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Chapterr  3 

Stronglyy exposed points in if 1 

Thee strongly exposed points in H1 are studied in this chapter. The starting point 
forr this is, of course, the De Leeuw-Rudin theorem which taught us that the extreme 
pointss in H1 are the outer functions. In Section 3.1 we review some results on exposed 
pointss in the unit ball of if 1. Section 3.2 contains an abstract characterization of the 
stronglyy exposed points in the unit ball of H1; it is this criterion that wil l be relied on 
heavilyy throughout the remainder, for both if 1, Hardy spaces of other domains and 
thee Bergman space (Chapters 4 and 5.) In the last two sections we give two explicit 
descriptionss of the strongly exposed points. The first approach uses function theory 
(Sectionn 3.3) and is rather straightforward. The second approach is more involved 
andd uses operator theory (Section 3.4); we explain how Toeplitz operators can be used 
too study (strong) exposedness in the context of De Branges-Rovnyak spaces. 

3.11 Exposed points in H1 

Supposee ƒ is an exposed point of the unit ball of H1 with exposing functional L. By 
thee Hahn-Banach theorem there exists a function tp € L°°, H^Uo^l, which represents 
thee action of L: 

L{9)L{9) = 1 9VY, 
Becausee L(f) = |fƒ||i = 1, and because the function ƒ has mass (almost) everywhere 
onn T, there is only one tp that has the desired properties, namely <p = f/\f\ = 
exp(—iarg(/)).. In particular we see that the exposing functional for ƒ is unique and 
off  the above form. 

Givenn a function tp € L°°, we let Lv be the functional 

LLMM  = J 9<P% (9 EH1), 

andd S<p = {g € öBallfif 1) : Lv(g) — \\LV\\}. The structure of the set S  ̂ has been 
investigatedd by several authors, particularly when S  ̂ contains more than one element, 
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e.g.,, [22], [34], [35]. We are content to restrict our attention to exposed points; that 
is,, those <p = 7 / | /| (ƒ G H1) for which S  ̂ = {ƒ} . 

Definition .. We say that a function ƒ E Hl \ {0}  is rigid if every function g E H1 

thatt has the same argument as ƒ a.e. on T is a scalar multiple of ƒ. 

Roughlyy speaking, an H1 -function is rigid if its argument on T essentially determines 
thee function. By the representation of exposing functionals, a function is exposed in 
thee unit ball of H1 if and only if it is rigid and of unit norm. Therefore, whenever 
wee wish to avoid cumbersome and trivial normalizations, we will conveniently discuss 
rigidityy rather than exposedness. 

Example.. Let ƒ be a rigid function in H1, and assume g G H1 is an outer function 
thatt satisfies \g\ > \f\ a.e. on T. (The inequality \g\ > \f\ persists on D because g is 
outer.)) Then g is also rigid, for if h G H1 has the same argument as g, then hf/g is 
containedd in H1 and has the same argument as ƒ, whence fh/g = Cf, or h — Cg for 
somee constant C > 0. This example illustrates that in some sense rigidity has to do 
withh how small a function can be on the circle (see also Theorem 3.5 below). 

Lett us give some examples of functions that are not rigid. By the De Leeuw-Rudin 
theoremm (Theorem 1.10), any if 1-function with a non-trivial inner factor is not rigid. 
Inn such cases, inspection of the proof of the theorem explicitly gives another H1-
functionn with the same argument: if ƒ = ƒ  F then g = (1 + I)2  F has the same 
argument.. This argument can be reversed: suppose ƒ ^ 0 is divisible in H1 by 
thee outer function (1 +1 )2 (see Lemma 3.3 below), where I is any non-trivial inner 
function,, then ƒ and If/{1 +1)2 have the same argument, so ƒ is not rigid. In other 
words s 

Iff  ƒ is rigid then f /{I  + I)2 £ H1 for all non-trivial inner functions /. (3.1) 

Definition .. If ƒ G H1 is an outer function such that f/(z — A)2 ^ H1 for all A G T, 
thenn ƒ is called a strong outer function. 

Inn [34, 35] it was conjectured that strong outer functions are rigid, which would imply 
thatt condition (3.1) can be relaxed considerably to demonstrate rigidity; indeed, one 
wouldd have to test (3.1) only for inner functions of the form I(z) = \z, where A € T. 
Thiss conjecture was refuted by E. Hayashi [22] who gave an example of a non-trivial 
innerr function I for which (1 + I)2 is strongly outer. A few years later there was 
somee support for the conjecture that condition (3.1) in its full strength is equivalent 
too rigidity, i.e., that a function ƒ G H1 is rigid if and only if for no non-trivial inner 
functionn /, f/(l + I)2 G H1 ([58, 59]). However, this was again refuted, by J. Inoue: 

Theoremm 3.1 ([29]). There exists an outer function ƒ G H1 that is not rigid, yet 
forfor all non-trivial inner functions I, f/(l + I)2 £ H1. 

AA necessary and sufficient condition for rigidity that resembles condition (3.1) was 
foundd by Helson [27] (Theorem 3.2 below). It extends the test for rigidity that is 
expressedd in (3.1), but Helson's result is not easy to use "in practice" as Inoue's 
constructionn demonstrates. 
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Theoremm 3.2 ([27]). Let ƒ be an outer function in H1. Then ƒ is rigid if and only 
ifif  for all inner functions p and q, not both constants, f/(p + q)2 £ Hl. 

ProofProof First we remark that for all inner functions p and q, p+q is a non-zero constant 
iff  and only if p and q are constant. Assume ƒ is divisible in H1 by (p + q)2 for some 
innerr functions p and q that are not both constants. It is easy to verify that 

(P+Q)(P+Q)22''

a.e.. on T (and not a constant). Thus ƒ has the same argument as g = — fc^s ƒ, so 
ƒƒ is not rigid. This proves the theorem in one direction. 

Too establish the other half suppose ƒ is not rigid. Choose any g E H1 that is 
nott a scalar multiple of ƒ but has the same argument as ƒ. If g has a non-trivial 
innerr factor ƒ, then we replace g by the outer function (1 + I)2g/I. If this latter 
functionn is a scalar multiple of ƒ, then the theorem is satisfied with p — 1, q — I. We 
mayy therefore assume that the function g that we have chosen above is also an outer 
function.. Let F = f1/2 E H2 and G = gx'2 E H2. Then F/G is real valued (a.e.) 
onn T. Let A = F + iG, f2 = F - iG. Because | / i | = \f2\ = y/\F\2 + l^l 2 o n T> t h e 

ff 2-functionss f\ and f2 have the same outer factor, say h E H2. Whence we find two 
innerr functions p and q such that f\ = ph, ƒ2 = qh. Consequently, F = (p + q)h/2 
(andd G = —i(p — q)h/2), so ƒ = F2 is divisible in Hl by (p + q)2. This proves the 
theoremm in the other direction. (Note that p and q are not both constants, because 
thiss would imply that g = G2 is a scalar multiple of ƒ.) D 

Wee wil l end this section with two sufficient (but not necessary) conditions for rigidity, 
duee to K. Yabuta, which are also of practical interest. We start with two lemmas. 

