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44 Velocit y fluctuation s and dispersio n 
inn a simpl e porou s mediu m 

Abstrac t t 

Wee model a fluid-filled disordered porous medium by a lattice-Boltzmann system with 
randomlyy broken links. The broken links exert a friction on the fluid without excluding 
volume.. Such a model closely mimics the idealized picture of a porous medium, which 
iss often used in the theoretical analysis of hydrodynamic dispersion. We find that 
thee Brinkman equation describes both the mean flow characteristics and the spatial 
decayy of velocity fluctuations in the system. However, the temporal decay of the 
velocityy correlations (that a particle experiences as it moves with the fluid), cannot 
bee simply related to the spatial decay. It is this temporal decay that determines the 
dispersivity.. Thus, hydrodynamic dispersion is generally greater than theories based 
onn spatial correlations would imply. This is particularly true at high densities, where 
suchh theories considerably underestimate both the magnitude and transient time scale 
forr dispersion. Nonetheless, temporal velocity correlations are still ultimately screened 
andd the hydrodynamic dispersion coefficient converges exponentially. The long-lived 
transientss reported for more realistic systems must therefore be due explicitly to the 
presencee of excluded volume. 

4.11 Introductio n 

Whenn a tracer particle is introduced into a stationary fluid, it wil l be dispersed by 
Browniann motion. The dispersion can be characterized by the mean of the squared dis-
placementt in a given direction, Ax2. From the Einstein definition of the self-diffusion 
coefficientt Do, this increases linearly with time, the constant of proportionality being 
twicee £>o, 

{Ax{Ax22(t))=2D(t))=2D00tt (4.1) 

Forr a stationary fluid fillin g the voids in a (nonadsorbing) porous medium, the motion 
off  the tracer particles is hindered by the medium and the diffusion coefficient of the 
tracerr particles is reduced relative to D0. If, on the other hand, the fluid flows through 
thee porous medium with a mean velocity V, then the dispersion of tracer particles (now 
definedd by the variance in their displacements) increases and can become very large 
comparedd to 2D0t at a given time. The origin of this "hydrodynamic" dispersion lies 
inn the fact that, even in the absence of Brownian motion, different particles experi-
encee different local flow velocities and are, therefore, transported by convection over 
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44 Velocity fluctuations and dispersion in a simple porous medium 

differentt distances in a given time t. Quantitatively, the dispersion coefficient D is 
relatedd to the time integral of the time correlation function of the velocity fluctuations 
experiencedd by tracer particles: 

D=D=  / <MO)-Vnu i ( * ) -V ]>£ f t (4.2) 
Jo Jo 

wheree Vi(t) is the instantaneous velocity of a particle along the flow direction as it 
movess through the fluid. Note that we follow convention here and refer to the diffusion 
coefficientt for the equilibrium case (where there is no flow), and to the dispersion 
coefficientt for the non equilibrium case (where the fluid flows). The relative importance 
off  this convective dispersion, relative to simple diffusion, can be characterized by the 
Peclett number Pe. It is defined as Pe = U*l*/D 0, where U* is a characteristic 
velocityy and I*  is a characteristic length. The obvious choice for the characteristic 
velocityy U* is the mean velocity of the fluid V. At high Peclet numbers, tracer 
transportt over distances larger than l*  is dominated by convection, and dispersion 
iss therefore dominated by the spatial fluctuations in fluid velocity. Conversely, at low 
Peclett numbers, the convective contribution is small and simple diffusion dominates 

Inn order to understand hydrodynamic dispersion, we need an idea of how fluid 
flowsflows in porous media. If the fluid is Newtonian, then the steady-state velocity fields 
vv wil l be solutions of the time-independent Navier-Stokes equations 

-- Vp + r?V2v + F = 0 (4.3) 

V - vv = 0. 

thatt satisfy stick boundary conditions at the solid/fluid interface. Here p is pressure, F 
iss any external forces acting on the fluid, and r\ is the viscosity. We have also assumed 
thatt inertia is negligible (the flow is at low Reynolds number). The relation between 
thee steady-state flow velocity and the applied pressure gradient is then given by the 
Darcy'ss law, 

F = - - V p ,, (4.4) 
V V 

wheree K is a constant (the permeability) that depends only on the properties of the 
porouss medium, not on those of the fluid. Equation (4.4) is a first-order equation while 
Eqs.. (4.3) are second-order equations. It is therefore impossible to formulate rational 
boundaryy conditions between the two. In 1947 Brinkman proposed an equation to 
describee the locally averaged flow in a porous media that is, the flow on a scale large 
comparedd to any local inhomogeneity in the medium [34]. The Brinkman equation 
considerss the balance of forces acting on a volume element of fluid, i.e., the pressure 
gradient,, the divergence of the viscous stress tensor, and the friction force exerted by 
thee porous medium: 

