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Chapterr  4 

Stronglyy exposed points in 

Havingg studied the sets of exposed and strongly exposed points in the unit ball of the 
classicall  Hardy space Hl of the unit disc, we wil l investigate how these results hold 
upp for the Hardy space H1 of a domain of finite connectivity in C We define this 
spacee in Section 4.1. There are two important differences with the classical Hardy 
spacee that make our analysis very different. On domains of finite connectivity, H1-
functionss may not allow a classical factorization using Blaschke products, (singular) 
innerr functions and outer functions. Secondly, and in a way related, there now exist 
extremee points in the unit ball with (finitely many) zeros (Section 4.3). While such 
zeroo sets are somewhat generic for extreme points, their location plays a surprisingly 
cruciall  role in its being a (strongly) exposed point (Section 4.4). 

4.11 Hardy spaces of planar domains 

Inn this section we define the Hardy spaces HP(U) of a domain Q in C and explain 
howw they may be seen as subsets of the classical spaces HP(D). More details can be 
foundd in [16]. 

Definition .. Let Q be a (bounded) domain in C and let 0 < p < oo. The Hardy 
spacespace HP{Q.) consist of all holomorphic functions ƒ on Q for which \f\p admits a 
harmonicc majorant on Q. The space H°°(Q) consists of all bounded holomorphic 
functionss on Q and is equipped with the sup norm. 

Wee can make the spaces HP(Q) (1 < p < oo) into normed spaces, Banach spaces 
indeed,, in the following way. Fix any point ZQ 6 £1. For a function ƒ in HP(Q), let 
uu = uj be the least harmonic majorant of | / |p. The definition || ƒ ||HP(0)

 : = (u(zo))1^p 

turnss Hp(£l) into a Banach space. When Ü = D and ZQ = 0 this definition coincides 
withh our previous definition of HP(D). We wil l refer to this norm as the Hp(Q)-noTm 
relativee to the base point ZQ. Of course, different base points yield different (albeit 
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equivalent)) norms on if p(f2). We wil l shortly introduce another (equivalent) norm 
thatt is somewhat easier to work with. 

I tt wil l be convenient to assume that the domain fi has a "nice" boundary dii. To be 
precise:: we assume that dü, consists of finitely many disjoint continua. We call such 
aa domain a domain of unite connectivity, in short, a finite domain. (For a discussion 
off  Hardy spaces on domains of infinite connectivity, we refer to [21].) By repeated 
applicationn of the Riemann mapping theorem, we may without loss of generality 
assumee that the finite domain fi is a subset of D and that T — d$l consists of 
mm + 1 disjoint closed smooth (analytic) curves To — T, T i , . . ., Tm. Throughout the 
remainderr of this chapter fi wil l denote a finite domain of this type, unless explicitly 
statedd otherwise. Also, because we have already dealt with H1(D) theory in the 
previouss chapter, we will implicitly assume that m > 1, i.e., the domain fi is multiply 
connected. . 

Lett 0 < p < oo and choose ƒ £ HP(U). We define new functions fo,fi,...,fm on ft 
ass follows. Given a point z 6 O we find closed (oriented) paths 70 = C(Q,R)(R > 
\z\),\z\), 7 1 , . . ., 7m near the boundary curves To = T, T i , . . ., Tm, chosen in such a way 
thatt 7i encircles I \ but not the point z (i > 1). We then set: 

fi{z)fi{z) - k T=l SS' 
Byy Cauchy's theorem, these functions are well-defined on £1. In fact, /o is holomorphic 
onn D and for i > 1, the integral definition of fi makes sense for all z in the exterior of 
7i.. Hence the function fc is holomorphic on the exterior of I \ , by shrinking the curve 
7ii  to i y Also, ƒ(z) = fo{z) + fi(z) +  + fm(z). The next step is to regard the 
functionss fi (i > 1) as functions Fi on D using a Riemann map of the exterior of Fj (in 
thee extended complex plane) onto D. Because the functions ft are holomorphic across 
Tj,Tj, hence bounded near Tj (i,j > 0,i 7̂  j ) , it is easy to see that the function | / |p 

admitss a harmonic majorant on D if and only if the functions |/o|p, | - f i |p, . . ., |Fm j p 

admitt harmonic majorants on D, that is, if and only if / o , F i , . . . , Fm € HP(D). 
Consequently,, as a space of holomorphic functions we may identify HP(Q) with the 
productt of m + 1 copies of HP(D). Also, from the representation of ƒ = ]T)i ft - a 
summ of if p(D)-functions - it is immediate that every ƒ e HP(Q) has non-tangential 
boundaryy values ƒ*(.) almost everywhere with respect to arc length da on d$l. Unless 
ƒƒ vanishes identically, it follows that log |/* | is dcr-integrable on dft and that for every 
zz e fi : 

ƒ(*)=/  P^§-.= [ ne)<M«,*) 
wheree UJ(.,Z) is harmonic measure on dfi with respect to Q and the point z, and 

logi/(2)ii  <[  iQgir(Ê)i<M£,z), \m\< f \rmMtz). 

