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Chapterr  2 

Exposednesss and strong 
exposednesss in Banach 
algebras s 

Inn this chapter we wil l discuss the sets of extreme and exposed points in the function 
spacess H°°(D) and A(D). These sets are non-trivial yet relatively easy to describe 
andd the classic proofs of these results offer a good illustration of the concepts from the 
previouss chapter. Next we investigate the question of strong exposedness. Our main 
resultt states that in infinite dimensional function algebras (which include H°°(D), 
A(D)A(D) and their several variables counterparts), there are no strongly exposed points 
inn the unit ball. It is here that the algebra structure of the Banach space plays a 
cruciall  role. 

2.11 Extreme and exposed points in H°°(D) and A(D) 

Lett us first describe the extreme points of the unit ball of H°°(D). We recall that 
aa function ƒ in the boundary is not extreme if and only if there exists a function 
gg G if 00, not identically zero, for which ||ƒ + ff||oo = 11/ — d\\oo = 1- Suppose that ƒ 
iss not extreme and let g be as above. Then at every z £ D: 

\f(z)\\f(z)\22 + \g(z)\2 = \{\f{z) - g(z)\2 + \f(z) + g{z)\2) < 1. 

Hence,, \g(z)\2 < l - | / ( z ) !2 < 2(l-\f(z)\). Thus for almost every £ € T: \g(£)\ < 2 ( 1-
| / (0D-- Because g is not identically zero, the integral JTlog \g\  ̂ converges, so by our 
estimate,, /T log(l - | / | ) |f > - co. Conversely, suppose the function ip = log(l — | / |) 
iss integrable on T, for some ƒ in the unit ball of H°°. If we let u = P[ip]  < 0 be the 
Poissonn integral of u on D, with harmonic conjugate ü, the function 

g(g(zz)) =  e ( u + ^ ) 

13 3 
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belongss to H°° and satisfies \g(z)\ < 1 — \f{z)\ (cf. 1.5) at every point z e D. We 
concludee that \\f  g\\oc < 1, so f is not extreme in the unit ball of H°°. 

Onee can easily adapt the latter argument to apply to the disc algebra. Indeed, given 
aa function ƒ in A(D) such that /T log(l - | / | ) ff > — oo, one constructs a continuous 
functionn -0 : T —> [0,1] with the following properties: 

 0 < i - | / l ; 

 tp is smooth on the relative open set {|/ | < 1}  = {e10 : \f(eie)\ ^ 1}; 

 Jr^ff >-oo. 
Thenn with u = P[log0] as before, g = eu+lu e A{D) and again, j| ƒ =t ^|joo < 1, which 
showss that ƒ is not extreme in A(D). 
Lett us sum up the results on extreme points in H°°(D) and A(D): 

Theoremm 2.1 ([33]). Let ƒ be an element of the unit ball of H°°(D) or A(D), 
respectively.respectively. Then ƒ is an extreme point of the unit ball if and only if 

^ I o g ( l - | / | ) ^^ = -oo. 

Subsequently,, the exposed points of the unit balls of A{D) and H°° were described by 
S.. D. Fisher (1969) and E. Amar & A. Lederer (1971) respectively. Let us follow their 
proofss and briefly describe their results. Suppose ƒ 6 dBaH(H°°) has absolute value 
11 on some subset E of T of positive Lebesgue measure. We claim that the functional 

exposess ƒ. Indeed, suppose g e öBallfH00) is such that L(g) — L(f) = 1. Because 
W\W\ IE Mf f — 1' w e c o n c mde that gf = \g\ — 1, and hence g — ƒ almost everywhere 
onn E. By the fact that E has positive measure, ƒ and g coincide everywhere. 

Conversely,, if ƒ is exposed in A(D) by the functional L, then by the Hahn-Banach 
theorem,, L must be of the form L(g) = JT gfdfi for all g € A(D) and some probability 
measuree /i with support in the set E = {|/ | = 1} . We claim that E has positive 
Lebesguee measure. For otherwise, being a closed subset of T of measure zero, E 
wouldd be a peak set for the disc algebra. Thus, there would exist a function p € A(D) 
suchh that p = 1 on E and \p(z)\ < 1 for all z E T) \ E. But then L(pf) = L(f) = 1, 
contradictingg the exposedness of ƒ. 

Theoremm 2.2 ([17]). Let ƒ be an element of the unit ball of A(D). Then ƒ is exposed 
ifif  and only if \ ƒ | = 1 on a set of positive measure. 

