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11 Introductio n 

Scientistss have an effect upon society by finding out the details of how systems of 
practicall  interest work. The aim is either to obtain new knowledge, or learn how to 
usee nature to our benefit. For this we need the basic rules of the systems, the governing 
equations,, and we must know how to solve them for interesting conditions. 

Att the beginning of the twentieth century, scientists felt that, for macroscopic 
systems,, all the relevant equations had been derived. Actually solving these equations 
forr most practical problems is, however, a daunting task. Even though in the course of 
aa few centuries, hundreds of talented scientists, including dozens of geniuses, worked on 
thee solution of these equations, there are still many interesting practical situations and 
intriguingg subtle interactions that lack a thorough understanding. It is not uncommon 
thatt areas of research that seemed exhausted suddenly regain the center of the scene. 
Perhapss a deeper understanding is needed to complement new experimental methods 
orr for technological applications, or simply because new methods allow the solution of 
equationss that previously seemed hopelessly intractable. 

Thiss thesis focuses mainly on electro-hydrodynamics. That is, systems where hy-
drodynamicc (flow-induced) and electrostatic (charge-induced) interactions are of the 
samee order of magnitude and are thus in competition. For applied purposes, a revival 
interestt in this field has been driven by the practical needs of microfluidics and bio-
physics.. On the theoretical side, electro-hydrodynamics is still challenging due to the 
inherentt non-linearity of the relevant equations. 

Inn microfluidics it was soon realized that the most efficient way to displace fluids in 
microo (or nano) capillaries is through electroosmosis. However, technological problems 
stilll  remain unsolved. For example, the mixing of fluids at the extremely low Reynolds 
numberss that characterize very small scale flows remains an outstanding problem. In 
thee context of biophysics, there is an additional question: living cells contain large 
numberss of charged (macro) molecules and large electric fields are maintained, in 
particularr across membranes. Yet, littl e is known about the role of electrokinetic 
phenomenaa for molecular transport in cells. 

Thee problem is, of course, that electrokinetic phenomena in all but the simples 
geometriess cannot be treated analytically. One can imagine a protein in an electrolyte 
ass a large charged particle surrounded by microions (of both signs) which rattle around 
whilee interacting with each other and with the protein, both electrostatically and 
hydrodynamically.. The protein itself feels the environment and other proteins by 
meanss of forces, which can again being mediated by the solvent. However, all this 
complexityy can actually help. Because the small particles move much faster than the 
largee ones, they have time to explore so many configurations of phase space that they 
are,, effectively, at equilibrium. To show this, let us estimate whether a microion is 
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11 Introduction 

ablee to follow the a colloidal particle in its most abrupt movement, a Brownian jump. 
Wee estimate the time of a Brownian jump of length I for a particle of mass m with 
frictionn coefficient £ to be Tj = m /£. On the other hand, the time it takes an ion a 
off  the electric double layer to relax to its equilibrium position in the layer is of the 
orderr ra = l2/Da, where Da is the diffusion coefficient of the ion. The electric double 
layerr can be treated as approximately remaining in its equilibrium configuration if 
rr aa <g; Tj. Estimating the length of a jump as I « UTJ and the particle velocity u as 
thee root mean square value of one component of the thermal velocity u — y/k^T/m 
then,, using the Stokes-Einstein relation D£ = hsT, we find Tj/Ta ~ £j/£a- Using 
Stokess law, £ = 67T77a, for the friction coefficient of a sphere of radius a in a fluid with 
viscosityy 77, we see that this corresponds to aion <C aparticie- This condition is satisfied 
forr colloidal particles. 

Becausee retardation effects from the relaxation of the electric double layer are 
negligible,, we can treat it "adiabatically". In this context, an important role is played 
byy new types of computer simulations usually referred to as "Mesoscopic simulations". 
Withh this class of computer simulations one attempts a coarse graining procedure, 
recastingg the microscopic description of a system, which would require solving the 
equationss of motion for all the molecules, into a mesoscopic description where it is 
sufficientt to follow the time evolution of the global properties of the system (mass 
andd momentum density for example). There are several approaches to doing this, 
eachh with its own strategies, but the general procedure is to integrate out the fast 
degreess of freedom, reducing the actual simulation to only the slow ones. Among 
thee mesoscopic simulations, the lattice-Boltzmann method (LB) (which I introduce 
inn Chapter 2) has proved to have some very desirable properties for the study of the 
hydrodynamicc interaction, especially from a computational point of view. 

Thee first application in this thesis, and the only one unrelated to charged colloids, 
usess the LB method to study flow in random porous media. In Chapter 4 I show 
howw velocity fluctuations decay in a simple model porous medium and how the use 
off  approximate expressions, based on the pre-averaged properties of the flow, lead to 
largee errors. This is contrary to the assumption underlying the existing theories for 
hydrodynamicc dispersion. In an attempt to study flow in porous media, we introduce 
aa highly simplified lattice-Boltzmann model for porous media. This model has the 
desirablee property of possessing no excluded volume while allowing for friction on 
thee fluid with a low density of obstacles. In my opinion, this model is ideally suited 
forr studying the statistical properties of well behaved—in the sense that the spacial 
correlationn functions decay exponentially—porous media. In the same chapter I show 
aa simple way to obtain the largest possible Peclet numbers (in lattice simulations 
spuriouss diffusion always limits the Peclet number to small values). 

Althoughh the LB method is well established for the solution of flows in complex 
geometries,, only recently has the study of the electrokinetic equations (Chapter 3), 
whichh couple electrostatics and hydrodynamics, been undertaken. In Chapter 5 I de-
scribee a novel method developed in the course of my PhD project that allows us to 
treatt the electrokinetic equations and study previously unexplored flow conditions. 
Followingg the vogue, I should call the method a "hybrid" method because it couples 
aa lattice-Boltzmann model of the neutral solvent with a discretization of the Smolu-
chowskii  description for the solutes. This combination of different methods is justified 
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byy our choice of the level of description to use for the various components of the sys-
temm (possible because of the scale separation between large colloidal particle and small 
ions).. An important characteristic of the new method is that it strictly conserves mass 
andd momentum at the level of the single node, thus rules out, from the very beginning, 
spuriouss mechanisms of transport. It is also very easy to implement and it is fully 
parallelizable.. To illustrate the advantages of this pragmatic approach, in Appendix A 
II  present two technical problems which originated from a different lattice-Boltzmann 
model.. Small imbalances generated spurious mass currents at the boundary with a 
macroscopicc object, that proved capable of obscuring the subtle interactions we were 
tryingg to study. In summary, although the method can be improved, I believe that it 
iss already very flexible and well suited for studying colloidal suspensions of charged 
particless and microfluidics. Although in this thesis I have not extensively applied the 
methodd to the latter, in my opinion, that is the field were one might exploit fully its 
potential. . 

Thee remainder of the thesis concerns exploratory studies of the electrokinetic prop-
ertiess of charged colloids in electrolytes by means of the lattice-Boltzmann model pre-
sentedd in Chapter 5. In selecting this system to study, we were motivated by questions 
suchh as: how do the shape and charge distribution of a particle affect its mobility? 

Inn Chapter 6, I describe computer simulations of the sedimentation velocity of 
highlyy charged spheres. I show that the sedimentation velocity can be discussed in 
termss of the equilibrium properties of the electric double layer. Moreover, at high 
charge,, the surface-charge dependence of the sedimentation velocity is affected by the 
accumulationn of charge on the surface of the sphere, and the sedimentation velocity 
resembless that of a sphere in an electrolyte with no-added salt, where coions cease to 
affectt the sedimentation velocity of the spheres and only the dynamics of the counte-
rionss is relevant. 

Anotherr important aspect of the electrohydrodynamic interaction, which, once 
again,, proves the flexibility  of the method, is the study of the effect of the shape on 
electrokinetics.. In Chapter 7 I study the role of shape, volume fraction, charge, and 
ionicc strength on the sedimentation velocity of disks with non-zero thickness. They are 
relevantt both practically and theoretically because they are a prototype for studying 
thee effect of the shape and model real clay particles. I find that disk particles become 
hydrodynamicallyy symmetric due to non-trivial interactions between the flow field near 
thee particle and the electric double layer. 

Thee last application I discuss concerns the electrophoretic mobility of a "patched" 
particle.. In Chapter 8 I show how the electrophoretic mobility of such a sphere depends 
onn the electric quadrupole moment and on the Debye screening length. I also show 
thatt if the particle undergoing electrophoresis is not exactly spherical (as occurs when 
representingg a sphere on a lattice), one should consider also even electric multipole 
momentss higher than the quadrupolar. 
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22 Hydrodynamic s and th e 
lattice-Boltzman nn metho d 

2.11 Introductio n 

Scientistss associate a variety of meanings with the term "hydrodynamics". When I 
startedd as a novice in the field, I struggled for some time before realizing that there 
aree at least two meanings of the word hydrodynamics, and two corresponding cate-
goriess of scientists who claim the word and use it in a different way. On the one hand, 
wee have scientists who study fluids as continuous media and are interested in their 
timee evolution and interactions with obstacles and suspended particles. These scien-
tistss use the term hydrodynamic with its literal meaning: dynamics of fluids (liquid 
water—"hydros"—was,, for ancient scientists, "the" fluid). On the other hand, for sci-
entistss concerned with collective properties of many microscopic molecules, the term 
"hydrodynamics""  has a completely different meaning. It accounts for the dynamics of 
"dynamicc variables" whose relaxation time is so slow as to be practically unaffected 
byy the erratic motion of the microscopic constituents of the system. The latter de-
greess of freedom are so "fast" that they can be considered always in their equilibrium 
state.. The realization that the "slow" variables follow the laws of the dynamics of 
fluidsfluids termed them "hydrodynamic variables". Even though this unification was one 
off  the greatest results of statistical mechanics, the two concepts remain distinct and 
peoplee who work on different fields refer to different levels of description when they 
talkk about "hydrodynamics". 

Throughoutt this thesis by "hydrodynamics" I wil l denote dynamics of the fluid. 
However,, the simulation method which I used—the lattice Boltzmann method—heavily 
drawss the ideas of statistical mechanics. 

2.22 Phenomenologica l hydrodynamic s equation s 

Thee phenomenological equations of hydrodynamics can be found in many text books 
(See,, for example, [1, 2, 3, 4]), but because it is instructive to show their derivation I 
recapitulatee here. Specifically, I wil l show the derivation of the macroscopic equations 
governingg the motion of an isothermal, incompressible fluid in an adiabatic transfor-
mationn (i.e. when heat exchange among different part of the fluid is negligibly small). 

Thee state of a moving fluid is fully described if at each time t we can define the 
distributionn of the fluid velocity v(r,t), and of two of the thermodynamic quantities 
off  the fluid as, for example, the pressure p(r, t) and the density />(r, t) for every point 
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22 Hydrodynamics and the lattice-Boltzmann method 

off  space r = (x,y,z). The evolution of a macroscopic state follows a path dictated by 
thee basic conservation laws—i.e. the conservation of mass and of momentum—and 
thee so-called constitutive equations, which are phenomenological laws. 

Lett us begin by considering the law of mass conservation. The mass of fluid in 
aa volume element VQ is fv pdV. The mass of fluid flowing in a unit time through a 
surfacee element ds bounding VQ is pv  ds. Therefore, in absence of a sink or a source 
off  mass, mass conservation implies that 

| / V o P dVV = - / p v . d 5 , (2.1) 

wheree we follow the convention that the surface element ds is directed along the 
outwardd normal to the surface, hence the minus sign. By making use of Green's formula 
§§ pv  ds = Jv V  (pv)dV, Eq. (2.1) can be written as JVo[dp/dt + V  {pv)]dV = 0. 
Becausee the volume element is arbitrary, the integrand in the equation has to vanish, 
i.e. . 

^ + V - ( p v )) = 0. (2.2) 

Equationn (2.2) expresses the law of mass conservation in the usual local form. More-
over,, most real fluids are approximately incompressible, and the relation dp/dt = 0 
holds.. Then, expressing the substantial derivative in terms of partial derivatives 
d/dtd/dt = d/dt + v  V, we obtain 

^^ = ^ + ( v - V ) p = ^ + V - ( p v ) - p V - v , (2.3) 

Thee conservation of mass [Eq. (2.2)] then implies that for incompressible fluids 

VV  v = 0. (2.4) 

Equationn (2.4) is the conservation of mass for an incompressible fluid. 

2.2.11 Equatio n of motio n of a flui d elemen t 

Lett us next consider the conservation law for the momentum density pv. The mo-
mentumm of a fluid element of volume VQ, i.e. Jv (pv)dV, is changed by the total force 
actingg on it. This force, in the absence of external forces, is equal to the integral of the 
pressuree over its surface — §pds. Again, applying Green's formula, we can transform 
thee surface integral into a volume integral § pds = Jv VpdV, and write the conser-
vationn of momentum in its integral form as (d/dt)[Jv (pv)dV] = — Jv VpdV. The 
conservationn of momentum in the local form becomes 

^ - V ,, ( ,5) 

Becausee in this procedure we computed the change in momentum of a volume element 
byy means of Newton's second law, the time derivative in Eq. (2.5) should be interpreted 
ass the substantial derivative because it denotes the rate of change of momentum of a 
movingg fluid particle. For convenience, let us rewrite the conservation of momentum 
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2.22.2 Phenomenological hydrodynamics equations 

inn the Eulerian coordinate system: the system which is fixed in space. In this frane 
off  reference, the rate of change of momentum density is d{pv)/dt. Let us begin by 
expandingg the substantial time derivative of the momentum density 

^(/>v)) = ^ U ( v - V ) ( p v ) . (2.6) 

Then,, using the law of mass conservation for an incompressible fluid (V  v = 0), we 
cann transform the second term on the right hand side as 

(vv  V) (pv) = (v  V) (pv) + (pv) (V  v) = V  (pvv) (2.7) 

andd obtain the following expression equivalent to Eq. (2.6) 

^ ( P v)) = ^ + V . ( p v v ). (2.8) 

Byy using Eq. (2.8), we can now write the law of momentum conservation Eq. (2.5) in 
thee Eulerian coordinate system as 

wheree we defined 

orr in Cartesian components 

^ - - V - n ,, (2.9) 

IlIl  = pw + pl, (2.10) 

ni f cc = pViVk + 6ikp. (2.11) 

Byy analogy with the mass flux, it is easy to recognize that II-ds represents the mo-
mentumm flowing in a unit time through the surface element ds. The tensor I I is called 
thee momentum flux tensor. 

2.2.22 Viscou s flow s 

Equationn (2.11) represents a completely reversible transfer of momentum and is valid 
onlyy for ideal fluids: fluids which do not dissipate momentum. However, real fluids 
doo dissipate momentum. At a phenomenological level, this effect can be regarded 
ass transport of momentum due to an irreversible mechanism. Therefore, we add an 
irreversiblee term into the momentum flux tensor, which we indicate as a\k 

Ilif cc = pviVk + 5ikp - o\k. (2.12) 

Inn order to explicitly write c\k, we have to use phenomenological laws. One example 
off  such a law is Newton's law of irreversible transfer of momentum among the fluid 
constituents, , 

(wheree r\ is the shear viscosity), which postulates an irreversible transfer of momentum 
fromm particles with higher speed to particles with a lower one . The last two term in 
Eq.. (2.12) are usually combined in the stress tensor <Tik = —Sikp + rj ( ^- + | ^ J . 
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22 Hydrodynamics and the lattice-Boltzmann method 

Byy substituting the irreversible momentum flux tensor in Eq. (2.12) and adding 
ann external force (per unit volume) Fe xt as another source of momentum change, we 
obtainn the equation of motion for an incompressible Newtonian fluid 

at at 
d d 

dxdxk k 

dvidvi dvk 
++ V iext t (2.14) ) 

Byy performing some basic algebra, we can rewrite this equation in the more familiar 
form m 

dd ^ v ) + v  (pvv) = - V p + 77V2v + Fe x t , 
dt dt 

orr equivalently as 

-- + ( v V ) v == - V p + ??V2v + F ext t 

(2.15) ) 

(2.16) ) 

Thiss equation is the Navier-Stokes equation for an incompressible Newtonian fluid and, 
togetherr with the equation V  v = 0 is a compact way to write the conservation laws 
off  mass and momentum, the incompressibility condition, and the phenomenological 
Newton'ss law for dissipative fluids. 

2.2.33 Similarit y laws of hydrodynami c phenomen a 

Iff  two physical systems of different size obey the same equations, the systems are said 
too be "similar". In similarity theories one expresses a physical law only in terms of 
dimensionlesss variables and pure numbers. Then, in mathematical terms, two physical 
systemss are considered similar when all the pure numbers are equal. In hydrodynamics, 
thee most frequently used pure number is the Reynolds number, which is obtained by 
makingg the Navier Stokes equation dimensionless. 

Lett us consider a viscous flow in a system whose units of length is I and express the 
steadyy state velocity through the unit of velocity U. We can then write the steady-state 
Navier-Stokess equation 

(2.17) ) 

(2.18) ) 

pp (v  V) v = - Vp + r/V2v + Fe xt 

inn terms of the dimensionless quantity V = v/U, and R = r/l  as 

p ^ VV  V V = - j V p + ?7^V2v + Fe x t. 

Thee ratio of the term in the left hand side (the inertial term), to the second term in 
thee right hand side (the viscous term) is of the order of (pUl)/rj  which is the Reynolds 
number r 

ReRe = Ulp/r}  = Ul/v, (2.19) 

wheree v = r\jp is the kinematic viscosity of the fluid. 
Thee Reynolds number is a measure of the relative importance of the inertia with 

respectt to the viscosity and it determines the flow regime. When inertia dominates, 



2.32.3 The Boltzmann equation 

i.e.. when the Reynolds number is large, we observe turbulence phenomena, which are 
outsidee the scope of this thesis. On the other hand, when the viscous terms dominates, 
andd inertia is negligible, we are in the creeping flow regime. In this regime, the equation 
off  motion becomes linear in the velocity and the hydrodynamic interaction becomes 
veryy strong. For colloids, the typical length scales (I ~ 10_6ra), velocities (U ~ 
10~3ms_ 1)) and viscosities (v ~ 10- 6m2 s^1) are such that the Reynolds number is 
extremelyy low (Re ~ 10- 3) , especially if one considers that the threshold for turbulence 
iss a Reynolds number of O(102-103). 

Becausee this thesis regards largely colloidal systems, I only consider low Reynolds 
numberr flows where the term in the left hand side of Eq. (2.17) is negligible, and the 
steady-statee Navier-Stokes equation simplifies to the Stokes equation 

-- Vp + T?V2V + Fe xt = 0, (2.20) 

pluss the usual incompressibility condition V  v = 0. 

2.33 The Boltzman n equatio n 

Inn the course of my education, I have been taught about the "dogma" of the atomistic 
theoriess in a way that led me to believe that this has never been under discussion, 
moree or less since Democritus (excluding the weird and obscure era called the middle 
ages...).. I was therefore much surprised to learn that most of Boltzmann's work was 
fiercelyfiercely opposed by his contemporaries (just over one century ago!), even though people 
whoo studied Boltzmann's life acknowledge that his opponents were also a great source 
off  motivation [5]. In devising his theory, Boltzmann wanted to clarify some important 
aspectss of the second law of thermodynamics. Specifically he was concerned about the 
contradictionn between the irreversibility implied by the second law of thermodynamics 
andd the reversibility of the microscopic equation of motion of the small particles. While 
thee authors of energetics solved this paradox by abandoning altogether the idea of 
atoms,, Boltzmann developed a new statistical theory which showed that the second 
laww of thermodynamics is valid only in a statistical sense. In order to achieve his goal, 
hee donated to posterity his two masterpieces: the Boltzmann equation and the H-
theorem.. Far from hoping to give a rigorous or exhaustive description of Boltzmann's 
work,, in this section I wil l pinpoint some aspects of the Boltzmann kinetic theory which 
havee recently been exploited by the scientists who developed the lattice-Boltzmann 
method. . 

2.3.11 Basic s of kineti c theorie s 

Kineticc theories study the collective motion of a gas composed of a large number of 
molecules.. Microscopically, each of them follows the classical equations of motion 

(2.21) ) 

9 9 



22 Hydrodynamics and the lattice-Boltzmann method 

(wheree i indexes the ith molecule and m is the mass of the molecules). Because it 
iss hopeless to solve Eqs. (2.21) for a number of molecules anywhere near to a real-
isticc system, in kinetic theories this microscopic description is abandoned in favor of 
aa statistical description of the system, and the main observable becomes the proba-
bilit yy density / (x, p,t) of finding a molecule around position x, at time £, and with 
momentumm p. The equilibrium state is defined by the probability density fe which is, 
byy definition, unchanged by the collisions among the molecules, i.e. 

^f-)^f-) = 0. (2.22) 
dtdt J coll 

Byy means of an elegant reasoning, Maxwell was able to show that the distribution 
function n 

rr = ^ ( ™ ^ e x p f - ^ ) (2.23) 

iss a collisional invariant [in Eq. (2.23) v is the molecules speed, p is the fluid density, 
andd k,B the Boltzmann constant]. However, Maxwell did not say how the distribution 
functionn ƒ approaches the equilibrium condition. Boltzmann accomplished this mis-
sionn by establishing the equation that bears his name. The molecules considered by 
Boltzmannn are point sized and stream freely for most of the time, while occasionally 
undergoingg instantaneous, binary collisions that drive them toward an equilibrium 
state.. This mechanism is expressed concisely by the Boltzmann equation 

d d 
hh v  V 

dt dt 11 ' S L - <"* > 
Withh the assumption that the distribution functions of two molecules undergoing 
aa collision are independent from each other, Boltzmann was able to show that the 
Maxwell-Boltzmannn distribution, Eq. (2.23), is a steady solution of his equation. Fur-
thermore,, with his famous H-theorem 

H(t)H(t) = - f f In f dvdx (2.25) 

ff > 0, (2.26) 

hee proved that any initial distribution decays to the Maxwell-Boltzmann form. 
Thee link of this kinetic theory to fluid dynamics is readily obtained. The hydrody-

namicc fields as density, momentum, and momentum flux are simply moments of the 
distributionn function 

PCM)) = ƒ m/(x,v,£)dv 

j ( x , i )) = p (x , t ) v (x , t) = | ( m v ) / ( x , v , t ) dv (2.27) 

n ( x , t )) = / { n W v ) / ( x , v , t ) d v . 

10 0 



2A2A Lattice Boltzmann equation 

Becausee mass, and momentum are collisionally invariant, by making use of Eq. (2.24), 
wee can show that the equilibrium hydrodynamic fields follow the equations 

^ + V - ( p e v e )) = 0 (2.28) 

dd (öeve) 
ot ot 

Thee equilibrium part of the momentum flux tensor is, by using Eq. (2.23) 

m m 

which,, for an ideal gas where p — phsT/m, is equivalent to the Eulerian form of the 
momentum-fluxx tensor. Therefore, Eqs. (2.28) are the Euler equation of hydrodynam-
icss for an ideal, incompressible, isothermal fluid as we showed in Section 2.2. 

Thee non-equilibrium part of the momentum flux 

n n 
neqneq _ pkBTr 

m m 
Vvv + Vv* (2.30) ) 

correspondss to the irreversible loss of momentum given by the Newton law [Eq. (2.13)] 
withh the shear viscosity given by r]  = (pkBTr)/m [in Eq. (2.9) the bars indicates that 
thee operators are made traceless and the "t" the transpose matrix]. 

2.44 Lattic e Boltzman n equatio n 

Afterr having sketched the basics of the kinetic theory of Boltzmann, I wil l show how 
aa similar approach has been developed for a lattice system. Initially , the reason for 
developingg a lattice kinetic theory was that, because the continuum distribution func-
tionn contains much more information than "only" hydrodynamics, it was hoped that 
thee lattice counterpart of the Boltzmann equation would suffice to keep the hydrody-
namicc properties at a macroscopic level, while being much cheaper to solve numeri-
cally.. While this ambitious program has mostly been abandoned, the lattice Boltz-
mannn equation proved to be extremely relevant for the study of low-Reynolds-number 
hydrodynamicss in complex geometries. 

Inn the lattice Boltzmann equation [6, 7, 8], the distribution function / (x, v, t) 
iss substituted by a discrete version f(r,Ci,t), usually written in the compact form 
fi(r,t),fi(r,t),  which is the probability density of finding a particle at position r, at time 
t,, and with velocity C{. Here r, Cj, and t are discrete, while /j(r , t) is continuous. 
Thee time evolution of the distribution function fi is given by the lattice Boltzmann 
equation,, which is written in analogy with Eq. (2.24) as 

fi(rfi(r  +  Ci,t + 1) = fi(r, t) + Ai(n) (2.31) 

wheree Aj is the change in fi due to the instantaneous collisions. 
Followingg the analogy with the continuum kinetic theories, one needs to specify 

thee form of the collision operator Ai , which wil l in turn specify the equilibrium dis-
tributionn function /e( r , t). By definition, the equilibrium distribution function is the 

11 1 



22 Hydrodynamics and the lattice-Boltzmann method 

distributionn which is left unchanged by the collision operator, i.e. Aj( / e) = 0. With 
hiss equation, Boltzmann showed that the equilibrium distribution is also the most 
probablee one. Unfortunately, for the discrete Boltzmann equation, the most probable 
distributionn function does not obey the Euler equation for hydrodynamics [9], mainly 
becausee it does not satisfy all the symmetry requirements. Hence, in order to recover 
hydrodynamicc behavior at long times and large length scales, a completely different 
proceduree is necessary. 

Becausee we cannot use the most probable distribution density, we are forced to 
constructt an approximate equilibrium distribution function. In the lattice Boltzmann 
method,, such an approximate equilibrium distribution is expressed as a series expan-
sionn in powers of the flow velocity u 

ftft = p [alQ + a\u  * + a^uu : **  + al
3u

2]  , (2.32) 

wheree uu = [uu— (1/3) w2I] is the traceless part of uu. Then, the coefficients are fixed 
byy imposing that the hydrodynamic fields mass, momentum, and the equilibrium part 
off  the stress tensor are moments of the equilibrium distribution function: 

p(r,t)p(r,t) = £ / f ( r ,0 
i i 

j ( r , t )) =  ̂ ft fat)* (2.33) 
i i 

UUee{r,t)=pl{r,t)=pl  + puu =  ̂ ft fat)**. 
i i 

Thesee constraints may seem superfluous, because by definition the hydrodynamic fields 
aree collisionally invariant, hence they should automatically be only functions of the 
equilibriumm distribution function. However, the reader should not forget that our 
equilibriumm distribution is obtained as a series expansion and is therefore an approx-
imatee one. In reality, by determining the coefficients of the expansion by imposing 
Eqs.. (2.33), we make sure that the first moments of the equilibrium distribution density 
satisfyy the Euler equations for an inviscid fluid. 

Havingg fixed the functional form of the equilibrium distribution f f, we need to 
definee the collision operator A* . In the following, I wil l refer to the enhanced collision 
operatorr first defined by Higuera et. al. [10, 7, 11] and later modified by Ladd [8]. 
Higueraa et al. noted that if one is only interested in the Navier-Stokes equation at the 
hydrodynamicc scale, the collision operator could be made very simple. Specifically, 
thee collision operator can be constructed by linearizing about the local equilibrium 

A,(ƒ)) = A,( /e) + £ C{j (ƒ,  - ƒƒ) . (2.34) 
i i 

Because,, by definition, Ai(fe) = 0, we need to determine only the linear operator 
Cij.Cij. It is remarkable that on a lattice this task can be performed analytically based 
solelyy on general symmetry considerations [7]. One way to obtain Cij is via the 
spectrall  decomposition, i.e. by decomposing it as Cij = J2k^^ij-> w n e re ^ij a re 

thee projector operators along the eigenvectors £^, and Ajt are their corresponding 
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eigenvalues.. Another, equivalent, way of determining Cij is by directly imposing the 
conservationn laws. The linear collision operator has to conserve the collision invariant 
quantities,, i.e. it should satisfy Ai(p) = 0, and Ai(pu) = 0; in addition the stress 
tensorr has to decay isotropically. These conditions translates directly into the following 
eigenvaluess equations 

E£ ' ii  = ° 
i i 

i i 

// _, CjCji-ij  = ACjCj (2.35) 

i i 

Y^c-£ijY^c-£ij = ABCj
2. 

i i 

Thesee equations, while making sure that the linear collision operator satisfy all the con-
servationn relations required for hydrodynamic behavior of the systems, fix 10 eigenval-
ues.. The remaining 8 eigenvalues, because they do not relate to physical observables, 
correspondd to artificial conservation laws. Therefore, to ensure the fastest possible 
decayy of these spurious modes, these eigenvalues are set to —1. 

Inn summary, to solve the lattice Boltzmann equation Eq. (2.31), which we rewrite 
here e 

ffii{r{r  + ci,t+l)-f i(r,t) = Ai(n), (2.36) 

wee perform a two step procedure. The first one is the collisionless streaming 

fi{rfi{r  + ^ t + 1) - ffat) = 0, (2.37) 

whichh corresponds to the Liouvill e operator in the continuum limit . In practice, 
Eq.. (2.37) is a simple propagation step where each density distribution fi is moved to 
thee site correspondent with the discrete velocity Cj. The second step is the collision 
stepp that relaxes the non-equilibrium part of the distribution density (the equilibrium 
distributionn function is collisionally invariant). After the collision has taken place, 
wee obtain the after collision distributions f[  = fi + A{(f). In principle, the post-
collisionn distribution functions f[  are computed by applying the collision operator dj 
ass prescribed by Eq. (2.34). However, because we know the exact form of the collision 
operatorr (through its spectral decomposition), the simulation algorithm can be writ-
tenn directly in terms of the moments of the density distribution, p, j , I P, and the full 

n. . 
Thee post collision momentum flux tensor II can be computed according to [8] 

KPKP = Kqe + (i + A) (X s - n ^) + 1 (i + xB) (n77 - n7* ) saPl (2.38) 

andd the post collision distribution functions are 

fifi  + Ai(f) =p 4 + a[ua  cia + aiu'a0 : c~c  ̂ + a >2 (u'aa - Zpcfj . (2.39) 
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22 Hydrodynamics and the lattice-Boltzmann method 

Byy performing a multi-time-scale analysis [9], the shear viscosity of the fluid can be 
expressedd in terms of the eigenvalue A 

"=-5'0H-- (2-40) 
Byy tuning the eigenvalue A, we can change the shear viscosity of the fluid (within 
limit ss set by convergence). The eigenvalue \B is irrelevant for an incompressible fluid 
andd can be safely set to —1[8]. 

2.4.11 Simplificatio n for low Reynold s numbe r 

Forr low-Reynolds flows, the steady state Navier-Stokes equation (2.15) simplifies to 
thee Stokes equation [Eq. (2.20), and V  v v = 0]. One way of solving these steady-state 
equations,, is by computing the steady state of the linearized Navier-Stokes equations 

ddttpp = - V  (pu), 
ddtt (pu) = - V p + T?V2U + F 2 . , ^ ™**  (2-41) 

Laddd [8] shows that in order to fulfil l the conservation laws implicit in Eqs. (2.41), it 
iss sufficient to use a simpler form for the equilibrium distribution function 

ft=p[4ft=p[4  + a[u.cl]. (2.42) 

Moreover,, by fixing A = —1, corresponding to a shear viscosity rj  — p/6 [cf. Eq. (2.40)], 
thee simulation algorithm is greatly simplified and the post collision distribution density 
iss simply 

fifi  + Ai(f) = p[4+ a\ua  Cta] . (2.43) 

2.4.22 Bounce-bac k rul e for a suspensio n of colloid s 

Too have interesting flows at low Reynolds number, macroscopic objects must interact 
withh the fluid. These macroscopic objects wil l act on the fluid as a boundary condition 
whichh wil l exchange momentum with the fluid, thus creating non-trivial flow patterns. 
Att contact with the macroscopic objects, the appropriate boundary conditions have to 
bee imposed, typically the non-slip boundary condition, where the fluid has the same 
velocityy of the macroscopic particle. 

