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66 Sedimentatio n velocit y of highl y 
charge dd sphere s 

Abstrac t t 

Inn this Chapter, I discuss the sedimentation velocity of a highly charged spherical 
colloidd in an electrolyte. First, I briefly discuss "charge localization" for highly charged 
colloids.. Second, I show the consequences of this localization on the co- and counterions 
equilibriumm charge distributions. I then discuss the reduction in sedimentation velocity 
off  a highly charged sphere. As the surface charge a is increased, we observe a cross-
overr from a region where the variation in sedimentation velocity is quadratic in er, 
ass predicted in the Debye-Hückel limit , to a region where the dependence upon the 
surfacee charge is either linear or logarithmic. We argue that this switch to a quasi 
linearr reduction in the sedimentation velocity is related with the increasing localization 
off  the charge distributions. We find that the use of the effective surface charge in the 
interpretationn of the sedimentation velocity of highly charged spheres, improves only 
marginallyy the range of applicability of the non-equilibrium theories based on the 
Debye-Hückell  limit . 

6.11 Introductio n 

InIn this chapter, I exploit the method introduced in Chapter 5 to study the effect of the 
chargee on the sedimentation velocity of a highly charged macroparticle, immersed in 
ann electrolyte. For electrolytic solutions, I already presented the governing equations 
inn Section 3.3. In principle, one could use these equations to compute the distribution 
off  microions near a macroscopic particle. Although solutions are only available in the 
Debye-Hückell  regime, which is valid if the electrostatic potential $ is everywhere small 
(i.e.. e$ < ksT). However, even for highly charged particles, there wil l always be a 
regionn where the Debye-Hückel theory is accurate because the electrolyte screens the 
charge.. This region has been used by several authors [58, 59, 60] to extrapolate to the 
valuee of the electrostatic potential at contact. For highly charged spheres (see, e.g. 
[61,, 62]) there is an effective accumulation of the counterions near the charged particle. 
Thiss effect is distinct to Manning condensation [63, 64] which is the phenomenon of 
chargee condensation near charged cylinders. Yet, some of the consequences are similar. 

Thiss localized layer is also distinct from the Stern layer. The latter has spatial 
extensionn of the order of the radii of the microions and cannot therefore be described 
inn terms of a Boltzmann equilibrium, where the particles are taken to be point like. 
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66 Sedimentation velocity of highly charged spheres 

Thee localization mechanism, which we discuss here, is entirely described in terms of 
thee Poisson-Boltzmann formalism. 

6.22 Charg e localizatio n for non rod-lik e particle s 

Lett us recall the relevant equations. To simplify the notation we use the dimension-
lesss electrostatic potential U = {e/kBT)$, and the Bjerrum length lB = e/4-KekBT, 
wheree e is the dielectric constant of the medium. The equilibrium concentration for 
monovalentt co- and counterions in the presence of an electric field is approximated by 
thee Boltzmann equilibrium [cf. Eq. (3)] 

n r)) = eTU{r)^ ( 6 1) 

n0 0 

whilee the electrostatic potential is computed by solving the complete Poisson-Boltz-
mannn equation (PB) 

VV22U(r)U(r)  = A7vlBnQ [eu  ̂ - e " ^ ] . (6.2) 

Inn the Debye-Hückel theory, the electrostatic potential is supposed small (U <C 1), 
andd the exponential in Eq. (6.2) can be approximated as 

e )) „ i (6.3) 

whichh leads to the linearized Poisson-Boltzmann equation (LPB) 

V2C/(r)) = S7rlBn0U{r).  (6.4) 