Inn other words, for the finite domain Q we can do the function theory for Hardy spaces 
onn the boundary c?Q. 

file:///rmMtz
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Forr 1 < p < oo we make Hp(ft) into a Banach space with the following norm: 

ll/lltf"(n )) = \\f*\\Lp(dft,d<7)-

Whenn no confusion is possible we will simply write || ƒ ||p. 

Buildingg further on these ideas, one can embed Hp(ft) in HP(D) for all domains ft 
(possiblyy infinitely connected) in C. For this we use the universal covering space 
off  ft that must be the unit disc D if Hp(ft) contains non-constant functions. Let 
7rr : D —> ft be the uniformizer. The map IT is holomorphic and locally invertible. 
Associatedd to n there is a group Q of automorphisms (Möbius maps) ip of the unit 
discc under which n is invariant: IT otp = IT. We call Q the group of automorphisms 
off  7T. If the function ƒ on ft is of one of the following types: holomorphic, harmonic, 
continuous,, then the function F = ƒ o n is of the same type on D and (/-invariant; 
wee call F the lift  of ƒ. Conversely, if the function F on D is (/-invariant, then the 
functionn ƒ := F o n~l (where 7T-1 is any local inverse of 7r) is well-defined on D, and 
becausee -K is locally biholomorphic, ƒ inherits properties of F such as holomorphy, 
harmonicityy and continuity. 

Lett the functions ƒ on D and F on ft be related by F — ƒ o 7r. If | ƒ |p admits 
aa harmonic majorant u then the harmonic function «o?r majorizes |F|P. If \F\P 

admitss a harmonic majorant on D, then there is also a least harmonic majorant U 
thatt must be (/-invariant because jF|p is. By the preceding remarks there exists a 
harmonicc function u on ft that lift s to U and majorizes | / |p on ft. Therefore, the 
liftin gg process allows us to identify Hp(ft) with the collection of Zfp(i3)-functions that 
aree ^-invariant. 

Definit ion.. Let Q be a group of automorphisms of D. We say that a Lebesgue 
measurablee subset E of T is ^-invariant if the symmetrical difference of E and ip(E) 
hass Lebesgue measure zero for all ip e Q. The a-algebra of all Lebesgue measurable 
ö-invariantt subsets of T will be denoted by C/Q. Finally, the collection of C/Q-
measurablee ZAintegrable functions on T wil l be denoted by IPjQ (where, of course, 
wee identify functions that are equal almost everywhere) (0 < p < oo). 

Itt should come as no surprise that LP jQ consists of all Irp-functions ƒ that are Q-
invariant:: ƒ = ƒ o tp (a.e.), for every ip € Q. We can summarize the preceding by the 
statementt that Hp(ft) can be identified with the subset Hp/Q := HP(D) D LPjQ of 
HHPP(D),(D), where Q is the group of automorphisms of n : D —  ft. 

Lett £ : Ll —  Ll jQ be the conditional expectation operator with respect to the <r-
subalgebraa C/Q of C (all Lebesgue measurable subsets of T). This means that given 
aa function f € Ll, £(ƒ) is the (unique) Ll/(/-function such that for all E e C/Q: 

ff  fdO= f 8{f)dd. 
JEJE JE 

Existencee of £ follows from measure theory. The operator f is a bounded map on L1, 
mapss L°° onto L°°/Q and acts as the identity on L1 /(/-functions. 
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Ass an illustration we will show that H1(Q) is a dual Banach space. The proof we 
givee works for all domains fi (possibly infinitely connected) in C and is inspired by 
thee proof of the classical duality result for Hl{D) (cf. Corollary 1.6). 

Lett £{C) and £(AQ) be the L°°-closures of the spaces £{C) and £(AQ) respectively, 
wheree AQ is the set of functions in the disc algebra that vanish at the origin. 

Proposit ionn 4.1 ([2]). Let Q be a finite domain, with uniformizer IT : D —  Q. The 
dualdual space of £(C)/£(A0) is Hl(£l) relative to the base point 7r(0). 

Proof.Proof. Take ƒ € Hl (H), and let F be the lif t of ƒ. By the choice of the base point, the 
HH11 (D)-norm. of F equals the norm of ƒ in iï1(f2). Consider the functional L = Lp'. 