Inn the lattice Boltzmann method, the first issue that needs to be addressed is how to 
mapp a continuum object (a wall or a colloid for example) on a lattice. Ladd [8] showed 
thatt placing these boundary nodes in the middle of the links connecting the interior 
off  the object with the exterior region provides a useful recipe that obeys momentum 
conservationn and best lattice resolution of the macroscopic object; without introducing 
involvedd and expensive more precise second- or higher-order schemes. Figure 2.1 shows 
aa cartoon of the mapping procedure of an arbitrarily shaped object placed on a two 
dimensionall  lattice. At the boundary nodes the so-called bounce-back procedure is 
appliedd [8]. This procedure prescribes that, during the propagation step (at half a 
timee step), the incoming distributions fi are reflected back. Specifically, if i and i' 
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FigureFigure 2.1: Mapping procedure. First, one draw on top of the lattice nodes (light gray spheres) 
thethe actual shape of the macro particle (continuum black line). Then one should identify all 
thethe links connecting an internal node with an external one (dashed light gray line). The lattice 
representationrepresentation of the macroscopic particle will  be given by the collection of the midpoints of 
thethe identified links (black squares). 

t+1 1 

FigureFigure 2.2: Bounce back rule. 

referr to oppositely directed velocities, and, at site r, the link along the velocity ct is a 
boundaryy link, the following rules apply [See Fig. (2.2)] 

Mr ,, t + 1) 
fi{rfi{r  +  Cl,t + l) 

fi(*,t), fi(*,t), 

fi,(rfi,(r  + Ci,t). (2.44) ) 

Thiss procedure is correct if the macroscopic obstacle is at rest and acts as a momentum 
sinkk as, for example, a wall or a porous medium. 

If,, on the other hand, the obstacle is in motion, one has first to compute the velocity 
off  the solid body located at the link u;, which is given by the well known formula for 
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22 Hydrodynamics and the lattice-Boltzmann method 

thee velocity of a point of a rigid body 

mm = U + Q x (r + -a - R J , (2.45) 

wheree R is the center of mass of the solid body and U and ft are the solid-body 
velocityy and angular velocity, respectively. In this case, Eqs. (2.44) must include the 
momentumm exchange with the particle 

fi>(r,t+l)fi>(r,t+l)  = fi(r,t)-2a\pub-Ci, 

/ i ( rr + C<,t + l ) = fi>{r  + ci,t) + 2a\pub-ci. (2.46) 

Thee sum of all the moment exchanged with the fluid should be applied back to the 
suspendedd particle, to ensure overall momentum conservation. 

Notee that Eqs. (2.46) imply that the lattice nodes inside the particle have the same 
propertyy as the external region. In particular the fluid should be placed also inside the 
colloid.. Moreover, the bounce-back rule allows for a leakage of mass density in and 
outt of the macroscopic particle. Although these may seem weird conditions, for simple 
fluidsfluids the transport coefficients of the suspended colloids are correct, provided that one 
takess care of the few spurious correlations in, for example, the velocity autocorrelation 
functionn induced by the internal fluid [12, 13]. 

However,, this behavior is not acceptable when there is a difference in the composi-
tionn of the interior of the particle and its environment. An example of most relevance 
forr this thesis is a charged colloid, which attracts a cloud of oppositely charged ions. 
Eqs.. (2.46), would lead to an unphysical change in the charge of the colloid driven by 
momentumm exchanges. If one wants to deal with such systems, one should eliminate 
thiss spurious effect. In this thesis, we exploited as much as possible the Galilean in-
variancee of the systems. This allowed us to use a reference system fixed on the colloid, 
andd keep the charged object at rest, thus avoiding this complication. 

2.4.33 Lattic e Boltzman n metho d in a nutshel l 

Afterr this brief introduction of the theoretical basis of the lattice Boltzmann method, 
II  wil l show how the computer simulation is implemented. 

Firstt of all, one must choose the underlying lattice, which must fulfil l symme-
tryy constraints. Useful lists of lattices are given by Qian [14] and Frisch et al. [9]. 
Throughoutt this thesis I used the so-called D3Q18 lattice [15, 8], where the "3" refers 
too the dimensionality and the "18" to the number of links per site, and which is defined 
byy the following set of discrete 18 velocities {c^} , 

c1)22 = , C3l4 = , C5,6 = , 
C W OO = , Cn,...,i4 = , C15,.,l8 = . K' ' 

Inn Equations (2.47) 6 velocities have speed Ci = |CJ| = 1, and 12 have speed Cj = 
\/2.. The six velocities of speed 1 are counted twice; an inheritance from the four 
dimensionall  face-centered hyper-cubic lattice (FCHC), from which, by a projection 
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ontoo 3D, the D3Q18 is generated [15]. Another widely used lattice in three dimensions 
iss the D3Q19 which adds an extra distribution density ft with speed 0 and velocity 
Ci99 = (0,0,0). Depending upon the specific system under study, there are also other 
usefull  lattices with different sets of velocities. 

Next,, one should specify the form of the equilibrium distribution and of the collision 
operatorr and compute the coefficients of its expansion in the flow velocity u. Because 
II  exclusively considered low Reynolds number flows, I could use the simplified form 
[Eq.. (2.42)]. For the D3Q18 lattice, the coefficients of the expansion are 

"? "?'' ^ r ?' '"I"" ™ (2-48) 
OQQ — 24 : a l  — 12 '  l ~ ' '  " '  *° 

Equationss (2.48) implies a sound speed (?s — 1/2, which is a suitable value to ensure 
stabilityy of the simulation. 

Wee are left with the last step in the preparation of the computer simulation, namely 
thee mapping of the colloid(s) onto the lattice, by identifying all the links which connect 
thee interior of the colloids with the exterior. Along these links, during the propagation 
stepp the bounce-back rule wil l be applied (see Figs. 2.1 and 2.2). 

Now,, everything is ready to start the time evolution of the lattice-Boltzmann sim-
ulationn which will lead to the steady state of Eq. (2.41). The algorithm of a lattice 
Boltzmannn simulation is divided in three steps: computation of the post-collision dis-
tributionn densities / /s [for low Re by means of Eq. (2.43)], their propagation with 
thee application of the bounce back rule, and the re-computation of the hydrodynamic 
fieldsfields (at low Re and shear viscosity 1/6 only p and u are needed). 

Afterr all this work, one should have a basic (hopefully) working lattice Boltzmann 
method. . 
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33 Introductio n to electrokinetics 

3.11 The Poisson-Boltzman n equatio n and th e electri c 
doubl ee layer 

Considerr an electrolyte composed of k species of positive and negative ions dissolved 
inn a neutral fluid. The ions create an electric field E(r) = — V$(r), where $(r) is the 
electrostaticc potential which, if we denote by q(r) the charge density due to the ions, 
cann be computed using the Poisson equation 

V ^ ( r )) = - ^ , (3.1) 
e e 

wheree e is the dielectric constant of the (overall) neutral medium. If the electrostatic 
potentiall  is not constant, the ions of species k are subject to the electrostatic force 
FF = ZfceE, where zk is their valency (with charge sign) and e is the elementary charge. 
Thee effect of this electric force is counteracted by the thermal motion of the ions. 
AA convenient way [16, 17, 18, 19, 20], [21, 22] to take the thermal equilibrium into 
accountt is to write the equilibrium distribution density of the ions as a Boltzmann 
equilibriumm (which implies point sized ions) 

nnkk(r)(r)  = n0 exip{-zke<$>{r)/kBT). (3.2) 

Forr specificity, let us consider a two species system. The charge density is then ex-
pressedd in terms of the probability distributions of the two species 

q(r)q(r) = e{z+n+{r)  + 2_n_(r)). (3.3) 

Inn order to obtain a closed expression for the electrostatic potential, we can substitute 
Eq.. (3.3) into Eq. (3.1) to get 

47TG G 

V 2$(r)) = {z+n+(r)  + z_n_(r ) ). (3.4) 

Finally,, let us substitute Eq. (3.2) into Eq. (3.4) to obtain the so-called Poisson Boltz-
mannn equation (PB) which, for a symmetric electrolyte (i.e. z+ = —z- — z), reads 

V 2$(r)) = 87reZU° sinh (ez${r)/kBT). (3.5) 

Unfortunately,, solutions for this non-linear equation are only available for very simple 
geometries.. However, if the electric potential is small, in other words if e$(r)/fcsT <<£ 
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1,, the approximation BT) ~ 1  ze$(r)/kBT holds, and Eq. (3.5) is 
simplifiedd by the linearized Poisson-Boltzmann equation (LPB) 

V 2*( r )) = ^ ^ $ ( r ) = K2$(r), (3.6) 

whichh can be solved analytically for many interesting geometries. In Equation (3.6), 
notee that K = y/Sne2Z2UQ j'ekBT has the dimension of an inverse length. 

Lett us now introduce a charged macroscopic particle in the electrolyte. The equi-
libriumm density of microions in solution will still be given by Eq. (3.5), where now the 
macroscopicc particle enters via a boundary condition for the electrostatic potential 
$(r ).. This equation, again, cannot be solved in general. Hence, to make it tractable, 
onee must restrict the study to the case of small surface potentials (in other words, to 
weaklyy charged particles), in which the linearized Poisson-Boltzmann equation (3.6) 
providess a reasonable approximation. For simplicity, let us consider the case of a 
sphericall  macroscopic particle. 

Intuitively,, the like-charged microions (in the remainder coions) wil l be repelled, 
whilee the oppositely charged microions (counterions) wil l be attracted toward the 
sphere.. While the electrostatic interaction favors an infinitesimally thin layer of coun-
terions,, which wil l immediately screen the charge of the sphere, entropy will prevent 
thee counterions from condensing on the sphere. As a balance of the two forces, one 
couldd expect a cloud of counterions surrounding the sphere until the charge of the 
spheree is fully screened. Far beyond this length, called the Debye screening length, 
thee sphere appears neutral. The layer of microions is usually referred to as the electric 
doublee layer (EDL). It is the presence of inhomogeneity and EDL that causes the dis-
tinctivee electrostatic and hydrodynamic effects called electrokinetic phenomena, which 
II  wil l briefly introduce below. For a rigorous description of the equilibrium distribution 
off  the microions in terms of their free energy, I refer the reader to the book of Verwey 
andd Overbeek [21]. 

Quantitativee predictions for the co- and counterion equilibrium-density-distributions 
aree given by the Debye-Hückel theory [19, 20]. In their theory, Debye and Hiickel as-
sumee that the electrostatic potential is much smaller than kBT. Hence, instead of 
thee full Poisson-Boltzmann equation, they use the approximate linearized Poisson-
Boltzmannn equation (3.6) for computing the electrostatic potential and, via Eq. (3.2), 
thee co- and counterions equilibrium distributions. 

Forr a sphere of radius a, Eq. (3.6) can be easily solved to give the Yukawa potential 

$(r)=4>$(r)=4> 00-e--e-KK((rr--aa\\ (3.7) 
r r 

wheree r originates at the sphere center and $0 = $(0) is the electrostatic potential 
att contact with the sphere. By substituting the Yukawa potential into the linearized 
versionn of Eq. (3.2), the concentrations of co- and counterions are, respectively, 

11 _ ez$>oac-K(r-a)\ 
kBkBII  r I (3-8) 
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3.23.2 Electrokinetic phenomena 

Thee counterion cloud in the vicinity of the charged sphere decays faster than expo-
nentiallyy over a distance of the order of \D = K~1, the Debye screening length. The 
coions,, on the other hand, are expelled from the vicinity of the sphere and reach the 
bulkk value with the same functional dependence. The symmetry of co- and counterions 
withh respect to the bulk concentration [showed by Eq. (3.8)] is a typical signature of 
thee validity of the Debye-Hückel approximation. The electrostatic potential at contact 
$oo is usually named the zeta potential £. In electrokinetic phenomena, the relevant 
parameterr is the relative size of the macroscopic particle to the extension of the EDL. 
Therefore,, the Debye screening length \p is the appropriate unit of length, and the 
electrokineticc phenomena are conveniently described in terms of the dimensionless 
lengthh «a. 

Inn this description of the diffuse layer, I disregarded the so-called Stern layer [23, 
24].. However, because this layer is thought to be inside the non-slip region of the 
fluidd [23, 24], it is believed that it does not influence the hydrodynamic interactions 
withh the fluid. It is possible to consider this layer as part of the sphere and model the 
systemm simply as an effective sphere plus an electric diffuse layer. Throughout this 
thesiss I shall not consider the effect of a dynamic Stern layer, i.e. a Stern layer whose 
counterionss are not glued on the particle surface but are free to move. 

3.22 Electrokineti c phenomen a 

Thee term "Electrokinetic phenomena" refers to all phenomena in which the EDL is dis-
tortedd from its equilibrium position via an external force, of electrical or other origin. 
Becausee of this distortion, the EDL reacts and consequently induces a relative motion 
betweenn the suspended particles and the fluid. Many electrokinetic phenomena have 
beenn reported in the literature, but they can be grouped into two categories depending 
uponn the nature of the perturbing force. On the one hand we have electrophoresis, 
wheree the macroscopic charged particle and its EDL are displaced by means of an 
electricc field—here the specific particle velocity is due to the balance between the di-
rectt electrostatic interaction and the hydrodynamic friction, plus the counter-reaction 
off  the EDL, which has the opposite charge. On the other hand, in a sedimenting 
sample,, the driving force is gravitational and, because of the relative motion between 
thee particles and the electrolyte, a local electric field is generated. The so-called sed-
imentationn potential is the experimentally measured electrostatic potential difference 
betweenn the top and the bottom of a sedimenting sample. 

Inn both cases, the macroparticles move. If, instead, the macroscopic objects are 
fixed,, as, for example walls, slits, or a fixed obstacles, there are two equivalent elec-
trokineticc phenomena. If an electric field is applied to, for example, a charged slit 
containingg an electrolyte, the fluid wil l start moving generating a quasi plug flow. Al-
thoughh this phenomenon is called electro-osmosis, the physics is essentially the same 
ass in electrophoresis due to Galilean invariance. If, instead, we displace the electrolyte 
inn a charged porous medium by means of (for example) a pressure gradient, we wil l 
measuree an electrostatic potential difference between the two sides, called the "stream-
ingg potential". Again, a second of thought will show the equivalence of this potential 
withh the sedimentation potential. 
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Forr more details I refer the reader to the vast literature present; for a general 
introductionn see, for example, [3, 25, 2], for a mascript focused on colloidal suspensions 
seee [23, 26], and for a nice recent review of the recent achievements see [24]. 

3.2.11 Onsage r relatio n 

Inn the previous section, I divided the electrokinetic phenomena into two categories. 
Ass the careful reader already suspects, there is a close relation also among the two 
basicc electrokinetic phenomena. In one case, we displace the (overall neutral) fluid 
byy means of an electric field; in the other, we generate an electrostatic potential by 
displacingg particles (which together with the EDL are, again, neutral). This symmetry 
findsfinds its formalization in an Onsager relation. For charged particles, the mass current 
JMJM is generated by two mechanisms: a force G which acts onto the particles because 
theyy have a mass, and the electrostatic forces E that displace mass because particles 
possess charge. Conversely, the electric current Je is generated by the action of a 
direct,, electrostatic, force plus a non electrostatic force that, by displacing the charged 
particles,, also contributes to the electric current. More formally 

JMJM = AG-\-CgeEi 

JJee = £E + £e sG, (3.9) 

wheree A, B, and Cge and Ceg are the relevant transport coefficients. The symmetry 
off  the electrokinetic phenomena is formalized by the equality Ceg = Cge. 

3.2.22 Sedimentatio n velocit y 

Below,, I briefly review the classical theories for sedimentation and electrophoresis. 
Inn a sedimentation experiment, charged colloids sediment under the influence of the 
gravitationall  force. The sedimentation velocity of a charged sphere (for example) is 
slightlyy less than that of a neutral one of the same size and weight because, while sed-
imenting,, a charged sphere has to drag the (distorted) electrical double layer along. 
Thee amount of friction exerted by the EDL depends upon its spatial extension (mea-
suredd by the dimensionless length na, where a is the radius of the spheres) and upon 
thee total charge of the sphere. In the two limits KCL —• 0, and no, —> oo the EDL exerts 
noo extra friction. In the first case, the EDL is extremely diffuse and, because in this 
limitt the Yukawa potential reduces to a constant, the electrostatic potential exerts no 
force.. In the second case, the layer is so thin and so close to the colloid that the no-slip 
boundaryy condition prevents any force generation. For intermediate values of na the 
EDL,, distorted by the flow field near the particle, will try to restore its equilibrium 
shape.. In doing so, the EDL exerts a force on the fluid which opposes the perturbing, 
gravity,, force; hence it will reduce the sedimentation velocity. 

Boothh [27] and later Ohshima [28] gave analytical formulae for the reduction of 
thee sedimentation velocity U{Z)/UQ in the limit of a single weakly-charged spherical 
colloid.. In this limit, they predict that the sedimentation velocity, UQ(Z) can be 
expressedd as 

^^ = l - c 2 Z 2 , (3.10) 
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wheree UQ is the sedimentation velocity of a neutral sphere, and e-}, is a constant that 
cann be computed analytically in the Debye-Hiickel limit. For monovalent co- and 
counterions,, i.e. when 2+ = — z_ = 1, which also have the same diffusivity, D+ = 
D-D- = D, the expression for 02 is 

C22 " 7 2 ^ D / ( K a ) ' ( 3 - U ) 

wheree J{KO) is the following function 

•f(*a)) = i_>_]  \2 V2Ka (3£?4(«a) - 5E6(«a))2 + 8eKa ( £ 3 M - E5(K<Z)) 
LL  ~\~ I  hid) L 

-e-e2Ka2Ka
 {4E3(2KO,) + ZEA{2KO) - 7E8(2Ka))] (3.12) 

off the integral functions 

1-00 1-00 

En(x)) = x n _ 1 / dtt-nexp(-t). (3.13) 
Jx Jx 

Inn the remainder of this thesis we repeatedly refer to this theory. 

3.2.33 Electrophoresi s 

Whenn charged spheres are immersed in an electrolytic solution in the presence of 
ann external electric field, they begin to move under the effect of the electrostatic 
force.. For a quantitative prediction of the translational velocity, one needs to explicitly 
considerr the combined effect of the electric double layer and of hydrodynamics. Again, 
analyticall formulae were obtained in the two limiting scenarios na —> 0, and KO —» 00. 
Ass we already observed in the sedimentation case, for «a —> 0 the EDL does not couple 
withh the external electric field and the electrophoretic mobility is given by the ratio 
off the electrostatic force QE (acting directly onto the particle) to the Stokes drag 
££ = 6wr)a and to the driving electric field E. The electrophoretic mobility is then 
simply y 

»e=-~-,»e=-~-, (3.14) 
07rr70 0 

which,, in terms of the the zeta potential £ (i.e. the electrostatic potential at contact) 
reads: : 

M e = ^ - C -- (3-15) 
377 7 

Thiss result was first derived by Hiickel in 1924 [29]. In 1903, von Smoluchowski 
[30]] showed that in the opposite limit, i.e. when na —> 00, the electrophoretic mobility 
iss increased by a factor 3/2 

Mee = -C- (3.16) 
V V 

Remarkably,, the Smoluchowski result is valid regardless of the shape of the macroscopic 
particlee and it is used daily in hundreds of laboratories in the world for separating 
manyy biologically relevant particles. Phenomenological descriptions of these results 
cann be found in text books and reviews [25, 31, 32]. 
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33 Introduction to electrokinetics 

3.33 Electrokineti c equation s 

Inn order to provide the general framework for the description of electrolyte dynamics, I 
firstt briefly review the dynamics of dilute mixtures of which electrokinetic phenomena 
aree a sub set—on hydrodynamic length and time scales. As in all hydrodynamic 
descriptions,, the starting point of this discussion lies in the laws of conservation of 
masss and momentum. 

3.3.11 Mass conservatio n 

Everyy species of the fluid mixture satisfies the usual mass conservation law: 

^ r + V - p f c v f cc = 0, (3.17) 

wheree v* is the velocity and pk the density distribution of the species labeled by k. 
Thee total density, p = XlfcPfc» ^s a^ so conserved, and satisfies an equation analogous 
too Eq. (3.17) with respect to the barycentric velocity pv = YlhPkVk>  which describes 
thee evolution of a fluid element. If we refer the motion of all species to this common 
velocity,, then Eq. (3.17) can be expressed as 

^ + V . p f c v = - V - j f c ,, (3.18) 

wheree I have introduced the relative current of species k, j f c = pk{vk — v), which 
accountss for all dynamical effects arising from the mismatch in velocities between the 
differentt species. For mixtures composed of molecular constituents at low Reynolds 
numberr (as is usually the case in electrolytes), the inertial time scale is extremely 
small;; hence the relative current can be assumed proportional to a thermodynamic 
drivingg force, which is proportional to the gradient of the chemical potential. As a 
result,, the relative current of species i becomes diffusive and can be expressed as [33] 

Jfcc = -$^AfcPfcV/3/ i f c , (3.19) 
jfc c 

wheree (3 is 1/ksT, with ks the Boltzmann constant and T the temperature. (3p,k = 
\ogpk\ogpk +/?/^|x is the chemical potential decomposed into an ideal and excess part, while 
DikDik corresponds to the diffusion coefficient that determines the flux of species i induced 
byy spatial variations in the chemical potential of species k. For the sake of simplicity, 
II focus on the case where cross diffusion is neglected, and hence Dik = Dl6ik. By 
substitutingg the chemical potential in Eq. (3.19), I express mass conservation in the 
formm of a set of convection-diffusion equations, expressing the two mechanisms that 
controll density evolution for each species, 

^^ + V - pfcv = V • Dk [VPk + pkVfa%x]  • (3-20) 
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3.33.3 Electrokinetic equations 

3.3.22 Momentu m conservatio n 

Next,, let us consider momentum conservation. On the same length and time scales, 
ass I have already shown in Section 2.2.1, momentum conservation implies that the 
barycentricc velocity, for low Reynolds number flows, follows the linearized Navier-
Stokess equation, 

-- (pv) = T7V2v - Vp + F e x t , (3.21) 

wheree rj  is the shear fluid viscosity, while Fext is an external force density acting on 
aa fluid element. The effect of the interactions among the different species enters as a 
nett force acting on the fluid expressed as the gradient of the local pressure p. In the 
presencee of spatial gradients, the pressure has in general a tensorial character, and 
cann be derived from the free energy of the system. However, for ideal electrolytes, the 
locall pressure can always be expressed as a scalar. Hence, for the sake of simplicity, 
wee will consider this situation in what follows. 

Inn general, the pressure gradient can be computed from the chemical potential as 

j3Vpj3Vp = Y PkWiik = Y, (Vpfc + Pk0Vnf) (3.22) 
kk k 

andd acts as a force. The first term of the pressure corresponds to the ideal-gas contribu
tion,, /3pld = Y^k Pk while the other two contain all the information of the interactions 
amongg the fluid species. If there is one majority neutral component, which only con
tributess to the ideal part of the pressure, then the excess component of the pressure 
cann be identified as the osmotic pressure of the mixture. 

Usingg Eq. (3.22) for the pressure gradient, the Navier-Stokes equation reads 

|| (pv) = rjV2v - Vpid - Y PhVtf* + F e x t . (3.23) 

3.3.33 Electrokineti c equation s 

Thee electrostatic equations can be computed as a special case of Eqs. (3.20) and (3.23) 
byy replacing p  ̂ = zke$, where zk is the valency of the charged species fc, and $ is 
thee electrostatic potential. The Smoluchowski equation (3.20) becomes 

^T+V'^T+V'PkPkvv = VDk [Vpk + epzkPkV*],  (3.24) 

whilee the Navier-Stokes equation (3.23) is 

d_ d_ 
dt dt 
-- (pv) = rjV2v - Wd ~ Y ezkP*™ + F e x f . (3.25) 

Ar r 

Wee still need an additional equation that prescribes how the electrostatic potential is 
relatedd to the local charge density. Since transport processes associated to mass and 
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33 Introduction to electrokinetics 

momentumm transfer in fluid mixtures are much slower than the propagation of elec
tromagneticc waves, the electric field is completely determined by the Poisson equation 

V 2$$ = -
47re e 

y~ly~l Zkpk+Ps (3.26) ) 

wheree ps is for the charge density of the solid surfaces and accounts for possible 
confiningg walls or moving suspended particles in the electrolyte. 
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44 Velocit y fluctuation s and dispersio n 
inn a simpl e porou s mediu m 

Abstrac t t 

Wee model a fluid-filled disordered porous medium by a lattice-Boltzmann system with 
randomlyy broken links. The broken links exert a friction on the fluid without excluding 
volume.. Such a model closely mimics the idealized picture of a porous medium, which 
iss often used in the theoretical analysis of hydrodynamic dispersion. We find that 
thee Brinkman equation describes both the mean flow characteristics and the spatial 
decayy of velocity fluctuations in the system. However, the temporal decay of the 
velocityy correlations (that a particle experiences as it moves with the fluid), cannot 
bee simply related to the spatial decay. It is this temporal decay that determines the 
dispersivity.. Thus, hydrodynamic dispersion is generally greater than theories based 
onn spatial correlations would imply. This is particularly true at high densities, where 
suchh theories considerably underestimate both the magnitude and transient time scale 
forr dispersion. Nonetheless, temporal velocity correlations are still ultimately screened 
andd the hydrodynamic dispersion coefficient converges exponentially. The long-lived 
transientss reported for more realistic systems must therefore be due explicitly to the 
presencee of excluded volume. 

4.11 Introductio n 

Whenn a tracer particle is introduced into a stationary fluid, it will be dispersed by 
Browniann motion. The dispersion can be characterized by the mean of the squared dis
placementt in a given direction, Ax2. From the Einstein definition of the self-diffusion 
coefficientt Do, this increases linearly with time, the constant of proportionality being 
twicee £>o, 

{Ax{Ax22(t))=2D(t))=2D00tt (4.1) 

Forr a stationary fluid filling the voids in a (nonadsorbing) porous medium, the motion 
off the tracer particles is hindered by the medium and the diffusion coefficient of the 
tracerr particles is reduced relative to D0 . If, on the other hand, the fluid flows through 
thee porous medium with a mean velocity V, then the dispersion of tracer particles (now 
definedd by the variance in their displacements) increases and can become very large 
comparedd to 2D0t at a given time. The origin of this "hydrodynamic" dispersion lies 
inn the fact that, even in the absence of Brownian motion, different particles experi
encee different local flow velocities and are, therefore, transported by convection over 
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44 Velocity fluctuations and dispersion in a simple porous medium 

differentt distances in a given time t. Quantitatively, the dispersion coefficient D is 
relatedd to the time integral of the time correlation function of the velocity fluctuations 
experiencedd by tracer particles: 

D=D=  / <MO)-Vnu i (* ) -V]>£f t (4.2) 
Jo Jo 

wheree Vi(t) is the instantaneous velocity of a particle along the flow direction as it 
movess through the fluid. Note that we follow convention here and refer to the diffusion 
coefficientt for the equilibrium case (where there is no flow), and to the dispersion 
coefficientt for the non equilibrium case (where the fluid flows). The relative importance 
off this convective dispersion, relative to simple diffusion, can be characterized by the 
Peclett number Pe. It is defined as Pe = U*l*/D 0, where U*  is a characteristic 
velocityy and I*  is a characteristic length. The obvious choice for the characteristic 
velocityy U*  is the mean velocity of the fluid V. At high Peclet numbers, tracer 
transportt over distances larger than l*  is dominated by convection, and dispersion 
iss therefore dominated by the spatial fluctuations in fluid velocity. Conversely, at low 
Peclett numbers, the convective contribution is small and simple diffusion dominates 

Inn order to understand hydrodynamic dispersion, we need an idea of how fluid 
flowsflows in porous media. If the fluid is Newtonian, then the steady-state velocity fields 
vv will be solutions of the time-independent Navier-Stokes equations 

-- Vp + r?V2v + F = 0 (4.3) 

V - vv = 0. 

thatt satisfy stick boundary conditions at the solid/fluid interface. Here p is pressure, F 
iss any external forces acting on the fluid, and r\ is the viscosity. We have also assumed 
thatt inertia is negligible (the flow is at low Reynolds number). The relation between 
thee steady-state flow velocity and the applied pressure gradient is then given by the 
Darcy'ss law, 

F = - - V p ,, (4.4) 
V V 

wheree K is a constant (the permeability) that depends only on the properties of the 
porouss medium, not on those of the fluid. Equation (4.4) is a first-order equation while 
Eqs.. (4.3) are second-order equations. It is therefore impossible to formulate rational 
boundaryy conditions between the two. In 1947 Brinkman proposed an equation to 
describee the locally averaged flow in a porous media that is, the flow on a scale large 
comparedd to any local inhomogeneity in the medium [34]. The Brinkman equation 
considerss the balance of forces acting on a volume element of fluid, i.e., the pressure 
gradient,, the divergence of the viscous stress tensor, and the friction force exerted by 
thee porous medium: 

7?V2t>> - Vp - -v = 0. (4.5) 
K K 

Thee crucial assumption is that the external force in the Navier-Stokes equation 
[Eq.. (4.3)] can be replaced by the force term in Darcy's law [Eq. (4.4)]. This sub
stitutionn is only justified if the porous medium occupies a vanishingly small fraction of 
space.. In that case one may consider the porous medium as a continuum that exerts a 
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4.14.1 Introduction 

frictionfriction on the fluid at every point. In spite of the approximate nature of the Brinkman 
equation,, it has proved to be an extremely useful tool for modeling flow in spatially 
inhomogeneouss porous media [35, 36]. 

Off most relevance to us here is the use of the Brinkman equation to describe not 
averagee flow velocities, but the spatial decay of fluctuations in the flow velocity. It 
iss clear from Eq. (4.2) that it is these fluctuations that play the crucial role in deter
miningg the dispersion coefficient. Indeed, if Brownian motion can be neglected, the 
particlee velocity Vi(t) appearing in Eq. (4.2) is simply the instantaneous velocity of a 
particlee as it convects along a streamline. This we refer to as the Lagrangian velocity 
correlationn function Cv(t). This concept was utilized by Koch and Brady [37] in their 
theoreticall analysis of dispersion in random media composed of randomly distributed 
fixedd particles. Notably, they made use of the fact that a velocity fluctuation gener
atedd by one of the fixed points making up the porous medium will, according to the 
Brinkmann theory, decay in space on a length scale set by the Brinkman length A . 
Thee Brinkman length is the square root of the permeability. If the particles making 
upp the medium have no spatial extension (they are simply points in the fluid exerting 
friction),, the decay is exponential. If they do have a spatial extension, in the sense 
thatt stick boundary conditions apply on the surface, the decay is slower, going with 
distancee r as 1/r3 [38]. On the other hand, if the presence of the porous medium 
iss neglected, the Brinkman equation reduces to the usual Navier-Stokes equation for 
whichh a velocity perturbation decays as 1/r. This leads to an unbounded integral 
forr the dispersion coefficient, implying that the dispersion coefficient diverges; that is, 
itt would always depend on the system size. The hydrodynamic screening predicted 
byy the Brinkman equation thus plays a crucial role in determining the dispersion co
efficient.. A similar effect occurs in sedimentation, where velocity fluctuations in an 
unboundedd system diverge [39]. In this case, it is the presence of container walls that 
iss crucial in providing the necessary screening [40]. 