7?V2t>> - Vp - -v = 0. (4.5) 
K K 

Thee crucial assumption is that the external force in the Navier-Stokes equation 
[Eq.. (4.3)] can be replaced by the force term in Darcy's law [Eq. (4.4)]. This sub-
stitutionn is only justified if the porous medium occupies a vanishingly small fraction of 
space.. In that case one may consider the porous medium as a continuum that exerts a 
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4.14.1 Introduction 

frictionfriction on the fluid at every point. In spite of the approximate nature of the Brinkman 
equation,, it has proved to be an extremely useful tool for modeling flow in spatially 
inhomogeneouss porous media [35, 36]. 

Off  most relevance to us here is the use of the Brinkman equation to describe not 
averagee flow velocities, but the spatial decay of fluctuations in the flow velocity. It 
iss clear from Eq. (4.2) that it is these fluctuations that play the crucial role in deter-
miningg the dispersion coefficient. Indeed, if Brownian motion can be neglected, the 
particlee velocity Vi(t) appearing in Eq. (4.2) is simply the instantaneous velocity of a 
particlee as it convects along a streamline. This we refer to as the Lagrangian velocity 
correlationn function Cv(t). This concept was utilized by Koch and Brady [37] in their 
theoreticall  analysis of dispersion in random media composed of randomly distributed 
fixedd particles. Notably, they made use of the fact that a velocity fluctuation gener-
atedd by one of the fixed points making up the porous medium will , according to the 
Brinkmann theory, decay in space on a length scale set by the Brinkman length A . 
Thee Brinkman length is the square root of the permeability. If the particles making 
upp the medium have no spatial extension (they are simply points in the fluid exerting 
friction),, the decay is exponential. If they do have a spatial extension, in the sense 
thatt stick boundary conditions apply on the surface, the decay is slower, going with 
distancee r as 1/r3 [38]. On the other hand, if the presence of the porous medium 
iss neglected, the Brinkman equation reduces to the usual Navier-Stokes equation for 
whichh a velocity perturbation decays as 1/r. This leads to an unbounded integral 
forr the dispersion coefficient, implying that the dispersion coefficient diverges; that is, 
itt would always depend on the system size. The hydrodynamic screening predicted 
byy the Brinkman equation thus plays a crucial role in determining the dispersion co-
efficient.. A similar effect occurs in sedimentation, where velocity fluctuations in an 
unboundedd system diverge [39]. In this case, it is the presence of container walls that 
iss crucial in providing the necessary screening [40]. 

Thee question we want to address here is how well this picture, central to the theory 
off  Koch and Brady [37], describes hydrodynamic dispersion. One reason for doing so 
iss that numerical simulations of dispersion in packed beds of spheres, reported in 
Ref.. [41], suggested that the dispersion coefficient was still increasing on time scales 
wheree the theory suggested it should have already converged. This raised the question: 
Iss this the asymptotic behavior? For realistic packed beds of spheres Koch et al. [42] 
showedd that the screening picture describes the decay of the velocity fluctuations 
reasonablyy well. Dorlosfky and Brady [43] arrived at the same conclusion. There are 
nonethelesss two complications with this "realistic" system. First, as noted above, the 
Brinkmann screening is less dramatic (going from a 1/r decay to 1/r3) for spatially 
extendedd particles than is the case for points (from 1/r, to exponential). Second, the 
presencee of an explicit solid/fluid interface, where the flow velocity goes to zero, means 
thatt there is a region close to the surface that the tracer particles must always enter and 
leavee by diffusion. Koch and Brady suggest that the presence of this diffusive boundary 
layerr means that the dispersion coefficient reaches its asymptotic value on time scales 
muchh longer than would otherwise be expected. This could also be responsible for 
thee behavior observed in Ref. [41]. In this chapter we, therefore, consider a simple 
modell  system where both these complications are absent; that is, following in the 
spiritt of the theory, we consider a porous medium composed of fixed points that exert 
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44 Velocity fluctuations and dispersion in a simple porous medium 

frictionn but have no spatial extension. Indeed, the analysis of such a system gives one 
contributionn to the overall dispersion coefficient in the expression derived for a packed 
bedd [37]. It is regarded as the contribution to the dispersion coefficient due to the 
velocityy perturbation at distances far from the fixed particle. Specifically, this purely 
convectivee term, Dc, makes a contribution to the total dispersion coefficient 

DD°=*£f°=*£f  (46) 

wheree p is the number density of the fixed points. For the work we describe here, we will 
ignoree Brownian motion and concentrate solely on the decay of velocity fluctuations 
duee to convection. In that case, we have D = Dc. While the model may seem of 
somewhatt academic interest, there are important examples of hydrodynamic dispersion 
inn dilute systems for which the model could be reasonably applied. Dispersion in flow 
throughh polymer networks would be an example. 

