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Abstract.. We discuss the effect of digitisation on the signal-to-noise ratio of pulsed radio signals. We describe a 
generall  n-bit digitiser and show that a symmetric and equidistant digitiser has two free parameters: the threshold 
andd the output value. We derive the best choice of these values for a 1, 1.5, 2, 4 and 8-bit digitiser and calculate 
thee signal-to-noise ratio after digitisation of an undetected signal and of a detected signal with a Gaussian or a 
^-distr ibut ion.. Measurements made using PuMa, the new digital pulsar machine at the Westerbork Synthesis 
Radioo Telescope, are presented and are shown to agree with the theoretical response of the digitiser. 

Keyy words. Instrumentation: miscellaneous - Methods: data analysis - Pulsars: general 

1.. Introduction 

AA pulsar signal that is received by a radio telescope, can be 
describedd as ampl i tude modulated Gaussian noise (Rickett 
1975).. The periodic noise from the pulsar is weak and is 
addedd to steady noise from the sky background and the 
receiver.. The signal-to-noise rat io (SNR) of the individual 
pulsess of many pulsars is much less than one. In that case, 
thee pulsation can be found by squaring (i.e. detecting) the 
signall  and adding the pulses together (i.e. folding). 

Thee group velocity of electromagnetic waves propagat-
ingg in the interstellar medium is modified in a frequency-
dependentt way by the interaction between the waves and 
freee electrons. This effect is called dispersion and causes 
thee pulses from a pulsar to be smeared over significant 
bandwidths.. There are two ways to remove this disper-
sionn from a radio signal: coherently and incoherently. 

Inn the coherent case the amplified voltages from the 
antennaa are digitised and sampled. These recorded data 
aree Fourier transformed off-line. Each Fourier component 
iss rotated by a frequency dependent phase angle. After 
thee inverse transformation a dispersion-free voltage time 
seriess is obtained (Hankins 1971). 

Forr incoherent dedispersion the incoming bandwidth 
iss split into a number of sub-bands (channels) by analog 
filterss or by a digital Fourier transform. The signal in each 
channell  is then squared. The resulting power t ime series 
aree delayed by the proper amount of t ime before the chan-
nelss are added together. This delay can be applied on-line 
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inn hardware (Taylor &: Huguenin 1971) or in off-line data 
processingg after digitisation, sampling and recording. The 
resultingg time series has a lower sampling rate than the 
originall  one: t ime resolution has been converted into fre-
quencyy resolution. 

Mostt radio pulsar observations include at least one 
digitisationn and sampling step. The signal that comes from 
aa radio telescope is always analogue, which means that it 
iss continuous both in t ime and in its value. Sampling is 
thee process which makes a signal discrete in t ime. No in-
formationn is lost in this process, provided that the samples 
aree taken at a rate of at least twice the highest frequency 
presentt in the input signal (Nyquist theorem). Digitising 
iss the process which makes a signal discrete in its values. 
Inn this process information is lost. The amount of loss 
dependss on the number of possible output values. 

Duringg digitisation both ampl i tude and phase informa-
tionn are lost. The loss of phase information is described for 
aa general signal by Cooper (1970) and for the specific case 
off  a pulsar observation by Jenet & Anderson (1998) and 
Stairss et al. (2000). Our paper concentrates on the loss of 
thee ampli tude information by studying the signal-to-noise 
ratioo of the digitised signal in comparison with the SNR 
off  the incoming signal. 

Thiss study was performed as part of the calibration 
processs of PuMa. PuMa is the new digital pulsar machine, 
constructedd for the Westerbork Synthesis Radio Telescope 
(WSRT,, Voute et al. 2001). The changes of the SNR along 
thee signalpath of WSRT are described in Kouwenhoven 
&&  Voute (2001). To test whether PuMa is performing 
upp to its specifications, it is necessary to understand all 

http://uu.nl
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Thee signal-to-noise ratio SNR is defined as the relative 
increasee of the power during the on-pulse: 

SNRSNR =  Pp+n Pn , (3) ) 

wheree Pn and Pp+n
 a re the power of the noise and of the 

combinedd pulsar signal and noise, respectively. Since the 
meann level fj, is zero, the power P of a Gaussian signal is 
equall  to its variance a2. So, in this case: 

\\ (4) 
22 2 

SNR=SNR= aP + " ~a " 

Ass wil l be shown, the variance of the signal changes due to 
digitisationn and this depends on the standard deviation a 
off  the signal to be digitised. The signal-to-noise ratio after 
digitisationn SNR&i% is: 

^digf^P+n)) - ^dig^jO =
 ffdig,p+t. ~ ^dig,» 

~~ at 
SNRSNRdidi„„  = 

^LK ) ) dig,n n 

,, (5) 

Wee define the digitiser efficiency factor: 

SNRSNRdig dig 
7]7] = 

SNR SNR 
(6) ) 

Thiss efficiency factor is dependent on the number of bits of 
thee digitiser, the digitiser settings and the incoming signal-
to-noisee ratio. It differs for an undetected and a detected 
signal. . 

