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CHAPTER 3

STAYING THERMAL

In the previous chapter we introduced the Hartree ensemble approximation, which
allows for non-perturbative inhomogeneous field configurations, as well as for ap-
proximate thermalization. We studied this latter phenomenon starting from far
out-of equilibrium initial conditions. In this chapter we will further investigate the
approximation in order to determine the different time scales present in the theory.
We will therefore use ensembles with a free field thermal distribution as out-of-
equilibrium initial conditions. The time scale characterising the time for which the
system stays in approximate quantum thermal equilibrium is an indication of the
time scales for which the approximation method stays reasonable. In the range of
couplings and temperatures studiedi, it turns out to be two orders of magnitude
larger than the time scale for thermalization.

In order to obtain more information about the intermediate time regime, in
which the slower equilibration of the higher momenta takes place, but when the
system is still behaving as being in approximate thermal equilibrium, we will also
investigate the damping time, which has some unexpected features in 1+1 dimen-
sions.

The final topic addressed in this chapter will be methods to reduce the numeri-
cal cost of solving all the inhomogeneous mode functions. We will therefore study
the possibility of reducing the number of mode functions and its limiting case, the
the use of classical dynamics.

3.1 INITIAL CONDITIONS

In order to solve the equations of motion (2.18), we must specify initial conditions
for the mean field ϕ(i) and the modes f

(i)
α of the individual Hartree trajectories as

well as the weights pi of the Hartree ensemble (cf. Section 2.5). This amounts to
specifying the initial density operator ρ̂. As explained in the introduction, Chap-
ter 1, we use coherent (pure) states to represent the initial density operator, hence
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46 3.2 WEAK COUPLING

we use initial modes functions as in the vacuum state (with the initial particle den-
sity n0

α equal to zero), as in equation (2.82).
We will not choose the initial ϕ as far out of equilibrium as we did in Chapter 2,

where we took a superposition of only a few low momenta modes. Here we choose
the mean fields from an ensemble with a Bose-Einstein (BE) distribution for the ϕ

and π momentum modes as in (1.6),

pk(ϕk, πk) ∝ exp[−(eωk/T0 − 1)(π2
k + ω2

k(ϕk − δk0v)2)/2ωk]. (3.1)

Then the initial density operator is that of a free field thermal quantum ensemble
(cf. Appendix 2.A),

ρ̂ =
∏
k

∫
dϕkdπk pk(ϕk, πk)|ϕk, πk〉〈ϕk, πk| ∝ e−Ĥ0/T0 . (3.2)

It should be stressed that this ensemble is not in equilibrium, even though the
particle densities we compute from the initial conditions (after averaging over a
large number of realisations) have a BE distribution. This is clear, because the mode
functions do not contribute at all to the initial particle density. In each individ-
ual run we therefore expect quick excitation of the mode functions from their vac-
uum state, i.e. quantum particles will be created, using energy from the mean field.
Moreover we use the free field dispersion relation ω2

k = m2 + [2 − 2 cos(ak)]/a2

in the initial distribution (3.1), with the zero temperature mass m ≡ m(0). In ther-
mal equilibrium this should become the temperature dependent mass m(T) of the
quasi-particles. Nonetheless we expect that these initial conditions will lead to a
much faster thermalization than initial conditions of the form (2.95).

3.2 WEAK COUPLING

In the previous chapter, using the far out-of-equilibrium initial conditions (2.95), we
found that particles of increasingly higher energy are created and acquire densities
with a BE distribution. However, this thermalization progressed rather slowly to
high energies, such that the low momentum particle densities already started to
deviate from a BE distribution before particles with energies of a few times the
temperature could participate in the equilibrium. These two phenomena – particles
being created with densities that have a BE distribution and the gradual emerging
of equipartition-like features – will be investigated below using the thermal initial
conditions (3.2).

To probe the large time behaviour we shall use stronger coupling and higher
energy densities than in the previous Chapter 2. However, first we show results
at the same coupling as used there. The coupling constant λ/m2 = 1/2v2 = 1/12
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is in the “broken symmetry phase” of the model. We will use a somewhat smaller
volume Lm = 25.6, with a lattice cut-off 1/am = 10.

