folds 

Onee of the most important differences between low-scale inflation and 'normal' infla-
tionn taking place around the GUT scale is that the number of e-folds Nk of inflation 
betweenn horizon crossing of the observationally relevant modes k and the end of in-
flationflation is much lower. An expression for Nk is derived as follows [173] (see also the 
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recentt papers [174. 175]): 

*-'' _ UHHH _ OH Qe «reh «eg HH 

QOHQQOHQ Q0HQ av areh oeq a0 H0 

VPrelJJ ^ ^ 0 ( 1 + ^ ) 

Heree a is the scale factor. H = a/a the Hubble rate, z is the redshift. the subscripts 0. 
H.H. e. roh and eq denote evaluation now. at horizon crossing (k = aH). at the end of 
inflation,, at the end of reheating and at radiation-matter equality, respectively, and 
KK is the inverse reduced Planck mass, K2 = 8TTG ( K _ 1 = 2.436 x 1018 GeV). Here we 
usedd the fact that p oc a~4 during radiation domination and the Friedmann equation 
too rewrite HH- Furthermore we made use of the fact that electroweak (p)reheating 
iss nearly instantaneous on the Hubble time scale at the end of inflation. «e/areh = 1. 
sincee its time scale is of order of 1 GeV- 1 for the SIM degrees of freedom [147], whereas 
thee Hubble time H~l at the end of electroweak-scale inflation is of order 1014 GeV"1. 
Att radiation-matter equality the energy density p(,q is twice that in non-relativistic 
matter.. peq = 2ttm{l  +zcqfpc0. with pc0 the critical density at present. pc0 = 3K~2H$. 

Moreover,, in our model preil. pe and pH are all practically equal, and so we find 

* - K : K H - ( « £ 5 H - ( * ) - --

wheree we used [13] fim = 0.29. 1 + ceq = 3455. H0 = 73 km/s Mpc"1. the WMA P 
pivott scale of k/a0 = 0.05 Mpc^1 and an inflationary energy scale ofpj^'1 = 100 GeV. 
Hence,, this number of e-folds Nk is much smaller than the 50 00 one gets in the 
customaryy models whore inflation takes place at much higher energy scales. 
Ass we will show below, the scalar spectral index n = n - 1 is approximately inversely 
proportionall  to Nk. This means that the smaller Nk of low-scale inflation makes 
itit  more difficult to satisfy the WMAP constraint that 11 should be close to zero. 
Moree precisely the constraints from WMA P (including CBI and ACBAR. but. no 
otherr experiments) for the amplitude \Sk\

2 and spectral index ft of the CMB power 
spectrumm are given by [13] (converted to our normalization, see the definitions in 
(7.7)): : 

<5k|
22 = (3.8  0.5) x IQ"10. n = -0.03  0.03. (7.4) 

(7.1) ) 

(7.2) ) 
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7.33 Core model 

7.3.11 Model and WMA P constraints 

Thee model proposed in [26] contains a scalar field a (the inflaton) in addition to the 
SMM Higgs field (p. The effective potential of the scalar fields has the form1 

V{(T.(f>)V{(T.(f>) = V0- -apa
p + -aqa

q - \\^o2<$> 2 + -fi24>2 + T A 0 ( 0 2 ) 2 , (7.5) 
pp q 2 I 4 

wit hh integer q > p > 2. The authors of [26] arrived at the values p = 5, q = 6. As 
wee shall explain below, the value of p is fixed by matching the inflationary (small a) 
partt of the potential to the SM physics part where a and 0 are near their vacuum 
expectationn values. First we need to establish the connection with the CMB data 
(7.4). . 

Wee choose the inflationary energy scale VQ = 100 GeV. This choice guarantees that 
afterr preheating and thermalization the temperature Treh is substantial ly below the 
electroweakk crossover temperature Tc ~ 70 GeV [105], thereby avoiding sphaleron 
washoutt of the generated baryon asymmetry. The reheating temperature can be 
estimatedd as TTeh = [30V0/{7v2g*)} 1/4 ~ 0 .43VQ/ 4 , with g* = 86.25 the effective 
numberr of SM degrees of freedom below the W mass.2 

Initiall  conditions are assumed such that the inflaton has a tiny but non-zero value 
aa00 < 1 0- 1 0 GeV. The Higgs field is assumed to be in the ground state corresponding 
too this value of a. i.e. ó = 0. Only when a reaches the critical value ac = \ij\J\a4>-, 
whichh happens long after inflation has ended in this model, wil l 0 roll away from zero 
andd break the electroweak symmetry. This means that we can consider the single-field 
slow-rolll  inflation stage and the phase transit ion as two separate processes. 
Att the tiny values of o relevant for inflation the oq term in the potential is irrelevant. 
Takingg only the first two terms into account, the model can be solved analytically in 
thee slowr-roll approximation in terms of the number of e-folds N since the beginning 
off  inflation: 

knHa.knHa.NNff = ^ ^ - \ fj=!J!f.-e=(p-l)1ftr<j'-'.  (7.6) 

wheree e = —H/H2 and fj = a /{Ha) are the slow-roll functions, and we have used 
thee fact that ë <<C q. because apa

p <C V0 during inflation, to neglect the I term in 
thee expression for fj, as well as to set H2 = (K2/3)VQ. Defining fj = 1 as the end 
off  inflation, we can now compute the scalar ampli tude and spectral index to leading 

^ c r ee 02 / 2 stands for <p^tp, with <p the usual complex SU(2) Higgs doublet of the SM. 
2I ff  there are in addition three thermalized relativistic sterile neutrinos, g+ — 91.5. 

