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RIJKJE DEKKER, MARIANNE ELSHOUT-MOHR, 
AND TERRY WOOD 

WORKING TOGETHER ON ASSIGNMENTS 

Multiple Analysis of Learning Events 

Abstract. In this chapter we address questions of the interrelationship of the processes involved in 
working together and learning, mainly in the field of mathematics. In the first section we present a 
process model, which is suitable to analyse episodes in which students collaborate on tasks that aim at 
level raising. The model focuses on key activities in the level raising process and incorporates social 
activities that affect the occurrence of these key activities. In the second section we present a multiple 
analysis of a collaborative learning episode in a broader context. We analysed the episode from three 
different perspectives: social interaction, division of time and mathematical level raising. Integrating the 
three perspectives brings into focus the complexity of settings, in which students regulate their social and 
cognitive activities

1. INTRODUCTION 

The title of this chapter refers to the topics ‘working together on assignments’ and 
‘multiple analysis of learning events’. Both of these topics have garnered much 
interest in psychological and educational research in recent times. The current shift 
of emphasis in educational settings from individual situations to collective settings 
for learning, raise interest in the interrelationship of the processes involved in 
working together and learning. In this chapter, we address questions of the 
interrelationship of working together and individual learning by examining 
educational encounters, the majority of which are in the discipline of mathematics. 
The chapter consists of two main sections. In the first section we present a process 
model designed to give a coherent picture of students' learning during episodes in 
which they work together on assignments. We illustrate this process model by the 
analysis of an episode drawn from a Dutch mathematics class of secondary students 
and by the description of the manner in which the process model has been used to 
structure periods of collaborative work in a university course. In the second section 
we present a more complex method of analysis that draws attention to the social 
interaction and dialogue as well as the cognitive processes that exist when students 
work collaboratively on assignments in an educational context. In this section we 
report our analysis of an episode from a primary classroom in the United States.  
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1.1. Common Understanding of Key Terms 

We conceptualise working together as a specification of the educational setting in 
which students work on an assignment. In a working-together setting students are 
expected to collaborate in their thinking during task performance and to be jointly 
responsible for the group product. In some cases, additional instructions are given by 
the teacher, such as the roles students are to fulfil, the nature of the desired 
collaborative activities and task materials that each student has access to (Johnson &
Johnson, 1990; Slavin, 1990). In some schools, it is classroom-practice to teach 
students how to collaborate on assignments (Davidson, 1990).  

The type of assignment used in our empirical studies aim at a particular type of 
learning defined as conceptual level raising. Level raising is the term that Dekker 
(1991) employed to claim that students could approach mathematical problems on 
different levels, which can be described as lower and higher from an educational 
point of view. Drawing on the theory of Van Hiele (1986) in mathematical didactics, 
three levels are identified. The first is a pre-scientific perceptual level dominated by 
concrete operations as, for example, in the study of reflection and rotation in the 
context of tiling. The second is a conceptual level, dominated by the use of 
mathematical concepts and the mutual relations between these concepts as, for 
example, in the study of reflection and rotation as mathematical transformations. 
The third is a theoretical level, dominated by formal operations on mathematical 
concepts and mathematical principles such as the study of transformations as a 
mathematical group. 

In other disciplines, conceptual change is also viewed as students making a 
transition from pre-scientific conceptualisations of phenomena to more scientific 
approaches. The former level is governed by ones experiences, observations and 
common language, whereas formal concepts, principles and theories (Elshout-Mohr, 
Van Daalen, & Dekker, 1998) govern the latter. In physics education, the term 
conceptual change refers to the transition that students make when they discover the 
limitations of a pre-scientific approach to physical phenomena and start to construct 
the knowledge that is prerequisite for operating at the conceptual level.  

Level raising processes in the field of mathematics education has been 
researched extensively by Freudenthal (1978) who considered reflection as the main 
mental activity. A factor that makes conceptual level raising difficult is that students 
are required to reorganise or transform their knowledge and to construct new 
cognitive structures integrated with already extant ones. Mere adding or assimilation 
of concepts is not sufficient (Bereiter, 1990). In mathematics, for instance, the 
mathematical concepts, which govern students’ functioning on the conceptual level, 
should be intertwined with the concrete operations, because both are relevant in 
situations where mathematics is applied. It is thought that learning that entails 
knowledge transformation can benefit considerably from dialogue and collaboration 
with others (Cobb, Wood, & Yackel, 1993; Yackel, Cobb, & Wood, 1991; Wood, 
1996). Van Boxtel has further described the joint contribution of elaboration and co-
construction to collaborative learning among peers (Van Boxtel, 2000, this book). It 
is not our intention to review literature on different types of dialogue that create 
conditions for conceptual level raising. Instead, our intention is to illustrate and 



WORKING TOGETHER ON ASSIGNMENTS 147 

explain how we analysed students' attempts that result in conceptual level raising in 
a collaborative educational setting.  

2.  A PROCESS MODEL FOR CONCEPTUAL LEVEL RAISING 

A process model for conceptual level raising was derived from an empirical analysis 
that describes situations of small groups of students working together on a 
mathematical problem. This model was developed by Dekker and Elshout-Mohr 
(1996), based on the work of Dekker (1991) and refers to situations where students 
work together on assignments that have been developed to stimulate level raising.  

2.1. Elements of the Process Model 

In the process model three types of activities are incorporated: key activities in the 
level-raising process, regulating activities, and mental activities. The key activities 
in the level raising process are primary in the model, whereas the regulating and 
mental activities are secondary in so far as they are directly connected to the key 
activities. The process model illustrated by the group work of A and B is presented 
in Table 1 and is explained in the paragraphs that follow. 

2.1.1. Key Activities in the Level Raising Process 
The model claims that four key activities are essential for conceptual level raising. 
The four key activities are to show one’s work, to explain one’s work, to justify 
one’s work, and to reconstruct one’s work. The key activities are indicated in bold in 
the model  (see Table 1).  Whenever a key activity occurs we speak of a learning 
event, i.e., an event that contributes to level raising. Previous research (Dekker & 
Elshout-Mohr, 1998a, 1998b) showed that the four key activities have the following 
characteristics: 

a) they have a function in the learning process and can contribute to 
mathematical understanding; 

b) they can be demonstrated by students who work individually, but more 
so by students who communicate with each other during their work; 

c) they are easily observed; 
d) they can be influenced by didactic factors, such as the nature of 

problems and by teaching actions. 

We illustrate the four key activities, presented in bold print in Table 1, with the 
students Anna and Ben in the following example. The example is reconstructed in 
the sense that it combines some of the discussion of a small group of students in a 
lower grade of a Dutch secondary classroom working on the problem and leaves out 
irrelevant parts (Dekker, 1991). 
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Table 1. Process model (Dekker & Elshout-Mohr, 1996)

A and B are working on the same mathematical problem.  Their work is different 

A is working  B is working 

A asks B to show his work What are you doing? 
What have you got? 

B asks A to show her work 

A becomes aware of her own 
work 

 B becomes aware of his own 
work 

A shows her own work I am doing this… 
I have got this…

B shows his own work

A becomes aware of B’s 
work 

 B becomes aware of A’s 
work 

A asks B to explain his work Why are you doing that? 
How did you get that?