As before, we plot log(1 + 1/nk) rather than nk itself, because in this way a
BE distribution shows up as a straight line with a slope equal to the inverse tem-
perature. The scattering in the data points is due to the use of only a few Hartree
realisations (only two initial conditions). The result at low temperature, T0/m = 1,
is plotted in Figures 3.1a-c. It shows the evolution is very slow and there is hardly
a sign of emerging classical features even at the largest time tm ≈ 50 000. Even
though the particle distribution does not change, there is a persistent, slow transfer
of energy from the mean field into the modes. At tm = 200, 50% of the energy is
still in the mean field, at tm = 6000 this has dropped to 25% and at tm = 50 000 it
is still some 15%. The effective mass stays roughly constant, m(T)/m ≈ 0.94, which
is consistent with the prediction from the effective potential for T0/m = 1.

At higher temperature, T0/m = 5, but with the same weak coupling, there is
again a wide window in which the particles have a BE distribution without signif-
icant distortions, see Figures 3.1d-f. However, we see classical-like features emerg-
ing for tm � 4000: compared to the BE distribution, the low momenta modes
become under-occupied, while the high momenta modes become over-occupied.
We find that, at the latest time tm ≈ 50 000, the distribution for ω/m � 7 can be
described reasonably well with an ansatz nk = c0 + Tcl/ωk. Without the constant
c0 ≈ 0.25 the fit would be poor.

In this simulation we find an interesting behaviour of the effective mass, shown
in Fig. 3.2. For comparison, we also show in Fig. 3.3 the effective mass calculated
using the Hartree effective potential at the same model parameters. First the mass is
steadily decreasing, which is appropriate when the temperature is decreasing and
the system is in the hot, symmetric phase. At tm ≈ 14000 there is a sharp turnover
and the mass starts to increase, as in the cold, broken phase. The temperature at that
point Tcl/m ≈ 1.6, obtained from a classical fit, is close to the temperature Tc/m =
1.8 of the first order phase transition, computed from the effective potential.1 Also
the average mean field fluctuates around zero before and around v ≈ 1.8 after the
transition, reasonably close to the effective potential prediction v ≈ 2 for T/m ∼

1.6 − 1.8. The reasonable quantitative agreement between the simulation, which
shows classical features, and the effective potential computation, which assumes a
BE distribution, illustrates that the thermal mass is dominated by the low-energy
particles, for which there is little difference between a BE and classical distribution.

1Recall that in the exact theory there would be a cross-over instead of a first order phase transition.
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Figure 3.1: Particle densities as a function of energy, plotted as log(1 + 1/n). The
model parameters are: λ/m2 = 1/2v2 = 1/12, Lm = 25.6, 1/am = 10.
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Figure 3.2: Time dependence of the ef-
fective thermal mass m(T) for the same
model as shown in Figs. 3.1d-f. The
mass is determined as the lowest energy
ω0 (dotted line) or from a quadratic fit
to the dispersion relation (full line).

Figure 3.3: Temperature dependence
of the effective mass computed us-
ing the Hartree effective potential,
λ/m2 = 1/4 (solid line) and 1/12 (dot-
ted line), mL = 16 (the volume depen-
dence is very small).

3.3 STRONGER COUPLING

We now turn to the stronger coupling λ/m2 = 1/2v2 = 1/4, in order to make
processes evolve faster. In Fig. 3.4a we show particle densities nk computed only
from the mode functions. We ignore the contribution from the mean field in (2.61),
because we want to focus on the particles described by the mode functions. In
Fig. 3.4a one sees that already after a short time, tm � 10, particles have been cre-
ated over a wide range of energies, ω/m � 6. The densities are reasonably well
described by a BE distribution with a time dependent temperature. This tempera-
ture initially increases rapidly from T/m = 0 at tm = 0 to T/m ≈ 0.6 at tm = 10

and then gradually increases further to T/m ≈ 0.9 at tm = 100. (Recall that the
temperature of the initial condition is T0 = m.)

Figs. 3.4b-c, which are obtained using both the modes and mean fields in the
computation of the correlation functions, show that the densities of particles with
large momenta tend to remain at a BE distribution also for later times, with a very
slowly increasing temperature T/m = 0.93 − 1.13. However, one also clearly sees
deviations from the BE distribution developing, starting at the low ω-side of the
spectrum.

