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CHAPTER 4

THE SYMMETRIC PHASE

In Chapter 2 we introduced the Hartree ensemble approximation and studied its
thermalization properties in the “broken phase” at weak coupling. In Chapter 3
we further studied this system and derived time scales for the initial approximate
thermalization and the late time “classicalization”. So far we have not paid much
attention to the “symmetric phase”, and this will be the topic of this chapter. We
will especially focus on the difference in the dynamical evolution of observables
such as the particle distribution, energy exchange and auto-correlation functions.
Approximate thermalization is found only for relatively large energy densities and
couplings.

4.1 INITIAL CONDITIONS

In the simulations which will be discussed in this chapter, we used two different
initial conditions for the mean field, a sum of standing waves with a flat distribu-
tion of phases, which we also used in the broken phase in Chapter 2, and a single
Gaussian wave packet, as studied by Bettencourt et al. [52].

The first is given by equation (2.95):

φ(i)(x) = 0, π(i)(x) = Am

jmax∑
j=1

cos(2πjx/L−ψ
(i)
j ), (4.1)

where the maximum momentum 2πjmax/L is typically of the order of the mass m
and the constants ψ(i)

j are random phases with a flat distribution (i.e. they are uni-
formly distributed in [0, 2π)). We shall call such ρ[φ, π] flat ensembles. The energy,
which is independent of the phases ψj, is given by

E

m
=
A2Lmjmax

4
(4.2)

We use both A and jmax to vary the total energy density.
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68 4.2 NUMERICAL RESULTS

The second initial condition is a Gaussian wave packet:

π(x) = 0, φ(x) = Φ exp
[
−
x2

2A

]
. (4.3)

Its energy is given by

E

m
=
Φ2

8

√
π

Am2

(
2+ 4Am2 +

√
2AλΦ2

)
. (4.4)

We will restrict ourselves to Am2 = 2 and use Φ to vary the total energy in the
system. For this type of initial conditions we do not average over multiple runs, so
ρ[φ, π] is a delta functional and ρ̂ is a coherent pure state.

4.2 NUMERICAL RESULTS

In this section we will first discuss the particle distribution in order to study its
equilibration behaviour and to search for thermalization. Then we will examine
the energies and auto-correlation function to analyse the time scales in the theory.

4.2.1 FLAT ENSEMBLE

In the flat ensemble of initial conditions, the initial mean field φ of a realisation is
equal to its vacuum expectation value 0, while its momentum is the sum of waves
with random phase, as specified in (4.1). In the simulations an average was taken
over 10 or 20 initial conditions, while all non-zero modes up to kmax = 2πjmax/L =
πm/2were excited. Simulations have been carried out for three different couplings
λ/m2 = 1/6, 1/8, 1/12 and three different energy densities E/Lm2 = 4, 2, 1, as well
as for the combination λ/m2 = 0.1 and E/Lm2 = 0.4. In most simulations, the
number of lattics points N = 128, the volume Lm = 32, and the temporal lattice
distance a0 = a/10.

PARTICLE DISTRIBUTION FUNCTION

Figure 4.1 shows the particle number obtained for coupling λ/m2 = 1/6 and energy
density E/Lm2 = 4. As in the previous chapters we compare the out-of-equilibrium
particle densities with a Bose-Einstein (BE) distribution

nk =
1

e(ωk−μ)/T − 1
, (4.5)
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Figure 4.1: The particle numbers log(1 + 1/nk) in the modes as a function of ωk.
Average over 20 flat ensemble initial conditions. λ/m2 = 1/6, E/Lm2 = 4, at times
up to tm = 104. Time increases from the top curve to the bottom curve.

and therefore log(1 + 1/nk) versus ωk/m is plotted, since a BE distribution then
shows up as a straight line with slope m/T and offset −μ/m (T temperature, μ
chemical potential). For this largest coupling and energy density in our study, we
find approximate thermalization to the BE form, with a temperature T/m = 2.4 and
chemical potential μ/m = 0.6. In contrast to what was found in the broken phase,
a substantial chemical potential is needed to make a reasonable fit. Another dif-
ference is the larger time scale involved: in the broken phase at an energy density
E/Lm2 = 0.5 and the same λ/|μ2

ren| = 1/6 (λ/m2 = 1/12), we could already recog-
nise BE behaviour with T/m ≈ 1 at a time tm � 100, while here, at an 8 times larger
energy and roughly 2 times larger effective BE temperature we can only clearly do
so at time tm � 2000. A fit of the local temperature T(t) approaching approximate
equilibrium gives an equilibration-time scale mτBE = 1500 − 1600 (exponential fit
over k/m < 1.7, 100 < t < 6000).

For most parameters used in Bose-Einstein features can be recognised in the low
momentum part of the distributions, and linear fits can be made as in Figure 4.1.
The results of these fits are shown in Table 4.1. Fits marked with a star were made
at tm = 59000 · · · 60000, all others at tm = 9000 · · · 10000. Including the mean field
in the two-point functions, typically gives the same temperature within errors, but
a noticeably larger value (+ 0.05) for μ/m, corresponding to a higher particle num-
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E/Lm2 = 1 E/Lm2 = 2 E/Lm2 = 4

λ/m2 = 1/6 βm 1.12 0.71 0.41
μ/m 0.95 0.83 0.59

λ/m2 = 1/8 βm 0.89∗ 0.60 0.45
μ/m 0.62 0.76 0.80

λ/m2 = 1/12 βm −− 0.68∗ 0.40
μ/m −− 0.76 0.85

Table 4.1: Inverse temperature β and chemical potential μ as derived from a Bose-
Einstein fit to the particle numbers (modes only). See text for further explanation.

ber. The chemical potential is also more sensitive to the exact fit-interval than the
temperature. In the two *-marked runs a thermal distribution could be recognised
only at tm � 20000 (λ/m2 = 1/12) and tm � 45000 (λ/m2 = 1/8).

