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Chapterr  1 

Hopff  symmetry in planar  physics 

Inn this chapter, we will explain what Hopf algebras are, how they generalize groups, and why 
theyy are suitable for the description of particles, especially in two space dimensions. We also 
establishh notation and collect some formulae for reference. For much more information on Hopf 
algebrass and quantum groups, one may consult for example [4, 5,6, 7, 8]. 

1.11 Definitions and philosophy 
Definitionn 1 A Hopf algebra is an associative algebra A with multiplication p, and unit 1, 
thatthat has extra structures e, S and A called counit, antipode and coproduct.The coproduct or 
comultiplicationn A is an algebra map from A to A <S> A with the following property, called 
coassociativity: coassociativity: 

(AA <g> id)A = (id ® A) A. (1.1) 

Here,Here, id is the identity map on A. The counit e of A is an algebra map from A to C, or equival-
ently,ently, a one-dimensional representation of A, which satisfies 

(ee <g) id)A = (id <g> e)A = id. (1.2) 

Finally,Finally, the antipode SofA is a linear map from A to A which satisfies 

p(Sp(S <g> id)A(a) = /x(id <g> S)A(a) = e(a)l (1.3) 

forfor each a E A 

Somee types of Hopf algebras are also called quantum groups, but there is no agreement on 
exactlyy which types. We will use the term quantum group to refer to quasitriangular Hopf 
algebrass (see definition 4) 

Ourr basic philosophy will be that the one particle Hilbert space for each particle in a physical 
theoryy must carry an irreducible representation (irrep) of the Hopf algebra which describes 
thee symmetry that is present in that theory. The spectrum of particles in an .A-theory thus 
correspondss to the spectrum of irreps of the Hopf algebra A. The defining properties of a Hopf 
algebraa are such that its spectrum of irreps has some properties that mimic those off  the particle 
spectrumm of a physical theory. 

Givenn two representations n1, n2 of A, one can define a tensor product representation IT1 ®-n2 

byy the formula 
7T11 <g> 7T2 : X - > (7T1 ® 7 T 2 ) ( A ( x ) ) . ( 1 . 4) 
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Chapterr 1. Hopf symmetry in planar physics 

Thus,, A provides us with a way of describing the action of A on multi-particle states. The 
decompositionn of the tensor product representations denned by means of A gives the fusion 
ruless of the theory. From this it should be clear that, in physical applications, it is very desirable 
thatt all „4-modules are fully reducible. For finite dimensional Hopf algebras, this property 
iss equivalent to semisimplicity. The coassociativity of A ensures that this tensor product is 
associative,, so that the order in which particles are fused together does not matter. A graphical 
representationn of the coassociativity of A is given in figure 1.1 

Ï))  iy 
vv V 

Figuree 1.1: Graphical representation of the coassociativity relation (1.1). The left and right hand pictures rep-
resentt the linear operators (A <g> id)A and (id <g> A)A which map A into .A®3. The diagrams should be read from 
thee bottom up; start with one tensor factor, "split" it into two using A, then split one of those two again using A. 
Wee see that the order in which particles are fused does not matter. 
Inn calculations that involve the coproduct, one often uses Sweedler notation: 

A(o)) = 2^a(i)®a(2)- (1-5) 

Inn this notation, coassociativity can be expressed as 

53(o(i))(i)) ® (a(i))(2) ® 0(2) = Yl aW ® (a(2))(i) ® (°(2))(2)- (1-6) 

Thee counit can be seen as the trivial or vacuum representation of A. It follows from (1.2) 
thatt we have 

e<g>7rr = 7T®e = 7r (1.7) 

forr any representation n of A. Thus, if we assume that the vacuum (or an .A-neutral particle) 
transformss in the representation e of A, then we get the fusion properties that one would expect. 

Iff  we are given a representation w of A, then the antipode makes it possible to define the 
representationn w conjugate to % by the formula 

jr(a )) = w\S{a)), (1.8) 

wheree the t denotes matrix transposition. To see that this is indeed a representation of A, 
notee that it follows from (1.3) that S is an antihomomorphism, that is S(ab) = S(b)S(a) for 
anyy a, b G A. The properties (1.3) also ensure that the tensor product representations n ® jf 
andd ff ® n contain the trivial representation e in their decomposition. Thus, a particle which 
carriess the representation n and its antiparticle, which carries the representation n may indeed 
annihilate. . 

Wee now recall the notion of a Hopf subalgebra and of the dual of a Hopf algebra, as they 
wil ll  turn out to be important in our discussion of Hopf symmetry breaking. 