Lemmaa 3.3. Suppose ƒ G /fx\ {0}  satisfies 3?/ > 0 a.e. on T. Then ƒ is an outer 
function. function. 

Proof.Proof. By the Poisson integral representation of ƒ, the inequality 5ft ƒ > 0 extends from 
thee unit circle to the unit disc, that is 9lf{z) > 0 for all z E D. Therefore ƒ cannot 
havee a zero on D. Let g :=  f1^2 € H2 where the root is chosen in such a way that 
%lg%lg > 0 also. If we can show that g is an outer function, it follows that ƒ = g2 is also 
outer.. Because $tf(z) > 0, \aigg(z)\ < f and |arg 1/0(2)! ^ f f° r a n z E D. Thus 
|31/0|| < m/g everywhere on D, hence \l/g\ < 2&1/g so Mx{l/g, r) < 2m/g{0). We 
concludee that \/g E H1, so by the inner-outer factorization ofl = g-l/g,g must be 
outer,, as desired. D 

Lemmaa 3.4 ([25],[42]). Every function f E H1/2 that is positive a.e. on T is con-
stant. stant. 

Proof.Proof. The proof is straightforward once we know that any such ƒ is an outer function. 
Thenn g = ƒ1//2 E H1 is real valued a.e. on T, which implies that g (and ƒ) are constants 
byy the Poisson integral representation of H^functions. Let us shows that ƒ must be 
outer.. We argue by contradiction. Assume ƒ contains a non-trivial inner factor I. 
Thenn look at the outer functions g = (1 4-1)2 f /I and h = — (1 — I)2 f'/I that are 
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positivee a.e. on T and contained in H1/2. By the preceding remark g and h are 
constants.. Therefore (1 + -02/ ( l  — -02 '1S constant, which contradicts the assumption 
thatt ƒ was non-constant. D 

Remark.. The function ƒ (z) = z/{\ + z)2 is contained in Hp for all 0 < p < \ and 
positivee a.e. on T, which shows that Lemma 3.4 is sharp. 

Wee are now ready for Yabuta's results. 

Theoremm 3.5 ([68]). If f E H1 is invertible in H1, then f is rigid. 

Proof.Proof. ([35]) Clearly, because ƒ is invertible in H1, it is an outer function. Suppose 
ƒƒ and g have the same argument on T. The function h = g/f is then positive on T 
andd contained in if 1/2, being the product of two H^functions. By Lemma 3.4, h is 
constant,, so g is a scalar multiple of ƒ, whence ƒ is rigid. D 

Example.. The functions (1 + z)a are rigid for all a e (—1,1). 

Theoremm 3.6 ([69]). Suppose there exists h e H°°\{0} such that $t(hf) > 0 a.e. on 
T.. Then ƒ is rigid. 

ProofProof ([35]) Suppose g G H1 and ƒ have the same argument a.e. on T. We wish to 
showw that g is a scalar multiple of ƒ. Multiplying ƒ and g by suitable constants we 
mayy assume that ||/i/||i = \\hg\\i = 1- Then also || ^ g| |i = 1 because hf and hg 
havee the same argument a.e. on T. Also, ^t(hg) > 0, so by Lemma 3.3, ^ g is an 
outerr function. Thus it is an extreme point of the unit ball of H1 (Theorem 1.10), so 
hfhf = hg, and ƒ = g. We are done.

Example.. The functions (1 + z)a are rigid for all a € (—1,1]. Similarly, with a 
suitablyy chosen h € H°° one can show that every polynomial with no zeros in D and 
singlee zeros on T is rigid. (When a > 1, the function (1 + z)a is not rigid by (3.1).) 

3.22 A criterion for strong exposedness 

Inn this section we discuss a characterization of the strongly exposed points in the unit 
balll  of H1 due to D. Temme & J. Wiegerinck [63]. In subsequent chapters we wil l 
generalizee this result to other spaces (Chapters 4 & 5). For the Hardy space H1 we 
wil ll  use this rather abstract characterization to describe all strongly exposed points 
explicitlyy (Section 3.4). 

Throughoutt this chapter, let H°°+C denote the subspace H°°+C(T) of L°° = L°°(T). 

Wee saw in the previous section that an exposing functional L for ƒ € H1 is unique 
andd of the form 

2TT T 

L.geHL.geH11^  ̂ ƒ gcp—, 

wheree <p = f/\f\ € L°°  Thus it seems reasonable that strong exposedness of the 
functionn ƒ (i.e., the functional L\) may be expressed in terms of the function <p. That 
thiss is indeed the case is the main result of this section: 
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Theoremm 3.7 ([63, 66]). Let f be a function in the unit ball of H1. Then f is 
stronglystrongly exposed if and only if f is exposed and the L°°-distance of ip = f/\f\ to 
H°°H°° + C is less than 1. 

(Observee that the L°°-distance cannot exceed 1.) We will strengthen this result in 
onee direction: 

Theoremm 3.8 ([3, 5]). If the function ƒ is strongly exposed in the unit ball of H1, 
thenthen the L°° -distance of tp = f/\f\ to H°° is less than 1. 

ProofProof We argue by contradiction. Suppose the L°°-distance of (p to H°° is 1 and 
ƒƒ is strongly exposed. Let V be the restriction of the /-exposing functional L(g) = 
Joo 9P Jn *° #o = zHl  By the Hahn-Banach theorem, the operator norm of L' 
equalss the L°°-distance of tp to H°° = ( # o )x . Thus we can find a sequence of 
functionss (/n) in the unit ball of HQ such that L(fn) —  \\L'\\ = 1. Contrary to the 
assumptionn of strong exposedness, the functions ƒ„  do not converge to ƒ in norm, 
becausee norm convergence implies pointwise convergence on D, which fails at the 
origin.. (Note that /(O) ^ 0 because ƒ is outer.) D 

Example.. For a € (-1,1), let fa ~ ca( l + z)a, where the constant cQ > 0 is 
chosenn such that ƒ has unit norm. As we saw in the examples at the end of Section 
3.1,, the functions fa are exposed. Furthermore, setting ipa = fQ/\fa\, we have 
\\<p\\<paa + cos(^p)||oo = | s i n ( ^ )| < 1. Therefore the functions fQ are strongly exposed. 