Equationn (6.4) has the solution for a the potential near a flat, charged surface 
JJ(z)JJ(z) = Uoexv(-V87rlBn0z). For a sphere U(r) = U0{a/a + r)exp(-y/8TrlBn0r)/r 
(wheree U0 is the electrostatic potential at contact and r is measured from the sphere 
surface).. The approximation (6.3) has the consequence that the co- and counterions 
densityy distributions, are not given by the full PB solutions 

n B ( r )) = eTt / ( r ) ) (6.5) 
n0 0 

butt by 

 = i T U(r). (6.6) 
n0 0 

Forr small U(r) the two equations are equivalent, but in the presence of an highly 
chargedd macroscopic object, the two expressions predict drastically different equilib-
riumm distributions when \U\ > 1. Nonetheless, due to the screening of the charge, it 
iss still true that, at large enough distances (in practice when, again, \U\ < 1), the 
linearizedd Poisson-Boltzmann equation is a good approximation, and the two solutions 
(6.5)) and (6.6) are indistinguishable. Thus, we can define a distance r0 such that for 
anyy r > r0, n^.PB ~ nJB . The region of charge accumulation is naturally defined as 
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6.26.2 Charge localization for non rod-like particles 

n,/n n 

FigureFigure 6.1: Computed nPB(r)/no (symbols) and approximate PB(r)/no = 1 =F UPB (con-
tinuumtinuum lines) for a surface charge 0.005 (circles), 0.015 (squares), and 0.025 (diamonds). 
DistanceDistance are measured from the surface of the sphere. 

thee region r < r^. If, on the other hand, ro = 0 —in other words, if the LPB gives 
accuratee results in the whole space—there are no localized counterions. 

Althoughh the equilibrium distributions of co- and counterions have been known for 
centuries,, we show the result of a computer simulation for an array of spheres with a 
twofoldd purpose. On the one hand, we use them to illustrate the difference between 
thee full and the linearized Poisson-Boltzmann equations. On the other hand, we wil l 
usee these equilibrium properties as an explanation for the non equilibrium dependence 
off  the sedimentation velocity upon the surface charge. The details of the simulation 
methodd are presented in Chapter 5. The array is made of spheres of radius a = 4 at 
thee volume fraction 1.2 x 10~3, with Bjerrum length IB = 0.4, na = 1, and (for future 
reference)) the diffusivity of the ions making the 1-1 electrolyte is D = 0.038. 

Wee directly computed the nP B, while we the nL PB are obtain from Eq. (6.6). Be-
causee for the potential U(r) we substituted the numerical solution of the non-linear 
PB,, in fact, our n]^B is only an approximate solution of the LPB. Strictly speaking the 
electrostaticc potential should be consistently computed from the LPB. However, this 
doess not constitutes a serious approximation in that, although nL PB and nPB are very 
different,, because of the exponential present in Eq. (6.5), the electrostatic potential 
$L P B ,, solution of the LPB, will not differ too much from the $P B, solution of the full 
PB.. In Figure 6.1 we show the co- and counterions equilibrium distribution functions 
forr a weakly charged spheres with increasing surface charge (the symbols represents 
thee nP B, while the continuous lines the nL P B) . For the smallest value of the surface 
chargee (a = 0.05), the two curves are indistinguishable, which shows that the LPB 
gives,, in this limit , a very accurate representation of the full PB. When the surface 
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66 Sedimentation velocity of highly charged spheres 

nVn, , 

FigureFigure 6.2: B(r)/n0 for a moderately charged sphere of surface charge 0.12 (spheres), 0.25 
(squares),(squares), and 0.37 (diamonds). The dotted lines are a guide to the eye. 

chargee is small, a minor modifications of the uniformly distributed distribution density 
iss sufficient to screen the colloid charge and both co- and counterions participate, with 
aa comparable quantitative role, in the screening. It is important to remember that 
thee equilibrium distribution function of the counterions (coions) is given by the com-
petitionn between the electrostatic attraction (repulsion) and the entropy, the latter of 
whichh favors an homogeneous distribution of the densities (see also Chapter 3). 

Whenn the surface charge increases, the combined effect of electrostatics and entropy 
becomess visible through an asymmetric equilibrium distributions of the microions. On 
average,, the counterions, being closer to the sphere, will  feel a higher electric field. 
Thiss effect starts to manifest itself at the larger value of surface charge in Figure 6.1 
andd it is definitely visible in Figure 6.2. In this figure, we can see the asymmetric 
distributionn of the co- and counterions due to the competition between entropy and 
Coulombb interaction. Such an asymmetric distribution, will  never be present in the 
linearizedd Poisson-Boltzmann equation because of Eq. (6.6). 

