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55 Discrete solution of the 
electrokineticc equations 

Abstract t 

Wee present a robust scheme for solving the electrokinetic equations. This goal is 
achievedd by combining the lattice-Boltzmann method (LB) with a discrete solution 
off  the convection-diffusion equation for the different charged and neutral species that 
composee the fluid. The method is based on identifying the elementary fluxes between 
nodes,, which ensures the absence of spurious fluxes in equilibrium. We show how 
thee model is suitable to study electro-osmotic flows. As an illustration, we show 
that,, by introducing appropriate dynamic rules in the presence of solid interfaces, we 
cann compute the sedimentation velocity (and hence the sedimentation potential) of a 
chargedd sphere. Our approach does not assume linearization of the Poisson-Boltzmann 
equationn and allows us for a wide variation of the Peclet number. 

5.11 Introduction 

Thee study of the dynamics of suspensions of charged particles is interesting both be-
causee of the subtle physics underlying many electrokinetic phenomena and because 
off  the practical relevance of such phenomena for the behavior of many synthetic and 
biologicall  complex fluids [45, 46]. In particular, electrokinetic effects can be used to 
controll  the transport of charged and uncharged molecules and colloids, using elec-
trophoresis,, electro-osmosis, and related phenomena [3]. As micro-fluidic devices be-
comee ever more prevalent, there are an increasing number of applications of electro-
viscouss phenomena that can be exploited to selectively transport material in devices 
withh mesoscopic dimensions [47]. 

Inn virtually all cases of practical interest, electroviscous phenomena occur in con-
finedd systems of a rather complex geometry. This makes it virtually hopeless to apply 
purelyy analytical modeling techniques. But also from a molecular-simulation point of 
vieww electroviscous effects present a formidable challenge. First of all, the systems un-
derr consideration always contain at least three components; namely a solvent plus two 
(oppositelyy charged) species. Then, there is the problem that the physical properties 
off  the systems of interest are determined by a number of potentially different length 
scaless (the ionic radius, the Bjerrum length, the Debye-Hückel screening length and 
thee characteristic size of the channels in which transport takes place). As a result, 
fullyy atomistic modeling techniques become prohibitively expensive for all but the 
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55 Discrete solution of the electrokinetic equations 

simplestt problems. Conversely, standard discretizations of the macroscopic transport 
equationss are ill suited to deal with the statistical mechanics of charge distributions 
inn ionic liquids, even apart from the fact that such techniques are often ill-equipped 
too deal with complex boundary conditions. 

Inn this context, the application of mesoscopic ("coarse-grained") models to the 
studyy of electrokinetic phenomena in complex fluids seem to offer a powerful alterna-
tivee approach. Such models can be formulated either by introducing effective forces 
withh dissipative and random components, as in the case of dissipative particle dynam-
icss (DPD) [48], or by starting from simplified kinetic equations, as is the case with the 
lattice-Boltzmannn method (LB). 

Thee problem with the DPD approach is that it necessarily introduces an addi-
tionall  length scale (the effective size of the charged particles). This size should be 
muchh smaller than the Debye screening length, because otherwise real charge-ordering 
effectss are obscured by spurious structural correlations; hence, a proper separation of 
lengthh scales may be difficult to achieve. A lattice-Boltzmann model for electrovis-
couss effect was proposed by Warren [49]. In this model, the densities of the (charged) 
solutess are treated as passive scalar fields. Forces on fluid elements are mediated by 
thesee scalar fields. A different approach was followed in Ref. [50], where solvent and 
solutess are treated on the same footing (namely as separate species). This method 
wass then extended to couple the dynamics of charged colloids to that of the electrolyte 
solution.. As we shall discuss below, both approaches have practical drawbacks that 
relatee to the mixing of discrete and continuum descriptions. 

Thee LB model that we introduce below appears at first sight rather similar to 
thee model proposed by Warren. However, the underlying philosophy is rather differ-
ent.. We propose to consider the fluxes between connected nodes as the basic physical 
quantitiess that determine the evolution of local densities. Such a formulation ensures 
locall  mass conservation, does not rely on fluxes or gradients computed at the lattice 
nodess (which constitutes a source of error in other models due to the need to ap-
proximatee them on a lattice), and by choosing a symmetric formulation for the link 
fluxesfluxes in terms of the nodes that are affected, we can recover the proper equilibrium 
withoutt spurious fluxes. Our model relies on a LB formulation for mixtures. Hence, 
thee improvements of the formulation based on link fluxes wil l overcome some of the 
limitationn of previous LB models for mixtures based on gradient expansions of a free 
energyy [51, 52]. 

Thee method described is very flexible, and, in particular, general boundary con-
ditionss are easily implemented. This feature also makes the proposed formulation 
attractive,, since it avoids problems related to mass and charge conservation at fluid-
solidd interfaces, an artifact that has plagued previous LB implementations. It is then 
possiblee to model the dynamics of colloidal particles and polyelectrolytes in solution. 
Thee electrostatic interaction between them is derived from the charge distribution in 
thee fluid. Hence, we do not need to assume any specific form for the interaction be-
tweenn charged colloids, or between monomers in a polyelectrolyte. Electro-osmosis, 
thee sedimentation potential, electrophoresis, or other electrokinetic phenomena can be 
easilyy treated within the model. In this paper we consider the first two to illustrate 
thee capabilities of the method. 

Thee electrolyte is treated at the Poisson-Boltzmann level. We are not restricted 
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5.25.2 Numerical lattice method 

too the linearized Debye-Hückel regime and can study the electrokinetic effects at high 
chargee densities, being only limited by ionic condensation (as occurs, for example, in 
cylinders).. The model we introduce neglect effects due to charge correlations. 

5.22 Numerical lattice method 

Inn developing the method which I wil l present in this chapter, we were motivated by 
thee necessity to solve the electrokinetic equations which I have already presented in 
Sectionn 3.3.3. However, because these are a special case of the more general class of 
mixtures,, I present the more general model. As I have shown in Section 3.3 the usual 
lawss of conservation of mass and momentum reads, for a mixtures, as 

^^ + V - pkv = V  Dk [Vpk + pkV0ntx] , (5.1) 

and d 

J^vv = r/V2v - Wd ~ £PHVy?*  + FM*. (5.2) 
k k 

Too solve these two equations, we propose a model that combines a description 
off  momentum dynamics based on lattice Boltzmann, with a numerical description of 
thee convection—diffusion equation. Quantities are defined on the nodes of a lattice, 
r,, and time evolves in discrete time steps. The lattice is prescribed by specifying its 
connectivity.. The connections of each node are determined by specifying the set of 
allowedd velocities, Cj, where the subindex i runs over all the allowed velocities. Then, 
eachh node r is connected to the nodes r + c .̂ 

5.2.11 Diffusion model 

Forr convenience, let us rewrite the convection-diffusion equation, Eq. (5.1), in the form 

—pkk + V  pkv = - V  jfc, (5.3) 

wheree the diffusive flux is 

jkk = --D*(Vpf c + PfcV/?/if). (5.4) 

Forr the sake of clarity, we discuss separately the change in density of the species k due 
too diffusion and to advection. The total change in time of the density is simply the 
summ of the two contributions. 