V.N V.N 

€ € 
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PP = 4 
PP = 5 
pp = 6 

1P P 
2.711 x 10~12 1.4 x 10-y 

1.511 x 10-1 GeV"1 1.4 x 10"9 

6.755 x 10+5 GeV~2 1.5 x 1CT9 

aaee (GeV) <r H (GoV) ff, 
3.66 x 10-1U 

5.44 x If) -10 

7.22 x 10~10 

1.99 x 10-™ 
1.00 x 10-r>6 

7.55 x 1 0 -" 

Tablee 7.1: Some quantities in the inflation model with potential V = Vo - -apa
p 

withh Vo = (100 GeV)4 for p = 4.5.6. as follow from applying the WMA P amplitude 
constraintt for the mode that crossed the horizon at \ H . defined as A\. = 22 e-folds 
beforee the end of inflation A>. 

orderr in slow roll (see e.g. [173. 176]): 

11 k | = 50^77 = 7 5 ^ ° r " (K Vó)""2 (U-V + (/>- 2 ) A - , )^

ftft  = -2fjH - 4èH = -2 ^ « - A P - l I  (7 7) 

( p - i )) + (;>-2).v, A ' A - P - 2'
 [{-{) 

usingg again that è// -C r/#. Hence we see that n is indeed approximately inversely 
proportionall  to N^.. 

Fromm (7.7) we see that the best (least negative) value one can get is n = -0.084 (in 
thee limi t of large p). Actually the situation is even worse than this, for two reasons. 
Inn the first place we find in numerical studies that generically there are about 2 more 
e-foldss of inflation after fj = 1 has been reached, which means that one should use 
NkNk — 22 instead of 23.8. Secondly, one cannot take an arbitrarily large p. because, 
ass we will show below, p > 5 is not compatible with the constraints from the Higgs 
sector.. This means that the upper limit is actually n — -0.114 in this model, which 
iss 3(7 away from the WMA P result (7.4). 

Thee coefficient ap is determined by fitting the amplitude (7.7) to the WMA P value 
(7.4).. Results are given in table 7.1 for the cases of;; = 4.5.6. From this we can 
derivee at which value av of the inflaton slow-roll inflation ends (77 = 1). and at which 
valuee aH horizon crossing of the scale under consideration occurs, see the table. Note 
thatt € at the end of inflation, also given in the table, is still tiny. 

7.3.22 Higgs sector 

Nextt we look at the matching to the Higgs sector, i.e. we consider the stage after 
inflationn when a has grown larger than ac and ó is no longer zero. Here we have the 
followingg constraints. Denoting the value of the fields in the absolute minimum by 
vvaa and i^, respectively, we have firstly the two conditions that the first derivatives 
off  the potential with respect to a and ö in the point (va. rp) vanish. Secondly, we 
demandd that the second derivative with respect to 6 in this point is equal to the 
thee diagonal Higgs mass squared. m\. The actual particle masses are to be obtained 
fromm a diagonalization of the a-é mass matrix, which we will discuss in section 7.4. 
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Thirdly,, there is the condition that V(va.v0) = 0. so that there is no residual vacuum 
energyy (or that it is at least negligible compared to the eiectroweak scale). 

Takingg v^, m  ̂ and /J as addit ional input parameters, these four constraints lead to 
expressionss for \a(p, A^, aq and va: 

1 1 
U H ^ 22 + ^ j t ; 2 . K = T^- (7-8) 

<p <p 

/x22 + i m ^ r J r - ' + Qp i - r * . (7-9) 

Thee vacuum expectat ion value of the inflaton. vG. cannot be given analytically, but 
cann easily be computed numerically from the condition that V{va.v^) = 0. given the 
abovee relations. We take 

V00 = 246GeV, m^ = 200 GeV, / / = 100 GeV, (7.10) 

wheree v<p is the usual SM value. The value for the Higgs mass is of course not known 
yet,, but we require that the eigenvalues of the a-<fr mass matr ix are above the current 
lowerr bound on the Higgs particle mass of 114 GeV [92]. It turns out that to satisfy 
thiss lower bound we need to choose a much larger value for the diagonal Higgs mass: 
2000 GeV wil l be sufficient, 

AA further condition comes from baryogenesis: the inflaton-Higgs coupling should be 
largee enough that the tachyonic transit ion is sufficiently out of equilibrium. The 
ratee of change of the effective Higgs mass squared when a crosses ac = fi/y/X  ̂ is 
determinedd by a dimcnsionless velocity parameter u\ 

__ 1 d{p2 - X^a2) y / A ^ da 
uu = T T ^ ~^ = 2~ "ÖT' t = tc- (7.11 

2//JJ at [i 2 at 

wheree tc is the t ime when a — ac. We have used // to set the scale. The value of this 
masss is not critical here (although it may influence the precise value of the generated 
baryonn asymmetry) and we have chosen ji  = 100 GeV. We shall assume that u *>  0.15 
forr sufficient baryogenesis.3 The value of u can be estimated from energv conservation 
[26]: : 

11 {da\ T̂ XTI  ̂ _ Tr n Y fi4 2 
22 f \ =V0-V(ac.0)=cVo. Q<c<l=*\ a0 = -£yru'. (7.12) 

Requiringg u > 0.15 means that \U(p > 0.01/c > 0.01 (for our choices // = 100 GeV 

andd V0 = 100 GeV). On the other hand, Xa<p should not be too large in order that 

radiativee corrections are under control, say Xa<p < 1. 

Fromm the expressions given in (7.9) and (7.10) we find the results given in table 7.2. 
Noww we can draw the conclusion alluded to before: p — 5 is the only value that satisfies 
alll  constraints. For p < 4 the coupling Xaó between the inflaton and the Higgs is too 

3Ourr u is equivalent to the velocity V of [43. 81]. 
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pp = 4. 
pp = 5. 
pp — 6. 

pp = 6. 

