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77 Sedimentatio n velocit y of charge d 
disk s s 

Abstrac t t 

Inn this chapter, I present simulation results for the sedimentation velocity of charged 
disks.. We explicitly took into account the hydrodynamic and electrostatic interactions 
andd the deviation from the equilibrium position of the double layer. 

Inn order to analyze the effect of the shape of the disk, the results are compared with 
thosee for a sphere with equal surface and charge. The results show that the reduction 
inn the sedimentation velocity for disk-like macro particles has a different dependence 
onn K,a than spheres. An analysis of the behavior of highly charged disks (beyond the 
scopee of the linearized Poisson Boltzmann equation) shows that the charge dependence 
off  the sedimentation velocity of disks is similar to that of spheres. Our results suggest 
thatt the disks become hydrodynamically more symmetric at high charge. 

7.11 Introductio n 

Inn this chapter I present calculations on the electrokinetics of charged disks. Such sys-
temss are of both theoretical and experimental interest. Because disks are not spheri-
callyy symmetric, they provide an ideal model system to study the effect of the shape 
onn the coupling between electrostatic and hydrodynamic response of a macroscopic 
particle.. In fact, several theoretical studies suggest that there may be non-trivial cou-
plingg effects due to shape asymmetries [68, 69]. 

Fromm a practical viewpoint, there are several charged disk-like and rod-like mo-
leculess that are biologically relevant. The most important of these is DNA. In the 
literaturee (see, for example, [70]), the hydrodynamic properties of hard rods and hard 
diskss are claimed to be relevant for unerstanding the electrophoretic mobility of, for 
example,, DNA. However, Ref. [70] concerns with purely neutral particles, and hence 
doess not take the coupling between hydrodynamics and electrostatics into account. 
Sincee DNA is highly charged under physiological conditions, a systematic study of 
thee electrohydrodynamic properties of highly charged particles is relevant for a better 
understandingg of the motion of charged polyelectrolytes. 

Manyy natural and synthetic clays (e.g. laponite) constitute another class of real 
systemss that can be modeled as charged disks. 

Withh our simulation method, we were able to study the dynamics of charged par-
ticless with arbitrary shapes in electrolytes at the Poisson-Boltzmann level, thus ne-
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77 Sedimentation velocity of charged disks 

glectingg charge correlation effects. For many systems this is not a serious limitation, 
inn particular if the electrolyte contains no polyvalent ions. 

7.22 Electrokineti c mode l 

Wee wil l analyze a simple geometry in which one disk-like colloidal particle of radius 
aa and height h sediments due to the action of a uniform external field. The disk has 
ann overall charge Q = Ze, where Z is its valency and e is the elementary unit of 
charge,, a radius a and aspect ratio p = 2a/h. The disk is assumed to be suspended 
inn a symmetric electrolyte. For the sake of simplicity, we assumed that both co- and 
counterionss have the same mobility and valency. The fluid mixture is characterized 
locallyy by density of the solvent ps and by the densities of the electrolyte microions 

 The latter determine also the local fluid charge, q(r) = ze[p+(r) — p~(r)]. We will 
restrictt ourselves to monovalent electrolytes, where z = 1. 

Thee dynamics of the overall system is governed by the electrokinetic equations, 
whichh specify how fluid momentum is accelerated due to local charge accumulation, 
whilee local fluid velocity in turn affects the convection of electrolyte densities. We 
rewritee these equations from Section 3.3 as 

-Q--Q-ttPkPk = - V - j f c * = + , - (7.1) 

J^(pv)) = ^v2(pv)-Vp+^V<ï>. (7.2) 

jfcc = -Pfcv + Dk [VPk + zkPkV$] (7.3) 

wheree Dk stands for the diffusivity of each electrolyte. In the case of symmetric 
electrolytess all Dk are the same. $ = $/(e/3) stands for a dimensionless electrostatic 
potential.. $ satisfies the Poisson equation 

V 2 $$ = - 4 T T / J y ^^ zkpk+pv (7.4) ) 

wheree Is = /3e2/(47re) is the Bjerrum length (with e = eocr denoting the medium di-
electricc constant), while pw refers to the charge density due to embedded solid objects, 
eitherr colloids of solid walls. 

Equationn (7.1) is simply a conservation law and (7.3) is the constitutive equation. 
Togetherr with the incompressibility condition V  v = 0, Eq. (7.2) corresponds to 
thee Navier-Stokes equations for an incompressible, isothermal electrolyte at vanishing 
Reynoldss number. r\ is the shear viscosity. In the presence of a gravitational field, 
thee corresponding force must be added to the right-hand side of Eq. (7.1). 

7.2.11 Simulatio n metho d 

Ass a simulation method, we employed the lattice-Boltzmann method described in 
Chapterr 5. 