Diffusion n 

Lett us assume for the time being that the mixture diffuses in a fluid at rest. Equation 
(5.3)) then becomes 

^pfcc = -V-j fc . (5.5) 
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55 Discrete solution of the electrokinetic equations 

Integratingg both sides of this equation over a volume Vó and using the Green's formula 
JJvv V  jdV = §A j  rid A, we obtain 

—— j PkdV = - / jfc  ndA, (5.6) 
0101 JVo JAo 

wheree n is the outward unity vector normal to the surface, AQ, enclosing the volume 

Ass we have pointed out previously, we wil l consider densities defined on nodes of 
aa lattice and the time evolution evolves at constant time steps. In this case, we can 
identifyy the volume Vo with the volume associated to that node, and Ao is related to 
thee connectivity of the lattice nodes. Then, Eq. (5.6) states that the change of the 
totall  number of particles enclosed in the volume corresponding to node r equals the 
summ of the outward fluxes. Such fluxes can only take place by mass transport to the 
neighboringg nodes that are connected to the central node, according to the structure 
off  the predetermined lattice connectivity. Hence, 

nnkk (r, t + 1) - nk (r, t) = -A0  ̂ j k i ( r ), (5.7) 
i i 

wheree nk(r) is the number of particles of species k at node r, while jki(r)  accounts for 
thee fraction of particles of species k going to node r + c .̂ If we consider the velocity 
movingg opposite to i, i.e., c  ̂ = — c;, we have jki(r)  = —jki'(  ̂+ C;) because these 
fluxess are always defined considering that the particles move away from the reference 
node.. This unambiguously show that the fluxes are related to the links joining the 
connectedd nodes, rather than being quantities defined on the nodes. 

I tt is worth noting that in the previous balance equation the relevant quantity is 
thee number of particles of species k at node r, nk(r), rather than its number density, 
Pfc(r).. If we take the volume of a cell as our unit of volume, then pk(r) — nk(r). 
However,, in the presence of solid boundaries this distinction may become relevant. 
Thee prefactor Ao in Eq. (5.7) is related to the geometrical structure of the lattice. 
Ratherr than connecting it directly with the area of the Wigner-Seitz cell that can be 
associatedd to node r, we derive its magnitude by computing how density diffuses to the 
neighboringg nodes. In Sec. 5.5.1 we will compute explicitly this geometric prefactor 
forr a particular lattice. In the following, when referring to link mobility, we will use 
thee symbol dk — Dk AQ. 

Usingg link fluxes to compute the variation of the densities of the different species 
avoidss approximating the divergence on a lattice, a source of lattice artifacts, and 
thee related potential spurious fluxes that may appear. Moreover, the use of these 
linkk fluxes also imposes locally mass conservation to machine accuracy, avoiding the 
errorss caused by the discretization of the spatial gradient operator. We must still 
providee a prescription to implement the diffusive fluxes. These are, in principle, given 
byy Eq. (5.4) and involve spatial gradients between two neighboring lattice nodes. In 
equilibrium,, ne

k
q ~ exp[—pjiex]  and, as a consequence, Eq. (5.4) predicts that all 

diffusivee fluxes vanish. However, the direct implementation of Eq. (5.4) on a lattice 
wil ll  suffer from discretization errors that wil l result in small but noticeable spurious 
fluxes.fluxes. To eliminate this effect, it is convenient to write the expression for the flux on 
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aa link as 
j f c(r,t)) = ~Dke~0^^V [pife(r,t)eW<''<> (5.8) ) 

because,, in this expression, the gradient becomes identically zero when the density 
distributionn corresponds to its equilibrium form. This also holds for the discretized 
formm to be discussed below. Consistent with the idea that the flux can be expressed in 
termss of link mass fluxes, we propose a symmetrized implementation of jkt involving 
magnitudess defined in the two connected nodes, r and r + c;. In particular, we write 
thee flux of species k along the link c*  as 

jki{r)jki{r)  = -dk 

e - W W + e - W ^ ) ) nnkk{v{v + c O e ^ f ' - * * ) - nf c ( r )e^x ( r ) 

A , , 
,, (5.9) 

wheree A» = |CJ| = \ci>\ is the distance between the two neighboring nodes. This 
symmetrizedd formulation ensures that, to machine accuracy, jki{ r) = —jkï(r + c*), 
andd mass is conserved for the model elementary dynamic processes. Note that, based 
onn the mass conservation expression, Eq. (5.7), the global mass change of node r 
iss the sum of the link fluxes, jk{. Mass evolution in the diffusive limi t is described 
onlyy on the basis of mass flux divergence, as we have described. In general, the 
proceduree developed based on link fluxes provides a consistent framework to obtain 
otherr gradients if needed. 

Advection. . 

Locall  density can also be altered due to advection if there is a local velocity of the 
fluid.fluid. If, for the time being, we disregard diffusion, the advection mechanisms can be 
writtenn in the form 

^Pk^Pk = - V  (Pfcv), (5.10) 

wheree v is the barycentric fluid velocity. In principle, the change in the number of 
particless could be computed on the basis of the advection along each link, in a way 
similarr to Eq. (5.7). However, as we will describe in the next section, the model we wil l 
introducee provides the velocity at each node, rather than the link velocity. In order to 
avoidd numerical artifacts and spurious diffusion due to the interpolation to get such a 
linkk velocity, we propose an alternative implementation of the advection process. We 
stilll  consider that nk(r) give us the number of particles in a volume element centered 
aroundd node r. Since we know the velocity of that node, v(r), in one step the node 
wil ll  virtually displace to r + v(r) . As a result, the volume associated to node r wil l 
intersectt some neighboring cells of the real lattice (see Fig. 5.1). We then distribute the 
amountt of particles nk into the intersected volumes proportionally to the intersected 
region.. In Fig. 5.1, we depict in shadow the volumes that correspond to the fraction 
off  the density that is transported in the new cells. The advantage of this approach is 
thatt it greatly reduces the spurious diffusion that usually results during advection in 
latticee models. To be more precise, even with the present method, advection will cause 
somee spurious diffusion (proportional to the flow velocity). However, in Sec. 5.5.1 we 
showw that, in practice, this effect is negligible. 
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55 Discrete solution of the electrokinetic equations 

FigureFigure 5.1: Density redistribution due to advection. To advect the charge of a given node 
(in(in this case, node number 5) in one time unit, we shift the whole cell with the local velocity 
vectorvector of that node (vx,vy). Next, we displace a fraction of density equal to the area of the 
cellcell that is now in the corresponding site. In the graph a fraction of the density equal to the 
shadowedshadowed rectangle area (vxvy) goes from cell 5 to cell 3, a fraction (1 — vx)vy goes to cell 2, 
(11 — vy)vx goes to cell 6, and (1 — vx)(l — vy) stays at node 5. For the sake of clarity, the 
figurefigure shows a two-dimensional flow. In practice, the analogous procedure is carried out in 
3D. 3D. 