QQ = 

qq = 

QQ = 

QQ = 

- 6 6 
== 6 
-- 7 
== 8 

X/ro X/ro 
1.44 x 10"6 

0.36 6 
2.00 x 103 

3.11 x 103 

AA o 
Ü.33 3 
0.33 3 
0.33 3 
0.33 3 

aaq q 

3.22 x 10"22 GeV-2 

8.44 x 10-6 GeV"2 

3.00 x K r 5 GeV"3 

2.99 x l ( r 5 GeV-4 

<VV (GeV) 
1.455 x 10° 

288 8 
3.90 0 
3.09 9 

Tablee 7.2: Values for the parameters and infiaton vacuum expectation value v„  in the 
fulll  model (7.5) for different choices of (p.q). following from constraints on the Higgs 
sectorr of the model, as explained in the main text, using the values given in table 7.1 
andd equation (7.10). 

smalll  for baryogenesis. while this case is also worse for the scalar spectral index n. 
Forr p > 6. Xao is much too large, making quantum corrections uncontrollable. Note 
thatt even the extreme p = G case with q — 7. fi — 1 GeV and ma = 132 GeV (which 
meanss that the smallest eigenvalue of the a-o mass matr ix is 115 GeV) gives a Xa(t> 

thatt is still much too large {Xa0 — 625). so that this conclusion does not depend on 
ourr parameter choices. Hence, we really cannot go beyond p = 5 when we try to 
maximizee the spectral index. 

Thee basic reason for the limi t on p is the fact that p > 5 implies a rapid turning down 
off  the potential as a increases and together with the low value V0 = 100 GeV this 
leadss to a very small va; this in turn requires a very large X(T0 in order to obtain the 
requiredd value ACT(i)c

2 — p2 — rn2
cj2. 

Wee end this section by not ing that for the p = 5. q — 6 case, h = —0.114; furthermore 
(7(7CC = 166 GeV. which satisfies ac C oc < oa as we assumed, and c = 0.09 (cf. 
(7.12)).. Note that A^^ = 0.36 satisfies the requirement Xa0 > 0.01/c. The energies 
correspondingg to the values of a5 and a6 are somewhat above the electroweak scale: 
l /c* 55 = 661 GeV. l/y/a  ̂ - 344 GeV. 

7.44 Inflaton-Higgs mixing 

Inn this section we take a first look at the possibility of testing the model by acceler-
atorr experiments. The shape of the potential near its absolute minimum determines 
thee particle masses and interactions that we can measure in the laboratory. The in-
fiatonn and Higgs fields have the same quantum numbers after electroweak symmetry 
breaking,, and consequently the emerging particles correspond to a mixture of the two 
fields.. The part icle masses are given by the eigenvalues of the a-ó mass matr ix. 

(( y  ̂ y " 0 ) . °=Va. <t>  = V0. (7.13) 
\\ V .0(7 V .ÓO ) 

andd for the core model with p — 5. q = 6 they are given by m\ = 385 GeV. m-2 — 
1255 GeV. safely above the current experimental lower bound for the1 Higgs mass of 
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1144 GeV. The mixing angle defined by 

(pi(pi = (TCOS£ — <i>sm£- <p2 = (7sin£ + c>cos-̂ (7-14) 

wheree 0i and 02 are the mass eigenmodes, is given by sin£ = 0.43, cos£ = 0.90, or 
££ = 0.44. 

Becausee mi > 2m2, the heavier particle can decay into two lighter ones and it is of 
interestt to calculate the decay rate (see e.g. [177]): 

l\22\/l\22\/mm\\ ~ 4 m^ 
>2+22 — 327T?Ti^ ^ 

(7.15) ) 

withh 7i22 the three-point coupling: 

dd33V V 
71222 = », ^ , » , , <T = V<T, 0 = ^ . (7.16) 

001002 2̂ 2 

Wee find 7122 = 53 GeV and a decay rate Ti_>2+2 = 56 MeV. However, the mixing 
intoo the Higgs proportional to sin£ facilitates decays into the modes allowed for a 
SMM Higgs particle with mass mi, e.g. the decay into two W bosons, with a much 
largerr rate reaching 100 GeV for a mass £s 500 GeV [92]. Since the latter decay 
modee is forbidden for the lower mass particle 2, it decays predominantly via the bb 
channell  with a much smaller rate of order 10 MeV [92]. Hence the branching ratio 
viaa 1 —> 2 -f- 2 will be very small. So the model predicts 

Ti^xTi^x ^ s i n2 £ r H ^ x , m0 = mi, (7.17) 

TT22̂ x^x - cos2 £ TH^x-, rn  ̂ = m2, (7-18) 

forr a dominant decay mode X of the SM Higgs particle. 

Lett us conclude this section by discussing the number of parameters of the model. 
Considerr coupling the gauge-singlet inflaton field to the SM Higgs field in a renormal-
izablee fashion. To start out with this would introduce three new parameters beyond 
thosee of the SM: 

m jj  = V f f 0 . (uf f ,V^) , Xa = -VaavaiVa^Vj,) (7.19) 