Wee postpone the proof of Theorem 3.7 (in the other direction) until the end of this 
section.. Let us first borrow two examples of weakly exposed points in the unit ball of 
HH11 from Temme & Wiegerinck [63]. 

Examplee 1. A polynomial is rigid in H1 if and only if its zeros on the unit circle are 
singlee zeros (and it is zero-free on D, obviously). Any normalized polynomial with at 
leastt one single zero on T is not strongly exposed however. For simplicity consider the 
normalizedd function f*{z) = c( l+z), with exposing functional L(g) = f0

 n gf*/\f*\  |f. 
Recalll  that a.e. on T, - (1 - z)2/(l + z)2 > 0. Consider the /^-functions fn(z) = 
c„( ll  + z)1 +n  ( - (1 - z)2/(l + z)2), where the cn > 0 are normalizing. Observe that 
CnCn  0 because l/(z + 1) ^ LX(T). Thus the functions fn tend to zero pointwise on 
D.D. Setting ip = ƒ*/!ƒ*  |, we calculate 

Now,, ||e n — lHoo — 0 as n —> oo, whence 

ass n —> oo, yet the functions ƒ„  do not converge to ƒ pointwise, much less in Hl-norm. 

Examplee 2. Let f#{z) be the extreme point c(l -I- z) log2(l -I- z) in the unit ball of 
HH11.. Because ƒ# is outer and because 1/|/#| € L1, we conclude that ƒ# is exposed 
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(Theoremm 3.5). As in the previous example, the sequence of normalized H1 -functions 
ffnn(z)(z) = cn(\ + 2)1+«  (- (1 - z)2/(l + z)2) readily shows that ƒ# is not strongly 
exposed. . 

Wee wil l now build up to the proof of Theorem 3.7. First we review some well-known 
factss about the space H°° + C that occurs in this theorem. 

Theoremm 3.9 ([25, 54]). The linear space H°° + C is closed in L°°. 

Proof.Proof. Many proofs of this result are known. We find the following proof (due to 
Helsonn & Sarason) very appealing (despite the fact that other proofs are more con-
structive).. By Corollary 1.6, H&  ̂ {C/A)*, hence (C/A)** =*  (Hi)*  * L^/H00 and 
thee embedding * : C/A -> L^/H00, * ( ƒ + A) = ƒ + H°° is isometric. Consequently, 
W{C/A)W{C/A) = (H°° + C)/H°° is closed in L^/H00. Let TT : L°° -> L°° / H°° be the 
naturall  projection. We derive that H°° + C = T T " 1 ^ 0 0 + C)/H°°) is closed in L°° 
byy the continuity of n. D 

Thee closedness of if00 -f C has a remarkable consequence: 

Corollar yy 3.10. The space H°° + C is a closed subalgebra of L°°. 

Proof.Proof. In order to prove that H°°+ C is an algebra it suffices to show that the product 
ƒgg is contained in H°° + C when ƒ G H°° and g e C. By the Stone-Weierstrass 
theoremm and the fact that i7°° + C is a closed linear space we need only consider the 
casess 5(2) = z and 5(2) = 1. In the former case fg is trivially contained in H°°, 
whereass in the latter case we write ƒ(z) = zfi(z) + /(O), for some ƒ1 G #°° and 
observee that now .fa(z) = ƒ 1 + J/(0) eH°° + C.

Wee wil l regularly use the following result of D.J. Newman to prove strong exposedness 
(itt is an essential ingredient in the proof of Theorem 3.7 below). 

Propositionn 3.11 ([41]). Let (/n)i ° be a sequence of functions in the unit ball of 
HH11.. Suppose fn converges pointwise to f € H1 on D and \\fn\\i — ||/||i as n  oc. 
ThenThen fn converges to ƒ in H1-norm. 

Corollar yy 3.12 ([63]). Suppose ƒ 6 H1 is exposed and <~p = f/\f\ is continuous on 
T.. Then ƒ is strongly exposed. 

Proof.Proof. Let L(g) = JQV 9<p  ̂ be the exposing functional for ƒ and suppose (/„)ï ° is a 
sequencee in the unit ball of Hl such that L(fn) —> 1 as n —> 00. Clearly this implies 
thatt ||fn ||i —> 00. We claim that there is a subsequence ( / nJ that converges to ƒ 
inn H1. By weak*  compactness of the unit ball of (C(J))* the sequence of measures 
ƒ„! ££ has a weak*  convergent subsequence /nfcf£ with limi t d/i(0), and ||/i|| < 1. For 
alll  n = 1,2,3,..., we have JQ

27r einddfi(6) = 0, so by the F. & M. Riesz theorem p is 
off  the form dp,(9) = F | | for some F in the unit ball of H1. Because ip is continuous, 

L(F)L(F) = / F < ^ = lim / / „ t ¥ > - = hm L ( / n J = 1. (3.2) 
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Wee conclude that F = ƒ because ƒ is exposed. Also, fnk converges pointwise to ƒ by 
(1.2).. Prom Theorem 3.11 we infer that fnk —* ƒ in H1. Thus under the assumption 
thatt 11 ƒrz 111 < 1 and L(fn) — 1, we can always find a subsequence converging to ƒ. 
Thiss implies that any such sequence (ƒ„) converges to ƒ in H1. This proves that ƒ is 
stronglyy exposed. D 

Remarkk  1. Let 1 < p < oo and let 1 < q < oo be the conjugate exponent: 
1/p+l/q1/p+l/q = 1. Take any function ƒ in the boundary of the unit ball of Hp and let 
<p<p = f  \f\p~2 € Lq. Imitating the proof of Corollary 3.12, and using the fact that the 
spacee Hp is reflexive, that is Hp = (i/p)** , one readily shows that the function ƒ is 
stronglyy exposed in the unit ball of Hp under the functional L : g G Hp t-* f0

 w g</? jL # 

Thiss remark combined with the results of Chapter 2 illustrates why we focus on the 
Hardyy space H1. 

Remarkk 2. Continuity of the function <p was used only in the (crucial) step (3,2). 
Wee can relax this assumption somewhat and still show strong exposedness, for exam-
plee the proof works equally well when ip € H°° + C. In such a case, write ip = tpi + </?2 
withh ipi e HQ° = zH°° and <p2 € C. Because H™ annihilates H1, the weak*  conver-
gencee of fnk H implies that 

2?rr in r2ir jn r2-K 

L(F)L(F) = rFv^-=rFVS- = Jim / * fnkVl 
JoJo  ̂ Jo *n *-»°°./o 

TT ig 

==  lim / fnk<fir-  = lim L(fnic) = 1, 
k—k—+oo+oo JQ ZlT k—*oo 

whencee F = ƒ, etc. 

