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Modelling phase change with a 
consistent boundary condition 

Abstract 

With the introduction of an energy conserving dissipative particle dynamics (DPD) scheme, simulations 

of the thermal behaviour of complex fluids at hydrodynamic time scales became possible. In this chapter 

it is demonstrated that a different equation of state allows performing simulations of the phase change 

of materials. We indicate that thermal accurate simulations with a constant temperature boundary con

dition at high overlapping coefficients are only possible, if a newly developed consistent boundary 

condition is used. 

This Chapter has been published as: S. M. Willemsen, H. C. ƒ. Hoefsloot, D. C. Visser, P. ]. Hamersma, and P. D. ledema (2000). 
"Modelling Phase Change with Dissipative Particle Dynamics using a consistent Boundary Condition", ƒ. Comp. Phys., VaHl), 
385-394. 
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2.1 Introduction 

Dissipative Particle Dynamics has been introduced [1] as a method to simulate com

plex fluids. The idea is to simulate the motions of a collective of molecules (called 

fluid particles) rather than separate ones, which is common in Molecular Dynam

ics. The interaction between the particles exists not only through a conservative 

force, but also by a drag and a random force, springing from Brownian dynamics. 

With this choice of forces, this simulation method acts in the mesoscopic regime, 

and the hydrodynamic behaviour of complex fluids can be modelled. It can solve 

a variety of systems, ranging from suspensions [8] to dilute polymer solutions [10]. 

Also, phase separation has been studied using standard DPD [4], or a combination 

of DPD and advanced Monte Carlo techniques [7]. Besides these applications the

oretical progress has also been made. Espanol and Warren [3] derived the proper 

relationship between the interacting forces. Subsequently, Espanol [2] and Marsh 

et al. [25] proved the true hydrodynamic behaviour of DPD. 

The original method [1] could only simulate isothermal systems and consequently 

was not able to simulate heat transfer problems. Avalos and Mackie [17] and 

Espanol [16] solved this simultaneously by introducing an internal energy vari

able and a temperature for every particle. In this chapter we have extended this 

model to allow for a phase change within the DPD simulation. In the next sections 

the model will be introduced together with a new, consistent boundary condition. 

Finally, the results of the phase change DPD scheme are presented. 

2.2 Theory 

In this section the theory of energy conserving dissipative particle dynamics will be 

explained. Subsequently, the necessary conditions to simulate a phase change will 

be presented. 
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2.2.1 Energy conserving DPD 

Dissipative Particle Dynamics is a technique for simulating complex fluids at hy-

drodynamic time scales. The DPD scheme consists of the calculation of the position 

and momenta of interacting (fluid) particles over time. The energy conserving form 

also introduces an internal energy and a temperature for every particle. 

The equations of motion of these particles with positions rt(t), and momenta pi(t) 

is given by: 

drt = Vi dt 

dvt Oii 1 
Tc 

rij - y i j U J D ( T i j ) ( r i j • Vijjrtj 
v (2- 1) 

d t + CTijCURtTijjG^îij 

where a ĵ is the maximum repulsion between particle i and], rtj =ri—r J 7 rLi = | r t j | , 

îii = rij/l rij!/ and rc is the cut-off radius. The second and third parts result from 

dissipative and random interactions, with vtj = vt — Vj, cu(rtj ) is a weight function 

which tends to zero for r —> rc , and 9^ is a random number with zero mean and dt 

variance. 

In the original DPD algorithm the friction coefficient y^ and the noise amplitude 

cry were assumed to be identical for all particles and these parameters were re

lated to the temperature through a fluctuation-dissipation theorem a1 = 2Ty [3]. 