andd \a(f,. Lacking the symmetry a —» —a. we should also include V ^ ^ ^ t v , - ^ ) and 
^adxpi^Va-v^).^adxpi^Va-v^). The linear term in the expansion around the minimum vanishes since 
y.aivtj.v^)y.aivtj.v^) = 0, which determines va. We should also keep in mind the cosmological 
constant,, which is needed to control the energy density of the vacuum (approximated 
byy zero in this chapter) and which is usually not included in the parameter set of the 
SM.. So within the renormalizable class of models we should not be surprised to find 
sevenn new parameters. The scenario for baryogenesis suggests the introduction of two 
moree parameters in order to be able to adjust the height and the first derivative of the 
potentiall  at the spinodal point ac: V(ac.0) and V_a(ac.Q) (where ac is determined 
byy V,<t>4>{vc-,Ü) = 0). These two conditions suggest that we need more freedom in the 
potential,, e.g. provided by the coefficients of non-renormalizable a5 and tr6 terms. 
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Inn the core model all these parameters are basically set by the inflationary paramet-
erss Vo and ap. except for the cosmological constant which is controlled by aq. It 
wouldd of course be surprising if the thus obtained parameters were just right for the 
phenomenologyy in the electroweak domain. To influence their values (e.g. to control 
rnrn22,, and hence also mf) we would have to add further terms to the potential in the 
electrowreakk regime. For the case p — 5. q — 6 these would be a7, a8. . . .. Experiment 
wil ll  inform us of the need of such terms. Moreover, in the inflationary domain there 
aree terms that have been arbitrarily set to zero in the potential of the core model 
withh p — 5. namely the a2. a3 and a4 terms. These will be considered in the next 
section. . 

7.55 Improving the core model 

7.5.11 Adding a quadratic term 

Too bring the scalar spectral index closer to the central WMAP value we add a negative 
quadraticc mass term for the inflaton to the potential, as in the class of models studied 
inn [27]: 

V(a.V(a. (p) = Vcore(a, <f>)  - ^a2a
2. (7.20) 

withh VCOTe((T.(p) defined in (7.5). In this case the slow-roll system (considering only 
VQVQ — \a2o

2 — -}apa
p) can still be solved analytically: 

a(N)a(N) = 2££ + ( ^ , + M e x p( ( 2 _p ) ^ A r 
aa22 V " 2 / V K'VO 

a a 
WVg WVg 

aa22(l(l  + ^ ^ - 2 ) \ ?j=-%-(\ + {p-l)^cT*A.. (7.21) 
\\ a2 J KZVQ \ Q2 / 

whichh agrees with (7.6) in the limit that a2 —> 0. 

Inn a derivation analogous to the one in the previous section, we find for the spectral 
indexx the following expression: 

-- 9 ( P - 2 ) ( 1 - X) + (1 + ( P - 2 ) . T ) ^ -2 ) - ^ . t , _ «2 , . 
nn = — IX -— ; ; :—--; ^—r:  ~ .. W i t h X = OT_  ( 1.11) 

(x-l)(x-l) + (l + (p- 2)x)e(p-^x N><  K2V0 

Thee curve n(x) is plotted in figure 7.1 for p = 4.5.6 and Nk — 22. We see that 
thee situation can be somewhat improved compared to the massless (x = 0) case by 
choosingg a2 such that x ~ 0.023, i.e. yja? = 6.3 x 10~16 GeV. which for p — 5 changes 
nn from —0.114 to —0.092. However, this is still a 2a deviation from the central WMA P 
result.. Note that the added quadratic term is completely negligible for a ~ va, and 
itss only effect for the Higgs sector comes from changing the value of ap that follows 
fromm the WMA P amplitude (to ct5 = 5.0 x 10- 3 GeV- 1 for the case p = 5). This 
doess not change the conclusion about p > 5 being excluded. 
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Figuree 7.1: The scalar spectral index n = n — 1 as a function of the dimensionless 
masss parameter x = a^A^Vo) m the model (7.20), as given in equation (7.22), with 
Nf;Nf; = 22 and plotted for p = 4 (solid), p = 5 (long dashes) and p = 6 (short dashes). 

7.5.22 . .. and a quarti c term 

Includingg in addition a quartic term for the inflaton allows for more variation in the 
spectrall  index: 

V(a,V(a, 4>) = Vrcore(CT, 4>) - -a2a
2 + ja4a

4, (7.23) ) 

withh Vcore(a, (ft) defined in (7.5), where we have now fixed p = 5, q = 6. This means 
thatt for the inflationary part we consider the potential 

Vlnfl(o-)) = Vo - -a2cr2 + 7Q4CT4 - -a5a
5. 

22 4 5 

Forr the analysis it turns out to be useful to make the following definitions: 

R R 
27Q2CÏ5 5 o 2 2 3a5 5 aa = a 

aa4 4 

(7.24) ) 

(7.25) ) 

(thiss is the same definition for x as in the previous subsection). Assuming that all 
a'ss are positive there is always a maximum at a = 0, and for a > 0 there are 
threee different cases depending on the value of R. For R > 27/4 the potential has a 
negativee second derivative for all positive a, for 4 < R < 27/4 the second derivative 
changess sign from negative to positive and back to negative, and for R < 4 there is 
ann additional minimum maximum pair. For R = 4 the potential has a flat plateau 
aroundd a = 2. We restrict ourselves to the region with R > 4, because an additional 
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minimumm would stop the inflaton from ever reaching the critical value ac (ignoring 
quantumm tunneling which we do not consider in this chapter) and the electroweak 
symmetryy would not be broken {nor would inflation end at all).. In the full model 
theree is of course no drop off to minus infinity, because after inflation the \a§a& term 
wil ll  come into play to create the absolute minimum at va. 

Usingg the slow-roll equation of motion, we can derive expressions for l{a) and ff{a) 
inn this model as well, leading to the following results for the amplitude and spectral 
index,, still in terms of the inflaton field: 

|ik|22 = 2^(f) 3(fl*»-3**'+*i>" 2- (7'26) 

nn = ~{R-95%+id3
H). (7.27) 

Too determine an we need to solve the equation of motion. Although it can be integ-
ratedd analytically to give N(a). the inversion to obtain a(N) has to be carried out 
numerically.. The horizon-crossing value &n is then the held value 22 e-folds before 
thee end of inflation, which is defined by the relation fj = 1. The analytical results 
usedd in this procedure are given in appendix A. 