5.2.22 Lattice Boltzmann method. 

I nn order to simulate the hydrodynamic flow of the fluid, we make use of the lattice-
Boltzmannn approach which I introduced in Section 2.4. To ease the reading of this 
manuscript,, I wil l repeat once again the basics of the method. 

Thee latt ice-Boltzmann method describes the dynamics of a fluid in terms of the 
densitiess of particles that "live" on the nodes of a cubic lattice and have discrete 
velocitiess {CJ} , where i labels the links between a lattice point r and its neighbors. 
Thee values of the velocities are chosen such that, in one t ime step, a particle moves 
alongg a link from one latt ice node to its neighbor. In the Latt ice-Boltzmann model, 
thee unit of length is equal to the lattice spacing and the unit of t ime is equal to 
thee t ime step. In addit ion, the unit of mass (or, equivalently, energy) is fixed by 
thee requirement that, in the continuum limit , the t ransport equations for the lattice 
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modell  approach the Navier-Stokes equation. This imposes a relation between the 
temperaturee and the speed of sound [see below Eq. (5.14)]. The central dynamic 
quantityy in the lattice-Boltzmann approach is the one-particle distribution function, 
/ i (r ,, £), which describes the probability of having a particle at site r at time t with 
velocityy C{. The hydrodynamic variables are obtained as moments of this distribution 
functionn over the lattice velocities, c$; e.g., density and momentum can be obtained 
as s 

p(M)) = ^ / i ( r , « ) , (5-11) 
i i 

j ( r , t )) = p(r , t )v(r , t) = ^ c i / i ( r , t ) , (5.12) 
i i 

respectively. . 
Inn the presence of external forces F, for a particular choice of the shear viscosity, 

TfTf = 1/6 in lattice units [8], the general dynamic rule simplifies to [See Section 2.4.1] 

/ i ( r , tt + l ) = a* p(r,t)) + -^Ci-( j(r, t) + F) ci ci 
(5.13) ) 

Forr the sake of convenience, we implement the model with this simplified updating 
rule.. However, it is straightforward to implement the more general form that allows 
uss to impose other values of the viscosity. 

Byy means of a Chapman Enskog expansion, it can be shown [53] that in the hy-
drodynamicc limit one recovers the Navier-Stokes equation, 

-- (pv) = r,V2pv - c2
sVp + F. (5.14) 

Sincee the second term on the rhs is the pressure gradient for an ideal gas, if we fix the 
temperaturee such that ksT = c2., we then recover Eq. (5.2) for an ideal mixture. For 
nonn ideal mixtures, we will introduce the missing contribution to the pressure gradients 
ass a local external force, F. Because the solutes act onto the solvent exclusively by 
meanss of this effective force F, the hydrodynamic limi t of the non-ideal-mixture model 
iss obtained by following the same procedure as the one needed for the standard lattice-
Boltzmannn method for one phase flows [53]. 

Introducingg the mixture non ideality as a local effective force implies that the fluid 
reactss with the appropriate susceptibility to applied external fields, although in the 
absencee of spatial gradients the equilibrium distribution corresponds to that of an ideal 
gas.. Since we are not concerned with local structure, the model can be regarded as 
ann effective kinetic model, similar in structure to a linearized Vlasov equation. Hence, 
thiss approach differs from previous proposals that try to derive the hydrodynamics of 
nonn ideal mixtures from kinetic models of mixtures [54] or from a modification of the 
equilibriumm distribution to recover the equilibrium pressure [51, 52]. 

Thee peculiarities of the non ideality of the mixture enters through the forcing 
termm (F) in Eq. (5.13). This forcing term can be decomposed into an external field 
andd interaction contributions, F = Fe xt + ~Fso1. This interaction force, as previously 
describedd in Section (3.3), has the form ¥s°l = £]f c Pk^^%x- Using the same approach 
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55 Discrete solution of the electrokinetic equations 

thatt we have used to model the convection-diffusion equation, we can determine the 
forcee acting on each link, F{. Moreover, for the particular case where the diffusion 
matrixx is diagonal, 

Fi(r)=kFi(r)=k BBTY, TY, 
k k 

Thee advantage of using the force exerted on the links is that, again, we keep a sym-
metricc dependence on the neighboring nodes, and, moreover, Fj(r) = — i<V(r + c*). 
Yet,, in the lattice-Boltzmann update rule, we need the force acting on the node. This 
forcee can be obtained averaging the link forces, 

K°K°ll(r)(r)  = J ^ C t a F ^ r ), a = x, y, z. (5.16) 
i i 

Lett us now introduce an alternative way of treating the same systems. There 
aree situations, as is the case in electrolytes, where one of the components of the 
mixturee is dominant, and plays the role of the solvent. In this case, we can single 
outt this component, ps, and treat it separately from the rest. In particular, since 
PsPs >̂ Pk-, we can approximate the overall density by the solvent density (p ~ ps ), 
andd the overall momentum by the solvent momentum (pv = J^k PkVk — Psvs)- If we 
thenn relate the moments of the distribution function fi to the solvent density, i.e., 
]Ctt fi ~ Ps anc^ ^2icifi  = PsVs instead of Eqs. (5.11), we impose a constant solvent 
densityy in the incompressible regime. Hence, the rest of the components wil l need 
too compensate their densities to avoid any net local density variation. Although this 
incompressibilityy constraint is not exact, it may be a convenient approximation. From 
thee point of view of the link force, Eq. (5.15), it has the computational advantage that 
onee gets Fi = Ylk Jki/^k and it reduces to the link diffusive flux previously computed, 
Eq.. (5.9). In this case the Navier-Stokes equation becomes 

jj ttppssvvss = r/V2vs - c2
sVps - kBTj2lVpk + PfcV^fc*] + Fe x t, (5.17) 

k k 

andd by taking kBT = c ,̂ we recover an appropriate behavior when ps ;§> pk. 
Thee advantage of this approach is that densities of different species are dealt with 

onn different footing, which may prove advantageous in certain applications, especially 
whenn dealing with boundary conditions that act differently on the solvent and solute, 
ass it is the case if dealing with semipermeable membranes. Numerically, in this case 
theree is a net force only when the density distribution deviates from its local equi-
libriumm value, in contrast with the original method, where the density coming from 
thee advection contribution balances the local force. This ensures an additional way to 
avoidd spurious artifacts from the underlying lattice. 