4.22 Descriptio n of th e mode l 

Too simulate fluid flow in our model porous media, we employed the D3Q18 lattice-
Boltzmannn (LB) method, introduced in Chapter 2. Here we recapitulate only the 
basics.. The quantity we calculate in the LB method is the discretized one-particle 
velocityy distribution function fi(r, £), which is the probability that a particle at lattice 
sitee r at time t has a velocity c*. For the calculation that we performed, we needed 
thee density p(r) and momentum density j (r), which are moments of this distribution 
function n 

p(r,i)) = J > ( r , t ), <4'7) 
i i 

j(r,t )) = £ > / i ( r , t ) , (4.8) 
i i 

wheree i sums over all possible velocities C;. The time evolution of the distribution 
functionn is described by the discretized analog of the Boltzmann equation [8]: 

fi(rfi(r  + d,t + l) = ft{r,t)  + A^r , i) , (4.9) 

where,, A; is the change in ƒ» due to "collisions" at the lattice sites. The post collision 
distributionn fa + A*  is propagated in the direction of the velocity vector c*. The 
overalll  procedure involves two steps: a propagation step and a collision step. In 
thee propagation step each distribution function moves to the neighboring site with 
velocityy c^ In the collision step the distributions at each site "collide," in the sense 
thatt they are modified by the collision operator. In Chapter 2 we have already shown 
thatt following this procedure, the evolution of the hydrodynamic fields satisfy the 
Navier-Stokess equations. 

Wee now need a method to model the porous medium. Within the lattice-Boltzmann 
frameworkk there is a straightforward procedure for imposing stick boundary conditions 
att an explicit solid/fluid interface. A simple bounce-back rule performed on boundary 
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FigureFigure 4.1: Two dimensional schematic representation of the model porous medium we em-
ployed.ployed. The dashed lines represent the allowed links between lattice sites. The thick bars on 
aa link show broken links where the bounce back procedure will  be implemented. 

linkss enforces the stick boundary condition to second order, while not perturbing the 
stresss [8]. Boundary links are defined as links connecting lattice sites inside and outside 
thee solid object, and obviously these come in pairs. Adopting a convention of labeling 
thee link that goes from inside to outside as ib and its partner — ib the bounce back 
equationss reads as 

f-f- ibib(r(r bb,t,t + A) 
fib(n+Cib,tfib(n+Cib,t + A) 

fib{r,t) fib{r,t) 

f-ib(rf-ib(r bb + db,t). (4.10) ) 

Heree we do not want an explicit solid-fluid interface, in the sense of a solid phase that 
excludess volume from the fluid. Instead, with a given probability, we break links [that 
is,, define a set of links for which the propagation equation is modified according to 
Eq.. (4.10)]. These broken links exclude no volume (so long as the fraction of broken 
linkss stays well below the percolation threshold) but will exert a friction on the fluid 
proportionall  to the local flow velocity. They are effectively point scatterers. 

4.33 Results 

Too generate our model porous medium we generated a set of point sources for friction 
accordingg to a binomial distribution. We first fixed the probability $ that a link would 
bee broken. This number was varied between 0.01 and 0.3. For every link, we then 
generatedd a random number between 0 and 1. If this random number was less than 
$,, the link was broken, otherwise it was left intact. In this way, we generated one 
particularr realization of the porous medium for a given value of $. All our results 
weree obtained by performing simulations for at least 25 independent configurations 
forr every value of <£. Note that, for every configuration, the fraction of broken links 
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44 Velocity fluctuations and dispersion in a simple porous medium 

iss not exactly equal to $. Only the average value is imposed. We cannot predict o 
prioripriori  how the Brinkman length depends on the fraction $ of broken links, because 
this,, even for point scatters, involves the many-particle hydrodynamic interactions. 
Wee therefore determine A numerically. This can be done in two ways. One is to 
measuree the average flow velocity in the presence of an applied external force and 
calculatee the permeability. The second is to compute the flow profile in a simple 
confinedd geometry. For instance, the Brinkman Eq. (4.5) can easily be solved for a 
three-dimensionall  porous medium confined in a slit bounded by two hard walls. On 
thee walls, stick boundary conditions apply. If we apply a body force parallel to the 
plates,, the solution for the steady velocity profile, as function of the distance from the 
centerr z, is given by 

A 2F F 
MM = — 

'' cosh(f) 
COSh(2I ) ) 

wheree the two plates are located at z = -L/2 and z = +L/2, x is the direction of 
thee force, and F is a force per unit of volume. Note that the Brinkman length A 
enterss this equation twice: first through the (Darcy) prefactor, and second through 
thee "screening" length that determines the shape of the flow profile. The constraint 
thatt a single value of A should fit  both the shape and the prefactor provides a good 
consistencyy check on our determination of A. 