Ann important result that can be seen from the equations in the appendix, is that an 
dependss on the parameters R and x only. That means that the same is true for n. 
AA contour plot of n as a function of x and (R — 4)~l is given in figure 7.2 (we use 
(R(R — 4)"1 for the ordinate to avoid the curves getting squashed in the region R [  4.) 
Wee conclude that there is a parameter region (the red area) where a spectral index 
compatiblee with the la WMA P constraint (7.4) is produced. For R < 27/4 (i.e. 
(R(R — 4)^1 > 4/11) it is even possible to get n > 0 (the blue region). On the other 
hand,, the amplitude does not just depend on R and x. butt also on Q4 explicitly, as 
cann be seen from (7.27). 

Noww we can apply all the constraints and determine the parameters in the following 
way.. First we determine x and R from the spectral index constraint. Of course this 
cannott be done uniquely; basically we are free to choose e.g. x (within certain limits as 
indicatedd in figure 7.2) and then R is fixed by the constraint. Actually there are still 
twoo possibilities for R, but it turns out that the smaller value (corresponding to the 
upperr branch in figure 7.2) leads to smaller non-renormalizable couplings a$ and ag, 
andd also to a smaller dimensionless coupling \a (cf. (7.19)). which we consider more 
acceptable.. Next a A is fixed by the CMB amplitude constraint. Finally, the other 
parameterss are determined by the coupling to the Higgs sector, in a way completely 
analogouss to the treatment in subsection 7.3.2 and section 7.4. Setting h = —0.03, 
thee central WMA P value, an explicit example with x chosen to be 0.1 is: 

xx = 0.10 : R = 4.32. a\/2 = 1.30 x 10~15 GeV, a4 = 4.36 x KT 12, 

aa55
ll = 357 GeV. a6

 1/2 = 238 GeV, Xa<j>  = 0.46. A^ - 0.33. 

\ aa = 8.6, vj, = 246 GeV, va = 255 GeV. ll22 = 65.5 GeV. 

mii  = 4277 GeV. m2 = 128 GeV. £ = 0.39. (7.28) 
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Figuree 7.2: Contour plot for n = n— 1 as a function of the parameters x and (R — 4 )_1 

(definedd in (7.25)) in the model (7.24) for the mode that left the horizon Nk = 22 
e-foldss before the end of inflation. The contours are (from outside to inside) for 
nn = -0.12, -0.09, -0.06, -0.03, 0.00, +0.03, +0.06, respectively. This means that the 
darkk grey region (between the contours —0.06 and 0.00) corresponds to the la WMAP 
constraintt (7.4). while the lighter regions (on the left and at the bottom) indicate 
valuess that are too low, and the regions on the right values that are too high. The 
right-handd regions also correspond to a blue (n > 0) spectrum. 
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0 . 066 O.Oi 00 . 12 0 . 14 

00 . 06 00 . 08 0 .12 2 0 .14 4 

Figuree 7.3: Variation of the dimensionful (top) and dimensionless (bottom) paramet-
erss in the model described in subsection 7.5.2 as a function of the one free parameter 
xx when all CMB (with n = -0.03) and SM constraints are applied (and choosing the 
smallerr value for R). 
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Forr a more general picture see figure 7.3. where all the parameters have been plotted 
ass a function of x (and choosing the smaller value for R). We sec that as x increases, 
thee non-renormalizable mass scales Q.r1 and a§ also increase and that the (rather 
large)) inflaton selfcoupling \a decreases. Since smaller couplings are generically easier 
too deal with, the larger x values would be favoured, but we shall not pursue this aspect 
further. . 

7.66 Loop corrections 

Thuss far we have assumed the potential V to be an effective potential that approxim-
atelyy describes some extension of the SM, i.e. including all quantum effects. Never-
theless,, since the calculation of the spectral index is based on the growth of quantum 
fluctuationss during inflation, it is important to try to ascertain that the back-reaction 
off  these fluctuations on the inflaton and on the SM is under control. After all. the a 
valuess vary over some twelve orders of magnitude from the inflationary to the elec-
troweakk domain. We therefore investigate in this section one-loop corrections based 
onn V. 
Correctionss on the effective potential in the inflationary domain due to a Higgs loop 
havee been investigated in [26], but not those coming from an inflaton loop. There 
iss reason for concern, because the four-point selfcoupling Xa of the inflaton in the 
minimumm of the potential, defined in (7.19), is rather large. For example. Xa = 8.6 for 
thee case (7.28). With such large couplings, computing loop 'corrections1 is a hazardous 
endeavourr and the calculations in this section are aimed at obtaining insight rather 
thatt getting quantitative results. 

Att strong couplings the non-perturbative phenomenon of "triviality " conies into play: 
ass the cutoff used to define the model is raised the renormalized couplings go down, 
andd they even vanish in the infinite cutoff limit . Larger couplings imply a smaller 
maximumm value of the cutoff, which is then interpreted as a momentum scale where the 
modell  breaks down (also known as 'the Landau pole'). For a review of the application 
too the SM see [92, 178]). Assuming that this phenomenon applies also here, we shall 
tentativelyy use it to estimate the maximum cutoff from the large inflaton selfcouplings. 
Anotherr reason for expecting such a scale where the model breaks down is the fact that 
itt contains non-renormalizable couplings of dimension larger than four. This situation 
mayy be compared with effective pion models for QCD. These models are typically 
alsoo non-renormalizable (even non-polynomial) and in first instance only valid up 
too a few hundred MeV.4 Loop corrections may then further extend their validity. 
AA well-developed scheme is Chiral Perturbation Theory, in which all perturbative 
infinitiess are removed by counterterms. with new physical constants parametrizing 
thee corresponding finite parts [179, 6]. 
Beforee continuing in detail we should add the cautionary remark that the usual equi-