Definitionn 2 For any Hopf algebra A we may define a Hopf subalgebra to be a subalgebra B 
ofof A which satisfies 

11 e B, S(B) C B, A(B) <zB®B (1.9) 

ThisThis implies that B is itself a Hopf algebra, with "the same" structures as A 
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1.2.. Braiding and spin 

Definitionn 3 For any finite dimensional Hopf algebra A the dual Hopf algebra is the vector 
spacespace A* of linear Junctionals from A to C with Hopf algebra structures l*,n*,A*,e*  and S* 
defineddefined by: 

l* * aa M- e(a) p,*(fu f2)- a i-+ ƒi ® f2 o A(o) 
ƒƒ ^ ƒ(!) A*(/) : (01,02)̂  ƒ (Max, oa)) 
oo ^ /(5(a)) 

(1.10) ) 

Were,, a, ai, o2 are arbitrary elements of A and ƒ, fi,f2 are arbitrary elements of A". 

Itt is often possible to define duals for infinite dimensional Hopf algebras analogously, but the 
technicall  details (how to complete the dual tensor product, etc.) vary from case to case. 

1.22 Braiding and spin 

Thee particle exchanges in a system of n identical particles are governed by the fundamental 
groupp of the configuration space for this system [9]. In 3+1 or more dimensions, this funda-
mentall  group is the permutation group Sn, but in 2+1 dimensions, it is the braid group Bn. The 
elementss of this group (the braids) are all the topologically inequivalent ways in which one may 
connectt n points in a plain to the corresponding n points in a parallel plain using n strings. Mul-
tiplicationn is given by concatenation of braids. Figure 1.2 illustrates how a braid corresponds to 
aa path through configuration space. 

Figuree 1.2: On the left: a closed path in configuration space. Particles are indicated by black dots. They move 
alongg the arrows, so that the original particle positions are once again occupied after the movement. 
OnOn the right: the corresponding braid. The direction of the movement on the left corresponds to the downward 
directionn on the right. 

BBnn is generated by n — 1 elementary exchanges T\,..., T„  subject to the relations 

TiTjTiTj = TjTi ( | J - j | > 2) 

TjTi+iTiTjTi+iTi  = Ti+lTjXi+1-

Braidd diagrams for the generators and relations are givenn in figure 1.3. 

(1.11) ) 

L L 7 7 r r T T 

Figuree 1.3: Braid diagrams for the generators n and r2 of thee Braid group B3 and for the single relation between 
them:: r i r 2r i = TIT\TI. 

Thee permutation group Sn is the quotient of Bn that is obtained when we add the relations 

(n)(n)22 = e. (1.12) 
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Chapterr 1. Hopf symmetry in planar physics 

Supposee that we have two particles that carry the ^-representation 7r, with module Vn. The 
totall  internal state of the system can then be represented by a state \s) in the tensor product 
KK ® Vn. If we exchange the particles, how does the state of die system change? Usually, we 
wouldd describe the exchange simply by interchanging the tensor factors in die state | s}.  We call 
miss exchange of die factors in die tensor product a. An exchange of two adjacent particles in a 
systemm of N identical particles may men be described by the action of a on the corresponding 
factorss of die iV-fold tensor product. For example, in a 4-particle system, the exchange of 
thee second and diird particles is accomplished by the operation 1 <g> a <g> 1. Such exchanges 
generatee a representation of die permutation group SN and are dius adequate for systems in 3+1 
orr more dimensions. However, in 2+1 dimensions, we need a more general exchange recipe 
iff  we want to have braid group representations mat are not permutation group representations. 
Suchh a recipe is included in the Hopf algebraic framework when the Hopf algebra in question 
iss quasitriangular. 

Definitionn 4 A Hopf algebra A is quasitriangular if there is an invertible element R £ A® A 
whichwhich has the properties 

AAopop{a)R{a)R = RA{a) (Va e A) (1.13) 

(A®id)(i2 )) - R13RM (1.14) 

(id®A)(#)) = RizRn- (1.15) 

Here,Here, Aop is the comultiplication, followed by an exchange of the tensor factors in A <8> A 
andand Rij is an abbreviation for the action of R on the factors i and j of A®3, so for example 
R\2R\2 = R ® 1. The element R is called the universal iJ-matrix of A. 

Too exchange two adjacent particles, we now let R act before a in die appropriate tensor factors. 
Forr example, in a system of three particles, all of which carry the representation n of A the 
exchangee of die first and second particles will be effected by (a o (w ® n)(R)) <8> 1. Note mat, in 
anyy tensor product of two representations, me universal i?-matrix does indeed act as a matrix, 
butt die matrix in question depends on die representations. 

