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33 Introduction to electrokinetics 

3.11 The Poisson-Boltzmann equation and the electric 
doublee layer 

Considerr an electrolyte composed of k species of positive and negative ions dissolved 
inn a neutral fluid. The ions create an electric field E(r) = — V$(r), where $(r) is the 
electrostaticc potential which, if we denote by q(r) the charge density due to the ions, 
cann be computed using the Poisson equation 

V ^ ( r )) = - ^ , (3.1) 
e e 

wheree e is the dielectric constant of the (overall) neutral medium. If the electrostatic 
potentiall  is not constant, the ions of species k are subject to the electrostatic force 
FF = ZfceE, where zk is their valency (with charge sign) and e is the elementary charge. 
Thee effect of this electric force is counteracted by the thermal motion of the ions. 
AA convenient way [16, 17, 18, 19, 20], [21, 22] to take the thermal equilibrium into 
accountt is to write the equilibrium distribution density of the ions as a Boltzmann 
equilibriumm (which implies point sized ions) 

nnkk(r)(r)  = n0 exip{-zke<$>{r)/kBT). (3.2) 

Forr specificity, let us consider a two species system. The charge density is then ex-
pressedd in terms of the probability distributions of the two species 

q(r)q(r) = e{z+n+{r)  + 2_n_(r)). (3.3) 

Inn order to obtain a closed expression for the electrostatic potential, we can substitute 
Eq.. (3.3) into Eq. (3.1) to get 

47TG G 

V 2$(r)) = {z+n+(r)  + z_n_(r ) ). (3.4) 

Finally,, let us substitute Eq. (3.2) into Eq. (3.4) to obtain the so-called Poisson Boltz-
mannn equation (PB) which, for a symmetric electrolyte (i.e. z+ = —z- — z), reads 

V 2$(r)) = 87reZU° sinh (ez${r)/kBT). (3.5) 

Unfortunately,, solutions for this non-linear equation are only available for very simple 
geometries.. However, if the electric potential is small, in other words if e$(r)/fcsT <<£ 
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33 Introduction to electrokinetics 

1,, the approximation BT) ~ 1  ze$(r)/kBT holds, and Eq. (3.5) is 
simplifiedd by the linearized Poisson-Boltzmann equation (LPB) 

V 2*( r )) = ^ ^ $ ( r ) = K2$(r), (3.6) 

whichh can be solved analytically for many interesting geometries. In Equation (3.6), 
notee that K = y/Sne2Z2UQ j'ekBT has the dimension of an inverse length. 

Lett us now introduce a charged macroscopic particle in the electrolyte. The equi-
libriumm density of microions in solution will still be given by Eq. (3.5), where now the 
macroscopicc particle enters via a boundary condition for the electrostatic potential 
$(r ).. This equation, again, cannot be solved in general. Hence, to make it tractable, 
onee must restrict the study to the case of small surface potentials (in other words, to 
weaklyy charged particles), in which the linearized Poisson-Boltzmann equation (3.6) 
providess a reasonable approximation. For simplicity, let us consider the case of a 
sphericall  macroscopic particle. 

Intuitively,, the like-charged microions (in the remainder coions) wil l be repelled, 
whilee the oppositely charged microions (counterions) wil l be attracted toward the 
sphere.. While the electrostatic interaction favors an infinitesimally thin layer of coun-
terions,, which wil l immediately screen the charge of the sphere, entropy will prevent 
thee counterions from condensing on the sphere. As a balance of the two forces, one 
couldd expect a cloud of counterions surrounding the sphere until the charge of the 
spheree is fully screened. Far beyond this length, called the Debye screening length, 
thee sphere appears neutral. The layer of microions is usually referred to as the electric 
doublee layer (EDL). It is the presence of inhomogeneity and EDL that causes the dis-
tinctivee electrostatic and hydrodynamic effects called electrokinetic phenomena, which 
II  wil l briefly introduce below. For a rigorous description of the equilibrium distribution 
off  the microions in terms of their free energy, I refer the reader to the book of Verwey 
andd Overbeek [21]. 

Quantitativee predictions for the co- and counterion equilibrium-density-distributions 
aree given by the Debye-Hückel theory [19, 20]. In their theory, Debye and Hiickel as-
sumee that the electrostatic potential is much smaller than kBT. Hence, instead of 
thee full Poisson-Boltzmann equation, they use the approximate linearized Poisson-
Boltzmannn equation (3.6) for computing the electrostatic potential and, via Eq. (3.2), 
thee co- and counterions equilibrium distributions. 

