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Chapter 2 
The complexity of reasoning with 

graphs and fragments 

We have previously argued that knowledge graph drawings enjoy some cogni
tive efficiency in representation. In this chapter, another form of (m)efficiency 
is considered, namely the difficulty of a typical computation task over these rep
resentations/viz. logical reasoning. Indeed, the drawings would not prove very 
useful if we could not exploit them to answer questions about the knowledge 
represented or to infer new knowledge from the existing one. 

Now the judgments of difficulty of inference tasks, and of relative merits of 
different representations, that one finds in the literature on graphical versus sym
bolic reasoning are often unsystematic and "impressionistic" . To advance beyond 
this stage, and get more definite insights, one needs a mathematical complexity 

analysis. . 
So far, the only successful style of analysis which has been developed is that 

of complexity theory in computer science, based on symbolic computation using 
Turing machines. We will adopt this here, and see what it tells us about the 
reasoning tasks in our area of interest. In particular, we find that we are operating 
in a much larger landscape of decidable calculi, with various subtle thresholds in 
complexity behaviour, e.g. from P to NP. Thus, we get a much more systematic 
picture of the potential of conceptual graph-based reasoning methods. 

Of course, there is more to actual performance than abstract complexity, as 
the latter concerns worst cases. There is also average complexity, which needs to 
be explored in greater detail. But still, we regard this chapter as a necessary first 
step to operating at all: "si vis pacem, para bellum". 

Equally of course, complexity analysis based on a symbol-processing paradigm 
may seem inappropriate to analysing graphical reasoning. The matter is indeed 
delicate, and we will delay the discussion to the concluding chapter. For now, we 
will just say this: the analysis in this chapter is not sufficient. But, it is necessary. 

In order to do complexity analysis, we need two ingredients. Conceptual 
graphs need to be represented symbolically in some textual language and we 
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28 Chapter 2. The complexity of reasoning with graphs and fragments 

need to fix our computation models over that language. 

2.1 Conceptual graph drawings and formal lan
guages 

We have already seen, in Chapter 1, how some conceptual graphs (CG) correspond 
to first-order formulae. More precisely, different conceptual graph languages cor
respond to different fragments of classical first-order logic (FOL). 

The connection to FOL, the prominent modern logic, can be traced back to 
Peirce's first-order calculus of existential graphs. For the specific language of 
conceptual graph, [Sow84] offers a translation to FOL. The anchor to FOL is so 
strong that, in most of the conceptual graph literature, the semantics of concep
tual graph fragments are only presented as translations to FOL languages. In this 
dissertation, we prefer to present both model theoretic analysis and translations 
following the line of [Ker96] or [Pre98]. 

The graph fragment of simple conceptual graphs is central to most CG sys
tems. It corresponds to existential conjunctive FOL, i.e., the set of FOL formulae 
whose boolean connectives are conjunctions and whose quantifiers are existential 
ones, noted FOL{3Ay 

2 .1 .1 . E X A M P L E . 

A star within box represents an existentially quantified variable and two boxes 
linked by a dashed edge represent the same object, An occurrence of a rela
tion symbol is encircled and connected by ordered edges to its arguments. A 
translation of the graph is the following sentence of FOL{BA}: 

Rba A 3x(Qax A 3y(Pyx)) 

To highlight the occurrence of the dashed edge (also called a coreference edge), 
we could alternatively choose to translate it into an equality atom and associate' 
a '-fresh" variable to each occurrence of a star marker. Thus, in FOL{3 A =y. 

Rba A 3x(Qax A 3yz(Pyz Kx = z)) 

However, as the syntax of simple graphs forbids two constants to be connected 
by a coreference edge, equality symbols can always be eliminated to obtain an 
equivalent sentence in FOL^^. 
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This example suggests another point: full first-order logic is not always needed 
and mostly, often not desired. Indeed, its nice high expressivity has an heavy 
counterpart for practical applications: its undecidability (i.e., the impossibil
ity to guaranty an answer to some questions). The quest of efficient reason
ing (where efficiency is expressed in terms of the amount of resources needed to 
solve a problem, such as time, space or the number of parallel processors) has 
been challenged in almost every field of computer science (artificial intelligence, 
knowledge representation, databases, software engineering, robotics, computa
tional linguistics, etc.). From the diversity of applications with their associated 
specific reasoning tasks has resulted a multiplication of propositions; for instance, 
constrained query languages in databases [AHV95, KVOO] or applied modal logics 
[DLNS94, Rou97, Mas98]. 

The connections between graph systems and FOL or fragments of FOL are 
not the sole ones to formal languages. Already in Peirce's work on Gamma graphs 
(e.g., [Rob92]) appears the notion of intensional logic. Recent work in description 
logics (e.g., [BKM99] or [BMT99]) makes use of graph-homomorphism calculi for 
modal logics applied to knowledge representation. Therefore, it makes sense to 
look at connections with modal logics. 

2 .1.2. E X A M P L E . In [BMT99], a rooted simple conceptual graphs on some bi
nary relational vocabulary is interpreted as a modal formula describing binary 
accessibility relations in a pointed Kripke model: 

translates to P A oR(Q) A os(P) 

2.1.3. E X A M P L E . Nested simple conceptual graphs can also be translated to 
usual (textual) modal languages. For instance, in the following graph, the de
scription associated to the constant 'a' may be interpreted as the representation 
of a world accessible by an 'a-link' from the world corresponding to the outermost 
box: 

translates to Pa A Qb A Rab A oa{3x3y(Qx A Py A Ryx)) A ob(Qa) 
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By highlighting some problems relevant to knowledge representation systems 
and systematically studying them for fragments of common logics, this chapter 
will attempt to picture a landscape of (sometimes understudied) low fragments 
and provide a guideline for choosing extensions and restrictions of conceptual 
graph languages. But, in order to compare the behaviour of different logics, we 
need some measurement tools on a common ground. It is where complexity theory 
comes at stake. 

2.2 Computat ion models 

The complexity of a computational task is measured with respect to an abstract 
computation model which is independent from the kind of computers, the pro
gramming languages and the precise algorithms that may be put at work to solve 
the problem in real life (many of such models where introduced before the concep
tion of the first computer). The most well-known of those models is the Turing 
machine. 

2.2.1 Turing machines and equivalent models 

The Turing machine [Tur37] is a primitive computer whose memory is a tape on 
which is written a string of symbols and whose set of actions is limited to moving a 
read/write-head on the tape and reading and writing the symbol placed under the 
head. Furthermore, the processor is programmed to conditionally perform these 
primitive actions (e.g., "if symbol x is read under the head then move one step 
to the right and write the symbol y"). Despite these apparent simple settings, 
Turing machines are capable of expressing any algorithm or simulating any rich 
programming language. It is precisely the simplicity of the execution steps that 
enables a sharp analysis of the processor's behaviour under a given program. 

One of the most fundamental result of complexity theory is the equivalence be
tween different computation models. In the early years of computation, motivated 
by the classical decision problem of first-order logic (the Entscheidungsproblem), 
several independent and equivalent models were proposed (e.g., Post's finite com
binatory processes, Kleene's recursive functions, Church's A-calculus or Markov's 
string-oriented algorithmic notation). The lesson to draw from these equivalences 
is that it is not the choice of a particular computation model that matters. In
deed, in the rest of the chapter, any specific choice of a computation model will 
be left aside, but instead, we shall apply reduction techniques that enable us to 
rely on known complexity results to draw new ones. What matters more is the 
kind of parameter that we intend to measure. 
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2.2. Computation models 

2.2.2 Time and space are chosen as measured resource 
variables 

The amount of resources needed to solve a problem is expressed in terms of the size 
of a particular encoding of the input of a the given problem. Storing operations 
already bring to the fore the salience of space: how much space do we need to 
store the encoding of the input? How long are the intermediate results that do 
we need to write down during the execution of a program? 

These space measurements suggest time related questions: How long does it 
take to read the input? How many of these intermediate results do we need to 
calculate and how many basic operations takes each of them? Just as modern 
physics teach us, time and space are intrinsically related. For instance, a problem 
that can be solved using polynomial time -i.e., the number of needed steps can 
be expressed as a polynomial of the size of the input, with constant exponents-
can also be solved using polynomial space. This property forms a small stitch in 
the hierarchy of complexity classes which is partially described in Figure 2.1. 

The class of problems that can be solved in polynomial time (P) is 
(strictly) included in the class of problems that can be solved in poly
nomial space (PSPACE). 

Time and space are not the only variables that may enter the complexity 
dance. For example, with the recent development of networks and computers 
with multiple independent processors, the number of processors can be taken as 
another relevant parameter (see e.g., [JJ92] for an introduction to parallel process
ing complexity). Another trend in complexity theory, descriptive complexity (see 
e.g., [Imm99]), studies the complexity of expressing a property; roughly stated, 
language expressive power comes as another variable. As an example, polynomial 
time (P) corresponds to the class of queries describable by second-order-Horn for
mulae [Grä92], 

For simplicity, we will remain in the classical trend and focus on space and time 
consumption. If the space required by an encoding of an input is so important, a 
crucial detail has been left unrevealed: how are formulae and structures going to 
be represented? 

2.2.3 A detour into precise encodings 

Although we often want to keep the freedom of choosing no finite bound on the 
amount of symbols available in our vocabulary, we face the evidence that any 
description of a finite input -i.e., formula, structure, graph, conceptual graph, 
etc .- uses a finite set of symbols. However, this set may vary with different 
instances and with different kind of inputs. 
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2.2.3.1 The case of formulae. 

On one hand, the logical vocabulary and delimiters form a finite set which is 
fixed for all instances: A, V, -i0 (atomic negation), - . , - > , <-», 3 V, ( ,), o, D 1. 
On the other hand, relation symbols and terms may vary with different inputs 
and a way to obtain a uniform encoding method is to assign an index -i.e., a 
natural number- to every relation or term symbol of the input. For instance the 
FOL-formula 3x3y(Px A Qxy) could be represented by 3v13v2(R1v1 A R2vlV2) 
in which the t-th (from left to right) variable is represented by Vi and the i-th 
relational symbol is represented by R\. 

It should be noted that, if indexes where written in unary, then an encoding 
of a formula would require exponentially more occurrences of symbols than the 
formula in the usual base 10 notation and complexity results would deceptively be 
favourable. Indexes are therefore required to be encoded in any base n notation 
for n > 1. Binary notation is the usual choice for indexes and will be the chosen 
notation subsequently. 

Hence, the size of the encoding of a formula composed of m symbols 
is bound by £>(m * log m) . 

Among formulae, conjunctions of atoms have some special features: first, 
syntactically, a conjunction of atoms is a sequence in which atoms and conjunction 
symbols alternate (i.e., contrary to the general case of formulae, logical symbols 
may not be concatenated) and also, semantically, a conjunction of atoms may 
is an equivalent representation to the interpretation of relations in a structure 
(i.e., for a structure M, [.]M may be represented by <p{^ = / ^ r ^ s u c h that 

t 6 | r j iff rte ¥> | . ] J . It is therefore worth considering the size of an encoding 
of a conjunction of atoms. 

Let I be the number of atoms in a conjunction of atoms ip, u be 
the number of distinct terms m <p, r be the number of distinct re
lation symbols in tp and k be the maximal arity of a relation oc
curring m y, it holds that the size of an encoding of u> is bound by 
O ( l * ( l o g r + k * l o g u ) ) . 

It is easy to verify that, even though more space than needed might be reserved 
for each atom (i.e., the place for k terms), as I, u, r, and k are smaller than the 
number m of symbols in <p, it holds that / * (log r + k* log u) is polynomial^ 
related to m * log m. 

2.2.3.2 Finite structures. 

We only consider function free languages. Hence, a finite structure is given by a 
finite set of objects U, a finite set of constants C, an interpretation [c] G U for 

'In the case of multi-modal logics, we may have to treat modalities like relation symbols. 