Since in energy conserving DPD every particle may have a different temperature, 

Espanol [16] suggests to keep the noise amplitude constant for all particles and to 

determine the friction constant from the fluctuating temperatures: 

^ r 1 11 
(2.2) Yij = 

1 1 

where Tt is the temperature of particle i. 
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Then the evolution of the internal energy et is given by: 

„-1 Y_ ["JD îjJYijfVij -fij)2 - ofjCulfTij)] d t - Y_ fij"'R(nj)(Vij -fijie 
j i 

+ ^ K ü f — - —J CUTp(Tij)dt+ Y «ijt"TR(Tij)8ii 

(2.3) 

The upper part of this equation is related to viscous heating of the particles, while 

the lower part is related to the conduction of heat, K^ represents a thermal conduc

tivity that depends on the temperature and internal energy of particles i and j and 

follows from [16]: 

K Tj + Tj Cj + £j 
Cii " A2 2 2 

(2.4) 

Here, À is the average distance between particles, and K is the thermal diffusivity. 

Finally, the detailed balance condition requires that oÄ = 2KIJ, and the following 

relationship between the weight functions [3]: 

CUR(TIJ ) = tU D (Ti j ) 

(2.5) 
CUTR(Tij) = tUTD(Tij) 

In this chapter the following weight function is used: 

cuTD = ^ J ( 1 +3-1(1 - - ) 3 (2.6) 

This weight function is normalised to one over the density when integrated over r. 

2.2.2 Phase change DPD 

In the previous section the energy conserving DPD model was described, which 

until now has been used for one-phase calculations only. In this case it may be 

assumed that the material has a constant heat capacity, independent of the internal 
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energy. Espanol [16] suggests the following equation of state: 

T ( e ) = ~ (2.7) 

with Cv the heat capacity of the substance to be simulated. 

In the case of a material that undergoes a phase change, three stages can be defined. 

First the material is solid (with a solid heat capacity), then the solid will melt, and 

finally the material is completely liquid (with a liquid heat capacity). In the melting 

stage, a change in energy (as calculated with Eq. 2.3) is not used to increase the 

internal energy e but employed to overcome the melting enthalpy L. So, in the case 

of melting the total energy is the sum of the internal energy and the melting energy: 

E = e + H. The temperature of the particles can now be determined from the level 

of the total energy: 

c^ - H = 0 

T(E) = 4 0 < H < E (2.8) 

Tm+E-L
c

T;f'" H>L 

where CV)S and Cv,i are the solid and liquid heat capacities, Tm is the melting tem

perature and L is the enthalpy of fusion. This equation of state is similar to the 

enthalpy method [26] commonly used in phase change problems. 

To investigate whether this equation of state, together with the energy conserving 

DPD model presented in the previous section, will properly simulate the phase 

change of a material, the model will be tested against an analytical solution of a 

well known problem [19]. Generally, these problems are fairly simple and consider 

a one dimensional phase change by heat conduction only. This implies that only 

the last two terms of Eq. 2.3, describing the evolution of energy, will be employed. 

Physically this means that particles are on fixed positions during the simulation. 
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2.3 Simulations 

In this section results of the simulation of phase change DPD will be shown. First, 

the mapping of the thermal diffusivity emerging from the energy conserving DPD 

model is shown. Then a novel boundary condition method is explained. Finally, the 

simulation results of the phase change DPD model are compared with the results 

of the analytical solution. 

2.3.1 Mapping the thermal diffusivity 

An important aspect of applying DPD to realistic science problems, is the transla

tion and mapping of the DPD parameters on physical parameters. As explained 

before, one of the parameters in the energy conserving DPD model is the thermal 

diffusivity K. In the article by Ripoll et al. [27] this parameter is mapped in the 

following way: a simulation is performed until a steady-state profile is reached 

between two thermal baths. Subsequently, the heat flux is calculated for different 

thermal gradients. From a plot of the heat flux versus the imposed thermal gradi

ent, the slope, representing the thermal diffusivity, is determined. Unfortunately, 

many simulations have to be performed to determine the thermal diffusivity. Fur

thermore, our aim of energy conserving DPD is to perform time dependent DPD 

simulations, which a phase change problem is by definition. It is not demonstrated 

that this is possible in an accurate way, if the thermal diffusivity is determined from 

a steady-state solution. 