Inn other words, we have a proof of Theorem 3.7 in the other direction if one can 
showw that the assumption that the L°° -distance of <p to H°° + C be less than 1 still 
guaranteess the validity of (3.2). 

Howw do we go about this? As we remarked, in general weak*  convergence of the 
functionalss (measures) fnk  ̂ on C(T) does not guarantee (3.2). We could however 
vieww the L1-functions fnk as functionals on L°° (L1 C (L°°)*) , then take a weak* 
convergentt subsequence and (hopefully) show that it (still) converges to ƒ ̂ , in which 
casee (3.2) is immediate and ƒ is shown to be strongly exposed. 

Inn order to keep control over (L°°)*  we use maximal ideal space theory (Section 1.4). 
Wee recall that L°° is isometrically isomorphic to C{X) under the Gelfand transform, 
wheree X is the maximal ideal space of L°° (the Shilov boundary of the maximal ideal 
spacee of H°°). Given any measurable subset E of T, the Gelfand transform (1^) of 
thee characteristic function of E assumes only the values 0 and 1, so there exists an 
openn and closed subset E of X such that (1^) = 1^ and vice versa. The sets Ê 
generatee the topology of X. For a measurable subset E of T we define: 

«*-LZ «*-LZ 
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Byy the preceding remarks this yields a measure fio on X. For every (measurable) 
simplee (step) function s on T we have /T-sff = j^sdfio- A standard limit argument 
thenn gives that for all s G L°°: 

7TT  2?r Jx 
sd[io.sd[io. (3.3) 

Inn particular we see that JIQ is the (unique) representing measure on X for point 
evaluationn of i?°°-functions at the origin (a homomorphism on H°°). 

Thee equality (3.3) extends to the following isometry theorem: 

Theoremm 3.13. Let 0 < p < oo. The correspondence 

extendsextends to a unique positive isometric linear operator from Z/P(T, ^) onto LP(X, duo). 

Proof.Proof. Cf. [20], Theorem V.4.3. D 

Wee also need the Helson-Löwdenslager generalization of the F. & M. Riesz theorem 
forr X (cf. [20] Theorem V.4.4; [28]): 

Theoremm 3.14. Let A be a uniform algebra on the compact Hausdorff space K and 
letlet m be a multiplicative functional on A with unique representing measure no on K. 
SupposeSuppose v is a measure on K that annihilates the kernel of m. If v = va + losing 
isis the Radon-Nikodym decomposition of v with respect to fi, then both va and vSing 

annihilateannihilate the kernel of m. 

Wee are now ready for the proof of Theorem 3.7 in the other direction. 

ProofProof of Theorem 3.7. Suppose ƒ is exposed in the unit ball of H1 with exposing 
functionall  L and assume the L°°-distance of </? to H°° + C is less that 1. We wil l 
showw that ƒ is strongly exposed. Let (ƒ„) be any sequence in the unit ball of Hl 

suchh that L(fn) — 1- We view the functions fn as functional on C(T) and next 
onn L°° = C(X). We find a subnet (fnk) such that /nfcf f converges weak* to the 
measuree F  ̂ for some F E H1. Taking a further subnet (if necessary) we may also 
assumee that on X the measures fnic dfio converges weak* to the measure v. We see 
thatt ||F||i < 1 and |[i/|| = 1 because §x<pdv = 1. Let // be the measure Fd^io on X\ 
clearly,, /i<C/io. 

Wee claim that /i _L v — fi. Let v — /i = g/i0 + vsing be the decomposition of 

vv — n (for some g € L1^!)). We observe that v — /z annihilates H°° + C, thus we 
havee that for every m € Z the measure zm{u — /z) annihilates H00. By uniqueness 
off  the Radon-Nikodym decomposition, we see that zm(u — /i) = zmgfjiQ + zmusing. 
Byy the Helson-Löwdenslager theorem (Theorem 3.14) each of the measures zmgdno 
annihilatess H°°. In particular, for every m € Z: 

ƒ ƒ 
JT JT 

™™ dB 

zzmm97r97r = o, 
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hencee g = 0. Therefore v—p = using _L \i. We conclude that 1 = ||^|| = j|/i|| + | | i / - ^ | |. 
Also,, we have with d(cp) being the L°°-distance of <p to H°° + C: 

11 = l<pdv=l(pdn+i $d{v — p) 
JxJx Jx Jx 

<< y\\ + d(<p)-\\u-fii 

becausee v — p annihilates H°° + C. By the assumption on tp we find that \\v — p\\ = 0, 
i.e.,, p = v. It follows that JQ

 n Ftplj^ = 1 so F = ƒ, independently of the choice of the 
subsequencee (fnk)- By Theorem 3.11 we again have ƒ„  —  ƒ in H1 and this proves 
thatt ƒ is strongly exposed. D 

3.33 Strong exposedness and Helson-Szegö weights 

Inn this section we wil l explicitly describe the strongly exposed points in the unit ball 
off  H1: they are the outer functions induced by so-called Helson-Szegö weights on the 
unitt circle. We wil l discuss three different (albeit related) proofs of this result. The 
firstt proof quickly establishes that strongly exposed points are induced by Helson-
Szegöö weights and uses littl e background on exposed points and Hardy space theory. 
Thee second proof uses function theory to show that Helson-Szegö weights give rise to 
stronglyy exposed points and is essentially due to T. Nakazi [37]. The third approach 
(too be discussed in Section 3.4) uses operator theory and the relation between exposed 
pointss and Toeplitz operators [3] to prove that strongly exposed points and Helson-
Szegöö weights are "the same". These last two proofs use the characterization of strong 
exposednesss obtained in the previous section (Theorem 3.7). To put the results in 
perspective,, we mention some surprising properties of strongly exposed points. 