L.geL.ge £{C) 

Off  course, L is bounded by ||F||i, hence L can be extended continuously to £(C). 
Wee wil l show that as an operator on £(C) L has norm equal to ||F||i. To this end, 
lett (gn) be a sequence of a continuous functions on T that converges to 4> — F/\F\ 
inn L1 and that is bounded by 1 pointwise (a.e.). It follows that £(gn) converges to 
£(<f>)£(<f>)  = <S> in L1. Taking a subsequence if necessary, we may also assume that £{gn) 
convergess to <p pointwise almost everywhere. By dominated convergence: 

ff Hf) 
\\L\\>\\L\\> Urn L(£(gn))= U F - = \\F\\1. 

n-*oon-*oo Jj Z7T 

Thee functional L annihilates £(AQ): if g E AQ then 

L(S(L(S(9)9))) = / £(g)F f = \ SiaF) £=[gF^-=0. 
JjJj  Ait JT ^  JT *™ 

Hencee the mapping ƒ e Hl{Q) i-» LF e £{A0) = (£(C)/£(A0))*  is isometric. 
Wee will finish the proof by showing that this mapping is also surjective. Let 

££ e €(AQ) . Then let L be the bounded functional L(g) :=  e{£{g)) on C(T). By 
construction,, L annihilates Ao. Hence, by the F. &; M. Riesz theorem there exists a 
uniquee function F 6 Hl that represents the functional L: 

L{g) L{g) 
JTT ^ 

Byy the uniqueness of the representing function it is not hard to show that F is Q-
invariant,, using the properties of Q and a simple coordinate transformation. It follows 
thatt t = Lp as desired. D 

4.22 Factorization in H1^) 

Wee now come to the question whether iy1(S7)-functions admit an inner-outer factor-
izationization like in H1(D). Of course an easy "solution" would be to leave the domain Q,, 
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becausee as we have seen, we can embed if 1(Q) in / f 1(D), where we have the classical 
factorizationn at our disposal. However, if we insist on working with the domain fX, 
wee cannot circumvent certain problems intrinsic to the multiple connectivity of Q. In 
particular,, we will see that there are extreme points in the unit ball of H 1(Q) with a 
zeroo when m > 2. 

Wee call a function I E H°°(ü) an inner function if |/*| = 1 a.e. (da) on dQ. Conse-
quently,, 11[z) | < 1 for all z E Ü. We call a function F € if 1 (f)) an outer function if 
forr every z in fi (equivalently, for at least one z € £1): 

log |F(* ) |== [ \og\F*(t)\<L>(Z,*). 
JJ an 

Obviouslyy then, an outer function is zero free on S7. 

Cann we find an analogue in H°°(Q) of a Blaschke factor, i.e., an inner function with 
aa single zero ZQ, that is continuous on f2? Suppose such a function B exists. Then 
G(z;zo)G(z;zo) := — log j^(^J| equals Green's function for f2 with a pole at ZQ, SO that 
B(z)B(z) = Aexp(-<7 — %G) for some A € T, where G denotes the harmonic conjugate 
off  G. But it is well-known that unless Q is simply connected (m = 0), both G and 
exp(—iG)) are not well-defined (single valued) functions on 0,. Therefore, no such B 
exists. . 

Nevertheless,, for ƒ e H1 (X7), the zeros z\, z2) . of ƒ satisfy the so-called Blaschke 
condition condition 

^G{z;z^G{z;znn)) < oo 
n n 

forr all z € fï, z  ̂ z*. Given any such sequence of points (zn), one is tempted to write 
downn the following (formal) Blaschke product 

B{z)B{z) = exp(- J2 G&  z") ~ lY. G^ 2"))" (41) 
nn n 

Whilee in general, as we have pointed out, this is not a well-defined (single valued) 
function,, it has the following properties: 

 \B(z)| is well-defined; 

 |.B(2)| is bounded on Q; 

 Locally on J7, \B\ coincides with the absolutele value of a holomorphic function. 
Inn other words, for every z € 0. there is a neighborhood U of z in Q and a 
holomorphicc function ip defined on U such that |£?(.z)| = \ip(z)\ on U. 

Anyy (multiple-valued) function B that has these three properties wil l be referred to 
ass a function in MH°°(Q). If |B| also has non-tangential limits 1 a.e. on T, we say 
thatt B is an inner function in MH°°(Ü). The generalized Blaschke products (4.1) are 
inn fact inner functions in MH°°(Cl). If ƒ is a zero free inner function on Q, we say 
thatt ƒ is a singular inner function on Q. 

Inn general, we say that a multiple valued function F on f2 is modulus holomorphic if 
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 \F(z)| is well-defined; 

 Locally on Q, |F| coincides with the absolute value of a holomorphic function. 

Iff  in addition, |F(-z)|p admits a harmonic majorant on Q (0 < p < oo), then we 
sayy that F G MHP(Ü). One can show that if F G MHp{tt), then \F\ has non-
tangentiall  limits (denoted \F*\)  a.e. on dft, \F*\  G Lp(dQ,da), and unless F = 0, 
log|F*|| eLl{dÜ,do) and 

log|F*(*) |<< / \og\F*{i)\Mii*)i  (4-2) 
JdQ, JdQ, 

forr all z e VI. If equality holds in (4.2) at all points z G fi (equivalently, for at least 
onee z e O ) , we call F an outer function in MH1(Q). 