5.33 Boundary conditions 

Iff  the fluid mixture is confined between walls, or if colloids are added to the mixture, 
wee need to specify how the densities and distribution function will interact with solid 

3ki 3ki 

DDk k 

TlkivTlkiv + Ci) -T l fc ( r ) 
(5.15) ) 
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interfaces.. To account fully for such an interaction, we need to describe in turn how the 
distributionn function behaves, how the particle number evolves, and how we estimate 
thee interacting force at the surface. 

Att a solid surface we expect hydrodynamic "stick" boundary conditions to apply. 
Onee way to impose these is to apply the so-called "bounce-back rule" on the links. 
However,, the standard version of this procedure (see, for example, Ladd [53]) allows the 
fluidd to leak into the solid. Although this leakage is usually innocuous, there are cases 
(aa typical example being when electrostatics is part of the excess chemical potential) 
wheree this leakage may change the density of the solvent inside the solid, leading to 
aa corresponding error in the pressure gradient. There exist alternative bounce-back 
ruless that do not allow for any fluid leakage [55]. 

Thee formulation of our model in terms of link fluxes simplifies the implementation 
off  boundary conditions for the fluxes of the different species densities, pk. Since the 
convection-diffusionn equation involves only mass conservation, it is enough to impose 
thatt there is no net flux on any link that joins a fluid node and a solid node. We 
accomplishh this by imposing that the diffusive flux jki = 0 on such a link, and that 
thee flux due to advection also vanishes. This second requirement is achieved by a kind 
off  partial bounce-back move: the number of particles that would have been assigned 
too a solid node after advection is reflected back to its node of origin. 

Thee updating rule, both for the number densities of the convection-diffusion equa-
tionss and for the lattice-Boltzmann distribution function, requires the evaluation of 
gradientss of chemical potentials. To this end, we need to specify the values of the 
excesss chemical potentials on neighboring nodes, and those may involve the values of 
thee fluid densities in contact with the solid wall. We consider that the relevant value 
off  the density is that in contact with the wall, which is somewhere in between the 
fluidfluid  and the solid node. Such value can be obtained by requiring that it is consistent 
withh the no-flux condition for the link flux of that species. The no flux condition is 
satisfiedd requiring [see Eq. (5.9)] 

nnkk(v(v +  Ci) = 7ifc(r)e^"<r+Ci>-'i"< r>], (5.18) 

whichh should be understood as the extrapolation of the fluid density to ensure the 
absencee of flux diffusion, and, in general, it is an implicit equation to obtain an es-
timatee of the extrapolated number of particles, njt(r + C{). Note that this fictitious 
extrapolatedd density is a property of the link, not of the node. 

Ass we have mentioned in Sec. 5.2, the formulation based on the fluxes is based on 
thee evolution of the number of particles contained in a given volume element. For the 
fluidfluid  nodes in the absence of solid interfaces the particle number is proportional to 
thee number density. This is no longer the case close to a solid wall. This difference 
iss pertinent because the excess chemical potential and the pressure are functions of 
thee number density, pk. While for a wall at rest, one can still consider that the wall 
iss equidistant from the nodes and nk and pk coincide, for a moving solid surface, the 
positionn of the solid boundary will change as it moves. In this case, a coefficient a that 
establishess how close the solid boundary is to the fluid node should be introduced. In 
thee limiting case that the solid boundary is reaching the neighboring fluid node, the 
correspondingg cell has a volume that is approximately half the volume of a usual cell, 
hencee a = 1/2; in the opposite case when the solid surface reaches the solid node one 

51 1 



55 Discrete solution of the electrokinetic equations 

getss accordingly a = 3/2. This coefficient then allows us to relate nk = apk. Although 
theree exist different ways in which this coefficient may be computed, any smooth 
functionn that accounts for the volume change will be enough to avoid abrupt changes 
inn the density when a fluid nodes is absorbed or created by the moving boundary. 

5.44 Electrokinetic equations. 

Inn the previous sections we have developed a model to simulate general non ideal 
fluidfluid  mixtures. We wil l now analyze the special case in which the fluid mixture is an 
electrolyte.. The simplest electrolyte model corresponds to a three-species mixture, two 
off  them being the ionic species, p+ and p_ with charges z+e and z_e, and the third one 
beingg the neutral solvent ps. e is the elementary charge, and z+ and z- are the valences 
off  the ions. The local charge can then be expressed as q(r) = e[z+p+(r) + Z-P-(r)]. 

Thee hydrodynamic evolution equations for this model electrolyte become, again, 

^ MM + V-pfcV = DkV-[Vpk + zkpkV{3$], (5.19) 

—pv—pv = ï y V V - c J V p + fesT^zjbPfcV*, (5.20) 
k k 

andd the Poisson equation, 

V 2$$ = -4TTIB ^^ Zkpk + Ps (5.21) ) 

whichh has been expressed in terms of a dimensionless potential, <5 = e/3<&, while 
IBIB = /3e2/(47re) is the Bjerrum length (the distance at which the electrostatic and the 
thermall  energies are equal), with e the dielectric constant of the fluid. In the previous 
equation,, ps stands for the charge density of the solid surfaces, if there are confining 
wallss or moving suspended particles in the electrolyte. Obviously, ps wil l be non zero 
onlyy on those solid surfaces. The Equations (5.19), (5.20), and (5.21) are commonly 
referredd to as the Electrokinetic equations. 

Thee electrostatic potential $ can be computed using standard techniques. Specifi-
cally,, we have implemented a successive over-relaxation scheme (SOR) [44], where the 
Poissonn equation is solved as the stationary solution of a diffusion equation (relax-
ationn scheme). To speed up the convergence to the stationary state, one introduces 
ann over-relaxation parameter UJ and iterate 

$h+i(r, t)) = UJ ^2^2 I a i $f t ( r - c i , t ) + 4 7 r /B y ^ zapa{r,t) 

ii  \ a=+,— 
+ ( l - a ; ) $h ( r , t ) .. (5.22) 

Thee iterative electrostatic potential $h wil l converges to the $ solution of the Poisson 
equation.. The gradient of $ is 

VS(r)) = - J V X r - c O c i . (5.23) 
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5.55.5 Validation tests 

Thee advantage of this model is that it does not presume a specific type of bound-
aryy condition, and can be easily generalized to deal with media of different dielectric 
constants.. Although not as fast as other methods for solving the Poisson equation, 
itt is adequate for our purposes because, once the local equilibrium charge profiles 
aree achieved, the calculation of the disturbed electrostatic potential due to external 
forcess is much less time consuming than the iteration part related to lattice Boltz-
mannn and convection-diffusion; alternative, more sophisticated, variants to solve the 
Poissonn equation numerically can be implemented wherever the standard SOU routine 
proposedd here becomes impractical. 