4Wee recall also the linear sigma model, in which the selfcoupling is large, A = m^/(2f%) ~ 2 0 - 45 
forr a sigma resonance in the range 600 - 900 MeV. 
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l ibriumm effective potential can in principle not be applied blindly to systems out of 
equil ibrium:: we interpret it as being only indicative of the back-react ion. More soph-
isticatedd methods {e.g. Hartree or 2PI [180]) are available, but they are a lot more 
complicated.. In the inflationary domain the one-loop potential is complex due to the 
treee potent ial being' unstable, and we shall concentrate on its real part. 
Considerr the potential 

1 , 1 , 1 , 1 1 
-a-a44aa - - • —— VQ — -c\2&~ + T Q 4 r r ' — ;:f*r><70 + - n G r r 6 

-\-\0000aa22oo22 + -/ro2 + - A 0 o 4 . '.29) ) 

whichh is to be identified with V at tree-level. For simplicity we consider here only 
onee real Higgs field to avoid the complications of massless Goldstone bosons, which 
wouldd be absorbed by the W and Z bosons in the full SAL The one-loop contribution 
too the effective potential is given by (see e.g. [178]) 

VV[V)[V)  = f ( ^ ) + f ( m | ) + c.t. (7.30) 

wheree f(m2) is the ground-state energy-density of a free scalar field with mass rn. c.t. 
denotess counterternis and m'j and m\ are the eigenvalues 

2 2 
1.2 2 == g ("'" + <  y/(»'l->»l)2+-l»>U)  (7-3i; 

off the field-dependent mass matr ix 

"L "L 
>»l >»l 
m% m% 

= = 

= = 

= = 

vv{0{0l l 
.. ab 

™LL  = 
mmlolo = 

(a.b)(a.b) e {cr.0}. 

-- —a-2 + 3a^a2 — 4Q5a"3 4- Setter'* 

==  [i 2 - \„4,cr 2 + 3A^02 . -m2
aé = 

-- KoO2. 

-- -2\0(1>oé. 

(7.32) ) 

(7.33) ) 

(7.34) ) 

Thee ground-state energy-density is given by 

2,, /' ^ 3 P 1 
€[nr]=€[nr]=  ' J^2^m2 + p2- (7-35: 

|p|<AA l Z 7 r J z 

wheree we used a spherical cutoff A on the three-momenta. Alternatively, we can use a 
four-dimensionall euclidean cutoff on the usual log-determinant form \ndct{tti'flb + 02}. 
whichh leads to 

f(mf(m22)) = 11 f <iP , 0 9, 

Thee first regularization (7.35) has the advantage that time is kept real (and con
t inuous),, which is conceptually attractive for systems out of equilibrium, whereas the 
regularizationn (7.36) can be applied only in equilibrium with imaginary and somewhat 
fuzzyy time. It turns out that both regularizations give very similar results and for 
definitenesss we shall continue with the first one, (7.35). 
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Withinn the spirit of a polynomial parametrization. the counterterms are supposed to 
bee polynomial in a and 0. It is desirable that they are able to cancel all divergencies 
ass A —> oc: the quartic (oc A4), quadratic (oc (m2 + m^A2) and logarithmic (;x 
{{ml){{ml) 22 + (m2)2)lnA ) ones. This is possible, since the square root in (7.31) drops 
outt of the sum m2 + m|, and also (m2)2 + (m2,)2 = (ra2)2 + (m2)2 + 2(m2

(p)2 is a 
polynomiall  in a and (p. We define 

eeff(m(m22)) = e(m2) - ^ L f 2A
4 + 2m2A2 - (m2)2 In 2 e ^ A ) (7.37) 

o o 

(m2)22 In —- + 0(A" 2 In A), (7.38) 
1 1 

64TT2 2 V' V' 

wheree we introduced the renormalization scale v. Dropping terms with negative 
powerss of A, the form (7.36) for e reduces also to the form (7.38) (with a different 
subtraction).. We shall continue with the full form (7.37) with e(m2) given in (7.35), 
withoutt dropping negative powers of A. 

Thee total potential at one loop is 

VV = VW+V{1) (7.39) 

Att this stage we have used counterterms corresponding to all the terms in (7.29) to 
cancell  the divergent cutoff dependence, as well as a few more: a7, a8, <r3</>2 and <JA4>2 . 
Thee finite parts of these counterterms have been assigned values by the subtraction 
inn (7.37) (which is similar to the minimal subtraction used in perturbative QCD 
calculations).. However, we still need at least some of these parameters to impose 
renormalizationn conditions on the potential. A minimal set of conditions is: (i) the 
reall  part of the expansion of V in a around a — 0, at 0 = 0, coincides with the original 
V^V  ̂ up to and including cr5, {ii)  V vanishes in its absolute minimum at a = va, 
4>4> — v<t,, and {Hi) v$ — 246 GeV, unchanged. Requirement (i) expresses our wish to 
keepp the potential unchanged in the inflationary domain, {ii)  keeps the cosmological 
constantt zero and {in) is needed for electroweak phenomenology. Furthermore, in a 
sensiblee renormalized perturbation scheme it is desirable that the particle masses in 
loopp diagrams are kept at the same values as in the tree-graph starting point, so we 
addd to our minimal set of conditions: {iv) va, (v) m2 and {vi) m2, are unchanged 
inn the minimum of the potential. We can impose all these conditions by using only 
countertermss according to the parameters listed in the tree potential (7.29). It turns 
outt that ffi2a<p ends up also very close to its tree value so that the particle masses mi 
andd m2 are indeed practically unchanged. The unusual combination of two classes of 
renormalizationn conditions, {i)  in the inflationary region and {ii)-  (vi) in the today's 
physics'' region, makes an interesting problem. 