Throughh the process of liftin g and factoring in HP(D) we can factor #p(f2)-ninctions 
usingg a (modulus holomorphic) Blaschke product, singular inner function and an outer 
functionn on f2. Let us pick a function ƒ G HP(Q) and let g = ƒ o n G HP(D) be its 
lift .. In HP(D) we factor g as g = B1  Si - Fi, where Bi is a Blaschke product, S\ 
aa singular inner function, and F\ an outer function. While in general the functions 
J5i,, S\ and Fi need not be ^-invariant (where Q is the group of automorphisms of TT), 
i tt is not difficult to see that the functions |i?i|, |Si| and |Fi| are (/-invariant. Thus 
theree exists functions \B\, \S\ and |F| on Ü with lift s |I?i|, |5i| and |Fij respectively. 
I tt is claimed that the former are modulus holomorphic functions on H. In fact, as one 
wouldd expect, they are a Blaschke product, a singular inner function and an outer 
function,, respectively. These are the contents of the following theorem. 

Theoremm 4.2 ([64]). Let ƒ G HP(Q,) and suppose ƒ is not identically zero. Then 
therethere exist a Blaschke product B G MH°°(Q,), a singular inner function S G MH°°(Q) 
andand an outer function F G MHP{Q) such that 

\f(z)\\f(z)\ = \B(z)\-\S(z)\-\F(z)\ 

forfor all z G ft. This factorization is unique in the following sense: if B\, S\ and Fi are 
aa Blaschke product, a singular inner function and an outer function on Q, for which 
\f(z)\\f(z)\ = |B!(z)|  |Si(*)|  l*i(*)| , then \B\ = \Bil\S\ = |Si| and \FX\ = \F\. 

4.33 Extreme points in H1^) 
Thee question arises which functions are extreme in the unit ball of H1^). After the 
Dee Leeuw-Rudin theorem (1.10), the following result is elementary: 

Lemmaa 4.3. If f G H1^) is an outer function of unit norm, then ƒ is extreme in 
thethe unit ball of Hl(Q). 

Anyy attempt to copy the proof of the DeLeeuw-Rudin theorem in the other direction 
wil ll  break down. For suppose f = I  F where ƒ is a non-trivial inner function (in 
MH°°(Q)).MH°°(Q)). Then De Leeuw and Rudin look at the function g = (1 + I2)F and show 
thatt || ƒ  5||i = 1. However, unless / is a single valued inner function, 1 + I2 is not 

file:///Bil/S/
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aa well-defined modulus holomorphic function. There is no remedy for this problem, 
becausee as we have already mentioned, when m > 2 there exist extreme points with 
aa non-trivial inner part. 

Thee following theorem of F. Forelli is crucial in understanding which inner functions 
cann appear in the inner-outer factorizations of an extreme points. 

Theoremm 4.4 ([18]). Let f be an extreme point of the unit ball of Hl{£l). Then the 
codimensioncodimension of the Hl-closure of f  H°° in H1 is at most y , when ft is bounded by 
mm 4- 1 closed smooth curves. 

Becausee all functions in the H^closure of ƒ  H°°(Q) inherit the zeros of ƒ, Forelli's 
theoremm implies the following: 

Corollaryy 4.5 ([18]). If f is an extreme point of the unit ball of Hl{£l), then the 
BlaschkeBlaschke factor of f is a finite Blaschke product with at most y zeros. 

Forelli'ss theorem also expresses that an extreme point in the unit ball of if 1 (ft) has 
aa trivial (constant) singular inner factor: Suppose S is a non-trivial singular inner 
functionn in MH°°(Ü). Let S1/2 be the singular inner function in Mi/°°(ft ) defined 
byy IS1/2! := ISI1/2. There exists an outer function H that is invertible in MH°°(Q.) 
andd a function h G #°°(ft) such that W/lHS1/2]  = | S1 / 2| / | #| = \h\. (Start with 
aa smooth real-valued function u on dQ and extend u harmonically to ft. One may 
choosee u on dCl in such a way that the periods of the harmonic conjugate ü of u along 
eachh of the boundary curves are the same as the those of the harmonic conjugate of 
\\ log |5 |. Finally, set H = exp(u + iü).) If ƒ = 5  F for some F eMff^f i ) , then 
byy construction g = HS1/2  F is a well-defined function in f /^f t ) . Furthermore, the 
HH11 -closure of ƒ H°° is contained in the H1 -closure of g  H°°. This inclusion is proper 
becausee any function in the closure of ƒ  H°° inherits the singular inner factor S of 
ƒ.. Repeating the above, we see that the if 1-closure of ƒ  H°° does not have finite 
codimensionn in Hl if ƒ is any i^-function with a non-trivial singular inner factor. 

Corol laryy 4.6 ([18]). If ƒ is an extreme point of the unit ball of Hl{Ü), then the 
innerinner part of f is a finite Blaschke product with at most y zeros. 

Inspectionn of the proof of the De Leeuw-Rudin theorem gives us the following criterion 
forr extremity (where we identify H^functions with their boundary values): 

Lemmaa 4.7. Let f 6 H1 (ft) be of unit norm. Then ƒ is not extreme if and only if 
therethere exists a non-constant real function k € L°°(dQ) for which kf € i f  x(ft) . 