For the run at λ/m2 = 1/12, E/Lm2 = 1, we did not find a thermal-like dis-
tribution even at the latest simulation time tm = 105. We see that the energy is
transferred from the mean field to the modes and the system equilibrates “locally
in k”, but the total particle number remains roughly unchanged. The same was
found at the lower energy density E/Lm2 = 0.4, and also for the Gaussian wave
packet initial condition. We interpret this as a resonance phenomenon in the equa-
tion of motion of the mode functions, which will be described in Section 4.3.1.

Comparing the results at E/Lm2 = 2 and 4 it seems that the temperature only
depends on the energy density and not on the coupling. This appears to hold even
for the particle distribution function itself, as illustrated in Figure 4.2, where the
distributions for different couplings are plotted at different times. The different
times, at which the curves in the figure overlap, suggest that the equilibration time
scale for the particle distribution is proportional to λ−3. The same power is found in
the simulations at the energy density E/Lm2 = 2. The results in Table 4.1 show that
the temperature is roughly proportional to

√
E/L, which can be understood from

the scaling behaviour in Figure 4.2: there is no other scale left. The same argument
should apply to the chemical potential. However, this quantity is more dependent
on time than the temperature and runs at different parameters are best compared
at different times as in Figure 4.2, which we have not done in Table 4.1.

The independence of coupling suggests that a representation of the energy in
terms of almost free quasi-particles will be reasonably good. This will be checked
in the next section.

Figure 4.3 shows the distribution for late times, when it starts to deviate from
the BE form. Note the difference in vertical scale compared to Figure 4.1. At tm =
15000 − 20000 classical-like deviations become visible in the form of concave be-
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Figure 4.2: Scaling behaviour of the particle distribution at fixed energy density but
differing couplings and times.
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Figure 4.4: Log-log plot of the particle numbers for mean field alone, and combined
with modes, versus k/m, at large times.

haviour at lowωk: for nk = T/ωk the second derivative ⇒ (∂/∂ωk)2 log(1+1/nk)
is negative.

The mean field in this time region behaves very interestingly. In Figure 4.4 we
plotted the particle numbers at tm = 50 000 · · · 70 000 as a function of momentum
k, both for the mean field alone and for the total two-point function, using a log-log
scale and leaving out the zero mode. While the high-momentum modes are still
exponentially suppressed, the low-momentum modes have acquired a power-law
distribution. The quantum-modes-only distribution does not behave as a power-
law (cf. Figure 4.3). The particle numbers as obtained from the mean field only
and those including the modes have different powers, −1.5 and −0.67 respectively.
Already much earlier, around tm = 8000, this distribution starts to emerge, with
20% larger powers.

The power-law behaviour in the low momentum modes of the mean field ap-
parently influences the quantum modes, in that their low momentum modes are
enhanced in comparison to the classical T/ωk. We have seen this clearly in a plot of
nkωk (→ T for classical thermal equilibrium) which shows a peak at k = 0 and a
“classical plateau” at the interval k/m = 1.0 . . . 2.2. Similar behaviour has also been
found in the other runs at λ/m2 = 1/6, E/Lm2 = 2 and λ/m2 = 1/8, E/Lm2 = 4.

In a purely classical simulation using the same set of parameters power-law
behaviour is not found. This suggests that the interaction of the mean field with
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with the quantum modes plays a crucial role, even though the latter do not show
power-law behaviour.

TIME SCALES FOR ENERGY EXCHANGE

In the previous section we obtained the scaling behaviour ∝ λ−3 for the time scale
of approximate equilibration based on the particle distribution. In this section we
will use the energy density in the different parts of the field, as in (2.44), to find
the short-time equilibration behaviour. Figure 4.5 shows the results from one of the
simulations at λ/m2 = 1/6, E/Lm2 = 4, plotted at different time scales. In Fig-
ure 4.5a, showing the early stage, the energy as obtained from the quasi-particles
is also included. The quasi-particle picture appears to give a reasonable represen-
tation of the energies, with a roughly constant 10% mismatch in the total energy.
We furthermore see that the total energy in the quasi-particle picture is almost con-
stant, corresponding to a quasi-particle number that is itself almost constant. This
is consistent with the chemical potential found in the BE fits. We have checked that
the dispersion relation of the quasi-particle energies is close to that of free particles,

ωk =
√
m2

eff + k2, but with an effective mass meff that is larger than m, in concor-
dance which the effective potential. meff can be obtained from e.g. the minimum
values ofωk in Figure 4.1.

Looking at the contributions Emf and Emodes to Heff, we see a relatively rapid
transfer of energy from the mean field to the modes until a time of the order tm ≈
50. This exchange takes place fairly locally in momentum space, as is found by
examining the mean field and mode contributions to nk, a phenomenon that we
call local k-space equilibration. At time tm ≈ 100 most of the particle number
already comes from the modes, whereas the total distribution is still reasonably
close to its initial form. After this time tm ≈ 50, energy is still going to the modes,
but with a slower rate. The behaviour in this second region, from tm ≈ 50 till
tm ≈ 2000, (see Figure 4.5b) can be fitted reasonably well with an exponential form