Lett p be a finite (positive) measure on T. Let V be the collection of polynomials in 
zz and let Q be the space of polynomials in 2 vanishing at the origin. On the unit 
circlee V and Q consist of the trigonometric polynomials of the form J2n>o an^in$ and 
J2n<oJ2n<o anein$, respectively. Finally, let p = p{p) be the number 

pp :=  sup k k pqdp, pqdp, 

wheree the supremum is taken over all p 6 V and q € Q restricted by ||P||L2(M) < 1 
andd ||5||i,2(A() < 1. By Cauchy-Schwarz, 0 < p < 1. We see that the spaces V and Q 
aree orthogonal if and only if p = 0. On the other hand, when the L2 (/i)-closures V 
off  V and Q of Q have a non-trivial intersection, then clearly p = 1. The size of the 
numberr p is related to the question when the sum V + Q is closed in L2(p). Namely, 
whenn p < 1, then for all p e V, q G Q in L2(/i)-norm, 

lipp + sll2 > I N 2 + IMI 2 - 2P  iipii  (Mi > (i - p)(\\p\\2 + IMI 2) , 

whichh implies that V + Q is closed in L2(p). When p < 1 we say that V and Q are 
att the positive angle cos-1(p) > 0. When the spaces V and Q are at positive angle, 
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wee have that the projection 

NN N 

-N-N 0 

whichh is densely defined on L2(/i) , extends to a bounded operator on L2(fi). Con-
versely,, if the intersection of V and Q in L2(fi) is trivial, then the definition of P+ 

actingg on trigonometric polynomials is well-defined and extends to a bounded operator 
onn L2{fi)  if and only if V and Q are at positive angle. 

Definition .. We say that a function w > 0 on T is a Helson-Szegö weight (on T) if 
theree exist real valued u7v € L°°(T) with HvH ,̂ < § such that w = eu+v. (Here v is 
thee boundary function of the harmonic conjugate of the harmonic extension of v to 
D.) D.) 

Thee following theorem of H. Helson & G. Szegö elegantly describes all measures // for 
whichh V and Q are at positive angle. 

Theoremm 3.15 ([24]). The subspaces V and~Q are at positive angle in L2(ti) if and 
onlyonly if the measure \i is of the form dy, = wd9, for some Helson-Szegö weight w on 
T. . 

Corollar yy 3.16. If  the function ƒ is strongly exposed in the unit ball of H1, then \f\ 
isis a Helson-Szegö weight on T. 

Proof.Proof. Assume ƒ is an exposed point, such that | ƒ | is not a Helson-Szegö weight. We 
wil ll  show that ƒ is not strongly exposed. Let /z be the probability measure | f\& . By 
thee theorem of Helson and Szegö the spaces V and Q are at zero angle (p = 1). Thus 
wee can find sequences (pn) and (qn) in the L2(/z)-unit balls of V and Q respectively, 
suchh that 

T T 

// PnQ^dfi -  1, (3.4) 
./o o 

ass n -  oo. For n = 1,2,..., let fn be the tf ^function pnq^f. These functions are 
containedd in the unit ball of H1: 

l l /nÜH ii  = IIPn^rllLifc O ^ IIPn||l,3(/i) ' lkn||L^(M ) < 1-

Iff  we set (p = 7 /| ƒ | (as usual), then the /-exposing functional is given by 

ff22**  dO 

Noww (3.4) expresses that L(fn) -* 1 as n -»  oo, yet the functions fn do not converge to 
ƒƒ in H1 because /n(0) = qn[0) = 0. We conclude that ƒ is not strongly exposed. D 

Observee that the proof of the corollary uses very littl e of the background on strongly 
exposedd points developed in the previous sections, in particular, we did not use The-
oremm 3.7. 
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Alreadyy we can mention a surprising property of strongly exposed points. 

Corollar yy 3.17 ([3]). If the function f is strongly exposed in the unit ball of H1, 
thenthen for all small e > 0, the functions ƒ and 1/f are contained in H1+£. 

Thee corollary illustrates that in the backward direction of Theorem 3.7 one verifies 
thee exposedness of the function ƒ by checking whether 1/feH1. (It is worth noting 
thatt there exist exposed points ƒ G H1 such that 1/f is in no Hp, p > 0, [43, 58].) 
Thee proof of the corollary is immediate from the following lemma (using the fact that 
ƒƒ and 1/f are outer functions). 

Lemmaa 3.18. If the function w is a Helson-Szegö weight on T, then for all small 
ee > 0, we have w G L1+£(T) and 1/w G L1+£{T). 

Proof.Proof. Let u, v G L°° be such that w = exp(u + v), and j|^||oo < f - We wil l show 
thatt w G L1+£ and 1/w € L 1 +£ for all e > 0 that satisfy 1 + e < p j j ^ . Fix any 
suchh £. Observe that we may without loss of generality assume that u = 0. Also, we 
needd only show that w £ Ll+e because then the same reasoning can be applied to the 
Helson-Szegöö weight 1/w = exp (—v). 
Lett g(z) be the holomorphic function v(z) — iv(z) on D, and let ƒ (z) be the outer 
functionn e9^z\ (Here v(z) is the Poisson integral of v, with harmonic conjugate v on 
D.)D.) We claim that ƒ € H1+e. We essentially repeat the proof of Lemma 3.3. For 
everyy z € D, 

|a rge( 1 + e)^ ) |< ( l+e)HU=:^< | . . 

Thus,, for all z, |3e(1+e>^>| < 3te<1+eM* V cos<5, hence 

| / (2)|| = |e(i+Os(*)| < (i + l/cos<y)3fte<1+e>»<*>. 

Therefore,, Ml+£(f,r) < (1 + 1/cosö)me^1+£^°\ which proves that ƒ G H1+£. Con-
sequently,, w; = | f\ G L 1 + £. D 

Lemmaa 3.19. If tp is a measurable real function, then the LP°-distance of e~%  ̂ to 
H°°H°° is less than 1 if and only if there exist e > 0 and h G H°° such that 

\h\\h\ > e and \tjj + arg/i| < — - e (mod 27r) (3.5) 

almostalmost everywhere on T. 

Proof.Proof. (Cf. [20], Lemma IV.3.3, p. 148.) Suppose h G H°° is such that | | e- ^ - h  ̂ < 
1.. Then a.e. on T, \h\ > 1 - ||e-* ^ - /i||oo =: £ > 0. Also, 

| e -^^ - fc| = |1 - |/i|c*^+ar«h>| < 1 - e, 

thuss almost all values of |/ i |et^+arg'1) are contained in the closed disc with center 1 
andd radius 1 — e. It follows that a.e. \ip + &rgh\ < arcsin(l — e). 

Conversely,, if the function h G H°° satisfies (3.5), then for all sufficiently small 
AA > 0 (almost) all values of |A/i|et^+arg(Aft ^ are contained in a closed disc centered 
att 1 with radius less than 1. Consequently, ||e~*̂  — A/ij|oo < 1- D 
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Wee are now ready to prove the converse of Corollary 3.16, and thereby give an explicit 
descriptionn of all strongly exposed points. 