Wee took the lattice spacing as the unit of length, and the time step as the unit of 
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7.37.3 Sedimentation of neutral disks 

time.. We fixed the kinematic viscosity to v = 1/6 to render the simulation algorithm 
simplerr [8]. The solvent density is taken as unity, ps = 1, the (gravitational) body force 
wass fixed to be 10~6 (in the usual lattice units), which is well inside the linear response 
regimee and generates fluid velocities of the order of 10~8. The electrolyte diffusivity is 
sett to D = 0.19. Spurious diffusion due to advection is negligible (see Chapter 5). The 
valuess of the diffusivity and of the flow velocity result in Péclet numbers smaller than 
10- 1.. For these low Péclet numbers we do not expect to observe a large distortion of 
thee electric diffuse layer. In the simulations described in subsequent sections we vary 
thee salt density in the range between 7 x 10- 4 and 5 x 10~3 as a way to control the 
diffusee layer width. 

7.33 Sedimentatio n of neutra l disk s 

Beforee assessing the role of electrostatics on the sedimentation of non-spherical par-
ticles,, we need to analyze the sedimentation of hard disks within lattice Boltzmann 
since,, contrary to the case of spheres, there are no analytic expressions for the sedi-
mentationn velocity of an isolated hard disk with finite aspect ratio. In order to validate 
ourr computer simulations, we then used analytical theories available for the sedimen-
tationn velocity of infinitesimally thin disks [71, 72], 

Wee simulated disks with two different nominal aspect ratios p = 10 and p = 5, 
correspondingg to disks of lateral dimension h = 2, and radii a = 10 and 5, respec-
tively.. However, because the solid particle is identified as the midpoint between the 
linkss joining fluid and solid nodes, the hydrodynamic shape of the object may differ 
slightlyy from the nominal one. We need, hence, to calibrate the shapes of the disks to 
avoidd spurious lattice artifacts entering the subsequent numerical analysis. An unam-
biguouss way to determine these effective sizes (the hydrodynamic radius and height), 
iss to measure the friction coefficients of the particles and then use known formulae 
thatt relate the friction coefficients to the particles' sizes. In addition, a second com-
plicationn arises in computer simulations. Since we use periodic boundary conditions, 
wee measure in practice the friction coefficient of a regular array of particles at volume 
fractionn tp = 7ra2h/Ls, where L is the simulation box lateral size. Hence, one needs 
too generate a series of simulations with increasing box size in order to extrapolate the 
infinitelyy diluted friction coefficients for a neutral disk. An analogous procedure will 
bee needed to study the sedimentation velocity of a charged disk in the dilute limit . 

7.3.11 Frictio n coefficient s 

Too compute the sedimentation velocity of the disk, we placed it on the lattice and 
performedd the simulations in the frame of reference centered on the disk. We then 
appliedd a body force to the fluid equal and opposite to the gravitational force acting 
ontoo the disk and measured the total fluid velocity at the steady state vp. Because this 
velocityy is equal and opposite to the sedimentation velocity of the particle Ud = —VF, 
wee can relate the sedimentation velocity to the friction coefficient via the formula t/d = 
FFgg/£,/£, where Ud is the sedimentation velocity of the disk, £ is the friction coefficient, 
andd Fg is the gravitational force. As the disk is not spherically symmetric, we studied 
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FigureFigure 7.1: Edgeside (circles) and broadside (squares) friction coefficients for a sedimenting 
neutralneutral disk of aspect ratio p = 5 as function of the array's volume fraction. The friction 
coefficientscoefficients are normalized by the friction coefficient of a sphere with radius R = a of the 
cylinder,cylinder, i.e. £o = 6irrjR. The dashed lines are linear fits. 

thee friction coefficients along the two principal axes, respectively the edgewise and 
broadsidee friction coefficients. 

Hashimotoo [56] has shown that the friction coefficient of an array of hard spheres 
scaless as (£ /£o )- 1 = 1 —1.76^^+(f+0((p2), indicating that, to lowest order in volume 
fraction,, the decrease in velocity is controlled by the number density of the particle 
array.. Hence, we expect the same functional dependence to hold for neutral disks. 
Ass can be seen from Fig. 7.1, the simulations do indeed suggest a i/?1/3 dependence 
off  the friction coefficient. Then we used this functional dependence to extrapolate 
too infinit e dilution. In Figure 7.1 we show the edgeside and broadside friction 
coefficientss for the neutral disk with p = 5 at various volume fractions, normalized 
byy the Stokes friction coefficient of a sphere with the same area, i.e. by £4 = QTHTJR, 
RR = y/a(a + h)/2. From this plot we derived the friction coefficients £edge and Abroad 
forr an isolated disk. I t is known that the friction coefficient of an infinitely thin 
disk,, which corresponds to the limi t p —> 00, becomes identical to that of an oblate 
spheroidd with the same aspect rat io between its main axis [72]. There exists numerical 
evidencee indicating that for a (finite) not too small value of p, the friction coefficient 
off  a disk does not deviate much from that of an oblate ellipsoid at intermediate and 
largee aspect ratios, and numerical simulations results have been published for the 
analogouss problem of disk diffusion [70]. Hence, we can use those estimates to assess 
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7.47.4 Sedimentation velocities of charged disks: effect of charge 