From these data we infer two time scales: First there is the rate at which the
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Figure 3.4: The same as Fig. 3.1, but at a stronger coupling λ/m2 = 1/4.
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Figure 3.5: Time dependence of temperatures for the data of Figs. 3.4a-c.

temperature of the BE distribution of the quantum particles is established. Second
there is a rate at which the classical-like distribution sets in. Fig. 3.5 shows the time
dependence of these two processes. The BE temperature was computed by fitting
log(1 + 1/n) = ω/T (only using the mode function contribution) for 2 � ω/m � 4.
The classical temperature was found from fitting n = Tcl/ω for ω/m � 2. The time
dependence of these temperatures is reasonably well described by an exponential
approach to an equilibrium value,

TBE(t) = A − Be−t/τBE and Tcl(t) = A ′ + B ′e−t/τcl . (3.3)

We find mτBE ≈ 20 and mτcl ≈ 2500, showing quantitatively that the approxi-
mate BE thermalization happens much faster than the emergence of classical-like
behaviour (Note that Tcl becomes much lower than TBE, which itself is somewhat
smaller than T0, in agreement with the eventually expected classical equipartition).

At higher initial temperature, the distribution roughly follows the same devel-
opment. Surprisingly enough the distribution keeps its approximate BE form much
longer, while at higher temperatures one expects a stronger effective coupling, and
thus shorter time scales. In Figs. 3.4d-f the initial temperature is T0/m = 5. At
this higher temperature and on a correspondingly larger energy scale, the devia-
tions from a BE distribution appear less pronounced at early times. But even at
tm = 4600 the particle densities are reasonably well described by a BE distribution
with a temperature T/m ≈ 4.8. At this time, there is a small reduction of the density
of low momentum particles (n is up to 15% smaller than the BE density, but this is
hard to see on the log-plot). At the same time the density of particles, with ω/m in
the region 10 − 12, increases a little. This trend continues and at tm = 22600 there
is classical behaviour for ω/m � 12.

The dashed line in Fig. 3.4f is a fit of the form n = Tcl/ω, which gives a “classi-
cal” temperature Tcl/m ≈ 2.1. The good quality of this fit for ω/m � 12 suggests
that the BE distribution gradually turns over into classical equipartition. How-
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λ/m2 1/12 1/4
T0/m 1 5 1 5
mτBE 35 35 25 25
mτcl > 15000 3000-5000 2500-3500 2000-5000

Table 3.1: Results for the BE equilibration time, τBE, and the time scale for the drift
towards classical equipartition, τcl, obtained from fits to TBE and Tcl as in Fig. 3.5,
as well as similar fits to the time dependence of

∑
k nk.

ever, for still larger times the distribution is no longer well described by a simple
n ∝ 1/ω-dependence. We did not determine the final equilibrium distribution,
because of the extremely long (computer) time this would require.

In Table 3.1 we summarise our results for τBE and τcl, including also fits to the
time dependence of the particle density

∑
k nk, computed from the modes only or

mean field plus modes, as in Figs. 3.5. These results do not show a clear depen-
dence on the coupling or temperature, contrary to the expectation of much smaller
time scales at higher temperature and/or stronger coupling. We believe that this
is accidental, due to the fact that at T0/m = 5 and/or λ/m2 = 1/4 the system
is in the “symmetric phase”, while it is in the “broken phase” for T0/m = 1 and
λ/m2 = 1/12. In Chapter 4, where we will discuss the symmetric phase in great
detail, we will see that in this phase the system evolves much more slowly than
in the “broken phase”. Further note that the numbers in the table are subject to
systematic uncertainty, since the mode system starts far from equilibrium and the
time dependence not always follows an unambiguous exponential relaxation. This
applies in particular for the simulation at λ/m2 = 1/4, T0/m = 1, which is very
close to the “phase transition”.

Besides looking at the particle number distribution, it is interesting to follow
the effective mass m(T) in time. Comparing it with the temperature dependence
computed analytically using the Hartree effective potential, as in Section 2.3, gives
another measure for the effective temperature of the system. The simulation of
Figs. 3.4a-c gave an effective mass which increased slightly in the range m(T)/m =
0.84 − 0.89. From the effective potential calculation we then infer that the tempera-
ture should be in the range 0.5 � T/m � 0.7, i.e. in the “low temperature” phase of
the model, cf. Fig. 3.3, this is confirmed by checking the values of the mean field.
This temperature is considerably lower than the BE temperature T/m = 1.0(1), esti-
mated from the particle distribution at higher momenta, but is consistent with the
temperature obtained from fitting nk at the smaller ωk with a classical distribution.
The same is found for the high-temperature simulation of Figs. 3.4d-f: m(T)/m de-
creases from 1.12 at the start to 0.60 at tm = 22600, which corresponds, using the
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effective potential, to a decrease from T/m ≈ 5 to T/m ≈ 2, consistent with the
observed Tcl/m ≈ 5 to Tcl/m ≈ 2.1. As mentioned before, the difference between
the classical and BE distribution is unimportant for the dominant nk, those at low
momenta.