Forr a sphere of radius a, Eq. (3.6) can be easily solved to give the Yukawa potential 

$(r)=4>$(r)=4> 00-e--e-KK((rr--aa\\ (3.7) 
r r 

wheree r originates at the sphere center and $0 = $(0) is the electrostatic potential 
att contact with the sphere. By substituting the Yukawa potential into the linearized 
versionn of Eq. (3.2), the concentrations of co- and counterions are, respectively, 

11 _ ez$>oac-K(r-a)\ 
kBkBII  r I  (3-8) 
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3.23.2 Electrokinetic phenomena 

Thee counterion cloud in the vicinity of the charged sphere decays faster than expo-
nentiallyy over a distance of the order of \D = K~1, the Debye screening length. The 
coions,, on the other hand, are expelled from the vicinity of the sphere and reach the 
bulkk value with the same functional dependence. The symmetry of co- and counterions 
withh respect to the bulk concentration [showed by Eq. (3.8)] is a typical signature of 
thee validity of the Debye-Hückel approximation. The electrostatic potential at contact 
$oo is usually named the zeta potential £. In electrokinetic phenomena, the relevant 
parameterr is the relative size of the macroscopic particle to the extension of the EDL. 
Therefore,, the Debye screening length \p is the appropriate unit of length, and the 
electrokineticc phenomena are conveniently described in terms of the dimensionless 
lengthh «a. 

Inn this description of the diffuse layer, I disregarded the so-called Stern layer [23, 
24].. However, because this layer is thought to be inside the non-slip region of the 
fluidd [23, 24], it is believed that it does not influence the hydrodynamic interactions 
withh the fluid. It is possible to consider this layer as part of the sphere and model the 
systemm simply as an effective sphere plus an electric diffuse layer. Throughout this 
thesiss I shall not consider the effect of a dynamic Stern layer, i.e. a Stern layer whose 
counterionss are not glued on the particle surface but are free to move. 

3.22 Electrokinetic phenomena 

Thee term "Electrokinetic phenomena" refers to all phenomena in which the EDL is dis-
tortedd from its equilibrium position via an external force, of electrical or other origin. 
Becausee of this distortion, the EDL reacts and consequently induces a relative motion 
betweenn the suspended particles and the fluid. Many electrokinetic phenomena have 
beenn reported in the literature, but they can be grouped into two categories depending 
uponn the nature of the perturbing force. On the one hand we have electrophoresis, 
wheree the macroscopic charged particle and its EDL are displaced by means of an 
electricc field—here the specific particle velocity is due to the balance between the di-
rectt electrostatic interaction and the hydrodynamic friction, plus the counter-reaction 
off  the EDL, which has the opposite charge. On the other hand, in a sedimenting 
sample,, the driving force is gravitational and, because of the relative motion between 
thee particles and the electrolyte, a local electric field is generated. The so-called sed-
imentationn potential is the experimentally measured electrostatic potential difference 
betweenn the top and the bottom of a sedimenting sample. 

Inn both cases, the macroparticles move. If, instead, the macroscopic objects are 
fixed,, as, for example walls, slits, or a fixed obstacles, there are two equivalent elec-
trokineticc phenomena. If an electric field is applied to, for example, a charged slit 
containingg an electrolyte, the fluid wil l start moving generating a quasi plug flow. Al-
thoughh this phenomenon is called electro-osmosis, the physics is essentially the same 
ass in electrophoresis due to Galilean invariance. If, instead, we displace the electrolyte 
inn a charged porous medium by means of (for example) a pressure gradient, we wil l 
measuree an electrostatic potential difference between the two sides, called the "stream-
ingg potential". Again, a second of thought will show the equivalence of this potential 
withh the sedimentation potential. 
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33 Introduction to electrokinetics 

Forr more details I refer the reader to the vast literature present; for a general 
introductionn see, for example, [3, 25, 2], for a mascript focused on colloidal suspensions 
seee [23, 26], and for a nice recent review of the recent achievements see [24]. 

3.2.11 Onsager relation 

Inn the previous section, I divided the electrokinetic phenomena into two categories. 
Ass the careful reader already suspects, there is a close relation also among the two 
basicc electrokinetic phenomena. In one case, we displace the (overall neutral) fluid 
byy means of an electric field; in the other, we generate an electrostatic potential by 
displacingg particles (which together with the EDL are, again, neutral). This symmetry 
findsfinds its formalization in an Onsager relation. For charged particles, the mass current 
JMJM is generated by two mechanisms: a force G which acts onto the particles because 
theyy have a mass, and the electrostatic forces E that displace mass because particles 
possess charge. Conversely, the electric current Je is generated by the action of a 
direct,, electrostatic, force plus a non electrostatic force that, by displacing the charged 
particles,, also contributes to the electric current. More formally 

JMJM = AG-\-CgeEi 

JJee = £E + £e sG, (3.9) 

wheree A, B, and Cge and Ceg are the relevant transport coefficients. The symmetry 
off  the electrokinetic phenomena is formalized by the equality Ceg = Cge. 