€A€A = önrjR 

scdge/sA A 

Sbroad1sA A 

sedge/sbroad sedge/sbroad 

p=5 5 
Simulation n 

0.91 1 
1.1 1 

0.83 3 

Oblatee spheroid 
0.9 9 
1.06 6 
0.84 4 

p=10 0 
Simulation n 

0.93 3 
1.19 9 
0.78 8 

Oblatee spheroid 
0.85 5 
1.11 1 
0.77 7 

TableTable 1.1: Friction coefficients of an isolated disk in edgeside and in broadside motion nor-
malizedmalized by the Stokes friction coefficient £A = GTTTJÜ of a sphere with equal surface area, i.e. 
withwith radius R = ^/a{a + h)/2 (a it the radius of the cylinder). We compare the computed 
valuevalue of the friction coefficients with approximate theoretical values for an oblate spheroid 
withwith the two axis equal to the disk radius and to the disk height. We studied two disks with 
aspectaspect ratios p — 5 and p = 10, respectively. 

thee hydrodynamic shape of the neutral disks. 
Wee summarize the results for the normalized friction coefficients for disks of two 

aspectt ratios in Table 7.1. For the disk with p = 5, we conclude that, to a good 
approximation,, the hydrodynamic radius and height correspond to the nominal ones. 
Thee numerical values obtained for the larger disk (p = 10) are less satisfactory than for 
thee shorter one. This may seem surprising, since for a larger object the disagreement 
betweenn the nominal and hydrodynamic size is expected to decrease. However, the 
ratioo between the perpendicular and parallel frictions £edge /Abroad do agree with the 
valuee estimated on the basis of the nominal size, suggesting that the deviations come 
mostlyy from uncertainties related to finite volume fraction. Hence, we conclude that, 
alsoo for this shape, the disagreement between the two sizes is negligible, and ascribe 
thee deviations to interactions with the periodic images. Such interactions are larger 
forr the more asymmetric disk (especially for broadside sedimentation), taking into 
accountt that for the two disks the simulations have been run at equal volume, rather 
thann at comparable volume fractions. 

7.44 Sedimentatio n velocitie s of charge d disks : effec t of 
charg e e 

Beforee discussing the computed sedimentation velocities of charged disks, I briefly 
recalll  the sedimentation velocity theory for weakly charged spheres presented in Sec-
tionn 3.2.2. Booth [27](and Ohshima et al. [28]) predict that the sedimentation velocity 
off  an isolated sphere US(Z) is a quadratic function of the sphere charge which can be 
expressedd as 

gg-!-*(«*)* ,, (7.5) 
wheree Us(0) is the sedimentation velocity of a hard sphere in the dilute limit , and the 
pre-factorr C2, for a symmetric 1-1 electrolyte is, in the Debye-Hiickel theory, 

C 2 M )) = 7 2 ^ V > / ( ^ (7.6) ) 
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77 Sedimentation velocity of charged disks 

RR is the radius of the sphere and n = \/ATTIB Ylkz'kPk 1S t n e i n v e r se Debye length which 
characterizess the size of the electrical double layer. The function f(K,R) is presented 
inn Section 3.2.2. 

Wee expect that the dependence on colloidal charge given by Eq. (7.5) wil l also 
holdd in the Debye-Hiickel limit for disks since they differ from the spheres only in 
thee hydrodynamic properties, which in turn only enter in the factor C2(nR). To test 
thiss hypothesis, we computed 1 - Ud(Z)/Ud{0) for disks. If the behavior of disks is 
similarr to that of spheres, this function should be linear in Z2. The inset of Fig. 7.2 
showss 1 - Ud(Z)/Ud(0) as function of Z2 for two disks with aspect ratios p = 5 and 
pp = 10. We fixed the Debye screening length so that «a = 1. Moreover, because 
thee dilute-limit expansion procedure is computationally expensive, we performed the 
simulationss at constant volume fraction, (p = 7.2 x 10- 4 for the disk with p = 5, and 
ipip = 2.9 x 10~3 for p = 10. Hence, we assume that Eq. (7.5) is generalized to finite 
volumee fraction, with the sedimentation velocity normalized by the sedimentation 
velocityy of hard disks at the corresponding volume fraction. The inset of the figure 
clearlyy displays the expected dependence on disk charge both for edge and broadside 
sedimentation. . 

7.4.11 High charg e regim e 

Inn many cases of practical interest, colloidal particles are highly charged (for disks par-
ticless see [73]). In this regime the theoretical framework put forward by Booth breaks 
down.. To analyze the behavior of the sedimentation in this regime, we performed sim-
ulationss for the sedimentation of charged disks at constant volume fraction, where we 
variedd the disk charge over a wider range. In Figure 7.2 we plot again 1 - Ud{Z)/Ud{0) 
ass function of the surface charge a = eZj [27ra(a + h)]. One can identify the quadratic 
dependencee discussed above, a crossover region from surface charge densities between 
0.11 and 0.4, and, eventually, a more linear regime. This behavior is consistent with 
thee numerical results on the sedimentation velocity of charged colloidal spheres (see 
Chapterr 6) which also showed a deviation from Booth's predictions for surface charge 
densitiess around 0.1. The crossover takes place in the same range for both parallel and 
perpendicularr sedimentation. 

