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CHAPTER 1

INTRODUCTION

1.1 MOTIVATION

Many different areas of physics can be described using the same equations and
the same methods from theoretical physics. In condensed matter systems, such
as superconductors, superfluids and Bose-Einstein condensates, at temperatures
down to 100nK and high energy systems, such as the formation of the quark gluon
plasma and the electroweak phase transition at a temperature of 1015K, very similar
phenomena play a role, which are described in terms of universal concepts, such as
the Higgs mechanism.

We are particularly interested in the description of non-equilibrium and non-
perturbative effects that play a role, such as phase transitions. This severely re-
stricts the applicability of many of the standard physical tools such as perturbation
theory, or imaginary time Monte Carlo simulations. In order to describe the afore-
mentioned phenomena, one has to resort to approximations, which are still able to
describe the non-perturbative and non-equilibrium aspects. The study of one of
those, the Hartree approximation will be the topic of this thesis.

Besides the aforementioned systems, there are many more in which the methods
described and studied here, can be applied. Since our main motivation comes from
the early universe, we will give a very brief overview of some of the main events
in its history. A standard reference is still [1], although the latest results are not
described.

1.1.1 HUBBLE EXPANSION

The discovery by Edwin Hubble that the further away stars and galaxies are, the
faster they move away from us, and its logical implication, that the universe is
expanding, has resulted in the Hot Big Bang model, in which the early universe is
extremely hot, dense and rapidly expanding. The further one goes back in time, the
hotter and denser it becomes. In this process several phase transitions have been
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2 1.1 MOTIVATION

crossed of which the electroweak, already mentioned above, is just one. We will
discuss a few of them in a little more detail in the next sections, going backwards
in time.

1.1.2 THE COSMIC BACKGROUND RADIATION

One of the last important phase transitions occurred when the universe was about
300 000 thousand years old and had a temperature of 3500K, i.e. 0.3eV . At that
point in history the electrons and nuclei (mostly just protons) combined to neutral
atoms. This temperature is considerably lower than the naive estimate of 13.6eV ,
the ionisation energy of hydrogen, due to the small number of protons compared
to photons, which will be discussed later. Till this point in the thermal history, the
nuclei and electrons formed a hot plasma, in which the mean free path for pho-
tons is extremely short. Since the universe suddenly became neutral, the photons
could travel almost freely and have done so ever since. Because of the expansion,
their wavelength has also expanded, about a factor of thousand. Today they are
still “visible” as the Cosmic Microwave Background Radiation (CMBR), which has
a thermal spectrum with a temperature of 2.73K (due to the interaction with the
matter the photons acquired a black body spectrum which, except for the charac-
terizing temperature, is invariant under the expansion). Apart from being direct
evidence for the hot and thermal nature of the early universe, it also provides very
important information about the universe in the 300 000 years previous to its de-
coupling: it has such a strong interaction with the matter in the universe, the spa-
cial inhomogeneities of the universe at the time of recombination left their imprint
on the CMBR. By measuring in the sky the angular correlations in the CMBR and
comparing them with predictions from different cosmological models, such as in-
flation, one can differentiate between them. See also (the introduction of) Ref. [2]
and references therein.

1.1.3 BIG BANG NUCLEOSYNTHESIS

Although the universe was not transparent before the decoupling of photons, there
is direct experimental evidence of the Hot Big Bang model dating from as early as
the first three minutes, from a period in which the temperature lowered from 1 to
0.1MeV (from 1010 till 109 K). In that (very short) period the protons and neutrons
in the universe bound together in nuclei. Up to that point the reaction rates for

n � p+ + e− + νe (1.1)
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were in chemical equilibrium and the ratio of the proton and neutron densities
satisfied

Np

Nn
∝ e−Δm/T , (1.2)

where Δm is the mass difference between the proton and neutron. At temperatures
higher than this mass difference, the densities are almost equal. Simultaneously, the
processes of binding nucleons into nuclei and the opposite, in which the nuclei fall
apart again, are also in equilibrium, as in (1.1). However, because of the higher mass
difference, free nucleons are highly favoured. At some point the rate of the weak
interactions driving (1.1) lacks the Hubble expansion rate and the proton/neutron
ratio almost “freezes-out”. This happened at a temperature T ≈ 0.8MeV . Shortly
after, around T ≈ 0.3 − 0.1MeV , the reaction rates for the binding of protons and
neutrons into nuclei, favours nuclei instead of free nucleons and almost all of them
bind into nuclei of the light elements: nucleosynthesis. The abundances of these
light elements, mainly helium, can be calculated and are very accurately repro-
duced by the experimental data. Only one free parameter is needed, the ratio of
the net number of baryons (i.e. baryons minus antibaryons) over photons. This is
a remarkable success of the Hot Big Bang model and puts it on a very firm experi-
mental basis all the way back to times of around 1 minute.