A+ Be−t/τ, (4.6)

yielding τm ≈ 100 − 150. If we look at the long time behaviour, as plotted in
Figure 4.5c, we see there is also a much longer time scale of the order 6000, on
which energy is going back into the mean field. This time scale is comparable to
the time scale of the emerging power-law behaviour, discussed in Section 4.2.1.
The appearance of this power law is accompanied by a large increase in the particle
number in the zero mode of the mean field and therefore also in the average energy
density of the mean field. We recall that classical behaviour only becomes visible at
larger time scales of the order 15000.
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Figure 4.5: Different contributions to the energy density for the flat ensemble at
high energy-density E/Lm2 = 4 and stronger coupling λ/m2 = 1/6.
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τm E/Lm2 = 1 E/Lm2 = 2 E/Lm2 = 4

λ/m2 = 1/6 137 70 39

(tm < 500)

λ/m2 = 1/8 215 108 50

(tm < 800)

λ/m2 = 1/12 688 207 112

(tm < 2500)

Table 4.2: Initial energy-exchange time scales for the flat-ensemble initial condi-
tions.

τm Peak 1 & 2 Peak 1 & 3
symmetric, Hartree 160± 31 360± 35
symmetric, classical 90± 18 156± 34
broken, Hartree 49± 11 84± 14
broken, classical 41± 14 63± 16

Table 4.3: Auto-correlation times for flat ensemble type initial conditions. In all
cases the coupling λ/|μ2

ren| = 1/6. In the symmetric phase v2 = 0, λ/m2 = 1/6 and
E/Lm2 = 4, whereas in the broken phase v2 = 6, λ/m2 = 1/12, and E/Lm2 = 0.5.

In order to make a quantitative comparison between different couplings and
energies for the initial rapid exchange of energy between mean field and modes,
related to the local thermalization, we fitted the energy-density in the mean field
to a function of the form (4.6). The results are summarised in Table 4.2. Using the
energy in the quasi-particle picture, instead of the effective Hamiltonian, gives the
same results.

Leaving out the run at the lowest coupling and energy, λ/m2 = 1/12, E/Lm2 =
1, which we did not see thermalize, the time scale is roughly proportional to E−1 at
constant coupling and to λ−3/2 at constant energy density:

τ−1 ≈ Cm(E/Lm2)(λ/m2)3/2. (4.7)

We have checked this behaviour explicitly by plotting the different energies as a
function of (λ/m2)3/2(E/Lm2) t, from which we obtained C = 0.10.

For the lower energy density E/Lm2 = 0.4 the results are very similar to our
simulation of the Gaussian wave packet, which we will describe in Section 4.2.2.
In particular, we encountered the local k-space equilibration. By initially exciting
only a few modes this process can be seen even more clearly. We have not simulated
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long enough at this low energy density, using the flat initial distribution, to see the
emergence of classical behaviour.

AUTO-CORRELATION TIME SCALES

To further investigate time scales, we also analysed the time-dependent auto-cor-
relation function of the mean field, as in Section 3.4. Using flat ensemble initial
conditions in both the symmetric and the broken phase, with either Hartree or clas-
sical dynamics, the auto-correlation function was obtained from the average mean
field only:

C(t) = 〈φ̄(t0 − t/2)φ̄(t0 + t/2)〉t0

− d.c. (4.8)

Here φ̄(t) denotes the spatially averaged mean field, the overline indicates averag-
ing over a large time-interval (which greatly reduces fluctuations) and the initial en-
semble, d.c. stands for the disconnected piece. Figure 4.6 shows an example in the
large-time region, where the particle-number distribution has the behaviour shown
in Figure 4.4. The average was taken over the time interval tm = 50 000 . . . 70 000,
and ten initial configurations from the flat ensemble. We recall that the evident
damping is seen also upon using only a single configuration, such as was done in
Section 3.4, it is not caused by the average over initial conditions. The dip-like struc-
ture can be understood as being caused by interfering “twin peaks” in the spectral
function, as explained in Section 3.4.2. The damping time is quantified using a “fit”
of the form exp(−t/τ) through the first and second peak. Using the third peak
would give a roughly twice as large τ. The results are given in Table 4.3, where
the errors are obtained with the jackknife method [53]. In the table a comparison
is made with results from the classical approximation, and with results obtained in
the broken phase.

In the broken phase there is hardly any difference between the classical and the
Hartree result, although the Hartree result seems to indicate a slightly larger value.
We recall that the particle distribution in this case approximates the Bose-Einstein
form reasonably well, and furthermore, that the damping time is within a factor of
two of the analytically computed value using perturbative quantum field theory in
the two-loop approximation.

In the symmetric phase the Hartree result is roughly twice the classical value. It
is hard to interpret this in any detail as the distribution function in the Hartree case
is so “unconventional” (cf. Figure 4.4) and also the classical case is far from thermal-
ized. However, there is a much more striking difference between the broken- and
symmetric-phase results. At an eight times larger energy, the auto-correlation time
in the symmetric phase is not smaller, but instead larger by a factor 3−4. One would
expect qualitatively the opposite effect. For example, for a thermalized system at a
temperature T , the damping rate may be expected to scale, in the classical approx-
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Figure 4.6: Auto-correlation function for the average mean field using the flat
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∝ log | cosmefft| at discrete times.

imation, as (λT)1/3, and bluntly using the values λT/m3 = (1/6)(1/0.41) (symmet-
ric, Table 4.1) and (1/12) 1.1 (broken, Section 2.7.3) would give τsymm/τbroken = 0.62

instead of the factor 3− 4.
Comparing with the time scale for energy exchange, we see that at high energy

density the damping time is 4−9 times larger than the energy-exchange time (cf. Ta-
ble 4.3 and the upper-right entry in Table 4.2). The systematics of this are unclear
to us, since at the lowest energy density (and smaller coupling) we find on the con-
trary that the damping time is about half the time scale for energy exchange (see
also Sect. 4.2.2 for the Gaussian wave packet: τdamp ≈ 3500, τexch ≈ 7000).