Thee question we want to address here is how well this picture, central to the theory 
off Koch and Brady [37], describes hydrodynamic dispersion. One reason for doing so 
iss that numerical simulations of dispersion in packed beds of spheres, reported in 
Ref.. [41], suggested that the dispersion coefficient was still increasing on time scales 
wheree the theory suggested it should have already converged. This raised the question: 
Iss this the asymptotic behavior? For realistic packed beds of spheres Koch et al. [42] 
showedd that the screening picture describes the decay of the velocity fluctuations 
reasonablyy well. Dorlosfky and Brady [43] arrived at the same conclusion. There are 
nonethelesss two complications with this "realistic" system. First, as noted above, the 
Brinkmann screening is less dramatic (going from a 1/r decay to 1/r3) for spatially 
extendedd particles than is the case for points (from 1/r, to exponential). Second, the 
presencee of an explicit solid/fluid interface, where the flow velocity goes to zero, means 
thatt there is a region close to the surface that the tracer particles must always enter and 
leavee by diffusion. Koch and Brady suggest that the presence of this diffusive boundary 
layerr means that the dispersion coefficient reaches its asymptotic value on time scales 
muchh longer than would otherwise be expected. This could also be responsible for 
thee behavior observed in Ref. [41]. In this chapter we, therefore, consider a simple 
modell system where both these complications are absent; that is, following in the 
spiritt of the theory, we consider a porous medium composed of fixed points that exert 
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44 Velocity fluctuations and dispersion in a simple porous medium 

frictionn but have no spatial extension. Indeed, the analysis of such a system gives one 
contributionn to the overall dispersion coefficient in the expression derived for a packed 
bedd [37]. It is regarded as the contribution to the dispersion coefficient due to the 
velocityy perturbation at distances far from the fixed particle. Specifically, this purely 
convectivee term, Dc, makes a contribution to the total dispersion coefficient 

DD°=*£f°=*£f  (46) 

wheree p is the number density of the fixed points. For the work we describe here, we will 
ignoree Brownian motion and concentrate solely on the decay of velocity fluctuations 
duee to convection. In that case, we have D = Dc. While the model may seem of 
somewhatt academic interest, there are important examples of hydrodynamic dispersion 
inn dilute systems for which the model could be reasonably applied. Dispersion in flow 
throughh polymer networks would be an example. 

4.22 Descriptio n of th e mode l 

Too simulate fluid flow in our model porous media, we employed the D3Q18 lattice-
Boltzmannn (LB) method, introduced in Chapter 2. Here we recapitulate only the 
basics.. The quantity we calculate in the LB method is the discretized one-particle 
velocityy distribution function fi(r, £), which is the probability that a particle at lattice 
sitee r at time t has a velocity c*. For the calculation that we performed, we needed 
thee density p(r) and momentum density j (r), which are moments of this distribution 
function n 

p(r,i)) = J > ( r , t ) , <4'7) 
i i 

j(r,t)) = £ > / i ( r , t ) , (4.8) 
i i 

wheree i sums over all possible velocities C;. The time evolution of the distribution 
functionn is described by the discretized analog of the Boltzmann equation [8]: 

fi(rfi(r  + d,t + l) = ft{r,t)  + A^r , i), (4.9) 

where,, A; is the change in ƒ» due to "collisions" at the lattice sites. The post collision 
distributionn fa + A* is propagated in the direction of the velocity vector c*. The 
overalll procedure involves two steps: a propagation step and a collision step. In 
thee propagation step each distribution function moves to the neighboring site with 
velocityy c^ In the collision step the distributions at each site "collide," in the sense 
thatt they are modified by the collision operator. In Chapter 2 we have already shown 
thatt following this procedure, the evolution of the hydrodynamic fields satisfy the 
Navier-Stokess equations. 

Wee now need a method to model the porous medium. Within the lattice-Boltzmann 
frameworkk there is a straightforward procedure for imposing stick boundary conditions 
att an explicit solid/fluid interface. A simple bounce-back rule performed on boundary 
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FigureFigure 4.1: Two dimensional schematic representation of the model porous medium we em-
ployed.ployed. The dashed lines represent the allowed links between lattice sites. The thick bars on 
aa link show broken links where the bounce back procedure will  be implemented. 

linkss enforces the stick boundary condition to second order, while not perturbing the 
stresss [8]. Boundary links are defined as links connecting lattice sites inside and outside 
thee solid object, and obviously these come in pairs. Adopting a convention of labeling 
thee link that goes from inside to outside as ib and its partner — ib the bounce back 
equationss reads as 

f-f- ibib(r(r bb,t,t + A) 
fib(n+Cib,tfib(n+Cib,t + A) 

fib{r,t) fib{r,t) 

f-ib(rf-ib(r bb + db,t). (4.10) ) 

Heree we do not want an explicit solid-fluid interface, in the sense of a solid phase that 
excludess volume from the fluid. Instead, with a given probability, we break links [that 
is,, define a set of links for which the propagation equation is modified according to 
Eq.. (4.10)]. These broken links exclude no volume (so long as the fraction of broken 
linkss stays well below the percolation threshold) but will exert a friction on the fluid 
proportionall to the local flow velocity. They are effectively point scatterers. 

4.33 Results 

Too generate our model porous medium we generated a set of point sources for friction 
accordingg to a binomial distribution. We first fixed the probability $ that a link would 
bee broken. This number was varied between 0.01 and 0.3. For every link, we then 
generatedd a random number between 0 and 1. If this random number was less than 
$ ,, the link was broken, otherwise it was left intact. In this way, we generated one 
particularr realization of the porous medium for a given value of $. All our results 
weree obtained by performing simulations for at least 25 independent configurations 
forr every value of <£. Note that, for every configuration, the fraction of broken links 
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iss not exactly equal to $. Only the average value is imposed. We cannot predict o 
prioripriori  how the Brinkman length depends on the fraction $ of broken links, because 
this,, even for point scatters, involves the many-particle hydrodynamic interactions. 
Wee therefore determine A numerically. This can be done in two ways. One is to 
measuree the average flow velocity in the presence of an applied external force and 
calculatee the permeability. The second is to compute the flow profile in a simple 
confinedd geometry. For instance, the Brinkman Eq. (4.5) can easily be solved for a 
three-dimensionall porous medium confined in a slit bounded by two hard walls. On 
thee walls, stick boundary conditions apply. If we apply a body force parallel to the 
plates,, the solution for the steady velocity profile, as function of the distance from the 
centerr z, is given by 

A2F F 
MM = — 

'' cosh(f) 
COSh(2 I) ) 

wheree the two plates are located at z = -L/2 and z = +L/2, x is the direction of 
thee force, and F is a force per unit of volume. Note that the Brinkman length A 
enterss this equation twice: first through the (Darcy) prefactor, and second through 
thee "screening" length that determines the shape of the flow profile. The constraint 
thatt a single value of A should fit both the shape and the prefactor provides a good 
consistencyy check on our determination of A. 

Thee simulation box had a length of 320 lattice spacings in the direction of the flow, 
andd 40 lattice spacings in the other two directions. Periodic boundary conditions were 
usedd in the unbounded directions. Even for the lowest density system ($ = 0.01), 
thee Brinkman length was found to be no larger than 3.41 lattice units. This is more 
thann an order of magnitude less than the smallest system dimension. At larger values 
off $, the Brinkman length is even smaller. Hence, we expect finite-size effects to be 
negligiblee at all the values of $ that we studied. To study the flow, we let the system 
evolvee under the applied body force F. After some transient time, the flow fields reach 
aa steady state. All correlation functions that we report have been computed for this 
steadyy state. To compute the average flow profile, we averaged the steady-state flow 
profiless of all 25 different configurations. It is to this averaged flow profile that we 
fittedfitted the Brinkman flow profile given by Eq. (4.11). A result of this fitting procedure 
iss shown in Figure 4.2. It is worth remembering that the Brinkman length is the 
onlyy parameter in this fit. The figure shows that the computed flow profile fits the 
Brinkmann expression. This result is not a priori  obvious and provides a useful check 
thatt we do indeed have a system with a well-defined Brinkman length whose spatially 
averagedd behavior is a solution to the Brinkman equation. By repeating this fitting 
proceduree for other values of $, we obtained the dependence of A on $. We found 
thatt the low density result A ex l / \ / $ holds to a good approximation over the whole 
rangee of $ we consider here. 

Ass Figure 4.2 shows, the Brinkman length describes the distance over which a flow 
profilee in a porous medium is perturbed by an "obstacle" (in this case the hard wall). 
Inn the spirit (if not the letter) of Onsager's regression hypothesis, we might expect that 
"spontaneous"" spatial velocity fluctuations should decay on the same length scale. To 
verifyy this, we computed the spatial velocity correlation function (SVCF) defined as 

CsCs(r)(r)  = ([v(0)-V] [v{r)-V])  (4.12) 
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FigureFigure 4.2: Velocity profile for a fluid flowing through the model porous medium confined 
betweenbetween two plates. Flow velocity v normalized by the maximum flow velocity vo is plotted as 
aa function of dimensionless distance from the center. The dashed line is the solution of the 
BrinkmanBrinkman equation; the circles are the numerical data. 

wheree v(r) is the component of fluid velocity along the flow direction at a distance 
r.r. To compute the SVCF (and all remaining correlation functions), we considered a 
purelyy periodic system without walls. In such a system, the average flow velocity is 
thee same everywhere. In any specific realization of the disorder, however, there will be 
locall deviations from the average value. The SVCF shows how these disorder-induced 
fluctuationsfluctuations decay, spatially, to zero. 

Inn Figure 4.3 (open symbols) we show Cs(r)/Cs(0) computed for a range of values of 
$.. In this figure, we have expressed all distances in units of the Brinkman length A. If, 
ass we assume, the Brinkman length is the only relevant length scale in the system, then 
alll the functions should superimpose. This is precisely what we observe. Moreover, the 
SVCFF decays exponentially, with a characteristic decay distance of a Brinkman length. 
Itt seems, therefore, that the average flow profiles and the averaged spatial decay of 
perturbationss in the flow profile satisfy Brinkman scaling. It would seem logical to 
assumee that, as the spatial decay of velocity fluctuations satisfies Brinkman scaling, 
soo should the temporal decay. If this were true, then Brinkman scaling should apply 
too dispersion of tracer particles. In fact, it has been argued that the nature of the 
equations,, in particular, that the Brinkman equation has no explicit time dependence, 
hass as a consequence that the Lagrangian velocity correlation function (LVCF) should 
decayy in the same way as the SVCF, i.e., exponentially, with a characteristic time 
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Fi^wree 4.5: TTie normalized spatial velocity correlation function Cs(r)/C(0) (open symbols), 
andand Eulerian velocity correlation function C e(r)/C(0)) (^^ed symbols), as a function of di-
mensionlessmensionless distance r/X. The broken link fractions are $ =0.01 (plus), 0.08 (circles), 0.1 
(squares),(squares), 0.2 (diamonds), and 0.3 (triangles). Error bars are smaller than symbols. The 
dasheddashed line is the result of fitting an exponential to C s(r) /C(0) for r/\ > 0.5 

equall to X/V [37]. The LVCF is, within this approximation, simply 

C7„(*)«([v(0)-V]] [v(r = Vt)-V])=Ce(r = Vt) (4.13) 

Wee call this approximation to the LVCF the Eulerian t ime velocity correlation func
tionn (EVCF), Ce(Vt). In Figure 4.3 (filled symbols) we show the normalized EVCF 
computedd for a range of values of $ , together with the SVCF. We observe that , to a 
goodd degree of approximation, all EVCF's superimpose. The typical length of decay 
iss a little bit larger than tha t for the SVCF, because we are now considering correla
tionss along the flow direction only. Otherwise, there is little difference. Based on this 
approximation,, one would expect tha t the natural unit of t ime for the Lagrangian ve
locityy correlation functions is the Brinkman t ime defined as r = X/V, i.e., the average 
t imee it takes a tracer particle to travel over a distance equal to one Brinkman length. 
Inn order to calculate the Lagrangian velocity correlation function, we need to follow 
thee trajectory along which a particle travels; t ha t is, we have to calculate velocity 
correlationss for a streamline. In Appendix 4.B we describe our procedure for doing 
so.. Figure 4.4 shows the LVCF for a system with $ = 0.3. In the same figure, we 
showw the theoretical prediction for the shape of the LVCF corresponding to the EVCF 
andd assuming tha t the velocity t ime correlation function can be obtained directly by 
replacingg the displacement in the latter by tV. The figure shows clearly that there 
existss no such simple relation between the spatial and temporal decays of velocity 

34 4 



4.34.3 Results 

OO 2 4 6 8 10 

FigureFigure 4-4: Comparison of the scaled, normalized, Eulerian (triangles), and Lagrangian (di-
amonds)amonds) velocity correlation functions. £ is in dimensionless unit equal to r/X for Ce(r) and 
toto tJT for Cv(t). Time r is the average time to convect a Brinkman length (r = \/V). The 
dotteddotted lines are guides to the eye. 

fluctuations.fluctuations. In the first place, there is a marked difference in the behavior at short 
times.. The initial rate of decay of the Lagrangian function is zero, so it cannot be 
approximatedd by an exponential. It is straightforward to show, from the incompress-
ibilityy condition, that this must be the case (see Appendix 4.A). More importantly, if 
wee plot the LVCF for different values of $ (i.e., different Brinkman lengths), we can
nott make the different LVCF's collapse onto the same master curve (see Figure 4.5). 
Thiss is surprising, because it suggests that the Brinkman time is not the only relevant 
timee scale in the system. In fact, Koch and coworkers [37, 42] have suggested that 
anomalouss ("non-Brinkman") decay of velocity time correlation functions should be 
intimatelyy linked to similar anomalies in the SVCF. Yet, our simulations appear to 
showw "normal" behavior in the EVCF and "anomalous" behavior in the LVCF. As 
thee LVCF decays much more slowly than one would expect on basis of the Brinkman-
scalingg assumption, the dispersion coefficient [calculated from Eq. (4.2)] is larger than 
wouldd be predicted by simple use of the Brinkman equation. The slow decay of the 
LVCFF indicates that the velocity of tracer particles remains strongly correlated in the 
timee that it takes the fluid on average to move over one Brinkman length. Hence, 
thee hydrodynamic screening picture that works so well for average flow profiles, seems 
too be quantitatively (though not qualitatively) incorrect when we consider temporal 
correlations. . 

Inn what follows, we shall consider hydrodynamic dispersion in the limit of high 
Peclett number. In this limit, and in the absence of any explicit solid/fluid interface, the 
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44 Velocity fluctuations and dispersion in a simple porous medium 

FigureFigure 4-5: The normalized Lagrangian velocity correlation function as a function of di-
mensionlessmensionless time. The different points correspond to different broken link fractions. The 
correspondingcorresponding dimensionless densities are 2.4 (circles), 1.7 (squares), and 0.27 (triangles). 
NoteNote that the curves do not superimpose but decay more slowly with decreasing dimensionless 
densitydensity (increasing absolute density). The lines are guide to the eye. 

Browniann motion of the tracer particles can be ignored. It then follows from Eq. (4.2), 
t ha tt the dispersion coefficient is related to the t ime integral of the Lagrangian velocity 
correlationn function. We now compare the computed dispersion coefficients with values 
predictedd by the theory of Koch and Brady. Before proceeding, we need to briefly 
recapitulatee their model. They model the porous medium by a continuum of points, 
everyy point exerting a friction on the fluid. This might seem an abstract concept of 
porouss media, but it represents a simplified model of a dilute packed bed of spheres 
inn the limit of many scatterers per Br inkman length cubed. Using such a model, they 
weree able to compute the fluid velocity per turbat ion at large distances generated by 
particless making up the porous medium. From this they derive an expression for the 
dispersionn coefficient. In order to perform the calculation they approximate the LVCF 
withh the EVCF. The resulting theoretical expression for the dispersion coefficient at 
highh Peclet number Dth is 

%T%T = \Pe, (4-14) 

wheree the Peclet number is Pe = U*l*/D 0; U*  being naturally identified with the mean 
velocityy of fluid V and D0 being the diffusion coefficient [here superfluous because it 
cancelss the D0 on the left hand side of Eq. (4.14)]. Some discussion is needed about 
thee choice of I*.  In general, I*  is a typical length of the system. The theory takes as 
aa characteristic length the "effective" radius of spherical particles tha t leads to a low 
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densityy random medium with the same Brinkman length; that is, particles that exert a 
frictionn equal to Givqa, where a is a "hydrodynamic radius". This gives the expression 
DthDth — f Va. In actual fact, the radius a is a somewhat fictitious parameter obtained 
byy implying a dilute bed of spheres to model the porous medium. The following 
proceduree is needed to obtain a as function of the Brinkman length A. A dilute bed of 
spheres,, with number density of scatterers p, exerts a total drag equal to p times the 
Stokess drag of a single sphere. Darcy's law gives a value for the same drag in terms 
off the Brinkman length [Eq. (4.4)]. Equating the two, one gets 

Usingg Eq. (4.15), the dispersion coefficient becomes 

*»» = S F <4 1 6> 
Wee need, at this point, an expression for p in terms of the broken links model. We 
shouldd point out that, at this level of detail, it is difficult to map our model directly to 
thee theory because we have, in effect, points with a directionally dependent friction. 
Thee theory, on the other hand, considers points that exert an isotropic friction. To 
matchh (approximately) the two we proceed as follows. In the D3Q18 lattice there are 
188 links, six of which have weight 2 [8]; in our case only two such links are oriented along 
thee flow direction. There are also eight singly occupied links with a component in the 
floww direction, oriented at 45 degrees to the flow. We therefore take these to contribute 
1/2.. The remaining links are oriented perpendicular to the flow direction, so they 
contributee nothing. Allowing for the fact that each link belongs to two lattice sites, 
thee effective density of links, in lattice units, we therefore take to be p = 4$ . From 
thee simulation data the dispersion coefficient can be computed from the Lagrangian 
velocityy correlation function 

D=D=  Cv(t)dt = C(0) Cv{t)/C{0)dt. (4.17) 
JoJo Jo 

Thee initial value of the function, C(0), is simply the covariance of the velocity field. 
Thiss is, in fact, true for all the correlation functions we have defined. Equation (4.17) 
definess D. If, instead, we approximate LVCF with EVCF, we can define 

/>oo o 

DEUIDEUI = C(0) / Ce(t)/C{0)dt = C(0)r'. (4.18) 
Jo Jo 

Ass we have already shown that the normalized function Ce(t)/C(0) scales onto a single 
curve;; r' defined by Eq. (4.18) and representing a characteristic time, is the same for 
alll values of the Brinkman length. The two integrals will, in general, be different, in 
thatt while Cv(t) is related to the velocity of the particle at time t, Ce(t) refers to the 
velocityy of a particle at a position r = Vt. The two quantities are only necessarily 
equall in the absence of velocity fluctuations. 
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Inn units where length, time and velocity are, respectively, A, r , and V, the disper
sionn coefficients are thus 

D** — 

D'D'EulEul = ^ - , (4.19) 

VV T 

11 f°° 
D*D*  = ~ Cv(t)dt. 

VV Jo 
Inn the following we will plot the dispersion coefficients as a function of the dimen-
sionlesss friction point density p* = pA3. This is the number of scatterers per cu
bicc Brinkman length and sets the intrinsic scale of the system. The scaling of the 
Brinkmann length [A ~ p~1 / /2 , see Eq. (4.15)] means that dense porous media in "real 
word"" units are actually dilute in the intrinsic scale set by the Brinkman length. In 
fact,, when p —* oo, p* —• 0; that is, high dimensionless number densities correspond 
too the approximations made in the theory, because in the (spatially) dilute limit there 
aree many scatterers per Brinkman length cubed. This assumption is needed to treat 
thee porous medium as a continuum. We are thus able to disentangle the effect of the 
dilutee limit approximation and use the EVCF instead of the LVCF to compute the 
dispersionn coefficient. In Figure 4.6 we plot D\h and D*Eul as functions of 1/p* for 
highh values of p*. The theoretical value of the dispersion coefficient D*h is a linear 
functionn of 1/p* [Eqs. (4.19)]. We observe that in the dilute limit D*Eul also has a 
linearr behavior. A linear fit of DEul for high p* has an intercept at zero, as the theory 
predicts.. In the figure we plotted also D*, which has the same behavior. At a given 
numberr density the difference between D ĥ and DEul quantifies the effect of the dilute 
limitt approximation, whereas the difference between DEul and D*  quantifies the error 
madee by approximating the LVCF with the EVCF. The difference between D*h and 
D*D*  is a measure of the accumulated effect of the two approximations. We can conclude 
thatt the theoretical expression works very well in the dilute limit. In this regime the 
absolutee agreement between the theory and simulations, given the approximate nature 
off the mapping, is clearly very good. This confirms the prediction of Koch and Brady 
theoryy that the dispersivity is independent of volume fraction for dilute beds. 

Inn Figure 4.7 we show the whole range of densities covered by our simulations, and 
wee repeat the analysis carried out for Figure 4.6. Again on the abscissa is the inverse 
dimensionlesss density 1/p*. For decreasing values of the dimensionless density the two 
liness diverge. The difference between the two represents the factor needed to correct 
forr the dilute limit assumption. We observe that the computed dispersion coefficients 
noo longer have a linear dependence on 1/p*. We also see that there is an appreciable 
differencee between the exact dispersion coefficient D*  and both the approximations 
DDEulEul and D*h. This difference increases with decreasing p*. This means that, for 
whatt would correspond to an increasingly packed bed, the dispersion coefficient be
comess much larger than the theory predicts. Both the dilute limit assumption and 
approximatingg the Lagrangian velocity correlation function with the Eulerian con
tributee to the error. At low and moderate densities it is the former, rather than the 
latter,, that limits the validity of the theory. 
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FigureFigure 4-6: The dimensionless dispersion coefficient D* (diamonds) as a function of inverse 
dimensionlessdimensionless density p*. Also plotted are the theoretical values of the dimensionless dis-
persionpersion coefficient D ĥ (circles) and the dispersion coefficient obtained by approximating the 
LagrangianLagrangian velocity correlation function with the scaled Eulerian function, D*Eul (plus). Note 
thatthat high values of p" correspond to low point densities so this data covers the spatially dilute 
regime.regime. The lines are linear fits of the corresponding data points. 

4.44 Conclusions 

Inn this paper we described numerical simulations of flow through a simple model 
porouss medium. The porous medium was modeled by simply breaking randomly, with 
probabilityy <&, the links used in the lattice-Boltzmann equation. From the point of 
vieww of comparing with theory, this broken link model has two advantages. First, 
itt has no excluded volume. Second, it exerts a relatively high local friction. The 
latterr allows one to calculate correlation functions over several Brinkman lengths. 
Wee showed, by two different calculations, tha t this model does indeed behave as the 
Brinkmann equation predicts. Specifically, for the velocity profile of a flow through a 
porouss medium sandwiched between two plates and the spatial decay of fluctuations 
inn the local flow velocity about the mean (SVCF). The lat ter is an assumption in 
thee Koch and Brady theory of dispersion in random media and it is a good one. We 
foundd tha t there is a universal behavior of spatial correlations if we measure lengths 
inn units of the Brinkman length, confirming that this is the only relevant length in the 
system.. We also confirmed tha t , spatially, this results in an exponential screening of 
thee fluctuations. Again, this is central to the Koch and Brady theory. It guarantees 
convergencee of the dispersion coefficient, which would otherwise diverge. We can 
concludee tha t the broken link model is well described by the Brinkman equation. 
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FigureFigure 4-7: The dimensionless dispersion coefficient D* (diamonds) as a function of inverse 
dimensionlessdimensionless density p*. Also plotted are the theoretical values of the dimensionless dis-
persionpersion coefficient D* th (circles) and the dispersion coefficient obtained by approximating the 
LagrangianLagrangian velocity correlation function with the scaled Eulerian function D*Eul (plus). Note 
thatthat low values of p* correspond to high point densities so this data extends to the 
densedense regime. The curves are drawn as a guide to the eye. 

Conversely,, the Brinkman equation describes successfully the spatial decay of velocity 
fluctuationss in our model porous medium. 

Fromm the point of view of hydrodynamic dispersion, it is the temporal ra ther than 
spatiall decay of fluctuations tha t is relevant. For the Lagrangian velocity correlation 
functionn (the temporal decay of the velocity a particle experiences as it traverses the 
fluid)) things were more complex. This "time" velocity correlation function behaved 
quitee differently. Its decay is not a simple exponential and, if we a t t empt to relate 
t imee to an average displacement, there is no universal behavior in the scaled decay. 
Thee decay of this function cannot be predicted by a simple mapping to the Brinkman 
equationn alone. It is not possible to say tha t Lagrangian fluctuations are uniquely 
relatedd to the Eulerian fluctuations for all densities of scatterers. This is an approx
imationn invoked in the Koch and Brady theory and one, the simulations show, tha t 
iss only strictly justified for low densities (Koch and Brady themselves acknowledge 
tha tt it is a low density approximation). We should stress, however, t ha t the decay 
off the Lagrangian correlation function with t ime is still asymptotically exponential. 
Thus,, the qualitative picture tha t the screening of the velocity fluctuations by the 
porouss medium itself leads to a convergent dispersion coefficient remains true. The 
resultss reported in Ref. [41] cannot be a t t r ibuted to a breakdown of the screening 
picture,, the slow decay must in some way be related to the more complex nature of 
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thee porous medium, notably, the presence of excluded volume and diffusive bound
aryy layers. Nonetheless, the conclusion that Lagrangian correlations can decay on 
muchh longer temporal (and, by implication, spatial) scales is consistent with Ref. [41]. 
Here,, the correlation functions were decaying on timescales that greatly exceeded the 
Brinkmann time. 

Givenn the simplicity of our model and its similarity to the system Koch and Brady 
usedd to develop part of their theory of dispersion in packed beds, a direct comparison 
seemedd appropriate. We thus computed the dispersion coefficient (in the limit where 
molecularr diffusion can be neglected) as a function of broken link density. In the limit 
wheree the theory should be most valid (low volume fraction, a broken link "volume" 
interpretedd as the volume of a sphere that exerts the same friction), we found rea
sonablee agreement. At higher volume fractions, the agreement breaks down and the 
theoryy grossly underestimates the dispersion coefficient. In this regime, the decay 
off the Lagrangian velocity correlation functions differs dramatically from the scaled 
spatiall decay used to approximate it in the theory. The fact that the theory gives 
dispersivitiess that actually agree quite well with experimental results for dense packed 
beds,, must be due to the fact that it more accurately accounts for the boundary layer 
dispersionn that we do not consider here. 

4.AA Initia l rat e of decay of th e LVCF 

Inn this section we give a simple argument as to why the initial gradient of the La
grangiann velocity correlation function, computed along the direction of the flow, should 
bee zero. We define the x direction as the tangent to the trajectory x = t. The y and 
zz directions would be any pair of orthogonal vectors in the plane orthogonal to the 
trajectory.. The LVCF is defined as Cx(t) = (ux(0)ux(t)) and its time derivative is 

KM')) = (Ux{0)du^ 
dt dt at at t=0 t=0 

(4.20) ) 

Onn the other hand, the time derivative of the fluid velocity experienced by a tracer 
particlee can be written as 

duduxx{t) {t) 

dt dt 

dx(t) dx(t) 

t=0 t=0 dt dt 

duduxx(t) (t) 

t=o t=o dx dx 
= U x ( 0 ) ) 

duduxx(t) (t) 

t=o t=o dx dx 
(4.21) ) 

t=o o 

Wee can now use the incompressibility condition V • u = 0, this can also be written as 

dudux x 

dx dx + + 
duduxx dux 

dydy dz 
== 0. (4.22) ) 

Thee term within the square brackets is zero by definition because of the choice of the 
axes.. As a consequence dux/dx = 0, so it follows that dCx{t)/dt = 0. Thus the initial 
slopee of the LVCF along a stream line is zero. It follows that along the direction of 
thee mean fluid flow the slope is also zero, because the average of the vector tangent 
too a trajectory is parallel to the vector defining the direction of the flow. 
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4.BB Computin g Streamline s 

AA streamline is the trajectory followed by a tracer particle when the system is station
aryy and the particles have no diffusion. In this section we describe how we computed 
thee stream lines. The problem that has to be solved is simple: given a velocity 
fieldfield V(x^) on a lattice X;, construct a flux line x(£), where x is a continuous vari
able.. A straightforward procedure to perform this calculation is the Euler method: 
x ( i + l )) = x(i) + dt V(x(£)). This method is only accurate to first order. We employed 
thee Runge-Kutta method in the midpoint approximation [44], which is accurate to sec
ondd order in the time-step. Higher order methods were not necessary. The value of 
V(x(i))) has to be interpolated. In order to compute the off lattice values of the veloc
ityy field, we used a very simple trilinear interpolation, which is the three dimensional 
generalizationn of the linear interpolation V(x{ + dx) = V(xi) + d x (V(xi+\) — V(xi)). 

Althoughh very simple, the approach described above proved to be very robust. We 
checkedd that the time step chosen was small enough to ensure a consistent stream line 
calculationn up to the distance used in our simulations. Any possible improvement in 
thee stream line calculation results in a small enhancement of the effect we have pointed 
outt in this chapter. 
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electrokineti cc  equation s 

Abstrac t t 

Wee present a robust scheme for solving the electrokinetic equations. This goal is 
achievedd by combining the lattice-Boltzmann method (LB) with a discrete solution 
off the convection-diffusion equation for the different charged and neutral species that 
composee the fluid. The method is based on identifying the elementary fluxes between 
nodes,, which ensures the absence of spurious fluxes in equilibrium. We show how 
thee model is suitable to study electro-osmotic flows. As an illustration, we show 
that,, by introducing appropriate dynamic rules in the presence of solid interfaces, we 
cann compute the sedimentation velocity (and hence the sedimentation potential) of a 
chargedd sphere. Our approach does not assume linearization of the Poisson-Boltzmann 
equationn and allows us for a wide variation of the Peclet number. 

5.11 Introductio n 

Thee study of the dynamics of suspensions of charged particles is interesting both be
causee of the subtle physics underlying many electrokinetic phenomena and because 
off the practical relevance of such phenomena for the behavior of many synthetic and 
biologicall complex fluids [45, 46]. In particular, electrokinetic effects can be used to 
controll the transport of charged and uncharged molecules and colloids, using elec
trophoresis,, electro-osmosis, and related phenomena [3]. As micro-fluidic devices be
comee ever more prevalent, there are an increasing number of applications of electro-
viscouss phenomena that can be exploited to selectively transport material in devices 
withh mesoscopic dimensions [47]. 

Inn virtually all cases of practical interest, electroviscous phenomena occur in con
finedd systems of a rather complex geometry. This makes it virtually hopeless to apply 
purelyy analytical modeling techniques. But also from a molecular-simulation point of 
vieww electroviscous effects present a formidable challenge. First of all, the systems un
derr consideration always contain at least three components; namely a solvent plus two 
(oppositelyy charged) species. Then, there is the problem that the physical properties 
off the systems of interest are determined by a number of potentially different length 
scaless (the ionic radius, the Bjerrum length, the Debye-Hückel screening length and 
thee characteristic size of the channels in which transport takes place). As a result, 
fullyy atomistic modeling techniques become prohibitively expensive for all but the 

43 3 



55 Discrete solution of the electrokinetic equations 

simplestt problems. Conversely, standard discretizations of the macroscopic transport 
equationss are ill suited to deal with the statistical mechanics of charge distributions 
inn ionic liquids, even apart from the fact that such techniques are often ill-equipped 
too deal with complex boundary conditions. 

Inn this context, the application of mesoscopic ("coarse-grained") models to the 
studyy of electrokinetic phenomena in complex fluids seem to offer a powerful alterna
tivee approach. Such models can be formulated either by introducing effective forces 
withh dissipative and random components, as in the case of dissipative particle dynam
icss (DPD) [48], or by starting from simplified kinetic equations, as is the case with the 
lattice-Boltzmannn method (LB). 