3.4 DAMPING RATE: TWIN PEAKS

Thus far, we have discussed the initial equilibration of the low momentum modes
of the λϕ4 system. We found their particle distribution to approach the Bose-
Einstein form, with a time scale of tm = 15 − 20. We also looked at the late time
regime, and studied the approach towards a classical-like distribution, with a time
scale of about two orders of magnitude larger. However, the intermediate regime,
in which the higher momenta modes of the distribution approach the Bose-Einstein
form rather more slowly, we have not yet described in detail. To get more informa-
tion in this regime we will now turn to auto-correlation functions.

3.4.1 INTRODUCTION: NUMERICAL RESULT

For a homogeneous ensemble at finite temperature, the spatial Fourier transform
Fk(t) of the symmetrised auto-correlation function

Fk(t − t ′) =

∫
dx e−ik(x−x ′)

[
1

2
〈{ϕ̂(x, t), ϕ̂(x ′, t ′)}〉 − 〈ϕ̂(x, t)〉〈ϕ̂(x ′, t ′)〉

]
(3.4)

can be expressed in terms of the spectral function by standard formulae, which
we will discuss in Section 3.4.2. In case of weak coupling the spectral function is
expected to exhibit a strong peak around the mass shell of the quasi-particles, which
leads to exponential decay of Fk(t) in an intermediate time regime. The decay rate
is called “the plasmon damping rate”.

In the Hartree ensemble approximation Fk(t) can be written as the sum of a
mean field part and a contribution from the mode functions. It is easiest to compute
the mean field part. This would give no information in case of constant mean fields,
since it would be identically zero. However, we expect mean field and modes to be
sufficiently coupled to gain useful information on the damping rate, when only the
mean field part us used. Even at late times tm = 30 000 − 80 000 we observed the
back reaction 3λ

∑
α |fα(x, t)|2 of the modes on the mean field to be strongly fluctu-

ating in space and time. Fluctuations in the modes will then cause corresponding
fluctuations in the mean field.

We have numerically computed the mean field part F0mf(t) at k = 0, obtained
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weak, λ/m2
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volume (reasonably BE).

by taking a time average after an initial equilibration period t ∈ (0, t0):

F0mf(t) =
1

(t1 − t0)

∫t1

t0

dt ′ ϕ̃0(t + t ′)ϕ̃0(t ′)

−
1

(t1 − t0)2

∫t1

t0

dt ′ ϕ̃0(t + t ′)
∫t1

t0

dt ′ ϕ̃0(t ′).
(3.5)

where

ϕ̃0(t) =
1√
L

∫L

0

dx ϕ(x, t) (3.6)

No average was taken over initial conditions. Fig. 3.6 shows two examples of
F0mf(t), for which the average was taken, after an equilibration time of t0m ≈
31000, over the interval (t0m, t1m) ≈ (31000, 62000). We see roughly exponential
decay modulated by oscillations. At first the oscillations looked suspicious to us,
as if there were strong memory effects and no damping, but other simulations with
averaging over initial conditions (to be discussed in the next chapter) gave similar
results. A natural question is now, does Fk(t) also have such modulations?
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3.4.2 CALCULATION OF F(t)

The function F(t) can be expressed in terms of the zero momentum spectral function
ρ(p0),

F(t) =

∫∞
−∞

dp0

2π
e−ip0t

(
1

ep0/T − 1
+

1

2

)
ρ(p0), (3.7)

and the latter in turn in terms of the retarded self-energy Σ(p0),

ρ(p0) =
−2Im Σ(p0)

[m2 − (p0 + iε)2 + Re Σ(p0)]2 + [Im Σ(p0)]2
. (3.8)