In this chapter, the thermal diffusivity is determined from (in principle) a single 

simulation. The system we chose will now be described. Suppose a solid body 

occupying the space from x = 0 to x = oo is initially at temperature T0. At time 

t = 0, the temperature at x = 0 is raised to Ti and kept at this temperature. Heat will 

penetrate the solid body by conduction only. The differential equation governing 

this one-dimensional problem is: 

at ox^ 
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with a the thermal diffusivity of the solid. The solution of this problem (see for 

instance [28]) is: 

T-Tp = 1 2 

Ti - To \/7t 
exp(-riz)dri = 1 - e r f ( ^ = ) = e r f c ( ^ = ) (2.10) 

o V4at V4at 

The thermal diffusivity can now be found instantly from a single energy conserving 

DPD simulation by fitting this formula onto a simulated temperature profile, at a 

certain time. 

Standard boundary condition 

The analytical solution given in the previous section is strictly valid only for an in

finite system, but for short times it represents finite systems well. The simulations 

of Eq. 2.3 with the equation of state of a solid (Eq. 2.7) are performed on a system 

with size 1 0 x 5 x 5 , containing 1250 particles. The boundary conditions are im

posed, as suggested by Ripoll et. al [27], through an extra layer (size rc = 1.0) of 

particles in which the particles are kept at a constant temperature. After simulating 

a certain time t, with a given thermal diffusivity i<, the results are used to perform a 

non-linear Least Squared fit (using the Levensberg-Marquardt method), to find the 

thermal diffusivity a as used in Eq. 2.10. 

In Figure 2.1 results of these simulations are depicted for two simulation times. 

The temperatures are determined by averaging over bins that divide the x-axis. It 

is clear from this figure that the boundary condition at x = 0 is not reproduced cor

rectly. Instead of remaining at the desired temperature (T = 2.0), it starts with a 10% 

difference (of the imposed temperature gradient), while moving to the true value 

as time progresses, but never reaching it completely. This behaviour was never 

observed by Ripoll et al. since their work focused on low overlapping coefficients 

s = rc/À. The temperature slip can be explained as follows. Consider the system 

after it has reached steady-state at the correct boundary value. In this situation 

the heat flowing to a particle equals that flowing from a particle. In the middle of 

the simulation box this condition is satisfied as the temperature profile is a straight 
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line. Focusing on the particles close to the boundary, a straight temperature profile 

is now only possible at low overlapping coefficients. At higher overlapping coef

ficients (and thus many particles in the boundary), the temperature profile has a 

slope within the simulation box, but is flat inside the boundary. Thus, a particle 

near the boundary loses a lot of energy to the particles towards the middle of the 

simulation box, while gaining hardly any energy from the boundary. Therefore, the 

steady-state temperature of the particles near the boundary is lower than intended. 

* » ™ % Ä . - . . . 

Figure 2.1: Average temperature of the particles in the 40 bins dividing the x-axis. 

The error bars are determined by repeating the simulation five times. Two simulation 

times (solid line ti = 10 and dashed line t2 = 40) are plotted. The close-up shows 

the non-averaged temperature of every particle close to the wall. 
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Consistent boundary condition 

It is clear that the implementation of boundary conditions, as used until now, do not 

impose the desired constant temperature correctly. The explanation of the incorrect 

implementation of the boundary condition given above immediately leads to the 

solution of the problem. Obviously the particles near the boundary should still be 

subject to a heat flow from the boundary even when they have reached the bound

ary temperature. This is achieved by copying all the particles within a distance rc 

from the boundary into the extra layer. They are given the same ij, z-position, and 

their x-position is mirrored with respect to the x-position of the boundary. The tem

perature of the particles is changed in such a way that the average temperature of 

the original and the mirrored particle is equal to the desired boundary temperature 

(see Figure 2.2). In this case T = 2 at x = 0 and T = 1 at x = L. 