33 
2.2. Computation models 

every constant c G C, a finite set of relations R, an arity ar and an interpretation 
[r] G Uar for every relation r G fi. As in the case of formulae, objects, constants 
and relation symbols may be represented by indexed symbols (e.g., o, for the t-th 
object in any chosen ordering). 

We may decompose the encoding of a structure into two parts: on one hand, 
the universe, the interpretation of constants and the arity of each relation symbol , 
and on the other hand, the interpretation of relations, universe may be encoded 
by the greatest index for objects, the interpretation of constants by a list of 
numbers of corresponding objects. 

For a structure with u objects, c constants and r relations of maxi
mal arity k, the first part of the encoding of the structure is a string 
of size bound by log u + cj^logu + rjdogk , 

universe constant interpretation relation arities 

hence 0(c * log u + r * log k) . 

We are presented different alternatives for the encoding of the interpretation 

of relations: 

Standard encodings. The cautious way is to consider that the structure has as 
much probability of being dense as of being empty (the density of a model 
refers here to the sum of number of tuples occurring in the interpretation of 
each relation, i.e., £ r e f i | [r] |) . For a given relation r of arity ar, the \U\" 
possible tuples can be ordered lexicographically and [r] can be represented 
by a binary word of length |t/|a": a 1 in a position i of the word indicates 
that the i-th <xr-tuple of objects is in the interpretation of r, and 0 codes 
the converse, n = (\C\ * log \U\ + E r e f i W\ar) i s t o b e t a k e n a s t h e s i z e ° f 

an encoding of an input finite model. 

In practise, the number of constant being often much smaller than 
the number of k-tuples, we can usually take n = |R | * |U | k as 
upper bound on the size of a structure where k is the greatest 
arity of the relations in R. 

2.2.1. E X A M P L E , let U = {o1 ,o2,o3,o4} ! R = {rur2}, [n] = {(o1,o1),{o2,o2)} 
and [r2] = {(ouo3), (0l,o4)}, [.] can be encoded by the following word: 

lOOOOlOOOOOOOOOQPOllOOOOOOOOOOOQ 

2 Depending on the way used for representing the interpretation of relations, this information 
could be retrieve from the latest, however, we may safely encode arities separately as this 
information requires a size polynomial in the size of the remaining parts of the total encoding 
of a structure. 
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A d a p t e d encod ings . We will encounter special situations in which the density 
of a model is extreme. Take, for instance, a structure in which every relation 
r e Ris nearly universal -i.e., verified by almost all a r-tuples of objects-, the 
previous encoding would be a waste; it would be more economical to encode 
only those tuples of objects that are not in the interpretation of a given 
relation; i.e., [r] can be represented by {{oh,..., oiar)/(oh,..., o w ) 0 [r]}. 
In particular, for the complexity proof of model checking for the guarded 
fragment of FOL in Chapter 2.4.2, a balanced structure with two objects 0 
and 1 and a single unary relation r such that frj = {0} will be extended with 
an n-ary universal relation [G„] = {0, l } n , n being a variable taking part 
in the input. Extending a standard encoding of the model would require 2n 

extra bits of information, whereas extending a representation of the negative 
information of the structure is only a matter of adding some information 
about the existence of the n-ary universal relation: the addition of log n 
bits to code the arity. 

A model construction, which is recurrent to this thesis, concerns the mini
mal model of an existential conjunctive FOL-sentence. The minimal model 
M(ip) of an existential conjunctive sentence (p with e existential quantifiers, 
c constants and / atoms is a structure with u = e + c objects and / relevant 
tuples of objects -i.e., there are exactly I occurrences of l 's in the standard 
encoding of the previous paragraph-. Let r be the number of distinct re
lation symbols in <p and k be their maximal arity, it holds that I <r*uk. 
The interpretation function for relations can this time be encoded in a sim
ilar way to the encoding of a formula -i.e., a sequence of relation symbols 
followed by their arguments-. 

Hence, the size of the formula-style encoding of a minimal model 
for tp e FOL{3]A} is bound by 1 * (log r + k * log u) . 

2.2.2. E X A M P L E . The interpretation function in Example 2.2.1 (i.e., u = 4, r = 
2, k = 2 and I = 4) can be alternatively be encoded by the following word of 20 
bits (instead of 32 bits in Example 2.2.1): 

O ^ J ^ J Q O 01 01 1 00 10 1 00 11 

M [r8] 

For non-dense models -i.e., when I is much smaller than r * uk- with at 
least two objects, this encoding seems more economical than the standard 
encoding. A closer look at the worst case I = r * uk reveals that for a 
structure with at least two objects, the sizes of both proposed encodings 
are polynomially related. Indeed, k * log u < uk for u > 1 and k > 0, 
hence (/ * (log r + k* log u)) < d * (r * ukf for some constant d. In this 
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thesis, we have chosen to confine ourselves to complexity results that are 
not sensitive to a finer grain of measure than a polynomial relation between 
input encodings. Therefore, we will have the freedom to use the encoding 
which is the most suitable to the problem at stake. 

2.2.3.3 Graphs and conceptual graphs. 

Graph encodings exemplifies the collapse between existential conjunctive formulae 
and structures: a graph is a pair G = {V,EÇVxV) where V is a set of objects, 
thus a structure with universe V and a single binary relation. Alternatively, a 
graph may also be represented as a conjunction of atoms3 A(„,«,')e£ Rvv''• I n g r a p h 

terminology, these polynomially related encodings are known under the names 
adjacency matrix (standard encoding) and edge list (formula style encoding). 
Simple conceptual graphs surpass the limitation of a unique binary relation by 
the use of labelled edges and nodes. They have the expressive power of conjunctive 
existential predicate logic and therefore also enjoy polynomial translation between 
formula-style encodings and structure-style encodings. 

The main conclusion to draw from these encoding comparisons is that finite 
structures can equivalent^ be coded by their fc-dimension matrix (where k is the 
maximal arity of relations) or by a conjunction of atoms, however, the choice may 
matter if the structure has to be extended with additional information. 

Though, it is informative to calculate the exact time and space consumption 
of a given algorithm on a given input, we are often interested in a larger scale 
classification of problems. The next section presents some of the usual classes 
considered in complexity theory. 

2.2.4 Complexity classes that will be encountered 

With P and PSPACE, we have already met two complexity classes. Figure 2.1 
presents an overview of the hierarchy of complexity classes relevant to this chapter. 

• Decidable versus undecidable. Problems can be partitioned into two main 
group of classes: decidable problems -i.e, problems for which we can exhibit a 
correct solving algorithm that will terminate on any instance- and by opposi
tion, undecidable ones. For instance, satisfiability in FOL -i.e., the problem of 
determining the existence of a model satisfying a given first-order formula- is un
decidable (Theorem 2.3.1). On the other hand, the same problem in the fragment 
FOL{3]A} is decidable. 

3For non-directed graphs, E is sometimes defined as a set of subsets of V with at most two 
elements; i.e., E Ç {X/X Ç Vk\X\ < 2} where singletons represent reflexive edges. To express 
the symmetry of non-directed edges, twin-atoms may also be added in A(„,„')eE Rvv' A Rv'v-
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undecidable 
R 

t 2-EXP 

CD 

. O 
to EXPSPACE 

1 S K 
c NEXP co NEXP 

"3 
d) EXP 

T 
'o 
(1) 

PSPACE 

T 

^ " ' ^ 
NP coNP 

P 
tractable 

trivial = 0(1) trivial = 0(1) 

Figure 2.1: Complexity class hierarchy (A —> B represents A Ç B) 

2.2.3. T H E O R E M , satisfiability in existential conjunctive first-order logic is de-
cidable. 

Proof: formulae of FOL^Ay have no mean to express contradictory information, 
hence the satisfiability problem is trivially decidable. • 

• Tractable versus untractable. Decidable problems can themselves be parti
tioned into tractable problems and decidable but untractable ones. The previous 
model construction is an example of a tractable task; it can be achieved in a 
reasonable amount of time (an amount of time linear -hence, polynomial- in the 
size of the input formula). Polynomial time problems (including trivial prob
lems) are usually considered as tractable: the needed amount of resources grows 
"moderately" with the growth of the input. 

On the other hand, a basic graph problem, CLIQUE falls into the difficult 
category: it is NP-complete. 

2.2.4. D E F I N I T I O N . CLIQUE: 
Input: a finite graph G = (V, E Ç V2) and a natural number k > 2 
Question: does G includes complete subgraph of size k (i.e., a fc-clique)? 
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Thus, a fc-clique is a graph G' = (V, E' C V'2) such that (i)V C V, (n)E' C E, 

(iü)|V'| = k and (iv)Vzj, G V', {x,y) G S ' . 

NP is the class of problems that can be solved in non-deterministic polynomial 
time; that is, if a potential solution can be non-deterministically guessed, the 
verification that it is a solution to the problem only takes polynomial time. Fur
thermore, a problem is complete for a complexity class if it belongs to the class 
and is as difficult as any other .problem of the class: complete problems char
acterise their class. For instance, the trivial problem satisfiability(FOL{3A}) 
(Theorem 2.2.3), is obviously in NP: if we can guess the canonical model of a 
FOL{3iA}-formula, checking the satisfaction of the formula by the model only 
takes linear time. However, satis f lability (F O L{^A}) is not NP-complete as it is 
much easier than some other problems in NP such as CLIQUE or satisfiability 
in propositional logic (SAT). 

2.2.5. T H E O R E M . [Kar72] CLIQUE is NP-complete. 

Symmetrically to NP, coNP is the class of problems that have a succinct 
disqualification: if we can guess a potential counter-example, then the verification 
that it is a counter- example only takes polynomial time. For instance, validity 
-i.e., the satisfaction by all structures- in propositional logic is in coNP: if a 
propositional formula is not valid, then for a guessed truth assignment that does 
not satisfy the formula, verifying that this t ruth assignment does not satisfy the 
formula takes linear time. 

The frontier between tractable and untractable problems is thin. First, the 
polynomial time characterisation of a problem might not always be as satisfactory 
in practice as it appears theoretically: an algorithm whose complexity is with a 
high polynomial degree might not be enough efficient for a robot that requires 
quick reaction. On the contrary, some untractable problems can be solved rea
sonably fast for most inputs, while worst cases, that force the belonging to an 
untractable complexity class, are seldom encountered. Furthermore, the inequal
ity P ^ NP is suspected but not proven. All we can say so far, is that for no 
NP-complete problem, a deterministic polynomial time algorithm has been exhib
ited. For these reasons, the limit between modest complexity or not is sometimes 
set between polynomial classes and exponential ones. 

• modest complexity versus high complexity. In this bipartition, all classes 
included in PSPACE are considered modest. The bottom line of high complexity 
classes is EXP: the class of problems that can be solved in exponential time (2-
EXP being double exponential time). Similarly to the relation between P and NP, 
NEXP is the class of problems for which a candidate solution can be validated 
in exponential time. Its complement, coNEXP, is the class for which a candidate 
counter-example can be validated in exponential time. EXPSPACE is the class 
of problems that require exponential space, while on top of Figure 2.1, R denotes 
recursive languages. 
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The notion of class completeness brings us to our next subject: the transfor
mation of a problem into another problem of known complexity. 

2.2.5 Reductions 

Reductions are techniques that enable to rely on known classification results for 
inferring new results: a problem A is at least as hard as a problem BUB reduces 
to A. We will exclusively deal with problems whose answer are either "yes" or 
"no" (decision problems). For a decision problem, B reduces to A means that 
there is a polynomial time transformation ƒ which for any instance b of B provides 
an instance ƒ (b) of A such that the answer of A on ƒ (b) is the answer of B on b. 

As an application of the method, we will prove the undecidability of conse
quence in positive FOL(i.e., the set of FOL formulae containing no occurrence 
of a negation symbol). From Church's thesis [Chu36], we know that the valid
ity problem is undecidable in FOL (Theorem 2.3.1). The consequence problem 
in positive FOL can be stated as follows: let (p, ip) be a pair of positive FOL 
formulae, is any model of ip a model of ip? 

