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Chapterr  7 

AA Useful Approximatio n for  Computing the 
Continuumm Polarization of Be Stars 

(acceptedd by ApJ, January 26, 2001) 

ABSTRACT T 

Thiss paper describes a practical model for the polarization of Be stars 
whichh can be used to estimate roughly the physical parameters for opti-
callyy thin circumstellar envelopes from broad band UBVRI photopolarime-
tryy data. Analysis of long term variability in terms of these parameters is 
aa promising approach toward understanding the Be phenomenon. An inter-
estingg result from fitting the model to observations of eight Be stars is that 
alll  of them may have geometrically thin disks, with opening half-angles on 
thee order of ten degrees or less. This contributes to the growing evidence 
thatt most Be disks are geometrically thin. 

1.. Motivatio n 

Thee idea that the Ha emission lines of Be stars originate from an equatorially flattened 
circumstellarr envelope or disk has now been directly verified by interferometric imaging 
(Quirrenbachh et al. 1997). The related explanation of the linear polarization of Be stars 
ass due to scattering of the starlight by free electrons in the disk was also confirmed, 
becausee the observed position angle of the polarization was found to be perpendicular 
too the direction of elongation of the disk as projected onto the plane of the sky. It 
iss this apparent asymmetry of the scattering region that results in a net polarization, 
byy defeating the cancellation which would take place if there were identical scattering 
subregionss in adjacent quadrants of the projected disk (see Fig. 1). 

AA thorough historical review of both observation and theory of polarization in Be stars 
wass given by Coyne & McLean (1982). Since that time the major observational devel-
opmentss in the field have been increased spectral resolution by spectropolarimetry and 
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Fig-- 1-— Scattering geometry in the disk of a Be star, illustrating by extremes how the net 
polarizationn depends on the orientation of the disk on the sky. In the upper sketch the disk is 
viewedd pole-on, with angle of inclination to the line of sight i = 0°, while in the lower sketch 
thee disk is viewed equator-on, with i = 90°. Double arrows show the direction of vibration 
off  the electric field of starlight scattered in the disk. For the pole-on case cancellation occurs 
betweenn adjacent quadrants of the disk, and the net polarization is zero because the electric 
fieldss of the scattered light are perpendicular. When the disk is viewed equator-on there is no 
cancellation,, so the observed polarization is a maximum. 
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extensionn of the wavelength coverage into the ultraviolet by space-based observations 
(Bjorkmann 2000). Theoretical analysis and modeling of the continuum polarization has 
progressedd through increasingly generalized treatments, including the depolarizing effect 
off  the finite size of the star and the effect of occultation of the scattering disk by the star 
(Brownn & Fox 1989; Fox & Brown 1991; Fox 1991; Fox 1994; see also Cassinelli, Norsieck, 
&&  Murison 1987, hereafter CNM; and Brown, Carlaw, & Cassinelli 1989). Bjorkman & 
Bjorkmann (1994) extended the single scattering calculations to include attenuation and 
emissionn within the envelope. Hillier (1994) developed a numerical method to solve the 
polarizedd radiation transfer equation, while Wood, Bjorkman, Whitney, & Code (1996) 
appliedd a Monte Carlo computational scheme to simulate the polarization by tracing 
stellarr photons in their interactive paths through the circumstellar envelope. 

Onee may wonder, then, if there is anything new to be learned about Be stars from 
continuedd broadband polarimetry. An excellent example is the recent work of Yudin 
(2001),, who studied a sample of 627 Be stars to explore the statistical correlations 
amongg polarization, rotational velocity, and near IR excesses. And even though we now 
havee firmer knowledge of the disk characteristics, including temperature, density, and 
geometry,, broadband polarization monitoring is still a primary source of information on 
thee variability of these quantities over time scales of years to decades, which are typical 
off  the most fundamental aspect of the Be phenomenon: the unpredictable transition 
fromm the normal B phase to the Be phase and back again, associated with the formation 
andd dissipation of the circumstellar envelope. 