5.55 Validation tests 

Inn order to validate the model that we introduced in the previous section, we compare 
itss predictions against known results. In particular, we verify that the equilibrium 
chargee distribution is properly recovered on the lattice, and that out of equilibrium 
thee different coupling mechanisms between fluid flow and charge inhomogeneities are 
properlyy accounted for. 

5.5.11 Effective diffusion 

Ass was pointed out below Eq. (5.7), the diffusion coefficient characterizing the discrete 
versionn of the diffusion equation is not the same as the link diffusion coefficient dk but is 
relatedd to it through a simple geometrical factor AQ that depends on the type lattice 
used.. AQ can be evaluated as follows. Consider a situation where the transport of 
speciess k is purely diffusive. A density perturbation po, initially localized at node ro, 
wil ll  spread in one time step to the connected neighboring nodes. If the process is purely 
diffusive,, we know the amplitude of the second moment of the density variation during 
thiss time step and ^ Afp(r0 + d, to + 1) = GDkPo = GAodkPo in a three-dimensional 
cubicc lattice. Let us consider for concreteness the D3Q18 lattice [13], which is the 
latticee we used in our LB simulation. Since the link fluxes ji  = d^Po/Ai, after one 
timee step the density in each of the six nearest neighbors is dkpo, while the density in 
eachh of the other 12 connected nodes is dkPo/V^- As a result, J2i Afp(r0+Ci, t0 + l) = 
dk{6+l2y/2)po,dk{6+l2y/2)po, which implies that A0 = l + 2\/2 [or Dk = djt(l-}-2\/2] . Depending on 
thee value of dk, it might happen that the total density transferred to the neighbors is 
largerr than the initial density. For D3Q18 this gives us an upper bound for the input 
diffusionn coefficient that ensures absolute stability, dk < 1/(6(1 + 2V^)) = 0.044. 
Inn practice, we find that for all cases that we have analyzed, numerical instabilities 
relatedd to diffusion become relevant for values of the input diffusion coefficient dk > 
0.05.. In order to perform simulations at higher diffusivities, we need to modify the 
numericall  scheme to simulate the diffusion equation. This instability can be overcome 
byy introducing a multiple-time step technique. To this end, we introduce a smaller 
diffusionn coefficient dn = dk/Nn and iterate Nu times the discrete diffusion equation, 
Eq.. (5.7), to advance the densities one time step. 

Whenn applying this multiple time step method to solve the lattice diffusion equa-
tion,, one must compute carefully the force that should be applied to the distribution 
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55 Discrete solution of the electrokinetic equations 

functionn fi at the end of the time step. In fact, Fso1 should be computed at all the 
intermediatee steps. Al l these contributions should then be added to obtain the total 
forcee at the end of the iteration. With this technique, we can vary the diffusion co-
efficientt over several orders of magnitude. For example, in our simulations we could 
varyy Dk from Dk = 10- 3 to Df. — 6 (all in lattice units). 

Onn top of the lattice effects on diffusion itself, advection can also induce spurious 
diffusion,, because the lattice velocities do not coincide, in general, with the local 
velocity.. As a consequence, a concentrated set of particles will spread over the lattice 
nodes,, even if subject to a pure translational motion. Hence, only when the velocity is 
commensuratee with the lattice spacing, both in direction and magnitude, will spurious 
diffusionn be exactly zero. We must then quantify the amount of spurious diffusion. 
Too this end, we consider an ideal binary mixture composed of a solvent with initial 
uniformm density, ps, and a solute with initial density pt. The mixture is contained 
betweenn two parallel walls that are permeable to the solvent but impermeable to the 
solute.. The fluid is moving with a uniform velocity v perpendicular to the walls. As 
aa result of the impermeability of the walls to the solute, a steady state is reached, 
determinedd by the solvent density profile, pt(x), which satisfies 

Pt{x)Pt{x) = Poexp 

wheree v is the fluid velocity, D* the effective diffusion coefficient, and po the solvent 
distributionn at contact with the wall located at XQ. In Fig. 5.2 we show the effective 
diffusionn coefficient measured by using Eq. (5.24) as a function of the fluid velocity 
forr a range of values of the diffusion coefficient. We plot D*/Do (where DQ is the 
diffusionn coefficient for a quiescent fluid). In order to show that there exists an intrin-
sicc advection-induced spurious diffusion, we plot in the inset of the same figure the 
differencee between the effective and the input diffusion coefficient for many values of 
thee input diffusion coefficient as a function of the fluid velocity. Because all curves 
collapse,, this graph shows that the diffusion coefficient induced by the advection de-
pendss only on the fluid velocity. We observe that the dependence on the (absolute 
valuee of) flow velocity is linear with slope 1/2. Following the procedure that we used 
abovee to compute the factor AQ, we can derive an expression for the advection-induced 
diffusionn coefficient. In one dimension, a fraction vAt of the density p(x) is displaced 
too the next node, while a fraction (1 — v)At remains at the original node. The center 
off  mass of the density is displaced by a factor vAt. Simple algebra then shows that the 
secondd moment of the density variation during a time step is < Af >=  v(l — v). The 
flow-inducedflow-induced diffusion coefficient in one dimension is therefore D* — (1/2)?/ — (1/2)?/2. 
Inn three dimensions this expression is readily generalized to yield 

D*D*  = i [vx(l - vx) + vy(l- vy) +vz{l-  vz)}. (5.25) 

Byy choosing a sufficiently low value of the flow velocity, and a sufficiently large value 
off  Do, we can largely suppress the effect of this advective diffusion. 

If,, on the other hand, one is interested in large values of the Peclet number (Pe — 
vl/D,vl/D, where v and I are, respectively, a typical velocity and length of the system and 
DD the diffusion coefficient of the solutes), Eq. (5.25) sets an upper limit . The smallest 

D* D* 
(X-X(X-X00) ) (5.24) ) 
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FigureFigure 5.2: In the lattice-Boltzmann model, advection causes some spurious diffusion. The 
figurefigure shows the computed effective diffusion D*/D0 as a function of the fluid velocity for the 
steadysteady state described in Sec. 5.2.1. The curves are drawn for different diffusion coefficients 
atat zero velocity: D0 = 0.38 (circles), D0 = 0.57 (squares), D0 = 0.76 (diamonds), and 
DoDo = 1.34 (triangles). In the inset we show that the amount of diffusion induced by the 
flowflow does not depend on the equilibrium coefficient and has, for small velocities, a linear 
velocityvelocity dependence. Symbols are the simulation results and the dashed line corresponds to 
thethe theoretical expression described in the text. 

diffusionn coefficient achievable is given by the spurious diffusion (we put the proper 
diffusionn coefficient to zero). Then, by subst i tut ing the expression for the spurious 
diffusionn into the definition of the Peclet number, we obtain 

Pe Pe vl vl 
D D 

vl vl 2/ / 

22U U 1 1 
(5.26) ) 

Forr reasons of flow stability, the quant i ty 1-v wil l always be of order 1. Therefore the 
maximumm Peclet number achievable wil l be Pe ~ 21. In other words, a tracer wil l be 
ablee to travel a distance twice the obstacle size without feeling any diffusion. 