Iff  we keep increasing the surface charge (Figure 6.3), we can observe (see also the 
inset)) that the coion density hardly changes with increasing surface charge, because 
mostt of the extra charge is already screened by the counterions near the sphere. The 
concentrationss of counterions, on the contrary, keeps increasing with increasing sur-
facee charge, but only near the surface. It is as if all the extra counterions, needed to 
maintainn charge neutrality, are localized near the surface. 

Inn this last scenario, it is apparent that the result for nL PB and nPB are drasti-
callyy different. This is shown in Figure 6.4a, where the continuous curve represents 
11  UPB(r). Near the surface, the LPB even predict an (unphysical) negative number 
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6.26.2 Charge localization for non rod-like particles 
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FigureFigure 6.3: B(r) /no for a highly charged sphere of surface charge 0.48 (spheres), 0.75 
(squares),(squares), and 0.99 (diamonds). In the inset we show the coion density near the surface of 
thethe sphere. The dotted lines are a guide to the eye. 

n./n, , 

n /n00 i 

FigureFigure 6.4: Computed nPB(r)/n0 (symbols with dotted lines as a guide to the eye) and ap-
proximateproximate P B(r) /no = 1 T UPB (continuum lines) for a charged sphere of surf ace charge 
0.488 (circles), 0.75 (squares), and 0.99 (diamonds). We show in detail the region where the 
approximateapproximate and exact equilibrium distribution densities disagree (a) and the one where they 
agreeagree (b). Distances are measured from the surface of the sphere. 
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66 Sedimentation velocity of highly charged spheres 

densityy of coions. Nevertheless, even in this limiting scenario, there exists a distance 
beyondd which the LPB approximation gives a good estimate for the charge distribu-
tionss (Fig. 6.4b). 

6.33 Sedimentatio n velocit y 

Inn the present section we consider how the sedimentation velocity depends on the 
surfacee charge <r; with special attention to high surface charges. Let us begin by 
recallingg the sedimentation theory given in Chapter 3. Booth [27] predicts that the 
sedimentationn velocity V{Z) of a weakly charged sphere of valency Z can be expressed 
as s 

V(Z) V(Z) 
V{0) V{0) 

==  1 - c2(«a)Z2, (6.7) 

^^  = £SïDf(Ka)' ^ 
wheree V(0) is the sedimentation velocity of a neutral sphere, c2 is computed in the 
Debye-Hückell  limi t for the simplified situation of a symmetric 1-1 electrolyte, and 
ƒƒ (/ta) was explicitly given in Section 3.2.2. K is the inverse Debye length, K = A^ = 
yJknlByJknlB Yl>k zlnk ^ d we make use of the dimensionless length na. We fix  KO, = 1 (the 
valuee around which the effects of electrohydrodynamics is the largest) and study the 
surfacee charge dependence of 

TT^^ slsl-rm-rm=J=J^-^-  (a9) 

Inn Equation (6.9) A = c2(l)(47ra2)2, while a = Z/(4ira2) is the surface-charge den-
sityy of the sphere. In Figure 6.5 we show the computed cr-dependence of T(a). 
Forr weakly charged colloid, the prediction of the Booth theory [Eq. (6.9)] is qualita-
tivelyy confirmed, as shown in the inset of the graph. However, a completely different 
surface-chargee dependence is present for highly charged spheres. Specifically, we ob-
servee a cross-over region (from values of the surface charge ranging from a ~ 0.1 to 
aa ~ 0.4) followed by a region where the increase in Ï is approximately linear with a. 
Although,, to our knowledge, this behavior is not well understood in general, Ohshima 
etet al. [65] give an analytic formula valid in the limit na —> oo where they predict a 
constantt value for an infinitely charged sphere. 

Forr surface charges of the order of 0.1 there is no symmetry between the co- and 
counterionss densities. It seems likely that the observed behavior of T(cr) reflects the 
behaviorr of the microion densities. 