• • < > 

Tw = T, wall 

T 

0\ 
CK 

O, 
ö. 

rc 

T w - PT - T 
' i — ^ ' wall ' i Q 

O 
0̂ 

Q 
Q 

rc 

Figure 2.2: Illustrating the placement and température choice of the boundary parti

cles. On the left the old model, with a constant temperature for all the wall particles. 

On the right the new implementation, with positioning mirrored from the particles 

in the simulation box, and a modified temperature. The dotted line represents the 

desired temperature profile. 
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In Figure 2.3 simulation results are shown after the implementation of the new 

boundary condition. The resulting boundary temperature is now reproduced cor

rectly. A minor drawback is the occurance of stronger fluctuations at some distance 

from the boundary as compared to the original boundary condition. This is caused 

by the mirroring of the particles, leading to an increase in density fluctuations near 

the boundary. These higher density fluctuations give rise to larger fluctuations in 

the temperature at some distance from the boundary. However, at the boundary 

the temperature fluctuations are smaller than with the previous method. 

Figure 2.3: Average temperature of the particles in the 40 bins that divide the x-axis 

using the consistent boundary condition. The error bars are determined by repeating 

the simulation five times. Two simulation times (solid line ti = 10 and dashed line 

t2 = 40) are plotted. The close-up shows the non-averaged temperature of every 

particle close to the wall. 
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Results from the time dependent fit 

The time dependent heat transfer problem, described by Eq. 2.10, can be correctly 

simulated with the consistent boundary condition. From these results it is possible 

to determine the thermal diffusivity a. A graph is constructed to prove the possi

bility of determining the thermal diffusivity as described before. A simulation is 

performed on a system with size 40 x 5 x 5, containing 10000 particles. At a few 

time intervals the temperature profile is plotted. 

With the temperature profile of the first time interval, the thermal diffusivity a is 

determined. This value of a is used to predict the temperature profile at the other 

two time intervals. As can be seen from Figure 2.4 the agreement between the sim

ulations and the predicted temperature profile is good. Notice that in this case only 

a single temperature profile has been used to determine the thermal diffusivity. 

But to gain some insight in the accuracy of this value, it can be determined from 

» • i i I i 1 

1.8 -

• Ä -

1.6 _ 

QV\ 
® \ ^ \ 

1.4 

8A\ 
-

8A\ 
- - fit 
— prediction -

1.2 
8A\ O time = 125 

D time = 250 -
A time = 450 

1 )ÙÙÙÛÙÛÙÙi} wm-
10 20 

X 
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Figure 2.4: Average temperature of the particles in the bins that divide the x-axis. 

The symbols represent the simulation results and the lines give the prediction based 

on the fit performed on the first temperature profile. Three simulation times (\ 25, 250 

and 450) are plotted. 
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temperature profiles at different simulation times. 

A kinetic theory based prediction (Ripoll et al. [27]) is given for the dependence of 

the thermal diffusivity on the overlapping coefficient and the thermal diffusivity R: 

Q = 2 4 K 
(2.11) 

Using the thermal bath approach Ripoll et al. found that the thermal diffusivity 

approximates the theoretical prediction for higher s-values, but never reaches it 

completely. Therefore, with the novel boundary condition several simulations have 

been performed at different overlapping coefficients. In Figure 2.5 the results from 

these calculations have been plotted, as well as the theoretical prediction and the 

original data of Ripoll et al. It can be seen that the theoretical and simulation results 

agree for sufficiently high values of the overlapping coefficient. 
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Figure 2.5: Thermal diffusivity for different values of the overlapping coefficient 

with the consistent boundary conditions (closed symbol), and the original data from 

Ripoll et al. [27] (open symbol). Also the kinetic theory based prediction is shown 

(solid line). 
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2.3.2 Phase change DPD 

In this section the phase change DPD scheme, as developed in section 2.2.2, will be 

tested. 