3.2.22 Sedimentation velocity 

Below,, I briefly review the classical theories for sedimentation and electrophoresis. 
Inn a sedimentation experiment, charged colloids sediment under the influence of the 
gravitationall  force. The sedimentation velocity of a charged sphere (for example) is 
slightlyy less than that of a neutral one of the same size and weight because, while sed-
imenting,, a charged sphere has to drag the (distorted) electrical double layer along. 
Thee amount of friction exerted by the EDL depends upon its spatial extension (mea-
suredd by the dimensionless length na, where a is the radius of the spheres) and upon 
thee total charge of the sphere. In the two limits KCL — 0, and no, —> oo the EDL exerts 
noo extra friction. In the first case, the EDL is extremely diffuse and, because in this 
limi tt the Yukawa potential reduces to a constant, the electrostatic potential exerts no 
force.. In the second case, the layer is so thin and so close to the colloid that the no-slip 
boundaryy condition prevents any force generation. For intermediate values of na the 
EDL,, distorted by the flow field near the particle, wil l try to restore its equilibrium 
shape.. In doing so, the EDL exerts a force on the fluid which opposes the perturbing, 
gravity,, force; hence it wil l reduce the sedimentation velocity. 

Boothh [27] and later Ohshima [28] gave analytical formulae for the reduction of 
thee sedimentation velocity U{Z)/UQ in the limit of a single weakly-charged spherical 
colloid.. In this limit , they predict that the sedimentation velocity, UQ(Z) can be 
expressedd as 

^^ = l - c 2 Z 2 , (3.10) 



3.23.2 Electrokinetic phenomena 

wheree UQ is the sedimentation velocity of a neutral sphere, and e-}, is a constant that 
cann be computed analytically in the Debye-Hiickel limit . For monovalent co- and 
counterions,, i.e. when 2+ = — z_ = 1, which also have the same diffusivity, D+ = 
D-D- = D, the expression for 02 is 

C22 " 7 2 ^ D / ( K a ) ' ( 3 - U ) 

wheree J{KO) is the following function 

a)) = i_>_]  \2 V2Ka (3£?4(«a) - 5E6(«a))2 + 8eKa ( £ 3 M - E5(K<Z)) 
LL  ~\~ I hid) L 

-e-e2Ka2Ka
 {4E3(2KO,) + ZEA{2KO) - 7E8(2Ka))] (3.12) 

off  the integral functions 

1-00 1-00 

En(x)) = x n _ 1 / dtt-nexp(-t). (3.13) 
Jx Jx 

Inn the remainder of this thesis we repeatedly refer to this theory. 

3.2.33 Electrophoresis 

Whenn charged spheres are immersed in an electrolytic solution in the presence of 
ann external electric field, they begin to move under the effect of the electrostatic 
force.. For a quantitative prediction of the translational velocity, one needs to explicitly 
considerr the combined effect of the electric double layer and of hydrodynamics. Again, 
analyticall  formulae were obtained in the two limiting scenarios na —> 0, and KO —» 00. 
Ass we already observed in the sedimentation case, for «a —> 0 the EDL does not couple 
withh the external electric field and the electrophoretic mobility is given by the ratio 
off  the electrostatic force QE (acting directly onto the particle) to the Stokes drag 
££ = 6wr)a and to the driving electric field E. The electrophoretic mobility is then 
simply y 

»e=-~-,»e=-~-, (3.14) 
07rr70 0 

which,, in terms of the the zeta potential £ (i.e. the electrostatic potential at contact) 
reads: : 

M e = ^ - C-- (3-15) 
377 7 

Thiss result was first derived by Hiickel in 1924 [29]. In 1903, von Smoluchowski 
[30]]  showed that in the opposite limit , i.e. when na —> 00, the electrophoretic mobility 
iss increased by a factor 3/2 

Mee = -C- (3.16) 
V V 

Remarkably,, the Smoluchowski result is valid regardless of the shape of the macroscopic 
particlee and it is used daily in hundreds of laboratories in the world for separating 
manyy biologically relevant particles. Phenomenological descriptions of these results 
cann be found in text books and reviews [25, 31, 32]. 
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33 Introduction to electrokinetics 

3.33 Electrokinetic equations 

Inn order to provide the general framework for the description of electrolyte dynamics, I 
firstt briefly review the dynamics of dilute mixtures of which electrokinetic phenomena 
aree a sub set—on hydrodynamic length and time scales. As in all hydrodynamic 
descriptions,, the starting point of this discussion lies in the laws of conservation of 
masss and momentum. 