2.2.6. T H E O R E M . Consequence(FOL[3ytAyVy) is undecidable. 

Proof: by reduction of Validity(FOL) to Consequence[FOL^A v j ) . Let ip be 
a FOL sentence and ip be the sentence obtained from the negation normal form 
of p by replacing any negative literal ->Pt by a positive one P~t such that P~ 
does not occur in p. 

\=FOL <P 

iff A 
iff 

FOL <P 

/\pev
 V f (Pî v P~*) A Apev "-(Bf ( P f A P-X)) ^FOL 4> 

A p ^ V ^ P f VP-x) \=FOL rjj V V P S ¥ , 3x(PxAP-x). 

Obviously the input {/\P£ip V£[P:r V P £], éV \J Pe 3x[PxA P £)]) of the conse
quence problem in positive FOL is obtained from the input ip in polynomial time. 

We can note that for the same reason that satisfiability was trivial in FOLi3A}, 
it is also trivial in positive FOL: no contradiction can be expressed without 
some form of negation. It is also interesting' to see that the particular case 
of Consequence(FOL^ytA^junctions-j) where the premiss is a conjunction of 
ground literals, is NP-complete [Koz81]. This problem remains NP-complete 
without equality and without function symbols [Vor99]. 

Despite their fairly independent characteristic, classical computation models 
are used to measure the amount of needed resources in terms of the size of their 
input presented as a string of symbols. Does this mean that we have to abandon 
many of the graphical features and translate our drawings into strings? Maybe 
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not, but a paradigm of visual computation models would have to emerge together 
with real visual computers. In the mean time, actual computers only manipulate 
strings and therefore, it makes sense to renounce, for a while, some of the visual 
features such as proximity and compare the computational behaviour of different 
logics on a solid ground. An extended presentation of complexity theory and 
reduction techniques may be found in e.g. [Pap94]. 

With the machinery of complexity theory, we are now nearly equipped for 
comparing the computational behaviour of various logical fragments. However, 
we must first decide the kind of logical problems we are interested in. 

2.3 The classical decision problem 

We have already encountered several problems (e.g., Consequence(FOL{3yAy}), 

SAT, CLIQUE). The most prominent problem of modern logic is Hilbert's 
Entscheidungsproblem, the classical decision problem. It can be stated in different 
equiva lent ways: 

satisfiability (FOL): given a sentence of a first-order language, is it 

first-order satisfiable? 
consequence(FOL): given two sentences of a first-order language, does 

the first one entail the second one? 
validity(FOL): given a sentence of a first-order language, is it logically 

true? 
if entails tp iff -«p V ip is valid iEtpA-<ip is not satisfiable 

Church and Turing provided a negative answer to the decidability of this problem 

in its general form: 

2 .3 .1 . T H E O R E M . [Chu36, Tur31] satisfiability (FOL), consequence(FOL) and 

validity(FOL) are undecidable. 

In the mean time, the restriction of the classical decision problem to certain 
syntactical forms had already been proven decidable (e.g., the decidability of 
satisfiability in monadic first-order logic by Löwenheim [Löwlö]) and the general 
problem was restated as a classification of the classical decision problem for first-
order fragments. 

2.3.1 The classical decision problem in fragments of FOL 

Most of the literature on decision problems in first-order logic has focussed on 
the satisfiability problem in fragments determined by quantifier prefixes, clausal 
forms (Krom or Horn formulae) and the vocabulary, witness the extensive survey 
[BGG97]. Examples of complexity results obtained by syntactic restrictions on 
FOL include: 
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2.3.1.1 Monadic versus polyadic. 

Löwenheim [Löwl5] proved the decidability of satisfiability for FOL formulae 
containing only unary relations and the undecidability of satisfiability for FOL 
formulae containing binary relations. The later result was refined by Kalmar 
[Kal36] who proved that one binary relation was sufficient. 

2.3.1.2 Quantifier prefixes. 

The Bernays-Schönfinkel fragment consists in the FOL formulae in prenex normal 
form of the form SxVycp where ip is quantifier free. Satisfiability in the Bernays-
Schönfinkel fragment is decidable [BS28] (and NEXP-complete [Lew80]). By con
trast and to highlight the relevance of the order in the interlacing of quantifiers, 
satisfiability in the fragment consisting of formulae of the form \fx3y(p, where ip 
is quantifier free, is undecidable [Sko20]. 

2.3.1.3 Finite signature 

When only two variables are available for building FOL-formulae, the satisfiabil
ity problem becomes NEXP-complete [GKV97]. On the other hand, with three 
variables or more the satisfiability problem is undecidable (e.g. [BGG97]). It 
should be noted that for a given finite relational vocabulary, there some k such 
that any formula is equivalent to a formula with at most k variables. 

Satisfiability of Bernays-Schönfinkel sentences with a bound number of univer
sal quantifiers (i.e., sentences in prenex normal form 3xj... 3xkWxi ... Vxi<p where 
tp is quantifier free and I < q for some fixed natural number q) is in NP [BGG97]. 
It follows a coNP upper bound on the consequence problem in existential FOL 
-i.e., FOL-formulae with no occurrences of universal quantifier in negation nor
mal form- and sub-fragments, if the conclusion part of the input is restricted to 
existential sentences with a fixed bound on the number of quantifiers. 

More drastically, satisfiability of FOL-sentences with a fixed bound on the 
amount of quantifiers and built from a finite vocabulary, is in P [BGG97]. It 
follows that Consequence in this fragment is also in P. The idea of the proof is 
to chose a linear order on the finite vocabulary and to pre-compute a finite table 
of results for the formulae whose matrix in conjunctive normal form (CNF) is 
minimal with respect to the order. Then, answering an instance of the problem 
can be done in logarithmic space as it amounts to a CNF-normalisation of the 
input and a check into a fixed table. 

2.3.1.4 Modal restrictions. 

The two variable fragment of FOL has already a modal flavour: it includes the 
standard translation of propositional modal logic [Gab71]. A closer look at the 
syntactic structure of the translated modal formulae reveals another property: 
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existential quantifiers are "guarded" by an atom whose arguments includes all free 
variables occurring in the scope of the quantifier. For instance Q AoP corresponds 
to Qx A 3y{Rxy A Py) where the accessibility atom Rxy is called a guard for the 
quantifier 3y. By dropping the restriction to use only two variables, Andréka 
et al. [ABN98] defined the guarded fragment of FOL which enjoys the finite 
model property, the decidability of its satisfiability problem (2-EXP-complete 
[Gra99]) and diverse model theoretic properties such as the interpolation property 
or equivalence under bisimulation. [Ben97] further extends the decidability result 
to the loosely guarded fragment of FOL in which quantifiers are guarded by 
conjunctions of atoms. We will elaborate on these bounded quantifications in 
Chapter 2.7 and in the next chapter. 

Despite the large focus of the logic literature on the sole satisfiability prob
lem, the three versions of the classical problem -i.e., satisfiability, validity and 
consequence- are of interest for fragments of FOL: their equivalence in FOL 
breaks down in fragments of FOL. For instance, we have seen that consequence 
in positive FOL is just as difficult as in full first-order logic (undecidable), whereas 
satisfiability in positive FOL is trivial. 

Furthermore, the fragments we are interested in -i.e., languages missing some 
boolean connectives- are not the ones usually studied in logic. To some extent, 
our application driven route leads above all to the study of tractable fragments 
and to the point of view of computer science for which other benchmark problems 
also come to the fore. 

2.4 Benchmarks 

Although decidability and complexity studies in logic have traditionally been fo-
cussed on the satisfiability problem, we should not forget our conceptual graphs 
and the use we want to make of them: represent knowledge and reason on these 
representations. A knowledge representation system (KRS) has at least two in
gredients: a knowledge base, in which the knowledge represented is stored, and an 
inference engine that solves problems by manipulating sentences according to a 
semantics. A third ingredient, which falls outside the scope of this study, concern 
some methods for revising the knowledge base with new evidences. 

Different kinds of questions may fuel an inference engine; for instance, does 
a given knowledge base contain contradictory information? What is the set of 
all objects in a knowledge base satisfying some property? Is a given piece of 
information the logical consequence of a knowledge base (or of another piece of 
information)? In the eyes of these applications of logic different decision problems 
are salient and we will select a set of benchmark problems that will serve the 
comparison between languages. 
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2.4.1 Four problems 

2.4.1.1 Satisfiability. 

Proving the satisfiability (or consistency) of a knowledge base guarantees that it 
does not contain contradictory information and therefore, that it will not classi
cally imply everything. It should be noted that, in practice, satisfiability tests of 
a knowledge base that is seldom modified, may be performed "offline". Formally 
the problem can be formulated as follows: 

Satisfiability (£): 
Input: a formula <p £ L where L is a language for the logic £ 
Question: is there a L-structure M such that M \=c f ? 

Another problem concerning a single piece of information is validity (i.e., is a 
given formula satisfied by all structures?). Validity is a sign of non-informative 
content: asking a valid question about the information represented in a knowledge 
base does not provide any insight on the informational content of the knowledge 
base. On the other hand, from a valid knowledge base, can only be inferred valid 
representations: pieces of information whose logical truth is not related to the 
information contained in the knowledge base. For these reasons, validity will be 
left aside. 

2.4.1.2 Consequence. 

Proving the entailment of a piece of information by another piece of information 
is often considered as the central reasoning task in knowledge representation 
systems. This consequence problem takes different names depending on whether 
the premiss is called a knowledge base or not: 
(i) query answering: given a knowledge base and a query, is it the case that the 
query follows from the information contained in the knowledge base? 
(ii) subsumption (also called query containment in database theory): is some 
representation more general than another one? This last formulation is often 
used as part of a classification scheme. 

C o n s e q u e n c e (£) : 
Input: two formulae ip,tp e L where L is a language for the logic C 
Question: is it the case that for every L-structure M, 

M\=cy implies that M \=c ipl 

A variant where tp and ip are formulae of two languages over the same vocabulary 
but that do not share exactly the same logical language (i.e., boolean connectors 
and quantifiers), will also be useful: 
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Consequence(£ , £'): 
Input: ip e L where L is a language for the logic £ 

and ip e L' where L' is a language for the logic £ ' 
Question: is it the case that for every L-structure M, 

M \=c<p implies that M \=c V-'? 

The consequence problem does not only play a preponderant role because of 
its association to information comparison tasks which are relevant to KRSs, but 
as well for the upper bound provided by its complexity on the one of satisfiability 
and of validity. Indeed, the consequence problem is always at least as difficult as 
the satisfiability problem as proving that a consequence holds amounts to proving 
the satisfaction of the conclusion in every model of the premiss. Furthermore, 
validity is a special case of consequence as a valid expression follows from the 
logical constant True. 

Particular cases of consequence problems may arise from specific choices in 
some knowledge representation systems. For instance, some description logic sys
tems distinguish an intensional knowledge level -i.e. knowledge about patterns 
in the relational structure represented- from an extensional (or assertional) one 
-i.e. knowledge about individuals in the relational structure-. In this case (e.g. 
[DLNS94]), instance checking is the problem of verifying that a particular rela
tional pattern is true of a particular individual in a knowledge base, and the term 
subsumption is then reserved for consequence between constant-free sentences. 

2.4.1.3 Model checking. 

It happens that we are sometimes more interested in one particular model of a 
knowledge base than in all its satisfying structures. This is a common standpoint 
in database theory [AHV95, Via97, KVOO], where a database instance may be 
considered as a finite relational structure providing a finite interpretation of the 
vocabulary. Queries are answered with pieces of information extracted from this 
finite description. Model checking also offers an approach in computer-aided 
design and verification [CE81, McM93, Kur94] which is modest enough to be 
practically applicable (tractable for many query languages). Model checking can 
be applied to chip designing, software programming, web-site conception or any 
activity requiring the design of a process that can be represented by a labelled 
transition system (an automata, simply a structure) and that needs to conform 
to some properties. These properties are expressed as formulae that must be 
satisfied by the model. 