Iff  one compares the deviation of the sedimentation velocity for edge- and broadside 
motion,, as displayed in Fig. 7.2, we can see that the sedimentation velocity decreases 
fasterr for edgeside motion regardless of the aspect ratio, which indicates that the elec-
trokineticc coupling is stronger for this orientation. In the same figure, we also show 
thee decrease in sedimentation velocity for a sphere of radius R = 4.2, which shows 
thee same dependence on surface charge as that of the disks. If one now compares 
thee sedimentation velocity of disks for two aspect ratios, one observes that, at high 
charges,, 1 — Ud{Z)/Ud(0) for both disks approach each other. 
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7.57.5 Sedimentation velocities of charged disks: volume fraction dependence 

FigureFigure 7.2: Surface charge dependence of 1 - Ud(Z)/Ud(0) for a disk with aspect ratio p = 5 
(squares)(squares) and p = 10 (triangles) in edgeside (dotted lines) and broadside (continuum lines) 
motion.motion. For comparison, we also show the behavior for a sphere with radius R = 4.2 (circles). 
InIn the inset, we show the surface charge dependence for weakly charged disks; the lower scale 
referrefer to the disk with p = 5, while the upper one to the disk with p = 10. For disks the 
quadraticquadratic dependence upon the charge is confirmed. In the inset the lines are linear fits, while 
inin the figure are a guide to the eye. 

7.55 Sedimentation velocities of charged disks: volume 
fractionn dependence 

Wee have already shown that for an ordered array of hard spheres the initial volume 
fractionn dependence enters through the number density, and hence should scale as tp1/3. 
Inn Chapter 5, we have verified that this functional dependence also holds for charged 
spheres,, provided that the system is diluted enough such that there is no significant 
overlapp of the double layers. For disks we expect the (/J1/3 dependence to hold under 
thee same circumstances. In order to test whether there is a detectable effect of the 
overlapp of electric double layers of different disks, we have computed the normalized 
frictionn coefficients for disks of aspect ratio p = 5 as a function of the volume fraction, 
forr volume fractions up to 10%, for different widths of the diffuse layer. 

Inn Figure 7.3 we show the results for a weakly charged disk, both for edgeside and 
broadsidee motion. Note that, in the dilute limit , the friction coefficients wil l depend 
onn KCL due to the electrohydrodynamic interaction. For edgeside motion the conver-
gencee to the dilute limi t is slower, indicating a stronger coupling between disks; we 
at t r ibutee this to the fact that the distance of closest approach coincides with the exter-
nall  field direction. Although for na = 1/2 and high volume fractions the diffuse layers 
overlap,, the effect of the diffuse layer is minimal with respect to the volume fraction 
dependence,, as evidenced by the larger differences between edgeside and broadside 
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77 Sedimentation velocity of charged disks 

sedimentation.. Hence, at small volume fractions the dependence is, in all cases, ip1' , 
andd a subsequent decay at intermediate volume fractions is strongly influenced by ex-
cludedd volume effects. Despite this general trend, there is a remaining dependence on 
KK superimposed and hence, the amplitudes in the volume fraction dependence of the 
frictionn coefficients wil l depend on the details of the electro-hydrodynamic coupling. 

Thee dependence upon K becomes more visible in Fig. 7.4, where we display the fric-
tionn coefficients of highly charged disks. Although here the dependence on K becomes 
moree relevant, as the volume fraction increases its relevance diminishes, suggesting 
thatt at intermediate and large volume fractions the effect of the overlap of diffuse 
layerss is less important than the interplay between electrolyte structure and hydrody-
namicc friction. On the other hand, at small enough volume fractions, the dependence 
iss always consistent with (p1/3, although deviations from such a behavior set in earlier. 

Thiss fact indicates that the dilute limi t is harder to reach at higher charges. More-
over,, since in the limit of an infinitesimally narrow double layer the sedimentation 
frictionn coefficient should coincide with that of a hard disk at infinite dilution, the 
smallerr values observed for narrower double layers already at high dilution indicate 
thatt at small volume fractions there is a strong electrokinetic coupling. It is impor-
tantt to keep in mind that the values of K are computed on the basis of the electrolyte 
densitiess in the bulk. This means that, if the counterions density added to the salt 
too ensure charge neutrality—i.e. p- = —Z/Vf, where Z is the valency of the sphere 
andd Vf the volume occupied by the electrolyte is much larger than the amount of 
salt,, the system behaves as if the electrolyte were made of counterions only. Hence, 
K~K~11 does not describe the typical screening length any longer. For our simulations 
thiss phenomenon only becomes important for the highest volume fractions (typically 
tptp > 0.08). This means that our dilute-limit expansions (performed at much lower 
volumee fractions) is not affected by this complication. 