The self-energy can be calculated in perturbation theory. The one and two loop di-
agrams in the imaginary time formalism which have nontrivial energy-momentum
dependence are shown in Fig. 3.7. Diagrams not shown give only rise to an effective
temperature dependent mass, which we assume to be the mass in the propagators
of the diagrams in Fig. 3.7, after adding a counterterm that sets the real part of Σ to
zero at p0 = m. The one loop diagram is present only in the “broken phase”, for
which 〈ϕ̂〉 	= 0; remember there is really only a symmetric phase in 1+1 dimensions,
but this is due to symmetry restoration by non-perturbative effects which will not
obliterate the one-loop damping. The corresponding self-energy has been calcu-
lated in Ref. [50], for example. It only leads to damping for frequencies p2

0 > 4m2,
which are irrelevant for the quasi-particle damping at p2

0 = m2. So from now on
we concentrate on the two-loop diagram. After analytic continuation to real time
one finds that it is given by the sum of two terms, Σ1 + Σ2 (see e.g. Ref. [51]). The
first has an imaginary part corresponding to 1 ↔ 3 processes requiring p2

0 > 9m2,
so it does not contribute to plasmon damping. The second is given by

Σ2 = −
9λ2

16π2

∫
dp2 dp3

E1E2E3

(1 + n1)n2n3 − n1(1 + n2)(1 + n3)

p0 + iε + E1 − E2 − E3

+
[
(p0 + iε) → −(p0 + iε)

]
,

(3.9)
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(
i/z +

√
1 − 1/z2

)
=

arcsin(1/z), equation (3.11), for z = (p0 + iε − m)/(0.13m), m = 1, ε/m = 10−4.

where λ is the coupling constant (introduced as L1 = −λϕ4/4), and

E1 =

√
m2 + (p2 + p3)2, Ei =

√
m2 + p2

i , i = 2, 3;

ni =
1

exp(Ei/T) − 1
, i = 1, 2, 3.

Its imaginary part corresponds to 2 ↔ 2 processes, which contribute to plasmon
damping in the regions near p0 = ±m.

Now the usual definition of the thermal plasmon damping rate (at zero momen-
tum) in terms of the retarded self-energy,

γ = −Im Σ(m)/2m, (3.10)

leads to a logarithmically divergent answer. This is a collinear divergence which is
absent in more than one space dimension. Inspection shows that the singular part
of Σ2 is given by the non-relativistic region of the integral in (3.8). Using polar co-
ordinates p2 = p cos ϕ, p3 = p sin ϕ this non-relativistic (p < κ 
 m) contribution
is proportional to

∫κ

0

p dp

∫2π

0

dϕ

2π

1

p0 + iε − m + (p2/2m) sin 2ϕ

= m

[
−i log

(
i

z
+

√
1 −

1

z2

)]
,

(3.11a)

z =
p0 + iε − m

κ2/2m
, (3.11b)
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Figure 3.9: Plot of Σ(p0)/(9λ2/16π2) obtained by linear extrapolation ε = 0.02, 0.01

to zero, together with a matching to the logarithmic singularity (T = m = 1).

where p0 ≈ m. This function is plotted in Fig. 3.8.
A natural way out of this difficulty may be to continue the self-energy analyt-

ically into the lower half of its second Riemann sheet, p0 → m − iγ, and replace
(3.10) by the improved definition

m2 − (m − iγ)2 + Σ(m − iγ) = 0. (3.12)

The analytic continuation of the self-energy into the region Im p0 < 0 poses the
puzzle how to deal with the logarithmic branch point coming from the collinear
singularity at p0 = m. However, the ambiguity is present only in the real part of Σ.
For weak coupling λ/m2 
 1 we get, from (3.12), the equation

γ

m
=

9λ2

16πm4

em/T(
em/T − 1

)2
[

log
m

γ
+ c(T)

]
. (3.13)

The constant c has to be determined by matching a numerical evaluation of Σ to the
logarithmic singularity, eq. (3.11), at p0 = m.

We evaluated Σ2, equation (3.9), for T = m by numerical integration with ε/m =
0.02, 0.01 and linear extrapolation ε → 0. The result is shown in Figs. 3.9a and 3.9b,
together with a matching to the logarithmic singularity, giving c ≈ −0.51. For
example, Eq. (3.13) now gives γ/m = 0.061, for λ/m2 = 0.4.

To see how well this γ describes the decay of the correlator F(t) we evaluated
this function directly from (3.7) and (3.8). The divergence in Im Σ(p0) at p0 = m

leads to a zero in the spectral function ρ(p0). So is there a peak at all in ρ(p0)?
Fig. 3.10 shows what happens: the “usual” peak has separated into two twins!
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Figure 3.10: The spectral function ρ(p0)
near p0 = m = 1, corresponding to the
self-energy shown in Figure 3.9 (T = m,
λ = 0.4m2).