B asks A to explain her work

A thinks about her own work  B thinks about his own work 

A explains her own work I’m doing this, because… 
I have got this, because…

B explains his own work

A thinks about B’s work  B thinks about A’s work 

A criticises B’s work But that’s wrong, because… B criticises A’s work

A thinks about B’s criticism  B thinks about A’s criticism 

A justifies her own work I thought it was right, 
because…

B justifies his own work

A thinks about her 
justification 

 B thinks about his justification 

A criticises her own work Oh no, it isn’t right, 
because… 

B criticises his own work 

A reconstructs her own 
work

I’d better do it like this… B reconstructs his own work

Bold: key activities 
Standard: mental activities  
Italic: regulating activities 

Anna and Ben are working on the problem: Show in a distance/time graph how you 
travel to school in the morning.  After a while the following dialogue occurs 
between Ben and Anna:  

Ben What are you doing? What have you got? 
Anna   Look, I have done it like this, because in the beginning I go 

slowly, so the graph starts low and goes up slowly. Did 
you start your graph that way too? 

[Key activity: Anna shows her work and explains]
Ben I have done it differently. I thought you have to start at 

zero and then just a straight line. In the beginning I bike 
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slowly too, but I don’t know how. . .  But what you have 
got is wrong, isn’t it?  

Anna Yes, but if you bike slowly, the distance grows slowly, so 
the graph goes up slowly. Wait a minute. . . that isn’t 
completely right. 

[Key activity: Anna tries to justify her work] 
Indeed I have to start at zero, because in the beginning I 
haven’t travelled anything. But it is not a straight line, 
because I don’t bike at the same speed all the time. So I 
have to. . .”  

[Key activity: Anna reconstructs her own work and changes her 
graph.] 

2.1.2.  Regulating Activities 
The second type of activity captured in the process model is the so-called regulating 
activities. These activities elicit key activities for mathematical level raising as well 
as bring forth mental activities, which occur in junction with the key activities. In 
Table 1 the regulating activities are in italics. Asking for explanations, justifications, 
or reconstructions are powerful regulating activities. For instance, when students are 
working together and show each other what they are doing and thinking, they may 
become aware that different participants have different knowledge about a central 
concept, and they may start thinking about these differences. Then they may ask 
each other to show and explain their work, or to justify or reconstruct it. As shown 
in the example of Anna and Ben, key activities involve dialogue between students 
and regulating activities involve dialogue as well. A fellow-student can stimulate the 
showing of work by asking questions such as: “What have you got? What are you 
doing?” He can evoke explanations by asking: “How did you get that? I don’t 
understand it.” He can also stimulate the process of justifying by explaining in 
which respects his own work is different and or by voicing criticism, “I think it’s 
wrong.” If a given justification fails, it can lead to the reconstruction of the work. 
The presence of the other student who has voiced criticism and has noticed how the 
justification has failed can ensure that the criticism will not be ignored. Every 
fellow-student or small group of students or a teacher in the role of a coach can 
stimulate Anna to perform the four key activities. 

According to Vygotsky (1930/1978) regulation by adults or with more capable 
peers is vital for level raising among children. Although we would agree that 
mature, competent students might be able to perform all key activities while 
working alone, we believe that these students may also profit from communication 
with others. Previous studies of Dekker and Elshout-Mohr (1998a, 1998b) showed 
that regulating activities occur naturally during collaborative work, in particular 
when the work of the students differs. Comparing different work can form the 
starting point of questions precursory to level raising such as: “Why do you have 
that?” or even “Why do I have this?” 
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2.2.3.  Mental Activities 
The third type of activity that is found in the process model is mental activities. 
Mental activities involve those activities, which ‘go along’ with the key activities. 
Whereas key activities and regulating activities can be observed from the outside, 
these mental activities cannot be completely observable. For instance, to show one’s 
work includes the mental activity of becoming aware of one’s own work. It has the 
effect that a focus on task-progress is temporarily replaced by taking a look at the 
work from the outside. To explain one's work means that one has to think about 
one’s own work. It leads to elaboration of one's task-related conceptual knowledge. 
Attempts to justify one's work may include reinforcing prior knowledge or 
questioning it. It may also foster interest in additional sources of information. A 
prerequisite to reconstruct one’s work is to criticise one’s own work. Criticisms may 
lead to better understanding of strong and weak aspects of one's work. All these 
activities may be observable, but they are internal activities. In Table 1 these mental 
activities are displayed in standard print. 

2.3. Characteristics of Problems for Level Raising 

The process model, shown in Table 1, contains many components that are well 
known in literature on collaborative learning (Van der Linden, Erkens, Schmidt & 
Renshaw, 2000). However, in contrast to the dominant socio-cultural strand of 
research in this domain, our interest is not primarily in how students participate in 
the social and communicative practices of scientists and mathematicians. Our 
interest is in the process by which individual students come to approach 
mathematical problems at a more advanced cognitive level. Although we agree that 
level raising of individual students influences their participation in the mathematics 
classroom environment, this is not the focus of our research. This focus on one type 
of learning, that of level raising, enables us to be more precise about required 
learning activities (key activities) and about the social interaction that can facilitate 
these activities. The other side of the coin is that it is improbable that the process 
model is suitable for analysing learning episodes that are directed at other goals and 
are started by other types of assignments (Elshout-Mohr, Van Hout-Wolters & 
Broekkamp, 1999). 

The process model is founded on earlier studies on the relation between the 
quality of the interaction in small groups and the process of level raising in 
individual students (Dekker, 1991, 1994). In her research, Dekker gave much 
attention to the quality of assignments. In order to stimulate conceptual level raising, 
four prerequisites need to be met. First, the assignments should involve problems 
that are realistic or meaningful for the students. Second, the task should be complex
in the sense that several abilities are needed to perform the task. Third, the task 
should be constructive, in the sense that it leads to a visible product, such as a graph, 
table, drawing or story. Fourth, the task should be aiming at level raising, in the 
sense that students at different levels of understanding can start working on the task, 
but will soon encounter limitations of lower level, perceptual, approaches. Only by 
collaboratively constructing new language and new mathematical understanding can 



WORKING TOGETHER ON ASSIGNMENTS 151 

the students then solve these problems. In some of Dekker's experiments, students 
are provided with auxiliary materials (see also Van Boxtel, 2000). In some ways, the 
process model resonates with Vygotsky, but still contains a primary focus on 
individual mental processes. 

An example of a problem that is well constructed for mathematical level raising 
is the one used by Anna and Ben in the illustrative episode discussed above: Show 
in a distance/time graph how you travel to school in the morning. The problems 
involved in this task are realistic because students can connect them to daily life 
experiences, such as travelling faster in some parts of the path than in other parts. 
The task is complex, because several abilities are needed to fulfil the task: imagining 
the situation, relating differences in speed to changes in distance increase and 
translating this into a graph. The task is constructive, because a visible graph must 
be constructed.  

In addition, the task is aiming at level raising. Students with no prior experience 
in constructing distance-time graphs can start to work on the task quite effectively 
by employment of every day notions about the relation between distance and time. 
For example, some students will have the notion that the relation between distance 
and time is always linear, or that when speed goes up and down, the distance-time 
graph goes up and down as well. However, students also have a good chance to 
discover that their available mathematical understanding is limited and does not 
allow the construction of a distance-time graph that stands critical inspection by 
themselves and other students. Therefore the students are challenged to develop new 
mathematical language and understanding. The educational context creates an 
opportunity for students to make a transition to a conceptual level, a level where 
mathematical concepts and their mutual relations are of benefit. Moreover, the 
characteristics of the first three tasks are often mentioned as being relevant for 
eliciting rich group interactions (e.g. Davidson, 1990). The idea of designing tasks 
with strong level-raising qualities is new, as are the attempts to make these qualities 
explicit (see also Elshout-Mohr & Dekker, 1999). 