Supposee ƒ = I  F is of unit norm where ƒ is a finite Blaschke product, and F outer. 
Lett us suppose that ƒ is not an extreme point of the unit ball of H1 (ft). Then let k be 
ass in the lemma, and let g € Hx(ft) have boundary values kf. Because F is an outer 
function,, for all z G ft: \g{z)\ < ||fc||oo  1^(^)1- Hence, because also | /| = 1 everywhere 
onn 9ft, the meromorphic function h = g/f is bounded near dfl, real-valued (a.e.) on 
oft,, and has its poles in the zeros of ƒ (with corresponding multiplicities). Conversely, 
iff  h is a meromorphic function on ft with these three properties, then with k :=  h on 
b\lb\l and g := hf € Hx(ft), we have g = kf on 9ft, so by the previous lemma, ƒ is not 
ann extreme point. We come to the following definition. 
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Definition .. Let ƒ be a finite Blaschke product. We say that I is an extremal 
BlaschkeBlaschke product if there exists no meromorphic function h on f£ that is bounded 
nearr ÖO, real-valued on <9Q and has its poles in the zeros of f, with no greater 
multiplicityy than the zeros of I. 

Thee conclusions of the previous paragraphs may thus be summarized as follows: 

Propositionn 4.8. Let ƒ G H1(Q) be of unit norm. Then f is an extreme point of the 
unitunit ball of i f *(£)) if and only if the inner part of f is an extremal Blaschke product. 

Wee wish to stress that Forelli's theorem also gives us an upper bound for the number 
off  zeros of an extremal Blaschke product on Q. Also, by the previous proposition we 
seee that it is only the location of the zeros of a function in H1 (S7) and not so much 
thee outer factor that decides whether or not the function is extreme in the unit ball 
(afterr normalization). 

Thee problem of determining the extreme points of i f *(fi ) has thus been reduced to 
aa problem on meromorphic functions on U with predescribed poles, that is: a problem 
concerningg meromorphic divisors on Q. 

Lett f be a finite Blaschke product with zeros z\,Z2,-..,zn repeated according to 
multiplicity.. Thus I has n zeros on Q. Let S :=  1  z\ + 1  Z2 +  + 1  zn be the 
divisorr on Q associated with I. If 8' = Ylzen d'(z)  z is another divisor on U we say 
thatt 5' > 5 if at every z e ft: 6'(z) > 5(z). The space of all meromorphic differentials 
u)u) on Q, that are real-valued on d£l and for which the associated divisor (u;) satisfies 
(to)(to) > 6 is a real linear space of dimension MD{5). Using a theorem of H.L. Royden 
[51],, based on the Riemann-Roch theorem, T.W. Gamelin & M. Voichick proved the 
followingg result: 

Theoremm 4.9 ([19]). The Blaschke product I is extremal if and only if MD(S)+2n = 
m. m. 

Inn particular, using only the fact that an extreme point has a finite Blaschke product 
ass its inner factor (as shown by Forelli), Gamelin h Voichick also arrived at Forelli's 
upperr bound ( y) for the number of zeros of an extremal Blaschke product. They 
provedd that this upper bound is also sharp. 

Theoremm 4.10 ([19]). The H1-closure of the set of extreme points in the unit ball 
ofof i f  X(Q) is the collection of all functions in H1^) that have unit norm and no more 
thanthan  ̂ zeros. 

Theree is a special type of finite domains where the zero sets of extreme points can be 
describedd explicitly, namely the so called real slit domains. 

Definition .. Let C*  be the extended complex plane. Any domain 1Z of form C* \ 
(f ii  U  U Im+i),  where h, h,-  Jm+i are disjoint, bounded and closed intervals in 
RR is called a reai slit domain. 

Theoremm 4.11 ([19]). Let 71 be a real slit domain and let z\, Z2,.  zn be points of 
1Z1Z (not necessarily distinct). Then the Blaschke product with zero set z\, z2, , zn is 
extremalextremal if and only if: 
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 n < — and 

 for all i,j:  Zi ̂  ~zj. (In particular, none of the Zi is real.) 

Proof.Proof. Because the meromorphic function - ^ - +  is bounded and real-valued 
onn &R, C R, we see that no zeros of an extremal Blaschke product are conjugated. 
Conversely,, if the sequence Zi,Z2,... ,zn satisfies the two conditions, the proof of 
Lemmaa 4.14 below readily shows that the function f{z) = c(z — Z\)(z — z?)  (z — zn) 
iss exposed, hence the Blaschke product with zero set z\,Z2,...,zn is extremal. D 

4.44 Strong exposedness and the location of zeros 

Inn this section we investigate exposed and strongly exposed points in the unit ball of 
i/1(f2).. We give several examples and criteria for (strongly) exposed points. Also we 
showw that the non-trivial properties of strongly exposed points in Hl (D) (for example: 
Z/Mnvertibilityy on the boundary) do not translate to finite domains. Finally, we again 
lookk at the zero sets of extreme points and the question of divisibility of extreme 
functionss by functions of the form (1 + w)2, where u is a non-constant inner function. 