Thee problem with the DPD approach is that it necessarily introduces an addi
tionall length scale (the effective size of the charged particles). This size should be 
muchh smaller than the Debye screening length, because otherwise real charge-ordering 
effectss are obscured by spurious structural correlations; hence, a proper separation of 
lengthh scales may be difficult to achieve. A lattice-Boltzmann model for electrovis-
couss effect was proposed by Warren [49]. In this model, the densities of the (charged) 
solutess are treated as passive scalar fields. Forces on fluid elements are mediated by 
thesee scalar fields. A different approach was followed in Ref. [50], where solvent and 
solutess are treated on the same footing (namely as separate species). This method 
wass then extended to couple the dynamics of charged colloids to that of the electrolyte 
solution.. As we shall discuss below, both approaches have practical drawbacks that 
relatee to the mixing of discrete and continuum descriptions. 

Thee LB model that we introduce below appears at first sight rather similar to 
thee model proposed by Warren. However, the underlying philosophy is rather differ
ent.. We propose to consider the fluxes between connected nodes as the basic physical 
quantitiess that determine the evolution of local densities. Such a formulation ensures 
locall mass conservation, does not rely on fluxes or gradients computed at the lattice 
nodess (which constitutes a source of error in other models due to the need to ap
proximatee them on a lattice), and by choosing a symmetric formulation for the link 
fluxesfluxes in terms of the nodes that are affected, we can recover the proper equilibrium 
withoutt spurious fluxes. Our model relies on a LB formulation for mixtures. Hence, 
thee improvements of the formulation based on link fluxes will overcome some of the 
limitationn of previous LB models for mixtures based on gradient expansions of a free 
energyy [51, 52]. 

Thee method described is very flexible, and, in particular, general boundary con
ditionss are easily implemented. This feature also makes the proposed formulation 
attractive,, since it avoids problems related to mass and charge conservation at fluid-
solidd interfaces, an artifact that has plagued previous LB implementations. It is then 
possiblee to model the dynamics of colloidal particles and polyelectrolytes in solution. 
Thee electrostatic interaction between them is derived from the charge distribution in 
thee fluid. Hence, we do not need to assume any specific form for the interaction be
tweenn charged colloids, or between monomers in a polyelectrolyte. Electro-osmosis, 
thee sedimentation potential, electrophoresis, or other electrokinetic phenomena can be 
easilyy treated within the model. In this paper we consider the first two to illustrate 
thee capabilities of the method. 

Thee electrolyte is treated at the Poisson-Boltzmann level. We are not restricted 
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too the linearized Debye-Hückel regime and can study the electrokinetic effects at high 
chargee densities, being only limited by ionic condensation (as occurs, for example, in 
cylinders).. The model we introduce neglect effects due to charge correlations. 

5.22 Numerica l lattic e metho d 

Inn developing the method which I will present in this chapter, we were motivated by 
thee necessity to solve the electrokinetic equations which I have already presented in 
Sectionn 3.3.3. However, because these are a special case of the more general class of 
mixtures,, I present the more general model. As I have shown in Section 3.3 the usual 
lawss of conservation of mass and momentum reads, for a mixtures, as 

^^ + V - pkv = V • Dk [Vpk + pkV0ntx] , (5.1) 

and d 

J^vv = r/V2v - Wd ~ £PHVy?*  + FM*. (5.2) 
k k 

Too solve these two equations, we propose a model that combines a description 
off momentum dynamics based on lattice Boltzmann, with a numerical description of 
thee convection—diffusion equation. Quantities are defined on the nodes of a lattice, 
r,, and time evolves in discrete time steps. The lattice is prescribed by specifying its 
connectivity.. The connections of each node are determined by specifying the set of 
allowedd velocities, Cj, where the subindex i runs over all the allowed velocities. Then, 
eachh node r is connected to the nodes r + c^. 

5.2.11 Diffusio n mode l 

Forr convenience, let us rewrite the convection-diffusion equation, Eq. (5.1), in the form 

—pkk + V • pkv = - V • jfc, (5.3) 

wheree the diffusive flux is 

jkk = --D*(Vpfc + PfcV/?/if). (5.4) 

Forr the sake of clarity, we discuss separately the change in density of the species k due 
too diffusion and to advection. The total change in time of the density is simply the 
summ of the two contributions. 

Diffusio n n 

Lett us assume for the time being that the mixture diffuses in a fluid at rest. Equation 
(5.3)) then becomes 

^pfcc = -V-jfc. (5.5) 
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Integratingg both sides of this equation over a volume Vó and using the Green's formula 
JJvv V • jdV = §A j • rid A, we obtain 

—— j PkdV = - / jfc • ndA, (5.6) 
0101 JVo JAo 

wheree n is the outward unity vector normal to the surface, AQ, enclosing the volume 

Ass we have pointed out previously, we will consider densities defined on nodes of 
aa lattice and the time evolution evolves at constant time steps. In this case, we can 
identifyy the volume Vo with the volume associated to that node, and Ao is related to 
thee connectivity of the lattice nodes. Then, Eq. (5.6) states that the change of the 
totall number of particles enclosed in the volume corresponding to node r equals the 
summ of the outward fluxes. Such fluxes can only take place by mass transport to the 
neighboringg nodes that are connected to the central node, according to the structure 
off the predetermined lattice connectivity. Hence, 

nnkk (r, t + 1) - nk (r, t) = -A0 ^ j k i ( r ) , (5.7) 
i i 

wheree nk(r) is the number of particles of species k at node r, while jki(r)  accounts for 
thee fraction of particles of species k going to node r + c^. If we consider the velocity 
movingg opposite to i, i.e., c  ̂ = — c;, we have jki(r)  = —jki'(  ̂+ C;) because these 
fluxess are always defined considering that the particles move away from the reference 
node.. This unambiguously show that the fluxes are related to the links joining the 
connectedd nodes, rather than being quantities defined on the nodes. 

Itt is worth noting that in the previous balance equation the relevant quantity is 
thee number of particles of species k at node r, nk(r), rather than its number density, 
Pfc(r).. If we take the volume of a cell as our unit of volume, then pk(r) — nk(r). 
However,, in the presence of solid boundaries this distinction may become relevant. 
Thee prefactor Ao in Eq. (5.7) is related to the geometrical structure of the lattice. 
Ratherr than connecting it directly with the area of the Wigner-Seitz cell that can be 
associatedd to node r, we derive its magnitude by computing how density diffuses to the 
neighboringg nodes. In Sec. 5.5.1 we will compute explicitly this geometric prefactor 
forr a particular lattice. In the following, when referring to link mobility, we will use 
thee symbol dk — Dk AQ. 

Usingg link fluxes to compute the variation of the densities of the different species 
avoidss approximating the divergence on a lattice, a source of lattice artifacts, and 
thee related potential spurious fluxes that may appear. Moreover, the use of these 
linkk fluxes also imposes locally mass conservation to machine accuracy, avoiding the 
errorss caused by the discretization of the spatial gradient operator. We must still 
providee a prescription to implement the diffusive fluxes. These are, in principle, given 
byy Eq. (5.4) and involve spatial gradients between two neighboring lattice nodes. In 
equilibrium,, ne

k
q ~ exp[—pjiex]  and, as a consequence, Eq. (5.4) predicts that all 

diffusivee fluxes vanish. However, the direct implementation of Eq. (5.4) on a lattice 
willl suffer from discretization errors that will result in small but noticeable spurious 
fluxes.fluxes. To eliminate this effect, it is convenient to write the expression for the flux on 
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aa link as 
j f c(r,t)) = ~Dke~0^^V [pife(r,t)eW<''<> (5.8) ) 

because,, in this expression, the gradient becomes identically zero when the density 
distributionn corresponds to its equilibrium form. This also holds for the discretized 
formm to be discussed below. Consistent with the idea that the flux can be expressed in 
termss of link mass fluxes, we propose a symmetrized implementation of jkt involving 
magnitudess defined in the two connected nodes, r and r + c;. In particular, we write 
thee flux of species k along the link c* as 

jki{r)jki{r)  = -dk 

e - W W + e - W ^ ) ) nnkk{v{v + c O e ^ f ' - * * ) - n f c ( r )e^ x ( r ) 

A, , 
,, (5.9) 

wheree A» = |CJ| = \ci>\ is the distance between the two neighboring nodes. This 
symmetrizedd formulation ensures that, to machine accuracy, jki{ r) = —jkï(r + c*), 
andd mass is conserved for the model elementary dynamic processes. Note that, based 
onn the mass conservation expression, Eq. (5.7), the global mass change of node r 
iss the sum of the link fluxes, jk{. Mass evolution in the diffusive limit is described 
onlyy on the basis of mass flux divergence, as we have described. In general, the 
proceduree developed based on link fluxes provides a consistent framework to obtain 
otherr gradients if needed. 

Advection . . 

Locall density can also be altered due to advection if there is a local velocity of the 
fluid.fluid. If, for the time being, we disregard diffusion, the advection mechanisms can be 
writtenn in the form 

^Pk^Pk = - V • (Pfcv), (5.10) 

wheree v is the barycentric fluid velocity. In principle, the change in the number of 
particless could be computed on the basis of the advection along each link, in a way 
similarr to Eq. (5.7). However, as we will describe in the next section, the model we will 
introducee provides the velocity at each node, rather than the link velocity. In order to 
avoidd numerical artifacts and spurious diffusion due to the interpolation to get such a 
linkk velocity, we propose an alternative implementation of the advection process. We 
stilll consider that nk(r) give us the number of particles in a volume element centered 
aroundd node r. Since we know the velocity of that node, v(r) , in one step the node 
willl virtually displace to r + v(r) . As a result, the volume associated to node r will 
intersectt some neighboring cells of the real lattice (see Fig. 5.1). We then distribute the 
amountt of particles nk into the intersected volumes proportionally to the intersected 
region.. In Fig. 5.1, we depict in shadow the volumes that correspond to the fraction 
off the density that is transported in the new cells. The advantage of this approach is 
thatt it greatly reduces the spurious diffusion that usually results during advection in 
latticee models. To be more precise, even with the present method, advection will cause 
somee spurious diffusion (proportional to the flow velocity). However, in Sec. 5.5.1 we 
showw that, in practice, this effect is negligible. 

47 7 



55 Discrete solution of the electrokinetic equations 

FigureFigure 5.1: Density redistribution due to advection. To advect the charge of a given node 
(in(in this case, node number 5) in one time unit, we shift the whole cell with the local velocity 
vectorvector of that node (vx,vy). Next, we displace a fraction of density equal to the area of the 
cellcell that is now in the corresponding site. In the graph a fraction of the density equal to the 
shadowedshadowed rectangle area (vxvy) goes from cell 5 to cell 3, a fraction (1 — vx)vy goes to cell 2, 
(11 — vy)vx goes to cell 6, and (1 — vx)(l — vy) stays at node 5. For the sake of clarity, the 
figurefigure shows a two-dimensional flow. In practice, the analogous procedure is carried out in 
3D. 3D. 

5.2.22 Lattice Boltzmann method. 

Inn order to simulate the hydrodynamic flow of the fluid, we make use of the lattice-
Boltzmannn approach which I introduced in Section 2.4. To ease the reading of this 
manuscript,, I will repeat once again the basics of the method. 

Thee lattice-Boltzmann method describes the dynamics of a fluid in terms of the 
densitiess of particles tha t "live" on the nodes of a cubic lattice and have discrete 
velocitiess {CJ} , where i labels the links between a lattice point r and its neighbors. 
Thee values of the velocities are chosen such that , in one t ime step, a particle moves 
alongg a link from one lattice node to its neighbor. In the Lattice-Boltzmann model, 
thee unit of length is equal to the lattice spacing and the unit of t ime is equal to 
thee t ime step. In addition, the unit of mass (or, equivalently, energy) is fixed by 
thee requirement tha t , in the continuum limit, the t ransport equations for the lattice 
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5.25.2 Numerical lattice method 

modell approach the Navier-Stokes equation. This imposes a relation between the 
temperaturee and the speed of sound [see below Eq. (5.14)]. The central dynamic 
quantityy in the lattice-Boltzmann approach is the one-particle distribution function, 
/ i(r ,, £), which describes the probability of having a particle at site r at time t with 
velocityy C{. The hydrodynamic variables are obtained as moments of this distribution 
functionn over the lattice velocities, c$; e.g., density and momentum can be obtained 
as s 

p(M)) = ^ / i ( r , « ) , (5-11) 
i i 

j ( r , t )) = p(r , t )v(r , t ) = ^ c i / i ( r , t ) , (5.12) 
i i 

respectively. . 
Inn the presence of external forces F, for a particular choice of the shear viscosity, 

TfTf = 1/6 in lattice units [8], the general dynamic rule simplifies to [See Section 2.4.1] 

/ i ( r , tt + l) = a* p(r,t)) + -^Ci-(j(r , t) + F) ci ci 
(5.13) ) 

Forr the sake of convenience, we implement the model with this simplified updating 
rule.. However, it is straightforward to implement the more general form that allows 
uss to impose other values of the viscosity. 

Byy means of a Chapman Enskog expansion, it can be shown [53] that in the hy
drodynamicc limit one recovers the Navier-Stokes equation, 

-- (pv) = r,V2pv - c2
sVp + F. (5.14) 

Sincee the second term on the rhs is the pressure gradient for an ideal gas, if we fix the 
temperaturee such that ksT = c2., we then recover Eq. (5.2) for an ideal mixture. For 
nonn ideal mixtures, we will introduce the missing contribution to the pressure gradients 
ass a local external force, F . Because the solutes act onto the solvent exclusively by 
meanss of this effective force F, the hydrodynamic limit of the non-ideal-mixture model 
iss obtained by following the same procedure as the one needed for the standard lattice-
Boltzmannn method for one phase flows [53]. 

Introducingg the mixture non ideality as a local effective force implies that the fluid 
reactss with the appropriate susceptibility to applied external fields, although in the 
absencee of spatial gradients the equilibrium distribution corresponds to that of an ideal 
gas.. Since we are not concerned with local structure, the model can be regarded as 
ann effective kinetic model, similar in structure to a linearized Vlasov equation. Hence, 
thiss approach differs from previous proposals that try to derive the hydrodynamics of 
nonn ideal mixtures from kinetic models of mixtures [54] or from a modification of the 
equilibriumm distribution to recover the equilibrium pressure [51, 52]. 

Thee peculiarities of the non ideality of the mixture enters through the forcing 
termm (F) in Eq. (5.13). This forcing term can be decomposed into an external field 
andd interaction contributions, F = F e x t + ~Fso1. This interaction force, as previously 
describedd in Section (3.3), has the form ¥s°l = £]fc Pk^^%x- Using the same approach 
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thatt we have used to model the convection-diffusion equation, we can determine the 
forcee acting on each link, F{. Moreover, for the particular case where the diffusion 
matrixx is diagonal, 

Fi(r)=kFi(r)=k BBTY, TY, 
k k 

Thee advantage of using the force exerted on the links is that, again, we keep a sym
metricc dependence on the neighboring nodes, and, moreover, Fj(r) = — i<V(r + c*). 
Yet,, in the lattice-Boltzmann update rule, we need the force acting on the node. This 
forcee can be obtained averaging the link forces, 

K°K°ll(r)(r)  = J ^ C t a F ^ r ) , a = x, y, z. (5.16) 
i i 

Lett us now introduce an alternative way of treating the same systems. There 
aree situations, as is the case in electrolytes, where one of the components of the 
mixturee is dominant, and plays the role of the solvent. In this case, we can single 
outt this component, ps, and treat it separately from the rest. In particular, since 
PsPs ^> Pk-, we can approximate the overall density by the solvent density (p ~ ps ), 
andd the overall momentum by the solvent momentum (pv = J^k PkVk — Psvs)- If we 
thenn relate the moments of the distribution function fi to the solvent density, i.e., 
]Ctt fi ~ Ps anc^ ^2icifi  = PsVs instead of Eqs. (5.11), we impose a constant solvent 
densityy in the incompressible regime. Hence, the rest of the components will need 
too compensate their densities to avoid any net local density variation. Although this 
incompressibilityy constraint is not exact, it may be a convenient approximation. From 
thee point of view of the link force, Eq. (5.15), it has the computational advantage that 
onee gets Fi = Ylk Jki/^k and it reduces to the link diffusive flux previously computed, 
Eq.. (5.9). In this case the Navier-Stokes equation becomes 

jj ttppssvvss = r/V2vs - c2
sVps - kBTj2lVpk + PfcV^fc*] + F e x t , (5.17) 

k k 

andd by taking kBT = c^, we recover an appropriate behavior when ps ;§> pk. 
Thee advantage of this approach is that densities of different species are dealt with 

onn different footing, which may prove advantageous in certain applications, especially 
whenn dealing with boundary conditions that act differently on the solvent and solute, 
ass it is the case if dealing with semipermeable membranes. Numerically, in this case 
theree is a net force only when the density distribution deviates from its local equi
libriumm value, in contrast with the original method, where the density coming from 
thee advection contribution balances the local force. This ensures an additional way to 
avoidd spurious artifacts from the underlying lattice. 

5.33 Boundar y condition s 

Iff the fluid mixture is confined between walls, or if colloids are added to the mixture, 
wee need to specify how the densities and distribution function will interact with solid 

3ki 3ki 

DDk k 

TlkivTlkiv + Ci) -T l fc ( r ) 
(5.15) ) 
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5.35.3 Boundary conditions 

interfaces.. To account fully for such an interaction, we need to describe in turn how the 
distributionn function behaves, how the particle number evolves, and how we estimate 
thee interacting force at the surface. 

Att a solid surface we expect hydrodynamic "stick" boundary conditions to apply. 
Onee way to impose these is to apply the so-called "bounce-back rule" on the links. 
However,, the standard version of this procedure (see, for example, Ladd [53]) allows the 
fluidd to leak into the solid. Although this leakage is usually innocuous, there are cases 
(aa typical example being when electrostatics is part of the excess chemical potential) 
wheree this leakage may change the density of the solvent inside the solid, leading to 
aa corresponding error in the pressure gradient. There exist alternative bounce-back 
ruless that do not allow for any fluid leakage [55]. 

Thee formulation of our model in terms of link fluxes simplifies the implementation 
off boundary conditions for the fluxes of the different species densities, pk. Since the 
convection-diffusionn equation involves only mass conservation, it is enough to impose 
thatt there is no net flux on any link that joins a fluid node and a solid node. We 
accomplishh this by imposing that the diffusive flux jki = 0 on such a link, and that 
thee flux due to advection also vanishes. This second requirement is achieved by a kind 
off partial bounce-back move: the number of particles that would have been assigned 
too a solid node after advection is reflected back to its node of origin. 

Thee updating rule, both for the number densities of the convection-diffusion equa
tionss and for the lattice-Boltzmann distribution function, requires the evaluation of 
gradientss of chemical potentials. To this end, we need to specify the values of the 
excesss chemical potentials on neighboring nodes, and those may involve the values of 
thee fluid densities in contact with the solid wall. We consider that the relevant value 
off the density is that in contact with the wall, which is somewhere in between the 
fluidfluid and the solid node. Such value can be obtained by requiring that it is consistent 
withh the no-flux condition for the link flux of that species. The no flux condition is 
satisfiedd requiring [see Eq. (5.9)] 

nnkk(v(v +  Ci) = 7i fc(r)e^"< r+Ci>-' i"< r>], (5.18) 

whichh should be understood as the extrapolation of the fluid density to ensure the 
absencee of flux diffusion, and, in general, it is an implicit equation to obtain an es
timatee of the extrapolated number of particles, njt(r + C{). Note that this fictitious 
extrapolatedd density is a property of the link, not of the node. 

Ass we have mentioned in Sec. 5.2, the formulation based on the fluxes is based on 
thee evolution of the number of particles contained in a given volume element. For the 
fluidfluid nodes in the absence of solid interfaces the particle number is proportional to 
thee number density. This is no longer the case close to a solid wall. This difference 
iss pertinent because the excess chemical potential and the pressure are functions of 
thee number density, pk. While for a wall at rest, one can still consider that the wall 
iss equidistant from the nodes and nk and pk coincide, for a moving solid surface, the 
positionn of the solid boundary will change as it moves. In this case, a coefficient a that 
establishess how close the solid boundary is to the fluid node should be introduced. In 
thee limiting case that the solid boundary is reaching the neighboring fluid node, the 
correspondingg cell has a volume that is approximately half the volume of a usual cell, 
hencee a = 1/2; in the opposite case when the solid surface reaches the solid node one 
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55 Discrete solution of the electrokinetic equations 

getss accordingly a = 3/2. This coefficient then allows us to relate nk = apk. Although 
theree exist different ways in which this coefficient may be computed, any smooth 
functionn that accounts for the volume change will be enough to avoid abrupt changes 
inn the density when a fluid nodes is absorbed or created by the moving boundary. 

5.44 Electrokineti c equations . 

Inn the previous sections we have developed a model to simulate general non ideal 
fluidfluid mixtures. We will now analyze the special case in which the fluid mixture is an 
electrolyte.. The simplest electrolyte model corresponds to a three-species mixture, two 
off them being the ionic species, p+ and p_ with charges z+e and z_e, and the third one 
beingg the neutral solvent ps. e is the elementary charge, and z+ and z- are the valences 
off the ions. The local charge can then be expressed as q(r) = e[z+p+(r) + Z-P-(r)]. 

Thee hydrodynamic evolution equations for this model electrolyte become, again, 

^ MM + V-pfcV = DkV-[Vpk + zkpkV{3$], (5.19) 

—pv—pv = ï y V V - c J V p + fesT^zjbPfcV*, (5.20) 
k k 

andd the Poisson equation, 

V 2 $$ = -4TTIB ^^ Zkpk + Ps (5.21) ) 

whichh has been expressed in terms of a dimensionless potential, <5 = e/3<&, while 
IBIB = /3e2/(47re) is the Bjerrum length (the distance at which the electrostatic and the 
thermall energies are equal), with e the dielectric constant of the fluid. In the previous 
equation,, ps stands for the charge density of the solid surfaces, if there are confining 
wallss or moving suspended particles in the electrolyte. Obviously, ps will be non zero 
onlyy on those solid surfaces. The Equations (5.19), (5.20), and (5.21) are commonly 
referredd to as the Electrokinetic equations. 

Thee electrostatic potential $ can be computed using standard techniques. Specifi
cally,, we have implemented a successive over-relaxation scheme (SOR) [44], where the 
Poissonn equation is solved as the stationary solution of a diffusion equation (relax
ationn scheme). To speed up the convergence to the stationary state, one introduces 
ann over-relaxation parameter UJ and iterate 

$h+i(r , t)) = UJ ^2^2 I a i $ f t ( r - c i , t ) + 4 7 r / B y ^ zapa{r,t) 

ii  \ a=+,— 
+ ( l - a ; ) $ h ( r , t ) .. (5.22) 

Thee iterative electrostatic potential $h will converges to the $ solution of the Poisson 
equation.. The gradient of $ is 

VS(r)) = - J V X r - c O c i . (5.23) 
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5.55.5 Validation tests 

Thee advantage of this model is that it does not presume a specific type of bound
aryy condition, and can be easily generalized to deal with media of different dielectric 
constants.. Although not as fast as other methods for solving the Poisson equation, 
itt is adequate for our purposes because, once the local equilibrium charge profiles 
aree achieved, the calculation of the disturbed electrostatic potential due to external 
forcess is much less time consuming than the iteration part related to lattice Boltz-
mannn and convection-diffusion; alternative, more sophisticated, variants to solve the 
Poissonn equation numerically can be implemented wherever the standard SOU routine 
proposedd here becomes impractical. 

5.55 Validatio n test s 

Inn order to validate the model that we introduced in the previous section, we compare 
itss predictions against known results. In particular, we verify that the equilibrium 
chargee distribution is properly recovered on the lattice, and that out of equilibrium 
thee different coupling mechanisms between fluid flow and charge inhomogeneities are 
properlyy accounted for. 

5.5.11 Effectiv e diffusio n 

Ass was pointed out below Eq. (5.7), the diffusion coefficient characterizing the discrete 
versionn of the diffusion equation is not the same as the link diffusion coefficient dk but is 
relatedd to it through a simple geometrical factor AQ that depends on the type lattice 
used.. AQ can be evaluated as follows. Consider a situation where the transport of 
speciess k is purely diffusive. A density perturbation po, initially localized at node ro, 
willl spread in one time step to the connected neighboring nodes. If the process is purely 
diffusive,, we know the amplitude of the second moment of the density variation during 
thiss time step and ^ Afp(r0 + d, to + 1) = GDkPo = GAodkPo in a three-dimensional 
cubicc lattice. Let us consider for concreteness the D3Q18 lattice [13], which is the 
latticee we used in our LB simulation. Since the link fluxes ji  = d^Po/Ai, after one 
timee step the density in each of the six nearest neighbors is dkpo, while the density in 
eachh of the other 12 connected nodes is dkPo/V^- As a result, J2i Afp(r0+Ci, t0 + l) = 
dk{6+l2y/2)po,dk{6+l2y/2)po, which implies that A0 = l + 2\/2 [or Dk = djt(l-}-2\/2]. Depending on 
thee value of dk, it might happen that the total density transferred to the neighbors is 
largerr than the initial density. For D3Q18 this gives us an upper bound for the input 
diffusionn coefficient that ensures absolute stability, dk < 1/(6(1 + 2V^)) = 0.044. 
Inn practice, we find that for all cases that we have analyzed, numerical instabilities 
relatedd to diffusion become relevant for values of the input diffusion coefficient dk > 
0.05.. In order to perform simulations at higher diffusivities, we need to modify the 
numericall scheme to simulate the diffusion equation. This instability can be overcome 
byy introducing a multiple-time step technique. To this end, we introduce a smaller 
diffusionn coefficient dn = dk/Nn and iterate Nu times the discrete diffusion equation, 
Eq.. (5.7), to advance the densities one time step. 

Whenn applying this multiple time step method to solve the lattice diffusion equa
tion,, one must compute carefully the force that should be applied to the distribution 
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functionn fi at the end of the time step. In fact, Fso1 should be computed at all the 
intermediatee steps. All these contributions should then be added to obtain the total 
forcee at the end of the iteration. With this technique, we can vary the diffusion co
efficientt over several orders of magnitude. For example, in our simulations we could 
varyy Dk from Dk = 10 - 3 to Df. — 6 (all in lattice units). 

Onn top of the lattice effects on diffusion itself, advection can also induce spurious 
diffusion,, because the lattice velocities do not coincide, in general, with the local 
velocity.. As a consequence, a concentrated set of particles will spread over the lattice 
nodes,, even if subject to a pure translational motion. Hence, only when the velocity is 
commensuratee with the lattice spacing, both in direction and magnitude, will spurious 
diffusionn be exactly zero. We must then quantify the amount of spurious diffusion. 
Too this end, we consider an ideal binary mixture composed of a solvent with initial 
uniformm density, ps, and a solute with initial density pt. The mixture is contained 
betweenn two parallel walls that are permeable to the solvent but impermeable to the 
solute.. The fluid is moving with a uniform velocity v perpendicular to the walls. As 
aa result of the impermeability of the walls to the solute, a steady state is reached, 
determinedd by the solvent density profile, pt(x), which satisfies 

Pt{x)Pt{x) = Poexp 

wheree v is the fluid velocity, D*  the effective diffusion coefficient, and po the solvent 
distributionn at contact with the wall located at XQ. In Fig. 5.2 we show the effective 
diffusionn coefficient measured by using Eq. (5.24) as a function of the fluid velocity 
forr a range of values of the diffusion coefficient. We plot D*/Do (where DQ is the 
diffusionn coefficient for a quiescent fluid). In order to show that there exists an intrin
sicc advection-induced spurious diffusion, we plot in the inset of the same figure the 
differencee between the effective and the input diffusion coefficient for many values of 
thee input diffusion coefficient as a function of the fluid velocity. Because all curves 
collapse,, this graph shows that the diffusion coefficient induced by the advection de
pendss only on the fluid velocity. We observe that the dependence on the (absolute 
valuee of) flow velocity is linear with slope 1/2. Following the procedure that we used 
abovee to compute the factor AQ, we can derive an expression for the advection-induced 
diffusionn coefficient. In one dimension, a fraction vAt of the density p(x) is displaced 
too the next node, while a fraction (1 — v)At remains at the original node. The center 
off mass of the density is displaced by a factor vAt. Simple algebra then shows that the 
secondd moment of the density variation during a time step is < Af >=  v(l — v). The 
flow-inducedflow-induced diffusion coefficient in one dimension is therefore D* — (1/2)?/ — (1/2)?/2. 
Inn three dimensions this expression is readily generalized to yield 

D*D*  = i [vx(l - vx) + vy(l- vy) +vz{l-  vz)}. (5.25) 

Byy choosing a sufficiently low value of the flow velocity, and a sufficiently large value 
off Do, we can largely suppress the effect of this advective diffusion. 

If,, on the other hand, one is interested in large values of the Peclet number (Pe — 
vl/D,vl/D, where v and I are, respectively, a typical velocity and length of the system and 
DD the diffusion coefficient of the solutes), Eq. (5.25) sets an upper limit. The smallest 

D* D* 
(X-X(X-X00) ) (5.24) ) 
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FigureFigure 5.2: In the lattice-Boltzmann model, advection causes some spurious diffusion. The 
figurefigure shows the computed effective diffusion D*/D0 as a function of the fluid velocity for the 
steadysteady state described in Sec. 5.2.1. The curves are drawn for different diffusion coefficients 
atat zero velocity: D0 = 0.38 (circles), D0 = 0.57 (squares), D0 = 0.76 (diamonds), and 
DoDo = 1.34 (triangles). In the inset we show that the amount of diffusion induced by the 
flowflow does not depend on the equilibrium coefficient and has, for small velocities, a linear 
velocityvelocity dependence. Symbols are the simulation results and the dashed line corresponds to 
thethe theoretical expression described in the text. 

diffusionn coefficient achievable is given by the spurious diffusion (we put the proper 
diffusionn coefficient to zero). Then, by substi tut ing the expression for the spurious 
diffusionn into the definition of the Peclet number, we obtain 

Pe Pe vl vl 
D D 

vl vl 2/ / 

22U U 1 1 
(5.26) ) 

Forr reasons of flow stability, the quanti ty 1-v will always be of order 1. Therefore the 
maximumm Peclet number achievable will be Pe ~ 21. In other words, a tracer will be 
ablee to travel a distance twice the obstacle size without feeling any diffusion. 

5.5.22 Electrolyt e in a sli t 

Next,, we consider a fluid confined between two parallel solid walls at rest, with a 
constantt surface charge. The slit has a width L and the surface density charge is fixed 
too p(-L/2) = p{L/2) = a/2. 

Thee space between the two slits is occupied by a solvent and counterions. In order 
too achieve global neutrality, the counterion density is initially set to be uniformly 
distributed,, p(x) = -a/L, x e { - L / 2 . L / 2 } . 
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Thee actual position of the hydrodynamic and electrostatic solid boundary cannot 
bee resolved within a lattice spacing. In the neutral case, for the viscosity and geometry 
consideredd the wall can be assumed to be halfway between two consecutive lattice 
nodes,, as dictated by the bounce-back rule[8]. We will use this position as a reasonable 
approximation.. In fact, the results we describe for a planar slit indicate that for a 
planarr wall the electrostatic position of the wall can be taken as being midway between 
thee boundary nodes. For a non planar interface a separate calibration will be required. 