In summary, the process model is schematic. It presents the building blocks of 
the collaborative process, rather than the actual processes. For instance, we expect 
that the sequencing of the steps will vary and that some steps will be deleted or 
taken more than once before a next step occurs. Additionally, the model is 
developed for situations in which only two students are at work and their work is 
different. It is possible that the model could be further elaborated to include more 
student participants, include a teacher, and situations in which students' work is not 
different. 

2.4. Applications of the Process Model 

The process model was used in two studies. In both studies students worked 
collaboratively on problems that aimed at level raising. In the first study the 
problems are in the discipline of mathematics and in the second the problems are 
from the field of sociology. In conducting the second study, our purpose was to 
widen the scope of the use of the process model to include other fields in which 
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conceptual level raising was at stake. In both studies the teacher's role was added to 
the situation.  

The first study concerned the issue of giving help to students, who are working 
together on mathematical problems with the aim to raise their mathematical level. 
The students were from the upper grade of a Dutch secondary school. The problems 
dealt with the subject of mathematical transformations and met the prerequisites that 
we described above; i.e. they were realistic, complex, constructive and aiming at 
level raising. The students worked in groups of three and each triad produced several 
visible products, such as a complex tile construction (drawn on paper) based on 
mathematical transformations. We compared two kinds of help and their effects on 
the quality of the interaction between the students, on the quality of the visible 
products of each triad and on the raising of the mathematical level of individual 
students as demonstrated in their individual approach to new mathematical 
transformation-problems.  

One kind of help was product-oriented in the sense that teachers adjusted their 
help to the mathematical quality of the triads' visible products. Their focus is the 
mathematical correctness of the products under construction. The other kind of help 
was process-oriented in the sense that the teachers adjusted their help to the quality 
of the interactions within the triads. Their focus is the occurrence of regulating 
activities of the process model previously described. As expected, we found that the 
so-called 'product-help' was more effective for improving students' products, while 
the 'process-help' was more effective for improving the quality of the interaction. 
Process-help increased both the occurrence of regulating activities and key activities, 
in comparison to product-help. The process-help was also more effective for 
enhancing level raising in individual students as measured on an individual post-test 
(Dekker & Elshout-Mohr, 1998b; Dekker, 2000).  

The second study was conducted as part of a project to coach a university teacher 
in her endeavour to stimulate conceptual level raising in students who just started to 
study sociology. In sociology it is very important that students make a controlled 
transition between, on the one hand, approaches which are essentially based on 
everyday experiences and discourse and, on the other hand, approaches which make 
use of scientific sociological concepts. This transition, which includes intertwining 
of the prescientific, the conceptual, and the theoretical level, should prepare students 
for sociological understanding of social phenomena, and for participation in the 
community of scientific sociological practice. Therefore, it seemed appropriate to 
provide students with assignments with supposedly strong 'level-raising qualities' to 
stimulate collaboration and provide opportunities for students to make the transition. 
The actual project lasted several years, and is still in progress. Details are reported 
elsewhere (Elshout-Mohr, Van Daalen, & Dekker, 1998).  

The main finding was that it was beneficial to the teacher to possess a clear, 
schematic conceptualisation of the types of tasks that are suitable for level raising 
and the kind of activities, which promote level raising. The process model made it 
feasible to bring consistency to teaching and learning of students. It also made it 
feasible for the teacher and researchers to learn from experience. One of the things 
that we learned concerned the complexity of assignments. In general, complexity of 
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a task is assumed to foster active collaboration, because it takes several abilities and 
considerable effort to perform a complex task. Complexity, however, may also have 
a negative effect. Students' reasoning might diverge in many directions and this may 
lead to a situation wherein students are overwhelmed by different approaches and 
content materials. When this happens, differences between different levels of 
reasoning are masked, rather than salient.  

To solve this problem, the teacher invented a step-wise procedure. First, students 
worked on a complex task, alone or in small groups. Next, they presented their work 
to others in a classroom discussion. Subsequently, the teacher formulated a follow–
up task in which she focused specifically on an issue in which students clearly 
diverged in their level of thinking. Students then worked for some time on this 
follow-up task, which required the construction of a visible or presentable product. 
Finally, a classroom discussion concluded the session. In this discussion the teacher 
took an active part, modelling and scaffolding the use of sociological concepts. This 
step-wise procedure demanded a highly proficient teacher with thorough 
understanding of the intended learning processes. For the teacher in the project it 
proved to be a manageable way to structure periods of collaborative work that aim at 
level raising. 

3.  MULTIPLE ANALYSIS OF LEARNING EVENTS 

In the second section of this chapter, we focus again on students learning in a 
collaborative setting but take a perspective of ‘multiple analysis’. The idea 
underlying the 'multiple analysis approach' is best explained in contrast to the 
approach that we followed in the first section. There the key activities were given 
the central place whereas the other activities, regulating and mental, were merely 
presented in so far as they were directly connected to the key activities. The process 
model, therefore, constituted a relatively simple, coherent representation of the 
building blocks of individual learning in a collaborative setting. However, we felt 
the need to develop a more complex approach to analysing collaborative learning 
situations in the classroom. We wanted to broaden the scope of our analysis for two 
reasons. First, we wanted to offer a less restricted analysis of the social interaction 
between the students. At issue in considering the learning of mathematics is the 
social environment and the ways that rich social interactions with others 
substantially contribute to student’s opportunities for learning (Bruner, 1990, 1996). 
These aspects are covered only in part by the process model. When the process 
model is employed, for example, no attention is paid to the role of classroom norms 
concerning collaborative work. Second, we wanted to include factors related to the 
educational setting in which the collaborative work takes place in our studies. In 
educational settings, learning objectives are important but students need to deal with 
performance objectives as well, such as finding solutions for a certain number of 
mathematical problems. Time constraints may lead to coping behaviour rather than 
to learning in collaboration (Boekaerts, 1991; Nicholls, 1984). 

In the multiple analysis approach we still focus on learning of individual 
students, but we do not give priority to the elements of the process model. Instead, 
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we begin by performing three separate analyses on one protocol of a session wherein 
two primary-aged students worked together to solve a mathematical task. The first 
analysis, accomplished by Wood, focuses on social cognitive processes and the role 
of social interaction in the learning of the students. The second analysis, conducted 
by Elshout-Mohr, focuses on the time that students spent on different learning-
related and performance-related activities. The third analysis, by Dekker, focuses on 
the students’ mathematical levels and the indicators that level raising takes place. 
Each analysis is presented first beginning with social interaction. Once completed, 
the results of the three analyses are integrated and presented in a final section. 

The three perspectives are not necessarily in agreement or conflict but rather 
provide a more complete picture of students’ learning in classrooms. The multiple 
analysis provides a multi-facetted frame for analysing the complexity of 
collaborative learning in an educational setting. While a single frame tends to bring 
to the fore processes that are congruent and aligned, a multi-faceted frame may call 
attention to processes that are incongruent or even paradoxical. Examples are given 
in the section on the integration phase.  