Thee simulation box had a length of 320 lattice spacings in the direction of the flow, 
andd 40 lattice spacings in the other two directions. Periodic boundary conditions were 
usedd in the unbounded directions. Even for the lowest density system ($ = 0.01), 
thee Brinkman length was found to be no larger than 3.41 lattice units. This is more 
thann an order of magnitude less than the smallest system dimension. At larger values 
off  $, the Brinkman length is even smaller. Hence, we expect finite-size effects to be 
negligiblee at all the values of $ that we studied. To study the flow, we let the system 
evolvee under the applied body force F. After some transient time, the flow fields reach 
aa steady state. Al l correlation functions that we report have been computed for this 
steadyy state. To compute the average flow profile, we averaged the steady-state flow 
profiless of all 25 different configurations. It is to this averaged flow profile that we 
fittedfitted the Brinkman flow profile given by Eq. (4.11). A result of this fitting procedure 
iss shown in Figure 4.2. It is worth remembering that the Brinkman length is the 
onlyy parameter in this fit. The figure shows that the computed flow profile fits the 
Brinkmann expression. This result is not a priori  obvious and provides a useful check 
thatt we do indeed have a system with a well-defined Brinkman length whose spatially 
averagedd behavior is a solution to the Brinkman equation. By repeating this fitting 
proceduree for other values of $, we obtained the dependence of A on $. We found 
thatt the low density result A ex l / \ / $ holds to a good approximation over the whole 
rangee of $ we consider here. 

Ass Figure 4.2 shows, the Brinkman length describes the distance over which a flow 
profilee in a porous medium is perturbed by an "obstacle" (in this case the hard wall). 
Inn the spirit (if not the letter) of Onsager's regression hypothesis, we might expect that 
"spontaneous""  spatial velocity fluctuations should decay on the same length scale. To 
verifyy this, we computed the spatial velocity correlation function (SVCF) defined as 

CsCs(r)(r)  = ([v(0)-V] [v{r)-V])  (4.12) 
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FigureFigure 4.2: Velocity profile for a fluid flowing through the model porous medium confined 
betweenbetween two plates. Flow velocity v normalized by the maximum flow velocity vo is plotted as 
aa function of dimensionless distance from the center. The dashed line is the solution of the 
BrinkmanBrinkman equation; the circles are the numerical data. 

wheree v(r) is the component of fluid velocity along the flow direction at a distance 
r.r. To compute the SVCF (and all remaining correlation functions), we considered a 
purelyy periodic system without walls. In such a system, the average flow velocity is 
thee same everywhere. In any specific realization of the disorder, however, there will be 
locall  deviations from the average value. The SVCF shows how these disorder-induced 
fluctuationsfluctuations decay, spatially, to zero. 

Inn Figure 4.3 (open symbols) we show Cs(r)/Cs(0) computed for a range of values of 
$.. In this figure, we have expressed all distances in units of the Brinkman length A. If, 
ass we assume, the Brinkman length is the only relevant length scale in the system, then 
alll  the functions should superimpose. This is precisely what we observe. Moreover, the 
SVCFF decays exponentially, with a characteristic decay distance of a Brinkman length. 
Itt seems, therefore, that the average flow profiles and the averaged spatial decay of 
perturbationss in the flow profile satisfy Brinkman scaling. It would seem logical to 
assumee that, as the spatial decay of velocity fluctuations satisfies Brinkman scaling, 
soo should the temporal decay. If this were true, then Brinkman scaling should apply 
too dispersion of tracer particles. In fact, it has been argued that the nature of the 
equations,, in particular, that the Brinkman equation has no explicit time dependence, 
hass as a consequence that the Lagrangian velocity correlation function (LVCF) should 
decayy in the same way as the SVCF, i.e., exponentially, with a characteristic time 
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Fi^wree 4.5: TTie normalized spatial velocity correlation function Cs(r)/C(0) (open symbols), 
andand Eulerian velocity correlation function Ce(r)/C(0)) (^^ed symbols), as a function of di-
mensionlessmensionless distance r/X. The broken link fractions are $ =0.01 (plus), 0.08 (circles), 0.1 
(squares),(squares), 0.2 (diamonds), and 0.3 (triangles). Error bars are smaller than symbols. The 
dasheddashed line is the result of fitting an exponential to Cs(r) /C(0) for r/\ > 0.5 

equall  to X/V [37]. The LVCF is, within this approximation, simply 

C7„(*)«([v(0)-V]]  [v(r = Vt)-V])=Ce(r = Vt) (4.13) 