Thiss paper attempts to establish a simple and approximate, but nevertheless serviceable 
approachh to the modeling and analysis of UBVRI polarimetry data to derive the basic 
envelopee parameters. Tracing the observed variability in terms of these parameters still 
promisess to give valuable hints about the nature of the unknown processes involved in 
thee Be phenomenon. 

2.. A Spherical Sector  Envelope Model 

Figuree 2 shows the geometry of the circumstellar envelope model adopted for this study. 
Introducedd by Kruszewski, Gehrels, & Serkowski (1968) to investigate the polarization of 
redd variables, it was later used by Brown & McLean (1977) to illustrate their theoretical 
formulationn of the polarization by electron scattering in a Be disk. Its shape may be 
describedd as an axially symmetrical sector of a sphere, with a wedge-shaped cross section 
openingg outward at half-angle a. 

Forr small opening angles the spherical sector is a good representation of an equato-
riall  disk, with the advantage of being mathematically suited for spherical coordinates. 
AA basic starting point is to assume the disk is pure hydrogen with uniform electron 
temperaturee Tc, extending to infinite distance (Re —  oo in Fig. 2) from a central star of 
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radiuss R*, with electron number density Ne given by a radial power law with exponent 
77: : 

NNee(r)(r)  = N0e  . (7.1) 

Fig.. 2.— Cutaway view of the spherical sector model adopted for the circumstellar envelope. 

Waters,, Coté, & Lamers (1987) derived values of 2.0 < 77 < 3.5 for some of the stars also 
studiedd in this paper using thee slope of the infrared continuum from IRAS observations, 
butt the spherical sector model with Re -> 00 has the peculiarity that the disk mass is 
infinit ee unless 77 > 3.0. In what follows, the symbol 77 will be retained for generality, but 
777 = 3.1 is used as a representative mean value in all the numerical computations. 

3.. An Approximation for the Gray Polarization 

Accordingg to Fox (1991) except for a sign error in the first argument of the beta function 
B,B, the net polarization of light from a central star due to scattering of photons by free 
electronss (Thomson scattering) in a surrounding envelope may be roughly approximated 
forr the specific case of the infinite spherical sector geometry as 

3 (77-1)__ / 7 7 -1 3 \ . o 2 

PoPo = 16 B \—^-,-JTesmacos'asmzi, (7.2) 

wheree i is the angle of inclination of the rotation axis of the star to the line of sight and 

£N£N0e0e(^Ya(^Yaeedr dr 
NoNoeeaaeeR,R, .„ 

——— (finite only for 77 > 1.0) (7.3) 
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iss the total radial optical depth for electron scattering in the equatorial plane of the 
sphericall  sector in terms of the Thomson scattering cross section 

*-¥(£)"
Equationn (7.2) is only a single scattering approximation, based on the assumption that 
thee disk is optically thin and neglecting multiple scattering. It includes the finite source 
correction,, but not the correction for occupation. For TJ = 3.1, Figure 11 of Fox (1991) 
showss that the finite source correction reduces the polarization by a factor of about 0.66 
withh no dependence on a or i, while Figures 18 and 21 show that occultation further 
reducess the polarization by another factor which varies from about 0.80 to 1.00 over the 
fulll  range of a and i. This means that in the worst possible case the model presented 
heree may overestimate the polarization by some 25%. 

4.. Includin g the Wavelength Dependence 

Soo far the calculated polarization has no dependence on wavelength, since it comes from 
puree electron scattering. However, neutral hydrogen in the envelope absorbs some light 
bothh before and after scattering, and the envelope emission (which is treated-here as 
unpolarizedd and is not considered to scatter) dilutes the polarization. It is therefore 
necessaryy to include these wavelength-dependent effects, since they combine to produce 
thee slope of the continuum polarization and the well known abrupt changes in the 
polarizationn at the H I ionization series limits, as first demonstrated by Capps, Coyne, 
&&  Dyck (1973) and later refined by McLean (1979). 