3.1. Collaborative Start of the Analysis 

The individual analyses were conducted on a transcript of a videotaped episode in 
which two third-grade (age 8 years) students, Amy and Jim, engage in collaborative 
work.1 In this 13-minute episode the students solved 7 ‘blob’-problems out of the 8 
problems given on a worksheet (see Figure 1). A goal in developing the task of the 
blob-problems was for students to understand multiplicative structure as well as 
learn the multiplication number combinations or ‘facts’ as they are more often 
called. Moreover, in this class, the approach taken to learning mathematics was to 
enable students to learn through engaging in problem solving, reasoning and 
communication. Therefore, the problems created were intended to be open-ended 
and allow for multiple solution strategies that extend from counting single units, 
using a process of doubling drawn from an extension of the additive structure, to 
ultimately gaining insight into multiplicative structure as cross products. To reduce 
the use of a counting strategy, a ‘blob’, from ink spilled, covers the squares, 
requiring students to mentally image the missing squares and or create new 
strategies for calculating the total amount of squares. Therefore, the blob-problems 
fit the characteristics for tasks in the process model in that they are realistic, 
constructive and complex, and aim at level raising. 

Before we began our individual analysis and interpretation of the episode from 
different perspectives, we created solid common ground as to what was happening 
in the events that occurred. First, we each read through the transcript individually to 
gain a sense of the episode. Second, we exchanged our interpretations of each 
sentence and each word. The assumption was that the students' words and deeds 
made sense and could be explained and understood within the situation in which 
they occurred. Trying to come to common meaning, we worked on an operational 
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level, we were not easily satisfied, and looked for coherence. When we had 
differences in interpretation, we examined the evidence in the transcript, using two 
strategies. Strategy 1 was that we looked for additional evidence and counter 
evidence within the transcript to support or contradict an interpretation and/or a 
feeling of being uneasy. Strategy 2 was that we looked closely at a word, or sentence 
including the annotations in the protocol in order to make sense of the meaning 
intended by the speaker. Following this, each researcher conducted an analysis from 
her individual perspective for the purpose of deepening the understanding of the 
pairs working together on the problems. 

Figure 1. Blob 3. 

Looking back, we would say that: 1) it is good that the original videotape was 
within reach. It was used to clarify ambiguous parts in the transcript, 2) it is 
worthwhile to add time-tags in ten second intervals to the transcript. Elapsed time 
can provide valuable information about how long events took, and 3) it is helpful to 
be well informed about the broader educational setting in which the collaborative 
student work took place. That is the nature of the classroom environment established 
by the teacher with the students. 

3.2. Social Interaction Analysis 

Perspective Taken.  Several researchers argue that the social environment or culture 
that is created in the classroom influences the ‘mathematics’ a child learns. They 
claim that the everyday patterns of interaction and the norms that are constituted 
contribute to children’s beliefs about the nature of mathematical knowledge and the 
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ways in which one learns and uses mathematics in everyday life (e.g., Carraher, 
Carraher, & Schliemann, 1985; Voigt, 1985). To understand children’s 
mathematical learning we need to examine the social situations that teachers 
establish with their students. The norms (expectations for self and others behaviour) 
underlie the social interaction that reveals the ‘practice’ of mathematics in the 
classroom. Although social norms are initiated and established by the classroom 
teacher, the students’ ability and commitment to adhere to the shared expectations is 
equally important.  

One aim of the analysis, then, is to reveal how the social norms established in the 
class did indeed affect the collaborative work of Amy and Jim by creating the 
conditions for social learning. That is, establishing a common ground for 
communicating that enables the process of meaning making to occur between them.  
Previous analysis of the classroom environment revealed that the social norms 
established by the teacher for working pairs were: 

–   When working as pairs, both partners should try to solve the problems 
by  talking and sharing their strategies. 

–   Partners do not need to agree on only one strategy for doing the 
problem, but they must agree on the answer. 

–   If different answers arise, partners must work together to resolve the 
difference.  

In addition to the social norms that underlie the nature of the interaction, certain 
social cognitive capacities are also thought to be important for learning. Among 
these are joint attention and the facility for negotiation of meaning. Kieran and 
Dreyfus (1998) provide compelling evidence that students’ facility in negotiating 
meaning influences individual learning. Therefore, another aim of the investigation 
is to consider the way the nature of interaction influences the mathematical meaning 
that is negotiated between the pair.  

3.2.1. Method and Analysis 
Using a qualitative research paradigm and drawing on microenthnographic 
procedures developed by Voigt (1990) an in-depth analysis was conducted using a 
line-by-line examination of the dialogue in a segment of the transcript. This 
provided a detailed description for the events that occurred in the episodic sections 
and the expectations or norms to which students adhered. In addition, through this 
process the meanings held by the two students were also inferred. In Table 2 
fragments of the social interaction analysis are presented to illustrate the 
methodological process. The first column shows the transcript of some of the 
dialogue on the first blob-problem. The second column contains interpretation and 
questions raised in the process of a line-by-line analysis. 

3.2.2. Interpretation
In the analysis of the entire protocol, the children are seen to take part in the social 
norms for participation established by the teacher with the class. The findings reveal 
that Jim and Amy readily explain their thinking to one another, attempt to 
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understand the other’s thinking, disagree on answers, and attempt to find ways to 
resolve their disagreements through explanation and justification of their strategies 
as seen in Table 2. It is clear in the beginning Amy and Jim use different strategies 
to solve the problems and these strategies reveal differences in their current 
conceptual understanding. Amy relies on a strategy of counting each square by one 
to solve the problem (see Table 2, line 6, 8 and 10) while Jim speaks of 
multiplication and uses the columns, 3 groups of 9, (see Table 2, line 5, 7, 9). 
Arriving at different answers for the problem is further complicated by the fact that, 
although Jim provides a justification of his answer, he assumes Amy knows the sum 
of 9 plus 9. However, this is not taken-as-shared knowledge and Amy begins to 
count it for herself adhering to the norm to solve the problem yourself and the norm 
to agree on the answer.  

The teacher, also, meets her commitment to the norm of expecting students to 
resolve discrepancies in answers. The teacher enters at the moment the pair is in 
disagreement over the answer to the first problem. She shows her approval and 
interest in the situation (see Table 2, line 15-20), and indicates she will return to find 
out how they have resolved the discrepancy. Amy then, in order to meet the 
teacher’s expectation, rethinks the problem, “It’d be like taking 9 plus 9 (looks off) 
equal 18. (Looks at Jim) Wait. Yeah. You’re right, you’re right (said quickly). Never 
mind.”

Table 2. An example of the microenthnographic analysis of social interaction*

Dialogue (problem 1, 100 seconds) Interpretation 

3. Jim:  Let’s see 1,2,3. 1,2,3,4,5,6,7,8,9 
(Amy bounces her head as Jim counts each 
squares with his pencil). 

4. Amy:  Wait a sec. 
5. Jim: Three groups of 9 or nine groups of 3? 

(Looks up but not at Amy). 
6. Amy:  1,2,3.  4  5 (starts over)  

1,2,3 [quickly] 4, 5, 6, 7, 8, 9. (Counts 
slowly, turns back to Jim as if thinking) 

This is an indication that Amy is adhering to 
the expectation that she should make sense of 
this problem for herself. The fact that Amy 
does this is interpreted to mean that she is 
participating in the solving process. It is not 
clear if she thinks of solving in groups. 