Wee call this approximation to the LVCF the Eulerian t ime velocity correlation func-
tionn (EVCF), Ce(Vt). In Figure 4.3 (filled symbols) we show the normalized EVCF 
computedd for a range of values of $, together with the SVCF. We observe that, to a 
goodd degree of approximation, all EVCF's superimpose. The typical length of decay 
iss a littl e bit larger than that for the SVCF, because we are now considering correla-
tionss along the flow direction only. Otherwise, there is littl e difference. Based on this 
approximation,, one would expect that the natural unit of t ime for the Lagrangian ve-
locityy correlation functions is the Brinkman t ime defined as r = X/V, i.e., the average 
t imee i t takes a tracer particle to travel over a distance equal to one Brinkman length. 
I nn order to calculate the Lagrangian velocity correlation function, we need to follow 
thee trajectory along which a particle travels; that is, we have to calculate velocity 
correlationss for a streamline. In Appendix 4.B we describe our procedure for doing 
so.. Figure 4.4 shows the LVCF for a system with $ = 0.3. In the same figure, we 
showw the theoretical prediction for the shape of the LVCF corresponding to the EVCF 
andd assuming that the velocity t ime correlation function can be obtained directly by 
replacingg the displacement in the latter by tV. The figure shows clearly that there 
existss no such simple relation between the spatial and temporal decays of velocity 
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OO 2 4 6 8 10 

FigureFigure 4-4: Comparison of the scaled, normalized, Eulerian (triangles), and Lagrangian (di-
amonds)amonds) velocity correlation functions. £ is in dimensionless unit equal to r/X for Ce(r) and 
toto tJT for Cv(t). Time r is the average time to convect a Brinkman length (r = \/V). The 
dotteddotted lines are guides to the eye. 

fluctuations.fluctuations. In the first place, there is a marked difference in the behavior at short 
times.. The initial rate of decay of the Lagrangian function is zero, so it cannot be 
approximatedd by an exponential. It is straightforward to show, from the incompress-
ibilit yy condition, that this must be the case (see Appendix 4.A). More importantly, if 
wee plot the LVCF for different values of $ (i.e., different Brinkman lengths), we can-
nott make the different LVCF's collapse onto the same master curve (see Figure 4.5). 
Thiss is surprising, because it suggests that the Brinkman time is not the only relevant 
timee scale in the system. In fact, Koch and coworkers [37, 42] have suggested that 
anomalouss ("non-Brinkman") decay of velocity time correlation functions should be 
intimatelyy linked to similar anomalies in the SVCF. Yet, our simulations appear to 
showw "normal" behavior in the EVCF and "anomalous" behavior in the LVCF. As 
thee LVCF decays much more slowly than one would expect on basis of the Brinkman-
scalingg assumption, the dispersion coefficient [calculated from Eq. (4.2)] is larger than 
wouldd be predicted by simple use of the Brinkman equation. The slow decay of the 
LVCFF indicates that the velocity of tracer particles remains strongly correlated in the 
timee that it takes the fluid on average to move over one Brinkman length. Hence, 
thee hydrodynamic screening picture that works so well for average flow profiles, seems 
too be quantitatively (though not qualitatively) incorrect when we consider temporal 
correlations. . 

Inn what follows, we shall consider hydrodynamic dispersion in the limi t of high 
Peclett number. In this limit , and in the absence of any explicit solid/fluid interface, the 
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44 Velocity fluctuations and dispersion in a simple porous medium 

FigureFigure 4-5: The normalized Lagrangian velocity correlation function as a function of di-
mensionlessmensionless time. The different points correspond to different broken link fractions. The 
correspondingcorresponding dimensionless densities are 2.4 (circles), 1.7 (squares), and 0.27 (triangles). 
NoteNote that the curves do not superimpose but decay more slowly with decreasing dimensionless 
densitydensity (increasing absolute density). The lines are guide to the eye. 

Browniann motion of the tracer particles can be ignored. I t then follows from Eq. (4.2), 
thatt the dispersion coefficient is related to the t ime integral of the Lagrangian velocity 
correlationn function. We now compare the computed dispersion coefficients with values 
predictedd by the theory of Koch and Brady. Before proceeding, we need to briefly 
recapitulatee their model. They model the porous medium by a continuum of points, 
everyy point exerting a friction on the fluid. This might seem an abstract concept of 
porouss media, but it represents a simplified model of a dilute packed bed of spheres 
inn the limi t of many scatterers per Br inkman length cubed. Using such a model, they 
weree able to compute the fluid velocity perturbat ion at large distances generated by 
particless making up the porous medium. From this they derive an expression for the 
dispersionn coefficient. In order to perform the calculation they approximate the LVCF 
wit hh the EVCF. The resulting theoretical expression for the dispersion coefficient at 
highh Peclet number Dth is 

