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1 Introduction
1.1 Changing orbits of celestial bodies
In space few are alone. Of all known stars more than half are member of a multiple
system, in which two or more stars have too little energy to escape each other’s
gravitation, and these stars revolve around each other in elliptic orbits (some of
which may be practically circular). Of all those stars that do not have a stellar
companion, many may yet have planets circling around them. Storing most of the
angular momentum of a contracting protostellar gas cloud in the orbital motion of
one or more planets (by means of forming a protoplanetary disc) will slow down
the rotation of the central gas body, facilitating its collapse into a star. Relatively
few planets have yet been found. It should be noted, however, that even the largest
planet in our own solar system, Jupiter, could only barely be discovered, if the Sun
would be observed from some typical interstellar distance. Due to its wide orbit a
large set of high quality data would be required. As time goes on and the accuracy
of astronomical observations is improved we can expect many more planets to be
discovered, and the chance of finding lower mass planets becomes higher.
The way in which stars revolve around each other may be very important for
the future evolution of the system. If the components are sufficiently close, nuclear evolution may expand one of the members up to the point where matter can
freely flow from one object to the other via the mechanism of Roche Lobe Overflow (RLO). Very diverse evolutionary scenarios may result, producing very diverse end products, depending on the structure of the components and the orbit
they are in.
In case of a triple (or higher order) system one of the members may be dynamically ejected, leaving the other components in narrower orbits. In a binary system
this does not happen, yet the orbit of a binary may be subject to change. Internal
energy losses in the reaction of the components to each other’s gravitational field
may cause the orbit to change, and influences the rotation of the components. This
is the tidal interaction which causes tides in the oceans on Earth, and which causes
the moon to always show its same side to us.
In this thesis an effort is made to increase the theoretical knowledge of the tidal
process taking place in detached binaries which contain at least one Main Sequence
(MS) star.
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Figure 1.1. This set of approximately 200 early type binaries shows that tighter orbits, with
shorter orbital periods, generally have smaller eccentricities. For Porb . 1.5 days hardly any
orbit has eccentricity, while for Porb & 10 days hardly any orbit is circular (Giuricin et al.
1984).

1.1.1 Early type main sequence star binaries
Fig. 1.1 shows for a sample of approximately 200 high mass early type MS binary
stars (which are believed not to have undergone a period of mass exchange between the binary members) the orbital eccentricity against the logarithm of the orbital period. For long orbital periods a large range of eccentricities is found, reflecting the large variety of primordial orbits in which these stars were formed when
they contracted towards the Zero Age Main Sequence (ZAMS). Orbits with shorter
orbital periods, which have smaller binary separations, generally have smaller eccentricities (for the semi-major
axis a of the relative orbit of one star around the
q
G( M + M )

2

2
3
1
other one finds a = 3
Porb
, with M1 and M2 the masses of the stars).
4π 2
Hardly any orbit with a period below ≈ 1.5 days has eccentricity, while hardly
any of the orbits with periods above ≈ 10 days is circular. From this observational
fact one can infer that there must be a mechanism which tends to make eccentric
orbits circular, and this mechanism is more efficient in close binaries than in wide
binaries. Such a mechanism is found in the tidal interaction between the two stars.
In this thesis an attempt is made to model the tidal process such that the efficiency
of the orbital decay can be understood in terms of the properties of the stars in the
binary system.

1.1 Changing orbits of celestial bodies

3

1.1.2 The radio pulsar system PSR J0045-7319
By timing the arrival of radio pulses being emitted from a rapidly rotating Neutron Star (NS) in the Small Magellanic Cloud (SMC), it was discovered that this
NS is in a highly eccentric (e = 0.81) orbit of Porb = 51 days around an early
type MS (B-)star of approximately nine solar masses (Kaspi et al. 1996). In such a
highly eccentric orbit, as they move through periastron, the two objects approach
each other down to a distance of only four to five times the radius of the B-type
star. Such close encounters should give rise to rather strong tidal effects, and since
the orbital motion of the NS companion can be extremely accurately monitored by
means of the pulsar timing observations, the tidally induced changing of the orbit
can be measured: Porb / Ṗorb = −5 × 105 years. This decay timescale is indeed quite
short compared to the MS lifetime of the B-star of approximately 20 Myr, indicating that the tidal interaction will be very important for the future of this system.
The possibility to directly measure the strength of the tidal interaction makes this
system an ideal test-bed for tidal theories. In Sect. 3.4 we devote some attention
to this system, but due to the simplifications we have to make to approximately
fit the work presented here into a four year PhD project, we can only hope to
roughly approximate the observed properties of this system. The NS kick which
(together with the mass ejection) is believed to have resulted in the high orbital
eccentricity when the progenitor of the pulsar experienced a supernova explosion
is also believed to have pushed the compact object away from the original orbital
plane, resulting in a high inclination between the present day orbital plane and
stellar spin vector. This complicates the model which is to be used to describe this
system, and these complications we have neglected (among others) by assuming a
vanishing inclination while performing our calculations. The extreme nature of the
system and the possibility of making high quality measurements means this system may prove to be very critical about the accuracy of the model used to describe
it. Hopefully this interesting system will be able to guide theorists improving the
tidal theory through decades to come.

1.1.3 Solar type binaries
The lower mass solar type stars have a complementary structure with respect to
the early type MS stars in that they have a convective in stead of a radiative envelope, and a radiative core in stead of a convective one. This will alter the way
in which the tidal processes take place, and it is therefore interesting to see how
the observed binary parameters of these lower mass late type systems compare to
those of the high mass systems.
Observation of a cluster of stars which have approximately equal ages can reveal
important information about the tidal process taking place in the binary members
of the cluster. Within the timespan given by the age of the cluster binaries which

4
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Table 1.1. For binary populations with increasing ages t the observed value of the circularization cutoff period Pcutoff becomes larger (Mathieu et al. 1992).
10 log t

(Gyr)

−2.5
−1.0
−0.1
0.6
1.2

Pcutoff (d)

binary sample

4.3
7.05
8.5
12.4
18.7

pre-MS
Pleiades
Hyades/Praesepe
M67
Halo

formed in tight orbits may have had the chance to circularize, while for wider binaries the elapsed time since formation may have been too short for significant tidal
decay. The largest orbital period at which binaries have been able to circularize is
called the circularization cutoff period Pcutoff of the cluster, and this cutoff period can
be observationally determined. Mathieu et al. (1992) compiled a small list of observed cutoff periods for late type binary members of clusters with different ages,
see Table 1.1. This table shows that older clusters contain circular binaries up to
higher orbital periods, indicating that during the MS tidal interaction takes place,
gradually circularizing wider and wider binaries as time goes on. The quality of a
theory which describes the tidal process can be measured by its ability to predict
the circularization cutoff period, and the way this period increases in time. Because orbital separation depends on orbital period and tidal interaction depends
strongly on orbital separation, a small increase in the cutoff period already requires
a significant increase in the tidal coupling which is to be explained by the theory.
Even though the mass, the radius, the internal structure and the MS lifetime
of a late type MS star is quite different from that of an early type star, the cutoff
periods for ‘old’ (i.e. having gone through significant MS evolution) early and late
type systems, as can be estimated from Fig. 1.1 and Table 1.1, are comparable:
Pcutoff ' 101 d. We will use the same theory to describe both cases, although the
exact details will differ somewhat from one to the other.

1.1.4 Extrasolar planets
In recent times extensive effort is being invested in the search for planets around
stars other than our own sun. The identification of another habitable world in
a distant solar system and detecting signs of biological activity in such an alien
place would probably be considered one of the main achievements of the modern
age, and for the general audience the prospect of accomplishing such discoveries
appears to be one of the main sources of fascination for the astronomical discipline.
All extrasolar planets which have up to now been discovered around solar type

5
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1
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Figure 1.2. The orbits of large planets have very diverse eccentricities, but for the very
short periods (Porb . 7√days) only rather small eccentricities are found. The size of each
circle is proportional to 3 Mplanet sin i, Jupiter has been plotted for an inclination of i = 60◦ .
The marked planets are part of the same system HD 83443 (http://exoplanets.org/).

stars, however, are heavy Jupiter-like gas giants, and are unlikely to harbour life.
Limitations on the observational accuracy do not yet permit an Earth sized planet
around another star to be detected, especially not in an orbit as wide as the Earth’s.
From a conventional astronomical point of view the planets that have been discovered and the orbits they revolve in are quite interesting, though. With orbital
periods ranging from three days to more than seven years and eccentricities anywhere between 0 and 0.93 (see Fig. 1.2), these giants are the telltale remnants of
planet formation and migration, many aspects of which are not yet well understood. The large range of eccentricities is thought to be the result of interaction
between the planets and the protoplanetary disc form which the planets formed.
As long as a heavy disc exists, the orbital evolution of the planets can be assumed
to be dominated by it. In Fig. 1.2 the centre of each circle denotes the derived orbital
parameters of a detected planet, while each circle’s diameter is proportional
√
3
to Mplanet sin i. As the observations are based on radial velocity variations of
the central star, i.e. the orbital velocity of the star projected along the line of sight,
the planet’s mass Mplanet is only known up to a factor sin i, with i the inclination
between the line of sight and the (normal to the) orbital plane. The cubic root of
the planet’s mass should be roughly proportional to its radius. The stars around
which these planets orbit are all approximately of solar type. From the figure it is
seen that the tightest of orbits (Porb . 7 days) have significantly lower eccentricities than the wider orbits, indicating that tidal effects between the planet and the
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central star may be important for the narrow systems containing a planet. With
our own solar system as an example, however, it is to be expected that extrasolar systems can contain multiple planets, and the interaction between the orbits
of different planets can be expected to be dominant over the tidal interaction with
the central star. In Fig. 1.2 two members of the same stellar system HD 83443 are
marked, and the inner planet of the two is seen to have rather large eccentricity
for its short orbital period. Nonetheless, the case of a single heavy planet in close
orbit around a solar type MS star without influences of a protoplanetary disc will
be considered, and the theory developed in this thesis will be applied to calculate
the tidal coupling of the planet to the central star.

1.2 Tides in stars
We will now briefly outline the nature of the tidal action taking place in a binary
system, and we indicate the structure of the theoretical effort we will be taking to
describe the tidal processes.

1.2.1 The perturbing forces
In a binary system the acceleration required to maintain the orbital motion of the
components around their common centre of mass is provided by the gravitational
forces between the objects. If a component of a binary has a significant size, i.e. if
it is not extremely small compared to the separation of the objects, tidal forces will
tend to alter its shape. These tidal forces emerge because the object moves as a
whole in its Keplerian orbit, while only in its centre (of mass) the gravitational
pull of the companion exactly equals the force required for the orbital motion.
If one considers a binary with a circular orbit and an extended star that is corotating with the companion in its orbit, Ωs = ω with Ωs the stellar angular spin
frequency and ω = P2π the angular orbital frequency, the perturbing force field
orb
with respect to the rotating star has a shape as shown in Fig. 1.3. Each element
of the corotating star describes a circular orbit around the axis perpendicular to
the orbital plane and running through the common centre of mass. Each element
of the star therefore experiences a centrifugal force directed away from this axis,
with a magnitude proportional to the distance to it. The force which results from
adding the companion’s gravitational force to this centrifugal force vanishes in the
stellar centre, while outside the centre it is shaped such that two opposing tidal
bulges are raised, one of which points directly towards the companion. The deformed static shape which is established in a corotating star in a circular binary is
called the equilibrium tide.
In the case of a binary orbit which is not circular, i.e. which has some eccentricity
0 < e < 1, it is no longer possible for a star to corotate with the orbiting compan-
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ω

Figure 1.3. In a corotating circular binary, perturbing forces on the stellar material (white
arrows) raise two opposing tidal bulges. The perturbing forces are the sum of the gravitational attraction of the companion star (dashed arrows) and the centrifugal forces (solid
arrows) due to the system’s rotation around the vertical axis through the common centre of
mass. Everywhere outside the centre of the star these two forces do not cancel each other,
and a perturbing force results.
ion. The angular velocity of the companion is not constant, implying that the tidal
bulges which are raised on the star that is itself spinning at a constant frequency
move relative to the stellar material. Furthermore, the changing distance to the
companion during an orbital revolution causes the bulges to periodically change
in size. In the flow associated with such a time dependent deformation dissipation
occurs, resulting in exchange of energy between the star and the companion in its
orbit. Due to the dissipation a phase lag develops between the direction of the tidal
bulges and the location of the companion in its orbit, such that also a torque between the star and the companion arises, implying a flow of angular momentum
between the star and the companion. This flow of energy and angular momentum, which also occurs in a circular system with a non-corotating star, changes the
shape and size of the orbit, and causes stellar spin up or spin down. Eventually the
system will tend to evolve towards the situation of orbital circularity and stellar
corotation.
For the general case of a system outside of tidal equilibrium it is beneficial to
describe the perturbing forces relative to an inertial frame of reference, separating
the true tidal forces due to differential gravity from the centrifugal forces due to
rotation. Often the perturbation due to centrifugal forces, which is proportional to
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Ω2s , is neglected for the sake of simplicity. For slow stellar rotation this should be
reasonable, and in this thesis we will also use this approximation, but it would not
pose a fundamental problem to include this effect.

1.2.2 The stellar response
The way in which a star is perturbed as a result of time dependent tidal forcing
depends heavily on the structure of the star under consideration. Since the tidal
forcing in a binary is periodic, the star is essentially subject to a forced oscillation.
The oscillation characteristics of the star are therefore decisive for the progress of
the tidal evolution. A high mass early type MS star has a convective core, a low
mass late type MS star (as well as a late type giant) has a convective envelope.
In a convective region vertical displacement of a fluid parcel does not result in
a restoring force pushing the parcel back to its original height; rather, the parcel
will continue ascending or descending until dissipative processes have levelled
the conditions inside and outside the parcel, assimilating it into its surroundings.
This is the mechanism of energy transport by means of convection. In a convective
region, then, no buoyancy (g-mode) oscillations, which have gravity as restoring
force, can propagate.
In his review of tidal effects in stars, Zahn (1977) divided the theoretical study
of tides into two cases, according to the type of star which is subject to the tidal
deformations.
Low mass stars have convective envelopes, in which turbulence is expected to be
well developed. In such a system Zahn assumes the response of the star
can be described by the equilibrium tide which is retarded due to coupling
of the tidal flow to the motion of turbulent eddies in the star’s envelope.
The strength of the tidal process depends on the viscosity of the turbulent
eddies, for which no fundamental theory is available. This model, in which
the dynamical effects of the tidal motions are not taken into account, is called
the equilibrium tide theory.
High mass stars have convective cores but no convective envelopes, and for these
stars the core convection causes much less efficient tidal dissipation. Rather,
the tidal motions in the radiative envelope, for which now dynamical (buoyancy) effects do play an important role, will be dissipated by means of radiation damping close to the star’s surface layers. This theory, in which the
response of the star is determined by its properties as a (g-mode) oscillator,
is called the theory of dynamical tides.
The equilibrium tide theory is quite approximate by nature, and since for its
driving dissipation mechanism (the eddy viscosity) no fundamental theoretical
improvements are to be expected soon, most of the present day discussions on
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equilibrium tides concern the input parameters of the mixing length ‘theory’ used
to describe the convection.
The theory of dynamical tides, on the other hand, permits some more definite
conclusions to be drawn, since its main dissipation mechanism depends on the
relatively well understood mechanism of radiation diffusion (although application of the dynamical tide model on a late type MS star, as will be addressed in this
thesis, does depend on turbulent viscosity). The tidal motions in the dynamical
tide model consist of periodic oscillations, for which self-consistent solutions can
relatively easily be calculated using a first order perturbation theory. Inclusion
of the dynamical effects makes this theory much richer, at the cost of complicating its details. The possibility exists to have resonances between the tidal flow
and the free oscillation modes of the star, greatly enhancing the tidal oscillation
amplitudes, and thus the tidal dissipation, near the eigenfrequencies of the stellar
eigenmodes. The influence of stellar rotation on the tidal response can be investigated, and rotational eigenmodes of the star may emerge. In this thesis we will
solely be occupied with the dynamical theory of tidal interaction.
An alternative mechanism for synchronisation and circularization in early type
binaries is provided by Tassoul (1987), who considers large scale meridional flows
which are driven by the lack of symmetry about the rotation axis in a tidally perturbed star. Although from local analysis it becomes plausible that such flows will
arise, it is not trivial to calculate a solution for such a flow, and from this determine
the rate of orbital decay. Tassoul’s theory is not as widely accepted as Zahn’s, and
for the sake of simplicity we will ignore the effects of large scale flows on the tidal
mechanism.