Wee can make a 1-1 correspondence with the three regimes already identified. In 
thee low charge limit , where the theory predicts the observed a2 dependence, both equi-
libriumm co- and counterions distributions are equally modified by the Coulomb force 
duee to the charged sphere. In the cross-over region (between a ~ 0.1 and a ~ 0.4), 
thee equilibrium charge distributions corresponding to the one of Figure 6.2, where 
thee coion equilibrium distributions changes only slightly upon increasing the surface 
charge.. Finally, upon further increasing the surface charge, we enter the region of 
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6.36.3 Sedimentation velocity 

06 6 

0.5 5 

0.4 4 

Y(o) ) 

0.3 3 

0.2 2 

0.1 1 

a a 

FigureFigure 6.5: T(cr) (symbols) as function of the surface charge a, for K,a = 1. The dotted line 
isis a guide to the eye. In the inset we show T(cr) for low value of a versus a2; the inset show 
thatthat the quadratic dependence, predicted by the Booth theory, is obtained. In the inset the 
dasheddashed line is a linear fit of the simulation results for a2 < 0.001. The region between a ~ 0.1 
andand a ~ 0.4 is a cross-over region between the quadratic dependence of T with o~ and a more 
linearlinear one. 

chargee "localization", where the coion equilibrium distributions hardly change upon 
incrementingg the surface charge (see the inset of Figure 6.3). This suggest tha t, for 
largee a, only the counterion contributes to a further slowing down of the sedimentation 
velocity. . 

Too test this idea, we repeated the simulation for a system with no-added salt. In 
Figuree 6.6 we compare T(cr) for a system with and without added salt. The figure 
shows,, that for surface charge larger than a > 0.5 both curves have an approximately 
linearr profile, although with a slightly different slope: ~ 0.2 for the added salt curve 
andd ~ 0.25 for the no-salt curve. We should not expect quanti tat ive agreement be-
cause,, in the added salt case, the flow is, of course, also influenced by the coions. 

Although,, for the salt and the no-salt systems, we observed a similar dependence 
off  T (u) on a for high surface charge, at small a this is no longer t rue as shown in 
Fig.. 6.7. In the inset, we show the exponent a, defined as the derivative of the log-log 
plott of T(cr), of the region close to o ~ 0. The inset shows that while the added-salt 
systemm has a quadratic dependence upon the surface charge, the no-salt one appears 
too have a dependence that is close to cubic. 

Anotherr strong indication that only the counterions are responsible for the reduc-
tionn in the sedimentation velocity in the high surface regime comes from an experi-
mentall  paper by Schumacher and Van de Ven [66]. These authors performed a series 
off  sedimentation experiments for different types of salt, and showed that, for highly 
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66 Sedimentation velocity of highly charged spheres 

Y(c)) 0.4 

FigureFigure 6.6: T(cr) as function of the surface charge a, for Ka = 1 for a system with added salt 
(circles)(circles) and for a no-added salt one (squares). The dotted lines are guide to the eye. 
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FigureFigure 6.7: Comparison of the low-surface-charge dependence of T(er) for a added- (sphere) 
andand a non-added salt (squares) system, for Ka = 1. Lines are guide to the eye. The two 
systemsystem shows a different low-surface-charge dependence. In the inset we show the exponent of 
aa supposed algebraic decay; the added salt system (sphere) shows the a2 dependence upon the 
surfacesurface charge predicted by the Booth theory, while the no-salt system shows a a dependence 
closercloser to cubic. 
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6.46.4 Effective surface charge 

chargedd colloidal spheres, the reduction in the sedimentation velocity does not depend 
onn the properties (the diffusivity) of the coions. 