Assumingg LTE ionization fractions and level populations, equation (7.5) gives the total 
wavelength-dependentt opacity K(A) per gram of neutral hydrogen in the ground state 
(Allerr 1963). Co is a fixed numerical factor, X{n) is the ionization energy from level 
nn in units of kTe, and C8e is the correction factor for stimulated emission. The three 
individuall  terms in the equation are a summation over the ionization edges of the first 
sevenn discrete energy levels, an integrated term for the combination of all the remaining 
levels,, and a free-free absorption term (with Gaunt factors taken to be unity). See 
Appendixx A for a discussion of NLTE corrections. 

jEV+W^afe 1*-''  (75) 

where e 
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27r2mee
4 4 

and d 

C,cc = ( l - e - f e c/ A f c T « ). (7.8) 

Iff  the free electron number density Ne(r) and the electron temperature Te are known, 
thenn the number density iVi(r ) of neutral hydrogen atoms in the ground state can be 
foundd from the Saha equation: 

NAr)NAr) = - N2(r)exW 
1K)1K) {27rmekTe)V*  A > 

== Noi ( ^ ) " , (7.9) 

where e 

Thee total radial optical depth for neutral hydrogen absorption in the equatorial plane 
off  the spherical sector is therefore 

f°°f°° /P \2T} 

T.(A )) = J K(X)mHNoi(^j dr 

==  ^ ^ (finite only for , > 0.5), (7.11) 

whichh acts as a wavelength-dependent attenuation factor to reduce the gray polarization. 

Thee volume emission coefficient of the envelope is 

j(X,r)j(X,r) = mHK(X)N0i (^\ ' B ( A ) , (7.12) 

where e 

D , nn 2/ic2 

B ( A )) = A» (e^W , !) ( ™ ) 
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iss the Planck function (not to be confused with the beta function in §3). The total 
luminosityy of the envelope is then 

L(X)L(X) =  4TT / ƒ / j(A,r)r 2 sm$drdOd<f> 
JoJo Ji-a JR. 

2T/-3 3 

2**  f%+(* /*oo 

NoimNoimHHK(X)B{X)HiK(X)B{X)Hi sin a (finite only for rj  > 1.5), (7.14) 
16*22 „ , _ 3 

whichh together with the stellar flux F*(A) produces a further wavelength dependence of 
thee polarization. Theoretical values of the stellar flux F*(X) are taken from tabulated 
modell  atmospheres by Kurucz (1994). 

Withh the wavelength dependence included, our polarization estimate may now be writ-
tenn as 

*A)=ï+ïfeswJ'' (7'15) 

Itt should be emphasized that this equation is only an approximation (even if the disk 
iss optically thin), since it includes neither the contribution of scattering of the disk 
emissionn to the polarization nor attenuation of the direct starlight by the disk. Also 
thee neutral hydrogen opacity is treated in a very crude way, using only the maximum 
radiall  optical depth in the equatorial plane. 

Itt may be of interest to calculate the total mass of the disk, which can be done approx-
imatelyy by simply counting pairs of electrons and protons under the assumption that it 
consistss purely of fully ionized hydrogen: 

[2ir[2ir  r f + a roo /p \i) 
MM = / mHN0el — J r2 sm$drd$d<f> 

47TT o 

NQNQ€€mmHHRlRl sin a (finite only for r\ > 3.0). (7.16) r j - 3 3 

5.. Synthesizing Broadband Data 

Adjustmentt of the envelope parameters in the theoretical model to give results con-
sistentt with observations might be expected to yield valuable information about the 
naturee of Be disks. To compare with observations on the Johnson-Cousins UBVRI sys-
tem,, it is first necessary to convolve the theoretically estimated polarization p(A) from 
equationn (7.15) with the bandpass characteristics of the optical system. 