Theoremm 3.20 ([3, 37]). Let ƒ be an extreme point of the unit ball of H1. Then f 
isis strongly exposed if and only if | ƒ | is a Helson-Szegö weight. 

Proof.Proof. ([37]) Let us assume that the outer function ƒ is such that \f | is a Helson-Szegö 
weightt on T, say, | ƒ | = exp(w + v), where ||u||<x> < | . We remark that the function is 
exposedd by Theorem 3.5 and Lemma 3.18. Next, again using the fact that ƒ is outer, 
wee notice that 

ftftzz\\ _ eu(z)+iü(z) , ev(z)-iv(z) 

becausee the right hand side is an outer function with the appropriate absolute values 
onn T. We set ip = f/\f\. Then tp = e~1  ̂with ip = ü — v. Now the function 
h(z)h(z) = exp(u(z)+iü(z)) is invertible in H°° and has argument ü a.e. on T. We observe 
thatt condition (3.5) in Lemma 3.19 is satisfied by the pair of functions tp = e~1  ̂ and 
hh 6 H°°. We conclude that the L°°-distance of <p to H°° is less than one. Therefore, 
byy Theorem 3.7, the function ƒ is strongly exposed. 

Too establish the proof in the other direction one can reverse the reasoning above 
(withh some modifications). As indicated however, the theorem in the forward direction 
iss already contained in Corollary 3.16. D 

Anotherr way of formulating Theorem 3.20 is as follows: 

Corol laryy 3.21. An extreme point ƒ of the unit ball of H1 is strongly exposed if and 
onlyonly if f can be written as the product gh, where g is invertible in H°° and h G H1 

satisfiessatisfies | arg/i| <\— e a.e. on T, for some e > 0. 

Recalll  Corollary 3.17: if ƒ is strongly exposed then for all small £ > 0, the functions 
ff1+£1+£ and l / / 1 + e are contained in Hl. This result can be sharpened somewhat using 
Theoremm 3.20: 

Propositionn 3.22 ([3]). Let f be a strongly exposed point in the unit ball of H1. 
ThenThen for all sufficiently small e > 0, the (normalized) functions c£f

l+£ and d£/f
1+£ 

ofof unit norm are again strongly exposed in the unit ball of Hl. 

Thiss proposition (alternatively, Corollary 3.17) explains on an abstract level why the 
functionss ƒ*  and ƒ# from the examples in Section 3.2 are not strongly exposed: 1//* 
failss to be in H1, and while l / / # 6 H1, for all e > 0, l / / # £ H1+£. More generally, 
wee see that any extreme point ƒ in the unit ball of H1 such that 1/f is contained in 
HHll but not in any smaller space H1+£ is weakly exposed. 

3.44 Toeplitz operators and De Branges-Rovnyak spaces 

Lett P+ be the orthogonal projection of L2(T) onto H2: 

ooo oo 

- o oo  0 
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andd let P_ be the orthogonal projection of L2 onto (H2)1- = H$: 

ooo - 1 

—ooo —oo 

Definition .. Given a bounded function ip G L°° the Toeplitz operator T  ̂ is the 
boundedd map T  ̂ : H2 -*  if2 given by 

7V(/)) = P+(W). 

Wee say that ^ is the defining function of the Toeplitz operator T^. 

Wee see that the norm of the Toeplitz operator T  ̂ is at most ||-0||oo- It is not difficult 
too show that the norm of T  ̂ is in fact equal to ||^||ooi but w e w* u n o t need this result. 
Also,, it is a routine exercise to verify that the adjoint of T  ̂ is the Toeplitz operator 
T^.T^. Clearly, if ip G H°°, then T^{f) = ipf. Combining these two observations we 
havee the following result: 

Lemmaa 3.23. If ip or ip is contained in H°°, then T^T  ̂ = T^. 

Givenn a function ip G L°°, the flankei operator H  ̂ (with defining function ip) is the 
boundedd operator 

HM)HM) = *f- T*(f) = {i-  P+)W) =  P-W) 
fromm H2 into {H2)-1. By the same reasoning the norm of H  ̂ is at most Halloo- If 
twoo functions <p and ip in L°° differ by an element of #°°, then the associated Hankel 
operatorss coincide. Hence the operator norm of H  ̂ is at most L ^ - d i s t ^ , / /0 0) . The 
basicc fact about Hankel operators (due to Z. Nehari) is that equality holds: 

Theoremm 3.24 ([40]). The operator norm of H  ̂ equals the L°°-distance of ip to 
H°°. H°°. 

Proof.Proof. The norm of H  ̂ equals the supremum of the expressions | JQ * ipfg ^ | taken 
overr all functions ƒ in the unit ball of H2 and all g in the unit ball of HQ. For 
suchh pairs, the product fg ranges over all functions in the unit ball of HQ, by the 
factorizationn theorem (Theorem 1.4). Using the Hahn-Banach theorem we conclude 
thatt the norm of H  ̂ equals the L°°-distance of ip to (H&)x = H°°. D 

Thee following result (and its corollaries) wil l be of great importance. 

Theoremm 3.25. (Devinatz-Rabindranathan) If ip is unimodular, then T  ̂ is left-
invertibleinvertible if and only if L^-dist^tp.H00) < 1. 

Proof.Proof. We need the preliminary observation that a bounded operator L : X —  Y 
betweenn the Banach spaces X and Y is left-invertible if and only if L is bounded from 
below,, i.e., there exists a constant C such that for all x £ X: \\Lx\\ > C\\x\\. Now, 
becausee ip is unimodular, the map T  ̂ + H$ from H2 into I? = H2 ® (H^)  is an 
isometry.. We conclude that Ty is bounded from below if and only if the norm of H^ 
iss less than 1. By Nehari's theorem we are done.
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AA bounded linear operator L : X —  Y is said to be left-Fredholm if the range of X 
underr L is closed and of finite codimension in Y. 

Corollar yy 3.26 ([13]). (Douglas-Sarason) If ip is unimodular, then T  ̂ is left-
FredholmFredholm if and only if the L°°-distance of ip to H°° -\-C is less than 1. 

Proof.Proof. Cf. [56], p. 119. The main step involves the observation that T  ̂ is left-
Fredholmm if and only if the distance of the Hankel operator H$ to the compact 
operatorss is less than 1. It is known that this distance is equal to the L°°-distance of 
ipip to H°° + C (for general ip € L°°). D 

Corollar yy 3.27 ([11, 65]). (Devinatz-Widom) If tp is unimodular, then T  ̂ is 
invertibleinvertible if and only if ip can be written as ê

u+i)\ where u and v are real functions 
inin L°° such that |j^||oo < ?!"