%T%T = \Pe, (4-14) 

wheree the Peclet number is Pe = U*l*/D 0; U* being naturally identified with the mean 
velocityy of fluid V and D0 being the diffusion coefficient [here superfluous because it 
cancelss the D0 on the left hand side of Eq. (4.14)]. Some discussion is needed about 
thee choice of I*.  In general, I*  is a typical length of the system. The theory takes as 
aa characteristic length the "effective" radius of spherical particles that leads to a low 
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densityy random medium with the same Brinkman length; that is, particles that exert a 
frictionn equal to Givqa, where a is a "hydrodynamic radius". This gives the expression 
DthDth — f Va. In actual fact, the radius a is a somewhat fictitious parameter obtained 
byy implying a dilute bed of spheres to model the porous medium. The following 
proceduree is needed to obtain a as function of the Brinkman length A. A dilute bed of 
spheres,, with number density of scatterers p, exerts a total drag equal to p times the 
Stokess drag of a single sphere. Darcy's law gives a value for the same drag in terms 
off  the Brinkman length [Eq. (4.4)]. Equating the two, one gets 

Usingg Eq. (4.15), the dispersion coefficient becomes 

*»» = SF <4 1 6> 
Wee need, at this point, an expression for p in terms of the broken links model. We 
shouldd point out that, at this level of detail, it is difficult to map our model directly to 
thee theory because we have, in effect, points with a directionally dependent friction. 
Thee theory, on the other hand, considers points that exert an isotropic friction. To 
matchh (approximately) the two we proceed as follows. In the D3Q18 lattice there are 
188 links, six of which have weight 2 [8]; in our case only two such links are oriented along 
thee flow direction. There are also eight singly occupied links with a component in the 
floww direction, oriented at 45 degrees to the flow. We therefore take these to contribute 
1/2.. The remaining links are oriented perpendicular to the flow direction, so they 
contributee nothing. Allowing for the fact that each link belongs to two lattice sites, 
thee effective density of links, in lattice units, we therefore take to be p = 4$ . From 
thee simulation data the dispersion coefficient can be computed from the Lagrangian 
velocityy correlation function 

D=D=  Cv(t)dt = C(0) Cv{t)/C{0)dt. (4.17) 
JoJo Jo 

Thee initial value of the function, C(0), is simply the covariance of the velocity field. 
Thiss is, in fact, true for all the correlation functions we have defined. Equation (4.17) 
definess D. If, instead, we approximate LVCF with EVCF, we can define 

/>oo o 

DEUIDEUI = C(0) / Ce(t)/C{0)dt = C(0)r'. (4.18) 
Jo Jo 

Ass we have already shown that the normalized function Ce(t)/C(0) scales onto a single 
curve;; r' defined by Eq. (4.18) and representing a characteristic time, is the same for 
alll  values of the Brinkman length. The two integrals will , in general, be different, in 
thatt while Cv(t) is related to the velocity of the particle at time t, Ce(t) refers to the 
velocityy of a particle at a position r = Vt. The two quantities are only necessarily 
equall  in the absence of velocity fluctuations. 
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44 Velocity fluctuations and dispersion in a simple porous medium 

Inn units where length, time and velocity are, respectively, A, r, and V, the disper-
sionn coefficients are thus 

D**  — 

D'D'EulEul = ^ - , (4.19) 

VV T 

11 f°° 
D*D*  = ~ Cv(t)dt. 

VV Jo 
Inn the following we wil l plot the dispersion coefficients as a function of the dimen-
sionlesss friction point density p*  = pA3. This is the number of scatterers per cu-
bicc Brinkman length and sets the intrinsic scale of the system. The scaling of the 
Brinkmann length [A ~ p~1/ /2, see Eq. (4.15)] means that dense porous media in "real 
word""  units are actually dilute in the intrinsic scale set by the Brinkman length. In 
fact,, when p —* oo, p*  — 0; that is, high dimensionless number densities correspond 
too the approximations made in the theory, because in the (spatially) dilute limit there 
aree many scatterers per Brinkman length cubed. This assumption is needed to treat 
thee porous medium as a continuum. We are thus able to disentangle the effect of the 
dilutee limi t approximation and use the EVCF instead of the LVCF to compute the 
dispersionn coefficient. In Figure 4.6 we plot D\h and D*Eul as functions of 1/p* for 
highh values of p*. The theoretical value of the dispersion coefficient D*h is a linear 
functionn of 1/p*  [Eqs. (4.19)]. We observe that in the dilute limi t D*Eul also has a 
linearr behavior. A linear fit  of DEul for high p* has an intercept at zero, as the theory 
predicts.. In the figure we plotted also D*, which has the same behavior. At a given 
numberr density the difference between D ĥ and DEul quantifies the effect of the dilute 
limi tt approximation, whereas the difference between DEul and D* quantifies the error 
madee by approximating the LVCF with the EVCF. The difference between D*h and 
D*D*  is a measure of the accumulated effect of the two approximations. We can conclude 
thatt the theoretical expression works very well in the dilute limit . In this regime the 
absolutee agreement between the theory and simulations, given the approximate nature 
off  the mapping, is clearly very good. This confirms the prediction of Koch and Brady 
theoryy that the dispersivity is independent of volume fraction for dilute beds. 