Summarizing,, the above renormalization conditions can be implemented by coun-

147 7 



Chapterr 7. Electroweak-scale inflation 

terr te rms of the form 

1 1 
c.t.. = 

327T2 2 

E E 

4A44 + 2{m\ + ml) A2 - ({mjf + (m2,)2) In — 

 r ' , 2 \ , , / 2 ReW^ (m- )) + 6/(m-)J F (7-40) 

fr=0fr=0 ^ ^ <r=o=0 
. a 66 a2o2

 2o
2 o4 

+oa+oaGG — 0AaO— h dfi — + dXp — . 

whichh satisfies condition (i) (note that m\ = m2 and zn2, = m2 in the inflationary 

region,, since ó = 0). The first thing to check is the coefficient of the a6 term in the 

expansionn around a = 0: it should not be large, as this might spoil the neglect of 

suchh a term in the inflationary domain. For the Higgs loop this has been done already 

inn [26]. Its contr ibut ion to the coefficient of <76/6 is —A^ó/(32/T2/Jt
2). which for the 

casee (7.28) is only —3.1 x 1 0- 8 G e V- 2 . even much smaller (in absolute value) than 

etc,, = 1.8 x 10~° G e V- 2 . For the inflaton loop the effects are even smaller because 

thee effective mass ma is tiny in the inflationary region: although l n ( m2 / ^ 2 ) is the 

logari thmm of a very small number, the (m2 )2 in front of it makes it negligible. Since 

thee terms with different powers of a up to and including o° are by construction all 

approximatelyy equal during inflation, a rough estimate of the relative importance of 

thee inflaton loop corrections is given by a2, \n(a2/v2)/(64TI2a2&jj)  = C(10~1 2) . 

Wee now impose the renormalization conditions (ii) (vi) in the minimum of the po-

tent ial.. These are five linear equations for the four parameters of the counterterms 

inn the third line of (7.40). plus the renormalization-scale parameter \nis. Using as an 

examplee the parameter set (7.28) and choosing A = oc for a start, results in 

SaSa66/a/a66 - 0.10. SXa0/Xaó = - 0 . 011. <5/i2/^2 = -0 .058. v = 939 GeV. 

*A 0/A **  = 0.026, m ^ 0 + 1 ) / m ^ 0 ) = 0 . 9 5, A ^ / A ^ = 2.07. (7.41) 

wheree (0) indicates the tree-graph value and (0+1) the value derived from the full 
potent iall  (7.39). The renormalization scale u seems to be somewhat large, but small 
changess in \n{v) are of course amplified in v itself. The finite counterterms look 
reasonablyy small. The mixing mass ma  ̂ is also close to the tree-graph value, in 
accordancee with our desire to keep the particle masses in the loop contributions close 
too the tree values. The inflaton selfcoupling \ a has increased by an unpleasant factor 
off  about two. which seems to make the calculation untrustworthy. Another way of 
t reat ingg the renormalization to deal with this is discussed in appendix B. 

Sincee we have removed the divergent cutoff-dependence with the counterterms. the 
renormalizedd effective potential cannot give us information on the scale where the 
modell  is expected to break down. For this we look at the bare coupling defined in 
termss of the bare potent ial V  ̂ +c . t ., by 

ASb>> = ( l /6)(VW+c.t . ) .C T f f f f f f . (7.42) 

evaluatedd at its absolute minimum. In a simple 04 model with one real scalar field the 

relat ionn between the bare and renormalized coupling is qualitatively well described 
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byy the one-loop renormalization-group relation (see e.g. [178. 181]) 

A (b)) = ^ — = A + \23t + • • • , t = ln(A/m) + const.. (7.43) 
ii  — o \t 

withh 8 = 9/(87r2) the one-loop bet a-function coefficient. The bare coupling A(b) 

divergess when the denominator vanishes at the position of the 'Landau pole', and 
numericall simulations have indicated that this gives an order of magnitude estimate 
off the limiting A (modulo the uncertainties related to methods of regularization and 
factorss like 2e _ 1 / 4 in (7.37): for a review see e.g. [181]). As can be seen from the 
expansionn in (7.43). the one-loop value of the bare coupling equals twice the tree 
valuee at the pole, and we shall use this for an estimate of the maximal cutoff Amax: 

XX{{
aa

b)b)/X/Xaa = 2 =• A = A m a x . (7.44) 

Usingg the results from the renormalization procedure in (7.41) we find that the max
imumm value is already reached near A ~ 600 GeV. for which Xa = 12.8 (and v — 702 
GeV). . 

Thee loop calculation in this section has given evidence that the flatness of the in
flationaryy part of the potential can be kept consistent with quantum corrections. It 
appearss that the model has to break down already at a fairly low scale. For the 
examplee (7.28) this could be around 700 GeV or perhaps as low as 300 GeV (see 
appendixx B), but for larger x values this scale slowly increases. Above this scale new 
physicall input is needed. 

7.77 Conclusion 

Inn this chapter we investigated the implications of the WMAP results for low-scale 
inflationn and found that there are severe constraints. This is essentially because the 
proximityy of the observed scalar spectral index n = n - 1 to zero is hard to reconcile 
withh the small number of e-folds between horizon crossing of the observable scales and 
thee end of inflation in these models. Working in the context of a phenomenological 
electroweak-scalee inflation model that allows for tachyonic electroweak baryogenesis 
andd consists of one additional scalar field a coupled to the Standard Model Higgs, we 
weree led to further constraints on the infiaton-Higgs potential. However, we found 
thatt there is a range of parameters compatible with a spectral index close to (and 
evenn larger than) zero in this model. 