The actual value of the free parameter

η =
nb − nb

nγ
(1.3)

lies somewhere in the range 1.55 · 10−10 . . . 4.45 · 10−10. The fact that it is so small
is the main motivation for baryogenesis, which is discussed in the next section.
For a recent review on Big Bang nucleosynthesis (BBN) and its consequences see
Ref. [3, 4].

1.1.4 BARYOGENESIS

The fact that η is so small has led to the idea that in the beginning of the universe
it may have actually been zero, i.e. all energy resided in photons. However, that
would mean that in a later stage an asymmetry between the number of baryons
and antibaryons must have been created, baryogenesis. As it turns out, there are
three necessary and sufficient conditions, formulated by Sakharov [5], for baryoge-
nesis and all three already are present in the Standard Model (the model describing
the elementary particles and their electromagnetic, weak and strong interactions).
One of the three conditions states that the baryon number should be non conserv-
ing. At low temperatures, the baryon-number is (almost) conserved, the lifetime
of a proton is many times longer than the age of the universe. However, at high
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temperatures, this is no longer the case. This has to do with the Higgs mecha-
nism, giving all particles their mass. At a temperature of 100GeV , there is a phase
transition at which (coming from low temperatures) the vacuum expectation value
(v.e.v.) of the Higgs field goes from a finite value to zero. In the Higgs mechanism
all masses are proportional to this v.e.v. and therefore all particles become massless
above this electroweak phase transition. Furthermore, due to the vanishing of the
Higgs v.e.v., the number of baryons is no longer conserved, any asymmetry exist-
ing above this phase transition, will be washed out. It is therefore most logical that
the baryogenesis process took place around the electroweak phase transition. In
order for a sufficient number of baryons to be created the phase transition has to
be strong enough, the v.e.v. has to jump sufficiently fast from zero to a finite value.
Unfortunately, it seems this is not the case in the Standard Model. Extensions of
Standard Model, in which it is sufficiently strong are under very active investiga-
tion. A recent review of the status of electroweak baryogenesis can be found in
Ref. [6, 7].

1.1.5 QUARK GLUON PLASMA: HEAVY ION COLLISIONS

As a final example in which phase transitions play an important role, we will briefly
discuss the formation of the Quark Gluon Plasma, at the deconfining phase transi-
tion (or the confining phase transition, when coming from high temperatures, such
as in the early universe). From lattice Monte Carlo simulations, it was predicted
that at a temperature of around 150MeV (≈ 1015K) a phase transition should take
place. At low temperatures, the strong force is confining: quarks and gluons attract
each other with a force which becomes stronger and stronger at larger distances,
i.e. at lower typical energies. At very high temperatures on the other hand, their
attraction weakens and the quarks and gluons are asymptotically free. From lattice
studies it was found that there should be a phase transition between the two phases
around T ≈ 150MeV . Above the phase transition, the quarks and gluons form a
plasma while below they are bound in hadrons, such as protons and neutrons.

Since the early universe also once had this temperature, one might hope that
experimental signatures can be found in e.g. the CMBR. However, it seems this
is not the case, all signatures are probably washed out. Fortunately, in contrast
to baryogenesis, the formation can actually be studied in the laboratory, by col-
liding heavy ions of gold, lead, or uranium, at very high speeds. Because of the
very high speeds the ions are Lorentz contracted to very flat “pancakes”. These
go through each other leaving behind a small, highly energised region filled with
quarks and gluons. Because of their interaction the energy is redistributed leading
to thermalization. If this thermalization process is sufficiently fast and to a high
enough temperature, a quark gluon plasma is formed. This in turn expands very
rapidly, similar to the early universe, thereby cooling and passing the confining
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phase transition, after which the quarks and gluons form hadrons, such as baryons
and mesons. One of the difficult but central questions is to find experimental signa-
tures which differentiate between a very hot gas of hadrons and a plasma of quarks
and gluons. After careful re-examination of many data sets, the CERN SPS has
found evidence for the formation of this plasma. Currently the RHIC accelerator
at Brookhaven is acquiring data, giving much more information and in the near
future, the LHC at CERN, will also start operating. For a review of evidence from
SPS and some of the results from RHIC see [8].