4.2.2 GAUSSIAN WAVE PACKET

In this section we focus on the initial condition specified by the Gaussian wave
packet (4.3) with λ/m2 = 0.1, Am2 = 2 and Φ = 2.60106 (this value appeared
in the preprint version of [52]), which gives an energy E/m2 = 12.6. We used a
volume Lm = 32, giving an energy density E/Lm2 = 0.394 which is practically
equal to the smallest energy density 0.4 studied in the previous section with the flat
ensemble. It is however still an order of magnitude larger than the highest energy
densities studied in [52]. In this case the number of lattice points N = 256, while
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the temporal lattice distance a0 = a/10, as before. We checked for finite volume
and discretization effects by using different parameters and found that they do not
influence the results discussed.

PARTICLE DISTRIBUTION FUNCTION
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Figure 4.7: Time development of parti-
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The initial Gaussian wave packet
spreads and oscillates in the course of
time and after t � L/2 the packet meets
itself due to the periodic volume. This
can be seen from the plots of the mean
field φ(x), see Figure 1 in [52], which
we have verified.

The initial wave-packet (4.3) rep-
resents a pure state, that can still be
analysed in terms of particle numbers
and frequencies obtained from the two-
point functions, as in (2.56). It is inter-
esting to compare the so-obtained nk

with the coarse-grained particle distri-
bution at later times. If we assume free-
field evolution we can calculate nk an-
alytically, and it turns out that its aver-
age over (half) an oscillation period is
time-independent and close to the initial distribution, for large volumes. As de-
rived in Appendix 4.A this free-particle distribution for the Gaussian wave packet
initial condition (4.3) is given by

nfree
k =

πAΦ2
√
m2 + k2 e−k2A

L
. (4.9)

In Figure 4.7 we plotted this free form, together with the particle numbers ob-
tained in a simulation. We find it quite remarkable that already the earliest (time-
averaged) distribution deviates significantly from the initial form (4.9). A closer
look shows that this deviation originates entirely from the first period tm = 0 . . . 2π.
After that short time the distribution is almost stationary. Only after a time tm =
O(105) we see deviations arise. However, in the mean time there is an extensive
exchange of energy between the modes and the mean field: initially all particle
number and energy is contained in the mean field, while in the later stage it is just
the opposite.

After tm ≈ 30000− 40000 classical behaviour, i.e. nk → T/ωk, starts to emerge:
the lower-momentum modes become under-occupied, while the higher modes be-
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come over-occupied. At no stage does the distribution resemble the the Bose-
Einstein form (4.5). We recall that also with the flat ensemble we did not see quan-
tum thermalization at similarly low energy densities.
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resents a power ∝ ω−3 touching the neg-
ative values of Sk(t) − Sk(0).

Bettencourt et al. [52] studied the
power spectrum of the subtracted two-
point function Sk(t) − Sk(0) at times
tm � 200. This appeared to show
power behaviour ∼ k−3 − k−4, which
was interpreted as evidence for the ab-
sence of BE-like thermalization. As
mentioned above we also see no BE
thermalization at this low energy den-
sity, however we find that the power
behaviour is not without ambiguities.
The aim of the subtraction in Sk(t) −
Sk(0) was to eliminate the vacuum con-
tribution 1/2

√
m2 + k2 from Sk. At

large k this is a rather delicate proce-
dure, for instance, a quasi-particle be-
haviour

Sk(t) =
nk(t) + 1/2√
m(t)2 + k2

, (4.10)

with a thermal-like massm(t) that is expected to be larger thanm in the symmetric
phase, would give a negative result at large k,

Sk(t) − Sk(0) ≈ −
m(t)2 −m2

4k3
, (4.11)

were we neglected an assumed exponentially small nk(t).
We would like to stress here the good features of the observables nk and ωk

defined in (2.56). In Fig. 4.8 we have plotted

Sk(t) − 1/2ωk(t) =
nk(t)

2ωk(t)
, (4.12)

as well as Sk(t) − Sk(0), for the same parameters (Φ = 1.838526, Am2 = 2, Lm =
128, N = 1024) and in the same time regime as used in [52]. (We averaged over
tm = 180 − 200, which hardly affects nk(t)/2ωk(t) as it is practically constant.)
The plot of Sk(t) − Sk(0) looks very similar to the ones shown in Ref. [52]. There is
a lot of scatter at largeωk (≈ k) and a more detailed analysis shows negative values
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Figure 4.9: The different energies for the Gaussian wave packet initial condition.

interspersed with positive values (indicated separately for the power spectrum. On
the other hand nk/2ωk shows less scatter and is mostly positive (only for ωk > 4

do negative values occur). Note however, that the largerω region could be affected
by lattice artifacts.

ENERGY DENSITIES AND TIME SCALES

To get an estimate of the time scales involved, we compare the energy densities in
the mean field, in the modes and in the total field for the Gaussian wave packet
initial condition, as we did in Sect. 4.2.1 for the flat ensemble at higher energy den-
sities. For short times these are plotted in Figure 4.9a, together with the energy as
derived from the quasi-particle picture (2.60). For long times they are plotted in
Figure 4.9b.

We see that the quasi-particle representation of the energies is in this case ex-
tremely good, there is hardly any visible difference with the exact energies based
on Heff.