Equilibriu mm distributio n of th e counterio n densit y 

Inn equilibrium, a uniform charge density on a flat wall will induce an inhomogeneous 
equilibriumm density profile of the counterions. For this simple geometry, the charge-
densityy profile of the counterions is known analytically known (at least, at the Poisson-
Boltzmannn level) [22, 49] for an arbitrary surface charge density: 

**>> = ssfe (5-27) 
wheree p0 = K2/27rlBj K is the solution of the transcendental equation, 

KLKL (KL\ , r , rtN 

—— tan f — J = TTIBL<J, (5.28) 

whichh involves the wall charge density. Since we have an exact solution for the full 
Poissonn Boltzmann equation for arbitrary values of the wall charge, this geometry 
iss a good case to analyze the limitations of the model dealing with large charges, 
i.e.,, beyond the linear Poisson-Boltzmann limit. For low surface charge densities, the 
linearr regime is recovered by linearizing Eq.( 5.28), and the parameter K becomes 
KKlinlinLL = \fA-nlB<r-

Inn the opposite limit of high surface-charge density, K saturates at KsatL = n. 
Wee can then quantify the deviation of the fluid from the linearized regime, where the 
electrostaticc interactions are small, by analyzing the departure of KL from KunL. 

Inn Fig. 5.3.A we show the equilibrium counterions distributions in both limits. In 
ourr simulations we fixed the Bjerrum length to be 0.4, the channel width to 20 lattice 
nodes,, and we have varied the surface-charge density. In the plot we show the profiles 
forr K/Kun = 1.01,1.13, and 2.01, which correspond to a = 0.003125, 0.03125 and 
0.31255 in dimensionless lattice units, respectively. The highest value of K is not far 
fromm the saturation value. The figure shows that, with the present method, we can 
indeedd reproduce the correct counterion distribution, both in the linear and in the non 
linearr regime. In Fig. 5.3.B we compare the density profiles close to the wall in the 
nonn linear regime for two different slit widths. The larger the surface charge the more 
localizedd the charge profile will be. The figure shows that increasing the resolution of 
thee lattice does result in a small but significant improvement in the calculation of the 
chargee distribution. Of course, the discrepancy would be greater for a more localized 
chargee profile. In practice, only the computer resources (memory) will set an upper 
limitt for the surface charge density that can be modeled reliably with the present 
scheme. . 
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P/P04 4 

FigureFigure 5.3: Equilibrium distribution of the charge density of counterions (no added salt) in 
thethe slit between two charged walls at a distance L. The abscissa measures the distance from 
thethe wall in units of L. The local density is expressed in units of the average charge density in 
thethe bulk: po = a/L. A) charge distributions for three values of the dimensionless parameter 
KLKL (see the text): KL = 0.553 (circles), KL = 1.57 (squares), and KL = 2.77 (diamonds). 
InIn the same figure, we have indicated the corresponding analytical results [Eq.( 5.27)J (dashed 
curves)curves) for a slit of width L = 20 lattice spacings. Circles and squares correspond to the linear 
regimeregime (K/Kun = 1.01 and 1.13, respectively), while diamonds are close to the saturation 
limitlimit  (K/Kun = 2.01,). B) The accuracy of the numerical solution for the charge profile 
cancan be improved by increasing the spatial resolution of the lattice, in this case from L=20 
(diamonds)(diamonds) to L=40 (circles). Again, the analytical result is shown as a dashed curve. The 
curvescurves in B correspond to the result f or a highly charged surface, KL = 2.77 (K/Kun = 2.01,). 

Electro-osmoticc flow 

Havingg verified tha t the model correctly reproduces the equilibrium behavior, we next 
tu rnn to the calculation of flow caused by an external electric field. We apply a constant 
externall electric field tha t is parallel to the slit, E". This field causes hydrodynamic 
flowflow as it exerts a force on those fluid elements tha t carry a net charge. If we take y 
ass the component along the walls and refer to a; as the coordinate perpendicular to 
thee walls, then, at the Poisson-Boltzmann level, the exact solution for the fluid flow 
inn the steady state can be writ ten as [49]: 

vJx) vJx) 
eE" eE" 

7]K7]K 2 2 
Pa Pa log g 

cos(Kx) cos(Kx) 

coss W) 
(5.29) ) 
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FigureFigure 5.4-' Electro-osmotic flow profile in a slit of width L = 20 lattice spacings. The surface 
chargecharge density, a = 0.003125 (K/Ku„  = 1.01,), corresponds to the linear regime. The fluid in 
betweenbetween the slit contains only counterions. The electric field is along the y direction. It has 
aa strength of 0.1 in units fcsT/(AZe), where AZ is the lattice spacing and e is the elementary 
charge.charge. The simulation results are compared to the theoretical prediction, Eq. (5.29), shown 
asas a dashed curve. 

wheree n is the shear viscosity of the fluid. In our simulations, we model the constant 
electricc field by taking into account the potential difference tha t it causes between 
neighboringg lattice nodes [i.e. A$ext(y) = E^Ay}. Figure 5.4 shows the computed 
electro-osmoticc flow profile in a slit confined by hard walls with a charge density 
aa = 0.003125 (in units of the elementary charge per square lattice uni t ) . In the same 
figure,, we also show the analytical solution [Eq. (5.29), with K/Kun = 1.01] that is 
exactt in the Debye-Hiickel limit. Again, there is good agreement between theory and 
simulation.. This suggests tha t the effect of electrostatic forces on the hydrodynamic 
flowflow is correctly taken into account in the simulations. 

5.5.33 Sedimentation velocity 

Inn the previous sections we have seen tha t the appropriate equilibrium charge distribu
tionn is reproduced both in the linear and non linear regimes of the Poisson-Boltzmann 
equation,, and tha t also a charge distribution induces the correct fluid profiles. We 
mustt still show tha t the opposite coupling works correctly, i.e., we must compute the 
hydrodynamicc drag on a charged object, in the absence of external electrical fields. 

Too this end, we compute the sedimentation velocity of an array of charged spheres 
immersedd in an electrolyte solution. In this case, the velocity of the colloidal particle 
inducess a fluid flow tha t determines the steady charge distribution around the sphere. 
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Thiss charge distribution, in turn, affects the sedimentation velocity of the particle. 
Hence,, all the different couplings between charge, electrostatic potential, and fluid 
flowflow are present. Such a scenario has been analyzed previously with a different model 
[50]] and analytically at infinite dilution [27]. As a consequence, we can again check 
ourr simulations against known results. 

Thee system that we consider consists of a charged sphere of radius a in a three-
dimensionall box of size L. Because of periodic boundary conditions, this corresponds 
too a periodic array of spheres with volume fraction <p = (47ra3/L3). In the simulation, 
wee first allow the electrolyte to equilibrate with the particle at rest in the absence 
off external forces; hence the system develops its equilibrium double layer. Then, we 
applyy the gravity as an external body force applied to the fluid, i.e., we move in the 
systemm of reference of the colloid. In this way we avoid the problem of updating the 
particle'ss position due to its motion [13]. By forcing the colloid to be at rest, we will 
nott conserve momentum, but by computing the mean fluid velocity in the steady state 
(whichh is reached on a time scale of order L2p/rj), we can obtain the sedimentation 
velocity. . 

Wee have fixed the Bjerrum length to IB = 0.4 and the radius of the sphere to a = 4.5 
inn lattice units. We performed calculations for two different values of the solvent fluid 
density,, ps = 1, and ps = 20, while the density of the added salt pk was varied between 
1.88 x 10~~2 and 4 x 10~4. As we vary the salt concentration, we also change the 
Debyee length from 3.3 to 21. In order to be sure that the equilibrium properties were 
correct,, we have computed the co- and counterions equilibrium-densities-distributions 
andd found very good agreement with the ones predicted by the Debye-Hiickel theory for 
alll the Debye lengths considered. In particular, spheres with radius 4.5 lattice units 
aree well described by their approximate lattice representation. Since ps ^> pk, we 
havee performed most calculations using the second version of our simulation scheme, 
ass described at the end of Sec. 5.2.2. However, we also performed some simulations 
usingg the original model (taking the solvent density as the overall density). The only 
differencee that we observe between the two implementations is a small variation in 
thee numerical value of the sedimentation velocity. However, this difference already 
showss up for sedimentation of a neutral sphere. It is due to a small change in the 
fluidfluid viscosity that is caused by a small difference in the overall fluid density in the 
twoo implementations. The valency of the macro ion was chosen to be Z = 10, which 
correspondss to the small charge limit. Although our computational scheme should also 
workk outside the Debye-Hiickel limit, we restrict ourselves to this regime, because it 
iss only in this limit that we can compare with existing analytical results. Specifically, 
Boothh predicted that the sedimentation velocity, UQ(Z), of a weakly charged sphere 
off valency Z in the dilute limit can be expressed as [27] 

^ - 1 - o Z » ,, (5.30) 

wheree UQ is the sedimentation velocity of a neutral sphere, and c2 is a constant that 
cann be computed analytically in the Debye-Hiickel limit. For the simplified situation 
off monovalent co- and counterions, z+ — —Z- = 1, which have the same diffusivity, 
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FigureFigure 5.5: Reduced sedimentation velocity of a periodic array of colloids of valency Z = 10 
inin an electrolyte as a function of Ka. The figure shows the results for two different values 
ofof the ionic diffusion coefficients. The curve for DQ = 0.95 (circles) has been rescaled to 
thethe curve for D0 = 0.19 (x) according to Eq. (5.31), i.e., U(D) = UiD^) x (D^/Do). 
TheThe superposition of the two curves shows that the scaling is obeyed. In the inset we also 
showshow the results for a colloid of valency Z = 100. However, in this high-charge regime the 
sedimentationsedimentation velocity does not scale with the diffusion coefficient in the way predicted by the 
linearizedlinearized theory. The dotted lines are a guide to the eye. 

DD++  = D_ = D, the expression for ci simplifies to 

c2 2 

kkBBTlTlB B 

72na72na22riD riD 
f(na) f(na) (5.31) ) 

wheree ƒ («a) is a linear combination of exponential integral functions [50] and is a func
tionn of the inverse Debye length, K = A^1 = ^/inls J2kzkPk- We have checked tha t 
thee sedimentation velocity scales as predicted with the viscosity. We have also verified 
tha tt we are indeed in the linear regime where the sedimentation velocity is propor
tionall to the applied gravitational field. In particular, for the two values of the density 
considered,, ps, the linear regime was obtained for forces per unit of volume such tha t 
thee flow velocity never exceeded 0.1 in lattice units. Figure 5.5 shows the sedimenta
tionn velocity of a weakly charged sphere (Z = 10) as a function of the inverse Debye 
screeningg length. As can be seen from the figure, the sedimentation velocities scales 
withh the ionic diffusivity in the way predicted by Eq.( 5.31). The inset in the same 
figurefigure shows tha t this scaling breaks down at higher colloidal charges ( Z = 100), i.e., 
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FigureFigure 5.6: Sedimentation velocity of a periodic array of spheres of valency Z = 10 and 
hydrodynamichydrodynamic radius a = 4.3. The Bjerrum length IB = 0.4 (in lattice units). The diffusion 
coefficientcoefficient of both positive and negative ions is set to D = 0.19. We compare simulation results 
ff or finite volume fractions, namely 0.0416 (squares), 0.0123 (diamonds), 0.00521 (triangles), 
andand 0.00267 (circles) against the Booth theory, which is valid at infinite dilution (dashed 
curve).curve). For Ka = 0.5 we also show the estimated value of the sedimentation velocity at infinite 
dilutiondilution (see the text). The point corresponds to the extrapolation of the law, Eq. (5.33). 
WithinWithin the estimated error, the extrapolated simulation results agree with the predictions of 
Ref.Ref. [27]. The dotted lines are a guide to the eye. 

outsidee the range of validity of the linearized Poisson-Boltzmann description. Figure 
5.66 shows the reduced sedimentation velocity [U tfi(Z)/Uv(Z = 0)] as a function of Ka 
forr a range of volume fractions. As the volume fraction decreases, the curves approach 
Booth'ss infinite-dilution result, while the minimum sedimentation velocity moves to
wardd the minimum value predicted by theory. In order to compare quantitatively the 
simulationn results with Booth 's theory, Eq. (5.30), we must extrapolate the computed 
valuess for UV(Z)/UV(Z = 0) from the finite <p values of the simulations to the infinite-
dilutionn limit, UQ(Z)/UO(Z = 0). For neutral spheres Hashimoto has shown that tha t 
thee sedimentation velocity converges very slowly to its infinite-dilution value, namely, 
ass [56] 

UUVV(Z(Z = 0) 

UU00(Z(Z = 0) 
11 -1.7601<pl/3+ <p + 0{ip2). (5.32) ) 

Laddd has numerically verified this dependence [57]. For charged spheres, due to the 
electrostaticc screening, we still expect that the dominant ip dependence comes from 
excludedd volume; previous results indicate that this is indeed the case [50]. When 
performingg the dilute limit expansion, we therefore decided to single out the major 
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volumee fraction dependence by normalizing the simulation results with the Stokes 
dragg coefficient, i.e., computing the low-density limit of Utp(Z)/Uo(0). As a result, 
itt is reasonable to obtain the same functional dependence on <p as Hashimoto with a 
slightlyy different amplitude. Specifically, we expect 

^^ = 1 - (1.7601 + e ) ^ 3 + 0 ( ^ 3 ) , (5.33) 

wheree e is much less than one. Eventually, the dilute limit is obtained by extrapolating 
Eq.(( 5.33) to <p = 0. 

Inn Fig. 5.6 we show the extrapolated sedimentation velocities for a particular value 
off KU. The estimated error in the limiting sedimentation velocity is rather large. It 
couldd have been reduced by computing more values of the sedimentation velocity at 
loww volumee fractions. In addition, there is some uncertainty in the value of the effective 
spheree radius. In light of these uncertainties, the agreement with the Booth limit in 
Fig.. 5.6 is gratifying. 

5.5.44 Absenc e of spuriou s fluxe s 

Wee pointed out in Sec. 5.2 that one of the incentives for developing the present model 
wass to eliminate any mixing of continuous-space gradients and discretized gradient 
operators.. The reason is that the inevitable approximations associated with the dis
cretizationn of gradient operators usually lead to the appearance of spurious mass and 
momentumm fluxes, even in equilibrium. Such spurious fluxes are present, in particular, 
wheneverr there exist spatial inhomogeneities related, for example, to the presence of 
liquidd interfaces. In the present approach, we only use lattice-gradient operators that 
havee been constructed such that, in equilibrium, no flow can result. To demonstrate 
thee effect that this has, we compare the present method with an existing "mixed" 
method.. In particular, we consider a spherical colloid of radius a = 4.5, at rest in an 
electrolytee in a cubic box of diameter L = 20. The valency of the sphere is Z = 10 
andd the system as a whole is electrically neutral. In Fig. 5.7 we show the projection of 
thee momentum flux in the equatorial plane of the sphere and compare these residual 
fluxesfluxes both for the model introduced in this paper and the model of Ref. [50]. Figure 
5.7aa shows that spurious currents, although small, are certainly not negligible in this 
case.. Moreover, their magnitude is clearly correlated with the distance to the col
loidall particle: the largest currents appear in the region where the spatial gradients 
aree largest. For highly charged spheres (i.e. outside the linear Debye-Hiickel regime) 
thesee spurious fluxes will become larger. In contrast, in Fig. 5.7b (the present model), 
thee spurious fluxes are at the level of machine precision. In fact, to make them visible 
att all, we had to multiply the momentum fluxes by a factor 1013 relative to the old 
model.. In other words, the residual fluxes are controlled by machine accuracy. Even 
att this level one cannot detect a correlation between the fluxes and the position of 
thee sphere. We can conclude that the proposed model eliminates the appearance of 
spuriouss equilibrium fluxes. 
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FigureFigure 5.7: An Illustration of suppression of spurious boundary currents in the present LB 
model.model. In the figure we compare the apparent currents in equilibrium for two models: figure 
(a)(a) gives the results for the model described in Ref. [50];  (b) shows the results for the present 
model.model. In both cases we consider a colloidal sphere of radius 2.5 in a system with a diameter 
LL = 20 lattice spacings. As there are no external forces acting on the system and the colloid 
isis not moving, the fluid is supposed to be at rest. The figure shows the measured projection 
ofof the momentum flux in the equatorial plane of the colloid. In (a), spurious currents are 
apparentapparent close to the particle surface. The spurious currents in case (b) are much smaller 
thanthan in case (a). In fact, to make them visible at all, they have been scaled up by a factor 
100 with respect to case (a). This is an indication that the spurious currents in case (b) have 
beenbeen suppressed down to machine accuracy. 
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Conclusion ss and discussio n 

Wee have introduced a new model to simulate the collective dynamics of non ideal fluid 
mixtures,, with a special emphasis on its use to study electrokinetic phenomena. The 
methodd relies on a lattice-Boltzmann model, where the interactions are introduced as 
effectivee forces. In this respect, our model resembles a Vlasov kinetic model, as opposed 
too previous kinetic lattice models. In our approach the fluxes between neighboring 
latticee nodes are the fundamental dynamical objects that couple external fields to 
bothh electrical conduction and hydrodynamic flow. 

Ass a result of the symmetric formulation of the flux between neighboring nodes 
wee can impose strict local mass conservation. As a consequence, the present model 
iss free of spurious boundary fluxes that plague all other lattice-Boltzmann models of 
fluidfluid mixtures. Moreover, a link-based description has the additional advantage that 
boundaryy conditions are easily implemented. 

Second,, by using a multistep approach, we can vary ionic mobilities over many 
orderss of magnitude. This feature of our model allows us to explore electroviscous 
effectss over a wide range of Peclet numbers. We have shown that flow causes spurious 
advection^Iiffusion.. However, this effect is well understood and can be made negligible 
inn most practical cases. 

Wee have checked the performance of the model by studying equilibrium diffuse 
layers,, showing that it is possible to recover both low- and high-charge density regimes. 
Inn the latter, the only limitation is related to computational resources, because a finer 
gridd is required to resolve the narrower charge profiles that develop nearly highly 
chargedd walls. To test the coupling of electrostatics and fluid flow, we have computed 
thee sedimentation velocity of a charged sphere. These simulations indicate that the 
existingg theoretical predictions are reproduced in the low-charge, low-density limit. 
Ass the charge of the colloid is increased, the simulation results start to deviate from 
thee theoretical predictions that apply in the linearized Poisson-Boltzmann regime. 

Evenn though in the present paper we have focused on electrostatic interactions 
and,, in particular, we have not discussed molecular interactions that favor demixing, 
suchh interactions could also be incorporated in the present model. 
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charge dd sphere s 

Abstrac t t 

Inn this Chapter, I discuss the sedimentation velocity of a highly charged spherical 
colloidd in an electrolyte. First, I briefly discuss "charge localization" for highly charged 
colloids.. Second, I show the consequences of this localization on the co- and counterions 
equilibriumm charge distributions. I then discuss the reduction in sedimentation velocity 
off a highly charged sphere. As the surface charge a is increased, we observe a cross
overr from a region where the variation in sedimentation velocity is quadratic in er, 
ass predicted in the Debye-Hückel limit, to a region where the dependence upon the 
surfacee charge is either linear or logarithmic. We argue that this switch to a quasi 
linearr reduction in the sedimentation velocity is related with the increasing localization 
off the charge distributions. We find that the use of the effective surface charge in the 
interpretationn of the sedimentation velocity of highly charged spheres, improves only 
marginallyy the range of applicability of the non-equilibrium theories based on the 
Debye-Hückell limit. 

6.11 Introductio n 

InIn this chapter, I exploit the method introduced in Chapter 5 to study the effect of the 
chargee on the sedimentation velocity of a highly charged macroparticle, immersed in 
ann electrolyte. For electrolytic solutions, I already presented the governing equations 
inn Section 3.3. In principle, one could use these equations to compute the distribution 
off microions near a macroscopic particle. Although solutions are only available in the 
Debye-Hückell regime, which is valid if the electrostatic potential $ is everywhere small 
(i.e.. e$ < ksT). However, even for highly charged particles, there will always be a 
regionn where the Debye-Hückel theory is accurate because the electrolyte screens the 
charge.. This region has been used by several authors [58, 59, 60] to extrapolate to the 
valuee of the electrostatic potential at contact. For highly charged spheres (see, e.g. 
[61,, 62]) there is an effective accumulation of the counterions near the charged particle. 
Thiss effect is distinct to Manning condensation [63, 64] which is the phenomenon of 
chargee condensation near charged cylinders. Yet, some of the consequences are similar. 

Thiss localized layer is also distinct from the Stern layer. The latter has spatial 
extensionn of the order of the radii of the microions and cannot therefore be described 
inn terms of a Boltzmann equilibrium, where the particles are taken to be point like. 
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Thee localization mechanism, which we discuss here, is entirely described in terms of 
thee Poisson-Boltzmann formalism. 

6.22 Charg e localizatio n for non rod-lik e particle s 

Lett us recall the relevant equations. To simplify the notation we use the dimension-
lesss electrostatic potential U = {e/kBT)$, and the Bjerrum length lB = e/4-KekBT, 
wheree e is the dielectric constant of the medium. The equilibrium concentration for 
monovalentt co- and counterions in the presence of an electric field is approximated by 
thee Boltzmann equilibrium [cf. Eq. (3)] 

n r)) = eTU{r)^ ( 6 1 ) 

n0 0 

whilee the electrostatic potential is computed by solving the complete Poisson-Boltz
mannn equation (PB) 

VV22U(r)U(r)  = A7vlBnQ [eu  ̂ - e " ^ ] . (6.2) 

Inn the Debye-Hückel theory, the electrostatic potential is supposed small (U <C 1), 
andd the exponential in Eq. (6.2) can be approximated as 

e )) „ i (6.3) 

whichh leads to the linearized Poisson-Boltzmann equation (LPB) 

V2C/(r)) = S7rlBn0U{r).  (6.4) 

Equationn (6.4) has the solution for a the potential near a flat, charged surface 
JJ(z)JJ(z) = Uoexv(-V87rlBn0z). For a sphere U(r) = U0{a/a + r)exp(-y/8TrlBn0r)/r 
(wheree U0 is the electrostatic potential at contact and r is measured from the sphere 
surface).. The approximation (6.3) has the consequence that the co- and counterions 
densityy distributions, are not given by the full PB solutions 

n B ( r )) = e Tt / ( r ) ) (6.5) 
n0 0 

butt by 

 = i T U(r). (6.6) 
n0 0 

Forr small U(r) the two equations are equivalent, but in the presence of an highly 
chargedd macroscopic object, the two expressions predict drastically different equilib
riumm distributions when \U\ > 1. Nonetheless, due to the screening of the charge, it 
iss still true that, at large enough distances (in practice when, again, \U\ < 1), the 
linearizedd Poisson-Boltzmann equation is a good approximation, and the two solutions 
(6.5)) and (6.6) are indistinguishable. Thus, we can define a distance r0 such that for 
anyy r > r0, n^.PB ~ nJB . The region of charge accumulation is naturally defined as 
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n,/n n 

FigureFigure 6.1: Computed nPB(r)/no (symbols) and approximate PB(r)/no = 1 =F UPB (con-
tinuumtinuum lines) for a surface charge 0.005 (circles), 0.015 (squares), and 0.025 (diamonds). 
DistanceDistance are measured from the surface of the sphere. 

thee region r < r^. If, on the other hand, ro = 0 —in other words, if the LPB gives 
accuratee results in the whole space—there are no localized counterions. 

Althoughh the equilibrium distributions of co- and counterions have been known for 
centuries,, we show the result of a computer simulation for an array of spheres with a 
twofoldd purpose. On the one hand, we use them to illustrate the difference between 
thee full and the linearized Poisson-Boltzmann equations. On the other hand, we will 
usee these equilibrium properties as an explanation for the non equilibrium dependence 
off the sedimentation velocity upon the surface charge. The details of the simulation 
methodd are presented in Chapter 5. The array is made of spheres of radius a = 4 at 
thee volume fraction 1.2 x 10~3, with Bjerrum length IB = 0.4, na = 1, and (for future 
reference)) the diffusivity of the ions making the 1-1 electrolyte is D = 0.038. 

Wee directly computed the nP B , while we the nL P B are obtain from Eq. (6.6). Be
causee for the potential U(r) we substituted the numerical solution of the non-linear 
PB,, in fact, our n]^B is only an approximate solution of the LPB. Strictly speaking the 
electrostaticc potential should be consistently computed from the LPB. However, this 
doess not constitutes a serious approximation in that, although nL P B and n P B are very 
different,, because of the exponential present in Eq. (6.5), the electrostatic potential 
$ L P B ,, solution of the LPB, will not differ too much from the $ P B , solution of the full 
PB.. In Figure 6.1 we show the co- and counterions equilibrium distribution functions 
forr a weakly charged spheres with increasing surface charge (the symbols represents 
thee nP B , while the continuous lines the n L P B ) . For the smallest value of the surface 
chargee (a = 0.05), the two curves are indistinguishable, which shows that the LPB 
gives,, in this limit, a very accurate representation of the full PB. When the surface 
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nVn, , 

FigureFigure 6.2: B(r)/n0 for a moderately charged sphere of surface charge 0.12 (spheres), 0.25 
(squares),(squares), and 0.37 (diamonds). The dotted lines are a guide to the eye. 

chargee is small, a minor modifications of the uniformly distributed distribution density 
iss sufficient to screen the colloid charge and both co- and counterions participate, with 
aa comparable quantitative role, in the screening. It is important to remember that 
thee equilibrium distribution function of the counterions (coions) is given by the com
petitionn between the electrostatic attraction (repulsion) and the entropy, the latter of 
whichh favors an homogeneous distribution of the densities (see also Chapter 3). 

Whenn the surface charge increases, the combined effect of electrostatics and entropy 
becomess visible through an asymmetric equilibrium distributions of the microions. On 
average,, the counterions, being closer to the sphere, will feel a higher electric field. 
Thiss effect starts to manifest itself at the larger value of surface charge in Figure 6.1 
andd it is definitely visible in Figure 6.2. In this figure, we can see the asymmetric 
distributionn of the co- and counterions due to the competition between entropy and 
Coulombb interaction. Such an asymmetric distribution, will never be present in the 
linearizedd Poisson-Boltzmann equation because of Eq. (6.6). 

Iff we keep increasing the surface charge (Figure 6.3), we can observe (see also the 
inset)) that the coion density hardly changes with increasing surface charge, because 
mostt of the extra charge is already screened by the counterions near the sphere. The 
concentrationss of counterions, on the contrary, keeps increasing with increasing sur
facee charge, but only near the surface. It is as if all the extra counterions, needed to 
maintainn charge neutrality, are localized near the surface. 

Inn this last scenario, it is apparent that the result for nL P B and n P B are drasti
callyy different. This is shown in Figure 6.4a, where the continuous curve represents 
11  UPB(r). Near the surface, the LPB even predict an (unphysical) negative number 
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FigureFigure 6.3: B(r) /no for a highly charged sphere of surface charge 0.48 (spheres), 0.75 
(squares),(squares), and 0.99 (diamonds). In the inset we show the coion density near the surface of 
thethe sphere. The dotted lines are a guide to the eye. 
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FigureFigure 6.4: Computed nPB(r)/n0 (symbols with dotted lines as a guide to the eye) and ap-
proximateproximate P B(r) /no = 1 T UPB (continuum lines) for a charged sphere of surf ace charge 
0.488 (circles), 0.75 (squares), and 0.99 (diamonds). We show in detail the region where the 
approximateapproximate and exact equilibrium distribution densities disagree (a) and the one where they 
agreeagree (b). Distances are measured from the surface of the sphere. 
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densityy of coions. Nevertheless, even in this limiting scenario, there exists a distance 
beyondd which the LPB approximation gives a good estimate for the charge distribu
tionss (Fig. 6.4b). 

6.33 Sedimentatio n velocit y 

Inn the present section we consider how the sedimentation velocity depends on the 
surfacee charge <r; with special attention to high surface charges. Let us begin by 
recallingg the sedimentation theory given in Chapter 3. Booth [27] predicts that the 
sedimentationn velocity V{Z) of a weakly charged sphere of valency Z can be expressed 
as s 

V(Z) V(Z) 
V{0) V{0) 

==  1 - c2(«a)Z2, (6.7) 

^^  = £SïDf(Ka)' ^ 
wheree V(0) is the sedimentation velocity of a neutral sphere, c2 is computed in the 
Debye-Hückell limit for the simplified situation of a symmetric 1-1 electrolyte, and 
ƒƒ (/ta) was explicitly given in Section 3.2.2. K is the inverse Debye length, K = A^ = 
yJknlByJknlB Yl>k zlnk ^ d we make use of the dimensionless length na. We fix KO, = 1 (the 
valuee around which the effects of electrohydrodynamics is the largest) and study the 
surfacee charge dependence of 

TT^^ slsl-rm-rm=J=J^-^-  (a9) 

Inn Equation (6.9) A = c2(l)(47ra2)2, while a = Z/(4ira2) is the surface-charge den
sityy of the sphere. In Figure 6.5 we show the computed cr-dependence of T(a). 
Forr weakly charged colloid, the prediction of the Booth theory [Eq. (6.9)] is qualita
tivelyy confirmed, as shown in the inset of the graph. However, a completely different 
surface-chargee dependence is present for highly charged spheres. Specifically, we ob
servee a cross-over region (from values of the surface charge ranging from a ~ 0.1 to 
aa ~ 0.4) followed by a region where the increase in Ï is approximately linear with a. 
Although,, to our knowledge, this behavior is not well understood in general, Ohshima 
etet al. [65] give an analytic formula valid in the limit na —> oo where they predict a 
constantt value for an infinitely charged sphere. 

Forr surface charges of the order of 0.1 there is no symmetry between the co- and 
counterionss densities. It seems likely that the observed behavior of T(cr) reflects the 
behaviorr of the microion densities. 

Wee can make a 1-1 correspondence with the three regimes already identified. In 
thee low charge limit, where the theory predicts the observed a2 dependence, both equi
libriumm co- and counterions distributions are equally modified by the Coulomb force 
duee to the charged sphere. In the cross-over region (between a ~ 0.1 and a ~ 0.4), 
thee equilibrium charge distributions corresponding to the one of Figure 6.2, where 
thee coion equilibrium distributions changes only slightly upon increasing the surface 
charge.. Finally, upon further increasing the surface charge, we enter the region of 
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FigureFigure 6.5: T(cr) (symbols) as function of the surface charge a, for K,a = 1. The dotted line 
isis a guide to the eye. In the inset we show T(cr) for low value of a versus a2; the inset show 
thatthat the quadratic dependence, predicted by the Booth theory, is obtained. In the inset the 
dasheddashed line is a linear fit of the simulation results for a2 < 0.001. The region between a ~ 0.1 
andand a ~ 0.4 is a cross-over region between the quadratic dependence of T with o~ and a more 
linearlinear one. 

chargee "localization", where the coion equilibrium distributions hardly change upon 
incrementingg the surface charge (see the inset of Figure 6.3). This suggest tha t , for 
largee a, only the counterion contributes to a further slowing down of the sedimentation 
velocity. . 

Too test this idea, we repeated the simulation for a system with no-added salt. In 
Figuree 6.6 we compare T(cr) for a system with and without added salt. The figure 
shows,, t ha t for surface charge larger t han a > 0.5 both curves have an approximately 
linearr profile, although with a slightly different slope: ~ 0.2 for the added salt curve 
andd ~ 0.25 for the no-salt curve. We should not expect quanti tat ive agreement be
cause,, in the added salt case, the flow is, of course, also influenced by the coions. 

Although,, for the salt and the no-salt systems, we observed a similar dependence 
off T (u ) on a for high surface charge, at small a this is no longer t rue as shown in 
Fig.. 6.7. In the inset, we show the exponent a, defined as the derivative of the log-log 
plott of T(cr), of the region close to o ~ 0. The inset shows tha t while the added-salt 
systemm has a quadratic dependence upon the surface charge, the no-salt one appears 
too have a dependence that is close to cubic. 