Thee defining properties of the i?-matrix make sure mat exchanging particles by means of 
aRaR makes physical sense. The properties (1.14) and (1.15) guarantee diat braiding two particles 
aroundd a third one and then fusing diem togetiier gives the same result as fusing die two particles 
firstfirst and then braiding the result around die third one (see figure 1.4). The property (1.13) 
ensuress mat die exchanges commute with die action of die quantum group. Hence, it also 
makess sure mat the tensor products TZ\ <g> ir2 and 7r2 ® TTI of representations 7Ti and w2 of A are 
isomorphic,, witii the isomorphism from die module of TTI <g> 7r2 to mat of n2 <8> ir\  given by die 
exchangee map a o (m ® n2){R). Using either (1.13) and (1.14) or (1.13) and (1.15), one may 
alsoo prove that 

R12R13R23R12R13R23 — ^23^13^12- (1-16) 

Thiss is die so called quantum Yang-Baxter equation. It implies that, in any representation of A, 
wee have the identity 

{o-R®l){l<8>aR)(aR<S)l){o-R®l){l<8>aR)(aR<S)l) = (1 ®<rR){aR® 1)(1 ® aR) (1.17) 

fromm which we see that, for a system of n identical particles that carry a representation of A, 
mee exchanges of adjacent particles, as performed using aR, satisfy die relations (1.11) of die 
braidd group. Hence, since R is invertible, tiiey generate a representation of this group. Since die 
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1.2.. Braiding and spin 

Figuree 1.4: Fusion and braiding commute. The diagrams should again be read from the bottom up. Each 
crossingg represents the action of an .R-matrix and each splitting the action of a coproduct. This way we get 
equalitiess between maps from A92 to _4®3. For the left equality, we get A cg> id o R = R13R23 o (A <g> id). This 
followss easily from the equation (1.14) which is assumed to hold for elements of A83. Similarly, the equality 
depictedd on the right follows from (1.15). 

exchangess commute with the action of the quantum group A, it follows that the system carries 
aa representation of A x Bn. 

Whenn the particles do not all carry the same quantum group representation, and are hence 
nott identical, the i?-matrix no longer gives us a representation of the braid group on the Hu-
bertt space of the system, because the exchanges now act between different vector spaces; the 
flipflip  operator a sends V„ t ® Vm into Vn2 <g> Vni. This is not a problem, because exchanges of 
non-identicall  particles are not symmetries of the system. What we do still get from the R-
matrixx is a representation of a so called colored braid group, which consists of the braids for 
whichh the final position of any particle is the original position of a particle of the same kind (or 
"color").. The action of this colored braid group on the Hubert space of the theory describes 
thee topological interactions between the different kinds of particles in the theory. In connection 
withh this, one should note that the coloring restriction leaves plenty of room for non-trivial and 
evenn non-Abelian monodromies between distinguishable particles. The colored braidings will 
stilll  commute with the quantum group action and they may still be generated by elementary 
exchangess of adjacent particles, although some of these exchanges will no longer have a clear 
physicall  meaning and should be called half-monodromies rather than braidings. We will be a 
bitt sloppy about this in the sequel, but we hope that this will not cause confusion. 

AA description of the spin of the particles in a two dimensional theory can also be incorpor-
atedd into a Hopf algebraic treatment when the Hopf algebra that describes the system is a ribbon 
Hopff  algebra. 

Definitionn 5 A ribbon Hopf algebra is a quasitriangular Hopf algebra {A, R) with an invertible 
centralcentral element c that satisfies the equations 

êê = uS{u), 5(c) = c, e(c) = 1 

A(c)A(c) = {R21R12)-
1(c®c), (1.18) 

wherewhere u = /j(S ® id)(i?2i). The element c is called the ribbon element 

Thee action of the ribbon element on the physical Hilbert space is interpreted as the action of 
aa rotation of the system over 2n in the clockwise direction. In particular, the action of c on 
ann irrep of A describes the effect of rotating the particle that carries this irrep. Because c is 
central,, the action of c on an irrep may always be described by a scalar factor, which is called 
thee spin factor of the irrep and of the corresponding particle. The equations that c has to satisfy 
makee sure that the spin of the vacuum is trivial, that the spin of a particle and its antiparticle 
aree equal and that rotating a system of two particles over an angle of 27r may be accomplished 
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Chapterr 1. Hopf symmetry in planar physics 

bothh by acting with c on the two-particle system (making use of A) and by braiding the two 
particless around each other and then rotating them separately. This last property is illustrated in 
figurefigure 1.5 

Figuree 1.5: The relation between twisting and braiding. A twist in a ribbon represents muliplication by c in 
thee corresponding tensor factor. Reading from bottom to top, we see that the diagrams represent the equality 
R21R12R21R12 ° A = ( c ® c ) o Ao c - 1 between maps from A to A &> A. This follows easily from the relation 
( i ^ i -Rn ) - 11 = &(c)(c ® c )_1 for elements of A ® A. The term "ribbon Hopf algebra" is inspired by such 
pictures. . 