2.2.2.2. Detected signal 

Inn the detection stage the signal is squared (Fig. Id). After 
squaring,, the signal has a non-zero mean. The power of the 
signall  is no longer equal to the variance of the signal and 
thee SNR definition given in Eq. 4 is no longer valid. Eq. 3 
requiress the absolute value of the off-pulse power Pn, but 
thiss information is lost in the digitisation process, if the 
valuess of the thresholds are not recorded. Thus, we define 
thee signal-to-noise ratio of a detected signal (SNRsq) to 
bee the difference between the mean level during the off-
andd on-pulse relative to the off-pulse noise: 

SNRSNRsqsq = 
uusqsq - usq 

(7) ) 

wheree ^isp\n and ^ q are the mean of the squared signal 
duringg the on- and off-pulse, respectively, and <r„q is the 
standardd deviation of the signal during the off-pulse (e.g. 
Bhattacharyaa 1998). Both SNR-definitions (Eqs. 5 and 7) 
usee parameters which can be determined directly from a 
timee series and do not depend on the absolute value of 
thee voltage or power, respectively, only on their relative 
scaling.. The digitiser efficiency factor for a squared signal 
i]i] sqsq is defined as: 

(8) ) 
SNRSNR55* * 

sqq _ d ' ë 

'' ~ SNRsq ' 
Notee that for a squared but unsmoothed signal, SNRsq 

differss by a factor y/2 from the SNR before squaring. This 
iss not important for calculating SNR efficiency factors, 
sincee the factors y/2 cancel in Eq. 8 

2.2.1.. x2-distribution 

Afterr squaring the signal has a x2-distribution with one 
degreee of freedom: 

9{x)9{x) =Xi, f f (z) = 
1 1 

(9) ) 

wheree a is the standard deviation of the undetected signal, 
g(x)g(x) has a mean of a2 and a variance of 2a4. 

Thee signal is usually smoothed after squaring (Fig. le). 
Theree are several ways to smooth a signal. For an analog 
signall  the simplest way of smoothing is using a low-pass 
filter.filter. This will remove all frequencies higher than a cer-
tainn cut-off frequency from the signal. For a signal that 
iss discrete in time (a sampled signal) the simplest way 
iss to add two consecutive samples, thereby reducing the 
timee resolution by a factor two. The distribution func-
tionn of this smoothed signal is the auto-convolution of Eq. 
9,, which is a ^-distribution with two degrees of freedom. 
Analogously,, adding k samples results in a x2-distribution 
withh k degrees of freedom: 

* - i i 

XkAXkAxx)) r(fc) 2a2 \2a2) 

whichh has a mean ka2 and a variance 2ka4. 

(10) ) 

2.2.2.. Gaussian distribution 

Iff  many samples are added (k » 1) the distribution ap-
proachess a Gaussian (central limi t theorem) with the same 
meann and standard deviation. We assume that the off-
pulsee mean has been subtracted, so ^isq = 0. During the 
on-pulse,, the mean increases to HP

q
+n — Mpq a nd the stan-

dardd deviation from a  ̂ to crp
q
+n: the Gaussian distribution 

iss shifted and has become wider. However, the widening 
cann be neglected if enough smoothing has been applied: 
iff  the smoothing is made by adding k consecutive sam-
ples,, the ratio of the standard deviation during the on-
andd off-pulse is given by 

rsq q 

7 p + n n == 1 + --  SNRsq, (11) ) 

wheree SNRsq is given by Eq. 7. Therefore, for large values 
off  k with respect to SNRsq the Gaussian distribution only 
shiftss to higher values during the on-pulse (see Fig. 2b). 

3.. Descriptio n of th e digitise r 

Ann n-bit digitiser has N = 2" discrete output levels, ex-
ceptt in the case of a so-called 1.5-bit digitiser, which has 
33 output levels. The digitiser determines the output value 
byy comparing the input signal level with N - 1 threshold 
valuess xth,t: °ne boundary between each two output levels. 
Thee output signal Xdig can be described as: 

(12) ) 

1 1 
2-digg — ^ d i g ^J ~ \ 

Xo Xo 
X! X! 