Usingg the Hahn-Banach theorem it is again easy to show that if ƒ is an exposed point 
off  the unit ball of Hl{Q), then the exposing functional L for ƒ is unique and given 
by: : 

L.geHL.geH11^  ̂ f gJ-da. 
JmJm l/l 

Hence,, like iï1(Z>), a function ƒ in the boundary of the unit ball of if 1 (£2) is exposed 
iff  and only if it is rigid:  apart from (positive) constant multiples of ƒ there is no 
iï^-functionn with the same argument a.e. (da) on dQ. 

Wee recall the following criteria for rigidity of H1 (-D)-functions which carry over to 
finitefinite domains word for word: 

 If ƒ € if 1 and l/f e H\ then ƒ is rigid (Theorem 3.5). 

 If there is a g e H°° such that Re(fg) > 0 a.e. on dfl, then ƒ is rigid (Theorem 
3.6). . 

 If u is a non-constant inner function such that f/(l + u)2 is in H1, then ƒ is 
nott rigid (or ƒ = 0). 

AA priori the first two conditions can only be used to demonstrate rigidity of outer 
functions.. In both cases | ƒ | cannot be too small near the boundary of Q: if ƒ satisfies 
thee second condition, then \jf G H1~£(dQ) for all e > 0, so ! / ƒ is "nearly" in H1. 
Wee will extend the first condition to allow for exposed points with zeros on Q. 

Propositionn 4.12 ([5]). If f is extreme in H1^) and l/\f\ e L^dfi ) then f is 
exposed. exposed. 

Proof.Proof. We remark that l/\f\ G Ll occurs precisely when the outer factor F of ƒ is 
invertiblee in MHl(U). Suppose g G H1 has the same argument as ƒ a.e. on dQ. 
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Lett M be the meromorphic function g/f. Near <90, away from the zeros of ƒ that 
is,, IMI 1/2 admits a harmonic majorant, and the boundary values of M are positive 
a.e.. on d£l. By a local version of Lemma 3.4 (the result that a H1/2-function extends 
holomorphicallyy across any subarc of T where it is positive; cf. [31],[20], page 95, 
exercisee 2.13), applied to M and subarcs of each of the boundary curves of fl one 
obtainss that M extends holomorphically across the boundary of Q. In particular, M 
iss bounded near dQ. Because the inner part of ƒ is extremal it follows that M is a 
positivee constant. In other words, g is a constant multiple of ƒ so ƒ is rigid. D 

Thee following theorem can be proved by a minor adaptation of the proofs of Theorems 
3.77 and 3.8. 

Theoremm 4.13. Let f be a function in Hl(Q). Then ƒ is strongly exposed in the 
unitunit ball of H1 if and only if f is exposed and L ° ° - dist(f/\f\,H°° + C(dü)) < 1. 

Beloww we will use this result only for functions ƒ for which f/\f\ is continuous, in 
whichh case the proof of strong exposedness can be simplified using the fact that H1^) 
hass a predual of continuous functions on Ü ([2],[16],[63]; compare with Corollary 3.12). 

Throughoutt the remainder of this chapter, the domain TZ wil l be the unit disc D with 
mm disjoint closed intervals I\, h,  Im C (—1,1) deleted. For convenience we assume 
thatt the origin is contained in 7£. The finite domain TZ is conformally equivalent to a 
reall  slit domain. Let us recall that a Blaschke product with zero set z\,Z2,...,zn in 
TZTZ is extremal if and only if n < y and Zi^~z] for all i,j (4.11). 

Notee that on T \ {i}  the function (z + i)2 has the same argument as iz so (z + i)2 is 
nott rigid in ^(D). 

Lemmaa 4.14 ([5]). For all m > 2, the normalized function f(z) = c(z + i)2 is 
stronglystrongly exposed in the unit ball of Hl(TZ). 

Proof.Proof. Suppose g g H1 has the same argument as ƒ a.e. on dTZ, and set h = g/f. We 
definee h(z) = h{l/~z) for z € C* (the extended complex plane) and 1/z € TZ. Because 
h*h* > 0 a.e. on T and because 1 // is locally bounded on T \ {-i},  Schwarz reflection 
acrosss T gives that h extends holomorphically across T \ {—i} . Thus we obtain a 
holomorphicc function h on C \ {—i} with 2m slits in R deleted, that is bounded at 
infinity .. We will refer to this domain as 72-2  Note that g = hƒ is holomorphic on 7^; 
actually,, g is regular at —i as well. Recall that a.e. on T, (z + i)2 and iz have the 
samee argument. By the above reasoning g(z)/iz extends across all of T, so the same 
appliess to g. We conclude that h has a pole of order 2 or less at — i. 
Nextt we will show that h extends across the 2m slits. Pick one of these and extend 
itt to infinity from one side. Applying a square root, the resulting domain can be 
mappedd biholomorphically onto the right half plane with a finite number of slits in 
(0,, 00) deleted. Under composition with this nice biholomorphic map, h goes over 
into,, say, /i2, a function that is in Hl near the imaginary axis. Almost everywhere 
onn the image of the (half-open) slit we picked out, hï is positive. By reflection, h2 