Inn Figure 4.7 we show the whole range of densities covered by our simulations, and 
wee repeat the analysis carried out for Figure 4.6. Again on the abscissa is the inverse 
dimensionlesss density 1/p*. For decreasing values of the dimensionless density the two 
liness diverge. The difference between the two represents the factor needed to correct 
forr the dilute limit assumption. We observe that the computed dispersion coefficients 
noo longer have a linear dependence on 1/p*. We also see that there is an appreciable 
differencee between the exact dispersion coefficient D* and both the approximations 
DDEulEul and D*h. This difference increases with decreasing p*. This means that, for 
whatt would correspond to an increasingly packed bed, the dispersion coefficient be-
comess much larger than the theory predicts. Both the dilute limi t assumption and 
approximatingg the Lagrangian velocity correlation function with the Eulerian con-
tributee to the error. At low and moderate densities it is the former, rather than the 
latter,, that limits the validity of the theory. 
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FigureFigure 4-6: The dimensionless dispersion coefficient D* (diamonds) as a function of inverse 
dimensionlessdimensionless density p*. Also plotted are the theoretical values of the dimensionless dis-
persionpersion coefficient D ĥ (circles) and the dispersion coefficient obtained by approximating the 
LagrangianLagrangian velocity correlation function with the scaled Eulerian function, D*Eul (plus). Note 
thatthat high values of p" correspond to low point densities so this data covers the spatially dilute 
regime.regime. The lines are linear fits of the corresponding data points. 

4.44 Conclusions 

Inn this paper we described numerical simulations of flow through a simple model 
porouss medium. The porous medium was modeled by simply breaking randomly, with 
probabil ityy <&, the links used in the latt ice-Boltzmann equation. From the point of 
vieww of comparing with theory, this broken link model has two advantages. First, 
i tt has no excluded volume. Second, it exerts a relatively high local friction. The 
latterr allows one to calculate correlation functions over several Brinkman lengths. 
Wee showed, by two different calculations, that this model does indeed behave as the 
Brinkmann equation predicts. Specifically, for the velocity profile of a flow through a 
porouss medium sandwiched between two plates and the spatial decay of fluctuations 
inn the local flow velocity about the mean (SVCF). The latter is an assumption in 
thee Koch and Brady theory of dispersion in random media and it is a good one. We 
foundd that there is a universal behavior of spatial correlations if we measure lengths 
inn units of the Br inkman length, confirming that this is the only relevant length in the 
system.. We also confirmed that, spatially, this results in an exponential screening of 
thee fluctuations. Again, this is central to the Koch and Brady theory. I t guarantees 
convergencee of the dispersion coefficient, which would otherwise diverge. We can 
concludee that the broken link model is well described by the Brinkman equation. 
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FigureFigure 4-7: The dimensionless dispersion coefficient D* (diamonds) as a function of inverse 
dimensionlessdimensionless density p*. Also plotted are the theoretical values of the dimensionless dis-
persionpersion coefficient D* th (circles) and the dispersion coefficient obtained by approximating the 
LagrangianLagrangian velocity correlation function with the scaled Eulerian function D*Eul (plus). Note 
thatthat low values of p* correspond to high point densities so this data extends to the 
densedense regime. The curves are drawn as a guide to the eye. 

Conversely,, the Br inkman equation describes successfully the spatial decay of velocity 
fluctuationss in our model porous medium. 