XX < Xth.l 

Zth.11 < X < Zth,2 

XN-1XN-1 Z tMf - l < x-
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Thee settings of an n-bit digitiser have 2 N — 1 degrees 
off  freedom: N — 1 threshold levels and N output values. 
Often,, the output of the digitiser is just the numeric value 
off  the bits as such and the conversion from n-bit integer i 
too float value Xi is made at a later stage. 

3.1.3.1. Setting considerations 

General-usee digitisers make as few assumptions about the 
distr ibutionn of the signal that needs to be digitised as pos-
sible.. If i t is assumed that the signal has a symmetrical 
distr ibutionn i t is common to set the middle threshold at 
thee mean level of the signal and set the other thresholds 
symmetricallyy around the mean. 

Zth.tt = Xth.N-t (1 < Ï < W - l)i 

xxth,N/2th,N/2 =
(13) ) 

I nn that case the output values are also chosen symmetri-

cally y 

XiXi — XN-1-i 1-i ( 0<< i < N -1). :i4) ) 

Sincee the exact shape of the distr ibution is not known, 
thee thresholds and the output values are set equidistant. 
Thiss also has the advantage that the conversion process 
fromfrom the n-bit integer i to the float Xi is a simple linear 
calculation. . 

So,, in case of fi = 0, the thresholds and output values 
are e 

- ( ^^ - 1) x t h , , - x t h , 0, i t h , . . ., ( ^ - 1) xthi (15) 
N-l N-l 

2 2 
vv 1 v 1 V N-l Y 

A ,, . . . , — ö A , ö " ^ ! ) ö~
(16) ) 

wheree X is the step between the output values. The num-
berr of free parameters has now gone down to 2, of which X 
iss merely a scaling factor. A change of its value wil l have 
noo influence on the SNR of an undetected or a detected 
signal.. Therefore, we choose its value such that the power 
off  the incoming signal is conserved: 

/

OOO r<X 

xx22  f(x)dx = I x2
dig{x)  f{x) dx. 

-ooo J— oo 

(17) ) 

Thee only remaining parameter to be set is the threshold 
valuee Xth- This parameter is chosen such that the quan-
t isationn noise is as small as possible, so any information 
losss is as small as possible. This leads to the requirement 
off  minimal distortion. The square of the distortion of a 
signall  is defined as: 

/

oo o 

(x(x - xdlg(x))2  f{x) dx, 
-oo o 

(18) ) 

wheree Xdig(x) is also dependent on xth- The value of D' 
shouldd be minimised with respect to x th: 

dxty dxty 
== 0. {19} } 

aa Gaussian signal. Since most pulsars are weak and have 
aa small duty cycle, the settings of the digitiser are com-
pletelyy determined by the off-pulse. Since the off-pulse of 
ann undetected and of a detected and smoothed signal have 
thee same type of distr ibution, the settings of the digitiser 
doo not depend on the signal type. Therefore, the following 
settingss can be used generally, 

3.2.3.2. Setting of a 1-bit digitiser 

AA 1-bit digitiser has two output levels  =  and 
onee threshold. This threshold is set at the mean of the 
signall  for symmetry reasons, i.e. at zero level for a voltage 
signal.. The requirement of power conservation (17) results 
inn Xf = cr2, so 

2thh = 0, 

XiXi = a 
(20) ) 

andd the square of the distortion equals f 2 — 2 w - j a2 ~ 

0.4044 a2. The mean and the variance of the digitised signal 
aree equal to the mean and variance of the incoming signal: 

Mdigg = /* = ° a n d ffdiK
 = Q2-

3.3.3.3. Setting of a non-equidistant 2-bit digitiser 

Wee wil l discuss one example of a non-equidistant digitiser 
andd that is the case of a non-equidistant 2-bit digitiser. 
Thiss digitiser has three thresholds — x th,0, xth and four 
outputt values 2 with 0 < X\ < X2. Since there 
aree now three free parameters, power conservation can be 
requiredd over the intervals [0,a;th) and [x th,oo) (the neg-
ativee intervals give identical equations): 

22 J0^x2.f(x)dx 
X{X{ = 

IoIothth f(x) dx 

XX22 = .C * 2  /(*) d l 

(21) ) 

(22) ) 
LLthth f (s)dx 

andd the demand of minimal distortion leads to minimali 

sationn of 

DD22 - 2- f l\x~Xx)2-f(x)dx 
Jo Jo 

++ 2- ƒ (x~X2)
2-f{x)dx 

==  <j 2 + Xl + {Xl-Xl)exi 3 th h 

22xxl^a(xl^a(x11 + (X2-X1)e-^Y 

(23) ) 