1.2.3 Stellar resonances
Like a guitar string, a star can oscillate in many modes, each of which has its own
eigenfrequency. Like a guitar string, a star can be forced to oscillate in any mode,
and the resulting steady state amplitude of the oscillation depends on the closeness
of the match between the forcing frequency and the eigenfrequency of the forced
mode. Near an eigenfrequency the resulting steady state response is largest, therefore the amount of dissipated energy is largest near an eigenfrequency. Near each
stellar eigenfrequency σ0 the rate of dissipation as a function of forcing frequency
can be well approximated by the resonance curve of a weakly damped harmonic
oscillator with external forcing (see Fig. 1.4). If a forcing frequency would sweep
along the horizontal axis at a constant rate, the total dissipation taking place would
be proportional to the area underneath the peaks which is swept. Much of the area
of a resonance peak is concentrated within a distance ∆σ around the resonance
frequency, where ∆σ is the Full Width at Half Maximum (FWHM) of the peak (see
panel 1.4a). However, in an evolving binary the rate at which a forcing frequency
shifts relative to the peak depends on the rate at which the orbital frequency and
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Figure 1.4a and b. Harmonic oscillator resonance curves. Much of the area of a peak
is concentrated within its typical width ∆σ (see panel a). In a star the distance between
resonances is usually large compared to the width of the peaks (see panel b).

the stellar spin frequency change, and therefore on the dissipation rate itself. Near
an eigenfrequency the dissipation rate increases and the orbital evolution speeds
up, influencing the rate at which the forcing frequency shifts through the peak. In
such a case the peak area is not representative for the total dissipation taking place
during the resonance crossing.
In a star the frequency separation between two eigenfrequencies is usually large
compared to a peakwidth, see panel 1.4b (which has a logarithmic scale on the
vertical axis). The chance that the frequency at which a star is forced is near an
eigenfrequency therefore seems small, and since it is usually assumed that the enhanced rate of tidal evolution near an eigenfrequency diminishes the net dissipation which occurs due to the resonance peak, distinct resonance peaks are usually
not considered in theories of tidal evolution. In this thesis we do include distinct
resonance peaks, and we show that the effect of including these peaks in fact gives
rise to the dominant mechanism for tidal evolution in eccentric binaries: resonance
locking. During resonance locking the rate of orbital evolution increases as the forcing frequency runs into the resonance peak, but as a result the rate at which the
forcing frequency approaches the eigenfrequency decreases until the approach is
halted. The star is then forced near an eigenfrequency for an extended period of
time, making the influence of the locked resonance peak much larger than what
would be expected from its peak area.

1.2.4 Eccentric orbits
To understand how inclusion of distinct stellar eigenmodes results in the important and perhaps surprising mechanism of resonance locking, we first have to spec-
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Figure 1.5. The time variation of the distance d to the companion, and thus of the strength
of the companion’s gravity at a point (r, ϑ, ϕ), is determined by the changing coordinates r 0
and ϕ0 of the companion in its eccentric orbit.

ify how tidal forcing in an eccentric binary takes place. To describe the tidal force
field we use a nonrotating spherical polar coordinate system (r, ϑ, ϕ) based at the
centre of mass of the perturbed star, with the vertical axis aligned with the rotation
axis of the star (see Fig. 1.5). This choice of coordinate system is best suited when
later we will be solving the oscillation equations for the perturbed star. But the
gravitational potential of the companion, which is of course a very simple function when written down in a spherical polar coordinate system based at the centre
of the companion itself, is not a very simple function when written down in the
coordinate system based at the centre of the perturbed star. At the location of a
point (r, ϑ, ϕ) the companion’s gravitational potential is inversely proportional to
the distance d to the companion, which is located at (r 0 , π2 , ϕ0 ). (For simplicity we
do not consider the case of nonzero orbital inclination, ϑ0 6= π2 ). To establish a
usable description of the companion’s gravitational potential in the frame of the
perturbed star, it can be factorized in r, ϑ and ϕ factors by using the addition theorem for spherical harmonics. The result is a relation which contains only factors
which are functions of a single variable, but the cost is that the result is an infinite
sum of such terms:
Φcomp = − GMp

∞

l

∑∑

l =0 m =0

em

0
π
(l − m)! l 1 m
r
P (cos ϑ ) Plm (cos )e−imϕ eimϕ
( l + m ) ! r 0 l +1 l
2

(1.1)
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with Plm the associated Legendre polynomials, and em = 1 for m = 0 and 2 for
m > 0.
Different from the situation in a circular binary, in which the time dependence
of the companion’s potential is purely harmonic, the forcing in an eccentric orbit
varies as the components move quickly through periastron and slowly move apart
from each other towards apastron. Since the companion’s coordinates r 0 and ϕ0
are periodic functions of time, however, the time dependence of the tidal potential
may be described by a sum of harmonic Fourier components:
1

r

0

eimϕ =
0 l +1

∞

∑

n=−∞

ck eikωt .

(1.2)

By combining Eqs. (1.1) and (1.2) the tidal potential is written as a triple sum of
terms which are completely factorized in r, ϑ and ϕ, and which have harmonic
time dependence. The response of the star to tidal forcing in an eccentric orbit can
now be evaluated one harmonic term at a time, acquiring the total response by
summation over the partial tide terms, provided that the tidal response is linear
with respect to the tidal potential; this will be assumed in this thesis.
A term with l = 0 describes a constant potential field, the gradient of which does
not provide a force field. Terms with l = 1 give rise to uniform force fields. These
terms are responsible for accelerating the star as a whole, such that the orbital
motion is maintained. These terms do not cause tidal deformations of the star,
and by disregarding them the star is effectively put to rest, thereby rendering the
chosen coordinate system inertial. The dominant tidal terms have l = 2 (with
m = 0 or m = 2 for vanishing orbital inclination), and as a first approximation the
higher order potential terms will be neglected in this thesis.
In a nonrotating star the eigenfunctions of (nonadiabatic) stellar oscillation have
the same angular dependence as the partial tide terms, so for a nonrotating star
the steady state response to a partial tidal force term is found by solving a onedimensional problem in the r-coordinate. In a rotating star, however, the emerging
Coriolis forces prevent the oscillation equations from being separated in r and ϑ
parts, leaving a two-dimensional problem to be solved in the meridional plane.

1.2.5 Resonance locking
The main ingredients which play a role in the resonance locking mechanism have
now been introduced. It has been shown that the stars in an eccentric binary are
simultaneously forced at multiple harmonic frequencies. Each harmonic forcing
term excites an oscillation, and if the frequency of forcing lies close to an eigenfrequency of the star, significant enhancement of the dissipation occurs. The forcing
frequencies change as the orbital period changes, and the stellar eigenfrequencies
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change as the stellar rotation changes (and due to restructuring of the star as a result of nuclear evolution). Since each harmonic forcing term influences the stellar
rotation and the orbital period, it follows that the frequency shifting of any forcing
harmonic relative to its nearest stellar eigenfrequency depends on the combined
action of all of the forcing harmonics. Resonance locking often occurs when a number of intrinsically strong orbital harmonics with low frequencies non-resonantly
excite retrograde oscillations, thereby spinning the star down. This may happen
for a star which has quasi-synchronous rotation, i.e. whose rotation equals the orbital angular velocity of the companion at periastron. The spin down of the star
may then force an intrinsically weak orbital harmonic of high forcing frequency
into resonance with a prograde eigenmode of the star. As this high frequency
harmonic approaches the resonance frequency its own spin up torque on the star
increases, thereby counteracting the tendency imposed by the low frequency harmonics to approach the resonance. If the resonant torque becomes strong enough
to fully counter the driving ‘push’ of the low frequency harmonics, the forcing
frequency’s approach of the resonance frequency is halted, and resonance locking
is established. Even though the frequency shifting tendency imposed by the low
frequency harmonics is cancelled by the high frequency resonant harmonic during
the locking, the effects on the stellar spin and orbital period of the different harmonics won’t cancel. During this type of resonance locking the spin up torque of
the high frequency harmonic is usually dominant over the total spin down torque
of the other harmonics, resulting in stellar spin up and orbital shrinking. Significant changes to the orbital parameters may be required to terminate the locking,
and significantly enhanced tidal evolution may endure for an extended period of
time. Detailed numerical analyses indicate that resonance locking is a very common phenomenon, although the ubiquity of its occurrence and the efficiency of its
ability to speed up the tidal decay depend on the details of the situation in which
the locking occurs.

1.3 This thesis
Chapter 2 describes the tidally forced oscillations in a uniformly rotating 10 M
MS star, for different stages of nuclear evolution. The numerical calculations are
performed using an implicit 2D finite difference scheme developed by Savonije &
Papaloizou (1997). The torque eigenspectra of the g-mode resonances are fitted
with resonance curves of harmonic oscillators, and for the first time also torque
spectra for nonadiabatic quasi-toroidal rotational (r-)modes are acquired.
Chapter 3 describes the tidal evolution of a system containing a 10 M MS star and
a 1.4 M compact object, using the data acquired in chapter 2. For the first time
the interplay of orbital harmonics and stellar resonances during the orbital evo-
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lution is extensively monitored, allowing for the stellar eigenfrequencies to shift
as a result of nuclear evolution and the changing rotation of the star. It is found
that extended intervals of resonance locking occur, during which a stellar eigenmode is resonantly excited near its eigenfrequency by a harmonic component of
the tidal potential. Resonance locking significantly enhances the tidal decay rate.
The short observed orbital decay timescale in PSR J0045-7319 could be the result
of such resonance locking.
Chapter 4 describes the orbital evolution of a binary system containing two high
mass MS stars. In such a system resonance locking becomes less intense, but occurs
yet more frequently. If locking occurs in both stars at the same time, locking in one
star intensifies the locking in the other star somewhat. Resonance locking is again
found to significantly enhance the tidal decay in these systems.
Chapter 5 describes calculations of the dynamical tide in solar type stars. Rich spectra of core g-modes are calculated for models at various stages of nuclear evolution, and for different rotation speeds. By applying the traditional approximation,
disregarding the radial part of the stellar rotation velocity, the oscillation equations
become once again separable in r and ϑ. The need for extensive 2D calculations
is thus eliminated, allowing much higher spatial resolution to be reached. Very
dense spectra of quasi-toroidal rotational modes (now dubbed ‘q-modes’) are calculated, and inertial modes in the convective envelope are found.
Chapter 6 uses the data presented in chapter 5 for orbital calculations of systems
containing one or two solar type stars. For the dual MS binaries it is shown that resonance locking occurs extremely ubiquitously, and through the continuously resonant interaction of eigenmodes with the orbital harmonics the dynamical tide is
shown to predict observed circularization cutoff periods more accurately than the
equilibrium tide model. For solar systems containing a large Jupiter mass planet
in a narrow orbit resonance locking occurs less frequently, but when it occurs it
causes very efficient tidal interaction. Prograde resonance locking may influence
weakly eccentric orbits up to approximately 6 days, while retrograde q-mode locking may decircularize and widen orbits up to e ' 0.7 and Porb = 35 days. Resonance locking depends strongly on the mass of the planet.

1.3.1 Possible improvements
Each model of nature has its imperfections. A good model properly represents
the essential ingredients of the problem, but leaves out details which only contribute insignificantly to the result. To serve simplicity details which significantly
complicate matters but which have only limited consequences for the result may
be disregarded, but if higher accuracy is required, the extra effort will have to be
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made. Beforehand it may be difficult to separate the main points from side-issues,
and it is important to stay alert to supposed minor issues which in the end turn
out to change things drastically.
Assumption of steady state
During the tidal evolution of an eccentric binary a number of different timescales
come into view. The tidal perturbations which are raised in the stars have periods in the range of hours, but the corresponding oscillation modes of the stars
have damping timescales of the order of hundreds to thousands of years. This
is the reason for using a fully implicit calculation scheme to immediately calculate the steady state response of the oscillations; an explicit scheme which utilises
timesteps short enough to resolve the tidal motions would require a very large
number of timesteps to describe the damping characteristics of the oscillations.
The rate at which stellar eigenfrequencies and orbital harmonic frequencies change
is measured on the timescale of the orbital evolution, which usually is millions to
billions of years. This slow rate at which the orbital frequency changes enables us
to use the Kepler relations for closed elliptical orbital motions, even though the
variation from these fixed orbits is what we are interested in. Usually the approximations we make to facilitate the calculations seem prudent, however in extreme
cases they may brake down. During the quick crossing of e.g. a weakly damped,
strong q-mode the relatively long damping timescale of the excited oscillation may
become of the order of the relatively short timescale of orbital evolution, in which
case the assumption of steady state response becomes questionable. It takes a few
damping times for a steady state oscillation to set in, so if frequencies change significantly on the damping timescale, the results are uncertain. It appears, though,
that the influence of quick resonance crossings on the orbital decay is small, while
during the resonance locking, which does cause strong orbital evolution, the frequencies only change very slowly, and the assumption of steady state should hold.
Assumption of linearity
In this thesis the stellar oscillation equations are linearised before being solved,
significantly reducing the numerical effort which is to be made. The steady state
solution to a nonlinear set of equations is not acquired by ‘simple’ matrix inversion, but may yet be approximated using an iterative scheme. If the solutions are
not linear with respect to the forcing tidal potential, the Fourier decomposition of
the potential of the eccentric orbit into harmonic components can not be used to
determine the decay rate of the eccentric orbit, since the partial tidal torques can
not simply be added together. For small oscillation amplitudes the assumption
of linearity should be reasonable. Yet, near resonances, amplitudes may become
large, and the assumption of linearity can be expected to break down. The eigen-
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frequency of a stellar mode may become dependent on the amplitude of excitation, and oscillation modes may nonlinearly couple to other modes with different
frequencies. To incorporate all aspects of nonlinearity in full generality appears
extremely daunting, but partial investigations to estimate the effects of different
aspects of nonlinearity in the oscillation equations could well be considered for
the future. The largest deviations from linear response are expected to emerge
during the rapid crossing of strong modes, during which only small orbital decay takes place. During resonance locking the oscillation amplitudes of the locked
mode remain limited, so most of the orbital decay is caused by modes for which
the assumption of linearity should be reasonable.
Assumption of uniform rotation
We only consider the relatively simple case of uniformly rotating stars (i.e. stars rotating like a solid body), which have their spin angular momentum vectors aligned
with the orbital angular momentum vector. The case in which the spin and orbital
angular momentum vectors are inclined is interesting to consider in view of the
PSR J0045-7319 system. It should be possible to extend the model to incorporate
such cases without having to make many structural adjustments, but the details of
this have not yet been sorted out. On the other hand, the case of non-uniform rotation, i.e. differential rotation in the form of a (quasi-)synchronised surface layer
on top of a non-synchronised stellar interior, for example, may lead to more difficult problems. In such a case a range of angular velocities exist within the star,
and if a harmonic term of the forcing potential falls within this range, the star will
contain a corotation point for this partial tide. A corotation point divides the oscillation cavity in the star into two parts, since the oscillation cannot propagate
through the corotating region. In the areas adjacent to the corotation point the relative forcing frequency is very low, and the very short wavelengths which result
seriously complicate the numerical treatment of the problem. A general treatment
of tidal evolution of differentially rotating stars in eccentric orbits, in which corotation points may emerge, is therefore difficult to envisage. However, most of the
tidal decay takes place due to resonance locking of modes which are excited by
high frequency orbital harmonics, often with frequencies of the order of the stellar
breakup frequency, for which corotation points are unlikely to exist. If no corotation point exists, the response of a differentially rotating star can be evaluated in
the same way we evaluate the response in a uniformly rotating star. The resulting oscillations are similar, although resonance frequencies, maximum amplitudes
and damping rates may vary. The actual degree of differential rotation which will
be established in a tidally evolving eccentric binary is uncertain because the mechanisms of redistribution of angular momentum within the star are not yet well
understood. For the time being it is therefore wise to leave out differential rotation
altogether, but ultimately the evolution of the stellar rotation law should be solved
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for, and the model for tidal evolution should be altered accordingly.
Miscellaneous
To improve the accuracy of the model the effects of centrifugal distortion, perturbation of the self-gravity and higher orders of the spherical functions could be
included. Qualitatively no large differences should be expected, although the extra
amount of work could be quite significant. Even though we only consider circularization in some detail in this thesis, the model could also be confronted with
observational data of stellar rotation in eccentric binaries, so that the predicted
synchronisation effects may be tested. The model calculations do, however, indicate that a relatively large spread in the stellar rotation rates is to be expected.
Moreover, since the mechanism of circularization is usually weaker than the synchronisation, observations of the circularization process provide a more critical
test of the theory than observations of the stellar rotation in similar binaries could.
Great care should be taken if differential rotation may be present. Other expansions of the model could involve the advance of periastron (apsidal motion) or the
precession of the stellar spin axis in a system which has an inclined orbit. Here,
too, resonance locking may be of influence.
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2 Dynamical tides in a high mass star
The dynamical tide in a rotating 10 M main sequence star
A study of g- and r-mode resonances
Witte, M. G. and Savonije, G. J. 1999a, A&A, 341, 842