Anotherr strong indication tha t only the counterions are responsible for the reduc
tionn in the sedimentation velocity in the high surface regime comes from an experi
mentall paper by Schumacher and Van de Ven [66]. These authors performed a series 
off sedimentation experiments for different types of salt, and showed tha t , for highly 
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Y(c)) 0.4 

FigureFigure 6.6: T(cr) as function of the surface charge a, for Ka = 1 for a system with added salt 
(circles)(circles) and for a no-added salt one (squares). The dotted lines are guide to the eye. 
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FigureFigure 6.7: Comparison of the low-surface-charge dependence of T(er) for a added- (sphere) 
andand a non-added salt (squares) system, for Ka = 1. Lines are guide to the eye. The two 
systemsystem shows a different low-surface-charge dependence. In the inset we show the exponent of 
aa supposed algebraic decay; the added salt system (sphere) shows the a2 dependence upon the 
surfacesurface charge predicted by the Booth theory, while the no-salt system shows a a dependence 
closercloser to cubic. 
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chargedd colloidal spheres, the reduction in the sedimentation velocity does not depend 
onn the properties (the diffusivity) of the coions. 

6.44 Effectiv e surfac e charg e 

Inn the previous section, I discussed the surface charge dependence of the sedimentation 
velocityy of a sphere. However, sedimentation experiments are usually interpreted in 
termss of the Booth theory. Often, however, the surface charge of the experimental 
colloidss is too high for the Booth/Ohshima theory to hold. In the absence of alterna
tives,, the linear theory is still used. To fit experiments, one must assign an effective 
chargee to the colloids. However many papers are skeptical about the usefulness of the 
conceptt of effective surface charge [24]. The standard procedure to define an effective 
surfacee charge is to use the relation between surface charge and electrostatic potential 
att contact U0 (often referred to as the £ potential) which is valid in the Debye-Hückel 
theoryy [31], i.e. 

e^e  ̂ = ^D ( 6 1 0 ) 

kkBBTT ekBT K 

wheree *o and a are the dimensional electrostatic potential at contact and surface 
charge,, respectively. Equation (6.10) is conveniently expressed by means of dimen-
sionlesss quantities as 

UU00 = C = 4TT/SADCT. (6.11) 

Inn the high charge regime, however, this relation does not hold. Due to the presence of 
thee condensed region of counterions, in fact, the ( potential is smaller than the value 
givenn by the Eq. (6.11) [67]. One can the define an effective surface charge a* such 
that t 

aa = ATTIB^D ATTIB^D 
(6.12) ) 

Too obtain the £ potential, from the region where the LPB is a good approximation 
off the full PB, one extrapolates the electrostatic potential at contact, assuming that 
itt retains the functional dependence predicted by the LPB (for spheres, the Yukawa 
potential).. This would be meaningful if the sedimentation velocity would retain the 
chargee dependence predicted by Booth and Ohshima [Eq. (6.7)] with respect to this 
effectivee surface charge. If a saturation value for the surface charge is reached, then 
thee same would hold for the sedimentation velocity. In the following, we show that 
thiss expectation is, in fact, not supported by our numerical solution of the non-linear 
equations. . 

Figuress 6.8, 6.9, and 6.10, show [/(r)/47r/jBAD—which for r = 0 is the surface 
chargee of the sphere [see Eq.(6.11)]—for increasing values of a in the low, medium 
andd high charge regimes, respectively. We observe that as Eq. (6.11) holds for weakly 
chargedd colloids, but this is no longer true for medium and highly charged colloids. 
Inn the same figures, we show the extrapolated values of the electrostatic potential, 
assumingg that the Yukawa potential is valid everywhere. In other words, we fit the 
exactt electrostatic potential where $ « 1 extrapolating to r = 0 with 

U(r)U(r)  = U0-^-e-*r, (6.13) 
aa + r 
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FigureFigure 6.8: Effective surface charge for a weakly charged colloid. We plot U{r)/4nlB\D 
(such(such that U(Q)/4TTIB\D = C,/ATTIB\D = o* ) for nominal surface charges equals to a = 
0.0055 (spheres), a = 0.015 (squares), and a = 0.025 (diamonds). The symbols represent 
thethe computed electrostatic potential, while the continuous lines represents the extrapolation 
toto contact of LPB (for this particular values of a LPB holds everywhere). The plus symbols 
showshow the actual value of the surface charges. 

where,, again, the distance is measured from the surface of the sphere. The only ad
justablee parameter in this extrapolation procedure is U0. It is, at first sight, very-
surprisingg tha t this approximate expression for the electrostatic potential is accurate 
evenn in the vicinity of the spheres, as one can see by comparing the continuous lines 
withh the points. On the other hand, the fact that the expression relating £ and a 
iss not accurate should not surprise the reader, because Eq. (6.11) assumes a weakly 
chargedd colloid, with little or no influence of the microions. 

Too test whether this renormalization of the surface charge leads to good agree
mentt between the computed sedimentation velocities and the theory of Booth, we plot 
V(Z)/V(Q)V(Z)/V(Q) versus a*. In Figure 6.11 we show the Booth prediction versus the surface 
charge.. The three different curves represent three different ways of computing the 
surfacee charge. The spheres symbols is a repetition of the curve in Figure 6.5, where 
inn the abscissa we plot the actual surface charge. Then, there are two ways of defining 
ann effective surface charge by means of Eq. (6.12). The first, by using the computed 
electrostaticc potential given by the full PB (filled diamonds symbols in the figure); 
thee second, by using the approximate electrostatic potential given by the extrapo
lationn from the solution of the LPB (open square symbols in the figure). Although 
thee curves with the effective surface charge are somewhat closer to the Booth theory 
prediction,, they still do not show a a2 dependence. Because we can compute all the 
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FigureFigure 6.9: Same as Fig. 6.8 for surface charges a = 0.12 (spheres), a = 0.25 (squares), and 
aa = 0.37 (diamonds). 

FigureFigure 6.10: Same as Fig. 6.8 for high surface charge: a = 0.48 (spheres), a = 0.75 (squares), 
andand a = 0.99 (diamonds). 
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FigureFigure 6.11: T(er) versus a as predicted by Booth (dashed curve), and the computed T(<r) 
versusversus (1) the imposed surface charge (circles), and versus the surface potential computed by 
meansmeans of Eq. (6.12) where the ( potential is (2) computed from the non-linear PB (diamonds) 
oror (3) extrapolated by assuming a Yukawa-like form (squares). We observe that although the 
surfacesurface charge renormalization improves the agreement of the Booth theory with the computed 
sedimentationsedimentation velocity, the disagreement is still substantial. The lines joining the simulation 
pointspoints are guide to the eye. 

relevantt quantities, we can pinpoint the origin of this mismatch. While the electro
staticc potential approximation is quite accurate, the approximated expression for the 
microionn distributions, which is implicit in the use of the linear Poisson-Boltzmann 
equation,, breaks down. 

Althoughh not self consistent, a bet ter estimate for the sedimentation velocity could 
bee obtained by making use of the approximate electrostatic potential of the Debye-
Hiickell theory, while using the full Poisson-Boltzmann distributions to compute the 
microionn distributions. In more formal terms, instead of using 

,LPB B (r )=n 0 [ l -Tt /L P B (r ) ] ] 

ass an approximation for 

Wee propose to use 

, P B B (r)) = n 0 e ^ P B M 

= T C / L P B ( r ) ) 

(6.14) ) 

(6.15) ) 

(6.16) ) 

Ass we argued tha t the the co- and counterions cloud at the equilibrium determine the 
sedimentationn velocity of the macroparticle, we define a phenomenological procedure to 
computee an effective charge compatible with this idea. From our computer simulations, 
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FigureFigure 6.12: T(CT) versus a as predicted by Booth (dashed curve), and the computed T(<r) ver-
sussus a computed by means of the phenomenological procedure described in the text (triangles). 
ItIt  is also redrawn T(u) corresponding to the type (3) in Fig. 6.11 (squares). 

wee obtain the values for B and of UPB. Then we compute the linearized microion 
distributionss by means of Eq. (6.6) (nïjlPB(r) = n 0 [1 T U(r)]).  We can now re-compute 
thee electrostatic potential by substituting n L P B with n P B . In other words, we compute 
zpJJ*(r)zpJJ*(r) = ln[n^'B(r)/n0}. Note that U*(r)  is just a convenient (yet arbitrary) way of 
definingg an effective electrostatic potential. Finally, we define ( = U*  (0) and obtain a 
renormalizedd surface charge using Eq. (6.12). We show the result for the sedimentation 
velocityy in Figure 6.12. Clearly this method, although it gives a bet ter estimate of the 
sedimentationn velocity has no solid foundation. A proper analysis would require the 
repetitionn of the original Booth (or Ohshima) t rea tment by using the substitutions 
whichh we are proposing. 
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77 Sedimentatio n velocit y of charge d 
disk s s 

Abstrac t t 

Inn this chapter, I present simulation results for the sedimentation velocity of charged 
disks.. We explicitly took into account the hydrodynamic and electrostatic interactions 
andd the deviation from the equilibrium position of the double layer. 

Inn order to analyze the effect of the shape of the disk, the results are compared with 
thosee for a sphere with equal surface and charge. The results show that the reduction 
inn the sedimentation velocity for disk-like macro particles has a different dependence 
onn K,a than spheres. An analysis of the behavior of highly charged disks (beyond the 
scopee of the linearized Poisson Boltzmann equation) shows that the charge dependence 
off the sedimentation velocity of disks is similar to that of spheres. Our results suggest 
thatt the disks become hydrodynamically more symmetric at high charge. 

7.11 Introductio n 

Inn this chapter I present calculations on the electrokinetics of charged disks. Such sys
temss are of both theoretical and experimental interest. Because disks are not spheri
callyy symmetric, they provide an ideal model system to study the effect of the shape 
onn the coupling between electrostatic and hydrodynamic response of a macroscopic 
particle.. In fact, several theoretical studies suggest that there may be non-trivial cou
plingg effects due to shape asymmetries [68, 69]. 

Fromm a practical viewpoint, there are several charged disk-like and rod-like mo
leculess that are biologically relevant. The most important of these is DNA. In the 
literaturee (see, for example, [70]), the hydrodynamic properties of hard rods and hard 
diskss are claimed to be relevant for unerstanding the electrophoretic mobility of, for 
example,, DNA. However, Ref. [70] concerns with purely neutral particles, and hence 
doess not take the coupling between hydrodynamics and electrostatics into account. 
Sincee DNA is highly charged under physiological conditions, a systematic study of 
thee electrohydrodynamic properties of highly charged particles is relevant for a better 
understandingg of the motion of charged polyelectrolytes. 

Manyy natural and synthetic clays (e.g. laponite) constitute another class of real 
systemss that can be modeled as charged disks. 

Withh our simulation method, we were able to study the dynamics of charged par
ticless with arbitrary shapes in electrolytes at the Poisson-Boltzmann level, thus ne-
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glectingg charge correlation effects. For many systems this is not a serious limitation, 
inn particular if the electrolyte contains no polyvalent ions. 

7.22 Electrokineti c mode l 

Wee will analyze a simple geometry in which one disk-like colloidal particle of radius 
aa and height h sediments due to the action of a uniform external field. The disk has 
ann overall charge Q = Ze, where Z is its valency and e is the elementary unit of 
charge,, a radius a and aspect ratio p = 2a/h. The disk is assumed to be suspended 
inn a symmetric electrolyte. For the sake of simplicity, we assumed that both co- and 
counterionss have the same mobility and valency. The fluid mixture is characterized 
locallyy by density of the solvent ps and by the densities of the electrolyte microions 

 The latter determine also the local fluid charge, q(r) = ze[p+(r) — p~(r)]. We will 
restrictt ourselves to monovalent electrolytes, where z = 1. 

Thee dynamics of the overall system is governed by the electrokinetic equations, 
whichh specify how fluid momentum is accelerated due to local charge accumulation, 
whilee local fluid velocity in turn affects the convection of electrolyte densities. We 
rewritee these equations from Section 3.3 as 

-Q--Q-ttPkPk = - V - j f c * = + , - (7.1) 

J^(pv)) = ^v2(pv)-Vp+^V<ï>. (7.2) 

jfcc = -Pfcv + Dk [VPk + zkPkV$] (7.3) 

wheree Dk stands for the diffusivity of each electrolyte. In the case of symmetric 
electrolytess all Dk are the same. $ = $/(e/3) stands for a dimensionless electrostatic 
potential.. $ satisfies the Poisson equation 

V 2 $$ = - 4 T T / J y ^^ zkpk+pv (7.4) ) 

wheree Is = /3e2/(47re) is the Bjerrum length (with e = eocr denoting the medium di
electricc constant), while pw refers to the charge density due to embedded solid objects, 
eitherr colloids of solid walls. 

Equationn (7.1) is simply a conservation law and (7.3) is the constitutive equation. 
Togetherr with the incompressibility condition V • v = 0, Eq. (7.2) corresponds to 
thee Navier-Stokes equations for an incompressible, isothermal electrolyte at vanishing 
Reynoldss number. r\ is the shear viscosity. In the presence of a gravitational field, 
thee corresponding force must be added to the right-hand side of Eq. (7.1). 

7.2.11 Simulatio n metho d 

Ass a simulation method, we employed the lattice-Boltzmann method described in 
Chapterr 5. 

Wee took the lattice spacing as the unit of length, and the time step as the unit of 
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time.. We fixed the kinematic viscosity to v = 1/6 to render the simulation algorithm 
simplerr [8]. The solvent density is taken as unity, ps = 1, the (gravitational) body force 
wass fixed to be 10~6 (in the usual lattice units), which is well inside the linear response 
regimee and generates fluid velocities of the order of 10~8. The electrolyte diffusivity is 
sett to D = 0.19. Spurious diffusion due to advection is negligible (see Chapter 5). The 
valuess of the diffusivity and of the flow velocity result in Péclet numbers smaller than 
10 - 1 .. For these low Péclet numbers we do not expect to observe a large distortion of 
thee electric diffuse layer. In the simulations described in subsequent sections we vary 
thee salt density in the range between 7 x 10 - 4 and 5 x 10~3 as a way to control the 
diffusee layer width. 

7.33 Sedimentatio n of neutra l disk s 

Beforee assessing the role of electrostatics on the sedimentation of non-spherical par
ticles,, we need to analyze the sedimentation of hard disks within lattice Boltzmann 
since,, contrary to the case of spheres, there are no analytic expressions for the sedi
mentationn velocity of an isolated hard disk with finite aspect ratio. In order to validate 
ourr computer simulations, we then used analytical theories available for the sedimen
tationn velocity of infinitesimally thin disks [71, 72], 

Wee simulated disks with two different nominal aspect ratios p = 10 and p = 5, 
correspondingg to disks of lateral dimension h = 2, and radii a = 10 and 5, respec
tively.. However, because the solid particle is identified as the midpoint between the 
linkss joining fluid and solid nodes, the hydrodynamic shape of the object may differ 
slightlyy from the nominal one. We need, hence, to calibrate the shapes of the disks to 
avoidd spurious lattice artifacts entering the subsequent numerical analysis. An unam
biguouss way to determine these effective sizes (the hydrodynamic radius and height), 
iss to measure the friction coefficients of the particles and then use known formulae 
thatt relate the friction coefficients to the particles' sizes. In addition, a second com
plicationn arises in computer simulations. Since we use periodic boundary conditions, 
wee measure in practice the friction coefficient of a regular array of particles at volume 
fractionn tp = 7ra2h/Ls, where L is the simulation box lateral size. Hence, one needs 
too generate a series of simulations with increasing box size in order to extrapolate the 
infinitelyy diluted friction coefficients for a neutral disk. An analogous procedure will 
bee needed to study the sedimentation velocity of a charged disk in the dilute limit. 

7.3.11 Frictio n coefficient s 

Too compute the sedimentation velocity of the disk, we placed it on the lattice and 
performedd the simulations in the frame of reference centered on the disk. We then 
appliedd a body force to the fluid equal and opposite to the gravitational force acting 
ontoo the disk and measured the total fluid velocity at the steady state vp. Because this 
velocityy is equal and opposite to the sedimentation velocity of the particle Ud = —VF, 
wee can relate the sedimentation velocity to the friction coefficient via the formula t/d = 
FFgg/£,/£, where Ud is the sedimentation velocity of the disk, £ is the friction coefficient, 
andd Fg is the gravitational force. As the disk is not spherically symmetric, we studied 
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FigureFigure 7.1: Edgeside (circles) and broadside (squares) friction coefficients for a sedimenting 
neutralneutral disk of aspect ratio p = 5 as function of the array's volume fraction. The friction 
coefficientscoefficients are normalized by the friction coefficient of a sphere with radius R = a of the 
cylinder,cylinder, i.e. £o = 6irrjR. The dashed lines are linear fits. 

thee friction coefficients along the two principal axes, respectively the edgewise and 
broadsidee friction coefficients. 

Hashimotoo [56] has shown tha t the friction coefficient of an array of hard spheres 
scaless as ( £ / £o ) - 1 = 1 —1.76^^+(f+0((p2), indicating tha t , to lowest order in volume 
fraction,, the decrease in velocity is controlled by the number density of the particle 
array.. Hence, we expect the same functional dependence to hold for neutral disks. 
Ass can be seen from Fig. 7.1, the simulations do indeed suggest a i/?1/3 dependence 
off the friction coefficient. Then we used this functional dependence to extrapolate 
too infinite dilution. In Figure 7.1 we show the edgeside and broadside friction 
coefficientss for the neutral disk with p = 5 at various volume fractions, normalized 
byy the Stokes friction coefficient of a sphere with the same area, i.e. by £4 = QTHTJR, 
RR = y/a(a + h)/2. From this plot we derived the friction coefficients £edge and Abroad 
forr an isolated disk. It is known tha t the friction coefficient of an infinitely thin 
disk,, which corresponds to the limit p —> 00, becomes identical to tha t of an oblate 
spheroidd with the same aspect ratio between its main axis [72]. There exists numerical 
evidencee indicating that for a (finite) not too small value of p, the friction coefficient 
off a disk does not deviate much from tha t of an oblate ellipsoid at intermediate and 
largee aspect ratios, and numerical simulations results have been published for the 
analogouss problem of disk diffusion [70]. Hence, we can use those estimates to assess 

82 2 



7.47.4 Sedimentation velocities of charged disks: effect of charge 

€A€A = önrjR 

scdge/sA A 

Sbroad1sA A 

sedge/sbroad sedge/sbroad 

p=5 5 
Simulation n 

0.91 1 
1.1 1 

0.83 3 

Oblatee spheroid 
0.9 9 
1.06 6 
0.84 4 

p=10 0 
Simulation n 

0.93 3 
1.19 9 
0.78 8 

Oblatee spheroid 
0.85 5 
1.11 1 
0.77 7 

TableTable 1.1: Friction coefficients of an isolated disk in edgeside and in broadside motion nor-
malizedmalized by the Stokes friction coefficient £A = GTTTJÜ of a sphere with equal surface area, i.e. 
withwith radius R = ^/a{a + h)/2 (a it the radius of the cylinder). We compare the computed 
valuevalue of the friction coefficients with approximate theoretical values for an oblate spheroid 
withwith the two axis equal to the disk radius and to the disk height. We studied two disks with 
aspectaspect ratios p — 5 and p = 10, respectively. 

thee hydrodynamic shape of the neutral disks. 
Wee summarize the results for the normalized friction coefficients for disks of two 

aspectt ratios in Table 7.1. For the disk with p = 5, we conclude that, to a good 
approximation,, the hydrodynamic radius and height correspond to the nominal ones. 
Thee numerical values obtained for the larger disk (p = 10) are less satisfactory than for 
thee shorter one. This may seem surprising, since for a larger object the disagreement 
betweenn the nominal and hydrodynamic size is expected to decrease. However, the 
ratioo between the perpendicular and parallel frictions £edge /Abroad do agree with the 
valuee estimated on the basis of the nominal size, suggesting that the deviations come 
mostlyy from uncertainties related to finite volume fraction. Hence, we conclude that, 
alsoo for this shape, the disagreement between the two sizes is negligible, and ascribe 
thee deviations to interactions with the periodic images. Such interactions are larger 
forr the more asymmetric disk (especially for broadside sedimentation), taking into 
accountt that for the two disks the simulations have been run at equal volume, rather 
thann at comparable volume fractions. 

7.44 Sedimentatio n velocitie s of charge d disks : effec t of 
charg e e 

Beforee discussing the computed sedimentation velocities of charged disks, I briefly 
recalll the sedimentation velocity theory for weakly charged spheres presented in Sec
tionn 3.2.2. Booth [27](and Ohshima et al. [28]) predict that the sedimentation velocity 
off an isolated sphere US(Z) is a quadratic function of the sphere charge which can be 
expressedd as 

gg-!-*(«*)*,, (7.5) 
wheree Us(0) is the sedimentation velocity of a hard sphere in the dilute limit, and the 
pre-factorr C2, for a symmetric 1-1 electrolyte is, in the Debye-Hiickel theory, 

C 2 M )) = 7 2 ^ V > / ( ^ (7.6) ) 
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RR is the radius of the sphere and n = \/ATTIB Ylkz'kPk 1S t n e i n v e r s e Debye length which 
characterizess the size of the electrical double layer. The function f(K,R) is presented 
inn Section 3.2.2. 

Wee expect that the dependence on colloidal charge given by Eq. (7.5) will also 
holdd in the Debye-Hiickel limit for disks since they differ from the spheres only in 
thee hydrodynamic properties, which in turn only enter in the factor C2(nR). To test 
thiss hypothesis, we computed 1 - Ud(Z)/Ud{0) for disks. If the behavior of disks is 
similarr to that of spheres, this function should be linear in Z2. The inset of Fig. 7.2 
showss 1 - Ud(Z)/Ud(0) as function of Z2 for two disks with aspect ratios p = 5 and 
pp = 10. We fixed the Debye screening length so that «a = 1. Moreover, because 
thee dilute-limit expansion procedure is computationally expensive, we performed the 
simulationss at constant volume fraction, (p = 7.2 x 10 - 4 for the disk with p = 5, and 
ipip = 2.9 x 10~3 for p = 10. Hence, we assume that Eq. (7.5) is generalized to finite 
volumee fraction, with the sedimentation velocity normalized by the sedimentation 
velocityy of hard disks at the corresponding volume fraction. The inset of the figure 
clearlyy displays the expected dependence on disk charge both for edge and broadside 
sedimentation. . 

7.4.11 High charg e regim e 

Inn many cases of practical interest, colloidal particles are highly charged (for disks par
ticless see [73]). In this regime the theoretical framework put forward by Booth breaks 
down.. To analyze the behavior of the sedimentation in this regime, we performed sim
ulationss for the sedimentation of charged disks at constant volume fraction, where we 
variedd the disk charge over a wider range. In Figure 7.2 we plot again 1 - Ud{Z)/Ud{0) 
ass function of the surface charge a = eZj [27ra(a + h)]. One can identify the quadratic 
dependencee discussed above, a crossover region from surface charge densities between 
0.11 and 0.4, and, eventually, a more linear regime. This behavior is consistent with 
thee numerical results on the sedimentation velocity of charged colloidal spheres (see 
Chapterr 6) which also showed a deviation from Booth's predictions for surface charge 
densitiess around 0.1. The crossover takes place in the same range for both parallel and 
perpendicularr sedimentation. 

Iff one compares the deviation of the sedimentation velocity for edge- and broadside 
motion,, as displayed in Fig. 7.2, we can see that the sedimentation velocity decreases 
fasterr for edgeside motion regardless of the aspect ratio, which indicates that the elec-
trokineticc coupling is stronger for this orientation. In the same figure, we also show 
thee decrease in sedimentation velocity for a sphere of radius R = 4.2, which shows 
thee same dependence on surface charge as that of the disks. If one now compares 
thee sedimentation velocity of disks for two aspect ratios, one observes that, at high 
charges,, 1 — Ud{Z)/Ud(0) for both disks approach each other. 

84 4 



7.57.5 Sedimentation velocities of charged disks: volume fraction dependence 

FigureFigure 7.2: Surface charge dependence of 1 - Ud(Z)/Ud(0) for a disk with aspect ratio p = 5 
(squares)(squares) and p = 10 (triangles) in edgeside (dotted lines) and broadside (continuum lines) 
motion.motion. For comparison, we also show the behavior for a sphere with radius R = 4.2 (circles). 
InIn the inset, we show the surface charge dependence for weakly charged disks; the lower scale 
referrefer to the disk with p = 5, while the upper one to the disk with p = 10. For disks the 
quadraticquadratic dependence upon the charge is confirmed. In the inset the lines are linear fits, while 
inin the figure are a guide to the eye. 

7.55 Sedimentation velocities of charged disks: volume 
fractionn dependence 

Wee have already shown tha t for an ordered array of hard spheres the initial volume 
fractionn dependence enters through the number density, and hence should scale as tp1/3. 
Inn Chapter 5, we have verified tha t this functional dependence also holds for charged 
spheres,, provided tha t the system is diluted enough such tha t there is no significant 
overlapp of the double layers. For disks we expect the (/J1/3 dependence to hold under 
thee same circumstances. In order to test whether there is a detectable effect of the 
overlapp of electric double layers of different disks, we have computed the normalized 
frictionn coefficients for disks of aspect ratio p = 5 as a function of the volume fraction, 
forr volume fractions up to 10%, for different widths of the diffuse layer. 

Inn Figure 7.3 we show the results for a weakly charged disk, both for edgeside and 
broadsidee motion. Note tha t , in the dilute limit, the friction coefficients will depend 
onn KCL due to the electrohydrodynamic interaction. For edgeside motion the conver
gencee to the dilute limit is slower, indicating a stronger coupling between disks; we 
at t r ibutee this to the fact tha t the distance of closest approach coincides with the exter
nall field direction. Although for na = 1/2 and high volume fractions the diffuse layers 
overlap,, the effect of the diffuse layer is minimal with respect to the volume fraction 
dependence,, as evidenced by the larger differences between edgeside and broadside 
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77 Sedimentation velocity of charged disks 

sedimentation.. Hence, at small volume fractions the dependence is, in all cases, ip1' , 
andd a subsequent decay at intermediate volume fractions is strongly influenced by ex
cludedd volume effects. Despite this general trend, there is a remaining dependence on 
KK superimposed and hence, the amplitudes in the volume fraction dependence of the 
frictionn coefficients will depend on the details of the electro-hydrodynamic coupling. 

Thee dependence upon K becomes more visible in Fig. 7.4, where we display the fric
tionn coefficients of highly charged disks. Although here the dependence on K becomes 
moree relevant, as the volume fraction increases its relevance diminishes, suggesting 
thatt at intermediate and large volume fractions the effect of the overlap of diffuse 
layerss is less important than the interplay between electrolyte structure and hydrody-
namicc friction. On the other hand, at small enough volume fractions, the dependence 
iss always consistent with (p1/3, although deviations from such a behavior set in earlier. 

Thiss fact indicates that the dilute limit is harder to reach at higher charges. More
over,, since in the limit of an infinitesimally narrow double layer the sedimentation 
frictionn coefficient should coincide with that of a hard disk at infinite dilution, the 
smallerr values observed for narrower double layers already at high dilution indicate 
thatt at small volume fractions there is a strong electrokinetic coupling. It is impor
tantt to keep in mind that the values of K are computed on the basis of the electrolyte 
densitiess in the bulk. This means that, if the counterions density added to the salt 
too ensure charge neutrality—i.e. p- = —Z/Vf, where Z is the valency of the sphere 
andd Vf the volume occupied by the electrolyte is much larger than the amount of 
salt,, the system behaves as if the electrolyte were made of counterions only. Hence, 
K~K~11 does not describe the typical screening length any longer. For our simulations 
thiss phenomenon only becomes important for the highest volume fractions (typically 
tptp > 0.08). This means that our dilute-limit expansions (performed at much lower 
volumee fractions) is not affected by this complication. 

7.66 Sedimentatio n velocit y of charge d disks : effec t of 
th ee diffus e layer 

Afterr having analyzed the role of charge and volume fraction, we want to address 
thee effect of the relevance of the width of the double layer on the sedimentation ve
locityy of disks. We will use the analysis of the previous section to extrapolate the 
infinitee dilution limit Ud(Z) from a series of sedimentation velocities Ud{Z, if);  in this 
way,, we can compare simultaneously the role of diffuse layer width and volume frac
tion.. We scale the sedimentation velocities by the sedimentation velocities of isolated 
charged-neutrall disks 17^(0), values that we have obtained in Section 7.3.1. The ratio 
Ud{Z)/Ud(0)Ud{Z)/Ud(0) measures the reduction is the sedimentation velocity of one charged disk 
duee to its electrokinetic interaction with the electrolyte. The reduction in sedimenta
tionn velocity in the dilute limit is interesting theoretically (because we can compare 
withh analytic results for weakly charged spheres). However, in experiments the re
ducedd sedimentation velocity Ud{Z,tp)/Ud{01ip) at finite (p is the relevant one. For 
simplicity,, in the remaining part of this section, we will be writing Ud{Z) instead of 
Ud{Z,Ud{Z, ip) but, unless explicitly stated, the volume fraction dependence is always as
sumed. . 
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FigureFigure 7.3: Volume-fraction-dependent normalized friction coefficients for a disk with radius 
aa = 5, aspect ratio p = 5, and valency Z = 10 for na equal to 0.5 (spheres), 0.8 (pluses), 
andand 2.1 (filled diamonds). The upper curves are for the edgeside friction coefficient, while the 
lowerlower curves are for a broadside friction coefficient. The curves are normalized by the friction 
coefficientcoefficient of a sphere with equal surface area £A = 6nri^a(a + h)/2 (see Table 7.1 for the 
correspondentcorrespondent neutral values). Lines are drawn as a guide to the eye. 

Inn Figure 7.5(a), we show the normalized sedimentation velocity as a function of 
thee double layer width for a disk with aspect rat io p = 5 in edgewise motion, for 
differentt volume fractions. For infinitely thin and infinitely broad diffuse layers, the 
sedimentationn velocity should coincide with tha t of a charged-neutral disk, and hence 
thee curve should approach one for bo th small and large «a, as indeed observed. The 
decreasee at intermediate values of na enters as a result of the interplay between hy-
drodynamicc dissipation and electrolyte diffusion. The largest effect is observed when 
thee size of the double layer is of the order of the largest dimension of the disk, i.e. 
KaKa ~ 1. The effect increase with decreasing volume fraction, consistent with the dis
cussionn in the previous section. Already at volume fractions around 1%, the changes 
inn normalized sedimentation are negligible. The minimum velocity also depends on 
volumee fraction, an effect which is consistent with previous findings for spheres [74]. A 
similarr behavior is observed in Fig. 7.5(b), where broadside sedimentation for a weakly 
chargedd disk is depicted. It is interesting to note tha t the decrease in sedimentation 
velocityy is slightly smaller. We can ascribe this effect to the fact tha t the distorted 
doublee layer contributes a bit less to the hydrodynamic friction because the wider side 
off the disk is exposed to a region where the velocity gradients are smaller. 

Inn Figures 7.6(a) and 7.6(b), we show the sedimentation velocity for a weakly 
chargedd disk with a higher aspect ratio p = 10. The trends are the same as for the 
smallerr disk, although the minimum velocity seems to depend on aspect ratio, and is 
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FigureFigure 7-4-' Volume-fraction-dependent normalized friction coefficients f or a disk with radius 
aa = 5 and aspect ratio p = 5 and valency Z = 100 or KO equal to 0.5 (spheres), 0.8 (pluses), 
andand 2.1 (filled diamonds), a) Edgeside friction coefficient; b) Broadside friction coefficient. 
InIn all cases, curves normalized by the friction coefficient of a sphere with equal surface area 
££AA = 6nrjyja(a + h)/2 (see Table 7.1 for the correspondent neutral values). Lines are drawn 
asas a guide to the eye. 

achievedd now for slightly narrower double layers. The reduction in absolute terms is 
noww smaller, but this is simply due to the lower surface charge density as compared 
withh the smaller disk. It is worth mentioning tha t , while for the disk with p = 5 w e 
reachedd the limiting diluted value for Ud(Z)/Ud(0), for the disk with p = 10 we had 
too perform the dilute-limit extrapolation. This different volume fraction dependence 
confirmss tha t a large asymmetry among the various sizes of a macroscopic particle 
makess the dilute limit harder to obtain. 