7.66 Sedimentatio n velocit y of charge d disks : effec t of 
th ee diffus e layer 

Afterr having analyzed the role of charge and volume fraction, we want to address 
thee effect of the relevance of the width of the double layer on the sedimentation ve-
locityy of disks. We will use the analysis of the previous section to extrapolate the 
infinitee dilution limit Ud(Z) from a series of sedimentation velocities Ud{Z, if); in this 
way,, we can compare simultaneously the role of diffuse layer width and volume frac-
tion.. We scale the sedimentation velocities by the sedimentation velocities of isolated 
charged-neutrall  disks 17^(0), values that we have obtained in Section 7.3.1. The ratio 
Ud{Z)/Ud(0)Ud{Z)/Ud(0) measures the reduction is the sedimentation velocity of one charged disk 
duee to its electrokinetic interaction with the electrolyte. The reduction in sedimenta-
tionn velocity in the dilute limit is interesting theoretically (because we can compare 
withh analytic results for weakly charged spheres). However, in experiments the re-
ducedd sedimentation velocity Ud{Z,tp)/Ud{01ip) at finite (p is the relevant one. For 
simplicity,, in the remaining part of this section, we wil l be writing Ud{Z) instead of 
Ud{Z,Ud{Z, ip) but, unless explicitly stated, the volume fraction dependence is always as-
sumed. . 
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7.67.6 Sedimentation velocity of charged disks: effect of the diffuse layer 
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FigureFigure 7.3: Volume-fraction-dependent normalized friction coefficients for a disk with radius 
aa = 5, aspect ratio p = 5, and valency Z = 10 for na equal to 0.5 (spheres), 0.8 (pluses), 
andand 2.1 (filled diamonds). The upper curves are for the edgeside friction coefficient, while the 
lowerlower curves are for a broadside friction coefficient. The curves are normalized by the friction 
coefficientcoefficient of a sphere with equal surface area £A = 6nri^a(a + h)/2 (see Table 7.1 for the 
correspondentcorrespondent neutral values). Lines are drawn as a guide to the eye. 

I nn Figure 7.5(a), we show the normalized sedimentation velocity as a function of 
thee double layer width for a disk with aspect rat io p = 5 in edgewise motion, for 
differentt volume fractions. For infinitely th in and infinitely broad diffuse layers, the 
sedimentationn velocity should coincide with that of a charged-neutral disk, and hence 
thee curve should approach one for both small and large «a, as indeed observed. The 
decreasee at intermediate values of na enters as a result of the interplay between hy-
drodynamicc dissipation and electrolyte diffusion. The largest effect is observed when 
thee size of the double layer is of the order of the largest dimension of the disk, i.e. 
KaKa ~ 1. The effect increase with decreasing volume fraction, consistent with the dis-
cussionn in the previous section. Already at volume fractions around 1%, the changes 
inn normalized sedimentation are negligible. The minimum velocity also depends on 
volumee fraction, an effect which is consistent with previous findings for spheres [74]. A 
similarr behavior is observed in Fig. 7.5(b), where broadside sedimentation for a weakly 
chargedd disk is depicted. It is interesting to note that the decrease in sedimentation 
velocityy is slightly smaller. We can ascribe this effect to the fact that the distorted 
doublee layer contributes a bit less to the hydrodynamic friction because the wider side 
off  the disk is exposed to a region where the velocity gradients are smaller. 

I nn Figures 7.6(a) and 7.6(b), we show the sedimentation velocity for a weakly 
chargedd disk with a higher aspect ratio p = 10. The trends are the same as for the 
smallerr disk, although the minimum velocity seems to depend on aspect ratio, and is 
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FigureFigure 7-4-' Volume-fraction-dependent normalized friction coefficients f or a disk with radius 
aa = 5 and aspect ratio p = 5 and valency Z = 100 or KO equal to 0.5 (spheres), 0.8 (pluses), 
andand 2.1 (filled diamonds), a) Edgeside friction coefficient; b) Broadside friction coefficient. 
InIn all cases, curves normalized by the friction coefficient of a sphere with equal surface area 
££AA = 6nrjyja(a + h)/2 (see Table 7.1 for the correspondent neutral values). Lines are drawn 
asas a guide to the eye. 

achievedd now for slightly narrower double layers. The reduction in absolute terms is 
noww smaller, but this is simply due to the lower surface charge density as compared 
wit hh the smaller disk. I t is worth mentioning that, while for the disk with p = 5 we 
reachedd the limitin g diluted value for Ud(Z)/Ud(0), for the disk with p = 10 we had 
too perform the dilute-limit extrapolation. This different volume fraction dependence 
confirmss that a large asymmetry among the various sizes of a macroscopic particle 
makess the dilute limi t harder to obtain. 