Abstract. We study the linear, but fully non-adiabatic tidal response of a uniformly
rotating, somewhat evolved (Xc = 0.4), 10 M main sequence star to the dominant
l = 2 components of its binary companion’s tidal potential. This is done numerically with a 2D implicit finite difference scheme. We assume the spin vector of
the 10 M star to be aligned perpendicular to the orbital plane and calculate the
frequency σ̄ and width of the resonances with the prograde and retrograde gravity (g) modes as well as the resonances with quasi-toroidal rotational (r) modes for
varying rotation rates Ωs of the main sequence star. For all applied forcing frequencies we determine the rate of tidal energy and angular momentum exchange
with the companion. In a rotating star tidal energy is transferred from l = 2 gmodes to g-modes of higher spherical degree (l = 4, 6, 8, . . .) by the Coriolis force.
These latter modes have shorter wavelength and are damped more heavily, so that
the l = 2 resonant tidal interaction tends to be reduced for large rotation rates Ωs .
On the other hand, the density of potential resonances (a broad l spectrum) increases. We find several inertially excited unstable l > 4 g-modes, but not more
than one (retrograde) unstable l = 2 g-mode and that only for rapid rotation. Our
numerical results can be applied to study the tidal evolution of eccentric binaries
containing early type B-star components.

2.1 Introduction
Zahn (1977) initiated the study of radiative damping of the dynamical tide as a
viable mechanism for effective tidal interaction in early type close binary systems.
Savonije & Papaloizou (1984) were the first to perform fully non-adiabatic calculations of the dynamical tide and to study the interplay between stellar and tidal
evolution which appears crucial in understanding the effects of tides in early type
stars. More recently, Papaloizou & Savonije (1997) and Savonije & Papaloizou
(1997, from now on SP97) studied the effects of rotation on the dynamical tide.
To this end a 2D implicit code was developed for which the effects of the Coriolis force on the non-radial oscillations are taken fully into account. These earlier
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studies of rotational effects were based on a chemically homogeneous 20 M star
and were focused on the low-frequency inertial regime, i.e. to forcing frequencies
σ̄ < 2Ωs , where σ̄ is the forcing frequency in the frame corotating with the star at a
rate Ωs . The present study extends these calculations to a somewhat evolved (with
core hydrogen abundance Xc = 0.4) 10 M star whereby the forcing frequency σ̄
runs from low (high radial order g-modes) to high frequencies (up to g1 ). The
motivation for this work is that we intend to apply the calculated energy and angular momentum exchange rates with the companion to study the tidal evolution
of eccentric early type binary systems. Recently several new studies of tidal evolution in eccentric early type binaries (with a compact companion) have appeared
(e.g. Kumar & Goodman 1996; Lai 1997). However, these studies have not considered the important effect of rotational (r) modes on the tidal exchange of angular
momentum in eccentric binary systems. We anticipate interesting tidal effects in
eccentric binaries by the counteracting effects of resonant prograde g-modes and
retrograde r-modes when the early type component is rotating near its ‘pseudo’
synchronous rate at periastron. This will be studied in a following paper.

2.2 Basic equations
We consider a uniformly rotating, early type star with mass Ms and radius Rs in
a close binary with circular orbit with angular velocity ω and orbital separation
a. We assume the stellar angular velocity of rotation Ωs to be much smaller than
its break-up speed, i.e. (Ωs /Ωc )2  1, with Ω2c = GMs /R3s , so that effects of
centrifugal distortion (∝ Ω2s ) may be neglected in first approximation. We wish to
study the response of this uniformly rotating star to a perturbing time-dependent
tidal force. The Coriolis acceleration is proportional to Ωs and we take its effect
on the tidally induced motions in the star fully into account. We use spherical
coordinates (r, ϑ, ϕ), with origin at the stellar centre, whereby ϑ = 0 corresponds to
its rotation axis which we assume to be parallel to the orbital angular momentum
vector. We take the coordinates to be non-rotating.
As is well known, in a non-rotating star the solutions of the linearised nonradial stellar oscillation equations can be expressed in terms of spherical harmonics, i.e. the spatial part of each mode can be fully separated into r-, ϑ- and ϕ-factors
(e.g. Ledoux & Walraven 1958) U (r, ϑ, ϕ) = u(r ) Plm (cos ϑ ) e−imϕ , where Plm represents the associated Legendre polynomials for l and m.
The introduction of the Coriolis force, however, destroys the full separability of
the oscillation equations, it only being retained for the ϕ-dependence. It turns out
(e.g. Berthomieu et al. 1978) that two independent sets of approximately spheroidal
oscillation modes exist: modes in which the density perturbation is even with respect to reflection in the equatorial plane, which have l − |m| even valued, and
modes with odd symmetry for the density, having l − |m| odd valued. In addition,
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for each l, there is a set of quasi-toroidal r-modes (e.g. Papaloizou & Pringle 1978)
which couple with the spheroidal modes of l ± 1.
Let us denote perturbed Eulerian quantities like pressure P0 , density ρ0 , temperature T 0 and energy flux F 0 with a prime. The linearised hydrodynamic equations
governing the non-adiabatic response of the uniformly rotating star to the perturbing potential ΦT may then be written
 

∂
ρ0
∂
1
(2.1)
+ Ωs
vi êi + 2Ωs k × v0 = − ∇ P0 + 2 ∇ P − ∇ΦT ,
∂t
∂ϕ
ρ
ρ



∂
∂
+ Ωs
ρ0 + ∇ · ρv0 = 0,
(2.2)
∂t
∂ϕ



∂
∂  0
1
+ Ωs
S + ξ · ∇S = − ∇ · F 0 ,
(2.3)
∂t
∂ϕ
ρT

  0


F0
dT −1
3T
ρ0
κ0
=
− −
∇T + ∇T0 ,
(2.4)
F
dr
T
ρ
κ
where êi are the unit vectors of our spherical coordinate system, k is the unit vector along the rotation axis, v0 denotes the velocity perturbation, κ the opacity of
stellar material and S its specific entropy. These perturbation equations represent,
respectively, conservation of momentum, conservation of mass and conservation
of energy, while the last equation describes the radiative diffusion of the perturbed
energy flux. For simplicity we adopt the Cowling (1941) approximation, i.e. we neglect perturbations to the gravitational potential caused by the stellar distortion.
We also neglect perturbations of the nuclear energy sources and of convection.
For a circular orbit (with orbital angular speed ω) the companion’s perturbing
potential can be expanded as the real part of (e.g. Morse & Feshbach 1952):
ΦT (r, ϑ, ϕ, t) =

−

GMp
a

∞

l

∑∑

l =0 m =0

em

π
(l − m)!  r l m
Pl (cos ϑ ) Plm (cos ) eim(ωt− ϕ)
2
(l + m)! a

(2.5)

where Mp is the companion’s mass, a the orbital separation, Plm (cos ϑ ) the associated Legendre polynomial and em = 1 for m = 0 and 2 for m > 0. We will
consider only the dominant l = 2 components of the tidal forcing. Adopting the
same azimuthal m symmetry and time dependence for the perturbed quantities as
the forcing potential, the perturbed velocity can be expressed as v0 = iσ̄ξ, where
σ̄ = m(ω − Ωs ) is the forcing frequency felt by a mass element in the uniformly
rotating star and ξ is the displacement vector.
The perturbations can be written as e.g. ξ r (r, ϑ, ϕ, t) = ξ̂ r (r, ϑ ) eim(ωt− ϕ) where
ξ r is the radial component of the displacement vector, while ξ̂ r (r, ϑ ) is assumed
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complex to describe the azimuthal phase shift with respect to the forcing potential (2.5) induced by any occurring dissipation, e.g. turbulent viscosity or radiative
damping, see energy equation below.
The current equations contain extra terms compared to those in SP97 because
of the occurring mean-molecular weight (µ a )-gradients near the edge of the convective core. We assume diffusive mixing to be negligible on the (oscillation)
timescales under consideration, so that the Lagrangian variation of the mean molecular weight δµ a = 0 or
P0
= χρ
P



ρ0
ρ





+ χT

µ0a
µa

T0
T

µa
= − d ln
dr ξ r . We can thus use



− χµ

d ln µ a
ξr
dr

to eliminate the pressure perturbation, where χρ =
∂ ln P
∂ ln µ a

(2.6)
∂ ln P
∂ ln ρ ,

χT =

∂ ln P
∂ ln T

and χµ =

follow from the equation of state. Writing for simplicity from now on ξ r for

ξ̂ r (r, ϑ ), etc., while dividing out the factor eim(ωt− ϕ) , Eqs. (2.1–2.4) yield the seven
scalar Eqs. (2.7–2.13) given below.
First of all we write out the perturbed equation of continuity
im
ρ0
1 ∂  2 
1
∂
r ρξ r −
=− 2
ξ ϕ.
(sin ϑξ ϑ ) +
ρ
r sin ϑ ∂ϑ
r sin ϑ
r ρ ∂r

(2.7)

r
We can use (2.7) to eliminate the term ∂ξ
∂r introduced by the radial derivative of
the pressure perturbation (through (2.6)) from the radial equation of motion, so
that the latter equation can be expressed (after adding viscous terms to introduce
turbulent damping in convective regions, see SP97) as

"

#
d ln µ
d(χµ dr a )
Pχµ d ln µ a d(ρr2 )
dP d ln µ a
ρσ̄ − 2
+P
+ χµ
ξr
dr
dr
dr
dr dr
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∂
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1−µ
−
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ρζr
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+ iσ̄ 2
∂µ 1 − µ2
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∂µ2
r ∂r


Pχµ d ln µ a ∂
Pχµ d ln µ a
(sin ϑξ ϑ ) + 2iρσ̄Ωs sin ϑ + im
ξϕ
−
r sin ϑ dr ∂ϑ
r sin ϑ dr

 0
 
dχρ
dP
d ln µ a
dP
ρ
∂ ρ0
+
− Pχµ
−P
− χρ
− Pχρ
dr
dr
dr
dr
ρ
∂r ρ

 0
 
dχ T
dP
T
∂ T0
∂ΦT
− P
+ χT
− Pχ T
= −ρ
dr
dr
T
∂r T
∂r
2

(2.8)

where µ = cos ϑ and ζ is the coefficient of turbulent viscosity defined below. The
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ϑ-equation of motion becomes


 ∂2
∂
5 − 2µ2
ρζ 
−
4µ
−
ρσ̄2 ξ ϑ + iσ̄ 2
1 − µ2
ξϑ
∂µ
r
∂µ2
1 − µ2


Pχµ d ln µ a ∂ξ r
iσ̄ ∂
∂ξ
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 0
Pχρ
∂ ρ
Pχ T
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−
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.
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∂ϑ ρ
r
∂ϑ T
r ∂ϑ

(2.9)

The ϕ-equation of motion can be expressed as


Pχµ d ln µ a
2
ξ r − [2iρσ̄Ωs cos ϑ ] ξ ϑ
ρσ̄ ξ ϕ − 2iρσ̄Ωs sin ϑ + im
r sin ϑ dr

 0 
 0
imPχρ
ρ
imPχ T
T
imρ
+
+
=
Φ .
r sin ϑ
ρ
r sin ϑ
T
r sin ϑ T

(2.10)

By applying the thermodynamic relation


P
1
δP
δρ
0
δS = S + ξ · ∇S =
− Γ1
ρT Γ3 − 1 P
ρ
where the symbol δ denotes a Lagrangian perturbation and Γ j the adiabatic exponents of Chandrasekhar, the perturbed energy equation can be expressed as
"
#


 m 2  d ln T −1  T 0 
d ln P
d ln ρ
d ln µ a
− Γ1
− χµ
ξ r + χ T + iη
dr
dr
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F0
d ln F Fr0
1 ∂
r2 r +
− iη 2
F
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F
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 0
 0 
 

 ρ0
Fϑ
sin ϑ ∂
cos ϑ Fϑ
+ iη
−
+ χ ρ − Γ1
=0
(2.11)
r ∂µ F
r sin ϑ F
ρ
F
where η = (Γ3 − 1) σ̄P
is a local characteristic radiative diffusion length in the star,
with F the unperturbed (radial) energy flux. We have eliminated Fϕ0 with help of
the ϕ-component of the radiative flux equation. In the stellar interior η ' 0 which
corresponds to almost adiabatic response. However, even for ‘high’ frequencies
σ̄/Ωc ≈ 1 the diffusion length η becomes comparable to the scale height when the
stellar surface is approached. The associated radiative energy losses give rise to
damping of the tidally excited oscillations whereby the resulting phase lag with
the companion generates a torque. The perturbed radial radiative energy flux is
given by



Fr0
F





=

d ln T
dr

 −1

∂
∂r



T0
T





− (κ T − 4)

T0
T



− κρ + 1





ρ0
ρ



+ κX

∂ ln X
ξr
∂r
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(2.12)

∂ ln κ
∂ ln κ
ln κ
where κρ = ∂∂ ln
ρ , κ T = ∂ ln T and κ X = ∂ ln X , with X for the hydrogen abundance.
Finally the ϑ-component of the perturbed flux follows as



Fϑ0
F





=

d ln T
dr

 −1

1 ∂
r ∂ϑ



T0
T


.

(2.13)

2.2.1 Boundary conditions
The differential equations are supplemented by the following boundary conditions: at the stellar centre we require ξ r and Fr0 to vanish, while at the stellar surface, we require the Lagrangian pressure perturbations to vanish
P0
d ln P
+
ξr = 0
P
dr

(2.14)

and the temperature and flux perturbations to fulfil Stefan-Boltzmann’s law


 0
Fr0
2
d ln T
T
=
+4
ξr + 4
.
(2.15)
F
r
dr
T
Furthermore, ξ ϑ and Fϑ0 must vanish on the rotation axis while in view of the symmetry of the tidal force we adopt mirror symmetry about the equatorial plane,
i.e. for ϑ = π/2 we also require ξ ϑ and Fϑ0 to vanish.