Model checking(£): 
Input: a formula ip € L and M a finite structure over L, 

where L is a language for the logic £ 
Question: is it the case that M \=c f ? 
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This generic definition of model checking is also called uniform as the sizes 
of both input parts come into account in the complexity analysis. In Database 
theory, two popular variants of model checking are considered (see e.g., [Var82, 
KVOO]): by fixing the model -i.e., the structure is not part of the input, thus, its 
size does not take part in the complexity analysis of the problem-, one measures 
the expression-complexity of a non-uniform model checking problem. Symmet
rically, data-complexity is obtained by fixing the query. For instance, in FOL 
[Vax82]: both uniform and expression variants of model checking are PSPACE-
complete, while the data-complexity is polynomial time (more precisely in the 
logarithmic-time class AC0). 

2.4.1.4 Model comparison. 

In the line of model checking, another problem emerges: the comparison of two 
structures. Practical questions are for instance: are two databases equivalent or 
is one of the two more general than the other one? Are two programs equivalent 
- a model smaller than the other may then be more useful for model checking-? 
Variants of the model comparison problem are called p-morphism or bisimula-
tion in modal logic [Ben96, BRV01], database conjunctive-query containment 
[KVOO], constraint satisfaction problem [FV99] or automata simulation [Mil90]. 
An interesting relation to conceptual graph is the efficient bisimulation algorithm 
proposed in [DPP01] which is based on a graph algorithm in [PTB85]. Indeed, 
as we will see in Chapter 2.5 and in Chapter 3, for simple conceptual graphs, the 
equivalence of the consequence problem and the model comparison is exploited 
in a graph homomorphism consequence calculus, projection. 

Model comparison(£) : 
Input: two finite L-structures M and A, where L is a language for L 
Question: is there an homomorphism from A to M (M < A)? 

For these four benchmark problems, we already know some complexity results. 

2.4.2 Results that set the scene. 

satisfiability consequence model checking model comparison 
FOL undecidable undecidable PSPACE NP 

FOLk-^2 var undecidable undecidable P P 
ML PSPACE PSPACE P P 

Undecidability results for the classical decision problem in first-order logic 
[Chu36, Tur37] motivated the foundation of complexity theory. The undecidabil
ity of the classical decision problem restricted to predicate logic with 3 variables 
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follows from the undecidability of satisfiability in the Kahr class [Kah62]: FOL 
formulae in prenex form V.T3J/VZ ip(x, y, z). 

The PSPACE-completeness of (local) satisfiability and consequence in modal 
logic K was proven in [Lad77] and extended to the multi-modal case in [HM92], 
Complexity classification has been salient to some applied modal logics in which 
the behaviour of satisfiability and consequence in various syntactic fragments are 
put under a microscope, e.g., [SSS91, DLNN97]. 

Model checking tasks have received a careful attention of finite model the
ory (e.g., [EF95]) and database theory (e.g.,[AHV95, Imm82, HV91]). Chandra 
and Merlin [CM77] and Vardi [Var82] prove the PSPACE-completeness of uni
form model checking in FOL. The polynomial time complexity of uniform model 
checking in variable bounded fragments of FOL is proven in [Imm82] (see also 
[Var95] for the complexity of the problem when the model is fixed -i.e., expres
sion complexity- and when the formula is fixed -i.e., data complexity-). The 
polynomial time complexity of model checking in modal logic K follows from the 
inclusion of its standard translation in FOL2 (see also [HV91] for a direct proof of 
this result). Some recent developments in database theory concern also bounded 
loosely guarded fragments of FOL. [GLS01] proposes an elegant game theoretic 
connection between the class of conjunctive queries with bounded hypertree-width 
and fc-loosely guarded existential conjunctive FOL (i.e., subformulae are guarded 
by a conjunction of at most k atoms). Furthermore, [GLS99] proves the polyno
mial time complexity of query evaluation in these bounded fragments. 

Studies on the complexity of model comparison can be traced back to early 
results on combinatorial problems on graphs such as CLIQUE [Kar72]. Verify
ing that a guessed correspondence between the universes of two FOL-structures 
corresponds to an homomorphism can be done in polynomial time (it is a check 
of every tuple in the conclusion is a tuple in the premiss under the substitution). 
On the other hand, the reduction CLIQUE into model embedding provides the 
NP-hardness. Polynomial results for structure equivalences in variable bounded 
fragments and modal logic are discussed in [Gro96]. 

We can also note that at the crossroad of FOL and ML, guarded fragments of 
FOL have decidable decision problems: 

- Satisfiability is 2-EXP-complete for both the guarded fragment and the loosely 

guarded fragment [Gra99]. 
- Uniform model checking is P-complete for the restriction of the guarded frag
ment (GF) to a finite number of variables (or equivalently, to a finite relational 
vocabulary): indeed uniform model checking in FOLk>2 is P-complete and the 
P-hardness proof in [Var97] uses an encoding inside GF3. 
- For the whole guarded fragment, Maarten Marx proved the following theorem. 

2 .4 .1 . T H E O R E M . [Personal communication of Maarten Marx, ILLC, 2000.] 
Umform model checking is PSPACE-complete for both the guarded fragment and 
the loosely guarded fragment of FOL. 
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Proof: the PSPACE upper bound is provided by uniform model checking in FOL 
and the PSPACE-hardness by an extension of the reduction from the satisfiability 
problem of quantified boolean formulae (QBF) [SM73] to model checking in FOL. 
Let <f> = 3pi\/p2...Qnpn<p be a QBF (i.e.. Qt is 3 if i is odd and V otherwise) and 
M = (U = {0,1}, [.]) with [r] = {0} and [G] = Un. 

Let 4>' = 3xi(guard A \/x2{guard —> ...Qnxn(guard op (p[pi/r(xi)})...)) 

such that guard = Gx\...xn and 
op is A if it follows an existential quantifier and —> otherwise. 

(ƒ> is satisfiable iff M \= <f> 

0' is guarded and furthermore, the reduction is polynomial if the universal rela
tion in the structure M is economically encoded as described in Chapter 2.2.3. • 

2.4.3 Conclusions 

In order to compare logics and select some that might apply to conceptual graph 
formalisms, we have chosen four benchmark problems that are relevant to knowl
edge representation systems. 

2.4.3.1 A festival of parameters. 

The most enthralling fact to retain from the study of decision problem complex
ities is that there is a wide range of parameters that we may tune to change the 
rules of the game. The interlacing of different scales offers a variety of specific 
problems: 

1. diverse semantics: we have focussed on first-order and local modal inter
pretations, however, we could also deal with propositional logic, epistemic 
logic or modal logic with global satisfiability or combination of logics such 
as first-order modal logic. 

2. other generic problems: even though we have selected four of them, we have 
been aware of validity problems, instance checking, model equivalences, etc. 

3. the vocabulary scale induced by constraints on the variable set, on the 
relational vocabulary or on the logical vocabulary. 

4. the scale of syntactic constraints such as guarded forms and quantifier prefix 
restrictions. 
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5. the freedom of choosing premiss and conclusion from different logics over a 

common vocabulary. 

6. restrictions on part of the input of a generic problem. We have mostly con
sidered uniform problems -i.e., in which the sizes of both the premiss and 
the conclusion take part in the complexity measure- for their fair way of 
taking into account the size of all the available information. However, non 
uniform variants of model checking are commonly studied in database the
ory. Similarly, the freezing of one input side can also apply to consequence 
and model comparison. 

This great amount of possibilities calls for selection -i.e., we will not draw 
an exhaustive landscape of results- and precision concerning the measured pa
rameters. For instance, subsequently, all results will be about uniform problems 
except if explicitly stated. 

2.4.3.2 Complexi ty collapses and divergences between problems. 

The problems are not as independent as they may look. For instance, in all 
three (rather rich) logics of the previous table, consequence is just as difficult as 
satisfiability, but for positive FOL, these two problems are located at opposite 
extremities of the hierarchy -i.e., satisfiability is trivial, while consequence is 
undecidable-. We can also notice that the difference between model comparison 
and model checking in FOL, collapses in modal logic and finite-variable fragments 
of FOL. The interdependence of the benchmark problems is even more striking 
as for example, satisfiability may be put at work to compute a model and fuel 
model checking. Model comparison can be used to simplify a model and ease the 
model checking task. 

With structure encodings we have caught a glimpse of an interdependence be
tween structures and conjunctions of atoms. In the next section, we will observe 
that this interdependence can be formulated as an equivalence between conse
quence, model checking and model comparison in existential conjunctive FOL. 

2.5 A key fragment: existential conjunctive FOL 

Despite its apparent poor language, FOL{3A} proves useful in some practical 
applications where the information represented has the form of a list of positive 
atomic facts with a slight degree of indeterminacy introduced by the existential 
quantification (e.g., [GC97] studies document retrieval tasks in a simple con
ceptual graph knowledge base for libraries or [KVOO] examines FOL{3A} as a 
language for database queries). One of the first asset of FOL{3,A] is a semantic 
relationship between three of the benchmark problems. 
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2.5.1 Semantic relationships 

Formulae of existential conjunctive logic (FOLQA}) enjoy a notion of minimal (or 
canonical) finite model: a structure containing exactly the positive information 
conveyed by a formula. 

2 .5 .1 . D E F I N I T I O N . Let p £ FOL^,A} and <p be the Skolem form of <p -i.e., 
existential quantifiers are replaced by new constants or witnesses-. The minimal 
model of p is the finite structure M((f) = (U, [•}M(lp\) defined as follows: 

• U is the set of terms occurring in 0, 

• | . ] M ( ) is defined on R U C where R is the set of relation symbols occurring 
in ip and C is the set of constants occurring in p>. 

• for a constant c £ C, [c]M , -, = c and 

• for a relation symbol r £ R of arity ar, [r]M^ = {(«i, . . . ,u 0 r ) / r u±, ...,uar 

is an atom in </>}. 

2.5.2. FACT. It is easy to prove by induction on the structure of formulae that: 

1. tp £ fOip ] A r ( l l o l l l l n v} is equivalent to a formula in prenex form 3x/p' where 
ip' is quantifier free. 

2. Minimal models are models: M(p) \= p> for p £ FOL{3Ay. 

3. The satisfaction of a formula in p £ FOL{gjA} is preserved under structure 
homomorphism: if M •< N and M \= p then N \= p. 

4. For i/j, ip £ F OL , if M |= ip and <p (= ip then M |= ^ (by definition of 
entailment, every model of p is a model of ip). 

We now have enough material to state a theorem that justifies the use of 
structure homomorphism algorithms to solve the consequence problem in simple 
conceptual graphs. 

2 .5 .3 . T H E O R E M . Let <p,ip e FOL^,A} and M(x) be the minimal model of x, 

p\=iP<—• M(<p) ^ip<—• M(<p) r< M{ip) 

Furthermore, these equivalence are complexity preserving. 

Proof: 
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1. ip\=i> —••! M(ip) \=4> 

by Fact 2.5.2(2), M(<p) j= <p. Therefore, the hypothesis that ip \= ip and 
Fact 2.5.2(4) imply that M{varphi) \= ip. 

The reciprocal could be shown from Fact 2.5.2(3) and the property that 
there is an homomorphism from M((p) to any model of ip. 

2. M |= ip —>2 M r< M(ip) 

Without loss of generality (by Fact 2.5.2(1)), let ip be in prenex form 
3xip'. By construction of M(ip), there is a bijection F : term(ip') -> 
domain(M(ip)) such that an atom Rte ip' iff F(t) e [R]MW-

Assume that M \= ip, we must show that there exists an homomorphism 

TT : M{lp) -> M. 