Ass a first approximation, let us assume Gaussian filter transmission curves based on the 
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standardd UBVRI wavelengths and fwhm (Bessell 1979), which are closely matched by 
thee system actually used for the observations (see Table 1). 

Givenn the central wavelength Ac, the standard deviation a can be calculated from the 
fwhmfwhm T since T = 2.354 a for a Gaussian distribution, so that the transmission function 
mayy be written as 

Thee theoretical total flux F(X) is due to the stellar component F*(A) plus the envelope 
component: : 

F(X)F(X) = F.(A) + L(X)/(4irRl). (7.18) 

Convolvingg the polarization in terms of flux with the transmission function, where Amin 

andd Amoa. are, to a realistic approximation, the 10% response points, we find a theoretical 
expressionn for the expected polarization over the given bandpass: 

P(BP)P(BP) = ^A~Am<n v J v ' v ' . (7.19) 
Ö f e u,, F(A)T(A)AA 

6.. Adjustable Parameters &  Model Fits 

Withh the model in hand, an interactive graphical computer interface was designed to 
alloww adjusting the input parameters by trial and error to fit UBVRI polarization mea-
surementss (McDavid 1999) of eight Be stars. Solutions obtained this way should be 
viewedd with some caution since they may not be unique: different geometrical distri-

Tablee 1. Filter System Parameters 

Filter r 

U U 
B B 
V V 
R R 
I I 

Effectivee Wavelength 

(A) ) 

3650 0 
4400 0 
5500 0 
6400 0 
7900 0 

Bandpasss (fwhm) 

(A) ) 

700 0 
1000 0 
900 0 

1500 0 
1500 0 
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buttonss of scatterers can produce the same net polarization. Moreover, given the gross 
approximationss involved, only order-of-magnitude results should be expected. 

Thee model disk has three adjustable parameters: the maximum electron number density 
JVoe,, the angle of inclination i of the rotation axis to the line of sight, and the opening 
half-anglee a. Additionally required fixed parameters for each individual star are the 
radiuss #*, the effective temperature T*, and the surface gravity log g, which were 
estimatedd from Table 1 of Collins, Truax, & Cranmer (1991) based on spectral types 
fromfrom Slettebak (1982). The electron temperature of the disk was then fixed at Te = 
0.755 T*  and the appropriate Kurucz flux table chosen to match T*  and log g. 

Thee fixed disk temperature T€ affects the wavelength dependence of the polarization 
throughh its influence on the neutral hydrogen opacity by setting the degree of ionization 
andd the populations of the excited states (eq. [7.5]). It influences not only the hydrogen 
absorptionn optical depth (eq. [7.11]), but also the disk luminosity (eq. [7.14]), which is 
anotherr contributor to the wavelength dependence of the polarization. As a result, Te is 
importantt in determining the polarization Balmer jump and the slope of the polarization 
overr the Paschen continuum, both of which generally increase at lower temperatures. 
Appendixx A explains the NLTE corrections to the level populations which are necessary 
too fit  these features for some of the program stars. 

Itt is instructive to summarize individually the effects of the three adjustable parameters 
onn the behavior of p(A) according to equation (7.15). 

(1)) The overall degree of gray polarization is directly proportional to Neo through the 
factorr re in equation (7.2). However, simply increasing Neo does not always result 
inn an overall polarization increase, because it also increases the attenuation and adds 
too the wavelength dependence of the polarization through r0(A) (eq. [7.11]) and L(X) 
(eq.. [7.14]). 

(2)) The earliest basic electron scattering models (e.g. Brown & McLean 1977) gave a 
sin22 i dependence of the polarization on i, and further refinements have not qualitatively 
changedd the simple picturee of Figure 1 in which a face-on disk shows no net polarization 
becausee of symmetrical cancellation, while the maximum asymmetry of an edge-on disk 
resultss in the maximum polarization. It may seem likely that i is poorly determined in 
thiss model since the same polarization might be obtained, for example, by decreasing 
ii  while increasing a, keeping Neo constant. Experiments do not bear this out, though, 
becausee a thicker disk has a higher luminosity, which changes the wavelength dependence 
off  the polarization enough to ruin the fit  (eq. [7.15]). Another helpful constraint on i is 
thee presence or absence of shell lines, which are thought to be absorption features in the 
spectrall  line profiles due to circumstellar material in the line of sight for nearly edge-on 
equatoriall  disks. Since Be stars are generally rapid rotators, spectroscopic measurement 
off  the projected rotational velocity v sin % can also suggest roughly the value of i. 