(24) ) 

Thiss is a set of three coupled equations. The numerical 

solutionn for a Gaussian signal is: 

xxthth ~ 0.9674 a, 
XiXi ~ 0.5243 cr, 
XX22 ^ 1.5653 c-

(25) ) 

Inn the next subsections we discuss the optimal settings 
forr an n-bit digitiser (n = 1, 1.5, 2, 4, 8) in the case of and the square of the distort ion is equal to 0.123 cr2. 
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n n 

1 1 
1.5 5 
22 (uniform) 
22 (equidist.) 
22 (non-equi.) 
4 4 
8 8 

N N 

2 2 
3 3 
4 4 
4 4 
4 4 
16 6 

256 6 

x th h 

(<0 0 
0.6123 3 
1 1 
0.9957 7 
0.9674 4 
0.33523 3 
0.030765 5 

X X 

i°) i°) 

1 1 
1.0607 7 

0.33718 8 
0.030766 6 

Xi,Xi, X2 

(" ) ) 
1 1 
0,, 1.3602 

0.5243,, 1.5653 

'2 '2 

{A {A 
1 1 
1 1 
0.8846 6 
1 1 
1 1 
1 1 
1 1 

D'D'2 2 

(* 2) ) 
0.404 4 
0.200 0 
0.119 9 
0.123 3 
0.123 3 
0.0116 6 

8.77-10-5 5 

V V 

0 0 
0.375 5 
0.547 7 
0.545 5 
0.530 0 
0.915 5 
0.999 9 

rf* rf* 

0.798 8 
0.900 0 
0.938 8 
0.939 9 
0.941 1 
0.977 7 
1.000 0 

Tablee 1. Settings of some digitisers (the number of output levels N, the distance between the thresholds i th and the output 
valuee X or the output values X\ and X2) and their distortion and efficiency factors. These digitiser efficiency factors are given 
forr small values of the SNR of the incoming signal 

3.4.3.4. Setting of an equidistant 2-bit digitiser 

Thee settings of an equidistant 2-bit digitiser can be cal-
culatedd in a similar way as for a non-equidistant digitiser 
wit hh Xi = X/2 and X2 = 3X /2 (Eq. 16). Power con-
servationn is now only demanded over the total interval 
{—00,00)) (Eq. 17). The numerical solution is: 

xxthth ~ 0.996cr, 
XX ~ 1.016 a. 

(26) ) 

Thee square of the distort ion is around 0.123a2. This is 
aboutt equal to the distortion by a non-equidistant digi-
tiser,, since X\ « X/2 and X2 ~ 3X/2. 

Commonly,, the values for the threshold and the output 
levell  are rounded-off: 

z thh = &, 
XX = u. 

(27) ) 

Wee call this the 'uniform' 2-bit setting. However, the 
powerr of the signal is not preserved: o\. 

g," " 0.8850-2. . 

3.5.3.5. Setting of a 1.5, 4 and 8-bit digitiser 

Thee settings of a 1.5-bit digitiser can be calculated from 
thee non-equidistant 2-bit digitiser by sett ing X\ — 0 and 
XX22 — X. The requirement of power conservation leads to: 

XX22 = 

Solvingg this equation and minimising Eq. 24 results in 

(28) ) 

x t hh ~ 0.612 cr, 
XX ~ 1.360a, 

(29) ) 

withh a squared distort ion of the signal of 0.200 a2 

Inn similar ways the threshold level and output values of 
aa 4-bit and an 8-bit digitiser can be calculated. Al l results 
aree summarised in Table 1. 

4.. S NR loss 

Inn this section the behaviour of a digitiser as a function 
off  the incoming SNR is studied and the degradat ion of 

thee SNR for a weak signal is determined. First, we wil l 
discusss a general non-equidistant 2-bit digitiser. From this 
thee result for a 1, a 1.5 and an equidistant 2-bit digitiser 
cann easily be derived. After that, the other digitisers wil l 
bee treated. 

4.1.4.1. Undetected signal 

4.1.1.. General 

Too determine the digitiser efficiency factor r\ for an unde-
tectedd signal, the power (i.e. the variance) during the on-
andd off-pulse after the digit isation should be calculated 
andd compared with the power during the on- and off-pulse 
beforee digitisation. If the input signal is Gaussian and the 
thresholdss and output values are set symmetrically, the 
meann of the digitised signal wil l be zero. The variance is 
calculatedd by integrating the square of the digitised values 
normalisedd with the Gaussian distr ibution function: 

^digg = 0, 

J—J—c c 

Duringg the on-pulse the variance changes slightly to 

r 2 2 

xdig g 
f(x)dx. f(x)dx. 