2.2.2 The unperturbed stellar model
A recent version Pols et al. (1995) of the stellar evolution code developed by Eggleton (1972) was used to construct the unperturbed stellar input model. The model
represents a somewhat evolved main-sequence star of 10 M with core hydrogen
abundance of X = 0.4 and Z = 0.02. The mass in the convective core is approximately 2.1 M . The model comprises 1200 (radial) zones and was constructed
with the OPAL opacities (Iglesias & Rogers 1996). The stellar radius equals Rs =
3.825 × 1011 cm, while the effective temperature Teff = 2.314 × 104 K and the stellar moment of inertia Is = 1.56 × 1056 g cm2 . The break-up angular
 speed equals

dρ

1
1 dP
Ωc = 1.54 × 10−4 s−1 . The Brunt-Väisälä frequency A = 1ρ dP
ρ dr − Γ1 P dr
dr
given in units of Ωc , is plotted in Fig. 2.1. The Brunt-Väisälä frequency attains
large values in the region where the convective core has retreated during the evolution and a composition gradient is formed (the ‘µ a -gradient zone’). It can also
be seen that there are two shallow convective shells near the stellar surface. The
ρκ ( R −r )2 β
dashed curve shows the ‘thermal frequency’ νth = 2π/τth , where τth = c(1s− β)
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Figure 2.1. Characteristics of the
p stellar model: continuous curve represents the Brunt-

Väisälä frequency νBV = sign A |A| in units of the stellar break-up speedΩc as a function
of radial mesh number. The dashed curve shows the forcing frequency σ̄ for which the
corresponding oscillation period equals the local thermal timescale.

is a local thermal timescale, κ is the opacity, c the velocity of light, and β the ratio of
gas to total pressure. Non-adiabatic effects become important at locations where
νth is comparable or larger than the forcing frequency σ̄. It can be seen in Fig. 2.1
that this is the case for the layers in and above the inner convective shell. At the
inner edge of this shell νth ' Ωc , at the outer edge νth ' 5Ωc .

2.2.3 Turbulent viscosity in convective regions
In convective regions the equations of motion are supplemented by extra terms
to account for the occurring turbulent dissipation, as described in PS97. For the
coefficient of turbulent viscosity ζ we adopt a simple local mixing length approximation: ζ = αH p vc , where H p is the pressure scale height, α = 2 is the mixing
 1
3
F
length parameter, and vc = 10ρ
is a characteristic convective velocity. For high
oscillation
frequencies
the
viscosity
is reduced (Goldreich & Keeley 1977) by a fac

tor min 1, (σ̄τc )−2 , where τc = αH p /vc is the convective timescale. We limit ζ to

be everywhere less than 5 × 1012 cm2 s−1 .
In the µ a -gradient zone adjacent to the convective core, where the Brunt-Väisälä
frequency attains large values, the tidal response has short wavelength and cannot
be resolved on the grid when the forcing frequency |σ̄| drops to small values. We
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retain some viscosity in this region by letting the viscosity decay outwards from
the boundary of the convective core (at rc ) as ζ ∝ exp −[(r − rc )/(0.1 H p )]2 . Note
in this respect that, although the composition gradient suppresses radial overshooting, horizontal turbulence may be well developed in this boundary layer between the core and envelope. Also the oscillation amplitudes are relatively large
in this region.

2.3 The torque integral: transfer of energy and
angular momentum
For a circular orbit the tidal potential (2.5) has no m = 0 component. However,
since we wish to apply our results to eccentric binaries for which the tide has
an axisymmetric time dependent component we replace the factor eim(ωt− ϕ) by
ei(σt−mϕ) so that we can study m = 0 forcing. Once we have solved Eqs. (2.7–2.13)
for a given stellar rotation rate Ωs and a given (l,m,σ), i.e. for a term
Φlm = − f lm r l Plm (cos ϑ ) cos(σt − mϕ)

(2.16)

in the forcing potential (2.5), where f lm ∝ Mp /al +1 , the rate of angular momentum
exchange with the companion’s orbital motion can be calculated as an integral of
the tidal force per unit volume F lm = −ρ∇Φlm over the volume of the star
Ḣs =

Z
?

r × F lm dV = Re

= mπ f lm

ZZ

Im(ρ

0

ZZZ

−

∂Φlm 0
ρ (r, ϑ )r2 sin ϑ dϑ dϕ dr
∂ϕ

) Plm (cos ϑ)r l +2 sin ϑ dϑ dr

(2.17)

≡ mTlm

where Re and Im stand for the real and imaginary part. Since the torque and
the stellar and orbital rotation vectors are all aligned, only the magnitude of the
transferred spin and orbital angular momentum needs to be considered. The rate
of tidal energy exchange with the (10 M ) star can be expressed as
Ės =

Z
?

F lm · v dV = −Re

Z
?

ρ0 ∇Φlm · v0 dV − Re

Z
?

ρ0 ∇Φlm · vrot dV.

(2.18)

Substituting v0 = iσ̄ξ and vrot = Ωs r sin ϑê ϕ we find, after taking the real part,
that the second integral on the right hand side equals mΩs Tlm . The first integral
on the right hand side can be rewritten by applying the equation of continuity
(2.7). Partial integration then shows that this term is also proportional to Tlm and
equals σ̄Tlm . Concluding, we find for the tidally induced rate of respectively the
energy and angular momentum change in the star:
Ės = σTlm

(2.19)
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Figure 2.2. Torque integral Tlm versus forcing frequency σ̄ for forcing with l = 2 and m = 2

on a 10 M star rotating at twenty percent of breakup speed. Prograde and retrograde g2±k modes with k = 4 and 10 are labelled, as well as the location of the r-modes. Crosses denote
calculated points, while the drawn continuous curve represents a fit, see text.

Ḣs = mTlm

(2.20)

where the torque integral is given by

Tlm = π f lm

Z 1 Z Rs
−1 0


Im ρ0 (r, µ) Plm (µ)r l +2 dµ dr

(2.21)

with µ = cos ϑ.

2.4 Numerical procedure
The set of partial differential Eqs. (2.7–2.13) with boundary conditions (2.14) and
(2.15) is approximated by a set of finite difference equations (FDE’s) on a 2D grid in
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r and ϑ, i.e. on a meridional plane through the star. The FDE’s are similar (except
for the extra terms associated with the µ a -gradient) to those described in SP97 and
are solved by the same implicit scheme as given in that paper. We use a grid of
1200 zones in the radial and 46 zones in the ϑ direction, analogous to the one used
in SP97. Since the radial grid is staggered, with part of the unknown perturbations
defined on the odd and the rest on the even zones, the effective number of radial
zones is 600.
For given values of (l, m, σ) in the applied forcing potential (2.16) and for a given
uniform rotation rate Ωs of the star we can thus obtainthestellar response, i.e. the
 0  0
 0   0  F0
F
ρ
F
complex valued perturbations ξ r , ξ ϑ , ξ ϕ , Fr , Fϑ , Fϕ and ρ , TT on the
2D grid in the meridional plane of the perturbed star. By multiplying these values
with the common factor ei(σt−mϕ) we obtain the non-adiabatic stellar response to
the prescribed tidal forcing throughout the star.
Because the 2D implicit numerical scheme involves many (complex) matrix inversions the solution requires large computer facilities and it is essential to use
an economic method for tracing the many resonances with the free stellar oscillation modes required to study the dynamical tide in a rotating star. The resonances are searched in frequency (σ̄) space by by tracing the maximum of the
∗ where ξ is the displacement vector, a ∗ denotes
function Ψ(σ̄) = ∑i,j ξ i,j · ξ i,j
complex conjugation and i and j run over the radial and ϑ grid, respectively.
The maxima of Ψ are searched by using a robust method based on cubic interpolation (NAGlibrary routine) which
 requires the calculation of the first derivative

dΨ
dσ̄

= ∑i,j ξ i,j ·

∗
∂ξ i,j
∂σ̄

∗ ·
+ ξ i,j

∂ξ i,j
∂σ̄

. Fortunately, the derivatives

∂ξ
∂σ̄

and

∂ξ ∗
∂σ̄

can

be obtained cheaply once we have obtained the solution of the perturbations ξ,
etc. For by differentiating Eqs. (2.7–2.13) with respect to σ̄ we arrive at the same
equations, except that the unknowns are now the derivatives of the perturbations
(i.e. ∂∂ξσ̄ instead of ξ, etc.), while the right hand sides can be expressed in terms
of the solved perturbations. The right hand side for equation (2.8) for example
becomes −2ρσ̄ξ r − 2iρΩs sin ϑξ ϕ . By storing the relevant inverted matrices during the solution procedure for the perturbations we then can simply combine the
stored matrices with the adapted right hand sides to obtain a solution for ∂∂ξσ̄ at
almost no extra costs.

2.5 Results
From now on we will express all frequencies in units of Ωc = 1.54 × 10−4 s−1 .
By varying the forcing frequency σ̄ = σ − mΩs (in the corotating frame) for the
l = 2 terms in the forcing potential (2.16) and by calculating the stellar response,
we can search for resonances with the free stellar oscillation modes, applying the
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Figure 2.3. Torque integral Tlm versus (retrograde) forcing frequency σ̄ for forcing with
l = 2 and m = 2 on a 10 M star rotating at forty percent of breakup speed. Retrograde
g2−k -modes with k = 4 and 10 (unstable) are labelled, as well as the r-modes with k = 2 and
k = 5. Crosses and circles (unstable modes) denote calculated points. The peaks not fitted
by the continuous curve correspond to resonances with higher spherical degrees l = 4, 6, . . .

procedure described in the previous section. We adopted various values for the
rotation rate of the 10 M star: Ωs = 0, 0.1, 0.2, 0.3 and 0.4.
We traced the resonances with g2k -modes (up to k = 20) for both prograde and
retrograde g2 -modes. The lower index of g denotes k, the number of radial nodes
in the displacement eigenvector, whereby the minus sign denotes a retrograde
mode. Note that we characterise retrograde modes (i.e. modes that propagate in
the direction counter to the stellar rotation) by negative values of the oscillation
frequency σ̄, i.e. we take m > 0 for both prograde and retrograde modes. For
rotating stars there is in addition a compact spectrum of r-modes, for slightly negative frequencies. The l = 2 component of the tidal potential excites r-modes with
a predominant l = 3 component. Note that because we consider binary systems
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in which both stars are aligned perpendicular to the orbital plane the (l = 2) forcing has only m = 0 and |m| = 2 components, i.e. f 21 = 0. We can thus limit our
calculations to either |m| = 2 or m = 0 resonances.
Note further that for all forcing frequencies σ̄ we keep the factor f lm in the forcing potential (2.16) constant by adopting a fixed value a = 4Rs and Mp = 1M .
Because we solve the linearised problem all listed values for the tidal torque integral (2.21) can be simply scaled to the value for a required binary configuration
by multiplying with a factor ( Mp /M )2 (4Rs /a)2(l +1) , where a and Mp are the actual orbital separation and companion mass. Unless the companion is a compact
star one should of course also take into account the (dynamical) tide in that star to
determine the tidal evolution of the binary system.

2.5.1 Resonance fitting
Using the technique described in Sect. 2.4, we determine the resonances with gand r-modes and evaluate the torque integral (2.21) from the calculated stellar response in the meridional plane of the 10 M star for all applied forcing frequencies.
Close to each resonance we fit the obtained values for the torque integral by the
resonance curve of a damped harmonic oscillator

Tlm (σ̄) = 

Tlm,0
2

σ̄2 −σ̄02
σ̄∆σ̄

(2.22)

+1

with eigenfrequency σ̄0 , resonance full width ∆σ̄ and peak value Tlm,0 . As a consequence of the Coriolis force, the stellar response to the l = 2 forcing contains
a range of l-values (when we expand in spherical harmonics). However, we fit
only the resonances with predominantly l = 2 (g-modes) or l = 3 (r-modes). In
between l = 2 resonances we assume Tlm (σ̄) can be approximated by adding the
contributions of the two adjacent l = 2 resonances. The detailed results of our numerical calculations are listed in Tables 2.A.2 to 2.A.1 in the appendix. Note that
for a non-rotating star the l = 2 spectrum is degenerate in m, so that for Ωs = 0
the resonance frequencies of l = m = 2 g-modes are given by Table 2.A.2.
It can be seen that, as expected, for m = 0 the g-mode resonance frequencies σ̄0
increase with Ωs , as is true for |σ̄0 | for the retrograde m = 2 g-modes and the rmodes. However, the prograde m = 2 g-mode resonances shift to lower oscillation
frequencies as Ωs increases. Note in this respect that (approximate) conservation
of radial vorticity, in combination with an increasing radial component of ambient
rotation Ωs cos ϑ towards small colatitudes, tends to give retrograde wave propagation (e.g. Unno et al. 1989).

2.5 Results
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2.5.2 Prograde and retrograde g-mode resonances
In Figs. 2.2 and 2.3 we show the tidal torque integral Tlm versus forcing frequency
σ̄ for a 10 M star rotating at a rate of 0.2 and 0.4, respectively. Crosses and open
circles correspond to numerical results, while the continuous curve corresponds
to the above mentioned fit to individual resonances. When the 10 M star rotates
in the same sense as the orbital motion of its companion, the latter cannot excite
modes with frequency (in the frame corotating with the star) less than σ̄ = −mΩs .
Nevertheless, we have calculated the whole range |σ̄| ≤ 2. In Fig. 2.3, the circles
and the dashed fit curve represent unstable modes for which the torque integral
has a reversed sign compared to σ̄ (see Sect. 2.5.4).
The prograde g-modes shift to substantially larger oscillation frequencies compared to the unevolved ZAMS stellar model of the same mass. The retrograde
g-modes shift to more negative frequencies, so that for Ωs = 0.2 no strong retrograde g-modes can be tidally excited, unless the rather unlikely case of retrograde
stellar rotation applies. However, when the stellar rotation rate is increased more
and more retrograde g-modes are shifted into the ‘tidal window’: up to g2−13 for
Ωs = 0.3, and up to g2−10 for Ωs = 0.4.
But note that when the binary is eccentric and the early type star’s spin is approximately synchronised at periastron, strong (retrograde) r-modes can be tidally
excited even for relatively low stellar rotation rates.
For small frequencies |σ̄| viscous damping in the µ a -gradient zone becomes significant as the local wavelength of the response gets short and the adopted turbulent viscosity gets large due to the comparable timescale of ‘convection’ and
oscillations (Sect. 2.2.3). Therefore the values for Tlm in the region between g2−20
and the r-modes (and similarly for the corresponding positive frequency range)
depend on the uncertain assumptions about the viscous dissipation. Switching off
all viscous dissipation in the µ a -gradient zone yields for Ωs = 0.4 in the frequency
range −0.4 < σ̄ < −0.2 torque values about an order of magnitude smaller than
shown in Fig. 2.3.

2.5.3 Effects of rapid rotation
Although centrifugal effects are no longer negligible for the high rotation rates
(Ωs = 0.4) considered here the results are still of interest, even though centrifugal
distortion is neglected, because they show the effect of strong coupling by the Coriolis force. Note in this respect that in the higher density interior regions the local
break up speed is substantially larger than Ωc . A full calculation with centrifugal
distortion included would require a much larger computing effort.
The Coriolis force gives rise to strong coupling with modes of higher spherical
degrees, so that for l = 2 forcing resonances with l = 4, 6, 8, . . . also become prominent, especially when located near a l = 2 resonance. Because the tidal forcing has
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l = 2 symmetry the latter resonances generally dominate, but all neighbouring resonances with l > 2 are also excited, so that the tidal response contains significant
power over a broad range of (even) l-values. Often this makes mode identification
(by means of a decomposition in Fourier-Legendre series of the eigenfunctions,
see SP97) difficult since the power in different l-components are often comparable. One should consider the excited oscillation as a complex of coupled modes.
Since, for a given frequency the g-modes with larger l have shorter wavelength,
damping is enhanced, so that for large rotation rates the oscillation amplitude and
the effective torque is reduced. This can be observed in Tables 2.A.2–2.A.4, which
show that the resonance area π∆σ̄Tlm of the l = 2 g-modes initially increases with
Ωs but generally decreases when the rotation rate and inertial damping becomes
large.
The indirectly excited higher l-resonances correspond to the peaks that have not
been fitted in Fig. 2.3. This figure shows part of the retrograde oscillation spectrum
for Ωs = 0.4. Most of the stable unfitted peaks between g2−3 and g2−5 correspond
to what are (predominant) l = 4 resonances, except for the two nearest resonances
around g2−3 , which are identified as g8−12 and g12
−18 . The unfitted peaks between
g2−6 and g2−10 are all (predominant) l = 4 resonances, and can be identified as g4−12
to g4−18 consecutively. The g2−8 and g4−14 resonances can hardly be distinguished
from each other, they lie so close together that they form a strongly coupled complex, whereby the g4−14 resonance peaks one order of magnitude above the l = 2
resonance peak. Another symbiosis occurs for g2−10 and g4−18 , whereby, however,
the former mode appears unstable and the latter stable. In this frequency range
the resonances with l > 4 are heavily damped as they approach their asymptotic
low frequency regime.
For still lower frequencies in the range around σ̄ = −0.5 the calculated response
in between resonances is significantly stronger than the wings of the fitted l = 2
resonance curves due to the smeared out contributions of higher l components. At
these frequencies the spectrum of l = 4 modes starts to become dense whereby
radiative and viscous damping gets heavy due to the short wavelength of the response.