Description of the analytical model 

Freezing and melting has been described by Stefan [18] in the context of polar ice 

thickness prediction. Neumann [19] extended the mathematical description of the 

Stefan-problem to the following test case. Suppose a solid body, occupying the 

space from x = 0 to x = oo, is initially at temperature T0, lower than the melting 

temperature Tm of the substance. At time t = 0, the temperature at x = 0 is raised 

to Ti, above Tm, and kept at this temperature. A melting front X with temperature 

Tm will move into the solid. To describe the temperature evolution mathematically, 

two heat conduction equations similar to Eq. 2.9 are required: one for the liquid 

region, occupying space between x = 0 and x = X(t), and one in the solid region 

x > X(t). Solving these equations requires an additional boundary condition: 

, 3T , 3T T dX ,„.,„, 
k s - r - = k l — + Lp— (2.12) 

ox ox at 

with ks and kj. being the thermal conductivity of the solid and liquid respectively 

(assumed to be equal in this case), p the density, and L the enthalpy of fusion. This 

boundary condition states that the melting rate is equal to the difference of heat 

flow towards and from the melting front. The solution of this problem is expressed 

in terms of the moving interface position: 

X ( t ) = 2 £ V ô ï t (2.13) 

the temperature in the liquid phase: 

T - T , e r f f^f r - ) 

T m - T , " erf(t) 

and the temperature in the solid phase: 

T - T p = e r f c t ^ ) 

(2.14) 

(2.15) 
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The variable £, in these equations is the root of 

Cv>i(Ti — Tm) Cv,s(T,n — TojycLJ 

exp(^)erf(^) y z ü e x p ( ^ ^ ) e r f c ( ^ 
LE,y/n (2.16) 

In the next section, the results from phase change DPD simulations will be com

pared with the results from these analytical solutions. 

Results 

For short times, the analytical solutions given in the previous section can be com

pared to simulations performed in a finite system. The simulations of Eq. 2.3 with 

the equation of state incorporating phase change (Eq. 2.8) are performed on a sys

tem with size 40 x 5 x 5, containing 10000 particles. The enthalpy of fusion L = 106, 

Cv_s = CVil = 106, K = 1.0 and Tm = 1.5. 

In Figure 2.6 results of these simulations are depicted for three simulation times. 

Good agreement between the simulations and the analytical results is found. At 

the melting temperature (Tm = 1.5) a discontinuity in the temperature profile is 

observed. This is caused by the removal of heat that is used for melting the mate

rial, in accordance with Eq. 2.12. Notice that for these simulations no fitting was 

required. The thermal diffusivity has been determined from the one-phase simula

tions. The position of the melting front is determined by monitoring the x-position 

of the melting temperature in time. In Figure 2.7 this is shown together with the 

analytical solution. Again the agreement is very good. 

From these two graphs it can be concluded that the described extension to the orig

inal energy conserving DPD scheme can be used to successfully perform phase 

change calculations. 



2.3 SIMULATIONS 23 

Figure 2.6: Average temperature of the particles in the bins that divide the x-axis. 

The symbols represent the simulations and the solid lines are the analytical results. 

Three simulation times (50, 200 and 500) are plotted. 

— analytical 
O simulation 

200 300 

time 

500 

Figure 2.7: Evolution of the melting front in time. The symbols represent the simu

lations while the solid line is the analytical solution. 
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2.4 Concluding remarks 

In this chapter, the possibility to simulate phase change with DPD has been pre

sented. To achieve this, an extension to the original energy conserving DPD has 

been proposed. In order to properly account for the different phases involved, i.e. 

solid, liquid and melting states, the equation of state has been divided into three 

parts. Concerning our objective to perform accurate time dependent calculations 

it was found that the commonly used implementation of a constant temperature 

boundary condition could yield incorrect results at high overlapping coefficients. 

A new consistent boundary condition has been introduced and applied success

fully for all overlapping coefficients. 

In conventional DPD simulations the problem of wall-slip has first been noticed by 

Revenga et al. [29]. Our new approach to implement boundary conditions can also 

solve this problem, as will be shown in the next chapter. 