(30) ) 

(31) ) 

dig,p+n n == O dig.P P ++ CT. dig.n' ' Thee Gaussian distribution func-
tionn becomes wider, but the thresholds remain at their 
originall  positions, determined by the off-pulse variance, 
seee Fig. 2. 

4.1.2.. n-bit digitiser (n < 2) 

Iff  a Gaussian distr ibuted signal with mean /J — 0 and 
variancee a1 is digitised by a non-equidistant 2-bit digitiser 
ass described in the previous section, the mean remains 
zeroo and 

o\Ao)o\Ao) = X\ erf 
(

Z t h h 
++  Xt 11 - e rf 

av/2 2 
(32) ) 

\ay/2\ay/2t t 
Thee relative change in the power of the digitised signal 

iss derived from Eqs. 5 and 32: 

SNRdiKK - —— erf 
ffth ffth 

' P+ + n\/2 2 

(33) ) 
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(c)) Detected signal 

Gaussiann distribution 
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,,/ / 

/ / 
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: : 
' ' 

8-bit t 

4-bi tt  " 

2-bi tt  ' 

1-bi t t 

-0.1 1 100 0 

SNRS S 

Fig.. 3. Digitised signal-to-noise ratio as a function of the in-
comingg signal-to-noise ratio for several n-bit digitisers in the 
casee of (a) an undetected signal, (b) a detected signal with a x2 

distributionn with k degrees of freedom and (c) a detected signal 
withh a Gaussian distribution. The dashed line is the response 
off  an ideal digitiser 

Thiss curve is displayed in Fig. 3a for the uniform choices of 
Xi,Xi, X2 and xth. For small values of the SNR the digitised 
SNRSNR is linear with the incoming one. Above SNR « 1 the 
curvee levels off. The signal during the on-pulse has become 
soo strong that mostly the outer values ) appear. 

Fromm Eq. 33 the digitiser efficiency factor for a weak 
pulsarr can be approximated by: 

1 1 
"2-bit t 

XX22 — A \ Xth 
(34) ) 

Thee digitiser is usually set according to the off-pulse vari-
ance.. If the requirement of power conservation is met, the 
variancee of the digitised signal is equal to the variance of 
thee off-pulse noise: tr^ = °n-

Thesee equations apply for all n-bit digitisers with 
nn < 2: the equations for an equidistant 2-bit digitiser are 
obtainedd by substituting X\ = X/2 and Xi = 3X/2. A 
1.5-bitt digitiser is obtained after setting X\ = 0 and a 1-
bitt digitiser after X\ = X-2- All results are listed in Table 
1. . 

Fromm Eq. 34 it follows that the digitiser efficiency fac-
torr of a 1-bit digitiser in the case of an undetected signal 
iss zero. The variance of the signal after 1-bit digitisation 
iss equal to X2 — a2 — a2. If the variance of the incom-
ingg signal increases during the on-pulse, the variance of 
thee digitised signal remains the same. The power of the 
digitisedd signal during the on- and off-pulse are equal. A 
1-bitt digitiser with its threshold set at the mean of the 
inputt signal cannot discover whether the signal strength 
changes.. Note that this digitiser can detect such a change 
whenn its threshold is set at another value, e.g. xtu = +tr n. 

Nevertheless,, with a digitiser with its threshold set at 
thee mean of the input signal, it is possible to detect a 
disperseddispersed signal. The process of coherent dedispersion uses 
thee phase information that is stored in the crossings of the 
meann level to partly restore the original pulsed signal. 

4.1.3.. n-bit digitiser (n > 2) 

Wee calculate the digitised variance of an undetected sig-
nall  to determine the dynamic behaviour and the digitiser 
efficiencyy factor of a n-bit digitiser with n > 2: 

' d i g' ' [IN-I)[IN-I)  x2 
l - e rf f 

'kN-l)x'kN-l)x th th 

£ £ 
fc=0 fc=0 

5 I * * erf f (fc+l).Tth h 
ay/2 ay/2 

V§ § 

- e rf f 
kx kx th h 

try/2try/2 J. ' 

(35) ) 

Fromm this the function SNRdig(SNR) can be calculated. 
Thee values for a 4 and 8-bit digitiser are plotted in Fig. 
3a.. The SNR is better preserved than in the 2-bit case and 
thee flattening starts at higher values of the incoming SNR. 
Thee digitiser efficiency factors in Table 1 are calculated by 
usingg a small value of SNR (viz. 10~4). 