2.5.4 Unstable modes
It is now known (e.g. Dziembowski & Pamiatnykh 1993; Gautschy & Saio 1993)
that most main sequence OB stars show unstable non-radial modes driven by the
κ-mechanism associated with the metal opacity bump around 1.5 × 105 K in the
OPAL opacity tables (Iglesias & Rogers 1996). Two necessary conditions for a
mode to be unstable by the κ mechanism are that the Lagrangian pressure perturbation δP/P must reach a maximum value (coming from the stellar centre) in
the driving zone and that 2π/σ̄ is of order the thermal timescale in that region (e.g.
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Table 2.1. Unstable m = 2 modes for Ωs = 0.4. The listed oscillation periods Pin are relative
to the inertial frame, a minus sign denoting retrograde propagation.

mode

Re(σ̄)

Im(σ̄)

Pin (d)

g8−12
g10
−17
g6−13
g2−10

−1.3826
−1.3451
−1.1524
−0.7602

−1.1 × 10−5
−5.3 × 10−5
−1.2 × 10−5
−1.2 × 10−4

−0.81
−0.87
−1.34
11.86

1.0580
1.1261
1.4610
2.1887

−4.6 × 10−5
−4.3 × 10−5
−1.0 × 10−4
−2.4 × 10−5

0.25
0.25
0.21
0.16

g614
g613
g68
g88

Dziembowski et al. 1993). Obviously, when |σ̄|  νth ≡ 2π/τth in the ionization
region that region is strongly non-adiabatic and no driving can occur. The ‘thermal
frequency’ νth (Sect. 2.2.2) in the lower convective shell associated with the opacity
bump varies between approximately 1 and 5.
When the stellar rotation rate is increased some inertially excited (l > 2) modes
in our 10 M model appear which have a torque integral Tlm with a sign opposite
to that of σ̄, which indicates instability. This can be checked by forcing the star
with a complex frequency (Papaloizou et al. 1997) and searching for maximum
amplitude in complex frequency space. It appears that the fundamental p20 mode
with |σ̄| ' 3.3 is unstable for all rotation rates Ωs = 0 to 0.4. There are more
unstable p-modes which we have not studied. Table 2.1 lists the unstable g-modes
(prograde and retrograde) that are found for the highest rotation rate Ωs = 0.4.
Only for the highest rotation rate (Ωs = 0.4) an unstable l = 2 g-mode appears:
the retrograde g2−10 mode, with σ̄ = −0.76, which is located close to the stable
g4−18 resonance. The g2−10 mode has rather low frequency for the κ-mechanism
and is a bit peculiar in that it seems mixed with a strong short wavelength mode
trapped in the µ a gradient zone. The oscillation period (in inertial frame) of the
unstable l = 2 mode happens to be quite long: about 12 days, while the adopted
stellar rotation period is 1.2 days. We also find four unstable prograde g-modes,
see Table 2.1. Our list of unstable modes is probably not exhaustive (except for
l = 2), because we preferentially find those unstable modes which happen to be
located near l = 2 resonances. Unstable modes, when excited by the tidal force,
could give rise to tidal evolution counter to the normal direction of evolution.
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l=2

m=2

Ωs = 0.2 Ωc

Xc = 0.4

r2

40

10 log T

lm

(erg)

41

r9
39

38
-0.065

-0.06

-0.055

-0.05

σ̄/Ωc
Figure 2.4. Spectrum of r-modes: torque integral Tlm versus forcing frequency σ̄ for forcing
with l = 2 and m = 2 on a 10 M star rotating at twenty percent of breakup speed. Crosses
denote calculated points, the drawn continuous curve represents a fit.

2.5.5 r-modes
For small negative forcing frequencies around (e.g. Papaloizou & Pringle 1978):
s
strong resonances occur with quasi-toroidal oscillation modes analσ̄ ' − l2mΩ
( l +1)
ogous to Rossby modes in the earth’s atmosphere (e.g. Pedlosky 1979). For these
modes the fluid elements oscillate almost exclusively in the horizontal direction
whereby the restoring force is provided by the Coriolis force (conservation of radial component of vorticity). Fig. 2.4 shows the variation of the torque integral Tlm
as the forcing frequency runs through the r-mode region for a star rotating with
Ωs = 0.2. The adopted turbulent viscosity law in the µ a gradient zone adjacent
to the convective core causes the r-mode resonances to become rather broadened
compared to the results for ZAMS models (SP97). When we switch off the viscosity in the µ a -gradient zone the peak values for the torque become one or even
two orders of magnitude higher, with a corresponding decrease of the resonance
width. However, this will not make a large difference for the overall tidal evolution of the binary because the total area ' π∆σ̄Tlm,0 of each resonance remains
approximately constant. The resonant interaction with r-modes gets stronger with
increasing rotation rate Ωs . This can be seen in Table 2.A.1 where the resonance
area increases monotonically with Ωs .

2.6 Conclusions
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2.5.6 Excitation of inertial modes in the convective core
Similar to the results obtained in SP97 for a 20 M ZAMS star, we find inertial
wave oscillations in the convective core and in the convective shell region when
the forcing frequency falls in the inertial range |σ̄| < 2Ωs . When we artificially cut
the radiative envelope from our stellar model we find a dense spectrum of modes
in the core. For some frequencies the resonances in the core appear very strong.
The general amplitudes are an order of magnitude larger (or more) compared to
the full stellar model where the inertial waves can leak out of the core. This would
suggest that the inertial modes could possibly excite gravity waves in the envelope (SP97). However, when we consider a model in which the convective core is
cut away, we find in this frequency region values for the torque integral comparable to the ones calculated for the full stellar model. Therefore it seems the inertial
core modes do not significantly contribute to the stellar torque in this somewhat
evolved stellar model. However, the oscillations in the µ a -gradient zone outside
the convective core are poorly resolved for low frequencies, so that further studies with significantly more meshpoints in this region seem required to draw firm
conclusions.

2.6 Conclusions
We have studied the linearized non-adiabatic tidal response of a somewhat evolved
10 M main sequence star to tidal forcing with spherical harmonics degree l = 2
and calculated the tidal exchange of energy and angular momentum with an orbiting companion as a function of stellar rotation rate taking the Coriolis force fully
into account. We found, as expected, that with increasing rotation rate the inertial coupling with higher spherical degree oscillation modes gets stronger, so that
when the rotation rate becomes comparable to or larger than the tidal oscillation
frequency a significant amount of tidal energy is transferred to these higher degree
oscillations. Because of enhanced damping of the higher l oscillations fast rotation
reduces the resonant tidal interaction with l = 2 g-modes. However, this is compensated by the appearance of an additional spectrum of (l > 2) resonances that
can be excited by the l = 2 tide.
With progressing nuclear evolution and consequent contraction of the stellar
core the frequency of the g-mode oscillations increases, so that the ‘gap’ between
potential resonances with strong retrograde g-modes and the strong r-modes widens. Thereby the retrograde strong g-modes disappear from the ‘tidal window’
(σ̄res > −mΩs ) so that spin-down of fast spinning early type binary stars depends
on excitation of strongly damped high radial order g-modes. This seems a not very
efficient mechanism unless viscous effects (e.g. in the µ a -gradient zone outside the
convective core) are significant or perhaps driving by inertial resonances in the
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convective core occurs. But, when in an eccentric binary system, the early type
star is nearly corotating at periastron r-mode resonances are very efficient in spinning the star further down to (pseudo)corotation. We expect a balance between
spin-down by r-modes and spin-up by prograde g-modes excited by the high frequency components of the tidal forces near periastron. We intend to study this in
a following paper, using the torque values determined here.
Acknowledgements. This work was sponsored by the Stichting Nationale Computerfaciliteiten (National Computing Facilities Foundation, NCF) for the use of supercomputing
facilities, with financial support from the Netherlands Organization for Scientific Research
(NWO).
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−5.63 × 1041
−7.69 × 1040
−1.04 × 1041
−8.46 × 1040
−4.67 × 1040
−2.43 × 1040
−1.27 × 1040
−7.93 × 1039
−4.02 × 1039
−1.48 × 1039
−2.24 × 1038
Tlm,0 (erg)
−1.74 × 1041
−1.12 × 1041
−1.95 × 1041
−1.51 × 1041
−4.14 × 1040
−2.93 × 1040
−2.23 × 1040
−9.10 × 1039
−5.14 × 1039
−2.03 × 1039
−2.28 × 1038

−3.3237 × 10−2
−3.3191 × 10−2
−3.3133 × 10−2
−3.3031 × 10−2
−3.2896 × 10−2
−3.2730 × 10−2
−3.2534 × 10−2
−3.2315 × 10−2
−3.2084 × 10−2
−3.1842 × 10−2
−3.1581 × 10−2

Ωs = 0.3 Ωc
σ̄0 /Ωc

−9.8117 × 10−2

−9.7284 × 10−2

−9.5530 × 10−2
−9.3144 × 10−2
−9.0057 × 10−2
−8.6610 × 10−2
−8.2982 × 10−2
−7.9327 × 10−2
−7.5855 × 10−2
−7.2437 × 10−2
−6.9712 × 10−2

0
1
2
3
4
5
6
7
8
9
10

k

0
1
2
3
4
5
6
7
8
9
10

Tlm,0 (erg)

Ωs = 0.1 Ωc
σ̄0 /Ωc

k

3.78 × 10−4
3.93 × 10−4
7.76 × 10−4
4.95 × 10−4
4.14 × 10−4
5.65 × 10−4
6.24 × 10−4
7.43 × 10−4
3.98 × 10−3

9.12 × 10−4

3.87 × 10−4

∆σ̄/Ωc

5.71 × 10−6
4.80 × 10−5
3.61 × 10−5
3.03 × 10−5
3.14 × 10−5
3.46 × 10−5
3.97 × 10−5
4.26 × 10−5
4.63 × 10−5
5.51 × 10−5
8.18 × 10−5

∆σ̄/Ωc

−1.2328 × 10−1
−1.1833 × 10−1
−1.1145 × 10−1
−1.0515 × 10−1
−9.8842 × 10−2
−9.2639 × 10−2
−8.6945 × 10−2
−8.1781 × 10−2
−7.7343 × 10−2

−1.2685 × 10−1

−1.2898 × 10−1

Ωs = 0.4 Ωc
σ̄0 /Ωc

−6.6098 × 10−2
−6.5845 × 10−2
−6.5292 × 10−2
−6.4479 × 10−2
−6.3467 × 10−2
−6.2277 × 10−2
−6.0922 × 10−2
−5.9485 × 10−2
−5.8029 × 10−2
−5.6565 × 10−2
−5.5121 × 10−2

Ωs = 0.2 Ωc
σ̄0 /Ωc

−4.60 × 1041
−2.73 × 1041
−3.08 × 1040
−4.60 × 1040
−3.21 × 1040
−7.71 × 1039
−5.05 × 1039
−3.74 × 1039
−3.83 × 1038

−2.23 × 1041

−3.26 × 1041

Tlm,0 (erg)

−2.57 × 1041
−1.20 × 1041
−1.41 × 1041
−1.03 × 1041
−5.42 × 1040
−2.96 × 1040
−1.62 × 1040
−9.14 × 1039
−5.19 × 1039
−1.89 × 1039
−3.39 × 1038

Tlm,0 (erg)

4.25 × 10−4
6.54 × 10−4
3.18 × 10−4
4.26 × 10−4
2.42 × 10−3
5.49 × 10−4
5.26 × 10−4
1.12 × 10−3
1.08 × 10−3
7.49 × 10−4
1.02 × 10−3

∆σ̄/Ωc

7.35 × 10−5
2.40 × 10−4
2.03 × 10−4
1.87 × 10−4
1.85 × 10−4
2.00 × 10−4
2.11 × 10−4
2.38 × 10−4
2.51 × 10−4
3.12 × 10−4
7.66 × 10−4

∆σ̄/Ωc

in a 10 M star with Xc = 0.4. All tabulated values for the torque integral have been
obtained for a fixed orbital separation.

Table 2.A.1. Fitting parameters for r3k -mode resonances with an l = 2, m = 2 tidal potential
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2.A Tables

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20

k

2.2186
1.8489
1.3162
1.0203
0.9510
0.8037
0.7258
0.6637
0.6503
0.5628
0.4976
0.4619
0.4345
0.3983
0.3662
0.3404
0.3248
0.3086
0.2904
0.2734

1.33 × 10−5
1.34 × 10−5
1.18 × 10−5
2.70 × 10−4
1.37 × 10−3
4.12 × 10−4
1.64 × 10−3
1.03 × 10−2
7.00 × 10−4
5.22 × 10−5
1.46 × 10−4
6.96 × 10−4
2.85 × 10−4
1.76 × 10−4
2.84 × 10−4
8.72 × 10−4
2.04 × 10−3
1.60 × 10−3
1.47 × 10−3
2.82 × 10−3

3.35 × 1045
9.00 × 1044
9.28 × 1042
5.08 × 1041
1.42 × 1042
9.82 × 1040
2.74 × 1039
2.07 × 1041
1.62 × 1042
1.86 × 1041
2.72 × 1040
2.43 × 1040
3.18 × 1040
8.01 × 1038
4.29 × 1038
2.05 × 1038
1.02 × 1037
8.10 × 1037
5.86 × 1036

∆σ̄/Ωc

2.94 × 1045

Ωs = 0.0 Ωc
σ̄0 /Ωc Tlm,0 (erg)
2.2344
1.8676
1.3427
1.0538
0.9862
0.8454
0.7711
0.7119
0.7006
0.6198
0.5608
0.5286
0.5048
0.4734
0.4459
0.4240
0.4109
0.3977
0.3827
0.3689
8.06 × 1044
6.81 × 1042
5.30 × 1041
1.46 × 1042
1.04 × 1041
3.09 × 1039
1.73 × 1041
1.57 × 1042
2.09 × 1041
3.20 × 1040
2.11 × 1040
2.58 × 1040
6.71 × 1038
4.78 × 1038
2.79 × 1038
1.45 × 1037
9.18 × 1037
1.05 × 1037

2.72 × 1045

2.95 × 1045

Ωs = 0.2 Ωc
σ̄0 /Ωc Tlm,0 (erg)

1.39 × 10−5
3.63 × 10−4
1.22 × 10−3
3.89 × 10−4
1.44 × 10−3
8.43 × 10−3
7.90 × 10−4
4.88 × 10−5
1.16 × 10−4
5.07 × 10−4
2.58 × 10−4
1.70 × 10−4
2.04 × 10−4
5.53 × 10−4
1.21 × 10−3
1.00 × 10−3
9.17 × 10−4
1.95 × 10−3

1.64 × 10−5

1.32 × 10−5

∆σ̄/Ωc
2.2804
1.9214
1.4196
1.1465
1.0806
0.9532
0.8852
0.8338
0.8217
0.7519
0.6988
0.6693
0.6471
0.6183
0.5917
0.5700
0.5561
0.5422
0.5262
0.5105

7.38 × 1043
9.75 × 1042
6.14 × 1041
1.76 × 1042
1.04 × 1041
1.26 × 1040
1.85 × 1041
2.41 × 1041
2.93 × 1040
1.98 × 1040
5.06 × 1039
7.39 × 1039
1.99 × 1037
2.14 × 1038
2.22 × 1038
2.87 × 1037
3.99 × 1037
2.24 × 1037

3.19 × 1045

3.08 × 1045

Ωs = 0.4 Ωc
σ̄0 /Ωc Tlm,0 (erg)

in a 10 M star with Xc = 0.4. All tabulated values for the torque integral have been
obtained for a fixed orbital separation.