Furthermore, for early times (Fig. 4.9a) there is an oscillatory behaviour with a
period tm ≈ 130. Note that, due to the periodic boundary conditions on the system
with size Lm = 32, the Gaussian packet already “meets itself” after a time tm = 16,
much shorter than this resonance time. The resonance is caused by the difference
between the effective mass terms of the modes and mean field, ≈ 2λφ2. This mass-
difference has a small value, fluctuating around 0.030 − 0.050, corresponding to a
period 210− 126, approximately the observed period.
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Figure 4.10: The auto-correlation function as determined from the average mean
field only. The result when using classical dynamics is shown in the insert on a
linear scale, with an exponential fit to the Hartree result.

The rate at which energy flows to the modes can be seen at long times (Fig. 4.9b).
The energy in the mean field in the interval tm < 60 000 can be fitted reasonably
well to an exponential function of the form (4.6), yielding an equilibration time
scale τm ≈ 7000, roughly two orders of magnitude larger than what was found in
the broken phase at similar energy densities and couplings.

Using a sum of waves as initial condition at similar energy density shows the
same kind of resonance in the energy exchange between mean field and modes,
with period ≈ 170 and mass difference fluctuating around 0.02 − 0.04, consistent
with the found period. When an average is taken over the flat ensemble, the oscil-
lations die out after tm ≈ 4000− 5000.

TIME SCALES FROM THE AUTO-CORRELATION FUNCTION

We also evaluated the auto-correlation function for the Gaussian wave packet. Since
we do not average over initial conditions we cannot calculate a statistical error. We
therefore averaged over two different time intervals, giving some idea of the size
of the statistical uncertainty. The result is plotted in Figure 4.10. At this low energy,
the damping time is roughly half the energy equilibration time. The inset shows
– on a linear scale – the result for classical dynamics, using identical initial con-
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ditions. The exponential curve is a fit to the Hartree result: classically there is no
visible damping.

It would be interesting to compare the result with the flat initial ensemble at the
same energy density. However, for these low energies we need to simulate for very
long times, which is quite a numerical effort. We therefore only calculated the auto-
correlation times for the faster evolving high energy runs discussed in Section 4.2.1.

4.3 SCATTERING

In this section we will discuss scattering features of the Hartree approximation.
We shall give an interpretation of our finding that the initial mean-field particle-
distribution is approximately taken over by the modes, the modes appear to equi-
librate with the mean field, primarily when they have the same wave number. We
call this “local k-space equilibration”. Such a process occurs especially at low en-
ergy density and weak coupling. After a discussion of higher-order scattering and
thermalization we end with a fresh look at the possibility of scattering of two lo-
calised wave packets: they can scatter indeed in the Hartree approximation, espe-
cially in the broken phase.

4.3.1 LOCAL k-SPACE EQUILIBRATION

The effective Hamiltonian (2.22) can be seen as describing interacting classical fields
φ and fα. It will be convenient to split the modes fα in a free part and a perturba-
tion:

fα = f0α + gα, f0α =
eikαx−iωαt

√
2ωαL

, (4.13)

withω2
α = m2 + k2

α. We will show in the following, that for not too large coupling
and energy, the equation of motion for gα reduces to that of a driven harmonic
oscillator. Making use of the corresponding scattering diagrams we then conclude
that, approximately, the only momentum modes of gα that are excited are those
also present in the mean field. Since we will focus on the initial behaviour, when
the system is still far from equilibrium and there is no temperature yet, we will only
use zero-temperature perturbation theory.

We can write out the effective Hamiltonian in terms of the classical fields φ, gα

and the external field f0α. In the symmetric phase and to second order in gα, this
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leads to the following interaction terms and corresponding vertex factors

1

4
λφ4 6λ (4.14a)

3λφ2
∑
α

Re(f0αg
∗
α) 3λ (4.14b)

3

2
λφ2

∑
α

|gα|2 3λ (4.14c)

6λ
∑
α,β

Re(f0αg
∗
α)Re(f0βg

∗
β) 3λ (4.14d)

whereas in the broken phase, writing φ = v + φ ′, we also have the three-point
interactions

λvφ
′3 6λv (4.15a)

6λvφ ′ ∑
α

Re(f0αg
∗
α) 3λv (4.15b)

3λvφ ′ ∑
α

|gα|2 3λv (4.15c)

In a first approximation we neglect the back-reaction on the mean field and
assume it is just oscillating around its minimum as a superposition of waves:

φ(x, 0) =

imax∑
i=1

Ai sin(ωKi
t) cos(Kix−ψi) (4.16)

where ψi are random phases andωKi
=

√
m2 + K2

i .
The exact Hartree dynamical equation for the mode perturbation gα(x) in terms

of its Fourier transform gαk is given by

(∂2
t +ω2

k)gαk = −3λ

∫
dx

(
φ(x)2 + Cren(x)

)

×
(
ei(kα−k)x−iωαt

√
2ωα

+
1

L

∑
k ′
ei(k ′−k)xgαk ′

)
. (4.17)

Neglecting for the moment the higher order terms, those containing Cren and gαk

in the integral, the x-integration can be performed, resulting in a sum over plane
waves. The equation is that of a driven harmonic oscillator

(∂2
t +ω2

k)gαk(t) =
∑

j

Bje
−iΩjt, (4.18)
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Figure 4.11: Tree level scattering diagrams involving a single perturbation mode
gα. Drawn lines denote φ, a dotted line f0α, and the dashed line denotes gα. Time
runs from left to right.

which leads to resonances that grow linearly in time forω2
k = Ω2

j . By inserting the
explicit form (4.16) in (4.17) we find for each pair Ki, Kj four different resonance
relations:

ωk = ±ωα ±ωKi
±ωKj

, (4.19)