(3)) Figure 3 shows how the model polarization p3 in the B passband varies as a increases 
fromfrom 0° to 90° using a typical set of parameters. The polarization first rises as the 
wideningg disk presents an increasing number of scatterers, then begins to decline due 
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too the buildup of enough density at high latitudes to cancel the polarization from the 
equatoriall  regions. The model of Waters & Marlborough (1992) also shows this behavior, 
whichh becomes of practical concern because the hump-shaped graph allows for both a 
"thickk disk" and a "thin disk" solution, producing identical polarization at a values 
onn opposite sides of the peak. For equal densities, however, the thick disk will  have 
aa higher luminosity than the thin disk, giving the polarization a recognizably different 
wavelengthh dependence. 

3.5 5 

3.0 0 

2.5 5 

g 2 ° ° 
m m 
°-- 1.5 

1.0 0 

0.5 5 

0.0 0 
00 15 30 45 60 75 90 

aa (deg) 

Fig.. 3.— The dependence of the model blue polarization pB on the opening half-angle a of the 
diskk using a typical set of parameters. 

Figuress 4-11 present possible (but not necessarily unique) model fits for the eight pro-
gramm Be stars, with the parameters summarized in Table 2. The observational data 
points,, plotted as open squares with vertical error bars, are intrinsic polarization, cor-
rectedd for the interstellar component by Stokes vector subtraction (McDavid 1999). 
Thee corresponding model result is plotted as a solid line, using open circles for the 
broadbandd values with horizontal line segments to show the filter passbands. Several 
additionall  quantities derived from the model are also included in Table 2 for each fit: 
thee maximum polarization pmax and its wavelength \(pmax), the maximum of the H I 
absorptionn optical depth Tamax and its wavelength \(Tamax), the electron scattering 
opticall  depth re, the total envelope mass M, and the NLTE departure coefficients 62 

andd b3 for the populations of the first two excited states of the neutral hydrogen in the 
disk.. Refer to Appendix A for a discussion of NLTE considerations. 
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Fig.. 4.— Fit of a spherical sector disk to the UBVRI polarization of 7 Cas. 
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Fig.. 5.— Fit of a spherical sector disk to the UBVRI polarization of <j>  Per. 
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Fig.. 6.— Fit of a spherical sector disk to the UBVRI polarization of 48 Per. 
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Fig.. 7.— Fit of a spherical sector disk to the UBVRI polarization of C, Tau. 
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Fig.. 8.— Fit of a spherical sector disk to the UBVRI polarization of 48 Lib. 
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Fig.. 9.— Fit of a spherical sector disk to the UBVRI polarization of x Oph. 
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Fig.. 10.— Fit of a spherical sector disk to the UBVRI polarization of ir  Aqr. 
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Fig.. 11.— Fit of a spherical sector disk to the UBVRI polarization of o And. 
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7.. Test of Accuracy 

Sincee the model presented here is such a crude approximation, it is important to com-
paree its results with those from a more sophisticated model to investigate, at least 
qualitatively,, the accuracy we can expect. The Monte Carlo code of Wood, Bjorkman, 
&&  Bjorkman (1997, hereafter WBB) is one such standard, and it is based on the same 
sett of input parameters except that the density input is the electron scattering optical 
depthh rather than the electron number density, which requires only a minor conversion. 
Ideallyy we would like to determine WBB fits to the program star observations, and then 
quantitativelyy evaluate the simplified model by direct comparison of the fit  parameters. 
Unfortunately,, because of the slow convergence of the Monte Carlo method, deriving 
aa WBB fit is a complex process requiring substantial amounts of cpu time even on a 
fastt computer. Otherwise there would be no reason for interest in the kind of quick 
approximationn that is the subject of this paper. 