Table 2.A.2. Fitting parameters for g2k -mode resonances with an l = 2, m = 0 tidal potential

1.28 × 10−5
1.38 × 10−5
1.01 × 10−4
1.87 × 10−4
1.05 × 10−3
3.03 × 10−4
1.15 × 10−3
1.68 × 10−3
5.76 × 10−4
2.49 × 10−4
6.63 × 10−4
4.92 × 10−4
4.43 × 10−4
2.33 × 10−4
3.38 × 10−4
4.55 × 10−4
9.41 × 10−4
1.34 × 10−3
7.42 × 10−4
1.04 × 10−3

∆σ̄/Ωc
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1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20

k

−2.2734
−1.9055
−1.3709
−1.0872
−1.0246
−0.8745
−0.8064
−0.7501
−0.7277
−0.6434
−0.5827
−0.5525
−0.5238
−0.4899
−0.4612
−0.4390
−0.4259
−0.4101
−0.3935
−0.3787

3.00 × 10−6
2.75 × 10−6
3.80 × 10−6
1.41 × 10−4
2.97 × 10−4
1.31 × 10−4
4.57 × 10−4
3.07 × 10−3
9.15 × 10−5
1.92 × 10−5
5.97 × 10−5
2.51 × 10−4
5.71 × 10−4
2.63 × 10−4
1.44 × 10−4
4.13 × 10−4
6.86 × 10−4
6.33 × 10−4
9.02 × 10−4
2.03 × 10−3

−8.22 × 1046

−1.29 × 1046
−6.92 × 1043
−1.42 × 1043
−1.88 × 1043
−1.79 × 1042
−1.93 × 1040
−7.76 × 1042
−2.01 × 1043
−1.88 × 1042
−3.89 × 1041
−8.97 × 1040
−1.29 × 1041
−1.47 × 1040
−7.70 × 1039
−2.04 × 1039
−1.02 × 1038
−6.68 × 1038
−4.97 × 1037

∆σ̄/Ωc

−5.59 × 1046

Ωs = 0.2 Ωc
σ̄0 /Ωc Tlm,0 (erg)

−2.3042
−1.9368
−1.4047
−1.1306
−1.0697
−0.9216
−0.8592
−0.8065
−0.7794
−0.6985
−0.6417
−0.6143
−0.5849
−0.5525
−0.5253
−0.5046
−0.4919
−0.4757
−0.4592
−0.4445
−9.02 × 1045
−3.91 × 1043
−1.41 × 1043
−1.28 × 1043
−1.40 × 1042
−1.17 × 1040
−7.71 × 1042
−9.26 × 1042
−7.80 × 1041
−3.04 × 1041
−2.58 × 1041
−1.73 × 1041
−6.51 × 1039
−6.79 × 1039
−1.24 × 1039
−1.15 × 1038
−6.61 × 1038
−7.44 × 1037

−6.93 × 1046

−4.05 × 1046

Ωs = 0.3 Ωc
σ̄0 /Ωc Tlm,0 (erg)

4.58 × 10−6
1.95 × 10−4
2.77 × 10−4
1.56 × 10−4
5.35 × 10−4
3.51 × 10−3
7.48 × 10−5
3.33 × 10−5
1.05 × 10−4
2.75 × 10−4
1.31 × 10−4
1.60 × 10−4
2.64 × 10−4
4.52 × 10−4
8.12 × 10−4
8.91 × 10−4
6.68 × 10−4
1.29 × 10−3

2.77 × 10−6

3.39 × 10−6

∆σ̄/Ωc

−2.3376
−1.9700
−1.4431
−1.1804
−1.1200
−0.9752
−0.9189
−0.8693
−0.8395
−0.7602
−0.7054
−0.6795
−0.6491
−0.6170
−0.5900
−0.5695
−0.5564
−0.5391
−0.5216
−0.5060

−3.86 × 1045
−2.28 × 1043
−1.45 × 1043
−8.23 × 1042
−1.22 × 1042
−8.35 × 1039
−7.92 × 1041
1.27 × 1042
−4.40 × 1041
−1.30 × 1041
−5.72 × 1040
−9.25 × 1040
−3.05 × 1039
−5.67 × 1039
−8.61 × 1038
−1.80 × 1038
−3.90 × 1038
−1.57 × 1038

−5.54 × 1046

−2.91 × 1046

Ωs = 0.4 Ωc
σ̄0 /Ωc Tlm,0 (erg)

tidal potential in a 10 M star with Xc = 0.4. All tabulated values for the torque integral
have been obtained for a fixed orbital separation.

Table 2.A.3. Fitting parameters for retrograde g2k -mode resonances with an l = 2, m = 2

3.82 × 10−6
3.05 × 10−6
8.73 × 10−6
2.54 × 10−4
2.70 × 10−4
1.89 × 10−4
4.96 × 10−4
3.84 × 10−3
4.30 × 10−4
1.97 × 10−4
1.25 × 10−4
4.90 × 10−4
4.04 × 10−4
1.90 × 10−4
2.33 × 10−4
4.15 × 10−4
9.36 × 10−4
6.93 × 10−4
6.60 × 10−4
9.52 × 10−4

∆σ̄/Ωc
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1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20

k

2.1724
1.8006
1.2773
0.9780
0.9011
0.7629
0.6783
0.6171
0.6078
0.5242
0.4596
0.4213
0.3971
0.3627
0.3313
0.3057
0.2896
0.2758
0.2586
0.2421

1.55 × 10−6
1.39 × 10−6
1.11 × 10−6
2.94 × 10−5
1.33 × 10−4
3.29 × 10−5
1.27 × 10−4
5.41 × 10−4
2.76 × 10−4
1.11 × 10−5
2.08 × 10−5
4.04 × 10−5
5.02 × 10−5
6.77 × 10−5
1.56 × 10−4
2.52 × 10−4
2.98 × 10−4
6.43 × 10−4
1.08 × 10−3
1.66 × 10−3

2.31 × 1047
8.31 × 1046
7.33 × 1044
3.11 × 1043
1.46 × 1044
9.16 × 1042
1.00 × 1042
2.55 × 1042
5.54 × 1043
9.80 × 1042
2.92 × 1042
6.25 × 1041
4.18 × 1041
3.67 × 1039
5.00 × 1039
9.20 × 1039
2.06 × 1038
5.45 × 1038
6.70 × 1037

∆σ̄/Ωc

1.92 × 1047

Ωs = 0.2 Ωc
σ̄0 /Ωc Tlm,0 (erg)
2.1519
1.7781
1.2623
0.9638
0.8836
0.7508
0.6637
0.6044
0.5948
0.5152
0.4517
0.4125
0.3896
0.3565
0.3256
0.3004
0.2840
0.2711
0.2545
0.2384
6.55 × 1046
1.37 × 1045
3.26 × 1043
2.57 × 1044
1.61 × 1043
3.29 × 1042
1.66 × 1042
3.09 × 1043
3.54 × 1042
5.07 × 1042
2.15 × 1041
2.87 × 1041
1.99 × 1039
3.85 × 1039
9.48 × 1039
3.34 × 1038
5.09 × 1038
8.80 × 1037

1.49 × 1047

2.38 × 1047

Ωs = 0.3 Ωc
σ̄0 /Ωc Tlm,0 (erg)

1.61 × 10−6
1.87 × 10−5
1.23 × 10−4
2.17 × 10−5
8.03 × 10−5
2.64 × 10−4
2.75 × 10−4
2.21 × 10−5
6.27 × 10−5
2.35 × 10−5
1.19 × 10−4
8.87 × 10−5
1.69 × 10−4
2.43 × 10−4
2.83 × 10−4
6.40 × 10−4
1.01 × 10−3
1.47 × 10−3

3.53 × 10−6

1.43 × 10−6

∆σ̄/Ωc
2.1330
1.7587
1.2498
0.9532
0.8692
0.7425
0.6534
0.5959
0.5853
0.5103
0.4476
0.4077
0.3855
0.3536
0.3232
0.2981
0.2813
0.2690
0.2529
0.2370

5.15 × 1045
2.65 × 1045
6.30 × 1043
2.56 × 1044
2.18 × 1043
6.81 × 1042
7.28 × 1041
1.05 × 1043
4.44 × 1042
6.97 × 1042
2.86 × 1041
1.76 × 1041
1.54 × 1039
3.26 × 1039
9.43 × 1039
6.06 × 1038
4.88 × 1038
1.05 × 1038

6.71 × 1046

2.98 × 1047

Ωs = 0.4 Ωc
σ̄0 /Ωc Tlm,0 (erg)

potential in a 10 M star with Xc = 0.4. All tabulated values for the torque integral have
been obtained for a fixed orbital separation.

Table 2.A.4. Fitting parameters for prograde g2k -mode resonances with an l = 2, m = 2 tidal

1.26 × 10−6
5.67 × 10−6
2.28 × 10−5
1.13 × 10−5
7.10 × 10−5
2.56 × 10−5
6.48 × 10−5
1.62 × 10−4
3.55 × 10−4
7.07 × 10−5
5.33 × 10−5
1.70 × 10−5
6.81 × 10−5
1.30 × 10−4
1.24 × 10−4
2.33 × 10−4
2.65 × 10−4
5.35 × 10−4
9.27 × 10−4
1.28 × 10−3

∆σ̄/Ωc
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3 Orbital evolution with a compact
companion
Tidal evolution of eccentric orbits in massive binary systems
A study of resonance locking
Witte, M. G. and Savonije, G. J. 1999b, A&A, 350, 129

Abstract. We study the tidal evolution of a binary system consisting of a 1.4 M
compact object in elliptic orbit about a 10 M uniformly rotating main sequence
(MS) star for various values of the initial orbital parameters. We apply our previously published results of 2D non-adiabatic calculations of the non-radial g- and
r-mode oscillations of the uniformly rotating MS star, and include the effects of resonant excitation of these modes in the tidal evolution calculations. A high orbital
eccentricity enhances the effectiveness of the tidal interaction because of the large
number of harmonic components of the tidal potential and the reduced orbital separation near periastron. By including the evolution of the MS star, especially of its
rotation rate, many resonance crossings occur with enhanced tidal interaction. We
analyse the phenomenon of resonance locking whereby a particular tidal harmonic
is kept resonant with a stellar oscillation mode by the combined action of stellar
evolution and other tidal harmonics. Resonance locking of prograde g-modes appears an effective mechanism for orbital circularization of eccentric orbits. We
consider the orbital evolution of the binary pulsar PSR J0045-7319 and conclude
that resonance locking could explain the observed short orbital decay time of this
system if the B-star spins in the direction counter to the orbital motion.

3.1 Introduction
Two (or more) celestial bodies which orbit each other will experience periodic deformations due to the fluctuations of the mutually attracting gravitational fields.
The tidally induced flows in these bodies are subject to dissipative processes, causing a phase lag to develop between the perturbing potential and the displaced
material. The resulting torque changes the orbital parameters of the system, and
usually acts to drive the system towards circularization of the orbit and corotation
of the components. If a binary system is in such a tidally relaxed state, it is relatively simple to calculate the tidally induced static shape of the components, the
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so-called equilibrium tide. However, in general the tidal deformation is time dependent and requires dynamical effects to be taken into account. Cowling (1941)
noted that the tidal forces can excite gravity (g-) modes in the radiative layers
of binary stars, the so-called dynamical tides. In case of a high mass early type
star the stellar envelope is radiative and gravity modes can be excited for which
significant damping occurs in a layer beneath the stellar surface, where the local
thermal timescale is comparable to the period of oscillation. Zahn (1977) developed an asymptotic theory valid for low forcing frequencies where the radiative
damping is severe and resonances with g-modes are smeared out. However, when
the system is far from equilibrium, tidal forcing contains relatively high frequencies, so that resonances with relatively weakly damped low radial order g-modes
are likely to occur. Zahn’s theory may predict tidal timescales orders of magnitude
too small when the asymptotic low frequency conditions are not met.
In a series of papers Savonije & Papaloizou (1983, 1984) presented non-adiabatic
linearised calculations for perturbed spherical stellar models, enabling the study
of resonantly excited g-modes at different stages of evolution of the star. To include effects of stellar rotation on the oscillations, an implicit 2D hydrodynamics
code has been developed (Savonije & Papaloizou 1997) in which centrifugal distortion is discarded, but which fully accommodates the arising Coriolis forces in the
rotating star. Due to the Coriolis force the response of a rotating star to a spherical
harmonic perturbing force is itself not a simple spherical harmonic function, but
may be numerically solved on a 2D (r, ϑ ) grid. Using the 2D-code, the effects of
rotation on the stellar (g-)modes can be examined, while also it is possible to study
the stellar quasi-toroidal r-modes (see Papaloizou & Pringle 1978) in detail. In a
previous paper (Witte & Savonije 1999, WS99a) we utilised the above mentioned
2D code to calculate the g- and r-mode spectra of a 10 M stellar model with a central hydrogen abundance of forty percent rotating uniformly at speeds up to forty
percent of breakup. In order to study effects of the star’s evolution, we extend
the data of WS99a with some calculations for a Xc = 0.2 stellar model, the results
of which are listed in appendix 3.A.1. The strength of the r-mode resonances, as
given by the area of the peaks, becomes larger in a more rapidly rotating star. For
rapid stellar rotation with Ωs = 0.4 Ωc , the strongest r-modes have peak areas
comparable to g-modes with approximately 7–10 radial nodes. Additionally the
long wavelength weakly damped r-mode resonances occur at quite low forcing
frequencies in a region where the stellar g-modes are severely damped as a result
of their short wavelength. If, therefore, a star is forced with strong harmonics that
lie in this region, resonant excitation of r-modes can be expected to dominate the
orbital evolution of the system.
The recent discovery (see Kaspi et al. 1994) of the binary radio pulsar PSR J00457319, which contains a B-star and a neutron star in a highly eccentric orbit, and
for which radio pulsar timing has lead to a fairly accurate measurement of orbital
precession and orbital decay (see also Sect. 3.4), triggered a number of publica-
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tions in the field of dynamical tides in wide eccentric binary systems (e.g. Kumar &
Goodman 1996; Lai 1997; Kumar & Quataert 1998). These papers considered some
aspects of nonlinear coupling of modes, effects of stellar rotation and enhanced
dissipation due to differential rotation by means of various approximations. We
will now investigate, by detailed calculations, the effects of resonances with stellar oscillation modes (in a uniformly rotating MS star) on the tidal evolution of
eccentric massive binary systems and apply our results to PSR J0045-7319.

3.2 Basic equations
We consider a binary system consisting of a Ms = 10 M main sequence star and
a Mp = 1.4 M compact (NS) companion in an eccentric orbit with eccentricity e
and orbital period Porb . Such a system could be easily produced during the supernova explosion following a period of mass transfer from the initially more massive
primary to the rejuvenated MS object (van den Heuvel & Heise 1972).
The energy and angular momentum (magnitude) of the eccentric orbit is given
by
Eorb = − GMp Ms /2a

and

Horb =

Mp Ms 2 p
a ω 1 − e2
Mp + Ms

where a is the semi-major axis and ω = 2π/Porb the mean angular velocity of
the stars in their elliptic orbit. For simplicity we assume the stellar spin angular
momentum vector Hs to be aligned with the orbital angular momentum vector.
In this paper, we will only consider secular tidal changes in the magnitude of the
orbital energy and angular momentum, and ignore changes in the configuration
of the orbit as given by precession of the axes (which vanishes as the axes are
assumed parallel) or advance of periastron (apsidal motion).