7. Jim:  Okay, 3 grou-9 groups of 3. 
8. Amy:  (back still to Jim, thumb up). 9.  
9. Jim:  Three groups of 9? 18, 19, 
10. Amy:  (Interrupts) 28! (looks at Jim) 
11. Jim:  20,21,22,23,24,25,26,27. I disagree. 

I think it is 27.   

Disagreement about an answer is an expected 
occurrence. Jim does not hesitate to say he 
disagrees and tell his answer as a challenge to 
Amy. Inferring from this interaction 
disagreeing with your partner is expected. 
Does the expectation for resolution through 
explanation and justification exist? 

(Jim continues) Look.  
9 plus 9 equals 18. (Holds his hands in 
fists) 18, 19, 20, 21, 22, 23, 24, 25, 26, 27 
(counts and puts up one finger at a time).   

12. Amy:  (watches intently, then looks at Jim 
for 3 seconds after he says 27). 
Let me check myself. 

Jim provides what he thinks is a justification 
and proof for why he disagrees by showing 
how he solved, doubling 9 and counting on 9. 
He doe not justify the sum of 9 + 9 by 
counting because he assumes this knowledge 
is taken-as-shared. Amy’s desire to check for 
herself indicates an expectation of making 
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Dialogue (problem 1, 100 seconds) Interpretation 

(Amy starts to count with fingers) You had 
28 and I only have 27. 

sense for yourself and not relying on others to 
tell you. 

13. Jim:  You had 28 and I had 27. (writes 
numbers on paper). (Teacher arrives). 

15. TCH:  Okay. Here's your second page if 
you have time. (Looks at first sheet). Did 
you write out your number sentences? 

16. Amy:  We haven’t figured the answer out 
yet. 

17. TCH:  Oh. (Voice rises in interest). So, 
who thinks it’s 27? 

18. Jim:  Me.  
19. Amy: I think it’s 28. 
20. TCH: Oh. Well, I’ll have to come back 

and see what you do about that. (leaves) 

When asked, Amy says they haven’t figured 
out an answer yet. The teacher can see the 27 
and 28 written on the paper and asks “who 
thinks it’s 27?” The children’s responses 
indicate that the possibility for different 
answers is expected. The teacher’s response 
indicates having different answers creates a 
situation for the students to resolve rather 
than the teacher. And, she will return to find 
out how they resolve their disagreement. 

*Numbers indicate lines of dialogue on transcript. 

For the second blob-problem (9 x 6), Amy and Jim collaborate counting the 
number of squares first in the rows and second in the columns. Jim again thinks of 
groups and multiplication (“six groups of 9, or nine groups of 6”), and Amy 
proposes “let’s do this on paper.” However, for Jim the strategy is “really simple”
and his strategy of using 27 (from 9 times 3 in the first problem) and adding on 18 
(doubling the 9) is not understood by Amy. Although she protests (“I don’t get…”),
Jim is too involved in solving to clarify his thinking.  

The teacher approaches again and meets her commitment by asking, “so how’d 
you guys resolve this?” The fact that Amy is able to identify her error in calculating, 
19 not 18, indicates she met the expectation to resolve the differences in answers. 

36. Amy I think the 18. I was thinking it was 8 but it was 19 instead 
of 18. I was thinking it was it was 19 instead of 18. [ . .] 
And I thought the answer would be 19 instead of 18. 

39. TCH Oh. So where did you get that—the 18? 
40. Amy From the 8. . . 
41. Jim (interrupts). The double 9.  
42. Amy (continuing) 6. We went 9 plus 9. (Points with pencil at 

problem #1 on paper) 
43. TCH Oh, so you did 9 plus 9 is 18. (Amy writes 9 + 9 = 18).  

And then what did you do after that 18? 
44. Amy 18 plus 9 equals 27. (Writes 18 + 9 = 27). 
45. TCH Nice split. (She leaves) 

However, it is the teacher’s questioning that brought forth from Jim an explanation 
of how he arrived at 18 and provided Amy an opportunity to gain insight into his 
strategy of using the double of a number to calculate. From this point on, Amy and 
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Jim are able to participate in a jointly developed strategy. However, their way of 
working became a combination of using the “white pen” and a “halving and 
doubling” strategy. Now that a common ground for communicating and solving the 
problems was agreed upon, the solution to the remaining problems proceeds 
smoothly throughout the episode. However, because Jim is able to calculate quickly 
and accurately, Amy’s participation becomes one of joint determination of the 
strategy (i.e., whether the row or column contains an even number to be halved). 
Thus, even though the pair developed a different strategy in order to work together 
collaboratively, it is yet to be seen if this considered mathematical level raising. 

3.3. Division of Time Analysis 

To achieve learning outcomes students must spend time on relevant activities 
(Carroll, 1963; De Corte & Weinert, 1996). So called 'academic tasks' are used as a 
vehicle of communication between teachers and students (Doyle, 1983). In the 
episode between Amy and Jim, rather than discussing abstractly the concept of level 
raising with the students, the teacher engages them in an academic task aimed at 
level raising, and rather then trying to spell out to the students how level raising 
should be accomplished, they organise the academic task appropriately. To trigger 
level raising in the case of Amy and Jim, the academic task is organised for 
collaborative work. For instance, Amy and Jim are given just one blob-problem 
paper to be shared between the two of them. Other task characteristics are that the 
task is realistic, constructive, complex and aiming at level raising. Although 
designed to elicit relevant activities, an academic task may trigger irrelevant 
activities as well. For instance, although collaborative dialogue is intended for the 
purpose of explaining one's work, students may also carry on off-task talk, and 
relevant construction activities such as drawing squares to solve a particular blob-
problem that may deteriorate into mindless filling in all squares in the blob-
problems.  

3.3.1.  Method and Analysis.
In the division of time analysis quantification of how the students and teacher 
allocated their time is examined through a process of coding that is then compared 
with the transcript for further interpretation. Eight categories were developed for 
analysis (see Table 3). Collaborative work and awareness of differences are deemed 
relevant for learning (i.e. mathematical level raising). These categories represent 
activities that are in line with the educational goal of the task and with its 
collaborative nature. Categories teacher, individual work, and other task-related 
activities are deemed potentially relevant too, the reason being that these activities 
may well support collaborative learning in situations where tasks are realistic and 
complex. Categories go and production are deemed irrelevant. Although they 
represent activities that necessarily occur in educational settings, it is unlikely that 
they contribute directly to level raising. Category off-task is also seen as irrelevant 
for learning, although some short periods of rest during collaborative work may be 
needed after times of intense thinking. 
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The dialogue of Amy and Jim contained 79 time tags (79 x 10 seconds = 13.2 
minutes). The categories were coded every 10'-period, as an example in Table 2, 
Line 3 in the dialogue, is coded COL, because Amy seems to keep track of Jim's 
work. Line 4, however, was coded DIF, because Amy indicates that she is not 
following Jim at this point. Line 5 is coded IND, because Jim follows his own line 
of thinking. He is looking up, but not at Amy. The maximum score for each category 
was 79. This score could be reached, for instance for COL, when each and every 10'-
second period contained at least one line that received the code COL. The data are 
presented in Table 4. To give a clearer summary of the analysis three sub periods are 
distinguished, problems 1-2, 3-4, and 5,6 and 7. 