Thee polynomial approximation together with all the constraints led to the conclusion 
thatt we need a a'J term in the potential during inflation (as in [26]). In addition a2 

andd a4 terms are needed, and (or instead of the cr4) there might be a a* term, but no 
powerss higher than 5 can be present during inflation. The appearance of an odd power 
(er5)) implies a local minimum at small negative values of the infiatoii field (a = 0 being 
thee value where the potential has a local maximum). A universe with initial conditions 
inn this negative region would classically never end inflating, which is why we assumed 
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aa small positive initial condition for the inflaton held. However, quantum tunneling 
mightt very well make the case of a negative initial condition viable as well. The use of 
aa polynomial approximation is quite natural for the inflationary region of the potential 
wheree the infiaton held is small, hut it seems somewhat artificial in the large field 
regionn where the Higgs field comes into play. The odd and non-renormalizable power 
aa;j;j  in the potential appears to be the price we have to pay for keeping the number of 
parameterss limited. It is not excluded of course that the model with its non-symmetric 
potentiall  and non-renormalizable couplings can be embedded satisfactorily in a model 
withh more symmetry that is also renormalizable. e.g. a supersymmetric extension of 
thee Standard Model. 

Inn the one-loop calculation we found that the very different renormalization conditions 
inn the inflationary and electroweak regimes did not lead to unresolvable conflicts. In 
ourr results quantum corrections do not disrupt the required flatness of the potential 
inn the inflationary region. The non-renormalizable couplings and also the relatively 
strongg inflaton selfcoupling suggest a breakdown of the model already at a fairly low 
scale,, perhaps below 1 TeV. depending on the choice of parameters. 

Wee conclude with the important remark that the phenomenological model arrived 
att here can be falsified experimentally through its conspicuous generic feature: the 
existencee of two (and only two) particle species with zero spin and masses around the 
electt roweak scale, and couplings to the rest of the SM equal to that of the Higgs up 
too factors related to the mixing angle. 

7.88 Appendix 

7.8.11 Some analyt ical results for  the ful l model w i t h a quart i c 
te r m m 

Startingg from equations (7.24) and (7.25) in subsection 7.5.2. we find the following 
slow-rolll  field equation: 

1ATT R da 
dftdft = - — — r r. (7.45) 

.v.v Ra - 3<7-J + al K ! 

Integratingg it from horizon crossing (subscript H) to the end of inflation (subscript 
e).. we obtain for R > 4 (with Nf. = Ne — NH): 

' ** - 3.T 

22 + Q+2Q2 j n / g - l + Q + Q "1 

1+Q+Q22 I v
/ a ^ ( 2 + g + Q - ' j < T + Q - f Q - i+ Q2 + Q-2 

+ 3 h ll (*-i +Q+Q-0 + >/3 ̂ ^ F(«r 7.46) ) 
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with h 

and d 

g 33 = ï ( i ? - 2 + \ / ^ > / ^ : 4 )  ̂ JR = 2 + Q3 + Q-3. (7.48) 

Thee field value at the end of inflation that follows from the condition 77 = 1 is for 
xx < 1 given by 

33 / i x  SR 1 - x ( 21 x \ _ t^ 

7.8.22 Another renormalization treatment 

Wee found in (7.41) that the already large inflaton selfcoupling ACT increased by an-
otherr factor of two when applying the renormalization conditions. Of course, de facto 
XXaa is a derived coupling: it depends on the other parameters of the model and we 
mayy just have to accept how it turns out. In principle, further experimental inform-
ationn is needed to be able to pin down the non-renormalizable couplings beyond a*, 
andd a6. similar to what is done in Chiral Perturbation Theory. To continue, we can 
pretendd that our tree-level values for couplings such as Xa are actually phenomenolo-
gicallyy correct, i.e. consider them as experimental input. Alternatively (but leading 
too the same treatment) we can work from the point of view presented at the end of 
sectionn 7.4 that Xa is a primary coupling and that the other parameters have to be 
chosenn accordingly. (At this point we have assigned values to the non-renormalizable 
couplingss of the a7, a8, a3<p2 and aA<p2 terms in a somewhat arbitrary way by the 
subtractionn in (7.37) and the value of the renormalization scale v.) So we continue 
thiss exploration by imposing that in addition to va, V& and the particle masses m j, 
m\m\ and mJL. also the tree-graph value of XG is to remain unchanged, and that the 
otherr parameters have to be chosen accordingly. 

Wee add to our renormalization conditions: (vii) m2
a(t> = maip and (viii) \„  — Xa

Sincee Acr is naturally controlled by the a parameters, we add to (7.40) the finite 
counterterms s 

aa77 cr8 

++  6a7— + Sa8 — . (7.50) 
tt o 

stilll  keeping the coefficients of <r :i(f>2 and a4(p2 set by the value of v. The result of this 
exercisee is given by 

6a6a66/a/a66 = -0.75. 8\aof\a0 = 0.15. tf/i2//^2 = 0.34, ^ = 3987 GeV. 

5X5X00/X/XÓÓ = 0.092. 5a~l/3 = 217GeV. {~Sas)~
l/4 = 363GeV. (7.51) 
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Wee see that the scale of 6aT and <5Q8 is similar to that of a5 and a(>. and the other 
counter termm parameters are larger than before in (7.41) but still reasonable, except 
thatt v has slipped to a rather large value. We could fix v to. say. 400 GeV and use 
onee of the ako2 couplings in its place, but then the resulting comiterterm parameters 
forr the other couplings are larger. Moreover, we prefer to keep v variable since it 
adjustss itself natural ly in such a way that the loop correction vanishes as A —> 0. 

Whenn we try to determine the maximal cutoff in this case using the est imate (7.44). 
wee find that this criterion cannot be applied meaningfully because the bare potential 
quicklyy becomes unstable (no lower bound) as A is increased from zero. This happens 
alreadyy for A between 200 and 30Ü GeV (where v has come down to % 300 GeV). 
Suchh a low value is also suggested by the fact that 250 - 350 GeV is the scale of the 
non-renormalizablee couplings a5 and nf i in the example (7.28). 
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