5.5.22 Electrolyte in a slit 

Next,, we consider a fluid confined between two parallel solid walls at rest, wi th a 
constantt surface charge. The slit has a width L and the surface density charge is fixed 
too p(-L/2) = p{L/2) = a/2. 

Thee space between the two slits is occupied by a solvent and counterions. In order 
too achieve global neutrality, the counterion density is initiall y set to be uniformly 
distr ibuted,, p(x) = -a/L, x e { - L / 2 . L / 2 } . 
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55 Discrete solution of the electrokinetic equations 

Thee actual position of the hydrodynamic and electrostatic solid boundary cannot 
bee resolved within a lattice spacing. In the neutral case, for the viscosity and geometry 
consideredd the wall can be assumed to be halfway between two consecutive lattice 
nodes,, as dictated by the bounce-back rule[8]. We wil l use this position as a reasonable 
approximation.. In fact, the results we describe for a planar slit indicate that for a 
planarr wall the electrostatic position of the wall can be taken as being midway between 
thee boundary nodes. For a non planar interface a separate calibration will be required. 

Equilibriumm distribution of the counterion density 

Inn equilibrium, a uniform charge density on a flat wall wil l induce an inhomogeneous 
equilibriumm density profile of the counterions. For this simple geometry, the charge-
densityy profile of the counterions is known analytically known (at least, at the Poisson-
Boltzmannn level) [22, 49] for an arbitrary surface charge density: 

**>> = ssfe (5-27) 
wheree p0 = K2/27rlBj K is the solution of the transcendental equation, 

KLKL (KL\ , r , rtN 

—— tan f — J = TTIBL<J, (5.28) 

whichh involves the wall charge density. Since we have an exact solution for the full 
Poissonn Boltzmann equation for arbitrary values of the wall charge, this geometry 
iss a good case to analyze the limitations of the model dealing with large charges, 
i.e.,, beyond the linear Poisson-Boltzmann limit . For low surface charge densities, the 
linearr regime is recovered by linearizing Eq.( 5.28), and the parameter K becomes 
KKlinlinLL = \fA-nlB<r-

Inn the opposite limi t of high surface-charge density, K saturates at KsatL = n. 
Wee can then quantify the deviation of the fluid from the linearized regime, where the 
electrostaticc interactions are small, by analyzing the departure of KL from KunL. 

Inn Fig. 5.3.A we show the equilibrium counterions distributions in both limits. In 
ourr simulations we fixed the Bjerrum length to be 0.4, the channel width to 20 lattice 
nodes,, and we have varied the surface-charge density. In the plot we show the profiles 
forr K/Kun = 1.01,1.13, and 2.01, which correspond to a = 0.003125, 0.03125 and 
0.31255 in dimensionless lattice units, respectively. The highest value of K is not far 
fromm the saturation value. The figure shows that, with the present method, we can 
indeedd reproduce the correct counterion distribution, both in the linear and in the non 
linearr regime. In Fig. 5.3.B we compare the density profiles close to the wall in the 
nonn linear regime for two different slit widths. The larger the surface charge the more 
localizedd the charge profile will be. The figure shows that increasing the resolution of 
thee lattice does result in a small but significant improvement in the calculation of the 
chargee distribution. Of course, the discrepancy would be greater for a more localized 
chargee profile. In practice, only the computer resources (memory) will set an upper 
limi tt for the surface charge density that can be modeled reliably with the present 
scheme. . 
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P/P04 4 

FigureFigure 5.3: Equilibrium distribution of the charge density of counterions (no added salt) in 
thethe slit between two charged walls at a distance L. The abscissa measures the distance from 
thethe wall in units of L. The local density is expressed in units of the average charge density in 
thethe bulk: po = a/L. A) charge distributions for three values of the dimensionless parameter 
KLKL (see the text): KL = 0.553 (circles), KL = 1.57 (squares), and KL = 2.77 (diamonds). 
InIn the same figure, we have indicated the corresponding analytical results [Eq.( 5.27)J (dashed 
curves)curves) for a slit of width L = 20 lattice spacings. Circles and squares correspond to the linear 
regimeregime (K/Kun = 1.01 and 1.13, respectively), while diamonds are close to the saturation 
limitlimit  (K/Kun = 2.01,). B) The accuracy of the numerical solution for the charge profile 
cancan be improved by increasing the spatial resolution of the lattice, in this case from L=20 
(diamonds)(diamonds) to L=40 (circles). Again, the analytical result is shown as a dashed curve. The 
curvescurves in B correspond to the result f or a highly charged surface, KL = 2.77 (K/Kun = 2.01,). 

Electro-osmoticc flow 

Havingg verified that the model correctly reproduces the equilibrium behavior, we next 
turnn to the calculation of flow caused by an external electric field. We apply a constant 
externall  electric field that is parallel to the slit, E". This field causes hydrodynamic 
flowflow as it exerts a force on those fluid elements that carry a net charge. If we take y 
ass the component along the walls and refer to a; as the coordinate perpendicular to 
thee walls, then, at the Poisson-Boltzmann level, the exact solution for the fluid flow 
inn the steady state can be writ ten as [49]: 

vJx) vJx) 
eE" eE" 

7]K7]K 2 2 
Pa Pa log g 

cos(Kx) cos(Kx) 

coss W) 
(5.29) ) 
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FigureFigure 5.4-' Electro-osmotic flow profile in a slit of width L = 20 lattice spacings. The surface 
chargecharge density, a = 0.003125 (K/Ku„  = 1.01,), corresponds to the linear regime. The fluid in 
betweenbetween the slit contains only counterions. The electric field is along the y direction. It has 
aa strength of 0.1 in units fcsT/(AZe), where AZ is the lattice spacing and e is the elementary 
charge.charge. The simulation results are compared to the theoretical prediction, Eq. (5.29), shown 
asas a dashed curve. 

wheree n is the shear viscosity of the fluid. In our simulations, we model the constant 
electricc field by taking into account the potential difference that it causes between 
neighboringg lattice nodes [i.e. A$ext(y) = E^Ay}. Figure 5.4 shows the computed 
electro-osmoticc flow profile in a slit confined by hard walls with a charge density 
aa = 0.003125 (in units of the elementary charge per square latt ice uni t ). In the same 
figure,, we also show the analytical solution [Eq. (5.29), with K/Kun = 1.01] that is 
exactt in the Debye-Hiickel limit . Again, there is good agreement between theory and 
simulation.. This suggests that the effect of electrostatic forces on the hydrodynamic 
flowflow is correctly taken into account in the simulations. 