3.3.2. Interpretation 
The division of time analysis shows that on COL, one of the two categories 

deemed relevant for mathematical level raising, Amy and Jim are truly collaborative 
throughout the whole period (column COL problems 1-7). However, the division of 
time analysis shows that on DIF exploration of differences in their approaches and 
thinking occurred primarily during the first sub period (column DIF, problems 1-2) 
and much less during the second and third sub period (problems 3-7). The analysis 
indicates the teacher (column TCH) also played a more active role in the first sub 
period  (problems 1-2) and a minor role in the last sub period (problems5-7). 
Checking the protocol reveals that the teacher's role in the first 4 minutes is with Jim 
and Amy and is greatly affected by the fact that Jim and Amy have produced  
different answers  for problem 1  (e.g., Table 2, lines 15-20).  In the third sub period 
the teacher does not interact with this particular pair, instead she communicates 
suggestions to the whole class, such as "Boys and girls. Let's take five more 
minutes".  

As expressed in the figures in column IND, brief periods of individual work 
occur, especially at the start (problems 1-2 versus problems 3-7). Looking at the 
protocol reveals that Jim for some time works individually, almost without knowing 
it (e.g., line 5 in Table 2). The figures in the column OTH increase over time (OTH, 
problems 1-2 versus problems 3-7). The protocol reveals that all OTH-activities in 
the last few minutes of the episode are related to a concern of Amy's about the 
opinion of other students. Amy fears that other students might come to think that she 
and Jim mainly functioned at the mathematical level of counting, when they steal a 
glance at the sheet on which Jim is working. In several ways she tries to avert this, 
discussing her point of view with Jim (see the slight frequency-rise in the DIF-
column). The figures in column GO, PROD and OFF are low throughout all the sub 
periods.  

The time division analysis revealed that relevant and potentially relevant 
activities outnumbered irrelevant activities by far. Moreover, the most significant 
activity occurred during the first sub period as the children were beginning to work 
together on the assignment. A question that still remains is whether this led to 
mathematical level raising for either Amy or Jim 
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Table 3. Categories used in the division of time analysis

1. COL (COLLABORATIVE WORK): the students work and think together on the task as 
they see it, or on figuring out an approach, procedures, etc. This code is still given when 
students work individually for short time, or when their working and thinking diverges to a 
minor extent (without interrupting collaboration and keeping track of each other's doings). 

2. DIF (DIFFERENCES): students exhibit awareness of differences in procedures, 
interpretation of words or concepts or task-conception; or the students are actually involved 
in discussing and solving such differences among themselves, in the course of interacting 
with the teacher, or during production-activities. 

3. TCH (TEACHER): the teacher takes an initiative, intervenes, asks questions, explains, 
reacts to questions or other communications of the students; this code is also given when 
students fill the teacher in on things (telling things that are new for the teacher, but not for 
themselves). 

4. IND (INDIVIDUAL): students are working individually (e.g., on subtasks or on different 
lines of attack) or interacting with the teacher or other students on an individual basis.  

5. OTH (OTHER): students are otherwise engaged in a task-related manner, e.g., 
elaborating (making fun) on a 'side-track', communicating with other students/pairs/groups; 
taking notice of a whole-class remark of the teacher. 

6. GO (GO and FINISH): students prepare for the actual work (e.g., get their pencils, 
distribute work sheets, look at the number of subtasks) or finish their work or a part of it 
(e.g., make a fair copy of the answers). 

7. PROD (PRODUCTON): students are involved in sheer production, e.g. writing down 
answers in the assigned manner, making products to account for their actions (producing 
things that are new for others, but not for themselves).  

8. OFF (OFF-TASK): students are engaged in off-task activities. 

Table 4. Frequency of activities in the pair work of Amy and Jim, during three sub periods

 COl DIF TCH IND OTH GO PROD OFF 
 highly 

relevant 
potentially relevant irrelevant for level 

raising 

29x 10' periods = 
4.8 minutes;  
problem 1 and 2 

20 16 11 4 0 2 2 0 

25 x 10'periods = 
4.2 minutes; 
problem 3 and 4  

15 2 0 2 5 6 2 5 

25 x 10'periods = 
4.2 minutes; 
problem 5, 6 and 7 

16 7 5 0 9 9 0 0 

Total  51 25 16 6 14 14 8 5 
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3.4. Mathematical Level Raising Analysis 

Mathematical level raising is the focus of this analysis. Globally the ‘level theory’ as 
formulated by Van Hiele (1986) is used, and locally the mathematical levels are 
identified that are relevant for the blob-problems that Amy and Jim solve. For the 
students the problems (see Figure 1) can be analysed as having to do with 
establishing the total number of small squares in each rectangle. Table 5 presents 
four levels that are relevant for solving the blob-problems. 

One goal of the blob-problems is to promote learning characteristics of 
multiplication, i.e. transposing (5 x 8 = 8 x 5), dividing (5 x 8 = 3 x 8 + 2 x 8) and 
transforming (5 x 8 = 5 x 10 – 5 x 2) (Treffers & De Moor, 1990). In this case, the 
levels one ‘goes through’ can be described as from counting single units, systematic 
counting and doubling drawn from an additive structure to multiplying and gaining 
insight in characteristics of multiplication. Another goal of the problems is to 
promote understanding of multiplicative structure through measurement of 
rectangular areas. In this case, the levels one ‘goes through’ are from counting single 
squares, to counting the squares in rows and columns to using column times row (or 
length x width) in a flexible way. In the context in which the students worked on the 
blob-problems, both learning strands were intertwined. 

Table 5. Four levels of solving the blob problem

Counting 
One possible approach is counting each square one by one. Keeping track of one's counting 
by putting little dots in the little squares can make this counting somewhat systematic. 
However, the blob prevents one from counting all little squares, so what to do? One could 
think that one does not know how many squares there are under the blob, leaving the 
problem unsolved. One could also assume that the whole shape is a rectangle with little 
squares, so there is regularity. In that case one could make the hidden part of the rectangle 
and the little squares visible, by imagining or by real drawing. Then one could solve the 
problem by continuing counting, with or without keeping track.  

Systematic counting 
If one takes into account the regularity of the rectangle, the counting could be done more 
systematically. By seeing in the first rectangle that it is all the time 3 in a row and by 
counting the number of rows, one could solve the problem by oral counting: one, two, three, 
four, five, six, and keeping track of the accents using fingers. One could also see that there 
are all the time 9 little squares in a column and that there are 3 columns. One could apply 
doubling the 9 and counting on one 9 as a strategy for performing 3 times 9. Essentially 
this is the multiplying strategy of dividing. By counting systematically one overcomes the 
problem of the blobs.  

Multiplying 
Multiplying requires seeing or discovering that it is 3 columns of 9 or 9 rows of 3 and then 
multiplying. One could do this when one knows the tables of multiplication. This approach 
could also lead to or reinforce the insight that 3 times 9 is 9 times 3, because in some cases 
it is easier to count the number of squares in a column first, in other cases the blobs suggest 
that one could better start with a row.  
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Using a formula 
Students might know that one can calculate a rectangular area by measuring the length and 
the width of the rectangle and multiply them. Because of the blobs, not every problem 
allows one to measure the length and the width at the same place. So the blobs stimulate the 
insight that it does not matter ‘where’ you measure the length or the width, counting one of 
the columns and one of the rows is enough. At this level the blobs promote flexibility in 
measuring rectangular areas. 

3.4.1. Method and Analysis
First the transcript is searched for indications of level raising presented in Table 5. 
To find evidence of mathematical level raising by individual students it is necessary 
to define what we mean by level. The four levels of approach to the blob-problem 
(see Table 5) were used through the protocol to detect on which level Amy and Jim 
each approached the problems and when they each moved to a higher level. This 
analysis was then followed by an examination of the progression with the process 
model that was discussed earlier (see Table 1). 