(with uncorrelated ±), while the x integration gives four different momentum rela-
tions:

k = kα + η1Ki + η2Kj, (4.20)

where η1,2 = ±1.
These two relations describe energy-momentum conservation in scattering pro-

cesses involving a single 4-point vertex, the interaction (4.14b). Only 2 → 2 pro-
cesses involving this vertex can conserve energy and momentum. Furthermore, in
1 + 1 dimensions (since all particles have the same mass) it follows that the pair of
incoming momenta must be equal to the pair of outgoing momenta. From the en-
ergy relation (4.19) it then follows there are three possible diagrams, drawn in Fig-
ure 4.11, creating a gα particle with momentum k. The momentum relation (4.20)
now gives us three possibilities,

k = η2Kj kα = −η1Ki (4.21a)
k = η1Ki kα = −η2Kj (4.21b)
k = kα η1Ki = −η2Kj (4.21c)

For the last possibility k = kα, the contribution of the φ(x)2 term is just a constant.
These terms only give rise to a time-dependent mass shift between the modes and
mean field. We can conclude that, to leading order, the only excited modes are
given by

g±Ki,±Kj
. (4.22)

Note that only if just one mean field mode is exited (i.e. if imax = 1) the modes will
remain diagonal.
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Figure 4.12: Leading 2 → 4 scattering diagrams creating a gα particle in the sym-
metric phase. The intermediate line represents the retarded Green function.

We will now look at the neglected terms. The renormalized mode-sum Cren(x)
is equal to

Cren(x) =
∑
α

(
f0α

∗
(x)gα(x) + f0α(x)g∗α(x) + |gα(x)|2

)
(4.23)

As we just showed, in lowest order, gα is only nonzero for kα ∈ {Ki} and therefore
the only nonzero Fourier components of Cren(x) are the same as those in φ(x)2:
k = ±Ki±Kj. Therefore, including the first order result forCren(x) in equation (4.17)
will not change the set of excited modes. Finally, taking into account the last term
in (4.17), using the first order result (4.22), we can also find its contribution. The x
integration gives a δk ′,k±Ki±Kj

. The frequencies of the correction to gα are therefore
of the form ωk±Ki±Kj

and we still find exactly the same relation as followed from
(4.19) and (4.20).

The above treatment can be extended by making a systematic expansion in λ,

φ = φ0 + λφ1 + λ2φ2 + · · · , fα = f0α + λf1α + λ2f2α + · · · , (4.24)

and using Green function techniques along the lines of Ref. [22].
As a check we performed a simulation, exciting only two modes K1 and K2 at

low energy (E/Lm2 = 0.04) and small coupling (λ/m2 = 1/12). The assumption of
a free oscillating mean field turned out to be extremely good. We also checked the
explicit form of one of the modes by examining |fK1

|2. We expect f to contain the
two Fourier modes K1 and K2, and therefore |f|2 to contain momenta 2K1, 2K2, K1 +
K2 and K1 −K2. These were indeed the only modes found. In similar simulations at
higher energy we found the back-reaction to φ to become more important,however
the set of excited modes remained the same.

4.3.2 HIGHER ORDER SCATTERING

In order for the system to thermalize it is necessary that particles can change their
momenta by scattering. As mentioned above, 2 → 2 scattering cannot change the
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Figure 4.13: Leading 2 → 3 scattering diagrams creating a gk
α particle in the broken

phase.

initial momenta in 1+1 dimensions (with re-summed off shell propagators this re-
striction does not apply, cf. the thermalization found in Ref. [54]). Therefore at least
one extra vertex is needed. In the symmetric phase only four-point vertices exist, as
in (4.14). The interaction (4.14b) is leading over (4.14c) and (4.14d), because it is first
order in gα. Furthermore initially all energy is in the mean field and the leading
contribution to g-particle production comes from the two diagrams in Figure 4.12.

At this point it is interesting to realise what happens if the mean field is homo-
geneous. In that case gα always carries momentum kα (Ki = 0, ∀i). For inhomoge-
neous systems this restriction is lifted and thermalization becomes possible.

In the broken phase both the couplings (4.14) and (4.15) contribute and there are
three- and four-point interactions. The leading contribution to g-particle produc-
tion in this case comes from the two diagrams in Figure 4.13. Intuitively one expects
the finite range of the interaction in the broken phase, due to off-shell particle ex-
change, to lead to more efficient thermalization than the zero range interaction in
the symmetric phase. This is indeed what we observed.

4.3.3 SCATTERING OF TWO WAVE PACKETS

We end this section by shortly coming back to the possibility of indirect scattering
in the Hartree approximation. Consider an initial two-particle state described by
wave packets ψ1,2:

|ψ1ψ2〉 = b̂†[ψ1]b̂†[ψ2]|0〉, b̂†[ψ] =
∑

k

ψkb̂
†
k. (4.25)

Then
Cren(x, t; x, t) = |ψ1(x, t)|2 + |ψ2(x, t)|2 (4.26)

with
ψ(x, t) =

∑
k

ψ∗
kfk(x, t). (4.27)
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If we now linearize the Hartree equations in the “broken phase”, writingφ = v+φ ′,
keeping terms linear inφ ′, while treating |ψ|2 as being of the same order asφ ′, gives

(∂2
t − Δ+m2)φ ′ = −3λ

(
|ψ1|2 + |ψ2|2

)
(4.28a)

(∂2
t − Δ+m2 + 6λvφ ′)ψ1,2 = 0. (4.28b)

If the wave packets approach each other within a distance of order 1/m they will
scatter.