1.2 NON-PERTURBATIVE PHYSICS IN REAL TIME

In all the examples discussed in the previous section, non-equilibrium phenom-
ena such as phase transitions, played a crucial role. However, in many computer
simulations and analytical calculations people make use of the equilibrium aspects
by using the imaginary time formulation of quantum field theory. We will need a
real-time formulation to study the non-equilibrium aspects. Furthermore in non-
equilibrium processes it is not always possible to find a small parameter suitable to
make perturbative expansions.Thermal processes, for example, in which the field
can fluctuate from one classical minimum of the potential to the other, make non-
perturbative methods necessary. Finally, the inclusion of a chemical potential in
an imaginary time formulation forms a difficult obstacle for Monte Carlo simula-
tions. Using real-time simulations may thus also give an alternative for equilibrium
calculations.

1.2.1 APPROXIMATION SCHEMES

In order to do such calculations it is necessary to make approximations. One can
make use of the high temperature and make an expansion in 1/T . In the Bose-
Einstein distribution, for example, given by

n(ωk) =
1

eh̄ωk/T − 1
, (1.4)

the inverse temperature occurs in the same way as Planck’s constant and the lead-
ing behaviour in a large T expansion will be the classical behaviour. One can use the
classical equations of motion to describe the non-perturbative dynamics. It is not
necessary to have a thermal state in order for this approximation to be reasonable,
it suffices that the occupation numbers of the field quanta are large.

The classical approximation has given very useful results for the sphaleron rate
(see [9] and [10] for the status in one and three spatial dimensions), thermalization
after preheating [11, 12, 13], non-equilibrium electroweak baryogenesis [14, 15],
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as well as for studies of equilibration and thermalization [16, 17, 18]. With the
inclusion of fermions it has given encouraging results for finite density simulations
[19, 20].

As mentioned earlier, this approximation is reasonable when the occupation
numbers of the field quanta are large, but in field theory there are always modes
with which this is not the case. For instance, at high temperatures the low momen-
tum modes of the fields are highly occupied and follow the classical Boltzmann dis-
tribution, but at large momenta occupation numbers are low and the classical dis-
tribution differs significantly from the quantum Bose-Einstein distribution, thereby
giving rise to Rayleigh-Jeans divergences. To some extent these can be ameliorated
in scalar field theories [21, 22], but for gauge theories the problems are more severe
[23, 24, 25].

Another class of approximations are the large-n approximations, which have
been used for initial value problems, with O(n)-type models. In this approxi-
mation, which is good if n, the number of field components is large, the action
is expanded in the small parameter 1/n. The leading order has given useful re-
sults for the description of preheating dynamics in the early universe (see e.g. [26]
and references therein) and for the possibly disoriented chiral condensate in heavy
ion collisions [27, 28]. However, it is generally considered to contain insufficient
scattering for describing thermalization at larger times. This will be improved in
next order in 1/n, where scattering comes into play, but full implementation in
field theory is hard. Furthermore, within quantum mechanics one finds instabili-
ties [29, 30], and it has been argued that systematically correcting in 1/n does not
prevent the approximation to break down at times of order

√
n [31]. On the other

hand, Schwinger-Dyson-like approaches including scattering diagrams and 2PI Φ-
derivable approaches (see for instance Ref. [32, 33, 34] and references therein) ap-
pear to give more favourable results and have been found to lead to thermalization
in field theory [35, 36].

The leading order large n equations for the O(n) model are almost identical to
the Hartree approximation for the single component scalar field, and so the latter
approximation is also not considered to be able to describe thermalization. Yet, one
can improve on this by allowing the system to be arbitrarily inhomogeneous. This
has the effect that particle-like excitations can scatter through the intermediary of a
mean field fluctuating in time and space. This will be one of the main topics of this
thesis.