It follows from M \= ip that there exists a function a : term(ip') -> 

domain(M) such that: 
(i) a is conform to Q M on constants occurring in ^ and 
(ii) if Rte ip' then a{t) £ [ f i ] M . 

Thus 7T = a(F~r) is a function from domain(M(ip)) to domain(M) such 
that for any relation R occurring in tp, (du ...,dn) G [R]MW implies that 
( ^ ( d 1 ) , . . . , 7 r K ) ) e [ Ä ] M . 

3. M(<^) ^ M ( ^ ) —><p>\=ip 

Assume that M(<p) ^ M(ip) and M |= (p, we have to show that M \=ip. 

M{ip) \= ip, thus, by Fact 2.5.2(3), M(ip) [= V-

Furthermore by —>2, M |= 99 implies that there exists an homomorphism 
from M(tp) to M. Hence, by Fact 2.5.2(3), M \= ip. 

We have already shown, in Chapter 2.2.3, the polynomial time equivalence 
between a structure M and a formula p e FOL{3A] such that M j= (p. The 
encoding rewriting which was used in Chapter 2.2.3 is precisely the converse of 
the model construction step from the Skolem form of an existential conjunctive 
formula to its minimal model described in Definition 2.5.1. Furthermore, as the 
Skolemisation of an existential conjunctive sentence takes linear time (by a single 
run through the formula, existential quantifiers can be eliminated and variables 
be replaced by witnesses), the size of an encoding of ip and the size of an encoding 
of M(p) are polynomially related. • 

Similar problem equivalences and size preservation do also hold for restricted 
modal logics such as ML{oA} and its enrichments with nominals and nominal 
binders; indeed, by standard translation, these fragments of modal logic corre
spond to fragments of existential conjunctive FOL. 
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The complexity preserving equivalences suggest the use of an homomorphism 
calculus on minimal models to decide an instance of the consequence problem. 
Projection [Sow84] is such a labelled graph homomorphism calculus for simple 
conceptual graphs (the conceptual graph fragment corresponding to FOL^Aj). 
It remains to capture the complexity behaviour of our benchmark problems in 
this fragment. 

2.5.2 Complexity 

Excluded from the previous semantic equivalence, satisfiability in existential con
junctive FOL is very easy: 

2.5.4. T H E O R E M . Satisfiability(FOL{3tAy) is trivial. 

Proof: for every positive fragment of FOL (i.e. \/X Ç {3, V, A, V}, FOLx)), sat
isfiability is trivially answered by the affirmative as no contradiction can occur. 
Any positive formula has a model with one element. • 

On the other hand, subsumption is untractable as FOL{3^ is a language of 
cliques. 

2.5.5. T H E O R E M . Consequence(FOL{3Ay) is NP-complete. 

Proof: let A = 3x\ ... 3xk[j, where \i is quantifier free and contains / distinct 
constants. A has a canonical model of size k + I represented by the set of atoms 
of jj, where witnesses are substituted to existentially quantified variables, i.e. A' = 
{Rt\... tm[xi/wi... Xfc/iUfc] : Rti... tm € /u}. Let B' be the set of atoms in B, 
A \=FOL B iff there exists a substitution ß for the free variables of B' such that 
B'[ß] C A'. Let n be an upper bound of the length of the strings representing 
A' and B'. If ß is guessed, B'[ß] Ç A' can be verified in ö(n2), therefore the 
problem is in NP. 

To show the NP-hardness, we can reduce the NP-complete problem CLIQUE 
(see Definition 2.2.4 and Theorem 2.2.5) to Consequence(FOL^iAij). 
Let G - {V, E Ç V2, k > 2) with V = {cu ..., cm} be an input of CLIQUE, we 
define f {G) = (A,B) where A = A{citCj)eE and l<3 R^c, and 

B = 3xi... 3xk Ai<i<j<fc Rxtxr 
An atom Rtit? stands for an edge, A represents the set of edges V and B a com
plete graph with k vertices. It is easy to show that G G CLIQUE iff A \=FOL B. 
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By language correspondence, the problem is equivalent to the NP-complete 
problem of proving the existence of an homomorphism between two labelled 
graphs (e.g., simple conceptual graphs) [Mug95]. 

As a corollary of Theorem 2.5.3 and Theorem 2.5.5, the remaining two bench
mark problems are also untractable (concerning model comparison, after all, 
structures of FOL{3A} are just structures of FOL and the problem inherits the 
complexity of its richer parent). 

2.5.6. COROLLARY. Model checking(FOL[3A]) and Model comparison^ O L{3A}) 

are NP-complete. 

Coming back to our conceptual graph systems, we may wonder what are 
the consequences of the information conveyed by a support on the behaviour of 
reasoning in the fragment. 

2.5.3 Harmless meaning postulates 

Simple conceptual graph systems add a supplementary touch of enrichment to 
existential conjunctive FOL: a finite subset R of the relational vocabulary is 
governed by a partial order <R such that two relations with different arities 
are incomparable. The ordered set (R, <R) is represented as an acyclic directed 
graph, called a relational support, in which the set of nodes corresponds to R 
and a directed edge (P,Q) can occurs iff P <R Q and there is no S such that 
P<RS<RQ. 

2.5.7. E X A M P L E . Let {P, Q, S,T, U, V} be a set of k-ary relations for some k £ 

IN+. 
S T V 

"V î * Q U 

P 

A directed edge represents a universal sentence: e.g., the edge from P to Q cor
responds to Vf (Px —> Qx) where x = (xi...xk). 
The whole graph corresponds to a conjunction of universal formulae, e.g., 

a = Vx(Pf -* Qx) A Vf (Qx -> Sx) A Vf {Px -> Sx) A Vf (Qx -> Tx) A Wx(Ux -> Vf) 

Applying a to an existentially quantified conjunction of atoms 

<f = 3y(PyAPbAQcA Ud) 

results in an extension of tp with new fc-ary atoms: 

a(<p) = 3y(PyA Qy A SyATyAPbAQbA SbATbAQcA Se A TcA^Ud) 

c(Py) <j(Pb) °(Qc> <V$ 
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We can note that for each atom of the original formula, each meaning postulate 
(MP) can apply at most once and that a meaning postulate cannot be triggered 
without a fitting atom. Indeed, a meaning postulate is a guarded formula; i.e., 
of the form -i(3x(Px A ->Qx)) where P and Q are relation symbols and every 
variable in the conclusion Qx occurs in the guard Px. 

Meaning postulates can be seen as part of the premiss of a consequence prob
lem and influence the minimal model of a knowledge base. We note FOLI^,A}+MP 
the class of FOL languages whose formulae are conjunctions of an existential con
junctive sentence and a conjunction of meaning postulates corresponding to a 
relational support. 

A simple counting argument is sufficient to prove that the addition of meaning 
postulates to a knowledge base does not change the complexity of the benchmark 
problems: 

2.5.8. T H E O R E M . Satisfiability(FOL^ß,A}+Mp) is trivial and 

Consequence(FOL[s,A}+MP>FOL[s,A}) *s NP-complete. 

Proof: For satisfiability, in the absence of negation and constant FALSE, mean

ing postulates cannot bring in contradictions. 
For consequence, we could fear an explosion of the size for the minimal model 

of the premiss. However, a closer look at the needed expansion of the minimal 
model can rest us. How many atoms would be sufficient to replace the meaning 
postulates in an equivalent "meaning-postulate-free" premiss? 
For each atom of the premiss minimal model, each MP can only be triggered 
once as the guarded form of the MP makes it eventually introduce new relational 
occurrences, but no new object and no more than one new atom per application 
of an MP. Hence, a simple model saturation algorithm would make the minimal 
model of the premiss graph grow polynomially in the combined size of the model 
and the set of MP's, in a polynomial number of expansion steps. • 

2.5.9. E X A M P L E . For instance, the minimal model of the sentence: 

PaAPbAQcA UdA 
W(Px -y Qx) A Vx(Qx -> Sx) A W(Px -> Sx) A Vf (Qx -> Tx) 

h, S T 
a,b,c Y x I a,b,c 

represented by the graph: 

p a,b U d 

is the minimal model of: 

Pa A Pb A Qc A Ud A Qa A Qb A Sa A Sb A Se A Ta A Tb A Tc 
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The harmless role of meaning postulates in the complexity of the problems 
makes them often be considered as part of the input which is fixed beforehand; just 
like the vocabulary. Furthermore, the notion of guarded occurrences of quantifiers 
in MP's suggests several possible extensions: 

f. the "acyclicity" property of the meaning postulate set may be dropped. 

2. meaning postulates in the transitive closure of the implication set may freely 

be added. 

3. the conclusion may not have the same arity as its guard. 

4. the guard of a meaning postulate may be replaced by a loose guard; i.e. a 
conjunction of atoms. 

2.5.4 Conclusion 

The logic of simple conceptual graphs, existential conjunctive FOL, is not tracta
ble for consequence, the prominent problem of KRSs. Fortunately, enriching 
the language with meaning postulates leaves the complexity of the benchmark 
problems unchanged: 

FOL{3A} 

satisfiability 
trivial 

consequence 
NP — complete 

model checking 
NP — complete 

model comparison 
NP — complete 

Two notions have been essential in this fragment. Firstly, the one of a minimal 
model of a FOL{3jAj-sentence. The close relation between the size of an encoding 
of such a sentence and the one of its minimal model has repercussions under 
the form of problem equivalences for the fragment. These equivalences can serve 
the elaboration of calculi: e.g., model matching by homomorphism to compute 
consequences. 

Secondly, a notion of guarded sentences, borrowed from modal formalisms, 
has already proved its attractive computational behaviour. Other applications of 
guards will later be examined. 

2.5.4.1 A road map. 

Some of fragments that gravitate around our central reference, existential conjunc
tive first-order logic, will be studied in the following two sections. The relatively 
low, but not safe enough, NP-complete complexity result suggests two directions 
to explore: 
- fragments richer than FOL{3A} where decidability (or even better, modest com
plexity) can be preserved and 
- tractable restrictions of FOL^^. 

In a first part, we consider expressivity extensions by addition of boolean 
connectors. 
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2.6 Fragments richer than FOL^Aj 

2.6.1 Including atomic negation 

A first sensible extension of existential conjunctive first-order logic consists in the 
enrichment with atomic negation, the possibility of stating that some objects are 
not in a given relation. The question related to these enrichments is whether the 
already untractable , but modest, complexity results remain "reasonable". 

2.6.1.1 Benchmark problems on models 

The complexities of model checking and model comparison do not increase: 

2.6.1. P R O P O S I T I O N . Model checking(FOL^,A,^r,}) o-nd 
model œmparison(FÔL^Ai-,ay) are NP-complete 

Proof: for model comparison, upper and lower bounds are respectively provided 
by FOL and {FOL{3A}). 

For model checking, the NP lower bound of model checking (F'0£{S,A}) also 
remains an upper bound: if we can guess an assignment for the existentially quan
tified variables, then the verification can be done in a single (polynomial time) 
run through the formula and the structure. • 

2.6.1.2 Satisfiability problem 

Even though the language is rich enough to express inconsistencies, satisfiability 
remains tractable. 

2.6.2. P R O P O S I T I O N . Satis f lability (FOL{3A^ay) is in p-

Proof: a polynomial time algorithm goes through the matrix and checks that for 
every positive atom, its negation is not present. • 

In the further addition of universal quantification, satisfiability remains in 
polynomial time: Satisfiability(FOL{3yA^a-}) is in P. A quantified conjunction 
of literals is called an Herbrand formula and [BGG97](Chapter 8.2.2) proves that 
the unification problem, which is a known polynomial time problem, can be re
duced to the satisfiability of Herbrand formulae. 