Forr the time being, though, we can at least make use of the existing WBB fit to C Tau. 
Figuree 12 shows examples of p(A) for the quick approximation (solid line with broad 
bandd filter points marked by open circles) compared to the full optically thick multiple 
scatteringg WBB simulation (dashed line connecting filled circles). Errors in the WBB 
dataa points are on the order of 0.03%, limited by computing time. The observed UBVRI 
dataa are plotted as open squares with error bars. Using the parameters it» = 5.5 RQ, 
T**  = 19,000 K, Te = 15,000 K, a = 2?5, and i = 82?0 from the WBB solution as input 
too both models, the six plots show what happens as re is increased by steps from 0.10 
too 3.00 (the best fit  value according to WBB). 

Thiss test shows that the optically thin approximation agrees quite well with the WBB 
calculationn up to and including an optical depth of 1.00. It is also encouraging that 
forr C Tau the best fit  of the approximate method as shown in Figure 7 and Table 2 
hass AU = 4.20 x 1012 cm-3, which is well within the range of 2.38 x 1012 < JV0c < 
7.544 x 1012 cm"3 found by Waters, Coté, & Lamers (1987) in their infrared study. 

However,, it must be noted that there is a possibly serious disagreement between the 
WBBB model and the simplified model presented here with regard to the best fit  values 
off  T€ and a for < Tau. While the WBB disk (re = 3.00 and a = 2?5) is optically thick 
butt geometrically thin, the simplified model disk (re = 0.65 and a = 6?0) is optically 
thinn and geometrically thicker (although it still qualifies as "geometrically thin"). 

Inn Figure 12 the approximate model fails to produce a polarization large enough to fit 
thee observations of C Tau by increasing re at constant a because it becomes dominated 
byy H I opacity. As shown in Table 2, this problem is seemingly avoided by increasing 
aa instead of re, but the resulting optically thin solution could possibly be ruled out on 
otherr grounds, such as the associated infrared emission as discussed by WBB. This is 
onlyy one cautionary example emphasizing the importance of independent observational 
consistencyy checks in the interpretation of Be-star polarimetry data. 
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Fig.. 12.— A comparison of the simple approximation (solid line with open circles) against the 
WBBB solution (dashed line with filled circles) for a range of electron scattering optical depths 
r e .. The observational data points for £ Tau are shown as open squares. 
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8.. Conclusion 

Inn summary, the model presented here appears to give reasonable results for optically 
thinn cases, but we should only trust it for order-of-magnitude accuracy because it is 
basedd on so many simplifying assumptions. Even so, it may be useful for estimating 
triall  values of the parameters as starting points for rigorous fitting with more elaborate 
models. . 

Ann interesting result from applying the model to observations of the eight program stars 
iss that all of them may be fit with geometrically thin disks, with opening half-angles of 
tenn degrees or less. This adds tentative support to the statistics in favor of thin disks 
ass presented by Bjorkman & Cassinelli (1990) and later discussed at length by WBB. 
Iff  most Be disks prove to be similarly flat, it wil l surely have important implications 
concerningg their formation process. 

I tt may seem discouraging that this model will never find optically thick solutions even if 
theyy physically exist. And with three adjustable parameters, there might be any number 
off  apparently valid optically thin fits to a set of UBVRI data points, rendering the entire 
exercisee inconclusive. Nevertheless, there are good reasons for a more optimistic point 
off  view. Due to the efforts of many investigators, as documented, for example, in 
thee references in §1 of this paper, the range of physically allowable parameters has been 
narrowedd significantly. And within even the most liberal of these constraints, experience 
withh a quick, interactive trial-and-error system based on even the elementary physics 
presentedd here wil l show that it is surprisingly difficult to find multiple solutions with 
qualitativelyy different sets of parameters. I wil l be glad to share my IDL modeling 
programm with interested users on request. 