So the interaction of the quantum modes with the classical modes of the inho-
mogeneous mean field does lead to indirect scattering. Note that in the symmetric
phase v = 0 and the back-reaction of the mean field disturbance φ ′ to the particle
waves ψ1,2 is suppressed.

4.4 DISCUSSION

We will start this discussion with a summary of the behaviour at high and low en-
ergy density. This appears to be the distinguishing criterion for the thermalization
behaviour of the Hartree approximation for inhomogeneous systems, rather than,
for example, an initial state being pure, as for the Gaussian wave packet, or mixed,
as for the flat ensemble.

At high energy density E/Lm2 	 1, we see that the distribution nk acquires
features of a thermal quantum, i.e. Bose-Einstein distribution. There is a time- and
coupling-dependent chemical potential, of order unity in mass units. The temper-
ature is roughly proportional to

√
E/L and independent of the coupling. The cou-

pling determines the time scale on which the approximate thermalization becomes
visible. The initial rapid exchange of energy between modes and mean field occurs
on a time scale described by (4.7). The quasi-particle picture is reasonable, although
there is a curious mismatch between the total energy as derived from the effective
Hamiltonian and that obtained from the quasi-particles, equations (2.22) and (2.60).

After a very long time the energy flows back into the mean field, which is ac-
companied by the emergence of a power-law distribution for nk as a function of
momentum k. Such power-law behaviour has not been found in the broken phase,
and also classical simulations do not show such a behaviour, indicating that the
back reaction of the modes plays an essential role. It is interesting to note that Boy-
anovsky et al. [55] also found power-law behaviour for the occupation numbers,
although it is unclear if the same mechanism is behind their finding. In their study
of a 3+ 1 dimensional O(N) model in the largeN approximation, the power-law is
caused by a nonlinear resonance of the back reaction of the modes on themselves,
with terms of the form 1/(ωk − m), diverging as 1/k2 in the limit k → 0. This
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would give a 1/k4 behaviour for the particle number, different from what is found
here. Furthermore, we only find power-law behaviour in the total- and mean-field-
particle numbers, but not in that of the modes. The difference in power and the
absence of power-law behaviour in the modes makes it improbable that the physi-
cal mechanism behind the resonances is the same.

In a very recent article [56], Micha and Tkachev obtained a particle distribution,
falling off as 1/ks. In their simulations, the phenomenon is caused by turbulance.
The power s has a value in the range 1.5 − 1.7, for the 3 + 1 dimensions they use,
precisely what we find for the mean field distribution. However, their system is
different from ours in several important ways and we are as yet unable to say if our
finding can be explained by the same turbulance phenomenon.

At low energy density E/Lm2 
 1, for the flat ensemble as well as for the pure-
state wave packet, we do not find approximate thermalization to a BE distribution.
Instead, the form of the total distribution nk remains the same for times that are
many tens of thousands in units of m−1. The distribution then slowly turns over
into a classical distribution. However, there is still an extensive exchange of energy
between the mean field and the modes, leading to what we call local k-space equi-
libration. At low energy, the time scale for this process is much longer than would
follow from (4.7), found at high energy densities. Furthermore, at short times the
energy densities in the mean field and modes separately show a remarkable oscil-
latory behaviour, not seen at higher energies, which is caused by a difference in the
effective mass of the mean field and modes.

We obtained several time scales: for approximate Bose-Einstein thermalization,
for the early-time exchange of energy between mean field and modes, for the auto-
correlation function and for the evolution to a classical distribution. Most of these
are much longer in the symmetric phase than in the broken phase:

• In the previous chapters, we found the BE-thermalization-time scale in the
broken phase is of the order 25 − 35 for E/Lm2 = 0.5, while here, in the symmetric
phase,mτBE = 1500− 1600 for E/Lm2 = 4 (both at λ/|μ2

ren| = 1/6).
• The energy-exchange time scale in the broken phase gives a result that is close

to τBE, whereas in the symmetric phase it is related to local k-space equilibration,
much shorter than τBE, and it shows the behaviour (4.7). For E/Lm2 = 0.5 and
λ/|μ2

ren| = 1/6, Eq. (4.7) gives τm ≈ 300, much longer than the 25 − 40 we found in
the broken phase at the same energy and coupling,

• Also the damping time, obtained from auto-correlation functions is much
longer than in the broken phase, even at much higher energy and larger coupling.
Compared to the value obtained using classical dynamics, it is roughly twice as
large. In the broken phase, both values are comparable in size. At low energies the
damping time seems to be much longer, but this needs more study.

• The last time scale is that of classical equilibration. Since we are just solving a
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large number (2N2 + 1) of local classical non-linear equations, one may expect clas-
sical equipartition to set in at some point. This equipartition is, however, non-trivial
because of the large number of conserved charges (2.27). For example, the emerg-
ing classical temperature is of order E/N and not E/N2 (recall that for N spatial
lattice sites there are 2N2 real degrees of freedom in the mode functions). Depend-
ing on energy and coupling we can already see a first emergence of classicality at
times τm = O(104). This is still about an order of magnitude longer than what
was found in the broken phase in Chapter3. However, full classical equilibrium
is expected only for huge times, much larger than the τm = O(106) found in the
broken phase for an artificially small system at E/lm2 = 36, Fig. 2.10, and beyond
the already large times of order 105 reached in this study.