5.5.33 Sedimentation velocity 

I nn the previous sections we have seen that the appropriate equilibrium charge distribu-
tionn is reproduced both in the linear and non linear regimes of the Poisson-Boltzmann 
equation,, and that also a charge distr ibution induces the correct fluid profiles. We 
mustt still show that the opposite coupling works correctly, i.e., we must compute the 
hydrodynamicc drag on a charged object, in the absence of external electrical fields. 

Too this end, we compute the sedimentation velocity of an array of charged spheres 
immersedd in an electrolyte solution. In this case, the velocity of the colloidal particle 
inducess a fluid flow that determines the steady charge distr ibution around the sphere. 

58 8 



5.55 Validation tests 

Thiss charge distribution, in turn, affects the sedimentation velocity of the particle. 
Hence,, all the different couplings between charge, electrostatic potential, and fluid 
flowflow are present. Such a scenario has been analyzed previously with a different model 
[50]]  and analytically at infinite dilution [27]. As a consequence, we can again check 
ourr simulations against known results. 

Thee system that we consider consists of a charged sphere of radius a in a three-
dimensionall  box of size L. Because of periodic boundary conditions, this corresponds 
too a periodic array of spheres with volume fraction <p = (47ra3/L3). In the simulation, 
wee first allow the electrolyte to equilibrate with the particle at rest in the absence 
off  external forces; hence the system develops its equilibrium double layer. Then, we 
applyy the gravity as an external body force applied to the fluid, i.e., we move in the 
systemm of reference of the colloid. In this way we avoid the problem of updating the 
particle'ss position due to its motion [13]. By forcing the colloid to be at rest, we wil l 
nott conserve momentum, but by computing the mean fluid velocity in the steady state 
(whichh is reached on a time scale of order L2p/rj), we can obtain the sedimentation 
velocity. . 

Wee have fixed the Bjerrum length to IB = 0.4 and the radius of the sphere to a = 4.5 
inn lattice units. We performed calculations for two different values of the solvent fluid 
density,, ps = 1, and ps = 20, while the density of the added salt pk was varied between 
1.88 x 10~~2 and 4 x 10~4. As we vary the salt concentration, we also change the 
Debyee length from 3.3 to 21. In order to be sure that the equilibrium properties were 
correct,, we have computed the co- and counterions equilibrium-densities-distributions 
andd found very good agreement with the ones predicted by the Debye-Hiickel theory for 
alll  the Debye lengths considered. In particular, spheres with radius 4.5 lattice units 
aree well described by their approximate lattice representation. Since ps ^> pk, we 
havee performed most calculations using the second version of our simulation scheme, 
ass described at the end of Sec. 5.2.2. However, we also performed some simulations 
usingg the original model (taking the solvent density as the overall density). The only 
differencee that we observe between the two implementations is a small variation in 
thee numerical value of the sedimentation velocity. However, this difference already 
showss up for sedimentation of a neutral sphere. It is due to a small change in the 
fluidfluid  viscosity that is caused by a small difference in the overall fluid density in the 
twoo implementations. The valency of the macro ion was chosen to be Z = 10, which 
correspondss to the small charge limit . Although our computational scheme should also 
workk outside the Debye-Hiickel limit , we restrict ourselves to this regime, because it 
iss only in this limi t that we can compare with existing analytical results. Specifically, 
Boothh predicted that the sedimentation velocity, UQ(Z), of a weakly charged sphere 
off  valency Z in the dilute limi t can be expressed as [27] 

^ - 1 - o Z » ,, (5.30) 

wheree UQ is the sedimentation velocity of a neutral sphere, and c2 is a constant that 
cann be computed analytically in the Debye-Hiickel limit . For the simplified situation 
off  monovalent co- and counterions, z+ — —Z- = 1, which have the same diffusivity, 
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FigureFigure 5.5: Reduced sedimentation velocity of a periodic array of colloids of valency Z = 10 
inin an electrolyte as a function of Ka. The figure shows the results for two different values 
ofof the ionic diffusion coefficients. The curve for DQ = 0.95 (circles) has been rescaled to 
thethe curve for D0 = 0.19 (x) according to Eq. (5.31), i.e., U(D) = UiD^) x (D^/Do). 
TheThe superposition of the two curves shows that the scaling is obeyed. In the inset we also 
showshow the results for a colloid of valency Z = 100. However, in this high-charge regime the 
sedimentationsedimentation velocity does not scale with the diffusion coefficient in the way predicted by the 
linearizedlinearized theory. The dotted lines are a guide to the eye. 

DD++  = D_ = D, the expression for ci simplifies to 

c2 2 

kkBBTlTlB B 

72na72na22riD riD 
f(na) f(na) (5.31) ) 

wheree ƒ («a) is a linear combination of exponential integral functions [50] and is a func
tionn of the inverse Debye length, K = A^1 = ^/inls J2kzkPk- We have checked tha t 
thee sedimentation velocity scales as predicted with the viscosity. We have also verified 
tha tt we are indeed in the linear regime where the sedimentation velocity is propor
tionall to the applied gravitational field. In particular, for the two values of the density 
considered,, ps, the linear regime was obtained for forces per unit of volume such tha t 
thee flow velocity never exceeded 0.1 in lattice units. Figure 5.5 shows the sedimenta
tionn velocity of a weakly charged sphere (Z = 10) as a function of the inverse Debye 
screeningg length. As can be seen from the figure, the sedimentation velocities scales 
withh the ionic diffusivity in the way predicted by Eq.( 5.31). The inset in the same 
figurefigure shows tha t this scaling breaks down at higher colloidal charges ( Z = 100), i.e., 
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FigureFigure 5.6: Sedimentation velocity of a periodic array of spheres of valency Z = 10 and 
hydrodynamichydrodynamic radius a = 4.3. The Bjerrum length IB = 0.4 (in lattice units). The diffusion 
coefficientcoefficient of both positive and negative ions is set to D = 0.19. We compare simulation results 
ff or finite volume fractions, namely 0.0416 (squares), 0.0123 (diamonds), 0.00521 (triangles), 
andand 0.00267 (circles) against the Booth theory, which is valid at infinite dilution (dashed 
curve).curve). For Ka = 0.5 we also show the estimated value of the sedimentation velocity at infinite 
dilutiondilution (see the text). The point corresponds to the extrapolation of the law, Eq. (5.33). 
WithinWithin the estimated error, the extrapolated simulation results agree with the predictions of 
Ref.Ref. [27]. The dotted lines are a guide to the eye. 