extendss holomorphically across this open arc in the imaginary axis. Going back to 
IZ2,IZ2, and varying over the slits, h is easily seen to be continuous at all endpoints of 
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thee 2ra slits, as well as on the interior of the slits, in the sense that 

h+(x)h+(x) = lim h(z), h-(x) = lim h(z) 

aree well-defined continuous functions on R, that are nonnegative on the slits. 
AA priori, it is not obvious why on the interior of a slit h+(x) = h-{x) should hold. 
(Indeed,, the function ƒ is not exposed when m = 1; see also Theorem 4.15 below.) 
Lett k(z) = {h(z) - h(z))2. Then k is meromorphic on U2, bounded at infinity, 
continuouss on R, and its only singularities are poles found in  By Morera's theorem, 
kk is meromorphic on C, and for some polynomial p of degree 8 or less: k(z) = 
p(z)/(zp(z)/(z22 + l ) 4. But k has zeros at each of the Am endpoints of the slits and (double) 
zeross at , so k vanishes everywhere. 
Thiss shows in particular that h+ = h-, and another application of Morera's theorem 
yieldss that h is meromorphic on C, bounded at infinity, and it can only have a pole 
att z = -i. By the relation h(z) = h(z), h is regular at z = —t, so h is a constant C. 
Itt follows that g = Cf: ƒ is exposed. 
Finally,, it is easy to see that 7/1/I is continuous on dQ, so by Theorem 4.13, ƒ is 
stronglyy exposed. C 

Remark.. The technique of the proof of the Lemma readily shows that if m > k + 1, 
thenn the normalized function f2k{z) = c(z + i)2k is strongly exposed in the unit ball 
off  H1^). In particular we see that there exist strongly exposed points in the unit 
balll  of Hl(K) that are "small" on the boundary: l/|/2fe| £ L^^i&Jl). 

Wee recall that for ƒ = ƒ  F to be an extreme point the only requirement is that the 
innerr part ƒ of ƒ is an extremal Blaschke product - a generic zero set ; "most" of 
thee properties of the function ƒ then follow from its outer factor, i.e., the size of | ƒ | 
onn the boundary d$l. It is reasonable to ask whether exposedness is also essentially 
aa property of the outer factor. We make this question precise in the following sense: 
iff  ƒ e Hl is a rigid outer function, I is an extremal Blaschke product on Q, and g 
iss invertible in MH°°{U) and such that Ig € H°°(fl) (a single valued function), is 
thee extreme point Ig  f/\\Ig  f\\i also exposed? (Compare with the first example in 
Sectionn 3.1.) Proposition 4.12 tells us the answer is yes if l/f € ^{dU). However, 
wee wil l demonstrate that in general the answer is no. 

Next,, we recall that if ƒ is divisible in H1 by (1 + u)2 for some non-constant inner 
functionn u, then ƒ is not exposed. As we explained Section 3.1, Inoue [29] proved 
thatt the converse of this statement does not generally hold for H1 (D)-hmctions. 
Surprisingly,, for finite domains, the existence of extreme points with zeros leads to 
(another)) reason for failure of sufficiency of this criterion for exposedness. 

Wee combine these two results in the following theorem. 

Theoremm 4.15 ([5]). For m = 3, there exists £e1l such that the function 

f{z)=c{z-i){zf{z)=c{z-i){z + if 

isis extreme in the unit ball of Hl{R), but not exposed. For all non-constant inner 
functionsfunctions u on 7Z, ƒ / (! +u)2 is not contained in Hl(Q). 
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Proof.Proof. We wil l explain how to construct non-trivial H1 (R.) -functions with the same 
argumentt as ƒ a.e. on dU, for suitable £ e H \ R. 

Forr the moment, assume we have such a function #, and let h(z) = g(z)/f(z). 
Supposee the three slits are the intervals [xi,  Ï/I] , [x2,2/2], [a?3.2/3]- By the arguments in 
thee proof of Lemma 4.14, h extends meromorphically to C minus 6 slits in R, its only 
singularitiess being poles of order 1 (or less) in £ and 1/f, and a pole of order 2 (or less) 
inn —i. Again the functions h+,h- are continuous on R and coincide on 7tC\R. Let 
k(z)k(z) — (h(z) - h(z))2. As before, k extends holomorphically across the slits, and is 
thereforee meromorphic on C, bounded at infinity, and its only singularities are poles 
off  order 2 (or less) in f, £, l/£, 1/f, and poles of order 4 (or less) in ; k has zeros at 
thee 12 points xf1, yf1, and double zeros at . Hence, for some constant A < 0: 

k(z)k(z) = Mz - xi)(z -yi)---(z ~l/x3)(z- l/y3)(l - z2)2 

(11 + z2Y{z - Q2(z - 02( 1 - ^ ) 2 ( 1 - iz)2 " 

Inn our approach A will be non-zero, and we may then assume without loss of generality 
thatt A = - 1 . 