Remarkably, the equilibration time scale found in [18] using classical dynamics
appears to be shorter. The empirical formula [18]

1

mτclass
= 5.8 10−6

(
6λT

m3

)1.39

, (4.29)

with T = E/N the classical equilibrium temperature, would give equilibration
times tm = O(105) – O(107) for the various parameters used here. This differ-
ence, in equilibration time scales, can be interpreted as follows. Classical dynamics
has also been studied in the Hartree approximation, the latter then shows up as an
unstable fixed point of the full dynamics [18]. This Hartree fixed point depends on
the initial conditions. In our case the mode functions are initialised with quantum-
vacuum form (2.29b), and the resulting dynamics (seen as a classical system with
order N2 fields) appears to linger for a very long time near a Hartree fixed point,
longer than when using classical dynamics.

For our inhomogeneous initial conditions we have not been able to pin down
the fixed point analytically, but intuitively one may expect the system to be close to
it when the mean field has lost most of its energy and has started fluctuating about
a homogeneous average. Making a homogeneous approximation to this situation
would lead to a Hartree stationary state. Such a state can have an arbitrary particle
distribution nk, which, given our out-of-equilibrium initial conditions, turns out to
have BE features when the energy density E/Lm2 	 1. Apparently, when the en-
ergy density is small, E/Lm2 
 1, the system leaves the fixed-point region before
BE-like thermalization sets in, because we have seen only classical-like equilibra-
tion emerging in this case.

Finally, we comment on the results of Bettencourt et al. [52]. As mentioned
in Sect. 4.2.2, we have essentially confirmed their numerical results. The energy
density in the simulations in [52] was rather low, namely E/Lm2 = 0.00042 and
0.0045, so in view of our results summarised above, no sign of a BE distribution is
to be expected with the Hartree approximation at the times tm � 200 covered in
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[52], nor at any time later.
It is remarkable that at larger energies E/Lm2 	 1 we do find Bose-Einstein

behaviour, but of course, the fact remains that the Hartree approximation needs to
be improved in order to achieve thermalization at all energies. This may take huge
times at low energy densities.

It has been remarked [52] that the Hartree approximation is expected to be valid
up to times tm ∼ m2/λ = O(10). We agree with this statement when applied
to the detailed time-evolution of observables, but it does not necessarily apply to
observables such as our quasi-particle distribution nk(t) or energy ωk(t), that are
coarse-grained in time and space and/or averaged over initial conditions in the
Hartree ensemble approximation. For comparison, consider a gas of classical point
particles with Lennard-Jones interactions. Any numerical approximation to the
detailed time evolution will soon go dismally wrong due to the chaotic nature of the
system, but this does not preclude an accurate evaluation of, say, a coarse-grained
particle-distribution function. With this in mind we have studied our system for
times as large as seemed necessary, which led to very large times indeed. First
experience [57] indicates that the situation is not very different in 3+1 dimensions,
where also large equilibration times may be expected for the φ4 model at moderate
couplings and energy densities.

4.A CALCULATION OF THE PARTICLE NUMBER OF THE

GAUSSIAN WAVE-PACKET

We calculate here the initial two-point functions for the Gaussian wave packet ini-
tial condition (4.3), the corresponding particle number nk and energyωk, and their
subsequent free field expressions. The calculations will be made in the continuum
limit, in a finite periodic volume.

The mean field contributions to the two-point functions are given by

S(x, y)mf = φ(x)φ(y) − φ(x) φ(y), (4.30a)

U(x, y)mf = π(x)π(y) − π(x) π(y), (4.30b)

where we shall average, at first, only over space, e.g.

φ(x)φ(y) =
1

L

∫L

0

dzφ(x+ z)φ(y+ z). (4.31)

The initial mean field is given by (4.3), or in terms of its Fourier transform:

φk =

∫
dx e−ikxφ(x) = Φ

√
2πA e−k2A/2. (4.32)
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Since π(0) = 0, the free-field (i.e. for λ → 0 and μ → μren = m) evolution of φk in
time is given by:

φk(t) = φk(0) cos(ω(0)
k t), (4.33)

whereω(0)
k =

√
m2 + k2. A straightforward calculation gives

Smf
k =

(
1− δk,0

)φ2
k cos2(ω

(0)
k t)

L
, (4.34a)

Umf
k =

(
1− δk,0

) (ω
(0)
k )2φ2

k sin2(ω
(0)
k t)

L
, (4.34b)

where the delta functions come from the disconnected pieces. The modes just
contribute the vacuum fluctuations:

Smodes
k =

1

2ω
(0)
k

, Umodes
k =

ω
(0)
k

2
. (4.35)

Adding the contributions in (4.34) and (4.35) and applying the definition (2.56), the
initial instantaneous particle number and frequency become

nk(0) =
1

2

(√
2ω

(0)
k φ2

k/L+ 1− 1

)
, (4.36a)

ωk(0) =
ω

(0)
k√

2ω
(0)
k φ2

k/L+ 1

. (4.36b)

Using free field dynamics the instantaneous particle number would get an oscil-
lating component according to (4.34). If, apart from the volume average, we also
course-grain in time, the disconnected parts of S andU vanish, while both cos2 and
sin2 → 1/2. We then find

nfree
k =

ω
(0)
k φ2

k

2L
, 1 ωfree

k = ω
(0)
k , (4.37)

which are time-independent.
For large volumes 2ω(0)

k φ2
k/L 
 1, expressions (4.36a) and (4.36b) reduce to

(4.37). For the parameters as used in Section 4.2, A = 2, Φ = 2.60106, Lm = 32, we
find

2ω
(0)
k φ2

k

L
≈ 5.3

√
1+ k2/m2 e−2k2/m2

. (4.38)

By plotting nk(0) (or log[1+1/nk(0)]) versusωk(0) we find that this only compares
well with a similar plot of nfree

k versus ωfree
k for k � 2m. So at times tm 	 1 it is

best to use the time-averaged free-field determinations for the comparison with the
interacting Hartree evolution.
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