1.33 Hopf algebras and groups 

Iff  the excitation spectrum and fusion properties of a physical system can be described by means 
off  a group H, then they can also be described by means of a Hopf algebra. When the group 
HH is finite, the corresponding Hopf algebra is its group algebra CH. This is the vector space 
generatedd by the elements of H, with the multiplication induced by the multiplication of H. 
Thee unit of this algebra is just the unit e of H. The comultiplication, antipode and counit of CH 
aree given on the basis of group elements h e H by the formulae 

A{h)A{h) = h®h S(h) = *{h) = h-1 e(h) = l (1.19) 

andd one may check easily that the defining properties of a Hopf algebra are satisfied. Repres-
entationss of CH are in one to one correspondence to representations of H, the tensor product 
definedd by (1.4) is just the ordinary tensor product of group representations and from the for-
mulaee for e and S, we see that the trivial representation and the conjugate of a representation 
aree also defined in the usual way. CH is quasitriangular with the trivial iï-matrix e ® e and in 
fact,, it is a ribbon Hopf algebra, with the trivial ribbon element c = e. 

Too a group with infinitely many elements one may usually associate several different Hopf 
algebras.. For Lie groups, one usually takes the universal enveloping algebra of the Lie algebra 
off  the group. This is the free algebra generated by the unit element 1 and a basis of the Lie 
algebra,, modulo the relations given by the Lie bracket. For the Lie algebra sl(2), for instance, 
wee get the algebra U(sl(2)) generated by 1 and the three elements H, L+ and L~, subject to the 
relations s 

[ff.L* ]]  = £ 

[L+,L-\[L+,L-\  = H. (1.20) 
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1.3.. Hopf algebras and groups 

Thee difference with 5/(2) itself is that elements like H2L+ are also in this algebra. The cop-
roduct,, counit and antipode are given by 

A(H)) = 1®H + H®1 

)) = 1 <g> L*  + L*  ® 1 

A(l )) = 1®1 

6(1)) = 1, e(H)=0, ) = 0 
5(1)) = 1, S{H) = -H, S{L ) = -L  (1.21) 

andd we see that these structures are just the infinitesimal versions of the structures we gave for 
groupp elements. The representations of the enveloping algebra are given by the representations 
off  the corresponding Lie algebra and the tensor product and conjugation defined by (1.4) and 
(1.8)) correspond to the usual tensor product and conjugation for representations of Lie algebras. 
Also,, universal enveloping algebras are ribbon Hopf algebras with trivial i?-matrix 1 (g> 1 and 
triviall  ribbon element 1. 

Iff  one wants to associate a Hopf algebra to a real Lie group, it is often useful to take the 
universall  enveloping algebra of the complexification of its Lie algebra, supplemented with a star 
structure.. This is an antilinear algebra anti-automorphism * which squares to the unit. Using 
thiss star, one may then define a unitary representation or *-representation of the algebra as a 
representationn IT which satisfies 

\tx\tx : w(*(x)) = 7r(x)f, (1.22) 

wheree the dagger indicates Hermitian conjugation. One may prove that every -
tationn decomposes orthogonally into irreps, by noting that the orthogonal complement of a 
*-submodulee of the representation's module is itself a *-submodule. U(sl(2)) has two star 
structures,, one for each real form of SL(2, C). We will only use the star structure that corres-
pondss to 57/(2), which is given by 

)) = LT, *{H)  = H. (1.23) 

Thiss star has the property 
\/x\/x : (*  <g> *)A(x ) - A(*(x)) , (1.24) 

fromm which it follows that every tensor product of *-representations is itself a *-representation 
withh respect to the standard inner product on the tensor product space. As a consequence, the 
decompositionn of tensor products of *-irreps is orthogonal. 

AA typical characteristic of Hopf algebras associated to groups is that they are cocommutat-
ive,ive, that is, Aop = A. One may check from the formulae above that this is indeed the case for 
groupp algebras and universal enveloping algebras. A well known theorem in Hopf algebra the-
oryy (see for example [4], section 5.6 for a proof and references) asserts that any cocommutative 
Hopff  algebra over die complex numbers, defined with the ordinary (algebraic) tensor product, is 
inn fact isomorphic to a crossed product of a group algebra and a universal enveloping algebra. In 
otherr words, any such Hopf algebra corresponds to a crossed product of a Lie group and a finite 
group.. We may also associate commutative Hopf algebras with groups, via their duals, which 
aree cocommutative. Hence, the name "quantum group" is usually reserved for Hopf algebras 
whichh are neither commutative nor non-cocommutative. 

15 5 



Chapterr 1. Hopf symmetry in planar physics 

1.44 Introductio n to Uq(sl(2)) 

Afterr the previous section, we should obviously provide at least one example of a non-commuta-
tivee and non-cocommutative quasitriangular Hopf algebra. The standard non-trivial example of 
suchh an algebra is a deformation of the universal enveloping algebra of sl(2) which depends 
onn a parameter q and is denoted Uq(sl(2)). In this section, we give a review of some of the 
representationn theory of this algebra. The material presented here serves as a basis for our 
discussionn in chapter 2 of the braid group representations associated with Uq(sl(2)) at roots of 
unity. . 