4.2.4.2. Detected signal: x2-distribution 

Thee digitiser efficiency factor 7/sq for a detected signal is 
calculatedd by determining the mean and the standard de-
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viationn of the signal after digitisation. 

Jo Jo 

andd the incoming SNR*q is 

SNRSNRsqsq = x -

(36) ) 

(37) ) 

(seee also Eq. 11). The SNR efficiency factor depends on 
thee actual settings. The settings as discussed in Sect. 
3.11 apply to symmetrical distribution functions of the in-
comingg signals and \2-distributions are not symmetrical. 
Nevertheless,, we have derived the efficiency factors using 
thee same settings. The results for a uniform 2-bit digitiser 
aree shown in Fig. 3b. For small values of SNRsq the ef-
ficiencyy is much better than in the undetected case and 
thiss efficiency improves for larger values of k. The k = oo 
linee is identical to the efficiency function for a Gaussian 
distributedd signal. 

Withh these settings the lower levels are hardly if ever 
usedd for small values of k. This is not a very efficient way 
too use a digitiser. PuMa (see Sect. 5) checks if the lowest 
possiblee value of the signal (i.e. zero) is below the lowest 
threshold.. If not, it wil l increase all thresholds such that 
thee lowest threshold is at xth above the zero level (Voute h 
vann Haren 1999). PuMa calculates the total intensity data 
(Stokess I parameter) by performing a Fourier transform 
andd adding the squares of the real and imaginary parts. 
Thee number of degrees of freedom is therefore at least 2. 
Thiss special case is plotted in Fig. 3b with a dotted line. 

4.3.4.3. Detected signal: Gaussian distribution 

4.3.1.. n-bit digitiser (n < 2) 

Duringg the on-pulse the Gaussian distribution function 
shiftss towards higher values. Here, it is neglected that the 
distributionn function becomes also broader. We first dis-
cusss the non-equidistant 2-bit digitiser. 

Thee on-pulse mean of the signal after digitisation are 
givenn by: 

usq q 
(u(usqsq)) = — ; ^ pp ) 2 

2 2 

2 2 

l - e r f ( * t h h 

erf f 
W N / 2 2 

usq q 
^ p p ++ erf 

W^ f f sq q 

erff  ( 

—— erf 
uusq sq 

^ p p [[V2 V2 

CCV2 2 
(39) ) 

wheree erf(—x) = —erf(rr). The signal-to-noise ratio SNRS£ 
cann now be derived. This curve is plotted in Fig. 3c. Again, 
thee efficiency for small values of the SNRsq is better than 

inn the previous case. However, for large values the SNR^ 
iss constant. Only the highest output value will occur and 
thee digitiser is completely saturated. 

Forr a small shift with respect to the threshold level 
(//pp <C Xth), the digitiser efficiency factor is approximated 
by: : 

sq q 
^2-b it t 

X2X2 — X\ 

dig,n n 

(40) ) 

(38)) If the power is conserved, the standard deviation of the 
noisee before and after digitisation is equal: o-s^gn — CT^q. 

Fromm these equations the efficiency functions for a 1, 
aa 1.5 and all 2-bit digitisers can be derived. A 1-bit digi-
tiserr has no difficulty to detect a change in mean of the 
incomingg signal. 

4.3.2.. n-bit digitiser (n > 2) 

Too determine the dynamic behaviour and the digitiser ef-
ficiencyy factor of a n-bit digitiser with n > 2, the digitised 
meann of the detected signal should be calculated: 

^ MM  = ) + 

(41) ) 

Thee efficiency functions are plotted in Fig. 3c for a 4 and 
aa 8-bit digitiser. Note that the degradation is very small. 
Thee turning points of all curves are all between an incom-
ingg SNR of 1 to 4. The dynamic range of an 8-bit digitiser 
cann be enormously increased (i.e. this turning point can 
bee shifted to higher values) when the threshold level xth 
andd output value X are chosen as if it were a 4-bit digi-
tiser.. In that case the distance between the thresholds is 
largerr than it is in the normal 8-bit case and the highest 
thresholdd is now at 42.6<rn instead of at 3.91an. The SNR 
wil ll  be slightly more degraded, but the response of the 
digitiserr will be linear up to an incoming signal-to-noise 
ratioo of about 40. 