I nn Figure 7.7 we show the sedimentation velocity for a highly charged disk, nor-
malizedd by the sedimentation velocity of uncharged disks at the same volume fraction. 
Although,, again, the relevance of the electrokinetic coupling in the sedimentation ve-
locityy diminishes upon increasing volume fraction, the coupling between electric fric-
t ionn and velocity dissipation becomes much more dominant now. The sedimentation 
velocitiess decrease by almost 50% its value, and the range of «a'swhere appreciable 
deviationss from the behavior of the uncharged disk is observed is wider than in the case 
off  weakly charged disks. As mentioned earlier, because for tp > 0.08 the counterion 
densityy is much larger than the coion density, K _ 1 no longer relates to the space de-
cayy of the charge-density distributions. In Figure 7.8 we also show the sedimentation 
velocityy for an highly charged disk with p = 10 which confirms the same observation. 

Inn all the previous figures, we have observed that the reduction in sedimentation 
velocityy for edgewise motion is larger than for broadside motion, with differences up 
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7.67.6 Sedimentation velocity of charged disks: effect of the diffuse layer 

0.995 5 

0.99 9 

(a)) Edgeside motion 

(b)) Broadside motion 

7.5:7.5: Normalized sedimentation velocity of a charged disk with aspect ratio p = 5, 
radiusradius a = 5, and valency Z = 10. The different simulation points correspond to if = 
3.88 xlCT2 (circles), 4.8 x 1CT3 (squares), 7.3 x lO" 4 (pluses), 4.6 x 1(T4 (stars), and 3.1 x 10"4 

(diamonds),(diamonds), (a) Edgeside motion; (b) Broadside motion. Lines are drawn as a guide to the 
eye. eye. 
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FigureFigure 7.6: Normalized sedimentation velocity of a charged disk with aspect ratio p = 10, 
radiusradius a = 10, and valency Z = 10. Different curves: ip = 1.9 x 10-2 (circles), (p = 6.5 x 10~3 

(squares),(squares), tp = 2.9 x 10- 3 (diamonds), and ip = 1.8 X 10~3 (triangles), and the correspondent 
dilutedilute limit extrapolation (stars). Left: Edge side motion; right: Broad side motion. Lines 
areare drawn as a guide to the eye. 

too around 20% for wide double layers. This effect can be intuitively understood in 
termss of the different forces felt by the electric double layer in the two configurations. 
Forr edgeside sedimentations, most of the diffuse layer is exposed to the flow induced 
byy the sedimenting array of disks. In confront, for broadside motion, most of the 
electricc double layer is located in a region where the fluid velocity is small and is not 
subjectt to large gradients. One would then naively expect that this difference will 
bee enhanced by an increase of the surface charge. However, the relative difference, 
inn fact, decreases with disk charge. Hence, we there must be non-trivial couplings of 
thee electrostatic restoring force to the flow field surrounding the disks. This is quali-
tativelyy illustrated in Figs. 7.9 and 7.10, where we show the velocity fields generated 
byy a sedimenting disk for edge and broadside motion. It is clear that in the latter 
mostt of the diffuse layer is in a region of smoothly varying velocity, while the former 
itt is exposed to larger velocity gradients. More interestingly, by comparing the flow 
fieldsfields past the weakly and the highly charged disk, we observe that the hydrodynamic 
shapee of the particle become more isotropic. In order to fully understand this mecha-
nism,, more detailed simulations of the flow patterns are necessary; in fact, intuitively, 
onee would expect that, due to charge accumulation near the particle (induced by the 
highlyy charged disk), the region where the fluid is affected by the charge of the disk 
becomess narrower. 
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7.67.6 Sedimentation velocity of charged disks: effect of the diffuse layer 

(a)) Edgeside motion 
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FigureFigure 7.7: Normalized sedimentation velocity of a charged disk with aspect ratio p = 5, radius 
aa = 5, and valency Z = 100. ifi  = 3.8xl0^2 (circles), 4 .8x l0~3 (squares), 7 . 3x l0- 4 (pluses), 
4.66 x 10~ (stars), and 3.1 x 10- 4 (diamonds). (a) Edgeside sedimentation; (b) broadside 
sedimentation.sedimentation. Lines are drawn as a guide to the eye. 
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77 Sedimentation velocity of charged disks 
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FigureFigure 7.8: Volume-fraction-dependent reduction in the sedimentation velocity of a charged 
diskdisk with aspect ratio p = 10, radius a = 10, and valency Z = 100. The plot on the left 
refersrefers to a disk sedimenting along its edge side, while the right part along its broad side. The 
differentdifferent curves correspond to volume fractions (p = 1.9 x 10~ (circles), 6.5 x 10~ (squares), 
2.99 x 1 0- 3 (diamonds), 1.8 x 10~3 (triangles), and the corresponding dilute limit extrapolation 
(dashed(dashed line with star symbols). Lines are drawn as a guide to the eye. 