3.4.2. Interpretation
Amy. The level of solving that Amy used on the first blob-problem is counting (see 
the dialogue in Table 2). She counts squares following Jim in counting a row and a 
column. Is it systematic counting as defined in Table 5? We do not see her doing 
this but we assume that she is aware of the regularity of the rectangle, because she 
does not seem to feel the need to draw and count all squares. When Jim uses a 
system like three groups of nine or nine groups of three and then adding, she follows 
Jim and even checks the answers. So she is able to follow Jim on a higher level of 
solving the problem. However, Amy is not yet able to perform all the doubling and 
adding problems needed to overcome the problem of the blobs. And as she does not 
want to just follow Jim, but also wants to check the answers, she ‘falls back’ in the 
second problem to counting by one, telling Jim to draw all the squares with a white 
pencil. 

Although Amy starts solving the second problem on the level of counting, she 
now takes the initiative of counting a row and then a column. So she brings in a new 
system. We assume from the dialogue (not shown in Table 2) that she now sees the 
problems as area problems and that she is trying to solve them by ‘measuring’ the 
‘length’ and the ‘width’. This interpretation is sustained by the fact that Amy sees 
problem 3 in problem 2 and agrees with Jim that it is the same problem (transposing 
characteristic of multiplication). When Jim proposes (in problem 2) 'to split in half', 
she starts counting half and then tries to double. So in the context of area, halving 
and doubling are multiplying strategies that make sense to her. To conclude, Amy 
moves from the level of counting and systematic counting to understanding some 
multiplying strategies in the context of measuring areas. The obstacle to further level 
raising is the fact that she has problems with adding and doubling and that she 
‘doesn’t know times’, as she expresses herself.

Jim. As shown in the dialogue in Table 2, Jim starts the first problem on the 
level of systematic counting and is very close to the level of multiplying. He sees 
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very soon (line 5) that it is three groups of 9 or nine groups of 3. So in fact he 
applies here a transposing strategy of multiplication (3 x 9 = 9 x 3). He is not yet 
able to produce an answer directly, but he can apply strategies as 'doubling and 
counting on' which is a dividing strategy of multiplication (3 x 9 = 2 x 9 + 9). In the 
second problem he again ‘sees’ that it is about six groups of 9, and again he cannot 
solve this directly. He tries to find the answer by building on the outcome of the first 
blob-problem (3 x 9), adding double nine and adding another nine by counting. But 
this 'clever adding' is hard work for him and as Amy cannot follow his strategy Jim 
joins her in the switch to a counting strategy. From that time onward, Jim works on a 
lower level mathematically than where he had started. But it is not only a ‘lowering’ 
of his level. Jim makes a shift from treating the problems as multiplying problems 
(columns by rows) to treating them as areas to be measured by counting the squares. 
Jim then makes the counting more efficient by introducing the strategy of ‘splitting 
in half’ and doubling, a strategy, which could be easily evoked by looking with an 
‘area-view’. Splitting in half is also connected with a dividing strategy (6 x 9 = 3 x 9 
+ 3 x 9). The third problem he recognises as the second problem, first by the same 
answer and then by seeing that it is ‘laid on the side’. And as Amy agrees that it is 
the same problem, he ‘touches’ the transposing strategy for measuring areas. So his 
level raising in multiplying becomes ‘intertwined’ with level raising in measuring 
areas.  

3.4.3. Key activities  
In the analysis those parts of the episode where differences occurred in the work of 
Amy and Jim are analysed by employment of the process-model (see Table 1). Did 
the students show, explain, justify and reconstruct their work in dialogue with each 
other? In the first problem (see Table 2), they get different answers when counting 
three groups of nine (lines 10-11). Jim explains his answer (line 11, continued) and 
Amy listens intently and starts to check herself (a preliminary step in justifying).  

The arrival of the teacher brings a temporary end to Amy's check (line 14), but 
eventually (line 22) Amy criticises her own answer and reconstructs her working 
method by bringing it back to counting. In the second problem Jim shows his work, 
but Amy does not understand and says, "I don't get it," (with a puzzled look on her 
face). In this manner she asks Jim to explain. Jim does not comply but joins Amy in 
her counting-approach to the problem. From that moment onward they work 
collaboratively using an agreed upon strategy and do not produce really different 
answers. It seems that they have found a way to ‘overcome’ their differences in level 
in relation to multiplying, by transforming what they consider as multiplying-
problems into area-problems, which can be solved by ‘clever’ counting.  

The conclusion of this analysis is that Amy and Jim both raised their 
mathematical level in some respects. Both students took several small steps that can 
be rightly characterised as steps toward a higher mathematical level in which 
perceptual and conceptual mathematical reasoning are intertwined. 
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4. INTEGRATION PHASE 

In the integration phase we try to find out whether a multi-facetted approach of the 
collaborative episode enhances our initial common understanding of the learning 
events. In this phase, we attempt to address mathematical level raising as the 
integration of social and cognitive processes for the purpose of understanding how 
‘working together on assignments’ contributes to student learning.  

From the Social Interaction Analysis (SI-analysis), we know that in the 
classroom, Amy and Jim were well aware of the expectations that existed for 
collaboration, i.e. that students should explain their thinking to others and that 
differences in answers should be resolved. From the Time-Division Analysis (TD-
analysis), we know that Amy and Jim were highly collaborative during all the sub 
periods and were seldom off task, although an increase in the activities of finishing 
work and being side tracked was found from sub period two to three. During the first 
sub period, the two children were engaged in the activity of awareness of differences 
in their procedures that was connected to the teacher’s high level of activity with the 
pair during this time. From the Mathematical Level Raising Analysis (MLR-
analysis), we know that differences in answers in the beginning were due to 
differences in mathematical conceptual level between Amy and Jim. Amy and Jim 
resolved their conceptual differences by finding common ground in which to 
collaborate. This resulted in the development of an approach ground in the concept 
of area. The MLR-analysis also revealed that both students made changes in their 
mathematical thinking that can rightly be characterised as level raising.  

In the following we argue that unravelling the events from different perspectives, 
deepens our understanding of the episode. To illustrate, we first refer to the dialogue 
in Table 2, in particular lines 10 – 20. At first sight, the events in this part of the 13-
minute episode can be told simply: "Amy and Jim have different answers. Jim 
explains his answer. Amy watches intensely and decides to check herself. Then the 
teacher arrives, inquires about the different answers, promises to return to learn how 
they resolved the situation, and leaves the students to solve the problem among 
themselves.” 

By integrating information from the three separate analyses into this description 
leads to enrichment. The added information is presented between < >. The enriched 
story reads as follows:  

"<Due to differences in mathematical conceptual level and skill in calculating,> 
Amy and Jim have different answers. <Adhering to classroom norms,> Jim explains 
how he constructed his answer. <Explaining is a key process in level raising>. Amy 
watches intently and decides to check herself. <Amy adheres to classroom norms>. 
<Amy performs mental activities linked to key activities in the level raising process; 
she explores why the outcomes are different>. Then the teacher arrives. 
<Unintentionally the teacher interrupts the level raising process in which Amy and 
Jim were engaged>. The teacher inquires about the different answers, promises to 
return to learn how they resolved the situation and leaves the students to solve the 
problem. <The teacher’s actions clarify for the students what they are expected to do 
in this situation, to resolve the differences themselves, and helps them to meet this 
responsibility by indicating she will return>. 
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The enriched description brings us to a point where we can see clearly that the 
teacher's contribution to the students’ learning has both positive and negative aspects 
in this specific context. The positive side is that the teacher helps the students to give 
meaning to the classroom norms; the negative side is that she interrupts the ongoing 
level raising process. As it turns out (see the MLR-analysis), Amy criticises her own 
work soon after the teacher leaves (line 22). After checking, she concludes that 
Jim’s answer was right and reconstructs her working method by bringing it back to 
counting. We shall never know, of course what would have happened if Amy's 
initial checking had not been interrupted. 