5.. PuMa measurement s 

Wee have used these equations to verify the operation 
off  PuMa, an almost completely digital pulsar machine, 
whichh is operational at the Westerbork Synthesis Radio 
Telescopee (see Voute et al. (2001) and for a more techni-
call  description: van Haren et al. 2000). 

Inn the first (analog) stage of PuMa an incoming band 
off  10 MHz is 12-bit digitised and sampled at 20 MHz 
(Nyquistt rate). These samples are transferred to a cluster 
off  digital signal processor (DSP) boards. These processors 
havee two modes of operation. 

Modee 0 is a baseband sampling mode. The data are 2, 
44 or 8-bit sampled after a possible bandwidth reduction 
byy a digital Finite Impulse Response (FIR) filter. PuMa 
usess FIR filters with symmetrical coefficients to preserve 
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Fig.. 4. Ratio of the observed and expected digitised signal-to-
noisee ratio as a function of the incoming signal-to-noise ratio 
forr several n-bit digitisers. The upper panel shows the case 
off  an undetected signal, the lower panel shows the case of a 
detectedd signal. The dashed line indicates a ratio of unity 

thee phase of the signal. The resulting undetected data are 
suitedd for later off-line coherent dedispersion. 

Thee second mode (Mode 1) is a digital filterbank mode, 
inn which temporal resolution is converted to spectral res-
olution.. Each 2n consecutive samples of both polarisa-
tionss are complex Fourier Transformed to get n spec-
trall  channels (n = 16, 32 , . . ., 4096 within 10 MHz). The 
resultingg complex data of both polarisations are (cross-
)multipliedd to get the four Stokes parameters (I, Q, U and 
V).. Consecutive data points can be added per channel to 
smoothh the data and to reduce the effective sampling time. 
Forr each channel the resulting time series are 1, 2, 4 or 8-

bitt digitised and stored. The data from all channels can 
bee added after incoherent dedispersion during the off-line 
dataa reduction. 

5.1.5.1. Undetected signai 

Wee observed rectangular pulses with a known SNR, gen-
eratedd by an artificial pulsar: a noise generator, which can 
bee modulated with a square wave. We performed test runs 
withh PuMa in Mode 0 with 2, 4 and 8-bit digitisation. 
Priorr to each run the digitiser levels were set in a so-called 
pre-run.. In this pre-run PuMa determined the variance of 
thee signal without any modulation and set its thresholds 
equidistantlyy with 

A'n n 
Zthh = m-i i 

(42) ) 

wheree n is the number of bits and Na is the number of 
sigma'ss to map, which can be specified by the user. We 
usedd Nff = 2,2.68,3.94 for the (uniform) 2, 4, 8-bit run. 
respectively.. We used one polarisation and a FIR factor 
2,, i.e. a bandwidth of 5 MHz, because of data-rate con-
straintss for the 8-bit run. 

Inn each run we observed pulses from the artificial pul-
sarr with 11 different signal-to-noise ratios, ranging from 
0.066 to 100. We calculated the observed SNRdig by deter-
miningg the on- and off-pulse variances (Eq. 5). We com-
paredd these ratios with the expected values from the previ-
ouss section. The off-pulse variance in the 4 and 8-bit case 
wass not equal to the expected value of 1. This was prob-
ablyy due to a slight error in the setting of the thresholds 
duringg the pre-run. Therefore, we used the actual values 
off  Xth to determine the SNRdig.exp from Eq. 35. 

Thee ratios of the observed and expected values are 
plottedd in the upper panels of Fig. 4. The observed values 
aree in excellent agreement with the expected values. Only 
thee highest SNR-ratio of the 4-bit run differs by three 
timess the error from unity. The error bars are mainly due 
too the uncertainties in the fit of the SNR of the artificial 
pulsar.. Note that the errors within one run are not inde-
pendent,, since they all include the same error in the fit of 
thee SNR of the artificial pulsar and the error in the off-
pulsee variance determination, which was done only once 
perr run. 

Sincee these observed values are equal to the expected 
ones,, we conclude that there was no significant loss of SNR 
duee to the 12-bit digitising in the first (analog) stage of 
PuMa. . 