Inn Figure 7.7 we show the sedimentation velocity for a highly charged disk, nor
malizedd by the sedimentation velocity of uncharged disks at the same volume fraction. 
Although,, again, the relevance of the electrokinetic coupling in the sedimentation ve
locityy diminishes upon increasing volume fraction, the coupling between electric fric
tionn and velocity dissipation becomes much more dominant now. The sedimentation 
velocitiess decrease by almost 50% its value, and the range of «a'swhere appreciable 
deviationss from the behavior of the uncharged disk is observed is wider than in the case 
off weakly charged disks. As mentioned earlier, because for tp > 0.08 the counterion 
densityy is much larger than the coion density, K _ 1 no longer relates to the space de
cayy of the charge-density distributions. In Figure 7.8 we also show the sedimentation 
velocityy for an highly charged disk with p = 10 which confirms the same observation. 

Inn all the previous figures, we have observed that the reduction in sedimentation 
velocityy for edgewise motion is larger than for broadside motion, with differences up 
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0.995 5 

0.99 9 

(a)) Edgeside motion 

(b)) Broadside motion 

7.5:7.5: Normalized sedimentation velocity of a charged disk with aspect ratio p = 5, 
radiusradius a = 5, and valency Z = 10. The different simulation points correspond to if = 
3.88 xlCT2 (circles), 4.8 x 1CT3 (squares), 7.3 x lO" 4 (pluses), 4.6 x 1(T4 (stars), and 3.1 x 10"4 

(diamonds),(diamonds), (a) Edgeside motion; (b) Broadside motion. Lines are drawn as a guide to the 
eye. eye. 
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FigureFigure 7.6: Normalized sedimentation velocity of a charged disk with aspect ratio p = 10, 
radiusradius a = 10, and valency Z = 10. Different curves: ip = 1.9 x 10 -2 (circles), (p = 6.5 x 10~3 

(squares),(squares), tp = 2.9 x 10 - 3 (diamonds), and ip = 1.8 X 10~3 (triangles), and the correspondent 
dilutedilute limit extrapolation (stars). Left: Edge side motion; right: Broad side motion. Lines 
areare drawn as a guide to the eye. 

too around 20% for wide double layers. This effect can be intuitively understood in 
termss of the different forces felt by the electric double layer in the two configurations. 
Forr edgeside sedimentations, most of the diffuse layer is exposed to the flow induced 
byy the sedimenting array of disks. In confront, for broadside motion, most of the 
electricc double layer is located in a region where the fluid velocity is small and is not 
subjectt to large gradients. One would then naively expect that this difference will 
bee enhanced by an increase of the surface charge. However, the relative difference, 
inn fact, decreases with disk charge. Hence, we there must be non-trivial couplings of 
thee electrostatic restoring force to the flow field surrounding the disks. This is quali
tativelyy illustrated in Figs. 7.9 and 7.10, where we show the velocity fields generated 
byy a sedimenting disk for edge and broadside motion. It is clear that in the latter 
mostt of the diffuse layer is in a region of smoothly varying velocity, while the former 
itt is exposed to larger velocity gradients. More interestingly, by comparing the flow 
fieldsfields past the weakly and the highly charged disk, we observe that the hydrodynamic 
shapee of the particle become more isotropic. In order to fully understand this mecha
nism,, more detailed simulations of the flow patterns are necessary; in fact, intuitively, 
onee would expect that, due to charge accumulation near the particle (induced by the 
highlyy charged disk), the region where the fluid is affected by the charge of the disk 
becomess narrower. 
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(a)) Edgeside motion 
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FigureFigure 7.7: Normalized sedimentation velocity of a charged disk with aspect ratio p = 5, radius 
aa = 5, and valency Z = 100. ifi  = 3 .8xl0^ 2 (circles), 4 .8x l0~ 3 (squares), 7 . 3x l 0 - 4 (pluses), 
4.66 x 10~ (stars), and 3.1 x 10 - 4 (diamonds). (a) Edgeside sedimentation; (b) broadside 
sedimentation.sedimentation. Lines are drawn as a guide to the eye. 
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FigureFigure 7.8: Volume-fraction-dependent reduction in the sedimentation velocity of a charged 
diskdisk with aspect ratio p = 10, radius a = 10, and valency Z = 100. The plot on the left 
refersrefers to a disk sedimenting along its edge side, while the right part along its broad side. The 
differentdifferent curves correspond to volume fractions (p = 1.9 x 10~ (circles), 6.5 x 10~ (squares), 
2.99 x 1 0 - 3 (diamonds), 1.8 x 10~3 (triangles), and the corresponding dilute limit extrapolation 
(dashed(dashed line with star symbols). Lines are drawn as a guide to the eye. 

7.77 Sedimentation velocity of charged disks: shape 
effects. . 

Whenn a t tempt ing to quantify the importance of the shape in disk sedimentation, we 
facee the problem tha t one cannot change the shape of a disk without changing either 
thee surface charge density or the overall particle charge. Then, because the electro
stat icc field next to a particle is proportional to the surface charge a, a change in the 
surfacee area will change the electric field surrounding the particle, making impossible 
too isolate the effect of shape change. On the other hand, keeping a constant by varying 
thee overall particle charge is not a solution either since the reduction in sedimentation 
velocityy does depend also on Z [see Eq. (7.5)]. As a result, we will have to modify 
bothh valency and volume (to keep the surface area constant) to disentangle charge 
effectss from effects arising from shape changes. However, even if we take care of this 
problem,, we can only compare each disk with the corresponding sphere, because the 
twoo disks we study have different areas. 

Inn order to compare equals with equals, we computed the scaled sedimentation ve
locityy Ud(Z)/Ud(0), where Ud(Z) is the sedimentation velocity of an isolated particle 
withh valency Z, and Ud{0) is the velocity of the same object in the absence of charge. 
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FigureFigure 7.9: 3D flow fields near a charged disk sedimenting along its edge side projected on 
thethe plane perpendicular to the disk passing through the center of the disk. The magnitude of 
thethe velocities has been conveniently scaled to render them visible. 
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FigureFigure 7.10: 3D flow fields near a charged disk sedimenting along its broad side the projected 
onon the plane perpendicular to the disk passing through the center of the disk. The magnitude 
ofof the velocities has been conveniently scaled to render them, visible. 
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Wee then compared Ud{Z)/Uo(0) with the corresponding normalized sedimentation ve
locityy of a sphere with valency Z and the same surface area Us(Z)/Us(0). In this way 
wee eliminate the effect of size on the settling velocity, disentangling shape from size 
effects. . 

Forr weakly charged particles, we can make use of Booth's prediction to analyze the 
results.. To this end, rather than studying the scaled velocity directly, we have found 
fruitfulfruitful to consider [1 — Ud(Z)/Ud{0)]/Z2, which is the coefficient C2 [see Eq. (7.6)] in 
thee case of a sphere. It is a direct measure of the electrokinetic reaction induced by the 
electricc double layer. Since we have argued in Section 7.4 that the charge dependence 
off disks is the same as the one observed for spheres in the Debye-Hückel limit, the 
previouss ratio is a quantitative way of assessing the role of shape on the sedimentation 
velocity. . 

Inn Figs. 7.11(a) and 7.11(b), we show [1 - Ud{Z)/Ud(0)]/Z2 = 4 for disks with two 
aspectt ratios and small charge, Z = 10 both for edge and broadside sedimentation, 
cff is expressed in units of A | = ksTlsl (72nD7]a2), in such a way that it simplifies 
too the universal function f {KOL) predicted by Booth. For weakly charged disks and 
thinn double layers, the decrease in velocity does not depend strongly on size. This is 
consistentt with Smoluchowski's theory for electrophoresis 3.2.3, which predicts that 
thee electrophoretic velocity of particles with the same zeta potential (the electrostatic 
potentiall at contact) is independent of the particle shape if na —• co. However, the 
deviationn from the Smoluchowski limit appears at narrower double layers for broad
sidee motion. Hence, shape affects significantly the sedimentation velocity of suspended 
particles.. Moreover, in the case of asymmetric objects, the orientation of the particle 
alsoo affects the velocity. For both broadside and edgeside sedimentation, the electroki
neticc coupling of a disk is always smaller than the decrease for an equivalent sphere. 
Onee can clearly see that the decrease in velocity for broadside motion is smaller than 
forr edge motion. 

Inn the high charge regime we use the same quantity, dj;, to assess the role of shape, 
althoughh we know that the Booth theory fails in this case. In Figures 7.12(a) and 
7.12(b)) we show cJj, again for two aspect ratios. In the thin diffuse layer limit, our 
dataa are consistent with Smoluchowski theory, and we observe again a departure from 
thee results for a sphere upon increasing the width of the electric double layer. The 
maximumm effect is observed for electric-double-layer widths of the order of the longest 
objectt length, and, again, the decrease for broadside motion is smaller than for edge
wisee motion. This is consistent with the description given above, that the disk become 
moree isotropic. 

Byy comparing Figs. 7.12(a) and 7.12(b), the reader might conclude that the re
ductionn in sedimentation velocity is higher for the disk with a smaller aspect ratio. 
However,, one should not overlook the fact that two disks have the same valency and 
thereforee very different surface charges crp=5  3.4 x crp=i0. To show how much the 
surfacee charge affects C2, we show C2 for the disk with p = 10 also at Z = 300. Even 
thoughh the surface charge of this disk is still lower than the surface charge for the 
otherr disk, the electrokinetic effect is already more pronounced. 

Inn Fig. 7.13 we show the effective Stokes radius [Res = Fj (6-RT)U)} , where F is 
thee magnitude of the external force acting on the disk. For small charges, the effec
tivee radius depends weakly on the double layer width, and is larger for the edgeside 
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(a)) p=5 

(b)) P =io 

FigureFigure 7.11: Dilute limit of the normalized reduction in the sedimentation velocity of a disk 
inin edgeside motion (spheres) and broadside motion (triangles) compared with the analytic 
theoriestheories valid for a sedimenting sphere of equal surface area (dashed curve) as function of the 
reducedreduced electric double layer thickness. Disks and spheres have valency Z = 10. Subfigure (a) 
refersrefers to a disk with aspect ratio p=5, and Subfigure (b) to p=10. Lines joining the simulation 
pointspoints are drawn as guide to the eye. 
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FigureFigure 7.12: Dilute limit of the normalized reduction in the sedimentation velocity of a charged 
diskdisk in edgeside motion (diamonds) and broadside motion (squares) compared with the analytic 
theoriestheories valid for a weakly charged sedimenting sphere of equal surface area (dashed curve) 
asas function of the reduced electric double layer thickness. Subfigure (a) refers to a disk with 
aspectaspect ratio p=5, and Subfigure (b) to p=10. Disks have and spheres have valency Z = 100, 
whichwhich correspond to a surface charge a = 0.45 for the disk with p = 5 and to a = 0.13 for the 
diskdisk with p = 10. In Subfigure (b) we also show the same simulation for a disk surface charge 
aa = 0.40 for the disk with p = 10 in edgeside (+) and broadside (x) sedimentation. Lines 
joiningjoining the simulation points are drawn as a guide to the eye. 
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V ** 1-4 

FigureFigure 7.13: Effective hydrodynamic radius of a disk divided by the radius R of a sphere with 
equivalentequivalent surface as a function of the inverse Debye length in units of the disk radius. Disk 
withwith p = 5 in edgeside (square) and broadside (triangle) motion; sphere with same surface 
(circle).(circle). Uncharged objects (drawn line), Z = 10 (dashed curve) and Z = 100 (dotted line). 
TheThe lines are drawn as a guide to the eye. 

motion,, as can be expected. At high charges the behavior is qualitatively different. 
Thee effective radius depends on the width of the double layer for Xo/a < 2. For 
largerr Xo/a it tends to level off. As the diffuse layer broadens, the effective size tha t 
characterizess the sphere and the disk in broadside motion tend to converge, leading 
too a same effective shape for wide layers. 

Thee physical origin of this effect is already implicit in Figs. 7.9 and 7.10. These 
figuress show the velocity fields around the disk for bo th orientations. Different flow 
fieldsfields develop around the sedimenting disk for low and high surface charge.The flow 
profiless look more isotropic for high Z, therefore one might expect that for high Z, the 
frictionn coefficients of a disk approach tha t of a sphere with the same Z . 

Discussion n 

Inn this chapter I analyzed lattice-Boltzmann simulations of the sedimentation of an 
arrayy of charged disks. We treated the electrolyte at the Poisson-Boltzmann level, 
whilee we incorporated the relevant hydrodynamic coupling between the solvent and 
thee dissolved electrolyte. Using the lattice-Boltzmann method, our approach allows us 
too model highly charged particles, and arbitrary na values, which enlarges the regime 
off parameters tha t can be analyzed. 

Too our knowledge, no exact analytical expressions exist for the sedimentation ve-
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locityy of isolated neutral disks and finite thickness; hence, we validated the numerical 
accuracyy of our approach with approximate expressions (exact for infinitesimally thin 
disks). . 

Wee studied the role of shape, volume fraction, charge, and ionic strength on the 
sedimentationn velocity. We find that in the linearized Debye-Hiickel regime, the sedi
mentationn velocity has the same functional dependence on volume fraction and surface 
chargee as that for spheres. At fixed «a, we studied the surface charge dependence of the 
diskk sedimentation velocity, from which we observed that in the high-charge regime, 
thee accumulation of charge near the disk surface layer decreases the effect of electroki-
neticc coupling on the sedimentation velocity, and also shows that such accumulation 
becomess more relevant as the disk becomes more anisotropic . 

Wee have shown that the geometrical anisotropics of neutral disks are reduced by 
thee presence of the electric double layer, especially for highly charged disks. In fact, 
wee have seen that when the double layer is exposed to larger velocities, the reduction 
inn sedimentation velocity is larger. Hence, this mechanism tends to generate a more 
symmetricc disk response. 
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88 Electrophoreti c mobilit y of 
charged-neutra ll  mode l protein s 

Abstrac t t 

Att the isoelectric point the electrophoretic mobility of a molecule vanishes. This is 
usuallyy seen as an indicator that the molecule is then uncharged. But, as is well known, 
neutrall molecules may move under the influence of an electric field. The reason is that 
theirr electric multipole moments are usually nonzero. 

Inn this case, the interaction of the electric diffuse layer with an external electric field 
cann give rise to a non-zero electrophoretic mobility even for neutral macro-particles. 
Theree is experimental evidence that this is indeed the case and theories exist that ac
countt for the phenomenon in certain limits. However, the complexity of the equation 
governingg electrophoretic mobility rules out analytical solutions for the general case. 

Wee have computed the electrophoretic mobility of spherical colloids with zero elec
tricc monopole but non-zero higher-order electric multipole moments in an electrolyte. 
Hydrodynamicc interactions are explicitly taken into account. First, we discuss the 
dependencee of the electrophoretic mobility upon the Debye screening length and on 
thee magnitude of the electric quadrupole. Next, we present calculations of the elec
trophoreticc mobility of a neutral sphere with vanishing quadrupole electric moments. 

8.11 Introductio n 

Electrophoresiss is among the more important tools utilized to separate proteins, DNA, 
polyelectrolytes,, and in general macroscopic charged particles [75, 76]. The basic phys
icall mechanism that makes it work is simple. If we place a charged particle in an 
electricc field, it will move because of the direct electrostatic interaction. In an elec
trophoreticc device, proteins will stop at their isoelectric points (the pH concentration 
wheree the charge of the proteins is zero), and one can discriminates proteins with a 
differentt isoelectric point. However, one faces the problem that many proteins have 
thee same isoelectric point and separating them becomes difficult. There are attempts 
too circumvent this problem adding polyelectrolytes to the proteins, thus changing their 
baree charge [77]. On the other hand, because it is known that the proteins have non 
uniformm charge distributions and irregular shapes, it is believed that unpredicted re
sponsee to electric fields could arise due to a subtle interplay of the hydrodynamic 
interactionn and the electric double layer (EDL) of the proteins. Unfortunately, be
causee the governing equations are complex, exact analytical formulae are in general 
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unavailable.. Classic theories, in fact, describe only uniformly charged spheres, where 
(afterr the pioneering works of Hückel and Smoluchowski) Henry formulas can be used 
([24]] and references therein). Moreover, it is difficult to find papers regarding the elec-
trokineticc properties of non-uniformly charged spheres or of non spherical particles; 
especiallyy when these non uniformities are of comparable size of the Debye screening 
length.. A notable exception is provided by the work of Anderson [78], who studied 
thee electrophoretic response of a charged sphere due to its quadrupole moment, and, 
inn the context of microfluidics, one finds works were the effect of shape on the electro-
hydrodynamicc properties of particles is studied [69, 68]. 

Inn order to treat these intriguing and experimentally relevant interactions, which 
aree especially important for colloids of asymmetric shapes and asymmetric charge 
distributions,, we developed the lattice-Boltzmann method that I presented in Chap
terr 5. Using that technique, in this chapter, I can regard a study of the electrophoretic 
responsee of a sphere with non uniform charge distributions. 

8.22 Mode l syste m 

Thee system we study is composed of a neutral sphere with charged patches immersed in 
ann electrolyte made of two ionic species and a neutral species. Because of the patches, 
thee surface charge of the sphere, and the electrostatic potential at contact (usually 
referredd to as the £ potential), are not constant and vary with position. Therefore, 
thee microions in solutions feel a local electrostatic potential that will attract or repel 
them.. Important length scales in the system are the radius of the sphere and the 
thicknesss of the EDL (the Debye screening length), determined by the ionic strength 
off the electrolyte. 

Forr the case of non-uniformly charged particles there is another relevant length 
scale,, which determines whether or not the system will react to an external electric 
field.. This length scale is the average size of the patches. When the screening length 
iss much larger than the average patch width, we expect little electrophoretic response, 
becausee most microions feel the field due to many patches, and these fields tend to 
cancel.. If, instead, the screening length is smaller than the average patch size, the 
diffusee layer will be able to follow the charge variation on the particle and can react 
too an external electric field. 

8.2.11 Electri c multipol e moment s 

Inn this work, we study simple charge configurations with specific low order electric 
multipolee moments. We took a sphere of radius R and cut it by a number of parallel 
planess perpendicular to the sphere radius. In a Cartesian coordinate system with 
originn in the center of the sphere, the equations of these planes are x = x-v with 
—RR < £j < R and i = 1,..., N, where N is the number of planes. With this procedure, 
wee identified N + 1 sphere's slices and we attributed to each of them a uniform charge 
densityy p(r) = epj, with r € j t h slice, where e is the elementary charge and pj is a 
numberr density. 
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8.38.3 Electrophoretic mobility of a sphere with an electric dipole. 

Inn terms of the charge density p(r), 

(8.1) ) 

iss the electric monopole moment, 

II = ƒ P(r)dr 

== / rp(r)di (8.2) ) 

iss the dipole moment, 

QijQij  = f (Sriij - r % ) p{r)dr (8.3) 

iss the quadrupole moment in components and, as the charge distribution is cylindri-
callyy symmetrical 

r>(r)Pn(cos0)d3rr (8.4) 
/ / 

iss the generic multipole of order n, where Pn(cos9) is the Legendre polynomial of order 
nn (see, for example, [79, 80]). Prom its definition [Eq. (8.3)], it follows that the electric 
quadrupolee moment is symmetric (Qij = Qji), and traceless (J2iQu = °)-

Fixingg the electric monopole corresponds to one constraint to the charge distri
butionss pj. Fixing the dipole, and fixing the quadrupole adds two more constraints. 
Whenn we fix these electrical moments of the sphere, we must ensure to have enough 
degreess of freedom (in our model the degrees of freedom are the x^s and the pj's) to 
satisfyy the constraints. We always imposed charge neutrality, i.e. q = 0. 

8.33 Electrophoreti c mobilit y of a spher e wit h an 
electri cc  dipole . 

Wee begin by computing the electrophoretic mobility of a neutral sphere consisting of 
twoo oppositely charged hemispheres with charge q = . Because of the symmetry 
off this charge distribution, the monopole and the quadrupole moments are both zero. 
Byy construction, the sphere has non zero odd multipole moments. 

Forr symmetry reasons, the electrophoretic mobility of such a sphere should vanish. 
Ass a test to our method, we verify that this is true for any value of the Debye length. 
Inn Figure 8.2 the filled circles represent the electrophoretic mobility of this sphere and 
observee that it, indeed, does have a zero electrophoretic mobility. 

8.44 Electrophoreti c mobilit y of a quadrupol e 

Andersonn [78] has shown that for a sphere with na » 1 the electrophoretic mobility 
dependss only the monopole and quadrupole moments of the zeta potential 

v=v=ee--( O I - | P P E » ,, (8.5) 
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butt not upon higher order moments. 
Inn our simulation, we studied the electrophoretic mobility parallel to the symmetry 

axiss of the patched sphere. In other words, we apply an electric field EQO = ZEQO and 
thee x component of the electrophoretic mobility will be fix = vx/Eoo. Equation (8.5) 
itt then reads 

M** = ^ ( c - i P - » ) . (8-6) 

Inn Ref. [78] the moments are computed as integral over the surface of the sphere. 
Becausee we work at low surface charged spheres, we can use the linearized Poisson-
Boltzmannn equation such that the relation between zeta potential and surface charge 
becomess linear (£ = trAp/c). Hence we can rephrase the result of Anderson in terms 
off the charge multipole moments. To verify this dependence and to compute the 
electrophoreticc mobility for an arbitrary EDL thickness, we performed a series of 
simulationss where the quadrupole moment was non zero. We used three types of 
chargee distributions. 

Thee first one [see Fig. 8.1(a)] is analogous to the one described in the previous 
section,, but the sphere is now divided into two non equal parts by a plane with 
equationn x = £, where 0 < £ < R. Because of this asymmetry, the sphere has a 
nonn zero quadrupole moment Qxx. We varied Qxx by varying £. The total charge 
off the two parts is gi = —eZ, and q<i = —eZ, however, because the volumes of the 
twoo parts is different, the charge densities of the two sides is different, in other words: 
p(r)) = eZ/Vi for x < £, while p(r) = eZfV2 for x > £, where r is inside the sphere, 
andd V\ and V2 are the volumes of the two parts. For the second charge distribution 
[seee Fig. 8.1(b)] we have used two parallel planes of equations x = — £ and x = £, with 
00 < £ < R. We assigned a positive charge to the two symmetric external slices and a 
negativee charge for the internal slice, i.e we set p(r) = eZ/2Vi for x < — £ or x > £, 
andd p(r) = —eZ/V2 for — £ < x < £. Again Vj. denotes the volumes of the external 
slicess and V2 is the volume of the internal slice. With the third and last configuration 
[seee Fig. 8.1(c)] we broke also the cylindrical symmetry by cutting the sphere in two 
partss with one other plane perpendicular to the planes x = . We assigned a positive 
chargee to the region defined by x < — £, y > 0 and x > £, y < 0, and a negative charge 
too the rest of the sphere. Again we assigned the charges uniformly in the two regions 
suchh to ensure charge neutrality. 

Inn Figure 8.2, we show the electrophoretic mobility as determined in our computer 
simulationn as function of the dimensionless parameter «a. For all these three charge 
distributionss we varied £. We observe that in the limit KGL —• 0, the electrophoretic 
mobilityy tends to zero. This result is consistent with the Hückel [29] result for a 
uniformlyy charged sphere. In this limit, the EDL is so diffuse that it does not affect 
thee motion of the particle; the electrophoretic mobility is, in fact, completely due to the 
directt Coulomb interaction between the charged particle and the external electric field. 
Hence,, for KCL —* 0, the electrophoretic mobility of the patched sphere is essentially 
thatt of a neutral sphere and it vanishes. 

Inn the opposite limit, i.e. when «a —• 00, we expect Eq. (8.6) to hold. In Figure 8.2, 
thee curves seems to tend toward a plateau value. Because of the discrete nature 
off the lattice-Boltzmann model, we cannot study the limit no, —> 00 directly as we 
shouldd expect discretization errors when K~1 (in lattice units) < 1. Only by going to 
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8.48.4 Electrophoretic mobility of a quadrupole 

(a)) Charge configuration 1 (b) Charge configuration 2 

(c)) Charge configuration 3 (d) Charge configuration with 
quadrupolee zero 

FigureFigure 8.1: Cartoon representation of the charge configurations. The configurations cor-
respondingresponding to the cartoons (a), (b), and (c) have a vanishing charge but non-zero electric 
quadrupolequadrupole moment, while the charge configuration corresponding to (d) have also a van-
ishingishing quadrupole moment (see text for a detailed description of the charge configurations). 
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FigureFigure 8.2: Electrophoretic mobility of a patched, neutral sphere. The filled circles, represent 
thethe electrophoretic mobility of a sphere with non-zero dipole moment, but all the even electric 
momentsmoments null; as expected /J,x = 0 for all values of K,a. The other curves correspond to the 
threethree charge distributions defined in the text for various values of Qxx . We plot the curves 
forfor Charge Configuration 1 with Qxx 5.96 (squares), 14.6 (diamonds), and 23.2 (triangles 
up;up; for Charge Configuration 2 with Qxx 11.7 (triangles left), 18.0 (triangles down), and 
24.6(triangless rigth); Charge Configuration 3 with Qxx 5.96 (plus), 14.7 (exes), and 23.2 
(stars).(stars). Dotted curves are a guide to the eye. 

higherr resolutions (larger sphere radii) we can s tudy larger na values. But this rapidly 
becomess prohibitively expensive. There is another reason to expect a discrepancy with 
thee theoretical values of Eq. (8.6): the periodic boundary condition of a computer 
simulation.. Because of the boundary condition, the actual system we simulates is 
aa periodic cubic array of spheres at the volume fraction ip = V s p ^ /L , where Vsph 

iss the volume of the sphere and L the simulation box size. One should do a size 
analysiss by increasing the box size L until the sphere electrophoretic velocity reaches 
ann asymptotic value. This procedure could in principle be performed but it also 
requiress large computer resources because the velocity of an array of spheres decays 
ass slow as ip1/3 to the velocity of a single sphere. A detailed analysis of the volume 
fractionn dependence of the electrostatic mobility is outside the scope of this chapter. 

Inn Figure 8.3 we show tha t the electrophoretic mobility depends linearly on the 
quadrupolee for all values of na studied, consistent with Eq. (8.6). The slopes of the 
curvess converge to an asymptotic value for increasinf values of Ka, as predicted by 
Eq.. (8.6). 

Iff the linear dependence is valid, we can collapse all the curves onto a master curve 
byy dividing them by the electric quadrupole moment Q ^ of the sphere. We show in 
Fig.. 8.4 the outcome for this procedure. The curves mostly superimpose but there are 
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0.003 3 

0.0022 -
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FigureFigure 8.3: Linear dependence of the electrophoretic mobility on the electric quadrupole mo-
ment.ment. The symbols correspond to the simulation results showed in Fig. 8.2 for na equals to 
0.0011 (circles), 0.1 (squares), 0.2 (diamonds), 0.3 (triandgels up), 0.5 (triangles left), 0.8 
(triangles(triangles down), 1 (triangles right), 2 (plus), 3 (x's), 4 (stars). The dashed lines are linear 
fits. fits. 

stilll discrepancies left. If the only electric moments responsible for the electrophoretic 
mobilityy were to be the monopole and the quadrupole, the curves should exactly 
superimpose,, especially for high values of na. In the remainder of this chapter, we 
arguee that these differences are due to the effect of higher order electric moment. 

8.55 Electrophoretic mobility of a colloid wi th zero 
quadrupole e 

Inn this section, we show tha t in our simulations, even a neutral sphere with zero elec
tricc quadrupole moment has a finite electrophoretic mobility. If Eq. (8.5) were valid, 
suchh a charge distribution should not generate any electrophoretic mobility. Hence, 
thee observed mobility is either due to the fact that we work at finite KCL or it is due to 
discretizationn errors. 

Too create the charge distribution, we began by at t r ibut ing a uniform charge den
sityy q(r) = — eZ\ to all the lattice nodes belonging to the sphere. Then, we placed on 
alll the nodes inside the sphere with x = —x\ or x = x2 a positive charge q(r) = eZ2. 
Z\Z\ and Z2 are fixed by the constraint of charge neutrality. Upon varying the values of 
x i andd x2 we can generate several charge distributions with various electric quadrupole 
moments.. To create a charge distribution with zero electric quadrupole moment, we 

107 7 



88 Electrophoretic mobility of charged-neutral model proteins 
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FigureFigure 8.4'- Electrophoretic mobility normalized by the electric quadrupole moment corre-
spondingsponding to the charge distributions of Fig. 8.2. The curves mostly superimpose with only a 
smallsmall discrepancy left at the higher values of Ka. Dotted curves are a guide to the eye. 

linearlyy added two of these charge distributions. Specifically, for a sphere of radius 
aa = 4.2, we made the first charge distribution by fixing x\ = —3, rr2 = 2 and number 
chargee Z\ = Z. The second distribution satisfied xx = —3, x2 = 1, and charge density 
ZyZy = 0.3 x Z {Zi is constrained by the condition of charge neutrality of each of the 
configurationss separately). The hexadecapole electric moment H is then proportional 
too Z. In Figure 8.1(d) we show a cartoon of the charge configuration obtained with 
suchh a procedure. 

Inn Fig. 8.5 we show the electrophoretic mobility of such a sphere with a hexade-
capolarr charge distribution. The figure shows that even a sphere with vanishingly 
quadrupolee moment appears to have a non-zero electrophoretic mobility. The figure 
suggestss that the electrophoretic mobility levels off at higher values of na than for 
quadrupoles. . 

Thiss slow saturation may be due to the fact that the size of the charged patches in 
ourr hexadecapolar particles are quite small [0(1) lattice spacings]. We expect asymp
toticc behavior only if na ^> 1 and K<5 > 1, where 5 is the smallest dimension of the 
patch. . 

Wee are now faced with a problem. In the limit na —> oo, the Anderson calculations 
predictt a vanishing electrophoretic mobility. If we assume this to be the case, we are 
facedd with the question why our data do not seem to approach this limit. One pos
siblee answer is that at much larger na values than we can probe, the electrophoretic 
mobilityy goes down again. Another possibility is that, precisely at large na values, 
ourr result are sensitive to the lattice discretization. We stress that Anderson's result 
appliess to a sphere. To reproduce it we would have to consider the limit S/c ^> 1, 
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FigureFigure 8.5: Electrophoretic mobility of a charged neutral sphere with zero electric quadrupole 
moment.moment. The electrophoretic mobility is entirely due to the electric even multipoles of order 

herher than the quadrupole. The dotted curve is a guide to the eye. 

M > 11 where d/c is the patch size in lattice units. 
Inn order to obtain an indication on this limit, we performed one more simulation 

doublingg the sphere radius while leaving the box sized unchanged to save computer 
time.. The new computer simulation will then suffer a large volume fraction depen
dencee (for neutral sphere, the decay to the dilute limit is of order </?1/3). Because 
thee discretization of the sphere is now slightly different, we have to change the charge 
distributionss as well. In this larger sphere, the stripes contains two lattice nodes, thus 
wee have xi = - 6 , - 5 , x2 = 3, 4, and Z\ = Z, while x\ = - 6 , - 5 , x'2 = 1, 2, and 
Z[Z[  = 0.4256 x Z. 

Inn Figure 8.6 we compare the electrophoretic mobility of the two spheres. We 
observee that the electrophoretic mobility is smaller in the case of a better lattice res
olution.. Thus it seems that the electrophoretic mobility decreases with increasing 
spheree resolution. This observation suggests that the electrophoretic mobility, which 
wee measure for a neutral sphere with vanishing quadrupole electric moment, is due to 
thee approximate representation of a sphere on a lattice. 