Despite these encouraging results, difficulties arise with the consequence prob

lem. 
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2.6.1.3 C o n s e q u e n c e p r o b l e m 

In FOZ/{3jA}, proving the entailment between two formulae was only a matter of 
finding the right substitution for the variables in the conclusion into the Herbrand 
domain of the premiss. However, in the presence of atomic negation, this single 
substitution criterion fails. For instance, in the following instance of the problem, 
there is no substitution 7 for x and y in {a, b, c} such that (Px A Rxy A -•aPy){l\ 
follows from the premiss formula. 

Pa A Rah A Rbc A ~^aPc ^FOL 3x3y(Px A Rxy A ^aPy) 

Atomic negation is a source of disjunction in disguise and many alternative models 
of the premiss must be taken in consideration: in the example, the information 
that "either Pb or not F6" is implicit, and in both cases a substitution that 
satisfies the conclusion can be found, but an exponential rewriting of the premiss 
might be required to make this implicit information become explicit. 

The complexity of Consequence{FOL^,/\,^a}) remains an open question. 
In Chapter 2.7, we will examine an intermediate fragment between FOL{3A] 

and FOLjg.A,^} for which consequence is non-deterministic polynomial time com
plete: it consists in formulae for which positive and negative atoms do not share 
variables. A further tree constraint on the syntax will provide a tractable frag
ment. 

In theoretical database research, conjunctive queries including atomic nega
tion have also drawn considerable attention. In particular, query containment 
check algorithms have been proposed for the containment problem in different 
subcases of conjunctive query languages with safe (i.e., any variable occurring in 
a negative literal must also occur in a positive literal) negation; see e.g. [LS93], 
[LMSS93], [LS95] or [FTU99]. 

Back to the drawings, the difficulty of reasoning implied by the representation 
of negated information can be related to the semantical difficulty of negations in 
pictures. Indeed, we may simply wonder what a negated picture means. It 
certainly looses its characteristic of direct mapping to the represented world, 
which we called the faithfulness of drawings in the previous Chapter. Despite 
this rising level of complexity, parallel to the rising of abstraction in language, it 
is interesting to observe how fast this process grows towards undecidability. A 
natural subsequent step is the study of existential FOL. 

2.6.2 Existential first-order logic 

Existential FOL is the FOL fragment including existential quantification and the 
three boolean operators: conjunction, disjunction and atomic negation. Com
pared to the situation in the previous fragment, satisfiability in existential FOL 
leaves the tractable classes and consequence, the modest complexity classes. 

2 .6 .3 . T H E O R E M . Satisfiability(FOL^AtV^a}) is NP-complete. 
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Proof: a satisfiable existential sentence is satisfiable over the same domain as 
its Skolem form, and thus has a canonical model of size k < n, the number of 
quantifiers plus the number of constants. The guessed model is represented as 
a consistent list of atoms and constants values of size polynomial in n and the 
verification takes a time polynomial in the size of the list, therefore the problem 
is in NP. A reduction of SAT proves the NP-hardness, for instance a preposi
tional formula (p(Xu ... ,Xk) is satisfiable if and only if 3xx... 3xk4>[Xi/Pxl] is 
satisfiable. • 

In fact, deciding the satisfiability of existential formulae with functions and equal
ity is a NP-complete problem [BGG97], 

2.6.4. T H E O R E M . Consequence(FOL{3Ay^a}) is coNEXP-complete. 

A reduction of a tiling problem (e.g. [BGG97]) will be applied to prove the 
theorem. A tile is a 1 x 1 square. A tiling of a square X2 is a covering of X x X 
with a given finite set of tiles T = {Tu ... ,Tk} in such a way that it respects two 
given binary compatibility relations H and V on T and a given initial condition 
w. (ti,tj) e H (respectively, V) means that t3 is allowed to be juxtaposed at the 
right (respectively, on top) of U w = (w0,..., w^i) G T" is a sequence of length 
n of tiles such that the word w covers the n leftmost places at the bottom of the 
square (i.e. W;/o<j<„_i is required to be placed at the position (z,0)). A tiling of 
the torus Z{2n) is a tiling of Z2 that can be decomposed into juxtaposed copies 
of the tiling of a square with side 2n (note that the definition of a tiling requires 
that a tile occurring on the border of the 2n x 2n square is compatible with its 
juxtaposed neighbour). 

2.6.5. L E M M A . (Theorem 6.1.8 in [BGG97]) If any instance of the tiling of the 
torus Z{2n) is reducible to an instance tp of a problem P such that \ip\ e O{nlogn), 
then there exists c > 0 such that P cannot be decided in non-deterministic time 
ncn/logn 

Proof of Theorem 2.6.4: for a given vocabulary, let FOL(3*) be the set of sen
tences that are the existential closure of a quantifier free formula and FOL(\/*) 
be the set of sentences that are the universal closure of a quantifier free for
mula. FOL(3* A V*) denotes the satisfiability problem of sentences of the form 
A A B where A e FOL(3*) and B e FOL(V*). A A B is unsatisfiable iff 
A hFOL ->B. If A e FOL(3*) and B e FOL(V), both A and - , £ can be 
rewritten in negation normal form as sentences in FOL{3Ay^a}. Hence, the 
complexity of Consequence{FOL[3Ay^a}) is the complement of the complexity 
of Satisfiability(FOL(3* A V*)). 

For an upper bound, S'ati s flability (FOL {3* A V*)) G NEXP as any sentence 
in FOL(3* A V*) is in the Bernays-Schönfinkel fragment (FOL sentences with 
prefix 3*V*) whose satisfiability is NEXP-complete [Lew80, BGG97]. 
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To prove the NEXP-hardness, we reduce the tiling of the torus Z(2n) to 
Satisfiability(FOL{3* A V*)). It is sufficient to construct for any tiling instance 
(T, H, V,w), a formula ip of the requested size and form -i.e., in FOL(3* A V*)-, 
such that cp is satisfiable iff IT, H, V, w) tiles Z(2n). 

Let T = {Tu ..., Tk} and n = \w\, a point (x, y) e Z(2n) is encoded in binary 
by a 2n-tuple (x, y) = (z„_i, ...,x0, y „ _ 1 ; . . . ,y0) e {0, l } 2 " . There are (k + 1) 
2n-ary predicates: S,tt,...,tk. S encodes the successor relation (i.e. addition 
of 1 to a number in binary), and U(x,y) stands for "a tile T* is at the position 
{x,y)". The intended model has two elements 0 and 1. We first define the 
successor relation S such that S(x,y) iff y = x + 1, by the following conjunction 
Succ = Mxy(Succi A Succ2 A Succ3). For convenience, we use implication and 
equivalence symbols inside quantifier free formulae, but they can be removed by 
applying the De Morgan's laws. 
The last bit alternates: 

Sued = S{x„-u ...,xi,0, y„-i, • •., 2/1,1) V S(xn-U ...,xul, yn-\, • • •, Vi, 0) 
If the last bit is 0 then it is replaced by 1 and the rest remains identical: 
Succ2 = S ( x „ _ i , . . . ,xi,0,yn-i,.. .,2/1,1) <-> S(xn-U ... , a i i , 0 ,x„_ i , . , . ,xu 1) 
Otherwise, addition of 1 is shifting or going back to 0 if 2n has been reached: 
Succ3 = S{xn-i,... ,xul,yn-i,..., 2/i,0) *^ [5(0,a;„_i, . . . ,a ; i ,0 ,2/n_i , . . . ,2/i) 

VS(x„-i, ...,x2,l, 1,2/„-i, . . . ,2/2,0, 0)] 
We now encode the conditions on the tiles: Tiling = Tiling^ A Tiling^ A Tiling?,. 
There is exactly one tile at each point: 

Tiling! = VS27(Vti U(x, y) A h^^^aUfa y) V -,„*,-(£, y))) 
Two juxtaposed tiles on a row have a ff-match: 

Tiling^ = Vxyz(S(x, z) -> \/{iij)€H{U{x, y) A £,(z, 27))) 
Two juxtaposed tiles on a column have a V-match: 

T^mt/3 = Vxyz(S{y, z) -> \/(iJ)eV(U(x, y) A tj-(S, 2))) 
Finally the initial condition u; is encoded: 

Initial = /\™T0 iWi(i,0). 

((5 = 5ucc A Tiling A Initial is a universal formulae composed of atomic nega
tions, disjunctions and conjunctions, thus of the proper form. Furthermore, ip is 
satisfiable iff there exists a tiling ƒ : Z(2n) -» T. The "if-direction" is easy as 
the formulae encode their intended meaning. Conversely, let M be a model of ip 
with universe {0,1}. We associate to each point (x,y) of the square, the unique 
2n-tuple of objects g(x, y) = ( x „ - i , . . . ,x0, yn-i, • • •, Vo) such that (a ;„_i , . . , ,x 0 ) 
encodes x in binary and (yn-i, • • •, 2/o) encodes 2/ in binary. At every point (x, y), 
we put the unique tile T{ such that M |=FOL U{g{x,y))- •p ensures that this 
defines a correct tiling of Z(2n) by T with initial condition w. Finally, p is of 
size 0{nlogn) and thus Satis f lability (F O L{3* A V*)) is NEXP-hard. Hence, 
Ccmsequence(FOL{3A)V)-,a}) is coNEXP-complete. 
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We have now achieved a general view of complexity for first-order logic and 
some of its fragments. In particular, we found that even small fragments by the 
standards of a classical logician can still be quite complex. Therefore, we now 
turn to more tractable fragments, which drop to polynomial-time complexity, and 
which correspond more closely to the positive information aspect of conceptual 
graphs. 

2.7 Two steps backwards into t ractable worlds 

We have seen that existential conjunctive FOL enjoys an equivalence between 
consequence and model comparison, which is complexity preserving. We can use 
the intrinsic structure of the models for delimiting tractable fragments. Acyclic 
simple conceptual graphs can be seen as representations of models with a tree 
structure. 

2.7.1 Simple conceptual trees 

Figure 2.2: A simple conceptual tree 

Mugnier [Mug95] proposes a polynomial time algorithm for deciding the exis
tence of an homomorphism from a simple conceptual tree to a simple conceptual 
graph. The notion of tree is very natural in the graph language and corresponds in 
the textual language to the absence of "term cycles". For instance, in Figure 2.2, 
there is no cyclic path of edges passing by least two relation nodes. 

Baader et al. [BMT99] generalises Mugnier's result to the absence of "variable 
cycles". Indeed, cycles containing constants can be eliminated as the interpreta
tion of a constant in the conclusion (and therefore, its image by homomorphism) 
is determined by its occurrence in the premiss. For instance, the cyclic graph rep
resented in Figure 2.3 can be transformed into the equivalent tree in Figure 2.2 
by splitting the node labelled with the term a. 

The tree property (the absence of cycles) is highlighted in an inductive defi
nition for the syntax. 



2.7. Two steps backwards into tractable worlds 59 

Figure 2.3: Eliminable cycles 

2 .7 .1 . D E F I N I T I O N . The existential conjunctive tree fragment (ECTF) is defined 

inductively by: 

• Every atomic formula belongs to ECTF. 

• ECTF is closed under conjunction. 

• If (i) a is an atom and (ii) ip = ipi A... f\ipn is a (possibly empty) conjunction 
of formulae in ECTF and (iii) for every i/1 < i < n, both free(ipi) Ç 
free(a) and \free(<pi)\ < 1 then for every x C free(a), 3x(a A if) is in 
ECTF. 

If x is the empty sequence, then 3x(a A f) is understood as {a h if). An ECTF 
sentence is a formula ip G ECTF such that free(f) = 0. 