Thankss to Joe Cassinelli for critical reading and commentary on early drafts of this 
paper,, and especially for suggesting a method to estimate the NLTE departure coeffi-
cientss for the neutral hydrogen in a Be disk. Kenny Wood and Barbara Whitney also 
providedd very helpful discussions, and Jon Bjorkman kindly gave me a version of the 
Montee Carlo polarization code. I especially thank the anonymous referee for point-
ingg out many serious errors in the original manuscript and for patiently explaining the 
necessaryy corrections. 

A.. APPENDIX 
Estimatingg the NLTE Departure Coefficients 

Fitss to the polarization Balmer jump were difficult and in some cases impossible without 
NLTEE corrections to the level populations of the first two excited states of H I. According 
too the combined Saha and Boltzmann equations, the maximum population of the first 
excitedd state normally occurs at a temperature of about 10,000 K and declines rapidly 
towardd higher temperatures with increasing excitation and ionization. At temperatures 



Computingg the Continuum Polarization of Be Stars 143 

closerr to 20,000 K appropriate for Be disks, the LTE value of the absorption coefficient 
att the 17-band is sometimes too small to match the large polarization Balmer jumps 
whichh are commonly observed. NLTE correction is applied only to the first two excited 
statess because they dominate the opacity at optical wavelengths for the conditions of 
densityy and temperature of interest. 

Sincee only averages over a line of sight are required for this very approximate polarization 
model,, departure coefficients were simply estimated from the calculations of CNM. 
Theirr Figure 3 shows mean population parameters qn for n = 2 and n = 3 defined by 

J~gn( r , j ; )Jv>--
InNLTBInNLTB - f£N*dr 

JZNndr JZNndr 

IZ^dr' IZ^dr' 
(Al ) ) 

basedd on the detailed NLTE analysis of a stellar wind immersed in the radiation field 
off  a central star, with statistical balance between photoionization and radiative recom-
bination.. The departure coefficient for level n is then the ratio of the NLTE and LTE 
valuess of qn . 

Thee calculation ofqnLTE is done as follows: "Ci" 

JJ Nn(r)dr = n2NoiexW-xWJ f ^ J dr 

2T]2T] — 1 

and d 

/•ooo /»oo / p \ 2tj 

/,, *> - *>L (T) * 
NlR. NlR. 'Oe e 

2*7-11 ' 
(A3) ) 

soo that 

QnLTEQnLTE — 
f£Nf£Nnndr dr 

i V0e e 

== (27rmefcTe)-
1-5/i3n2eJf<n). (A4) 

^ l n 2 e X ( n ) - X ( l ) ) 

#0e e 
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Thee population parameters ^NLTE
 m&  %NLTE

 ma¥ be estimated by extrapolation 
off  power law fits to the disk temperatures (10,000-20,000 K) and mass-loss rates (~ 
1 0- 88 MQ yr'1) characteristic of Be stars, based on Figure 3 of CNM: 

Ï2NLTEÏ2NLTE = L H x 10-8 J "2 ' 8 3, (A5) 

Q3NLTEQ3NLTE = 4.59 x 1 0 -1 3T " 2 0 2. (A6) 

Thee approximate departure coefficients are then 62 = Q2NLTE/Q2LTE an  ̂ &3 = 
Q3NLTE/Q3LTE*Q3NLTE/Q3LTE* S°

 t n a^ the corrected level populations are roughly N2NLTE = 62 X 

N2LTEN2LTE and NZNLTE = 63 X NZLTE- These correction factors are applied to the appro-
priatee terms in the summation inside the parentheses in equation (7.5). The corrected 
formm of K{\) is used only in calculating the absorption optical depth and not in cal-
culatingg the emission coefficient, since recombination and free-free emission are LTE 
processes. . 
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