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Introduction n 

AA crucial step in understanding any physical system is a study of its symmetries. In theories of 
fieldsfields or particles, the properties that distinguish different kinds of particles, such as mass, spin, 
electricc charge, isospin and color, are linked to the way these particles' fields or wave func-
tionss transform under various symmetry operations. These symmetry operations can be quite 
diversee in nature; one may think of spacetime symmetries, such as Lorentz boosts, translations, 
rotations,, reflections and time reversal, but also of many types of gauge transformations and of 
chargee conjugation. Despite this diversity, it has been possible to give an efficient mathematical 
descriptionn of all these symmetries in terms of groups. As a consequence, group theory has be-
comee one of the standard tools of the theoretical physicist. Nevertheless, even the applicability 
off  group theory has its limits and one does encounter situations, especially in low dimensional 
systems,, where different methods are required to efficiently describe all symmetries. In such 
cases,, a generalization of group theory, the theory of Hopf algebras, or quantum groups, may 
comee to the rescue. 

Hopff  symmetry does not just generalize group symmetry, it also unifies the description of 
symmetryy with the description of the exchange properties of particles. In other words, the Hopf 
symmetryy in a system tells us not only what the natural quantum numbers of the particles are and 
howw these quantum numbers behave under fusion, but it also describes the non-local part of the 
interactions.. Thus, Hopf symmetry comes into its own especially in the description of particles 
withh non-trivial exchange properties, that is, particles which are not bosons or fermions. Such 
"anyons""  do not seem to occur as elementary particles in our (3+l)-dimensional world, but they 
featuree naturally in many models of lower dimensional systems. 

Amongg physical phenomena which are believed to involve anyonic excitations, the frac-
tionall  quantum Hall effect is probably the best understood. A fractional quantum Hall state 
formss when electrons caught at the interface between a semiconductor and an insulator are 
cooledd to very low temperatures (~ lOmK) and subjected to a strong magnetic field (~ 20T). 
Underr these conditions, there is a Hall effect which differs spectacularly from the classical Hall 
effect.. The Hall resistance does not rise linearly with the applied J?-field, but instead exhibits 
plateaus.. At these plateaus, the conductance takes values which are integer [1] and fractional 
[2]]  multiples of the fundamental unit £ (see figure 1). At each plateau, the diagonal elements 
off  the conductance tensor vanish; the current is perpendicular to the applied voltage. The elec-
tronss form a fluid state which has localized excitations. These are called quasiparticles when 
theyy correspond to a local peak in the electron density and quasiholes when they correspond to 
aa local dip. Quantum Hall quasiparticles and quasiholes exhibit many exotic properties. For 
example,, their charge is typically a fraction of the charge of an electron. Also they are believed 
too be neither bosons nor fermions. Their exchanges are governed by the braid group and are 
evenn predicted to be non-Abelian in some cases. We may thus safely say that the states of mat-
terr at the quantum Hall plateaus are crying out for a quantum group theoretic treatment. We 
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Figuree 1: Plot of the Hall resistance for a typical sample. Taken from [3] 

describee such a treatment in chapter 2. We argue that the fusion and braiding properties of the 
excitationss may always be elegantly described by means of a quantum group and we show this 
explicitlyy for a series of states proposed by Read and Rezayi. For this series, we also use the 
Hopff  symmetry to give a complete description of the non-Abelian braiding of the quasiholes. 

Inn chapter 3, we turn to an issue which succeeds the discovery of any new symmetry, namely 
thee determination of the generic types of physical behavior which may arise as that symmetry 
iss broken spontaneously. This issue is of central importance in areas of physics ranging from 
crystallographyy to string theory. For symmetries described by groups it is a textbook subject, 
butt for symmetries described by Hopf algebras, no theory of symmetry breaking has to date 
beenn available. We propose a theory of Hopf symmetry breaking that deals efficiently with 
symmetriess described by finite-dimensional Hopf algebras (these include all symmetries de-
scribedd by finite groups) and we explore its physical consequences. We apply our theory to 
discretee gauge theories: planar gauge theories whose gauge symmetry has been broken down 
too a discrete group through the Higgs effect. These theories are probably the simplest of all 
gaugee theories. Nevertheless, they have a rich spectrum of fundamental and topological excit-
ations,, which exhibit non-trivial fusion and Aharonov-Bohm interactions (braiding). They also 
havee a Hopf symmetry which describes the particle spectrum, fusion and braiding completely 
andd which deals with fundamental and topological excitations on equal footing. Thus, these 
theoriess provide a unique opportunity to study questions that involve an interplay between fun-
damentall  and topological excitations, such as the problem of confinement of electric charges 
duee to a condensation of topological fluxes. We study what happens when the Hopf symmetry 
iss broken by the formation of a condensate and find Higgs and confinement phenomena similar 
too those in continuous gauge theories in 3+1 dimensions. We hope that the approach to the 
studyy of these phenomena that we develop here may in the long run also prove useful in more 
realisticc models, both of elementary particles and of excitations in condensed matter systems. 

Thee structure of this thesis is as follows. In chapter 1, we give a brief review of some aspects 
off  Hopf algebra theory that are relevant to us, emphasizing the relationship to two-dimensional 
physics.. Chapters 2 and 3 both use the material in chapter 1 to some extent, but they can be 
readd independently of each other. Also, both chapter 2 and chapter 3 start with introductory 
materiall  of their own, which gives an overview of the relevant physics and mathematics. In 
particular,, section 2.2 gives a short introduction to the bulk theory of the quantum Hall effect 
andd section 3.2 introduces discrete gauge theories. A summary in Dutch can be found at the end 
off  this thesis. 
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