Define e 

« < * > = ii - *vsf '  y^vi (*  -*> <* - IM €H°°
wheree the sign is to be chosen to make q(i) < 0. The function h wil l now satisfy the 
relation n 

h{z)-h^)h{z)-h^) = ^ l = . (43) 
(ii  + * 2 ) 2 ( * - 0 ( s - 0 ( 1 - £ * ) ( ! - £ * ) 

Becausee for all z € T (z - 0 (1 - \z)/z > 0, the right hand side of (4.3) is (indeed) 
negativee on the upper half of the unit circle, and positive on the lower half of the unit 
circle,, minus the point —i. 

Similarr considerations will show that the function h(z) + h(z) is meromorphic on C, 
itss only singularities being poles in , l /£, 1/f. There exists a polynomial p(z) 
off  degree 8 (or less) for which 

P(z) P(z) h(z)h(z) + h(z) = 
(l(l  + z2)2(z-t)(z-0(l-Zz)(l-Zz) 

Because_pp is symmetrical with respect to the unit circle and the real axis, we find 
a,pa,p e D, and a positive constant C such that 

p(z)p(z) = C(z - a){z - a) (l - az){\ - az)(z - f3){z - 0)(1 - #e)(l - (3z). (4.4) 

Therefore, , 

2h(z)2h(z) = P(* )+ j ( * ) ( 4 5 ) 

(z-0(z(z-0(z + i)2 

p(z)p(z) + q(z) 1 

(z-O(z-i)(z-O(z-i)22 ( 1 - £ * ) ( ! - £ * ) 
(4.6) ) 
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Wee are nearly done if we can find a, (3, £ for which the term in square brackets is in 
HHll(l£).(l£). For this we need to ensure that p(z) + q(z) has a double zero at i, and next, 
aa zero (£) on 71 \ R, implying our choice of £. 

Thee two equations 

p(i)p(i) + q(i) = 0 (4.7) 

p'(i)+q'(i)p'(i)+q'(i)  = 0 (4.8) 

aree reduced to the single condition 

p{i)p{i)  q{i) ' 
(4-9) ) 

byy choosing C > 0 appropriately (recall that q(i) < 0). 
Noww p{z)/q(z) is negative on the upper half of the unit circle, so {p(z)/q{z))'(i) is 

real.. In other words, ^M- - ^M e R, which means that the equation for the imaginary 

partt of condition (4.9) is trivially satisfied ($t(p'{i)/p(i)) = %(q'(i)/q{i)) = -4 i ) . 
Explicitt calculation shows that 

pWW _ 3ta(l + M2) S/?(l +\P\2) 
p(i)p(i) (1 - |a|2)2 + 4(3fo*)2 + (1 - |/?|2)2 + 4(5R/3)2' 

I tt is easy to see that a »-  9fc*(l + |a|2) / ( ( l - |a|2)2 + 4(5fta)2) maps D onto R. We 
cann therefore choose /3 arbitrarily, and find ae D such that (4.9) holds. Now fix any 
suchh a, p. 

Soo far we have established that the function 

p(z)p(z) + q(z) 

(ii  + * 2)2(*-0(*-OU-£*)(!-£* ) 
iss regular at z = z, real-valued on T \ {— i}, positive on the lower half of the unit circle 
minuss —i, and bounded below on &R, n {$z > 0} . 

Thus,, for large K > 0, the function 

2\2 2 p{z)p{z) + q(z) + Kz2(l + z2) 

{l{l  + z*y{z-0{z-l){l-iz){l-iz) 

wil ll  be strictly positive on &R, \ {-i},  and regular at z = i. (Of course, the func-
tionn p{z) + Kz2(l + z2)2 is again of the form (4.4), with (apparently) better suited 
parameterss a, (3, C than those we have chosen, while condition (4.9) is still satisfied.) 

Byy the argument principle applied to the function 

p(z)+q(z)p(z)+q(z) + Kz2(l + z2)2 

z* z* 

thatt is positive on &R, \ {i} , with a double zero at i, we conclude that p(z) + q(z) + 
KzKz22{\{\  + z2)2 has three zeros on K. Pick any of these, and call its conjugate £. We 
claimm that £ £ R. For p(z) + Kz2{\ + z2)2 is nonnegative on R, and q{z) <E z(R \ {0} ) 
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Let t 
__ p(z)+q(Z)+Kz2(l + z2)2 1 _ ™ , _ 

9{)9{)~~ (z-D(z-iF (l-tz)(l-t*)€ {Y 

Thee functions ƒ and g have the same argument on 71 \ {—i}, which implies that ƒ is 
nott rigid. Because the inner part of ƒ is the extremal Blaschke product with zero at 
£,, ƒ is extreme, however. 
Byy Lemma 4.14, (z + i)2 is rigid. We conclude that if u is any non-constant inner 
functionn on ft, {z + i)2/{\ + u{z))2 £ H1 (71), hence also (z - £ ) (*  + *) 2/(l + «(z))2 £ 
HHXX{JV).{JV). This concludes the proof. D 