Amarr & Lederer used the maximal ideal space of H°° to extend Fisher's result to 
H°°: H°°: 

Theoremm 2.3 ([1]). Let ƒ be an element of the unit ball of H°°. Then ƒ is exposed 
ifif  and only if \f\ = 1 on a set of positive measure. 
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2.22 Strongly exposed points in function algebras 
Inn the previous section we saw that there exist many exposed points in the unit balls 
off  the function algebras A(D) and Hoc(D). In fact, the exposed points are dense 
inn the boundaries of the respective unit balls. For strongly exposed points, however, 
thee situation is quite the opposite: unless a function algebra is trivial, i.e., finite 
dimensional,, there are no strongly exposed points. 

Theoremm 2.4 ([4]). There are no strongly exposed points in the unit ball of an 
infiniteinfinite dimensional function algebra A C C(K). 

Wee can make the idea behind this statement intuitively clear. Al l functionals on 
AA are given by integration against some regular Borel measure /z on K. Given any 
suchh functional, and a function ƒ in the unit ball of A, one can modify the size of 
thee function ƒ on a subset of K of small /i-measure without essentially changing the 
integrall  of ƒ with respect to /x. Specifically, we can find a function g in the unit ball 
off  A such that \L(f) — L(g)\ is arbitrarily small, yet || ƒ — g\\oo can be arbitrarily close 
too 1. 

AA word of warning though. It is the algebra structure of A that is used in an 
essentiall  way in the modification process: by a famous theorem of Banach, any Banach 
spacee X is isometrically isomorphic to a closed subspace of C(K) for some compact 
Hausdorfff  space K ([14], Theorem 1.29) and by Theorem 1.3, there are Banach spaces 
withh "many" strongly exposed points. 

Beforee we proceed with the proof of Theorem 2.4 we need a lemma. 

Lemmaa 2.5. Let Q C C be the interior of the Jordan curve 

{ z < E C : | 2 | < l , | a r g2 ii  = ( l - | z1 )2}U {0 } . 

Then Then 
limm s u p | l - 2n | = 1. 

Proof.Proof. By the maximum modulus theorem we need to show that 

limm sup |1 — zn\ = 1. 
n-*° °° z£dil 

Forr z € dü: 
|11 - zn\2 = 1 + \z\2n - 2\z\n cos(n(l - |*|)2). 

Iff  n(l — \z\)2 < -4jj, then the cosine is at least | and |1 - zn\2 < 1. On the other 

hand,, if n(l - \z\)2 > -4j, then \z\n is bounded above by (1 - ^è/ï)71 which behaves 

l i k e e -n V \\ G 

Wee are now ready for the proof of Theorem 2.4. The proof we give here has been 
simplifiedd based on an extension of the result to so called denting points due to 
O.. Nygaard & D. Werner ([44]). 



166 CHAPTER 2. STRONG EXPOSEDNESS IN BAN ACH ALGEBRAS 

ProofProof of Theorem 2.4- Let F be an exposed point of the unit ball and suppose L is 
aa functional on A that exposes F. Reasoning as in the paragraph preceding Theo-
remm 2.2, we see that there exists a probability measure p, on K, supported in the set 
EE = {|/ | = 1}, such that 

LL : g € A >-> / gFdp,. 
JE JE 

Choosee £ > 0. Because there are infinitely many strong boundary points, we can 
findd a strong boundary point x, an open set V 3 x in K such that fi(V) < £, and, 
subsequently,, a function p € A for which p(x) = \\p\\ = 1, and \p\ < ~ on K \ V. 

Next,, let (j) : D —  Q be a Riemann map of the unit disc to the domain U of 
Lemmaa 2.5, with (f)(1) = 1. Because <f) is an element of the disc algebra, the function 
(pop(pop is contained in A. We set fn :=  (l-((f>op)n)F € A. By Lemma 2.5, limsup ||/n|| < 
1.. Because (<j>  o p)n —* 0 uniformly on K \ V, 

ff fnFdii^it{E\V) = l-ii{V) 
JE\V JE\V 

ass n —* oo. By the choice of V, \L(fn) — 1\ < 2e for all sufficiently large n. We fix a 
largee number n such that \L(fn) — 1| < 2e and ||/„|| < 1 + e. 

Becausee fn{x) = 0, we can find a small neighborhood W C V of x such that 
| / „ || < £ on W. Let q e A be such that ||g|| < 1 = \F(x) - q(x)\ and \q\ < e on 
K\W.K\W. Consequently, \L(q)\ < 2e. Let G = fn + q. We then have j|G|| < 1 + 3e and 
\L(G)\L(G) — 1| < 4e, but ||F - G|| > 1, whence F cannot be strongly exposed. D 

Thee following corollary follows easily from the previous theorem and Theorem 1.3. 
Wee see in particular that the disc algebra is not a dual space. 

Corollar yy 2.6 ([30]). No infinite dimensional separable uniform algebra is a dual 
space. space. 