5.2.5.2. Detected and smoothed signal 

Wee performed similar Mode 1 runs for 1, 2, 4 and 8-bit 
digitisation.. The incoming band of 10 MHz was split into 
322 channels. The squared data were smoothed by adding 
7688 samples to get a Gaussian distribution. The thresholds 
weree set by changing the scale and offset manually (see the 
PuManual,, Voute & van Haren 1999) until the thresholds 
weree correct for at least one channel. The thresholds could 
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equi i 
Max x 

non n 
JJ & A 

non n 
This s 

equi i 
paper r 

non n 

0.99577 0.9816 0.9674 0.9957 0.967 

XiXi 0.4979 0.4528 0.5419 0.5304 0.524 
XX22 1.494 1.510 1.618 1.591 1.565 

Tablee 2. Settings of a 2-bit digitiser {equidistant and non-
equidistant)) calculated with the method of Max (1976), Jenet 
&&  Anderson (1998) and this paper 

nott be set correctly for all channels at the same time, since 
theyy are set identically for all channels and the bandpass 
off  the artificial pulsar was not flat, e.g. due to aliasing 
effectss in the analog stage. 

Inn each run we observed a signal from the artificial 
pulsarr with 14 different SNRsq levels, ranging from 0.16 
too 14 after squaring and smoothing. Observing higher val-
uess was not useful, since the digitised signal was already 
saturated,, i.e. in the flat part of the curves in Fig. 3c. 

Forr each run we selected the channel for which the 
thresholdss were set optimally. The expected values of the 
signal-to-noisee ratio SNRJJ? were calculated from Eqs. 
399 and 41, where we used the actual setting of xtht which 
wass slightly different from the value in Table 1 for the 4 
andd 8-bit runs. 

Again,, the observed values match the expected ones 
withinn the uncertainties of the test (lower panels of Fig. 
4).. The errors are mainly determined by the inaccuracy in 
thee determination of SNRS£ from our observations. 

6.. Discussion 

Thee settings of a digitiser have been discussed before by 
otherr authors (Max 1976; Jenet & Anderson 1998; Stairs 
ett al. 2000) as have been the effects of digitisation on the 
SNRSNR (Cooper 1970; Jenet & Anderson 1998). Our work 
differss from these earlier works in a few respects. 

Cooperr (1970) describes the effect of the digitisation 
off  two partly coherent signals. These signals z\ and Z2 
aree Gaussian with zero mean and variance a. They can 
bee written as 2i — x -f y\ and 22 = x + yi, where x is 
thee coherent part, with mean zero and variance <J\ and 
y\y\ and 3/2 a re the incoherent parts. The correlation coeffi-
cientt of the two signals is p — a^ja1. Cooper derives that 
forr a weakly correlated signal {a\ < a2) the correlation 
coefficientt after digitising is: 

Pdigg = ctp, (43) 

withh a w 0.88 for a 2-bit digitiser with uniform settings. 
Thiss factor a is also the ratio of the SNR of the digitised 
andd of the undigitised correlated signal. Cooper's theory 

appliess to radio synthesis observations and to pulsar ob-
servationss that digitise undetected data before they are 
coherentlyy dedispersed. 

Thesee pulsar observations are described by Jenet & 
Andersonn (1998). They derive the effect on the SNR due 
too the loss of coherency, i.e. the loss of phase information 
inn the signal. This is different from our theory, which de-
scribess the effect on the SNR due to the loss of amplitude 
information. . 

Forr coherent dedispersion, the theory by Jenet & 
Andersonn needs to be applied when a pulsed signal is dis-
persedd so severely that no modulation is left, e.g. during 
aa low frequency observation with a large bandwidth. If a 
pulsarr signal is not dispersed, e.g. during a high frequency 
observationn with a small bandwidth, our theory should be 
applied.. In all intermediate cases, a combination of both 
theoriess is needed. The Jenet & Anderson theory does not 
deall  with incoherent dedispersion. 

Ourr method of setting the digitiser thresholds and out-
putt values differs from that of Jenet &z Anderson as well. 
Theyy set their thresholds such that a in Eq. 43 is opti-
mised.. Stairs et al. (2000) set their thresholds and output 
valuess by minimising the error in the time-of-arrival of the 
digitisedd pulses. 

Ourr method for setting the digitiser thresholds also dif-
ferss from the method described by Max (1976). He sets the 
thresholdss and output values by minimising the square of 
thee distortion (Eq. 18) with respect to both arth and x^ig. 
Hiss output values Xi are the centroids of the distribution 
functionn f(x) between xth,i and rrth,i+i and his threshold 
valuess rrth,t he in the middle between Xi-\ and Xi. As a 
resultt his output values are not equidistant. Because the 
valuee of X is just a scale factor that is not important for 
thee SNR, we minimise the distortion only to rrth and we 
sett X by requiring power conservation. 

Tablee 2 shows the best settings of an equidistant and a 
non-equidistantt 2-bit digitiser calculated with three differ-
entt methods (Max, Jenet & Anderson and our method). 
Wee conclude that the differences between the methods are 
small. . 
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