3.2.1 The tidal potential
Due to the motion of the companion in its eccentric orbit, the 10 M MS star is
exposed to a changing external gravitational field. We can facilitate the analysis
by subdividing the forcing potential into its harmonic components and evaluating
the contribution of each term to the tidal process separately. Labelling the companion’s coordinates relative to the star with a prime, its perturbing potential is
expanded as the real part of (e.g. Morse & Feshbach 1952)
ΦT (r, ϑ, ϕ, t) =

−

GMp
a

∞

l

∑∑

l =0 m =0

em

 a  l +1
0
π
(l − m)!  r l m
Pl (cos ϑ ) 0
Plm (cos ) eim( ϕ − ϕ)
r
2
(l + m)! a
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where Plm (cos ϑ ) denotes the associated Legendre polynomial and em = 1 for m =
0 and 2 for m > 0. We assume m ≥ 0 and characterise retrograde relative orbital
motion by a negative forcing frequency σ̄ = σ − mΩs in the stellar frame. Fourier
expansion of the time dependent terms gives
 a  l +1
r0

∞

0

∑

eim( ϕ − ϕ) =

(l +1),m i(nM−mϕ)

n=−∞

hn

e

where M = ωt is the mean anomaly. The Fourier coefficients (often called ‘Hansen
coefficients’ in this context) are given by
(l +1),m
hn

1
=
2π

Z π   l +1
0
a
ei(mϕ −kM) dM.

r0

−π

The relative elliptic orbit can be expressed in the parameters e, p and ϕ0 or in e, a
and the eccentric anomaly E:
r0 =

p
= a(1 − e cos E).
1 + e cos ϕ0

The eccentric anomaly E is related to M and ϕ0 through (e.g. Brouwer & Clemence
1961)
E − e sin E = M
and
 
 0 r
E
ϕ
1+e
=
tan
.
tan
2
1−e
2
By scaling the Hansen coefficients as


GMp
π  (l +1),m
(l − m)! m 
=
em
Pl cos
hn
,
clm
n
l
+
1
(l + m)!
2
a

(3.1)

the companion’s tidal potential can be expressed as
∞

ΦT (r, ϑ, ϕ, t) = − ∑

l

∑

l =2 m =0

r l Plm (cos ϑ )

∞

∑

n=−∞

clm
n cos( nωt − mϕ ),

(3.2)

i.e. each tidal spherical harmonic component (l, m) can be expressed as a series
of harmonics n, representing circular orbits with angular frequency nω. In this
paper we only consider the dominant tidal components with l = 2 and m = 0
or m = 2. The m = 1 contribution vanishes for the aligned case studied here.
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Figure 3.1. Hansen coefficients hn(l +1),m with l = m = 2 for eccentricities e = 0.2, 0.4, 0.6
and 0.8.

Modes with m = 0 have no ϕ dependence, therefore no angular momentum can
be transferred via these oscillations, only energy exchange can take place. For
lm
these axisymmetric modes, the coefficients clm
n = c −n . For m = 2 the coefficients
with n < 0 are negligible. In Fig. 3.1 we plot the Hansen coefficients for m = 2 as a
function of n for a few different values of the eccentricity. It is apparent that as the
eccentricity increases, the number of contributing harmonics increases greatly, and
also that the magnitude of the largest coefficients (which enters the expression for
the torque quadratically) increases by a significant factor due to the diminishing
orbital separation at periastron.
In our calculations we include n-values starting at n = 1 and going up to nmax =
2(m + l + 1) f per to ensure that the companion’s potential is accurately reproduced.
For m = 0 weqtake clm
n to be the sum of the positive and negative n contribution.
Here, f per =

1+ e
(1− e )3

is the ratio between the orbital frequency in periastron ωper

and the mean orbital frequency ω.

3.2.2 Orbital evolution by the tidal exchange of energy and
angular momentum
Situated in an eccentric orbit with its companion, the 10 M star is simultaneously forced at many harmonic frequencies σ̄n = nω − mΩs (in the stellar frame),
the magnitude of each term being proportional to clm
n . The harmonic components
with n < n0 = m int(Ωs /ω ) correspond to negative forcing frequencies which
means that the corresponding frequency in the inertial frame is smaller than the
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stellar rotation frequency. Hence in the stellar frame these components excite oscillations which run backwards. Excitation of such retrograde modes gives rise
to spin-down of the star, while excitation of prograde modes (n > n0 ) has the
opposite effect. This opens the possibility of simultaneous tidal interaction with
counteracting resonances with prograde (spin-up) and retrograde (spin-down) oscillation modes. By assuming the response of the star to the tidal forcing can be
approximated by a linear treatment the problem simplifies considerably since we
may apply the superposition principle and decompose the stellar response into independent harmonic components. We further assume the stellar response to each
harmonic has reached a steady state in which the tidal excitation is balanced by
radiative and viscous damping in the oscillating star. These approximations may
break down during resonance passages although a steady state is usually a fairly
good approximation, see discussion in Sect. 3.5. The steady state assumption allows us to calculate the stellar response as a strictly periodic phenomenon, i.e. we
are not forced to follow the stellar oscillations on a dynamical timescale, which, at
the current level and for the duration required to study secular evolution, would
not be possible with present day computer facilities. The steady state tidal torque
can be determined by applying the implicit 2D code mentioned above whereby
the periodic term can be factored out. In WS99a we have shown that for each harmonic (l, m, n) in the forcing potential the work done by the tide (per time unit)
on the star and the associated rate of change of spin angular momentum Hs can be
expressed as:
Ėnlm = σn Tnlm

and

Ḣnlm = mTnlm

(3.3)

whereby the torque integral is defined as

Tnlm = −πclm
n

Z RsZ π
0

0


Im ρ0 (r, ϑ ) Plm (cos ϑ ) r l +2 sin ϑ dϑ dr

(3.4)

where Im stands for imaginary part and Plm (cos ϑ ) is the associated Legendre polynomial of index m and degree l. In steady state Ėnlm equals the energy dissipation
rate due to the nth harmonic of the tidal (l, m) forcing. For a given forcing frequency σn = nω (in the inertial frame) the tidal perturbation of the stellar mass
density ρ0 (r, ϑ ) occurring in the above integral follows from the tidal response calculations in WS99a, see appendix. Conservation of energy and angular momentum then implies that the rate of change of orbital energy and angular momentum
follows by adding up the stellar rates of change in response to each harmonic term
in the tidal potential and then reversing the sign:
Ėorb = − ∑ ∑ Ėnlm
l,m n

and

Ḣorb = − ∑ ∑ Ḣnlm .
l,m n

(3.5)
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By expressing the orbital eccentricity e in terms of the stellar masses and the orbital
energy Eorb and angular momentum Horb (e.g. Landau & Lifshitz 1959)
s
2Mtot
2
e = 1 + 2 3 3 Eorb Horb
G Mp Ms
with Mtot = Mp + Ms , we can express the rate of change of the orbital eccentricity
as


i
p
GMp Ms −1 h
de2
(3.6)
(1 − e2 ) Ėorb − ω 1 − e2 Ḣorb
=
dt
2a
We use this expression for the rate of change of the eccentricity to prevent numerical roundoff errors from producing negative eccentricities or generating eccentricity in a circular orbit. Finally, the rate of change of the semi-major axis follows
from


GMp Ms −1
1 da
Ėorb .
(3.7)
=
a dt
2a
By defining the eccentric orbit for given (fixed) stellar masses through a and e the
tidal evolution of the orbit can be followed by numerically integrating Eqs. (3.6–
3.7) whereby at every timestep the tidal exchange rates Ėorb and Ḣorb are determined through Eqs. (3.3–3.5).
To investigate the resonant exchange of energy and angular momentum in detail, we developed a routine that enables us to calculate this tidal evolution by
interpolating the tidal torque integral (3.4), as a function of forcing frequency σn ,
stellar spin rate Ωs and evolutionary state of the MS star (expressed in terms of
the core hydrogen abundance Xc ) in the data presented in WS99a and Tables 3.B.1
and 3.B.2 (see appendix for more details).

3.2.3 Resonant exchange of energy and angular momentum
We have seen that in an eccentric binary system the tidal forcing of the star by its
orbiting companion occurs in a non-harmonic time dependent manner. Decomposition of the forcing potential into harmonic components introduces a range of
frequencies at which different harmonic modes of oscillation in the star are excited
simultaneously. These forcing frequencies change as orbital evolution progresses
due to the fact that the orbit may shrink or widen, and due to changes in the
stellar rotation frequency. Moreover, as the system evolves, the stellar oscillation
spectrum itself changes due to restructuring of the star in response to stellar evolution and due to spin-up or spin-down of the star caused by tidal effects and the
changing stellar moment of inertia. These stellar changes result in shifting of the
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eigenfrequencies of the stellar modes on the nuclear timescale of the star (which
becomes relatively short, with the possibility of rapid tidal evolution, near the
end of core hydrogen burning (Savonije & Papaloizou 1984)). Hence, as the orbit
evolves, the forcing frequencies shift through the stellar oscillation spectrum, picking up resonances in the star as eigen frequencies are crossed. During a resonance
passage, the rate at which energy and angular momentum exchange takes place
between the star and the orbit (i.e. the companion) can be many orders of magnitude larger than in the non-resonant case. The total amount of exchanged angular
momentum is obtained by integrating the torque over time; since the speed at
which the forcing frequencies shift through the stellar oscillation spectrum will
generally be proportional to the torque, a relatively large peak area in the torque–
frequency graph does not guarantee a large relative contribution to the tidal evolution process. The angular momentum exchange by a resonance passage of the
nth harmonic component crossing resonance peak k can be expressed as:

(∆H )res =

Z

mTnlm dt =

Z

mTnlm
d(σ̄n −σ̄0,k )
dt

d(σ̄n − σ̄0,k )

(3.8)

with Tnlm the torque integral (3.4). The rate at which a certain harmonic component
n moves through the resonance with mode k (at frequency σ̄0,k in the stellar frame)
is a function of the rate of change of the mean orbital and stellar angular speed and
the rate of stellar evolution (characterised by the rate of hydrogen depletion in the
stellar core Ẋc ):
d(σ̄n − σ̄0,k )
∂σ̄ dXc
∂σ̄ dΩs
dω
dΩs
=n
−m
− 0,k
− 0,k
.
dt
dt
dt
∂Xc dt
∂Ωs dt
After separating the dynamical and the stellar evolution component we obtain
d(σ̄n − σ̄0,k )
=
dt






∂σ̄0,k dHs
∂σ̄0,k dIs
∂σ̄
dω
1
Ωs
dXc
n
−
m+
+
m+
− 0,k
,
dt
Is
∂Ωs
dt
Is
∂Ωs dXc
∂Xc
dt

(3.9)

with Is the stellar moment of inertia. We note that, while the second term on the
right of Eq. (3.9) is proportional to Ḣorb , the first term is, for given harmonic n, fully
determined by Ėorb . Of course the last term is determined by stellar evolution.

3.2.4 Resonance locking
When a harmonic term n of the tidal potential comes into resonance with a stellar
oscillation mode the resulting exchange of energy and angular momentum between the MS star and its companion usually leads to a rapid shift through the
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resonance, so that the resonance condition is quickly lost and the tidal exchange
is rather limited. However, under special circumstances, the resonance condition
may be sustained for a relatively long period of time. A necessary condition for
such locking on to a resonance is that the right hand side of Eq. (3.9) attains a small
value during resonance passage while, in order to drive a significant orbital evolution, the acting torque should be large. Substituting (3.3) and introducing the
orbital moment of inertia Iorb =

Mp Ms 2
Mp + Ms a ,

d(σ̄n − σ̄0,k )
= e Ẋc + ∑ ζ nj T jlm
dt
j

Eq. (3.9) can be expressed as:
(3.10)

where l = m = 2 (the m = 0 contribution is usually negligible). The dynamical
factor is defined as



∂σ̄0,k
m
3nj
−
m+
ζ nj =
Iorb
Is
∂Ωs
while the stellar evolution factor is




∂σ̄0,k dIs
∂σ̄0,k
Ωs
e=
m+
−
.
Is
∂Ωs dXc
∂Xc
∂σ̄

Typically ∂Ω0,ks ≈ 0.5 < m for m = 2 locking. For the orbits we will consider
Iorb is typically two or three orders of magnitude larger than Is . For sufficiently
large values of n the diagonal factor ζ = ζ nn , which governs the frequency shift
relative to the resonance peak due to the action of the nth harmonic itself, attains
a small value. A harmonic term in the forcing potential which has a small selfshifting coefficient ζ must be driven deep into a resonance before its influence on
the frequency shifting becomes prominent. If its self-shifting tendency draws itself
through the resonance, the small value of ζ results in a relatively slow resonance
crossing with correspondingly enhanced exchange of energy and angular momentum. However, if the self-shift works in the direction opposite to the resonance
crossing, the frequency shift (due to the combined action of the other harmonics and the effect of stellar evolution) towards the resonance peak may be halted,
resulting in a locked condition. This locked condition, whereby the self-shift balances the effect of all other harmonics, may last for a long period, therefore the
total effect on the orbit can be significant. The most efficient
locking will occur
q
orb
when ζ ' 0, i.e. for the tidal harmonic n ' nζ ' m int I3I
, which depends on
s
the system’s orbital period. The locking condition depends on the distribution of
the Hansen coefficients, i.e. on the orbital eccentricity and on the location of the
stellar oscillation spectrum relative to the locked mode (on where the strongest
modes are situated in frequency space).

50

Orbital evolution with a compact companion

Consider the common case where the nth harmonic σ̄n approaches a resonance
σ̄0,k from below, i.e. σ̄n − σ̄0,k < 0 whereby ζ = ζ nn is slightly negative. Assuming
a MS star with prograde spin and nζ > n0 = m int(Ωs /ω ), where n0 denotes the
division between retrograde and prograde harmonics, we can define
S1 =

∑

ζ nj T jlm > 0

∑

ζ nj T jlm < 0

1≤ j ≤ n0

S2 =

n0 < j < n

S3 =

∑ ζ nj T jlm > 0.

j>n

Note that all harmonics with j < n have ζ nj < 0, while all higher harmonics
have ζ nj > 0, while the torque integrals T jlm < 0 for n < n0 and positive for
n > n0 . Since ζ < 0 (but almost zero) the nth harmonic tends to move away from
the resonance at σ̄0,k and must be driven into resonance by the combined action
of the other harmonics (which will interact with other resonances) and the weak
(positive) effect of stellar evolution:

−ζ Tnlm < S1 + S2 + S3 + e Ẋc .
Locking requires that, when driven deep into resonance, the nth harmonic begins
to dominate all other effects, so that its action can prevent resonance passage:

−ζ max(Tnlm ) > S1 + S2 + S3 + e Ẋc .

(3.11)

The criterion is easily modified for a retrograde stellar spin or for n > n0 . We will
meet several cases of resonance locking in the numerical results discussed below.

3.3 Results for moderately wide binary systems
From now on we express all frequencies in units of Ωc and note that we consider
only the strongest tidal components of the companion’s potential, i.e. the component for which l = 2 with either m = 0 or m = 2. Unless specifically stated, the
initial evolution state of the MS star corresponds to a central hydrogen abundance
Xc = 0.4.
Before we go on to the discussion of our numerical results, let us first express the
rate of change of the orbital eccentricity (3.6) due to the action of a single resonance,
by substituting the corresponding expressions (3.3) for Ėnlm and Ḣnlm as:
" √
#

ω 1 − e2  p
de2
=
n 1 − e2 − m Tnlm
(3.12)
dt
Eorb

3.3 Results for moderately wide binary systems

51

where the factor in square brackets is always√negative. It follows that prograde
harmonics (n > n0 ) would require n < m/ 1 − e2 to yield a resonant increase
of the orbital eccentricity. Unless the eccentricity is unrealistically large these two
conditions are mutually exclusive, so that resonances with prograde modes tend
to decrease the orbital eccentricity. On the other
hand, retrograde modes which
√
lm
have n < n0 and Tn < 0 require n > m/ 1 − e2 to enlarge the orbital eccentricity. Depending on the stellar rotation rate these two conditions can possibly be
fulfilled, so that resonances with retrograde m = 2 modes may enlarge the orbital
eccentricity. Given the large number of harmonics that appear in orbits with high
eccentricities (of the order 102 for e ∼ 0.8), the orbital evolution of such binary
systems can be quite complicated. However, before we study the high eccentricity
case, we will first consider the simple case of an almost circular orbit to gain some
insight in the effect of resonances.