1.4.11 The algebra and its unitary representations 

UUqq(sl(2))(sl(2)) can be viewed1 as the algebra generated by a unit 1 and the three elements H, L+ and 
L~.L~. These satisfy the relations 

[H,^][H,^]  =

wheree q may be set to any non-zero complex value. One may check that these relations reduce 
too those of the Lie algebra sl(2) when q goes to one. Hence, Ui(sl(2)) is just the universal en-
velopingg algebra U(sl(2)) (cf. (1.20)) and we say that Uq{sl{2)) is a g-deformation of U(sl(2)). 
Thee coproduct of Uq(sl(2)) is given by 

A(H) A(H) 

) ) 
A(l ) ) 

== 1 ® H + H ® 1 
== L^ttq  ̂ + q-W 

==  1®1 (1.26) ) 

andd we see from the coproduct of L*1 that Uq(sl(2)) is not cocommutative, except of course if 
qq — 1. The Hopf structure is completed by the counit and the antipode: 

€(1)) = 1, e(H) = 0,
5(1)) = 1, S(H) = -H, S{L ) = -q^L * r  a2 7> 

Iff  q is not a root of unity, the representation theory of Uq(sl(2)) is very similar to that of 
U(sl(2)).U(sl(2)). For each non-negative j € |Z there is an irreducible highest weight representation 
off  dimension d = 2j + 1. We will denote this representation by irA, where A = d — 1 = 2j 
iss the highest weight. The modules Vh of these representations have an orthonormal basis that 
consistss of kets j j , m), with m = — j , —j + 1 , . . ., j and the generating elements H, L+ and L~ 
actt on this basis as follows 

H\H\ j,m) = 2m\ j , m) 

L^j,™.)L^j,™.) = m + lJ, . (1.28) 

Here,, the ^-number [m\q is defined as 

7m/22 _ Q-m/2 

,1/22 _ 0 - l / 2 M « = l l / 22 1-1/2- f1'29) 

'Wee write "viewed" rather than "defined", because we are skipping some subtleties which occur in the defini-
tion.. These subtleties are not very important for our purposes. For full details, one may consult [7] 
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1.4.. Introduction to Uq{sl{2)) 

Thesee g-numbers enter the formulae for the representations through the commutation relation of 
LL++  and L~, the right hand side of which can be written [Hj q. The g-number [m\q approaches 
mm when q goes to one and hence we see mat the representations given above reduce to the usual 
U(sl(2))U(sl(2)) representations for q = 1. 

Wee will be interested in Uq(sl(2)) with a star-structure defined as in (1.23), i.e. 

)) = LT, *(H) = H. (1.30) ) 

UUqq(sl(2))(sl(2)) with this star structure is also called Uq(su(2)). Let us check when the representations 
definedd above are unitary with respect to this star. First note from (1.28) that we always have 
7rA(i/)tt = irA(H) and TT^ I ^ ) *  = (7rA)t(LT), where the t denotes matrix transposition. Hence, 
7rAA is unitary when the matrix elements of V  ̂ are real, i.e. when the square root in (1.28) is real 
forr all admissible values of m. This will be the case if q is real and positive and also if q — e'* 
withh 0 e M, |0| < 2^+ï' s m ce f° r m e se values of q the ^-numbers in the square root are real 
andd positive. Thus we see that, for real q, all the representations above are *-representations, 
whilee for q — é^, the representations 7T2-*  with \<f>\  < ^ j are *-representations. 

Moree generally, many aspects of the representation theory of Uq(sl(2)) depend on the prop-
ertiess of g-numbers. Two simple examples of g-number identities which are useful in represent-
ationn theoretic calculations and which hold for all q e C are 

qqn/2n/2lm\lm\qq + q-^\n\q 

[n[n  + m\q[n — m\q 

== [m + n\q 

(1.31) ) 

1.4.22 Tensor  products and Clebsch-Gordan coefficients 

Usingg the coproduct (1.26), one may define tensor products of Uq(si(2))-representations in the 
usuall  way (cf. (1.4)). Tensor product decompositions and even Clebsch-Gordan coefficients for 
tensorr products of unitary representations of Uq(sl(2)} may then be calculated similarly as for 
U(sl(2)).U(sl(2)). The highest weight state | j , j) of each the irreducible representations in the tensor 
productt may be found by solving the equations L+ \ j, j) =0 and H\j,j) = 2j\j,j). The other 
statess are produced by repeatedly acting with L~. In the calculations, the following formula for 
thee coproduct of (L~)n is a great help: 

A ( ( L - nn = (A(L-))» = £ n n 
m m 

/ £ - l \ mm -(n-tn)/f/4 (L~-)(L~-)nn--mmqqm/4m/4. . (1-32) ) 

Thee g-binomial n n 
m m 

inn mis formula is defined by 

n n 
m m 

NJ J 
[m\[m\qq\[n\[n  - m\q\ 

,, with [n\q\ := JJ|_mJ< (1.33) ) 

Whenn q is not a root of unity, the tensor product representation TTA <g> 7rA' has the same decom-
positionn into irreps as for q = 1, i.e. 