7.77 Sedimentation velocity of charged disks: shape 
effects. . 

Whenn at tempt ing to quantify the importance of the shape in disk sedimentation, we 
facee the problem that one cannot change the shape of a disk without changing either 
thee surface charge density or the overall particle charge. Then, because the electro-
stat icc field next to a particle is proport ional to the surface charge a, a change in the 
surfacee area wil l change the electric field surrounding the particle, making impossible 
too isolate the effect of shape change. On the other hand, keeping a constant by varying 
thee overall particle charge is not a solution either since the reduction in sedimentation 
velocityy does depend also on Z [see Eq. (7.5)]. As a result, we wil l have to modify 
bothh valency and volume (to keep the surface area constant) to disentangle charge 
effectss from effects arising from shape changes. However, even if we take care of this 
problem,, we can only compare each disk with the corresponding sphere, because the 
twoo disks we study have different areas. 

I nn order to compare equals with equals, we computed the scaled sedimentation ve-
locityy Ud(Z)/Ud(0), where Ud(Z) is the sedimentation velocity of an isolated particle 
wit hh valency Z, and Ud{0) is the velocity of the same object in the absence of charge. 
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7.77.7 Sedimentation velocity of charged disks: shape effects. 
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FigureFigure 7.9: 3D flow fields near a charged disk sedimenting along its edge side projected on 
thethe plane perpendicular to the disk passing through the center of the disk. The magnitude of 
thethe velocities has been conveniently scaled to render them visible. 
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FigureFigure 7.10: 3D flow fields near a charged disk sedimenting along its broad side the projected 
onon the plane perpendicular to the disk passing through the center of the disk. The magnitude 
ofof the velocities has been conveniently scaled to render them, visible. 
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7.77.7 Sedimentation velocity of charged disks: shape effects. 

Wee then compared Ud{Z)/Uo(0) with the corresponding normalized sedimentation ve-
locityy of a sphere with valency Z and the same surface area Us(Z)/Us(0). In this way 
wee eliminate the effect of size on the settling velocity, disentangling shape from size 
effects. . 

Forr weakly charged particles, we can make use of Booth's prediction to analyze the 
results.. To this end, rather than studying the scaled velocity directly, we have found 
fruitfulfruitful  to consider [1 — Ud(Z)/Ud{0)]/Z2, which is the coefficient C2 [see Eq. (7.6)] in 
thee case of a sphere. It is a direct measure of the electrokinetic reaction induced by the 
electricc double layer. Since we have argued in Section 7.4 that the charge dependence 
off  disks is the same as the one observed for spheres in the Debye-Hückel limit , the 
previouss ratio is a quantitative way of assessing the role of shape on the sedimentation 
velocity. . 

Inn Figs. 7.11(a) and 7.11(b), we show [1 - Ud{Z)/Ud(0)]/Z2 = 4 for disks with two 
aspectt ratios and small charge, Z = 10 both for edge and broadside sedimentation, 
cff  is expressed in units of A | = ksTlsl (72nD7]a2), in such a way that it simplifies 
too the universal function f {KOL) predicted by Booth. For weakly charged disks and 
thinn double layers, the decrease in velocity does not depend strongly on size. This is 
consistentt with Smoluchowski's theory for electrophoresis 3.2.3, which predicts that 
thee electrophoretic velocity of particles with the same zeta potential (the electrostatic 
potentiall  at contact) is independent of the particle shape if na —• co. However, the 
deviationn from the Smoluchowski limit appears at narrower double layers for broad
sidee motion. Hence, shape affects significantly the sedimentation velocity of suspended 
particles.. Moreover, in the case of asymmetric objects, the orientation of the particle 
alsoo affects the velocity. For both broadside and edgeside sedimentation, the electroki
neticc coupling of a disk is always smaller than the decrease for an equivalent sphere. 
Onee can clearly see that the decrease in velocity for broadside motion is smaller than 
forr edge motion. 

Inn the high charge regime we use the same quantity, dj;, to assess the role of shape, 
althoughh we know that the Booth theory fails in this case. In Figures 7.12(a) and 
7.12(b)) we show cJj, again for two aspect ratios. In the thin diffuse layer limit, our 
dataa are consistent with Smoluchowski theory, and we observe again a departure from 
thee results for a sphere upon increasing the width of the electric double layer. The 
maximumm effect is observed for electric-double-layer widths of the order of the longest 
objectt length, and, again, the decrease for broadside motion is smaller than for edge
wisee motion. This is consistent with the description given above, that the disk become 
moree isotropic. 

Byy comparing Figs. 7.12(a) and 7.12(b), the reader might conclude that the re
ductionn in sedimentation velocity is higher for the disk with a smaller aspect ratio. 
However,, one should not overlook the fact that two disks have the same valency and 
thereforee very different surface charges crp=5  3.4 x crp=i0. To show how much the 
surfacee charge affects C2, we show C2 for the disk with p = 10 also at Z = 300. Even 
thoughh the surface charge of this disk is still lower than the surface charge for the 
otherr disk, the electrokinetic effect is already more pronounced. 