The atom a, which relativises the existential quantifier, is called a guard. The 
only possible variable shared by two sub-formulae ifi and ifj in 3x{a A ip\ A ... A 
y>„) must also occur in their guard. For instance, the simple conceptual tree in 
Figure 2.2 can be translated in an ECTF sentence: 

3x(Paax A C'a A Cx A Rxa A 3y(Rxy A Cj/)) 

2.7.2. P R O P O S I T I O N . Let A e FOL{3A] and B G ECTF be two sentences, 
A \= B can be decided in polynomial time. 

Proof: The result directly follows from equivalent expressive power of simple con
ceptual trees and ECTF and from the complexity of the consequence problem 
with a simple conceptual graph premiss and a simple conceptual tree conclusion: 
Theorem 3.2.9[CM92, Mug95], • 

2 .7 .3 . COROLLARY. Let M be a first-order structure and B e ECTF, M \= B 
and M •< M(B) can be decided in polynomial time. 
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Proof the complexity of model checking follows from proposition 2.7.2 and the 
formula-style encoding of a model Chapter 2.2.3. The particular instance of model 
comparison is a direct consequence of the complexity preserving equivalences m 
FOL{B,A} (Theorem 2.5.3). • 

The tree property of ECTF will later be generalised to a wider fragment of 
F O L a M ' the existential conjunctive guarded fragment. For the time being, we 
can examine how the "tree idea" can be applied to negative information. 

2.7.2 A bit of negation: non-interlaced positive and neg
ative information 

There is a fragment of FOL{^atomlc} which inherits the complexity behaviour 
of FOL{3hy the set of existential conjunctive formulae with atomic negation 
in which no pair of literals of opposite sign share some variable. For instance 
3x3y(PxABxaA^Pa) is acceptable in the fragment, while 3x3y{PxARxyA^y) 
is not (Rxy and -<Py are of opposite sign and share the variable y). 

2 7 4 D E F I N I T I O N . [Rewriting negative literals into positive ones] For a formula 
i G FOLs3 A }, the positive formula ^ e FOL{3,A} is obtained from tp by 

replacing everyTegative literal ^R(t) by an atom fl"(t) such that Br does not 
occur in <p. We note Kr the set of all these new relation symbols. 

This rewriting of negative literals into positive ones takes linear time. Further
more, it preserves the semantics of these particular negated representations: 

2 7.5. T H E O R E M . Let <p,4> e FOL{3^atomici such that ^ ^ L and iP is of the 
form 3xaA3yß where a is a conjunction of positive literals and ß is a conjunction 

of negative literals. 
tp\=tl) <—> ^ + t= ip+ 

Proof: Lemma: Af (</>+) |= <p (by construction of tp+). 

We can use Theorem 2.5.3 and show that if \= ip <—• M{<p ) \= V • 

. <— : assume M{ip+) \= ip+ and M \= <p. _ 

We first extend M to the extra vocabulary: M' has the same domain and same 

interpretation function for constants as M and [R]M, = [-RJM
 a n d lR hi' = 

Ud1,...,dn)/(d1,...,dn) <£[R]M}-
There is an homomorphism from Mfo>+) to M' which preserves the satisfaction 

of positive existential conjunctive formulae, thus M' \= ip+• 
By construction of M', M' \= if>+ impHes that M' \= i>. Indeed, [r \M, H 

HM- = Ö-
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Finally, M and M' only differ on the interpretation of the 1Z~ relations (which 
do not occur in ip), hence, M j= ip. 

• —y. assume that VM, M \= ip -> M \= ip. 

It is easy to verify that M(ip+) \= ip. Therefore, M(ip+) \= ip. 
We must show that (i) M(ip+) \= 3xa and (ii) M((p+) f= 3yß+ (the special form 
of ip makes possible to divide the work in two parts, one for positive information 
and one for negative information). 
(i) M(ip+) \= 3xa directly follows from M ( y + ) \= ip. 
(ii) We can extend M(ip+) as follows: M' has the same domain and same in
terpretation function for constants as M(<p+) and [-R~]M, = [R~JM(^+) an<^ 
[R]M, = {(du ..., dn)/{du ...,dn) i \Rr\M{^-
M' extends M(ip+) with some positive facts which are not in conflict with the neg
ative information conveyed by ip, thus M' \= ip and so M' \= ip. Hence M' \= 3yß. 
By construction, (du...,dn) £ [R]M, iff {du...,dn) e [ ß _ ] M „ thus M' [= 3yß+. 
As VR- e TZ', [R~]M, = IR~1M(V+) a n d t h e satisfaction of yß+ in M' only de
pends on the denotation of relations in TZ~, it follows that M(ip+) \= yß+. • 

To highlight the importance of a strict separation between positive and neg
ative pieces of information, follows a counter-example4 of the theorem in the 
general case of FOL^,A^atarntc] is for instance, 

Pa A Rab A Rbc A ^Pc \= 3x3y(Px A Rxy A ->Py) 

Indeed 

Pa A Rab ARbcAP~c^ 3x3y(Px A Rxy A P~y) 

As a direct consequence of the previous theorem (Theorem 2.7.5) and of Propo
sition 2.7.2 (i.e., the tractability of consequence for tree structures), follows the 
following tractability result for a tree fragment of FOL[s^natomtcy 

2.7.6. COROLLARY. Let ip,ip e FOL{3Ar^tcmicy such that (i) <p ^ ± and (ii) ip 
is of the form 3xa A 3yß where a is a conjunction of positive literals and ß is a 
conjunction of negative literals. 

ip+ G ECTF implies that <p (= tp is decidable in polynomial time. 

We may now gather the learned results on the computational behaviour of 
various predicate logic fragments. 

4In personal communications, Geneviève Simonet proposed me related counter-examples to 
the completeness of projection for simple conceptual graphs in presence of negated concepts. 
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2.8 The travelled FOL landscape 

• 
3 A variable-cycle-free 

3 I H (conceptual trees) 

to | o SAT is trivial 

° .£ CONS is P 
"9. * ® . 0 -p 1 

Guarded fragment 3 A 
SAT is trivial o \ % CONS is P 

Guarded fragment 3 A ~"a 

with disjoint positive and negative part 
SAT is P 

CONS is P 

3 A 

3 AV 
SAT is trivial 

CONS is nP
2-complete 

3 V A V 
SAT is trivial 

CONS is undecidable 

3 A .„,„.. 
SAT is trivial disjoint positive and negative part 

CONS is NP-complete - - ^ r n N l q f ^ 's P , , 
* - _ i ^ - » ^ O U N S is NP-complete 

3 V A ^ 1 - , 
SAT is trivial \ _ SAT k p3 

CONS is 7 ^ CONS i s , 

3 A V " \ 
SAT is NP-complete 

CONS is coNEXP-complet 

3 V AV i a 
SAT is undecidable 

CONS is undecidable 

3 V A - - a 
SAT is P 

CONS is ? 

From the complexity results, we can note the following points: 

1. With language impoverishment, the benchmark problems do not evolute 

m a umform direction. For instance, the step from FOL to positive FOL 

to tVnviaTS e q U e n C e U n d 6 C l d a b l e W h e r e a S ^ s u a b i l i t y goes from undecidable 

2. Some low fragments enjoy a polynomial time equivalence between conse
quence and minimal-model checking (e.g., FOL^} and the fragment of 

I ; w f A r w r } T I T m t e r l a c e d P ° s i t i v e a nd negative information). It 
is this property which will be exploited in graph-homomorphism calcul for 
corresponding conceptual graph languages. 

3. The frontier between tractabihty and untractabihtv is subtle. Some tree 

t T o Ï e « . 1S P r e S e n t " a11 — d fr«tS " * * « a c t a b l e 

persT
D

hec5 t i tS tT r 0 P e r t y ' t ^ * ^ ^ <° m ° d a l l 0 g i C S ' m 0 t l v a t e S a change of 
perspective. Tree properties are central to modal languages, whose raison d'etre 
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is precisely their good balance between expressive power and low complexity (cf. 
[BRV01] and [AreOO] for extended discussions of modal formalisms and their ad
vantages). Therefore, we also take a look at what is known about the complexity 
of modal fragments, which brings us to an extension of the earlier tractability 
results. 

2.9 The modal perspective: expressivity at low 
costs 

In modal logics, formulae are not evaluated by an observer having an overview 
on a structure like in first-order logic, but by focussing on a particular point of 
a structure and moving the focus to accessible locations along paths of relational 
edges. This local internal view-point is acknowledged as a main strength of modal 
logics applied to artificial intelligence problems. Indeed, this locality principle 
not only leads to advantageous complexity results, but it also meets the needs 
of many applications, witness the use of modal formalisms in, among others, 
program verification (PDL, e.g., [Mas98]), multi-agent systems (epistemic logic, 
e.g., [FHMV95]), linguistic structures (feature logic, e.g. [Rou97]) and our present 
subject, knowledge representation (description logic, e.g., [DLNS94]). 

A language of modal logic is a language of propositional logic extended with 
unary operators, modalities. The semantic message of such operators is an indi
cation to move the local point of interpretation to other accessible locations. It is 
a peculiarity of modal languages to talk about local phenomena without explic
itly naming the places where they occur. Hybrid languages naturally emerged 
as modal languages extended with some of the apparatus of first-order logic: the 
ability of naming the objects inhabiting the structures, of representing them by 
place holders (variables) and associated machinery (classical quantifiers or more 
specific binders). Such extensions of orthodox modal logics are present in hybrid 
logic, tense logic, feature logic or description logic. 

2 .9 .1 . D E F I N I T I O N . A vocabulary is defined by four disjoint countable sets: V — 
{P, Q,...} of propositional variables, N = {i,j,...} of nominals, 
VAR = {x, y,...} of nominal variables and MOD = {1 ,2 , . . . } of modality in
dexes. 

For a vocabulary, the well-formed formulae of a language of modal logic (ML) 
are defined by: 
WFF := True\A\->aA\-xp\ip A ^ V i/>\ om y>|Dm¥>|@^| [ x{tp) 
where A e V U N U VAR, m e MOD, l e NU VAR and x e VAR. 

A class of modal languages is denoted by a subset of {o, D, A, V, -i0, -i, N, @, J,}. 
For example, L G ML{<>jAi_,} is a classical language of multi-modal logic. Note 
that, in well-formed formulae, the presence of @ requires the one of N, but not 
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and 
(iii) for every i/\ < i < n, free((pi) C free(a) and 
(iv) x Ç free(a), 
then 3x(a A tp) is in ECGF. 

The atom a relativises the quantifier sequence: it guards the sub-formulae ipi'a 
by sharing their free variables. 

The similarity of the tree fragment of simple conceptual graphs with ECGF 
is striking. Indeed, the later is a generalisation of the notion of guarding used in 
the former. 

2.9.3. F A C T . ECTF is strictly included in ECGF. 

The only difference between the two fragments resides in the constraint on the 
cardinality of the set of free variable occurring in a guarded sub-formula ipi. 
Furthermore 3x3y{P(x, y) A R(x,y)) is in ECGF but not in ECTF. 

A particular case of ECGF has been studied in the description logic ECT1ZÖ1. 
An ECTTZÖ1-sentence <p translates into an ECGF-formula ST(<p) with only unary 
and binary predicates. [BMT99] proves that Consequence{ELTlZöv) is in P. In 
Chapter 3, we will prove the following generalisation of both the complexity of 
consequence in ECITZÖ1 and of the complexity of projection in simple conceptual 
trees. 

2.9.4. P R O P O S I T I O N . If A is a sentence in FOL^Ay, B is an ECGF-sentence 
and M is a F OL-structure, then A \= B can be decided in polynomial time. 

The result directly follows from the equivalence between the fragment of guarded 
simple conceptual graphs and ECGF and from the polynomial time algorithm for 
projecting a guarded simple graph onto a simple conceptual graph; See Chap
ter 3.3). 

2 .9 .5. COROLLARY. Let M be a first-order structure and B e ECGF, M \= B 
and M ^ M(B) can be decided in polynomial time. 