Figure 3.11: Plot of log |F(t)| versus mt

for T = m, λ = 0.4m2. The straight line
represents exp(−γt).
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Figure 3.12: ln |F(t)| versus mt with λ/m2 = 0.11, T/m = 1.63, corresponding to
Fig. 3.6. The straight line is given by exp(0.55 − t/67).
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Fig. 3.11 shows the resulting F(t). The effect of the double peak is indeed an oscil-
lating modulation on top of the roughly exponential decay. The decay correspond-
ing to exp(−γt), with γ given by (3.13), is also indicated in the plot: it does not do
a good job in describing the average decay beyond the first interference minimum.
The “Twin Peaks” phenomenon implies that the usual definition of damping rate
(3.12) is unreliable in 1+1 dimensions. Fig. 3.12 shows the result of a calculation of
F(t) with parameters taken from the numerical simulation shown in Fig. 3.6, with
the larger volume. In this case ε was kept finite, ε/m = 0.005, which may be more
realistic, since one expects damping effects in the propagators in the diagrams in
Figure 3.7 to smear out the infinity in Im Σ anyway.

Figs. 3.6 and 3.12 are reasonably similar, the straight lines in Figure 3.6 indicate
damping times τmT ≈ 105 and ≈ 233. We use the finite temperature mass here
to set the scale as it appears naturally in resummed perturbation theory. For the
first example (with the larger volume) the corresponding particle distribution was
found to be reasonably of the Bose-Einstein form, with zero chemical potential and
temperature T/mT ≈ 1.6. The two loop perturbative calculation gives a τmT ≈ 67

for this temperature, which we consider encouragingly close to the Hartree ensem-
ble result ≈ 105. We should however warn the reader that the numerical compu-
tation of auto-correlation functions is quite difficult and that there may be large
statistical errors in the numbers given.

Summarising, we are encouraged by the similarities in the qualitative features
of the numerical and analytical auto-correlation functions. Quantitatively, the damp-
ing times are also of the same order of magnitude (105 versus 67m−1), but a really
accurate computation of the relevant auto-correlation functions has not yet been
done, as it will require a lot more numerical effort. We will leave the subject and
turn to a different topic, numerical improvements of the method.

3.5 REDUCED NUMBER OF MODE FUNCTIONS

If the positive results for the performance of the Hartree ensemble method at short-
er times carry over to more realistic models in 3+1 dimensions, one has to confront
the problem of the high computational cost of this approach. Taking the continuum
limit on a finite volume in d dimensions, i.e. increasing the number of lattice sites
N in each direction, the cost of our approach increases ∝ N2d+1: there are O(Nd)
fields which have to be updated O(N) times, assuming a fixed value of the time-
step a0/a.

Most of this cost comes from having to solve all Nd mode functions fα. How-
ever, many of these modes would represent particles with very high momenta
|k| � T . Such particles have very low densities and should be irrelevant for the
physics at lower scales. This suggests reducing the number of mode functions in
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Figure 3.13: Particle densities at tm = 50, 90, 300, obtained from simulations using
the full number of modes (drawn lines) and using only modes for which ωk/m <

17 ≈ 3T/m. The left figure shows log(1 + 1/nk), the right shows the density nk

itself (Lm = 5.7, 1/am = 22.3 and λm2 = 1/12).

our simulations. We have tested this idea by comparing a simulation, on a lattice
with N = 128 sites, using all 128 mode functions, with the same simulation using
only 32 mode functions. This induces a maximum energy

ωmax

m
≈
√

2 − 2 cos(32π/128)

am
≈ 17, (3.14)

which is much larger than the temperature T/m ≈ 6.8 that we will use in the test.
The ωmax here refers to the energy of the initial mode functions which are plane
waves.

In order to make as detailed a comparison as possible, we show the results for
the particle density obtained from the mode functions only, leaving out the contri-
bution of the mean field in (2.61). As shown in Fig. 3.13, this partial distribution
changes with time during thermalization (cf. Fig. 3.4a). The drawn lines represent
the data obtained with the full number of mode functions. The dots represent the
results obtained using the reduced number of modes. The left figure shows the
familiar log(1 + 1/nk) form of the density, the other figure shows the density nk

itself. As is evident, these results reproduce the data from the reference simulation,
accurately up to ω/m ≈ 12, which is close to ωmax/m ≈ 17. Notice that the den-
sities, computed from eq. (2.56), drop to n = −0.5 for ω/m � 17 (Fig. 3.13 right).
For these high momenta there are no more mode functions available to provide the
vacuum fluctuations that should lift the density to zero. It indicates that at high mo-
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menta there is still a roughly one-to-one correspondence between mode functions
and momentum labels of the particles.