3.3.11 Mass conservation 

Everyy species of the fluid mixture satisfies the usual mass conservation law: 

^ r + V - p f c v f cc = 0, (3.17) 

wheree v*  is the velocity and pk the density distribution of the species labeled by k. 
Thee total density, p = XlfcPfc» ^s a^so conserved, and satisfies an equation analogous 
too Eq. (3.17) with respect to the barycentric velocity pv = YlhPkVk>  which describes 
thee evolution of a fluid element. If we refer the motion of all species to this common 
velocity,, then Eq. (3.17) can be expressed as 

^ + V . p f c v = - V - j f c ,, (3.18) 

wheree I have introduced the relative current of species k, j f c = pk{vk — v), which 
accountss for all dynamical effects arising from the mismatch in velocities between the 
differentt species. For mixtures composed of molecular constituents at low Reynolds 
numberr (as is usually the case in electrolytes), the inertial time scale is extremely 
small;; hence the relative current can be assumed proportional to a thermodynamic 
drivingg force, which is proportional to the gradient of the chemical potential. As a 
result,, the relative current of species i becomes diffusive and can be expressed as [33] 

Jfcc = -$^AfcPfcV/3/ i f c , (3.19) 
jfc c 

wheree (3 is 1/ksT, with ks the Boltzmann constant and T the temperature. (3p,k = 
\ogpk\ogpk +/?/^|x is the chemical potential decomposed into an ideal and excess part, while 
DikDik corresponds to the diffusion coefficient that determines the flux of species i induced 
byy spatial variations in the chemical potential of species k. For the sake of simplicity, 
II  focus on the case where cross diffusion is neglected, and hence Dik = Dl6ik. By 
substitutingg the chemical potential in Eq. (3.19), I express mass conservation in the 
formm of a set of convection-diffusion equations, expressing the two mechanisms that 
controll  density evolution for each species, 

^^ + V - pfcv = V  Dk [VPk + pkVfa%x]  (3-20) 
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3.33.3 Electrokinetic equations 

3.3.22 Momentum conservation 

Next,, let us consider momentum conservation. On the same length and time scales, 
ass I have already shown in Section 2.2.1, momentum conservation implies that the 
barycentricc velocity, for low Reynolds number flows, follows the linearized Navier-
Stokess equation, 

-- (pv) = T7V2v - Vp + Fe x t, (3.21) 

wheree rj  is the shear fluid viscosity, while Fext is an external force density acting on 
aa fluid element. The effect of the interactions among the different species enters as a 
nett force acting on the fluid expressed as the gradient of the local pressure p. In the 
presencee of spatial gradients, the pressure has in general a tensorial character, and 
cann be derived from the free energy of the system. However, for ideal electrolytes, the 
locall  pressure can always be expressed as a scalar. Hence, for the sake of simplicity, 
wee will consider this situation in what follows. 

Inn general, the pressure gradient can be computed from the chemical potential as 

j3Vpj3Vp = Y PkWiik = Y, (Vpfc + Pk0Vnf) (3.22) 
kk k 

andd acts as a force. The first term of the pressure corresponds to the ideal-gas contribu-
tion,, /3pld = Y^k Pk while the other two contain all the information of the interactions 
amongg the fluid species. If there is one majority neutral component, which only con-
tributess to the ideal part of the pressure, then the excess component of the pressure 
cann be identified as the osmotic pressure of the mixture. 

Usingg Eq. (3.22) for the pressure gradient, the Navier-Stokes equation reads 

|| (pv) = rjV2v - Vpid - Y PhVtf* + Fe x t. (3.23) 

3.3.33 Electrokinetic equations 

Thee electrostatic equations can be computed as a special case of Eqs. (3.20) and (3.23) 
byy replacing p  ̂ = zke$, where zk is the valency of the charged species fc, and $ is 
thee electrostatic potential. The Smoluchowski equation (3.20) becomes 

^T+V'^T+V'PkPkvv = VDk [Vpk + epzkPkV*],  (3.24) 

whilee the Navier-Stokes equation (3.23) is 

d_ d_ 
dt dt 
-- (pv) = rjV2v - Wd ~ Y ezkP*™ + Fe x f . (3.25) 

Ar r 

Wee still need an additional equation that prescribes how the electrostatic potential is 
relatedd to the local charge density. Since transport processes associated to mass and 
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momentumm transfer in fluid mixtures are much slower than the propagation of elec-
tromagneticc waves, the electric field is completely determined by the Poisson equation 

V2$$ = -
47re e 

y~ly~l Zkpk+Ps (3.26) ) 

wheree ps is for the charge density of the solid surfaces and accounts for possible 
confiningg walls or moving suspended particles in the electrolyte. 
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