Proof: similarly to the case of ECTF, the complexity of model checking follows 
from proposition 2.9.4 and the formula-style encoding of a model (Chapter 2.2.3). 
The particular instance of model comparison is a direct consequence of the com
plexity preserving equivalences in FOL{3A] (Theorem 2.5.3). • 

For the time being, the main ideas of the algorithm will be presented in an 
example. 
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M(ip) = {Paa, Raaa, Pab, Rbaa, Rbab} ^ ? ip. The recursive launching of the 
function substitution stops at the leaves: 
•substitution(M(ip), Rxyy) = {(x/a,y/a), (x/b,y/a)} as Rxyy can be evaluated 
at both -and only- Raaa and Rbaa. 
•substitution(M((p), Rzxy) = {{x/a, y ja, z/a), (x/a, y/a, z/b), (x/a, y/b, z/b)}. 
The two leaves are treated independently despite their shared variables, however, 
the resulting substitutions are confronted at the level of their guard as follows. 
For the root, Pxy, candidate substitutions correspond to the atoms Paa and 
Pab. Hence, (x/a,y/a) and (x/a,y/b) are pre-selected and confronted to the 
neighbourhood-agreement criterion: 
— (x/a, y/b) agrees with none of the substitutions selected for the successors of 
the guard and therefore is rejected. 
— on the other hand, (x/a,y/a) agrees with at least one substitution for each 
successor and therefore, it can be selected at the level of the guard. 
substitution(M (ip), ip = {(x/a, y /a)} is not empty, thus, it holds that M(<p) f= 
ip. Indeed, the atoms of the conclusion are satisfied by the minimal model of 
the premiss under two substitutions extending (x/a, y/a) that could have been 
recorded along the recursive steps: 
{Pxy, Rxyy, Rzxy}[x/a, y /a, z/a] Ç {Paa, Raaa, Pab, Rbaa, Rbab} and 
{Pxy, Rxyy, Rzxy}[x/a, y/a, z/b] Ç {Paa, Raaa, Pab, Rbaa, Rbab}. 

2.9.1.1 N o t e on the complexity of the algorithm 

the minimal model of the premiss can be encoded (see Chapter 2.2.3) as a binary 
string of size polynomial in n G ö(r * dk) where d is the size of the domain, r the 
number of relation symbols and k their maximal arity. We can assume that every 
relation symbol occurring in the conclusion formula has an interpretation in the 
model (a simple polynomial time check can rest us) and therefore, the maximal 
arity of relation symbols in the conclusion is bound by k. 

Applying the algorithm as it is may require exponential time. However, in the 
algorithm proposed in Chapter 3, the recursive calls of the function substitution 
are replaced by a single run through the syntactic tree from the leaves to the root. 
A set of substitutions is recorded for each atom of the conclusion formula. The 
number of substitutions in these sets is bound by the number of tuples occurring 
in the interpretation of relation symbols -i.e., the number of l 's in the encoding of 
the model or seen from the point of view of the consequence problem, the number 
of atoms in the premiss formula-; hence, bound by n. If an order is chosen for 
the v variables of the conclusion, each substitution can be encoded as a binary 
string of size k * log v * log d, a size polynomial in the size of the input. Let m be 
the number of atoms occurring in the conclusion formula, for each of the m nodes 
in the conclusion tree, at most n polynomial size substitutions are pre-selected 
in time ö(n * k). Each of them is compared to the selection made for the (at 
most) m successors of the node at stake. For each pair of substitutions, their 
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This application of modal ideas to the structure of first-order formulae demon
strates several points. Firstly, as already noticed, tree like structures can often 
be associated to efficient computation. Secondly, how thin is the frontier be
tween tractability and untractability is highlighted by the subtle difference be
tween guards and loose guards. Finally, predicate logic, modal logic and graph 
formalisms can benefit from a multicultural symbiosis. In particular, the appli
cation of a guarded syntax to simple conceptual graphs combined with graph 
homomorphism techniques will be one of our main result in the next chapter. 
Now, to learn more about this symbiosis, it is interesting to consider further 
correspondences between classical and modal languages. 

2.9.2 The modal cousin of FOL{3A} 

The modal operator corresponding to existential quantification in first-order logic 
is the diamond: oip is true at a world w of a model M if there exists some world 
w' in M such that w' is accessible from w and <p is true at w'. 

2.9.9. T H E O R E M . For ML^tAy, satisfiability is trivial. 
Model checking, model equivalence and consequence are in polynomial time. 

Proof: In the absence of negation, any modal formula is satisfiable (in a model 
with a single world). Complexity results for model checking and model equiva
lence inherit the upper bound of the richer logic K = M_L{0]Aj_,} [HV91, Gro96]. 
For consequence, we can use the fact that a sentence in ML{o A j translates into 
a formula (with at most two variables and at most one free variable) of the exis
tential conjunctive guarded fragment which has a polynomial time consequence 
problem (Proposition 2.9.4): 
STx(oip):=3y{RxyASTy(ip)), 
STx(p A i>) := STx(<p) A STx(if>) and 
STX{P) := Px. M 

We can also note that it follows from the standard translation and Theo
rem 2.5.3 that complexity preserving equivalences between consequence, model 
checking and model comparison, also hold in M I ^ ^ j . 

By relying on a guarded use of existential quantification, consequence in 
ML^iAj is tractable. What would be the effect of adding atomic negation to 
the language? 

2.9.3 Atomic negation at no cost 

2.9.10. P R O P O S I T I O N . For M L { o / l p o ) , consequence is in P. 
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Proof by reduction of validity of quantified boolean formulae and a PSPACE 
tableau algorithm to explore economically the possibly exponential model can 
be found in [Lad77] (modal logic K), [HM92] (multi-modal logic K) and [SSS91] 
(description logic ACC). 

[ABMOO] shows that the further addition of nommais and the jump operator @ 
does not increase the difficulty of satisfiability (i.e., Satisfiability(ML{oA,^,N,@}) 
is PSPACE-complete) whereas the j-binder for nominal variables can have a 
dangerous effect: Satisfiability(ML{A^t<>,i}) i s undecidable [ABM99a]; see also 
[ABM99b] and [AreOO] for a complexity study of several hybrid fragments. 

2.9.5 Finite bounds 

By analogy to the first-order logic case, finite bounds on the modal languages 
may also ease decision problems. For instance, [Hal95] shows that a fixed bound 
on the modal depth (the maximal nesting of modalities) makes satisfiability be 
NP-complete. If this modal depth bound is cumulated with a finite bound on 
the number of propositional variables, then the problem can be decided in linear 
time. It is however surprising to note that, when a finite bound on the number 
of propositional variables is fixed, the complexity of satisfiability in K (multi
modal or not) remains PSPACE-complete (one propositional symbol is sufficient 
to obtain the polynomial space lower bound) [Hal95]. 

2.9.6 Description logics 

Modal languages are not the only way of carving up simple fragments of first-
order logic. Another well-established tradition are description logics. These occur 
implicitly in many parts of this dissertation, but we record a few salient facts here. 

Description logics arose in the KL-ONE system [BS85] from the study of the 
representation of structured knowledge in semantic networks (see e.g., the syn
thesis in [Leh92]) and frame systems (e.g. [Min74]). Even though the semantics 
of description logics is often provided as an interpretation in first-order models 
or as a translation to first-order logic, Schild [Sch91] identified strong semantical 
connections between modal logics and the core language of description logics. In
deed, the applications of description logics to specific knowledge representation 
problems have given rise to constructors which are not typically considered in 
(core language of the) modal logics: e.g., so-called assertional knowledge about 
individuals, complex relational constructors or counting operators. Bridging these 
expressive, application driven, extensions has been obtained by considering hybrid 
modal formalisms [AreOO]. 

Nonetheless, it remains that, in their seek for expressive, while efficient, rea
soning systems, description logics have adopted the locality principle of modal 
interpretation. 
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Another interesting feature is the modularity of description logic languages. 
The extensive study of different syntactic fragments adapted to specific applica
tions and of associated (often modal tableau-based) optimal calculi, provides a 
general map of the complexity landscape for reasoning with description logics; we 
refer the interested reader to the detailed synthesis in [BBH+90UDLNS94] and 
[DLNN97]. 

Following the route traced by KL-ONE for describing rules and "universal 
knowledge", many description logics include universal quantification or its modal 
counter-part, box-modalities. However, a recent bifurcation to a focus on "factual 
knowledge" expressed by existential quantification (and diamond-modalities) has 
brought to the fore the use of the underlying tree structures of models for efficient 
homomorphism-based calculi: see e.g., [DLN+92] and [BKM99]. 

This use of graph representation of knowledge and graph-based deduction 
methods to efficiently compute logical reasoning, has naturally lead to bridges 
between conceptual graph and description logic formalisms. [BMT99] proposes 
a first step in this direction, by constraining simple conceptual graphs to tree 
descriptions of the existential conjunctive EC11ZÖ1 description logic. We will 
further explore this interaction in our modal treatment of simple and nested 
conceptual graphs in Chapter 4.3. 

We refrain from giving an extensive complexity analysis here, referring the 
reader to [AreOO] for a bridge to modal languages of various sorts, which makes 
many of our earlier points applicable mutatis mutandis. 

2.9.7 A landscape of modal complexity results 

» A N @l 
SAT is trivial 

CONS is NP-complete 

O D A -% 
SAT is coNP-complete 
CONS is NP-complete 

Homomorptiterr^c. 

0 A -i 
SAT is PSPACE-complete 

CONS is PSPACE-complete 

0 A -> N @ 
SAT is PSPACE-complete 

CONS is PSPACE-complete 
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2.10. Conclusions 

The main message of this quick overview of complexity results in modal logics is 
that the locality principle of modal semantics has a benefic effect on the chosen 
benchmark problems: first, model checking and model comparison are tractable. 
But also on the basis of the correspondence between o and existential quantifi
cation, satisfiability and consequence are often easier (and never more difficult) 
in modal fragments than in the corresponding first-order fragments. 

Finally the study of the modal paradigm is twofold. First, some strengths of 
modal formalisms can directly be exploited in first-order formalisms, witness the 
notion of guards that we will further develop in the next chapter. But of course, 
the modal view on interpretation can directly be applied to graph-based systems^ 
This will be the chosen path in Chapter 4.3. We will also take up the question of 
combining these two perspectives in predicate modal formalisms. 

2.10 Conclusions 

With the development of automatised reasoning systems, the search for tractable 
problems has become a crucial point of the agenda identified in [LB87] as the 
tradeoff between expressivity and tractability in knowledge representation. 

By "projecting" graph-like reasoning systems on usual formal logical systems, 
we have achieved a finely-structured view of complexity for the former ones. We 
are now equipped to exploit, in a controlled way, their analogies to modal and 
first-order fragments. 

Of course, this bridge is useful as such, as we can apply it to get new tractable 
conceptual graph systems. But also, vice versa, it suggests graphical aspects to 
existing weak linguistic formalisms that are often neglected by logical studies. 

Also, by bringing to the fore several benchmark problems that have a role to 
play in 'the comparison of logics, we have attempted to escape the yoke of the 
traditional (in logic) and unidirectional focus on satisfiability. Indeed, the chosen 
remaining problems are not only salient in practical applications of logics, but 
also are interesting for their evolution with language changes; i.e., the problems 
appear to follow quite independent complexity paths with identified crossroads. 
However, such choices are not the only relevant ones. For instance, to be fair 
to applications of logics to automated reasoning, we could as well consider av
erage complexity analysis. Leaving such further explorations to perspectives, we 
nevertheless regard our present "worst-case" analysis as a necessary first step to 
understanding logical and computational grounds in graph-based reasoning. 

The eventual issue is not a list of separate complexity results, but under
standing the general parameters that affect complexity and in particular, the 
overstepping of low complexity bounds such as tractability. Whether the pa
rameters that we found here (e.g., tree-like structures, direct mapping between 
formulae and their minimal model, etc.) are visually relevant is something we 
leave for discussion in our concluding chapter. 
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Strong of our recent experience with fragments of formal languages, we can 
now undertake the study of specific conceptual graph systems and observe how 
the symbiosis of logics and techniques can pay off to devise expressive and efficient 
fragments of the graph formalism. A natural starting point is the central language 
of simple conceptual graphs. 