What the enriched example illustrates, however, is that any teacher intervention 
risks disturbing an ongoing process. This poses a dilemma of which teachers should 
be aware. On the one hand, it is necessary to help students understand and give 
meaning to classroom norms because adherence to these norms is prerequisite for 
collaborative learning and mathematical level raising. On the other hand, 
interventions to aid in the understanding of class expectations take time and might 
possibly interrupt the very collaborative and level-raising processes that the teacher 
attempts to support. 

Another dilemma found in the integration phase occurs at the point where Jim 
decided to join Amy's counting- approach, although to do so meant he would work 
on a lower mathematical level. The MLR-analysis revealed the following: "Jim 
applied a 'clever adding' approach to problem 2. When Amy could not readily 
follow, Jim joined her in her transition to a counting strategy. One of the reasons 
might have been that clever adding was hard work for Jim, whereas counting was 
easier." Probably, however there were other reasons as well.  

A multi-facetted understanding of Jim's position brings to the fore that he had 
different concerns, namely the concern to raise the mathematical level rather than 
lowering it, the concern to collaborate, and the concern to finish more then just two 
blob-problems. He faced two dilemmas. The first was that the norm for 
collaboration conflicted with the aim to raise the mathematical level. The second 
was that following the process model (i.e. explaining the clever adding procedure) 
conflicted with the wish to solve as many problems as possible in the given time 
frame. In the view of this enriched interpretation it is remarkable that Jim made any 
decision at all. We do not know whether Jim still expected to raise his mathematical 
level when he joined Amy in a counting strategy. Fortunately however, the 
negotiation of a taken as shared strategy of the area-approach offered new learning 
opportunities for him as well.  

A third example illustrates that working together on an academic task in a 
classroom setting where co-operation is sustained by classroom norms can lead to 
very special effects. It may seem unusual that even children as young as 8-year old 
children are capable of reflection on mathematical issues, but in the protocol we 
found a nice example of what we wish to call 'co-reflection'. In the TD-analysis it 
was briefly mentioned that Amy was anxious that other students might think that 
Jim and she had mainly functioned at the level of counting (due to the squares that 
Jim was drawing in the blob-problems with a white pencil). We believe that this 
concern must be seen in relation to Amy's awareness of the classroom procedure that 
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children are expected to share their strategies with others and to explain what they 
did. We also believe that it must also be seen in relation to awareness of her side that 
the blob-problems could be solved at different mathematical levels, which are not 
equivalent. Amy definitely wants to show to the class that Jim and she did more than 
'simple' counting. In the dialogue Jim focuses on the counting they did, whereas 
Amy focuses on non-counting activities.  

Jim We did too count. That is what we did, didn't we?  
Amy We counted half of it  
Jim (We counted) on every single one.  
Jim (Pointing at one of the problems) Then we counted- we 

didn't do – we didn't do division or times, we didn't 
multiply on any of these did we?  

Amy Yeah, I think we did on that one (points to problem 1).  
Jim Yeah…. we multiplied. 
Amy Yeah, but we split out the multiplying. Cus we don't know 

times. We don't know every answer.  
Jim (simultaneously) I know times (Jim starts working on 

problem 7 in an attempt to finish one more problem). 

The mere ideas that there is more to multiplying than 'knowing times' and that 
there are ways to 'multiply' even for a person who does not know all the answers are 
fundamental building blocks of mathematical reasoning. That it is possible to create 
situations in which an 8 year-old child is capable of touching upon these insights – 
for the sake of her own personal interest – is very interesting.  

The three examples illustrate ways that integration may enhance understanding. 
At the start of our collaborative analysis, we interpreted the protocol very carefully 
at the sentence level. After having performed the separate analyses, we have a better 
view on the complexity of the settings in which the children regulated their social 
interactions and learning. We want to argue that it is the merit of the multiple 
analysis method that it brings into focus the multiple concerns that students (and 
teachers) have to deal with - continuously and simultaneously. These concerns may 
clash at certain moments but they may also intertwine and sustain each concern. A 
multiple analysis makes concrete that the relatively simple actions and statements 
that are presented in the protocol are merely the tip of the iceberg. These actions are 
the outcomes of the person's struggle to deal with multiple concerns, but the struggle 
itself and the concerns are hidden under the surface. 

5. DISCUSSION 

In the first section of the chapter we presented a process model, which is suitable to 
analyse episodes in which students collaborate on tasks that aim at level raising. The 
model focuses on key activities in the level raising process and incorporates social 
activities that affect the occurrence of these key activities. However, the broader 
social or educational context of the collaborative work is not taken into account. In 
the second section we presented a more complicated procedure, which we also used 
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to analyse an episode in which level raising was a learning goal. In this analysis 
however, we took the broader context into account. On the one hand the episode was 
analysed from the perspective of classroom norms. On the other hand the episode 
was analysed from the perspective that learning in an educational setting is governed 
by academic tasks, i.e. tasks which elicit activities that are relevant for the learning 
goal. And, similar to the first section, the episode was analysed from the perspective 
of content learning: Did level raising take place and did key activities occur? 

We want to argue that the presentation of both types of analysis next to each 
other may contribute to one of the aims of this book. The editors wish to diminish 
the gap between researchers who are mainly interested in 'social learning', i.e. 
learning in a sociocultural community with relatively open learning goals, and 
researchers who are interested in the cognitive aspects of learning, i.e. learning in 
educational contexts where learning goals are relatively fixed. For ourselves, the 
relevance of integrating the three perspectives was that it brought into focus the 
complexity of the settings in which the students regulated their own social and 
cognitive activities. 

Multiple analysis is a promising tool in research on dialogical learning and it was 
our intent in this chapter to illustrate the benefits by comparing this approach with a 
method using a single analysis. Of course, the idea of a multiple analysis is not new. 
Some researchers have used multiple perspectives to analyse episodes of 
collaborative learning in order to triangulate findings (e.g., Kumpulainen and 
Kaartinen, 1999). Others, such as Clarke (2001), have approached multiple analysis 
using several researchers with expertise in a wide variety of perspectives to conduct 
their singular analysis on a common body of data. In our case, the approach to 
multiple analysis is somewhat different in that it consisted of utilising the fields of 
expertise of the three authors (similar to Clarke, 2001) in the initial analysis of a 
common episode that was followed by an integration phase in an attempt to deepen 
the interpretation of learning in dialogic settings. We think that it was essential that 
the perspectives taken in the initial analysis had the potential to lead to contrasting 
interpretations of the dialogic learning events. 

6. NOTES 

1  The episode is from the project, Recreating Teaching Mathematics in the Elementary School, supported 
by the National Science Foundation under award RED925-4939. All opinions expressed are those of the 
authors. 
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