A+A' ' 
T A 0 7 r A ' == Q ^ 

A"=|A-A' | | 
(1-34) ) 
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Chapterr 1. Hopf symmetry in planar physics 

wheree A" increases in steps of 2. It follows from this decomposition that the irreps of Uq(sl(2)) 
aree all self-conjugate. 

Explicitt Clebsch-Gordan coefficients may be calculated for any tensor product of irredu-
cibles,, using (1.32) and (1.28). One writes 

II 3, m > = £ £ Ji i 
mi i 

32 32 
m2 2 

3 3 
m m 

\ji,m\ji,mll)\J2,m)\J2,m22) ) (1.35) ) 

forr the vector with if-eigenvalue 2m in the irrep 7r2j in the decomposition of the tensor product 
7r2jll ® 7r2j2. The above formula is only meant to introduce the notation for the g-Clebsch-Gordan 
coefficients.. Several general formulae for these coefficients are proved in [10] and [11] and 
collectedd in [12]. We will not give these explicit (complicated) formulae here, but we do give 
thee coefficients for the case j2 — \, as an illustration and because this case is of special interest 
too us later. For j \ > 0, one has j = ji  \ and 

IjiIji  + ih + l-p) = <f IAyJ[*3\ + 1 -Pj,/|2j"i + 1J, \3iJi-p)\ hi) 

\h-hji-k-p)\h-hji-k-p) = 

+Q+Q (p(p--2h2h~~mmyJ\pUViyJ\pUVi + l\q | i l , j 1 - p + i > | i , _ i ) 

«(p-!W0/4V^LPP + iJ«L2ji + i j , l i i , i i - P - i > l è , | ) 

- q ^ ^ ^ h - p ^ hh + ll, 1 ^ , ^ - p )! I , - j ) . (1.36)-

Thee coefficient for j \ = 0 is the same as for U(sl(2)). In making a decomposition such as 
thee one above, one has the freedom to multiply all the states in any given summand irrep by 
aa constant phase factor. Here, the phases are chosen in such a way that, when q goes to one, 
thee coefficients reduce to the usual Clebsch-Gordan coefficients for U(sl{2)). One may check 
directlyy (for example using (1.31)) that, when q is a positive real number, the tensor product 
vectorss on the right hand side are orthonormal. One may also see it as a consequence of the fact 
thatt star an coproduct commute (i.e. (1.24) is satisfied) when q is real and positive. This implies 
thatt tensor product decompositions of *-irreps are always orthogonal for q € -R+, a fact which 
iss reflected in the following identity for the g-Clebsch-Gordan coefficients: 

E E 3\3\ 32 3 
mimi fi2 w 

3\3\ 32 3 
m\m\ m? m' j\j ; '"Tn,m ' ' (1.37) ) 

Althoughh tensor product decomposition is orthogonal with respect to the standard inner product 
onlyy when q is real and positive, this equation holds by analytic continuation for all q where the 
summandss are not singular. 

Anotherr useful identity (taken from ([12])), which relates the coefficients for the tensor 
productt 7r2jl ® 7r2j2 with those for the opposite tensor product, is 

Jii  32 3 
TTliTTli  «"12 Ï71 

—— (—Wh+h-i (-1) ) 3232 3\ 3 (1.38) ) 

Inn particular, this allows one to write down the Clebsch-Gordan coefficients for ir1 ® 7r2j using 
formulaa (1.36). 
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1.4.33 i?-matrix and braiding 

Thee universal i?-matrix for Uq(sl(2)) is given by 

—̂ii  \n\„\ n=00 L J 

39) ) 

Wee see that, when q approaches one, only the n — 0 term in (1.39) contributes and we get 
RR = 1 ® 1, as expected. 

Thee action of the universal i2-matrix on the module VAl <8> VA of the tensor product repres-
entationn 7rAl ® 7rA is given by 

^ ^ 

X g I (m 2 n-m1n+2ml mJ)(11 _ ? - l ) n | ^ ^  + n ) | j 2 , m 2 _ n ) } 

(1.40) ) 
wheree the sum extends over all n for which die kets on the right hand side are well defined. 
Usingg this formula, one may easily find the exchange matrix oR in any tensor product module. 
Forr example, in thee tensor product is1 ® n1 of two two-dimensional modules, we have 

aRaR11'' 11 := q-V* 

qVqV22 0 
00 0 
00 1 
00 0 

00 0 \ 
11 0 

qql/2l/2 _ q-l/2 0 

00 qW J 

(1.41) ) 

Notee that, if q ^ 1, this is not a unitary matrix, which is not good if it is supposed to represent 
aa symmetry transformation on a physical system. Still, we could hope to make crR unitary by 
choosingg a suitable inner product on the module Vl®Vl. This will certainly not succeed unless 
|g|| = 1. To see this, note that the eigenvalues of R1,1 are ql^A (with multiplicity 3) and —q~3^ 
andd these will only have norm 1 (as required for the eigenvalues of a unitary transformation) if 
qq does. From this, one may already guess that the most interesting values of q for applications 
too (2+l)-dimensional physics are the roots of unity that we have avoided up to now. A treatment 
off  Uq(sl(2)) at roots of unity is given in chapter 2. 