Proof.Proof. Cf. [56], p. 121. G 

Wee wil l now explain the relation between Toeplitz operators and rigidity (exposedness) 
off  functions in H1. 

Lemmaa 3.28. Let ƒ be an outer function in H1. Then f is rigid if and only if the 
ToeplitzToeplitz operator with defining function <f = f/\f\ is injective. 

Proof.Proof. Suppose ƒ is rigid and assume G 6 H2 is contained in the kernel of Tv. Let 
uss write ƒ = F2 for some outer function F e H2. Then <p = T/F. The fact that 
TTVV(G)(G) = 0 means that there exists a function H e H$ such that ~FGjF — H. Unless 
HH is the zero function, the //^-function GH(= F/F~  \H\2) (which vanishes at the 
origin)) has the same argument as ƒ a.e. Because ƒ was rigid we conclude that H = 0 
andd hence G = 0. This means that T  ̂ is injective. 

Forr the converse suppose the outer function ƒ = F2 is not rigid. Then there is an 
outerouter function g = G2 in H1 that has the same argument as ƒ but is not a scalar 
multiplee of ƒ. Because T^F) = F(0) and TV(G) = P+(G) = G(Ö), the function 
FF - F(0)G/G(0) is a non-trivial element of the kernel of Tv. D 

Nextt we use Toeplitz operators to discuss De Branges-Rovnyak spaces. These spaces 
weree introduced and studied by L. De Branges and J. Rovnyak in [8, 9]. De Branges 
subsequentlyy utilized them for his famous proof of the Bieberbach conjecture. D. Sara-
sonn used the spaces to describe exposed functions in the unit ball of Hl; Sarason's 
bookk [60] and his earlier articles [58, 59] provide a detailed account of this remark-
ablee theory. Borrowing Sarason's notation, we wil l explain these ideas (albeit rather 
succinctly)) and show how to adapt them to give a third approach to the (explicit) 
descriptionn of the strongly exposed points that was discussed in the previous section. 
Inn our situation the De Branges-Rovnyak spaces are Hubert subspaces H of H2 with 
anotherr inner product, such that the inclusion map i : H —  H2 is contractive. For 
thiss reason such spaces are also called contractive spaces. We can realize such spaces 
ass operator ranges of bounded maps on H2. 

Noww then, let a be a function in H°° that is not constant. The linear space M{a) is 
thee set of all functions a/, ƒ G H2. We equip M{a) with the inner product 

(af,ag)(af,ag)MM :={f,g)2-
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Thiss makes M(a) a Hilbert space, and the Toeplitz operator Ta : H2 —> M(a) unitary. 
Clearly,, when ||a||oo < 1, the inclusion i : M{a) - > J ï2 i sa contraction. 

Lett 6 be a non-constant function in the unit ball of H°°. We wil l construct the space , 
H{b)H{b) the so-called complementary space to M(b) in a similar fashion; the name reflects 
thee fact that M(b)+H{b) = H2 (although the intersection M{a)C\H{b) is trivial only 
whenn b is an inner function). Observe that I — T^T^ is a positive contraction on H2, 
hencee the operator (/ - T^T^)1/2 is well-defined on H2 and contractive. As a linear 
spacee H(b) consists of all #2-functions in the range of the operator (I — TfcT^)1/2 on 
HH22.. We also use this map to give H{b) a Hilbert space structure. Namely, if ƒ or g 
iss orthogonal in H2 to ker(7 - TfeT^)1/2 = ker(7 - TfcrF), we set 

((ƒƒ - TVZy1/2/, (I - TbT^2g)b := (ƒ, </)2-

Ass a consequence (ƒ — X ^ ) 1 / 2 is a coisometry from H2 onto H{b) and the inclusion 
mapp i : H{b) —> H2 is another contraction. Moreover, we see that if ||6||oo < 1> then 
H(b)H(b) is all of H2 with an equivalent norm. 

Givenn an outer function ƒ e H1 (not a constant) we construct three auxiliary holo-
morphicc functions: 

' MM  = ^ ï '  (3-8) 

wheree we may take any branch of y/J. Observe that we can recover the function ƒ 
fromm a and b: ƒ = F2 , with F = a/(l - b) € H2. The function G is reasonably well-
behavedd on D: because #lG(z) > \f(z)\ > 0, G is contained in Hp for all 0 < p < 1 
(seee the proof of Lemma 3.18). Because the real part of G is positive and majorizes 
y/\f\,y/\f\, we conclude that a and b are contained in the unit ball of H°°. The fact that 
SRGG = J/] a.e. on T gives us that |a|2 + j6|2 = 1 a.e. on T. Therefore the functions a 
andd b are not extreme in the unit ball of H°° (Section 2.1). It is known in such cases 
thatt the polynomials are contained and dense in H(b) (cf. [60], IV-3). 

Wee shall also encounter Toeplitz operators on H2 with unbounded defining functions. 
Forr a function ip G L2, the Toeplitz operator T$ (with defining function ijj)  acts as 
follows.. Take a function g e H2, then tpg is an L1 (T)-function with Fourier series 
E - o o C n M e ^ a n d w e s et t 

oo o 

TTM)M){g){g) = Y,cn^g]zneH{D). 
n=0 0 

Forr bounded ift this coincides with the Toeplitz operators (with bounded defining 
functions)) as defined earlier. For the other ip, the map T  ̂ is a densely defined operator 
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fromm H2 to H2 and is continuous from H2 into the space of holomorphic functions 
onn D with the topology of uniform convergence on compact subsets. In this light 
itt is perhaps surprising that the product of the operators Ti-b and T-p (the former 
iss ordinary multiplication by 1 - b) is bounded on H2. This is a consequence of 
thee following theorem. We omit the proof which uses that G = j ^ | is the Herglotz 
integrall  of an absolutely continuous measure (cf. (3.6)). 

Theoremm 3.29. The operator Ti-bTy is unitary from H2 onto H{b). 

Proof.Proof. Cf. [60], IV-13, p. 30. D 

Nextt one can show that 

FF/p/p — li-blfpj-p — li-blp — la 

(comparee with Lemma 3.23). Therefore Ti-^T-p maps the range of TF,-p on H2 onto 
M{a)M{a) C H(b) (Theorem 3.29). Consequently, M(a) is dense in H{b) if and only if 
thee range of TFfp on H2 is dense in H2, or equivalently if Tp,F = T* — is injective 

onn H2. Combining this with Lemma 3.28 we have the following: 

Theoremm 3.30 ([58]). Let ƒ be an extreme point of the unit ball in H1. Then ƒ is 
exposedexposed if and only if J\4(a) is dense in 7i(b). 