1.2.2 THE HARTREE VERSUS CLASSICAL APPROXIMATION

Let us first review the Hartree approximation. It describes the dynamics in terms
of a mean field and a two-point correlation function. It corresponds to a Gaussian
density matrix in field space, centred around the mean field with a width given by
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the two-point function (see e.g. [30]). The two-point function can be conveniently
described in terms of a complete set of mode functions. For a homogeneous initial
state the mean field is translationally invariant and the mode functions can be taken
in the form of plane waves labelled by a wave vector k. Typically, only mode func-
tions in a narrow |k|-band get excited by a time-dependent homogeneous mean
field, through parametric resonance or spinodal instability, see for example [37]
and references therein. The system equilibrates but does not thermalize in this ap-
proximation and particle distribution functions show resonance peaks instead of
approaching the Bose-Einstein distribution (see for example [38]). In order for the
system to thermalize, the particles should be able to scatter, while in the Hartree,
just as in the leading 1/n approximation no direct scattering is present.

We can improve on this however, by writing the initial density operator as an
ensemble of coherent states with generally inhomogeneous mean fields and two-
point functions, in this way we include indirect scattering via the modes of the in-
homogeneous mean field. Before explaining this approach in detail, let us first clar-
ify the motivation by comparing it with the classical approximation. Simulations
in this case indicate no problem of principle with thermalization (see [16, 17, 18]
for quantitative studies). Starting from an initial ensemble of classical field config-
urations ρc[ϕ, π, tin] (with canonical field variables ϕ and π), suitable observables
are found to become distributed according to the classical canonical distribution
exp(−βH[ϕ, π]). This distribution will not be reached starting with strictly homo-
geneous realisations, because then the dynamics is that of a simple system with
only two degrees of freedom, i.e. the spatially constant ϕ and π. As initial condi-
tions aiming at thermalization these are unsuitable realisations, even if ρc[ϕ, π, tin]
is homogeneous. The phase space distribution ρc[ϕ, π, t] may be homogeneous,
but realisations ϕ(x, t), π(x, t) are typically inhomogeneous. Viewing the Hartree
approximation as a semi-classical improvement, we may expect that thermalization
will improve if some analogies of classical realisations are used as initial states.

1.2.3 HARTREE ENSEMBLE APPROXIMATION

To implement the idea, we note that an arbitrary density operator can be formally
written as a superposition of Gaussian pure states:1

ρ̂ =

∫
[dϕ dπ] ρq[ϕ, π] |ϕ, π〉〈ϕ, π|. (1.5)

Here the |ϕ, π〉 are coherent states centred around ϕ(x) = 〈ϕ, π|ϕ̂(x)|ϕ, π〉 and
π(x) = 〈ϕ, π|π̂(x)|ϕ, π〉, and ρq[ϕ, π] is a functional representing the density oper-
ator ρ̂. We interpret the |ϕ, π〉〈ϕ, π| as “realisations” of ρ̂. The distribution ρq[ϕ, π]

1Operators are indicated with a caret.
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can be quite singular for non-classical states, but for suitable semi-classical states
or thermal states it is positive and intuitively attractive [39, 40].

A thermal state like exp[−βĤ] cannot be approximated very well by a Gaussian
if there are nontrivial interactions. For example, with a double well potential there
are in general multiple peaks in the field distribution, while a Gaussian has a single
peak. But if in the decomposition (1.5) a Gaussian state |ϕ, π〉〈ϕ, π| has a reason-
able weight, we can take it as an initial state and use the Hartree approximation to
compute the time evolution. We can then compute time averages (as long as the
approximation is good), and finally sum over initial states according to (1.5). Such
a description is semi-classical in so far as the mean field describes a near-classical
path and ρq[ϕ, π] is positive. But note that in the Hartree approximation the Gaus-
sian fluctuations (i.e. the modes comprising the two-point function, these are the
“particle-like excitations” alluded to above) influence the “classical” field, i.e. the
mean field of the “realisation”.

So the full expectation values now consist of a quantum average using the Gaus-
sian quantum density matrix |ϕ, π〉〈ϕ, π| and a classical average using the density
functional ρq[ϕ, π]. Even if the full expectation values describe a homogeneous
system, the realisations are in general inhomogeneous.