6.44 Effectiv e surfac e charg e 

Inn the previous section, I discussed the surface charge dependence of the sedimentation 
velocityy of a sphere. However, sedimentation experiments are usually interpreted in 
termss of the Booth theory. Often, however, the surface charge of the experimental 
colloidss is too high for the Booth/Ohshima theory to hold. In the absence of alterna-
tives,, the linear theory is still used. To fit experiments, one must assign an effective 
chargee to the colloids. However many papers are skeptical about the usefulness of the 
conceptt of effective surface charge [24]. The standard procedure to define an effective 
surfacee charge is to use the relation between surface charge and electrostatic potential 
att contact U0 (often referred to as the £ potential) which is valid in the Debye-Hückel 
theoryy [31], i.e. 

e^e  ̂ = ^D ( 6 1 0) 

kkBBTT ekBT K 

wheree * o and a are the dimensional electrostatic potential at contact and surface 
charge,, respectively. Equation (6.10) is conveniently expressed by means of dimen-
sionlesss quantities as 

UU00 = C = 4TT/SADCT. (6.11) 

Inn the high charge regime, however, this relation does not hold. Due to the presence of 
thee condensed region of counterions, in fact, the ( potential is smaller than the value 
givenn by the Eq. (6.11) [67]. One can the define an effective surface charge a* such 
that t 

aa = ATTIB^D ATTIB^D 
(6.12) ) 

Too obtain the £ potential, from the region where the LPB is a good approximation 
off  the full PB, one extrapolates the electrostatic potential at contact, assuming that 
itt retains the functional dependence predicted by the LPB (for spheres, the Yukawa 
potential).. This would be meaningful if the sedimentation velocity would retain the 
chargee dependence predicted by Booth and Ohshima [Eq. (6.7)] with respect to this 
effectivee surface charge. If a saturation value for the surface charge is reached, then 
thee same would hold for the sedimentation velocity. In the following, we show that 
thiss expectation is, in fact, not supported by our numerical solution of the non-linear 
equations. . 

Figuress 6.8, 6.9, and 6.10, show [/(r)/47r/jBAD—which for r = 0 is the surface 
chargee of the sphere [see Eq.(6.11)]—for increasing values of a in the low, medium 
andd high charge regimes, respectively. We observe that as Eq. (6.11) holds for weakly 
chargedd colloids, but this is no longer true for medium and highly charged colloids. 
Inn the same figures, we show the extrapolated values of the electrostatic potential, 
assumingg that the Yukawa potential is valid everywhere. In other words, we fit the 
exactt electrostatic potential where $ « 1 extrapolating to r = 0 with 

U(r)U(r)  = U0-^-e-*r, (6.13) 
aa + r 
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66 Sedimentation velocity of highly charged spheres 

FigureFigure 6.8: Effective surface charge for a weakly charged colloid. We plot U{r)/4nlB\D 
(such(such that U(Q)/4TTIB\D = C,/ATTIB\D = o* ) for nominal surface charges equals to a = 
0.0055 (spheres), a = 0.015 (squares), and a = 0.025 (diamonds). The symbols represent 
thethe computed electrostatic potential, while the continuous lines represents the extrapolation 
toto contact of LPB (for this particular values of a LPB holds everywhere). The plus symbols 
showshow the actual value of the surface charges. 

where,, again, the distance is measured from the surface of the sphere. The only ad-
justablee parameter in this extrapolat ion procedure is U0. I t is, at first sight, very-
surprisingg that this approximate expression for the electrostatic potential is accurate 
evenn in the vicinity of the spheres, as one can see by comparing the continuous lines 
wit hh the points. On the other hand, the fact that the expression relating £ and a 
iss not accurate should not surprise the reader, because Eq. (6.11) assumes a weakly 
chargedd colloid, with littl e or no influence of the microions. 

Too test whether this renormalization of the surface charge leads to good agree-
mentt between the computed sedimentation velocities and the theory of Booth, we plot 
V(Z)/V(Q)V(Z)/V(Q) versus a*. In Figure 6.11 we show the Booth prediction versus the surface 
charge.. The three different curves represent three different ways of computing the 
surfacee charge. The spheres symbols is a repetit ion of the curve in Figure 6.5, where 
inn the abscissa we plot the actual surface charge. Then, there are two ways of defining 
ann effective surface charge by means of Eq. (6.12). The first, by using the computed 
electrostaticc potential given by the full PB (filled diamonds symbols in the figure); 
thee second, by using the approximate electrostatic potential given by the extrapo-
lationn from the solution of the LPB (open square symbols in the figure). Although 
thee curves with the effective surface charge are somewhat closer to the Booth theory 
prediction,, they still do not show a a2 dependence. Because we can compute all the 
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6.46.4 Effective surface charge 

FigureFigure 6.9: Same as Fig. 6.8 for surface charges a = 0.12 (spheres), a = 0.25 (squares), and 
aa = 0.37 (diamonds). 