3.6 CLASSICAL APPROXIMATION

Even using fewer mode functions, the Hartree approach is much more expensive
than the classical approximation (which has no mode functions). So it is important
to check if our results cannot in some way be mimicked by a classical approxima-
tion. The standard way to implement the latter at high temperature, is to average
over initial configurations drawn from the Boltzmann distribution. Up to modifica-
tions by the interactions this implies a classical distribution function n(ω) = T/ω,
with a slow fall off, causing Rayleigh-Jeans type divergences (actually, in 1 + 1 di-
mensions such divergences are absent in ϕϕ-correlation functions [10]).

Here we want to ask a somewhat different question: to what extend can clas-
sical dynamics be used to represent a thermalized system with a Bose-Einstein
distribution for the particle densities? To investigate this we shall use the same
BE-type initial conditions (3.1) as in the Hartree case, as well as the much more out-
of-equilibrium conditions of the form (2.95). We perform similar simulations and
analyses as before, but now without mode functions, and with nk + 1/2 → nk in
(2.56), as there is now no quantum vacuum contribution. Typically, the classical dy-
namics produces data with more noise, since the average contribution of the many
mode functions tends to smoothen results in the Hartree-dynamics. We counter this
noise by averaging over 40-50 initial conditions, which is more than we typically
use with Hartree dynamics. We note in passing, that the necessity to use a larger
ensemble to obtain data of the same quality as with Hartree dynamics, diminishes
the computational advantage of using classical dynamics considerably.

At the same weak coupling and low temperature as in Figs. 3.1a-c, we find that
the classical system also preserves the Bose-Einstein distribution of the initial con-
ditions very well. Even at the largest simulated time, tm = 50 000, there is no com-
pelling sign of equipartition in the particle distribution. This, however, may only
show that the relaxation time scale of the classical dynamics is very long, cf. [18],
and that we are seeing remnants of the initial condition rather than thermalization.

To speed-up the dynamics, we increased the temperature to T0/m = 5 and the
coupling to λ/m2 = 1/4, as was used in Figs. 3.4d-f for Hartree dynamics. The clas-
sical results are shown in Figs. 3.14a-c. Now the initial BE-distribution still persists
for some time, however already at tm ≈ 600 there are clear signs of equiparti-
tion setting in, whereas with Hartree dynamics, effects of similar magnitude only
emerged at tm � 6000. The gradual move from the initial state towards classical
equipartition happens much faster than in the Hartree ensemble simulations.

Of course one might argue that this initial persisting of the BE distribution is
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Figure 3.14: Same as Figs. 3.4d-f, but using classical dynamics. λ/m2 = 1/4, Lm =
25.6 and 1/am = 10.
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of little significance, since it only demonstrates that it takes time to loose the effect
of the initial conditions. In more realistic models we might not be able to specify
initial conditions sufficiently close to thermal equilibrium and then one may not
expect to encounter a BE distribution. Yet, somewhat surprisingly, starting with
the far out-of-equilibrium initial condition (2.95), we see that as the model steadily
moves towards classical equipartition, the particles are distributed in a BE-like way
in an intermediate stage. This can be seen in Figs. 3.14d-f, showing particle density
distributions at simulation times in the range tm = 200− 20 000. At tm around 800

the particle densities follow a BE-like distribution over a wide range of energies.
The coupling strength in this simulation is λ/m2 = 1/4, at weaker coupling this
intermediate stage with BE-like distribution persists longer. However, it always
smoothly turns towards classical equipartition on much shorter time scales than
when using Hartree dynamics (although, as mentioned earlier, the final equilibra-
tion to the classical distribution takes place on a very long time scale).