Too show the effect of the sphere with hexadecapolar charge distribution on the 
electrolyte,, in Figures 8.7 and 8.8 we show the flow pattern surrounding this sphere 
inn an electric field for two width of the electric double layer. In Figure 8.7, the Debye 
screeningg length is XD ~ 10 lattice units (na ~ 1), for which the charge distribution 
densitiess will not follow the abrupt variation of the surface charge. Hence, upon ap
plyingg an electric field, only a small flow is generated. 

Inn Figure 8.8, instead XD ~ 1 («a ~ 8) such that the microion charge distribu-
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FigureFigure 8.6: Effect of the increase in the lattice resolution on the electrophoretic mobility of a 
chargedcharged neutral sphere with zero electric quadrupole moment. We compare a sphere of radius 
aa = 4.2 l.u. (circles) with a sphere of radius a = 8.4 l.u. (squares). The electrophoretic 
mobilitymobility levels off while increasing the lattice resolution. With the second sphere, at for an 
equalequal value of the Debye screening length we obtain a dimensionless na twice as large. Dotted 
curvescurves are a guide to the eye. 

t ionn density will follow the surface charge variation up to around one lattice spacings. 
Hence,, upon applying an electric field, oppositely charged microions will feel an elec
t rosta t icc force oppositely directed. The end result is the formation of vortices near 
thee sphere. In the limit of an infinitesimally thin double layer, because the Anderson's 
theoryy predicts a vanishing electrophoretic mobility, all these vortices must cancel out. 

Conclusions s 

Inn this chapter, I showed how the electrophoretic mobility (EM) of a neutral sphere, 
att finite volume fraction, depends on the electric multiple moments and on the Debye 
screeningg length. First, I presented the EM of a neutral sphere with different electric 
quadrupolee moments. I then showed that at every value of na the EM depends linearly 
onn the electric quadrupole moment. I then showed the results for the EM of a neutral 
spheree wi th a vanishing quadrupole moment. We observed a non vanishing EM at 
intermediatee values of Ka. Because this results seemed in contrast with Anderson's 
analyticall result, we increased the size of the particle for studying the dependence of 
thee EM of spheres with hexadecapolar charge distribution on the particle size and for 
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FigureFigure 8.7: Flow profile surrounding a neutral sphere with a non vanishing hexadecapole 
electricelectric moment and vanishing lower order electric moment. The sphere has radius a = 8.4 
andand Ka = 0.8. The width of the double layer is too large to follow the charge distribution on 
thethe sphere and we observe an almost symmetric flow pattern. The vortices are due to the 
hydrodynamichydrodynamic interaction of the sphere with its periodic images. The magnitude of the flow 
velocityvelocity is in arbitrary units. 

beingg able to reach a higher values of Ka. The result for the larger sphere indicates 
thatt the measured EM mobility may depend on the non perfect lattice representation 
off spheres. Nonetheless, we showwed tha t the Anderson result is strictly valid only for 
perfectt spheres, which are rarely present in biology. Hence, in order to fully understand 
electrophoresiss experiments on biologically relevant particles, one need to analyze in 
detaill the coupling of non-uniform surface charges with the hydrodynamic interaction 
off non spherical particles. However, for time reasons, we did not have the opportunity 
too tackle these interesting and relevant systems. 
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FigureFigure 8.8: Flow profile surrounding a neutral sphere with vanishing electric quadrupole mo-
mentment but a non vanishing hexadecapole electric moment. The sphere has radius a = 8.4 and 
thethe electric double layer with is given by na = 8. The width of the double layer is thin and 
itit  follow the charge distribution on the sphere. We observe the formation of vortices in cor-
respondencerespondence with the charge distribution variation. The flow pattern develop a non trivial 
pattern.pattern. The magnitude of the flow velocity is in arbitrary units (the multiplying factor is the 
samesame as in Fig. 8.7). 

112 2 



AA Problem s wit h a multi-componen t 
lattice-Boltzman nn descriptio n of an 
electrolyt e e 

Abstrac t t 

Thiss chapter describes some technical problems that arise when constructing a lattice-Boltz-
mannn method to solve the electrokinetic equations. We start with an analysis of Ref. [50] 
thatt derived the lattice-Boltzmann equations by means of a Chapman-Enskog multi-scale 
analysis.. As shown in Ref. [50] the Smoluchowski and the Navier-Stokes equations come 
outt naturally as a long time limit of the microscopic rule. However, in this chapter I point 
outt how a modification of the algorithm is necessary in order to achieve a truly tunable 
diffusivity.. Secondly, I show how the algorithm fails to achieve a perfect balance at boundary 
nodess giving rise to small spurious currents. Although these spurious currents are shared by 
alll the lattice Boltzmann implementations of multi-phase flows they have, to my knowledge, 
nott yet received proper treatment. Although corrections of the spurious flows is possible, the 
implementationss of such corrections remains impractical. 

A . ll  Lattic e Boltzman n metho d for solvin g th e 
electrokineti cc  equation s 

Theree are several ways to derive lattice-Boltzmann schemes. In Chapter 5, we considered a 
"bottomm up" scheme—i.e. a scheme where one imposes all the required conservation laws 
locally,, at the microscopic level of the single nodes. However, other schemes that are closely 
linkedd to the macroscopic equations, are often used (see for example [81, 51, 52, 54, 82]). In 
particular,, Ref. [50] describe a "top-down" approach—i.e. an approach where the microscopic 
ruless are defined taking care to recover the proper macroscopic behavior on the large length 
scalee and long time scale—approach to lattice-Boltzmann simulation of the electrokinetic 
equations.. Below, I briefly discuss this approach. 

Thee model system under study is the one presented in Chapter 3. Let us briefly review 
it.. The electrolyte is made of two oppositely charged (micro) ionic species p+ and p_ , and a 
neutrall solvent neutral species ps. The governing equations are the electrokinetic equations 
(seee Section 3.3) 

- VV j a a = + , - (A.l) 

T/V22 (pv) - Vp - kBT  ̂ zapaV$. (A.2) 
dt dt 
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AA Problems with a multi-component lattice-Boltzmann description of an electrolyte 

jöö = -paV + Da [Vpa + 2QPaV<Ê] (A.3) ) 

wheree Da and za stand for the diffusivity and valency of each ionic species, respectively. 
Thee total density p is defined by p = ^ Q p Q ,wh i l e the total fluid velocity v is given by 
vv = (52 Paja)/ ]CQ Pa • * = $/(eP) is the dimensionless electrostatic potential, which satisfies 
thee Poisson equation 

V^$$ = -4TTI, y]y]  ZaPa + Pv 
t =

(A-4) ) 

wheree IB is the Bjerrum length, e the medium dielectric constant, and pw the charge density 
duee to solid objects suspended in the electrolyte. For a more detailed description of the model 
wee refer the reader to Chapter 3. 

Inn Reference [50] all three species are represented in a lattice-Boltzmann model (LB). 
Too this end, one must define three single-particle distribution densities nf, a = +, —, s and 
theirr evolution equations. The computer memory required for such a simulation (which, for 
bigg systems, constitutes one of the bottlenecks of a LB) is hence three times the one required 
byy a standard one-phase LB. On the other hand, there would an advantage: the macroscopic 
transportt coefficients of the microions (for instance their diffusivity) will naturally emerge 
ass a continuum limit of the microscopic evolution rules by means of a Chapman-Enskog 
procedure. . 

Thee post-collision distributions nf* = nf + A(n) are not the one of the standard lattice-
Boltzmannn method [cf. Eq. (2.42)] but are: 

0 , 00 = 4 p « ( r , t ) ( l + ^ M ) j ( r , t ) - C i ) . (A.5) 

Thee factor oó is the usual weighting factor which, for the D3Q18 lattice is equal to 1/12 for 
thee a of speed 1 and equal to 1/24 for the velocity with speed \ /2 . The propagation step is 
simply y 

n?( rr + Ci,t + l) - nf*(r , t*), (A.6) ) 

andd at the boundary nodes the bounce-back rule has to be used. 
Inn this modified lattice-Boltzmann equation, also the densities pa and total fluid mo

mentumm j — pv have a modified expression, which takes into account the coupling of the 
electrostaticc potential with the ionic species p+ and p_ : 

18 8 

p*(r,tp*(r,t  + 1) = X ) [nT(r,t + 1) - y « o P a ( r - c „ i ) V $ ( r - *,t) • a] (A.7) 

and d 

J(r r ,*+i)) = E ËË nf (r, t + l)ci - c2
szaPa(r, t + l )V*(r , t + 1) (A.8) ) 

wheree zs = 0. Equations (A.7) and (A.8) are only justified in retrospect by a showing that, 
inn the continuum limit, the electrokinetic equations are recovered. 

Inn Reference [50], also a rest probability density was considered, with weight 7S. This 
weightt could (in principle) be varied to tune the diffusivity. However, the method turned out 
too be strictly valid only for the special case 7S=1 [83]; therefore I have written the equations 
accordingly. . 
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A.lA.l Lattice Boïtzmann method for solving the electrokinetic equations 

A.1.11 Continuum limit 
Onn a lattice, the Taylor expansion [84] of a function / ( r — Cj,t — 1) takes the form: 

ƒƒ (r - a, t - 1) = ƒ (r, t) - (dt + Wid • V) ƒ (r, i) + 1 (dt + wiCi • V) 2 ƒ (r, t) + o (d3), (A.9) 

wheree the w+s are weights determined by the following summation rules: 

y ^^ aowi = i 
i = l l 

N N 

\ ]]  0>OwiCi = 0 
i = l l 

EEtt 2 2 

aoWiCii = c s , 

(A.10) ) 

(A.11) ) 

(A.. 12) 

wheree N is the connectivity of the lattice. 
Inn order to perform the Chapman-Enskog expansion, let us substitute the equations for 

thee one-particle distribution functions in the equations defining the hydrodynamic fields pa 

andd j . The equation for the density becomes 

Pc(r,t)Pc(r,t) = ^2 ah pQ(r-c,t-l)) + j a ( r * ' * 1 ) , C i + (A.13) ) 

+ y P « ( rr -cut- l )V$ ( r -a,t-l)- c,] , 

whilee the one for the partial currents j Q = paj/^2a pa is 

jaa (r, t) = ^2 ao 
ii  4. T \ • 3oc(r-Ci,t~ 1) - c 2 z Q p ( r , £ )V0 ( r , £ ) .. (A.14) 

Next,, we should Taylor expand the previous equations and compute the macroscopic fields. 
II list the expansion of the single terms present in the previous expressions: 

^ o ^ ( r - C i , e - l ] ] 
t = i i 
N N 

f-dtf-f-dtf- Wid • Vf + i (dt + Wid • V)2 ƒ + ... 

t = i i 

f-dtf+\df-dtf+\d22 22VV22ff + ... (A.15) ) 

== f-dtf+\d?f + ^V2f; 

Y2Y2aaof(r-Ci,t-l)ciof(r-Ci,t-l)ci = 
N N 

f-dtf-f-dtf- Wid -Vf+-(dt + wid • V)2 ƒ + 
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==  ^ a ° \~WiCi ' V / + WidtCi • V ƒ] Cj (A.16) ) 

== (-Vf + dtVf) Y^o^wicl 
1=1 1 

== ( - V / + ö f V/ ) cL ; 

NN N r 1 2 
J ^^ aj j (r - e,, i - 1) • c^Ci = J ^ ao j - dtj - WiC* • Vj - - ydt + Wid • V j j + 

NN r i i 2 
== £ a o j - ö tj + -Ö t

2 j +-u; , 2 (Ci • V ) j 
i=ll L 

ii \ ^ JV 2 

-- &j + „oh) Yl a«CiCi + v ' j 5Z a°^2 -
zz / t = i i = i 

== J 

(A.17) ) 

== ( j - & j + ^ t
2 j + ^ ) c 2 . 

Iff we substitute Eqs. (A.15), (A.16), and (A.17) into Eqs. (A.13) and (A.14), we obtain the 
followingg macroscopic equations for the hydrodynamic fieldspa and j a : 

11 r2 

ddttppaa = -d?pa-V-ia+dtV-ja + ^(V2pa+zaV-pQV$), (A.18) 

dtjdtjaa = - c 2 V p a + c l d t V p a + -d 2 j « + - V 2 j « - c i z a P a V $ . (A.19) 

A.1.22 Chapma n Ensko g procedur e 

Thee Chapman-Enskog procedure allows to separate the time scales at which the different 
mechanismss of mass and momentum transfer occurs. Specifically, we expect the following 
phenomenaa [9] 

1.. relaxation to local equilibrium on time scales O(e0) 

2.. density perturbation propagating as sound waves on time scales Ofe1) 

3.. diffusive and advective effects on time scales 0(e2) 

Thus,, the time and space derivatives are expressed as 

VV = €Vi 

ddtt = edtl +e2dt2. 

Iff we substitute Eqs. (A.20) and (A.21) into Eq. (A.18), we obtain 

(ed(edtltl + e2dt2) pa = - (edtl + e2dt2) (edtl + e2dt2) pQ -

- e V ii j Q + {edtl + e2dt2) eVi • j Q + 

4 4 

(A.20) ) 

(A.21) ) 

(A.22) ) 

[(eVi)) (eVi) pa + 2acVi • (p aeVi$)] 
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11 2 

Keepingg only terms up to second order in e, Eq. (A.22) simplifies to 

[ed[edtltl + e2dt2]  pa = - e V i • j Q + e 

2 2 

whilee Eq. (A. 19) becomes 

[ed[edtltl + e2dt2]  j« = - e c 2 [Vip« + zapa Vi$] + 

(A.23) ) 

++ e' c |a t ll Vlpa + TjO^ja + -Vijc (A.24) ) 

Lett us now identify the different mechanisms of mass and momentum transfer. At the e scale 
wee obtain 

ddtltlppaa = — Vi • j a , 

&ijaa = -cl (VlPa + 2<*Pa Vl$ ) . 

(A.25) ) 

(A.26) ) 

Eq.. (A.25) is the continuity equation for mass conservation. By taking the sum over s on 
bothh sides of Eq. (A.26) one obtains the "fast" part of the linearized Navier-Stokes equation 
forr the total mass current j : 

dtjj = -<£ ^2 Vl^Q ~ ^ XI -WaVl$. (A.27) ) 

Onn the e2 scale we have 

dtdt22ppaa = -zd\poc + dtlV\ • j a + y \y\pcc + ZaVl • PaVl^J , 

dtdt22jjaa = 4dt1Vipa + -d2Ja + gV?ja. 

Inn Equation (A.28) I collect Vi and obtain 

9t9t22ppaa = -zdtiPot + ftiVi • j a + y V i • \Vipa + zapaVi9J 

== 2d^pa + dilVl J" ~ 2 V l ' ^ t l j a ^ 

== 2d*lPa + 2 ^ t l V l "*"' 

(A.28) ) 

(A.29) ) 

(A.30) ) 

whichh by means of Eq. (A.25) gives 

ddt2t2ppaa=0.=0. (A.31) 

Thiss equation expresses the fact that the diffusion has already relaxed on the faster time 
scalee ti. This, however, is not the relevant time scale at which a diffusion process has to take 
place.. Moreover, the diffusion coefficients will be linked to the fast degrees of freedom and it 
willl not be possible to vary them. Let us go back to the microscopic evolution equation and 
addd an extra term to obtain, on the £2 time scale, a diffusive term. The correction amounts 
too the addition of the term 

£>«£>;> > ** 2 ~ T />«( r - Ci, e - l )V$ ( r - d , t - 1) (A.32) ) 
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too the Eq. (A. 13) defining the microscopic dynamics of the density. By repeating the 
Chapman-Enskogg procedure, on the slow £2 time scale, we obtain 

ddt2t2ppQQ = Da [ V V + zQV • (p«V$)] , (A.33) ) 

whichh is the diffusive behavior described by the Smoluchowski equation (A.l). Because the 
factorr DQ of Eq. (A.32) is freely adjustable, one can in principle impose the desired diffusivity. 
Too make sure that this is possible in practice, one should nonetheless perform a proper test 
whichh falls outside the scope of this chapter. The remaining part of the Chapman-Enskog 
proceduree will be a mere repetition of that of Ref. [50], to which I refer the reader for details. 

A.22 Boundar y node s and origi n of th e spuriou s current s 

Thee second problem of this lattice-Boltzmann implementation concerns the formation of 
spuriouss currents at boundary nodes due to a slight imbalance of the microscopic equations. 

Forr the sake of simplicity, I illustrate this phenomenon in the simplest case of the dis
cretizationn of the gradient of a scalar field p, defined at every lattice node. The function 

/(r)) = E ^ ( r + C i ) C i (A.34) ) 

iss the lattice counterpart of the gradient, provided that the summation rules 

2 jaoCii = 1, (A.35) ) 

and d 

EEii  2 2 

aa00WiCiWiCi = cs 

(A.36) ) 

[whichh is Eq. (A.12)] are satisfied. By using them and the Taylor expansion Eq. (A.9), it is 
easyy to prove that ƒ (r) is, indeed, the gradient of p: 

NN i N N 

/ ( r )) = J2^p(r + ci)ci = ^Y/
aoP(r)^ + Yt

a^Wl^-V^^Ci 

p(r) ) 

== Vp. 

S^OpCi S^OpCi 
Vp p EEii  2 

aa00WiCi WiCi 

(A.37) ) 

Equationss (A.35) and (A.36) are valid only when the summation is performed over all the 
NN velocities allowed by the connectivity of the lattice. Then, it is immediately clear what 
happenss on a boundary node, where we have to employ the the bounce-back rule for all 
thee boundary links. For specificity, if the links i = 1,..., AT' connect fluid nodes, while the 
remainingg links i = N',...,N are the boundary links, the function ƒ(r) defined by Eq. (A.34) 
becomess (I substitute a\ = al

0/cl) 

N' N' 

ff  (r) = H aip ( r+ c*) c ' + 51 ̂  (r)Ci (A.38) ) 
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wheree the second term represents the populations that have been reflected back. 
Inn order to explicitly compute the correction terms, let us Taylor expand the first part of 

Eq.. (A.38) 

N' N' N' N' 

ff  (r) = Yl a^( r)C i + 5Z a*Wi KCi' V) p^  Ci+J2 a^ w C i 

N N 

i=l i=l 

N' N' 

—— y ^ a l c t + Vp }]}]  Wia\c2i (A.39) ) 

== Vp 
N' N' 

J^wJ^w ia ia 
ii  2 

Equationss (A.39) tell us that on a boundary node the function ƒ (r) is not exactly equal to the 
gradient.. Therefore, by repeating the Chapman-Enskog procedure on a boundary node, one 
noo longer recovers the macroscopic equations. Hence, there will always be spurious currents 
arisingg from this (small) mismatch. 

Onee can cure these spurious boundary currents by explicitly putting the correction sug
gestedd by Eqs. (A.39), and compute the gradient with the expression 

Vpp = m m (A.40) ) 

Thee readers may now expect similar corrections for all the expression which take part in 
thee evolution equations [as Eqs. (A. 15), (A. 16), and (A. 17)]. Although they can indeed be 
obtained,, these corrections become increasingly involved and computationally expensive. To 
givee an idea, I will explicitly show what happens to the expression given by Eq. (A. 15), which 
II rewrite here: 

188 , 2 

(A.41) ) 

Att a boundary node, instead of Eq. (A.41), we have: 

188 N' N 

^ 4 p ( r - C i t - l )) = ^2aiJp(r-a,t-l)+J2aop{r,t~l) 
t = ll i = l i=N' 

Ni Ni 
1 1 

p-dtp-p-dtp- WiCi • Vp + - (dt + Wid • V) p + + + 

++ £ aa0 0 

11 2 
p-dp-dttp+p+ -dtp+... 

== £ a0 0 
p-dp-dttp+-dtp+p+-dtp+ ... + + 

JV' ' 

++ X / a ° l~WiCi' ^P + widtCi • Vp] 

(A.42) ) 

119 9 



AA Problems with a multi-component lattice-Boltzmann description of an electrolyte 

Inn summary, 

188 2 

£ajp(r-c<t-l)) = p-dtp+^d?p+^S72p+ (A.43) 
i = i i 

N' N' 

i = l l 

Inn Equation (A.43), the term in the square brackets is a spurious term which, if we want to 
correctt the boundary lattice artifact, we should subtract to the left hand side. One should 
alsoo not forget to put, in place of the density gradient, its corrected expression in terms of 
latticee quantities [Eq. (A.40)]. 

Withh Equation (A.43), I have shown that it is, in principle, possible to compute all the 
termss that will balance the macroscopic equations even in the presence of a boundary. At the 
samee time, the reader might now be persuaded that these corrections become impractical. 

Inn Chapter 5 Figure 5.7a, I show that all the imbalances at boundary nodes add up to 
givee rise to spurious currents even in the absence of flow. 
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Samenvattin g g 

Inn dit proefschrift ligt de nadruk op elektrohydrodynamica. De elektrohydrodynamica 
beschrijftt systemen waarin hydrodynamische (door stroming veroorzaakte) en elek-
trostatischee (door lading veroorzaakte) interacties van vergelijkbare sterkte zijn en 
daardoorr met elkaar concurreren. Op toegepast gebied is er hernieuwde interesse in 
ditt vakgebied vanwege het praktisch nut voor microfluidics en voor de biofysica. Op 
theoretischh gebied is elektrohydrodynamica nog steeds uitdagend vanwege de inherente 
niet-lineariteitt van de bijbehorende vergelijkingen. 

Hett eerste onderwerp in dit proefschrift - en tevens het enige dat niet gerelateerd is 
aann geladen colloïden - is het bestuderen van stroming in poreuze media door middel 
vann de rooster-Boltzmannmethode. In hoofdstuk 4 heb ik laten zien hoe snelheidsfluc
tuatiess gedempt worden in een eenvoudig model van een poreus medium. Tevens heb 
ikk laten zien hoe het gebruik van benaderingen in vergelijkingen die op hun beurt weer 
gebaseerdd zijn op de vooraf gemiddelde eigenschappen van de stroming tot grote fouten 
kann leiden. Dit strookt niet met de aanname die ten grondslag ligt aan bestaande the
orieënn voor hydrodynamische dispersie. In een poging om stroming in poreuze media 
tee bestuderen, heb ik een zeer vereenvoudigd rooster-Boltzmannmodel voor poreuze 
mediaa geïntroduceerd. Dit model heeft de prettige eigenschap dat het geen uitgesloten 
volumee heeft, maar dat er toch wrijving van de vloeistof met obstakels mogelijk is. 
Inn hetzelfde hoofdstuk heb ik een eenvoudige methode gepresenteerd om het grootst 
mogelijkee Pecletnummer te verkrijgen, (in roostersimulaties wordt het Pecletnummer 
altijdd beperkt tot lage waarden door kunstmatige diffusie, veroorzaakt door simulatie
artefacten). . 

Inn hoofdstuk 3 heb ik een korte introductie gegeven van de elektrokinetische vergeli
jkingen.. In hoofdstuk 5 heb ik een nieuwe, tijdens mijn promotietijd ontwikkelde, 
methodee beschreven die het mogelijk maakt om deze elektrokinetische vergelijkingen 
tee behandelen en om voorheen nog niet verkende stromingscondities te bestuderen. 
Dezee hybride methode koppelt een rooster-Boltzmannmodel voor het neutrale oplos
middell aan een discretisatie van de Smoluchowskibeschrijving voor de opgeloste deelt
jes.. Deze combinatie van verschillende methodes is gerechtvaardigd door de keuze 
vann het beschrijvingsniveau van de verschillende componenten in het systeem: de 
grotee colloïdale deeltjes en kleine ionen zijn zeer verschillend van grootte. Een be
langrijkee eigenschap van de nieuwe methode is dat deze zich strikt houdt aan massa-
enn impulsbehoud op het niveau van een enkel roosterpunt, waardoor onnatuurlijke 
transportmechanismenn zijn uitgesloten. De methode is bovendien zeer eenvoudig te 
implementerenn en kan volledig parallel worden uitgevoerd. Om de voordelen van deze 
pragmatischee aanpak te tonen, laat ik in appendix A twee technische problemen zien 
diee uit een ander rooster-Boltzmannmodel voortkomen. Kleine discrepanties leiden 

127 7 



Samenvatting g 

daarr tot onnatuurlijke massastromen aan het oppervlak van een macroscopisch object, 
diee de subtiele interacties waarin we geïnteresseerd zijn overstemmen. Concluderend 
meenn ik dat de methode, hoewel deze nog verbeterd kan worden, reeds erg flexibel 
iss en zeer geschikt om microfluidics en colloïdale suspensies van geladen deeltjes te 
bestuderen.. Hoewel de methode in dit proefschrift nog niet uitgebreid is toegepast op 
microfluidics,microfluidics, meen ik dat dat het vakgebied is waarin het potentieel ervan volledig 
benutt kan worden. 

Hett resterende deel van dit proefschrift beschrijft verkennende studies naar de 
elektrokinetischee eigenschappen van geladen colloïden in elektrolyten, gebruik makend 
vann het in hoofdstuk 5 geïntroduceerde rooster-Boltzmannmodel. De keuze voor een 
systeemm van geladen colloïden in elektrolyten komt voort uit vragen als: hoe hangt de 
mobiliteitt van een deeltje af van zijn vorm en ladingsverdeling? 

Inn hoofdstuk 6 heb ik computersimulaties beschreven van de sedimentatiesnelheid 
vann sterk geladen bollen. Ik heb laten zien dat deze sedimentatiesnelheid kan worden 
uitgedruktt in de evenwichtseigenschappen van de elektrische dubbellaag. Bovendien 
wordtt deze afhankelijkheid bij sterke lading beïnvloed door de accumulatie van lading 
opp het oppervlak van de bol. De sedimentatiesnelheid lijkt dan op die van een bol in 
eenn elektrolyt zonder toegevoegd zout, waarbij co-ionen geen invloed meer hebben op 
sedimentatiesnelheidd en alleen de dynamica van de contra-ionen is relevant is. 

Eenn ander belangrijk aspect van de elektrohydrodynamische interactie dat nog
maalss de flexibiliteit van de methode aantoont, is de studie naar het effect van de 
vormm van colloïden op de elektrokinetica. Hoofdstuk 7 beschrijft een studie naar de 
roll van vorm, dichtheid, volumefractie, lading en ionenconcentratie op de sedimen
tatiesnelheidd van schijfjes met een eindige dikte. Deze zijn zowel theoretisch relevant 
omdatt ze een prototype zijn voor het bestuderen van algemene effecten van de vorm 
opp de sedimentatiesnelheid, als praktisch relevant omdat ze een goed model vormen 
voorr echte kleideeltjes. Mijn bevinding is dat schijfvormige deeltjes hydrodynamisch 
symmetrischh worden door niet-triviale interacties tussen het stromingsveld rond het 
deeltjee en de elektrische dubbellaag. 

Dee laatste toepassing die ik heb beschreven is de elektroforetische mobiliteit van 
eenn bol met geladen 'vlekken'. In hoofdstuk 8 heb ik laten zien hoe de elektrofore
tischee mobiliteit van zon bol afhangt van het elektrische quadrupoolmoment èn de 
Debyelengte.. Ik heb ook laten zien dat als het door elektroforese voortbewogen deeltje 
niett exact bolvormig is (wat het geval is voor een bol in een roostermodel), er ook 
elektrischee multipoolmomenten moeten worden beschouwd van een hogere orde dan 
hett quadrupoolmoment. 

128 8 







Acknowledgment s s 

Thee first person who I would like to thank is Daan Frenkel. Since the first time I met 
himm Daan impressed me with the passion he puts in his research. More than with 
words,, he teaches people how to do science with his example. Independently from how 
hardd I studied one problem, he had always been able to consider it from a completely 
differentt perspective and to suggest a new, almost always more proficous, way to find 
aa solution. His ideas are so strong that it usually took me good three days (or few 
hourss of discussion with someone else) to fully understand Daan's suggestions. 

II also thank my two co-promotors: Christopher Lowe and Ignacio Pagonabarraga. 
Withh Christopher, who is always full of ideas on how to begin a new project, I had the 
pleasuree to work especially at the initial stages of my PhD. Ignacio's collaboration was 
decisivee in putting into practice the method to study the electrokinetic phenomena, 
presentedd in Chapter 5, that constitutes the core of this manuscript. I thank him 
especiallyy for his patience in working out together with me all the of the method's and 
computerr code's little details. 

Jiirgenn Horbach introduced me to the world of lattice-Boltzmann simulations of 
electrokineticc phenomena; with him I enjoyed several discussions. 

II thank Angelo Cacciuto, Marco Cosentino Lagomarsino (with whom I shared one 
paper,, the office, an aborted attempt to make a short movie, and great part of my 
sociall life in Amsterdam), and Nélido Gonzalez-Segredo for their careful reading of 
thiss manuscript. If this thesis is provided with a "Samenvatting", this is thanks to the 
contributionn of Ruud van Leeuwen and Simon Tindemans. 

Workingg in, as Daan like to say, his groups (I can number at least three groups 
sincee I arrived at Amolf), has always been a great source of ideas and enthusiasm. I 
wantedd to thank all the groups members individually with a word but it would take 
tooo much space. Sorry for that and thanks to you all! Besides Daan's group, the 
entiree Amolf institute is a special environment, a research oasis, my thanks to all the 
Amolfers,, who make it so. 

Onee collective thank to all my friends, without other people even physics would be 
useless! ! 

Finally,, two special thanks. During the dark days, when writing this manuscript 
seemedd an hopeless and never-ending task, thinking about Ilaria Giulia's way to life 
wass an inexhaustible source of strength and motivations. My last thank to Annamaria, 
forr her continuous support, for teaching me that life is about joy, for having chosen to 
bee with me, and for her everlasting and contagious smile. 

131 1 





Thee wor k in thi s thesi s cover s th e followin g publications : 

Chapte rr  4: 
F.. CAPUANI, D. FRENKEL AND C.P. LOWE 

Velocityy fluctuations and dispersion in a simple porous medium 
Phys.Phys. Rev. E 67, 5 (2003), 056306 

Chapte rr  5: 
F.. CAPUANI, I. PAGONABARRAGA AND D. FRENKEL 

Discretee solution of the electrokinetic equations 
J.J. Chem. Phys. 121, 2 (2004), 973 

Chapte rr  6 : 
F..  CAPUANI,  I .  PAGONABARRAGA AN D D.  FRENKEL 
Sedimentationn velocity of highly charged spheres 
(inn preparation) 

Chapte rr  7 : 
F..  CAPUANI,  I .  PAGONABARRAGA AN D D.  FRENKEL 
Sedimentationn velocity of charged disks at various surface charge and volume fractions 
(inn preparation) 

Chapte rr  8: 
F.. CAPUANI, D. FRENKEL AND I. PAGONABARRAGA 

Electrophoreticc mobility of charged-neutral model proteins 
(inn preparation) 

othe rr  pubblications : 

M.. COSENTINO LAGOMARSINO, F. CAPUANI, AND C.P. LOWE 

AA simulation study of the dynamics of a driven filament in an Aristotelian fluid 
J.J. Theor. Biol. 224, 2 (2003), 215 






	Cover
	Titlepage
	Contents
	1 Introduction
	2 Hydrodynamics and the lattice-Boltzmann method
	3 Introduction to electrokinetics
	4 Velocity fluctuations and dispersion in a simple porous medium
	5 Discrete solution of the electrokinetic equations
	6 Sedimentation velocity of highly charged spheres
	7 Sedimentation velocity of charged disks
	8 Electrophoretic mobility of charged-neutral model proteins
	A Problems with a multi-component lattice-Boltzmann description of an electrolyte
	Bibliography
	Samenvatting
	Acknowledgments
	Cover