Thiss fundamental result has several striking consequences, one of them being that if 
ƒƒ is exposed, then so are the squares of the i/2-functions F\ = a/(l — Xb) (A € T). 
Wee sketch the proof of this result ([58, 60]). While it is relatively easy to show that 
thee outer functions F\ are contained in H2, the fact that they are of unit norm is a 
deeperr result. Assuming this, we set: 

"2TTT ie 

G*M=r^i*< e">i ai--
Itt can be shown that then 

Therefore,, the De Branges-Rovnyak spaces that are associated with F2 are the old 
spacess H(Xb) = H(b) and M{a), which is dense in Ti(b). Correspondingly, F2 is 
exposed. . 
Inn the next step one may even replace A by any inner function u. Sarason proves that 
thee square of Fu = a/(l — ub) is exposed in H1. Assuming that these functions are 
indeedd of unit norm, let us explain why they are exposed. The contractive spaces that 
aree associated with F2 turn out to be M(a) and H(ub). The space M{a) is dense in 
H(b).H(b). In turn, the space H{b) is contractively contained in H{ub) and dense in H{ub). 
Densityy follows from the fact that W(6) contains the polynomials (which are already 
densee in H(ub)). Combining these observations we conclude that M(a) is dense in 
H{ub),H{ub), whence F2 is exposed. 
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Wee now formulate a variant on Theorem 3.30 that deals with strongly exposed points. 

Theoremm 3.31 ([3]). Let f be an extreme point of the unit ball of H1. Then f is 
stronglystrongly exposed if and only if M(a) =H(b). 

Proof.Proof. We make the preliminary observation that for any F £ H2 \ {0} , the Toeplitz 
operatorr TF,-p is injective. Sarason's reasoning preceding Theorem 3.30 shows that 
(withh ƒ — F2 as before) 

M(a)M(a) = H{b) if and only if TF/T maps H2 onto H2. (3.9) 

Hence, , 
M(a)M(a) = H{b) <&  TF,-p is invertible & Tp/F is invertible. (3.10) 

Supposee ƒ is strongly exposed. By Theorem 3.7, the L°°-distance of F/F to H°° + C 
iss less than 1. We call upon the Douglas-Sarason theorem (Corollary 3.26) to conclude 
thatt the operator Tp,F has closed range in H2. As we have seen its adjoint TF,-p is 
injective,, the range of T-p ,F is dense in H2 too. Thus Tp ,F : H2 —  H2 is surjective. 
Thee operator is also injective by the rigidity of ƒ = F2 (Lemma 3.28). By (3.10), 
M{a)=H{b). M{a)=H{b). 

Too establish the other half of the theorem suppose M(a) = H(b). We observe 
thatt ƒ is exposed by Theorem 3.30. By (3.10), the operator Tp,F is invertible, in 

particular,, it is left-invertible. Theorem 3.25 implies that the L^-distance of f/\f\ 
too H°° is less than 1. We conclude that ƒ is strongly exposed by Theorem 3.7. D 

Theree is an alternative proof of the implication "ƒ strongly exposed =$> 1/f € H1" 
thatt lies on the surface: if ƒ is strongly exposed, then 1 G 7~L(b) = -M(a), because 
H(b)H(b) contains all polynomials. Thus If a E H2 and \/f = (1 - b)2Ja2 € H1. It 
shouldd come as no surprise that 1/a is actually in Hp for slightly larger p > 2. For 
thiss we use the result that equality of the spaces M(a) and H(b) occurs if and only if 
thee operator Ta/a is invertible and the non-extreme pair (a, b) satisfies the so-called 
Coronaa condition: 

inff  |a(2)j2 + |&(*)| 2>0, 

seee [58] and [60], IX-5, p. 66. We see in particular that for strongly exposed ƒ, 
aa22/\\a\\/\\a\\22

22 is also strongly exposed (cf. (3.10)), and that 1/a € H2+e, 1/(1 - 6) € H1+£ 

forr sufficiently small e > 0. 

Lett us go back to the distance condition used in Theorem 3.7 and assume ƒ is an 
extremeextreme point such that the L°°-distance of f/\ f \ to H°° + C is less than 1. Starting 
withh the Douglas-Sarason theorem (Corollary 3.26) and exploiting the full strength 
off  the statement that T-pip is (left-)Fredholm it follows that the operator Tprp has 
closedd range in H2 of finite codimension, say, N. Hence M.{a) is closed and of finite 
codimensionn N in H(b). Using [25], Theorem 6 or [60], X-18, p. 77, we conclude that 
ƒƒ is of the form ƒ = p2g: where g is strongly exposed in the unit ball of H1 and p is 
aa polynomial of degree N that has all its zeros on T. Conversely, if ƒ is of the above 
form,, then 

dist( / / |ƒ| ,H°°° + C) = dist(J2iV  g/\g\,H«> +C)= dist(g/\g\,H°°+C)< 1, 
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byy the algebra structure of H°° + C, but d ist ( / /| ƒ |, H°°) = 1 when N > 0. 

Thiss calculation serves to illustrate that if for a given extreme point ƒ the distance 
off  / / | / | to H°° + C is less than 1, the ("only") thing that can prevent ƒ from being 
exposedd (and hence strongly exposed) is the divisibility of ƒ in H1 by functions of the 
formm (1 — u)2 with u(z) = Xz (A e T) a particularly simple inner function. Remember 
thatt the functions in H1 that lack this divisibility property are called strong outer 
functions.. We see that for any strong outer function that is not exposed (for example, 
thee function from Inoue's construction, Theorem 3.1), it is true that the distance of 
ƒ /|| ƒ | to H°° +C is 1. Alternatively, the strongly exposed points are the (normalized) 
strongg outer functions ƒ that satisfy d is t ( / / | / | , i / °° + C) < 1. 

Havingg described the strongly exposed points of the unit ball of Hl and their prop-
erties,, we raise the question what can be said about strongly exposed points in more 
generall  Hardy spaces. There are two likely candidates: the Hardy space Hl of a 
generall  domain in C, and the Hardy space H1 of the unit ball Bn of Cn. We will take 
upp the question for domains in C in the next chapter. In the unit ball of Cn we run 
intoo the problem that not even the extreme points of H1 are well understood, whence 
thee strongly exposed points are very much out of reach also. In the final chapter we 
compromisee by investigating the strongly exposed points in the so-called Bergman 
spacee of the unit disc in C, which can be seen as a subset of Hl(B2)-