Inn Fig. 7.13 we show the effective Stokes radius [Res = Fj (6-RT)U)} , where F is 
thee magnitude of the external force acting on the disk. For small charges, the effec
tivee radius depends weakly on the double layer width, and is larger for the edgeside 

95 5 



77 Sedimentation velocity of charged disks 

(a)) p=5 

(b)) P =io 

FigureFigure 7.11: Dilute limit of the normalized reduction in the sedimentation velocity of a disk 
inin edgeside motion (spheres) and broadside motion (triangles) compared with the analytic 
theoriestheories valid for a sedimenting sphere of equal surface area (dashed curve) as function of the 
reducedreduced electric double layer thickness. Disks and spheres have valency Z = 10. Subfigure (a) 
refersrefers to a disk with aspect ratio p=5, and Subfigure (b) to p=10. Lines joining the simulation 
pointspoints are drawn as guide to the eye. 
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7.77.7 Sedimentation velocity of charged disks: shape effects. 
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FigureFigure 7.12: Dilute limit of the normalized reduction in the sedimentation velocity of a charged 
diskdisk in edgeside motion (diamonds) and broadside motion (squares) compared with the analytic 
theoriestheories valid for a weakly charged sedimenting sphere of equal surface area (dashed curve) 
asas function of the reduced electric double layer thickness. Subfigure (a) refers to a disk with 
aspectaspect ratio p=5, and Subfigure (b) to p=10. Disks have and spheres have valency Z = 100, 
whichwhich correspond to a surface charge a = 0.45 for the disk with p = 5 and to a = 0.13 for the 
diskdisk with p = 10. In Subfigure (b) we also show the same simulation for a disk surface charge 
aa = 0.40 for the disk with p = 10 in edgeside (+) and broadside (x) sedimentation. Lines 
joiningjoining the simulation points are drawn as a guide to the eye. 
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77 Sedimentation velocity of charged disks 

V ** 1-4 

FigureFigure 7.13: Effective hydrodynamic radius of a disk divided by the radius R of a sphere with 
equivalentequivalent surface as a function of the inverse Debye length in units of the disk radius. Disk 
withwith p = 5 in edgeside (square) and broadside (triangle) motion; sphere with same surface 
(circle).(circle). Uncharged objects (drawn line), Z = 10 (dashed curve) and Z = 100 (dotted line). 
TheThe lines are drawn as a guide to the eye. 

motion,, as can be expected. At high charges the behavior is qualitatively different. 
Thee effective radius depends on the width of the double layer for Xo/a < 2. For 
largerr Xo/a it tends to level off. As the diffuse layer broadens, the effective size tha t 
characterizess the sphere and the disk in broadside motion tend to converge, leading 
too a same effective shape for wide layers. 

Thee physical origin of this effect is already implicit in Figs. 7.9 and 7.10. These 
figuress show the velocity fields around the disk for bo th orientations. Different flow 
fieldsfields develop around the sedimenting disk for low and high surface charge.The flow 
profiless look more isotropic for high Z, therefore one might expect that for high Z, the 
frictionn coefficients of a disk approach tha t of a sphere with the same Z . 

Discussion n 

Inn this chapter I analyzed lattice-Boltzmann simulations of the sedimentation of an 
arrayy of charged disks. We treated the electrolyte at the Poisson-Boltzmann level, 
whilee we incorporated the relevant hydrodynamic coupling between the solvent and 
thee dissolved electrolyte. Using the lattice-Boltzmann method, our approach allows us 
too model highly charged particles, and arbitrary na values, which enlarges the regime 
off parameters tha t can be analyzed. 

Too our knowledge, no exact analytical expressions exist for the sedimentation ve-
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7.77.7 Sedimentation velocity of charged disks: shape effects, 

locityy of isolated neutral disks and finite thickness; hence, we validated the numerical 
accuracyy of our approach with approximate expressions (exact for infinitesimally thin 
disks). . 

Wee studied the role of shape, volume fraction, charge, and ionic strength on the 
sedimentationn velocity. We find that in the linearized Debye-Hiickel regime, the sedi
mentationn velocity has the same functional dependence on volume fraction and surface 
chargee as that for spheres. At fixed «a, we studied the surface charge dependence of the 
diskk sedimentation velocity, from which we observed that in the high-charge regime, 
thee accumulation of charge near the disk surface layer decreases the effect of electroki-
neticc coupling on the sedimentation velocity, and also shows that such accumulation 
becomess more relevant as the disk becomes more anisotropic . 

Wee have shown that the geometrical anisotropics of neutral disks are reduced by 
thee presence of the electric double layer, especially for highly charged disks. In fact, 
wee have seen that when the double layer is exposed to larger velocities, the reduction 
inn sedimentation velocity is larger. Hence, this mechanism tends to generate a more 
symmetricc disk response. 
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