3.7 DISCUSSION

From the results in the previous chapter, combined with those from this chapter, the
following picture has emerged for the 1+1 dimensional λϕ4 model in the “broken
phase”: the initial energy, which is put solely in the mean field of a realisation, is
subsequently transferred to the mode functions. This process takes place fairly lo-
cally in momentum space, i.e. mean field modes with momentum k excite primarily
particle modes with momenta close to k, and the modes then thermalize locally to a
BE distribution. In the previous chapter this approximate thermalization was more
conspicuous because the initial distribution was further out of equilibrium. Here
the BE distribution was put into the initial condition for the mean fields. How-
ever, the corresponding density operator is still out of equilibrium because of the
“wrong” initial thermal mass. The thermalization process is fairly rapid, within a
time τBE ≈ 25−35 m−1, for λ/m2 = 1/4, 1/12 and T0/m = 5, 1, as determined from
the time-dependence of the BE temperature or the particle density

∑
k nk (cf. Ta-

ble 3.1).
This time scale is similar to our findings with initial mean fields containing only

low momenta, cf. Chapter 2. The subsequent thermalization of higher momenta is
very slow. We ascribe this to a weakening of the non-linearities when the mean field
looses much of its energy. When the mean field fluctuates around its (temperature
dependent) equilibrium value, with diminishing amplitude, the dynamics becomes
approximately that of Hartree with a homogeneous mean field, suggesting lack of
thermalization. This also explains why the evolution to a classical-like distribu-
tion is much slower with the Hartree ensemble approximation than using classical
dynamics.
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However, the fluctuations die out very slowly and even at very large times of
order 104 m−1 there is still O(10%) of the energy in the fluctuating mean field. Non-
linear fluctuations remain, which lead eventually to classical-like equipartition (ac-
cording to the effective Hamiltonian and conserved “charges”, see Section 2.2). The
time scale for such classical equipartition setting in, is one of the results of this
chapter. We find that the system remains in an approximate quantal thermal state
for times of the order τcl � 100 τBE (cf. Table 3.1).

This is an encouraging result. For example, in a crude application of our 1+1
dimensional results to 3+1 dimensional heavy ion collisions, identifying m with
the mass of the σ-resonance mσ = 600 − 1200 MeV, say 900 MeV, a time-span of
100 τBE = 2000m−1 would correspond to a reasonable length of about 450 Fermi.
Within such a time-span the Hartree ensemble method may be a definite improve-
ment on the classical dynamics usually employed for e.g. the “disoriented chiral
condensate”.

For application to 3+1 dimensions it is important that the numerical efficiency of
the Hartree method can be significantly improved by using only a limited number
of mode functions, corresponding to particles with sufficiently high densities (see
Sect. 3.5).

Leaving out the mode functions altogether, i.e. using classical dynamics, the re-
sults were qualitatively similar to those with Hartree dynamics, but the emergence
of classical particle distributions happens faster by roughly an order of magnitude.
So this may not be good enough for practical applications.

With respect to thermalization, it is good to keep in mind that in the Boltzmann
approximation, the collision term corresponding to 2 − 2 scattering is identically
zero, due to kinematical constraints in the ϕ4 model in 1+1 dimensions. So ther-
malization has to come from inelastic scattering and/or off-shell effects. It is then
important to realise that such effects are more pronounced in the “broken phase”
of the model, which has a three point vertex and finite (as opposed to zero) range
interactions. As mentioned in Chapter 2 and will be explained in detail in Chap-
ter 4, thermalization is drastically less efficient in the “symmetric phase” at simi-
lar values of λ/m2. It is sobering to recall the huge thermalization times found in
Ref. [18] in the classical approximation, in the “symmetric phase”. For example, us-
ing λ/m2 = 1/4, T/m = 0.2, the empirical formula (rewritten in our conventions),

1/mτcl = 5.8 10−6(6λT/m3)1.39, (3.15)

leads to a relaxation time mτcl ≈ 1.3 105. This is much larger than the mτcl ≈ 2500

found in the “broken phase” (Sect. 3.3).
An interesting question is how the two time scales τBE and τcl are related to par-

ticle scattering and damping. We presented a perturbative computation (which in-
cludes direct scattering through the setting-sun diagram), indicating that the damp-
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ing time would be of the order of the BE-relaxation time τBE (i.e. much shorter than
the relaxation time away from BE behaviour). Preliminary numerical results for the
damping time were found to be consistent with these values.

This is a favourable result for the Hartree ensemble method. However the grad-
ual drift away from a BE distribution and the corresponding cooling of the system
reveals a shortcoming. This is additional to the incorrect prediction by the Hartree
method, of the order of phase transitions. Further improvements are needed, in
particular if large time scales are to be investigated.
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