outsidee the range of validity of the linearized Poisson-Boltzmann description. Figure 
5.66 shows the reduced sedimentation velocity [U tfi(Z)/Uv(Z = 0)] as a function of Ka 
forr a range of volume fractions. As the volume fraction decreases, the curves approach 
Booth'ss infinite-dilution result, while the minimum sedimentation velocity moves to-
wardd the minimum value predicted by theory. In order to compare quantitatively the 
simulationn results with Booth's theory, Eq. (5.30), we must extrapolate the computed 
valuess for UV(Z)/UV(Z = 0) from the finite <p values of the simulations to the infinite-
dilutionn limit , UQ(Z)/UO(Z = 0). For neutral spheres Hashimoto has shown that that 
thee sedimentation velocity converges very slowly to its infinite-dilution value, namely, 
ass [56] 

UUVV(Z(Z = 0) 

UU00(Z(Z = 0) 
11 -1.7601<pl/3+ <p + 0{ip2). (5.32) ) 

Laddd has numerically verified this dependence [57]. For charged spheres, due to the 
electrostaticc screening, we still expect that the dominant ip dependence comes from 
excludedd volume; previous results indicate that this is indeed the case [50]. When 
performingg the dilute limi t expansion, we therefore decided to single out the major 
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volumee fraction dependence by normalizing the simulation results with the Stokes 
dragg coefficient, i.e., computing the low-density limi t of Utp(Z)/Uo(0). As a result, 
itt is reasonable to obtain the same functional dependence on <p as Hashimoto with a 
slightlyy different amplitude. Specifically, we expect 

^^ = 1 - (1.7601 + e ) ^ 3 + 0 ( ^ 3 ) , (5.33) 

wheree e is much less than one. Eventually, the dilute limi t is obtained by extrapolating 
Eq.(( 5.33) to <p = 0. 

Inn Fig. 5.6 we show the extrapolated sedimentation velocities for a particular value 
off  KU. The estimated error in the limiting sedimentation velocity is rather large. It 
couldd have been reduced by computing more values of the sedimentation velocity at 
loww volumee fractions. In addition, there is some uncertainty in the value of the effective 
spheree radius. In light of these uncertainties, the agreement with the Booth limit in 
Fig.. 5.6 is gratifying. 

5.5.44 Absence of spurious fluxes 

Wee pointed out in Sec. 5.2 that one of the incentives for developing the present model 
wass to eliminate any mixing of continuous-space gradients and discretized gradient 
operators.. The reason is that the inevitable approximations associated with the dis-
cretizationn of gradient operators usually lead to the appearance of spurious mass and 
momentumm fluxes, even in equilibrium. Such spurious fluxes are present, in particular, 
wheneverr there exist spatial inhomogeneities related, for example, to the presence of 
liquidd interfaces. In the present approach, we only use lattice-gradient operators that 
havee been constructed such that, in equilibrium, no flow can result. To demonstrate 
thee effect that this has, we compare the present method with an existing "mixed" 
method.. In particular, we consider a spherical colloid of radius a = 4.5, at rest in an 
electrolytee in a cubic box of diameter L = 20. The valency of the sphere is Z = 10 
andd the system as a whole is electrically neutral. In Fig. 5.7 we show the projection of 
thee momentum flux in the equatorial plane of the sphere and compare these residual 
fluxesfluxes both for the model introduced in this paper and the model of Ref. [50]. Figure 
5.7aa shows that spurious currents, although small, are certainly not negligible in this 
case.. Moreover, their magnitude is clearly correlated with the distance to the col-
loidall  particle: the largest currents appear in the region where the spatial gradients 
aree largest. For highly charged spheres (i.e. outside the linear Debye-Hiickel regime) 
thesee spurious fluxes will become larger. In contrast, in Fig. 5.7b (the present model), 
thee spurious fluxes are at the level of machine precision. In fact, to make them visible 
att all, we had to multiply the momentum fluxes by a factor 1013 relative to the old 
model.. In other words, the residual fluxes are controlled by machine accuracy. Even 
att this level one cannot detect a correlation between the fluxes and the position of 
thee sphere. We can conclude that the proposed model eliminates the appearance of 
spuriouss equilibrium fluxes. 
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FigureFigure 5.7: An Illustration of suppression of spurious boundary currents in the present LB 
model.model. In the figure we compare the apparent currents in equilibrium for two models: figure 
(a)(a) gives the results for the model described in Ref. [50];  (b) shows the results for the present 
model.model. In both cases we consider a colloidal sphere of radius 2.5 in a system with a diameter 
LL = 20 lattice spacings. As there are no external forces acting on the system and the colloid 
isis not moving, the fluid is supposed to be at rest. The figure shows the measured projection 
ofof the momentum flux in the equatorial plane of the colloid. In (a), spurious currents are 
apparentapparent close to the particle surface. The spurious currents in case (b) are much smaller 
thanthan in case (a). In fact, to make them visible at all, they have been scaled up by a factor 
100 with respect to case (a). This is an indication that the spurious currents in case (b) have 
beenbeen suppressed down to machine accuracy. 
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Conclusionss and discussion 

Wee have introduced a new model to simulate the collective dynamics of non ideal fluid 
mixtures,, with a special emphasis on its use to study electrokinetic phenomena. The 
methodd relies on a lattice-Boltzmann model, where the interactions are introduced as 
effectivee forces. In this respect, our model resembles a Vlasov kinetic model, as opposed 
too previous kinetic lattice models. In our approach the fluxes between neighboring 
latticee nodes are the fundamental dynamical objects that couple external fields to 
bothh electrical conduction and hydrodynamic flow. 

Ass a result of the symmetric formulation of the flux between neighboring nodes 
wee can impose strict local mass conservation. As a consequence, the present model 
iss free of spurious boundary fluxes that plague all other lattice-Boltzmann models of 
fluidfluid  mixtures. Moreover, a link-based description has the additional advantage that 
boundaryy conditions are easily implemented. 

Second,, by using a multistep approach, we can vary ionic mobilities over many 
orderss of magnitude. This feature of our model allows us to explore electroviscous 
effectss over a wide range of Peclet numbers. We have shown that flow causes spurious 
advection^Iiffusion.. However, this effect is well understood and can be made negligible 
inn most practical cases. 

Wee have checked the performance of the model by studying equilibrium diffuse 
layers,, showing that it is possible to recover both low- and high-charge density regimes. 
Inn the latter, the only limitation is related to computational resources, because a finer 
gridd is required to resolve the narrower charge profiles that develop nearly highly 
chargedd walls. To test the coupling of electrostatics and fluid flow, we have computed 
thee sedimentation velocity of a charged sphere. These simulations indicate that the 
existingg theoretical predictions are reproduced in the low-charge, low-density limit . 
Ass the charge of the colloid is increased, the simulation results start to deviate from 
thee theoretical predictions that apply in the linearized Poisson-Boltzmann regime. 

Evenn though in the present paper we have focused on electrostatic interactions 
and,, in particular, we have not discussed molecular interactions that favor demixing, 
suchh interactions could also be incorporated in the present model. 
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