1.55 Some Features of 2D CFT 
Whilee group symmetries may be described in terms of Hopf algebras, die converse is not ne-
cessarilyy true; mere are physical systems whose symmetry algebra is a non-commutative and 
non-cocommutativee Hopf algebra. Examples of (2+1) dimensional systems with a quantum 
groupp symmetry are the discrete gauge theories of chapter 3 and the Hall states of chapter 2, 
butt also (2+l)-dimensional gravity [13,14]. Systems which can be described by means of two-
dimensionall  conformal field theory (CFT) also provide a large class of examples. Therefore, we 
wil ll  devote this section to a brief and sketchy description of some features of two-dimensional 
CFT,, particularly the ones which are relevant to the connection with quantum groups. For a 
thoroughh introduction to conformal field theory and references, see [15]. 

AA conformal field theory is a field theory whose action is invariant under die conformal 
group.. The conformal group is not really a group, but ramer die monoid of all locally well-
definedd conformal (i.e. angle-preserving) transformations of spacetime, with multiplication 
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givenn by composition. Nevertheless, infinitesimal conformal transformations give a well defined 
Liee algebra. In three or more spacetime dimensions, the conformal group is basically the Poin-
caree group with dilations and the spacetime inversion x* i-> x^/\x\2 thrown in. In two dimen-
sions,, it is customary to introduce complex coordinates z — (x0 + ixi) and z = (x0 - ix{) and 
thenn the conformal group corresponds to the set of all complex-differentiable maps from (part 
of)) the complex plain into itself. This set is clearly infinite dimensional and as a consequence, 
conformall  symmetry is especially powerful in two dimensions. 

Twoo dimensional CFTs play an important role in the description of the critical behaviour 
off  planar systems in (classical) statistical physics and they are also ubiquitous in string theory, 
wheree the fields live on the string's ((l+l)-dimensional) worldsheet. We will not pursue either 
off  these applications, but rather use CFT as a kind of machine to produce wave functions for 
((2+l)-dimensional)) quantum Hall systems (see chapter 2). 

Onee may show that in any non-trivial unitary two dimensional CFT, the conformal symmetry 
hass to be anomalous. Thus, die symmetry of the theory is not described by the Lie algebra of 
thee conformal group, but rather by a central extension of this algebra. This extension is spanned 
byy elements Ln (n e Z) and the central element C and its non-trivial brackets are given by 

Q Q 
[L„ ,, Lm]  = (n - m)Ln+m + — (n3 - n)6n+mfi. (1.42) 

Inn a physical CFT, the action of C on the Hubert space is just multiplication with a constant 
reall  factor c, which is called the central charge and which is determined by the anomaly. If 
wee forget about the generator C and replace it with c in the equation above, then the resulting 
algebraa is called the Virasoro algebra (note that this is not a Lie algebra). Any two dimensional 
CFTT has at least the Virasoro algebra as a symmetry algebra, but there are CFTs that have extra 
symmetriess (such as gauge symmetries) and these possess larger symmetry algebras that include 
thee Virasoro algebra. Such algebras are called chiral algebras. If one treats the coordinates z 
andd z as independent complex variables, then the full symmetry algebra of a CFT is actually the 
tensorr product of two copies of a chiral algebra A; one copy for holomorphic transformations 
off  z and one for antiholomorphic transformations of z. These copies of A are called the left and 
thee right algebra (hence the name "chiral algebra"). The right algebra is usually denoted by A 
andd its modes are denoted by Ln. 

Thee fields of a CFT fall into highest weight representations of the left and right algebra. The 
fieldsfields that correspond to the highest weight vector of such a representation are called primary 
fields,fields, while the other fields are called descendant fields, or simply descendants. In a rational 
conformall  field theory, that is, a CFT with c € Q, there can only be finitely many primary 
fieldss $j. These primary fields are characterized by their conformal weights hi and h  ̂ These 
aree the L0 and L0 eigenvalues of the highest weight state of the corresponding chiral algebra 
representation.. (Left) chiral primaries are primary fields $; which transform trivially under the 
rightright algebra A. This is equivalent to having hi = 0. In many applications, it is assumed that 
primaryy fields may be factorized into left and right chiral primaries. These two halves of the 
theoryy may then be considered separately when calculating correlation functions. 