Fromm the point of view of hydrodynamic dispersion, it is the temporal rather than 
spatiall  decay of fluctuations that is relevant. For the Lagrangian velocity correlation 
functionn (the temporal decay of the velocity a particle experiences as it traverses the 
fluid)) things were more complex. This "time" velocity correlation function behaved 
quitee differently. I ts decay is not a simple exponential and, if we a t tempt to relate 
t imee to an average displacement, there is no universal behavior in the scaled decay. 
Thee decay of this function cannot be predicted by a simple mapping to the Brinkman 
equationn alone. It is not possible to say that Lagrangian fluctuations are uniquely 
relatedd to the Eulerian fluctuations for all densities of scatterers. This is an approx-
imationn invoked in the Koch and Brady theory and one, the simulations show, that 
iss only strictly justified for low densities (Koch and Brady themselves acknowledge 
thatt it is a low density approximation). We should stress, however, that the decay 
off  the Lagrangian correlation function with t ime is still asymptotically exponential. 
Thus,, the qualitative picture that the screening of the velocity fluctuations by the 
porouss medium itself leads to a convergent dispersion coefficient remains true. The 
resultss reported in Ref. [41] cannot be at t r ibuted to a breakdown of the screening 
picture,, the slow decay must in some way be related to the more complex nature of 
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thee porous medium, notably, the presence of excluded volume and diffusive bound-
aryy layers. Nonetheless, the conclusion that Lagrangian correlations can decay on 
muchh longer temporal (and, by implication, spatial) scales is consistent with Ref. [41]. 
Here,, the correlation functions were decaying on timescales that greatly exceeded the 
Brinkmann time. 

Givenn the simplicity of our model and its similarity to the system Koch and Brady 
usedd to develop part of their theory of dispersion in packed beds, a direct comparison 
seemedd appropriate. We thus computed the dispersion coefficient (in the limi t where 
molecularr diffusion can be neglected) as a function of broken link density. In the limi t 
wheree the theory should be most valid (low volume fraction, a broken link "volume" 
interpretedd as the volume of a sphere that exerts the same friction), we found rea-
sonablee agreement. At higher volume fractions, the agreement breaks down and the 
theoryy grossly underestimates the dispersion coefficient. In this regime, the decay 
off  the Lagrangian velocity correlation functions differs dramatically from the scaled 
spatiall  decay used to approximate it in the theory. The fact that the theory gives 
dispersivitiess that actually agree quite well with experimental results for dense packed 
beds,, must be due to the fact that it more accurately accounts for the boundary layer 
dispersionn that we do not consider here. 

4.AA Initial rate of decay of the LVCF 

Inn this section we give a simple argument as to why the initial gradient of the La-
grangiann velocity correlation function, computed along the direction of the flow, should 
bee zero. We define the x direction as the tangent to the trajectory x = t. The y and 
zz directions would be any pair of orthogonal vectors in the plane orthogonal to the 
trajectory.. The LVCF is defined as Cx(t) = (ux(0)ux(t)) and its time derivative is 

KM' )) = (Ux{0)du^ 
dt dt at at t=0 t=0 

(4.20) ) 

Onn the other hand, the time derivative of the fluid velocity experienced by a tracer 
particlee can be written as 

duduxx{t) {t) 

dt dt 

dx(t) dx(t) 

t=0 t=0 dt dt 

duduxx(t) (t) 

t=o t=o dx dx 
= U x ( 0) ) 

duduxx(t) (t) 

t=o t=o dx dx 
(4.21) ) 

t=o o 

Wee can now use the incompressibility condition V  u = 0, this can also be written as 

dudux x 

dx dx + + 
duduxx dux 

dydy dz 
== 0. (4.22) ) 

Thee term within the square brackets is zero by definition because of the choice of the 
axes.. As a consequence dux/dx = 0, so it follows that dCx{t)/dt = 0. Thus the initial 
slopee of the LVCF along a stream line is zero. It follows that along the direction of 
thee mean fluid flow the slope is also zero, because the average of the vector tangent 
too a trajectory is parallel to the vector defining the direction of the flow. 
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4.BB Computing Streamlines 

AA streamline is the trajectory followed by a tracer particle when the system is station-
aryy and the particles have no diffusion. In this section we describe how we computed 
thee stream lines. The problem that has to be solved is simple: given a velocity 
fieldfield V(x^) on a lattice X;, construct a flux line x(£), where x is a continuous vari-
able.. A straightforward procedure to perform this calculation is the Euler method: 
x ( i + l )) = x(i) + dt V(x(£)). This method is only accurate to first order. We employed 
thee Runge-Kutta method in the midpoint approximation [44], which is accurate to sec-
ondd order in the time-step. Higher order methods were not necessary. The value of 
V(x(i) )) has to be interpolated. In order to compute the off lattice values of the veloc-
ityy field, we used a very simple trilinear interpolation, which is the three dimensional 
generalizationn of the linear interpolation V(x{ + dx) = V(xi) + dx (V(xi+\) — V(xi)). 

Althoughh very simple, the approach described above proved to be very robust. We 
checkedd that the time step chosen was small enough to ensure a consistent stream line 
calculationn up to the distance used in our simulations. Any possible improvement in 
thee stream line calculation results in a small enhancement of the effect we have pointed 
outt in this chapter. 
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