We have thus achieved four things. Firstly, we have made contact with the
classical approximation. If the mean field in a coherent state is large compared to
the width of the state, the Gaussian wave packet approximately follows a classi-
cal trajectory and the mean field can be thought of as a classical field. This then
suggests that the individual coherent states in the ensemble may be referred to as
“realisations”. However, by using an ensemble of coherent states rather than clas-
sical fields, we might have a much better description for those modes that have
low occupation numbers for which the classical dynamics is a poor approximation.
Secondly, we have expressed a (typically non-Gaussian) initial density operator in
terms of Gaussian states. These are optimal for the Hartree method, which we
want to use to approximate the dynamics of these states. Thirdly, the mean fields
in the individual coherent states are inhomogeneous, therefore the particles can inter-
act with the inhomogeneous mean field, such that the energy may get distributed
over the full momentum range. As we will see this leads to approximate ther-
malization in coarse grained distributions. Finally, there is another aspect which is
relevant in this context. When non-perturbative field configurations (domain walls,
skyrmions, sphalerons, kinks, etc.) play a role, these can be taken into account with
inhomogeneous background fields (i.e. mean field realisations).

As an example for the expansion (1.5), we derive ρq[ϕ, π] for a free scalar field
at temperature 1/β in Appendix 2.A. The canonical distribution

ρ̂ = exp(−βĤ[ϕ, π]),
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is represented as

ρq[ϕ, π] ∝
∏

k

exp
[
−(eβωk − 1)(π2

k + ω2
kϕ2

k)/2ωk
]
, (1.6)

where k labels the modes of the field with frequency ωk.
There is another possible application for this method. For thermal equilibrium

the functional ρq[ϕ, π] is time-independent but it is not known for interacting sys-
tems. If the time evolution could be followed exactly, we would be able to re-
construct its microcanonical version, assuming the system is sufficiently strongly
ergodic. With exact dynamics we can imagine starting from some initial ρq[ϕ, π]
which is reasonably close to the target distribution, wait for equilibration and sub-
sequently compute time averages over an arbitrarily long time span. With only
an approximation to the dynamics (Hartree), the distribution may deteriorate after
some time and we may have to stop and start again.

Crucial questions are now: does the system equilibrate sufficiently in the Hartree
approximation, such that results are insensitive to reasonable choices of the ini-
tial ρq[ϕ, π]? Does it thermalize approximately, e.g. do one-particle distribution
functions get the appropriate thermal forms? How long does it take for the ap-
proximation to break down? And if the answers to these questions are sufficiently
favourable, can we obtain a reasonable approximation to the target equilibrium
distribution at intermediate times starting with a convenient initial one?

1.3 OUTLINE OF THE THESIS

We will review the Hartree approximation in Chapter 2, deriving the equations of
motion for the 1+1 dimensional ϕ4 model, in terms of a mean field and mode func-
tions. These equations can also be derived from an effective Hamiltonian, which
will be presented. Furthermore this Hamiltonian possesses certain symmetries, fol-
lowing from the Hartree approximation, which lead to conserved charges. We will
derive the equilibrium states for the system, which motivate the introduction of
coarse grained particle numbers and frequencies, which will be the main observ-
ables used in this chapter. Since all our results are obtained using lattice field the-
ory, we will discuss some of the peculiarities. The numerical results shown in this
chapter will include a Monte Carlo, to verify the prediction of an approximate Bose-
Einstein thermal distribution in our interacting model and most importantly, we
will show that our Hartree Ensemble Approximation is capable of approximately
reaching this state. This chapter is based on [41], except for Section 2.6, which ap-
peared in [42] and Section 2.7.1, which appeared in [43].

In Chapter 3 we will further investigate the model, focusing on the different
time scales present. We will differentiate between weak and strong coupling. Fur-
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thermore we will show, that in 1+1 dimensions, the plasmon damping rate shows
a very different behaviour from that in 3+1 dimensions. We will perform a cal-
culation, and compare the results with our numerical simulations. Another topic
discussed in this chapter will be numerical optimisations of the method. The com-
putational cost of updating all the inhomogeneous mode functions is high, and
makes it practically impossible to go to higher dimensions. We will investigate the
possibility of reducing the number of modes and make a comparison with the limit
of no mode functions at all: the classical approximation. This chapter is based on
[43], except for Section 3.4, which appeared as two separate publications in [44, 45].

In Chapters 2 and 3 we mainly discussed the “broken phase” of the theory.
However, we also found that in many aspects the “symmetric phase” behaves quite
differently. This will be investigated in detail in Chapter 4, both numerically and
analytically. This chapter is based on [42].

The φ4 theory contains nontrivial topologically stable solutions, kinks. They
are the topic for the final Chapter 5. We will compare their dynamics in the Hartree
and classical approximations, starting from stationary or colliding kink antikink
configurations.