AA very important tool in calculating correlations functions for the fields of a CFT is the op-
eratorproducteratorproduct expansion (OPE). Given two chiral primaries $*, $ j, we may use the conformal 
symmetryy to write the following formula for their product. 

*é(*i)*,-t>, )) = $ > £d ( 2i - z2)
h"-h*- h** k4. (1.43) 

k k 
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Thiss formula holds as z\ approaches z2. The index d labels descendants which may possibly 
occurr on the right hand side and the a^f are structure constants. The requirement that the 
operatorr algebra defined in this way is associative is very restrictive and in some cases it enables 
onee to calculate die spectrum of conformal weights and all correlation functions of a theory with 
aa given chiral algebra exactly. 

Fromm the OPE of two primary fields, one may define their fusion rules. One writes 

**xx *; = £#£**, (1.44) 
k k 

wheree N- counts the number of times that the field $*  or its descendants appear in the OPE 
off  $j and $ƒ. One may now define a chiral correlator as the vacuum expectation value of a 
radiallyy ordered product of chiral primary fields, written as follows 

<fc(*l(*l).. .. *„(*.))) . (1.45) 

Here,, the TZ indicates radial ordering, defined by 

**i(*i)*.(* )) = {  t^ll-H 'dt N > \Z2\ (1.46) 
«vv *t y $„(z2m(*i ) if N > kil -

Chirall  correlators are in principle completely determined by the fusion rules and the conformal 
weightss of the fields involved. In particular, the correlator will clearly be zero if the fields 
$ i , . . . , $„„  cannot fuse to the vacuum sector. In practice, chiral correlators are very difficult 
too calculate and closed expressions are known only in some very special cases. Also, the cor-
relatorr above is typically not single valued in the coordinates (zu ..., zn); when one of these 
coordinatess is taken around another and their labels are subsequently exchanged, the correlator 
mayy pick up a phase or it may even transform into a different function of (z\,..., zn) which 
iss linearly independent of the original function. In general, such coordinate exchanges gen-
eratee a finite dimensional representation of the braid group Bn. A special basis for the finite 
dimensionall  space of functions of (z i , . . ., zn) on which this braid group acts, is given by the 
conformalconformal blocks of the correlator. There is one of these blocks for every fusion channel through 
whichh die fields $ i , . . ., $n may fuse to the vacuum sector. If there is only one such channel, 
thenn the conformal block is proportional to me correlator itself and the braid group represent-
ationn that is associated with it will be Abelian. However, if there are m blocks, then the braid 
groupp representation is m-dimensional and it can be non-Abelian. 

Somee aspects of the description of CFT mat we have given are very reminiscent of quantum 
groupp theory. In particular, for each CFT, mere is a finite set of objects (the primaries) which 
havee fusion rules and representations of the braid group associated witii them. On the other 
hand,, there are also some differences. The fusion of primary fields is not defined through tensor 
productt decomposition of chiral algebra representations, but through the operator product. 
Braidingg is defined dirough analytic continuation, rather than by algebraic means. Neverthe-
less,, given a CFT, one could hope to find a quantum group whose finite dimensional irreps 
aree in one to one correspondence with the primary fields and whose fusion and braiding, as 
definedd through the coproduct and the .ft-matrix, are the same as those of me corresponding 
CFTT primaries. If this could be achieved, it would yield a much simpler description of fusion 
andd braiding and it would also be a very strong indication that the CFT in question has tiiis Hopf 
algebraa as a symmetry. 
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Ass it turns out, the class of quantum groups that we have described in this chapter is not 
largee enough to reproduce the fusion and braiding of all CFTs. One may see this already by 
thee example of the simplest non trivial unitary CFT, the c = \ CFT which describes the critical 
pointt of the two-dimensional Ising model. This model has three chiral primary fields, 1,̂  and 
aa with conformal weights h\ = 0, h  ̂ = \ and ha = ^ . The fusion rules for the trivial field 1 
aree as one would expect and the fusion rules for a and V> are given by 

^ x VV = l ( 147) 

Iff  l,ip and a are to correspond to the finite dimensional irreps of a Hopf algebra, then we must 
bee able to assign integer dimensions di, d  ̂and da to them which are consistent with the fusion 
rules.. From 1 x 1 = 1, we see that d\ = 1 and it then follows from ip x if;  = 1 that d$ — 1. 
However,, using a xa = 1 + rp, this leads to the conclusion that da must equal \/2, which is not 
ann integer... 

Nevertheless,, there is a class of quantum group-like algebras that generalizes the class of 
quasitriangularr Hopf algebras presented here and that will reproduce the fusion rules of the 
Isingg model and in fact, the fusion rules of all CFTs. We will present much more information 
aboutt this in sections 2.4 and 2.5. 
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