FigureFigure 6.10: Same as Fig. 6.8 for high surface charge: a = 0.48 (spheres), a = 0.75 (squares), 
andand a = 0.99 (diamonds). 

75 5 



66 Sedimentation velocity of highly charged spheres 

Y(o) ) 

0.6 6 

0.5 5 

0.4 4 

0.3 3 

0.2 2 

0.1 1 

01 1 

--
--

/ / 

—— ƒ 

/ / 
;;  / 

// " 

i i 

./ / 

-- a 
ë ë 

-- if 

ff , 

'' 1 
/ / 
/ / / / 

1 1 
0.2 2 

» » 

" " 

i i 
0.4 4 

1 1 
0.6 6 

11 1 

--

0.8 8 

— — 

--

--

_ _ 

--

--

1 1 

FigureFigure 6.11: T(er) versus a as predicted by Booth (dashed curve), and the computed T(<r) 
versusversus (1) the imposed surface charge (circles), and versus the surface potential computed by 
meansmeans of Eq. (6.12) where the ( potential is (2) computed from the non-linear PB (diamonds) 
oror (3) extrapolated by assuming a Yukawa-like form (squares). We observe that although the 
surfacesurface charge renormalization improves the agreement of the Booth theory with the computed 
sedimentationsedimentation velocity, the disagreement is still substantial. The lines joining the simulation 
pointspoints are guide to the eye. 

relevantt quantit ies, we can pinpoint the origin of this mismatch. While the electro-
stat icc potential approximation is quite accurate, the approximated expression for the 
microionn distr ibutions, which is implicit in the use of the linear Poisson-Boltzmann 
equation,, breaks down. 

Althoughh not self consistent, a better est imate for the sedimentation velocity could 
bee obtained by making use of the approximate electrostatic potential of the Debye-
Hiickell  theory, while using the full Poisson-Boltzmann distributions to compute the 
microionn distributions. In more formal terms, instead of using 

, LPB B ( r )=n 0[ l -T t / L P B ( r ) ] ] 

ass an approximation for 

Wee propose to use 

, PB B (r)) = n 0 e ^ P B M 

= T C /L P B ( r ) ) 

(6.14) ) 

(6.15) ) 

(6.16) ) 

Ass we argued that the the co- and counterions cloud at the equilibrium determine the 
sedimentat ionn velocity of the macroparticle, we define a phenomenological procedure to 
computee an effective charge compatible with this idea. From our computer simulations, 
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FigureFigure 6.12: T(CT) versus a as predicted by Booth (dashed curve), and the computed T(<r) ver-
sussus a computed by means of the phenomenological procedure described in the text (triangles). 
ItIt  is also redrawn T(u) corresponding to the type (3) in Fig. 6.11 (squares). 

wee obtain the values for B and of UPB. Then we compute the linearized microion 
distributionss by means of Eq. (6.6) (nïjlPB(r) = n0 [1 T U(r)]).  We can now re-compute 
thee electrostatic potent ial by substitut ing nL P B wi th nP B . In other words, we compute 
zpJJ*(r)zpJJ*(r) = ln[n^'B(r)/n0}. Note that U*(r)  is just a convenient (yet arbitrary) way of 
definingg an effective electrostatic potential. Finally, we define ( = U* (0) and obtain a 
renormalizedd surface charge using Eq. (6.12). We show the result for the sedimentation 
velocityy in Figure 6.12. Clearly this method, although it gives a better estimate of the 
sedimentationn velocity has no solid foundation. A proper analysis would require the 
repetit ionn of the original Booth (or Ohshima) t reatment by using the substitut ions 
whichh we are proposing. 
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