3.3.1 Case of a narrow, almost circular orbit
First, we illustrate how the inclusion of resonant effects influences the tidal evolution in case of an almost circular orbit, so that we have to deal with only few
harmonics. This we do by evolving a fairly narrow orbit (Porb = 3 days) with eccentricity e = 0.02 and a slowly rotating stellar component (Ps = 25 days) until
corotation and circularization is established, see Fig. 3.2. In Fig. 3.2e we depict the
initial location (frequency) of the stellar l = m = 2 modes in terms of the order n
of the forcing harmonic and indicate which harmonics have the largest Hansen coefficients for this orbit. The m = 0 modes play generally no prominent role in the
evolution. For these low eccentricities (e2  1), we can use a low order expansion
of the potential of the orbiting companion in powers of the eccentricity to analyse
our numerical results. To first order in e the Hansen coefficients can be expressed
3,2
3,2
3,2
1
7
as h3,0
1 = 3e, h1 = − 2 e, h2 = 1 and h3 = 2 e, yielding for the tidal potential

GMp  r 2
1
− 6eP2 (cos ϑ) cos ωt − eP22 (cos ϑ) cos(ωt − 2ϕ)
4a
a
2

7
(3.13)
+ P22 (cos ϑ) cos(2ωt − 2ϕ) + eP22 (cos ϑ) cos(3ωt − 2ϕ) + O(e2 ).
2
Note that the sign of the Hansen coefficients is irrelevant since the tidal torque
integral is proportional to the square of the coefficients. The (here prograde) n = 2
harmonic is by far the strongest for low eccentricities. During orbital evolution, its
excitation frequency σ̄2 only crosses the resonance frequency of the weak prograde
g220 -mode (i.e. the g-mode with l = 2 which has 20 radial nodes). This happens at
t ≈ 7.2 × 104 yr, only 14 kyr after the (intrinsically weaker) n = 3 harmonic crosses
the much stronger g213 resonance peak. Around this time, the orbital period shows
a small dip, mainly due to the n = 3 resonance crossing. Because the g220 mode
ΦT (r, ϑ, ϕ, t) = −
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Figure 3.2a–f. Orbital evolution of a weakly eccentric (e = 0.02) binary system which
initially, at t = 0, harbours a slowly rotating MS star (Ps = 25 days) in an orbit with a period
of three days. During tidal evolution, resonant interaction through the n = 3 harmonic
decreases the eccentricity to very low values (e = 0.00012 at t = 1.5 Myr), while nonresonant interaction via the n = 2 component forces the star into corotation. a Orbital
(solid, left ordinate) and stellar (dotted, right ordinate) rotation period, b ratio of periastron
distance to stellar radius, c eccentricity (solid, left ordinate) and ratio of stellar rotation
frequency to orbital frequency at periastron (dotted, right ordinate), d timescale for the
change of the eccentricity, e and f schematic representation of the frequency distribution of
forcing harmonics and stellar resonance frequencies at t = 0 (panel e) and t = tmax (panel f).
Here, frequency increases from left to right, the contributing harmonic potentials have been
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is the lowest frequency g-mode considered here, no further resonance crossings
occur with the n = 2 harmonic during the remaining orbital evolution. As the
eccentricity drops during the orbital evolution, the n = 3 Hansen coefficient is
further decreased and the following n = 3 resonance passages induce little or no
features in the curve of the orbital period. Due to the off-resonant n = 2 forcing
frequency the star steadily spins up towards corotation.
For the nth harmonic the time evolution of the eccentricity (3.12) can be expressed as
m − n lm
de2
=2
T + O ( e2 ).
dt
Horb n

(3.14)

Note that, initially, the star spins very sub-synchronously, so that the torque acting
on the star mTnlm > 0 for all n. The n = 2 harmonic of the m = 2 potential does not
give rise to significant changes in the eccentricity of the orbit because its circularizing effect vanishes to order O(e2 ). It appears that the potential term with n = 3
is responsible for the strongest circularization effect, while the n = 1 component
could potentially increase the orbital eccentricity of the system. However, whereas
the frequency σ̄1 is so small that it does not cross any prograde resonance during
the evolution of the orbit (although it does cross the r-modes around t = 0.8 Myr),
the n = 3 forcing frequency starts between the g-modes with k = 12 and k = 13,
and passes through all of the modes g213 to g220 as the evolution progresses. Due to
3,2 2
7 2
the small ratio (h3,2
3 /h2 ) = ( 2 e ) the total torque on the star is dominated by the
off-resonant n = 2 contribution even when the n = 3 forcing frequency is close to
an eigen-frequency of the star. Therefore the rate ddtσ̄3 at which the n = 3 frequency
shifts through the spectrum varies only little. The g-modes with thirteen to twenty
radial nodes roughly have ∆σ̄ ≈ 10−3 σ̄0 . As only a few percent of the resonance
peak area for such a peak is further than 10 peak widths away from the peak location, while the peaks are typically 102 peak widths apart, the tidal exchange rate
due to the n = 3 harmonic, and therefore the rate of change of the orbital eccentricity, is not equally distributed in time. Indeed, from Fig. 3.2c it is seen that only
during a resonance passage the eccentricity of the system is significantly reduced,
while only small eccentricity changes occur when σ̄3 is in between resonances.

Figure 3.2. (continued) labelled n = 1 to 10 (= nmax ) and the gray level of each cell centred

on n reflects the magnitude of the corresponding Hansen coefficient h3,2
n . Due to the very
low eccentricities only the cell with n = 2 (and for t = 0, very vaguely, n = 3) is printed
gray. The frequencies of the stellar g-modes are given by thick lines, while the location of
the r-modes is in between the dotted lines. In panel e, the r-modes are outside the range of
the forcing harmonics and do not show up. The dashed line gives the frequency for which
ζ ≡ ζ nn = 0 (see Eq. (3.10)). The white line (panel f) indicates the position where σ̄ = 0.
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3.3.2 Example of resonance locking in a moderately eccentric
(e = 0.25) 5 day orbit
Let us now consider a moderately eccentric binary system with initially e = 0.25
and orbital period Porb = 5 days, which has a periastron separation of Dper /Rs ≈
3.8. The initial rotation speed of the MS star is adopted to be 0.8 times the angular speed of the orbiting companion in periastron, or Ps ≈ 3.6 days. For this
moderately eccentric orbit the harmonics of the tidal forcing run from n = 1 to
nmax = 17 in our calculation. The maximum Hansen coefficient at t = 0 corresponds to n = 2: h2 = 0.85, while hn < 21 h2 for n ≥ 4. The orbital moment of
inertia of the five day orbit is Iorb = 9.1 × 1057 g cm2 , while the stellar moment
∂σ̄0,13
' −0.15 only, the factor
of inertia is Is = 1.6 × 1056 g cm2 ' Iorb /57. Since ∂Ω
s
h 2

i
∂
σ̄
0,13
2
ζ = 3n
which appears in Eq. (3.10) becomes positive for n = 9,
Iorb − Is 2 + ∂Ωs
so that we expect locking to occur (if it occurs at all) with the harmonic n = 7 or 8,
which appears indeed to be the case. Because σ̄n and therefore Tnlm is negative
for n ≤ n0 = 2 and positive for n > 2, the locking conditions (3.11) apply when
we consider locking of n = 7. Because of the relatively narrow and moderately
eccentric orbit only a few low-order harmonics play a significant role in the orbital
evolution of this system and the sums Si in the locking conditions consist now of
single terms. In Fig. 3.3 we plot the orbital evolution of this system. Three phases
of rapid tidal dissipation can be discerned during which the orbital period and eccentricity decrease substantially. During the first phase of rapid evolution, around
t = 0.2 Myr, the initially sub-synchronously spinning star (Ωs = 0.8 ωper ) is spun
up to almost pseudo-corotation, while the orbital eccentricity decays from e = 0.25
to ≈ 0.19, in a few 105 years. This is a clear sign of resonance locking.
However, at t = 0 no mode is resonantly excited, and the forcing frequency σ̄7 ,
which is at the low frequency side of the prograde g213 mode, drifts towards the k =
13 resonance peak mainly due to the combined effect of the star’s evolution and
driving by n = 2. This n = 2 harmonic excites a non-resonant, heavily damped
low frequency (short wavelength) response at a frequency in between retrograde
g220 and the r-modes. The n = 2 forcing thus induces a shift ∆σ̄7 which is insensitive
to the exact value of σ̄2 and, for a given magnitude of its Hansen coefficient, we
can assume its effect to be approximately constant. Although the retrograde n = 2
forcing term gives rise to the strongest frequency shift, its widening effect on the
orbit is small compared to the orbital decay caused by the prograde forcing with
n ≥ 3, especially by the n = 7 harmonic which approaches the resonance with g213 .
This relatively strong mode is forced with high n and thus efficient in bringing
down the orbital eccentricity and orbital period. In Fig. 3.4 we zoom in on the g213
resonance passage of the n = 7 harmonic and plot the dominant contributions to
the frequency shift of this harmonic.
At about t = 0.1 Myr, σ̄7 runs into the g213 resonance peak, and due to the neg-

55

3.3 Results for moderately wide binary systems

a

b

5

Porb (d) (solid)

4

4.8
4.7

3.5
0

1

2

Ps (d) (dotted)

4.9

3

0

time (Myr)

c

3

0.2

0.9
0.85

0.15

0

1

2

3

time (Myr)

4
0

1

2

3

time (Myr)

ζ=0

pg20

r-modes

e

6

pg3

t0
n=1

f

2
3
r-modes

4

5

6
7
pg20

8

9

10

ζ=0

11

12

13

14

15

16
pg5

17

tmax
n=1

2

3

4

5

6

7

8

9

10

11

12

Figure 3.3a–f. Orbital evolution of a system with initial period Porb = 5 days and eccentricity e = 0.25. Initially the star rotates sub-synchronously (Ωs /ωper = 0.8), but resonance locking of the n = 7 harmonic of the tidal forcing quickly forces the star to spin near
(pseudo) corotation. During the subsequent tidal evolution of the system, a few more cases
of resonance locking (now with the n = 6 harmonic) occur, recognisable by the more or less
square shape of the dips in panel d, which shows the timescale for the orbital decay. a Orbital and stellar rotation period, b ratio of periastron distance to stellar radius, c eccentricity
and ratio of stellar rotation frequency to orbital frequency at periastron, d timescale for the
change of the size of the orbit, e and f schematic representation of the frequency distribution of forcing harmonics and stellar resonance frequencies at t = 0 (panel e) and t = tmax
(panel f).
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Figure 3.4. Locking of the tidal harmonic n = 7 onto the resonance with g213 . We plot the
dominant contributions to the (rate of) frequency shifting of the n = 7 harmonic relative
to the resonance peak. The solid line gives the net rate of shifting by summing over all
harmonics and adding the almost constant positive contribution of ' 10−19 s−2 due to
stellar evolution. The dotted line represents ∆ = (σ̄7 − σ̄0,13 )/∆σ, i.e. the distance to the
peak of the resonance in units of the FWHM of the resonance peak.

ative sign of ζ 7,7 the associated tidal torque tends to shift the n = 7 harmonic in
the negative direction, back out of the resonance. However, the thermonuclearly
driven expansion of the MS star counteracts this tendency, while the retrograde
n = 2 harmonic pushes the n = 7 harmonic even stronger into resonance. Although the g213 resonance gives an intrinsically much stronger response than the
non-resonant n = 2 response,
the high order n = 7 forcing is significantly weaker

(h2 /h7 )2 ' 3.4 × 102 so that this effect is moderated. The n = 7 harmonic thus
gets trapped by the combined action of stellar evolution and the retrograde n = 2
harmonic which drive the system into resonance against the resisting self-shift of
the locked harmonic. Thereby the n = 7 harmonic remains in close resonance
with g213 during a few times 105 years, see dotted line in Fig. 3.4. Thanks to the
relatively small value of |ζ 7,7 |, this locking occurs for a relatively large torque. Associated with the continuous resonant tidal interaction we see a rapid decline of
the orbital eccentricity. This, however, weakens the tidal forcing of the n = 7 harmonic end strengthens that of the n = 2 harmonic. Thereby the n = 7 harmonic is
driven deeper and deeper into resonance with g213 until it can no longer withstand
the growing positive frequency shift due the n = 2 component and passes the
top of the resonance. Then the locking is broken and the n = 7 harmonic suddenly
moves through and away from the resonance. A similar, but shorter, locking phase
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occurs at t = 1.067 Myr between n = 7 and g212 . The dominant n = 2 harmonic
crosses the r-modes at t = 1.375 Myr which can be observed in Fig. 3.3d as a single
deep spike. Around t = 1.9 Myr, the orbit now being narrower and ζ = 0 for
n '7–8, a new prolonged locking phase sets in with n = 6 and g214 . Fig. 3.3c shows
that significant decay (' 20%) of the orbital eccentricity occurs when a harmonic
locks on to a (not particularly strong) resonance. During these relatively short (of
order ' 105 years) locking phases the sub-synchronous star spins up considerably.
However, the retrograde n = 2 forcing, in combination with the continuous stellar
expansion of the MS star brings the rotation rate down to small values. This continues until, near the end of the calculation, the stellar spin rate Ωs drops below
the mean orbital speed ω after which the m = n = 2 harmonic becomes prograde.
This brings the stellar spin down almost to a halt.

3.3.3 Tidal relaxation of a 10 day orbit with high (e = 0.7)
eccentricity.
Let us now illustrate the enhanced effectiveness of the tidal interaction in a highly
eccentric orbit by showing that a system which has a 10 day orbit and e = 0.7 will
evolve towards tidal relaxation on a timescale short compared to the MS lifetime
of the stellar component (which is approximately 2 × 107 yr). Fig. 3.5 shows the
evolution of such an orbit; at t = 0 we adopt a stellar rotation rate equal to 0.7 times
the orbital angular speed at periastron. As is seen from panel 3.5e, strong forcing
occurs in the r-mode range of the stellar oscillation spectrum. Many prograde gmodes, including fairly strong ones, are in the wing of the Hansen distribution,
creating many opportunities to transfer energy and angular momentum from the
orbit to the star. Because of the location of ζ = 0, far from any resonance, no
locking is expected to occur during the initial stages of the orbital evolution.
Due to strong interaction with the stellar prograde g-modes the orbital period is
halved during the first one million years. During this period the harmonics n = 9
to 5 cross the r-modes, keeping the stellar rotation rate subsynchronous.
Between t = 1 Myr and t = 3 Myr the harmonic for which ζ ' 0 shifts further
away from the r-modes, making the remaining r-mode crossings less effective, into
the region of the stellar oscillation spectrum where strong g-modes are to be found.
As a result, resonance locking with prograde g-modes occurs, spinning the star up
to supersynchronous speed. During this period the dominant retrograde forcing
of the n = 2 harmonic, combined with the spin-down effect due to the stellar expansion, tends to slow down the stellar rotation. However, as long as resonance
lockings of harmonics with higher n-values occur, the star is kept at a supersynchronous rotation speed. When around t = 3.1 Myr the m = n = 2 forcing frequency becomes prograde, the higher harmonics are no longer driven through the
stellar oscillation spectrum in a direction opposite to their own shifting tendency,
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Figure 3.5a-f. Orbital relaxation in a fairly wide orbit with high eccentricity. At t = 0 the
orbital period is Porb = 10 days, the eccentricity is e = 0.7, and the star has central hydrogen abundance Xc = 0.40. The star is initially rotating at seventy percent of the orbital
angular speed at periastron. Within 3 Myr the eccentricity is reduced to ' 0.08, and the
orbit is shrunk to ' 4 days. At t ' 3.1 Myr the n = 2 component in the forcing potential
becomes prograde with respect to the stellar rotation. When its off-resonant spin-up effect
comes into equilibrium with the spin-down effect of the stellar expansion, the orbital evolution progresses on a nuclear timescale. At this time, the stellar rotation speed relaxed to
' 0.85 times quasi-synchronisation. a Orbital and stellar rotation period, b ratio of periastron distance to stellar radius, c eccentricity and ratio of stellar rotation frequency to orbital
frequency at periastron, d timescale for the change of the size of the orbit, e and f schematic
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and equilibrium between two or more harmonics that produces resonance locking
is no longer possible. At the end of the calculated evolution, when the system is
significantly closer to the tidal equilibrium situation, the stellar spin-down due to
stellar expansion and the spin-up due to the dominant low-frequency n = 2 forcing reaches approximate equilibrium, whereby the shift of the forcing frequencies
through the stellar oscillation spectrum progresses on the (long) nuclear timescale
of the MS star. We expect full relaxation when the MS star approaches the end
of core hydrogen burning and the stellar evolution speeds up considerably (see
Savonije & Papaloizou 1984).

3.4 Results for wide binary systems: the binary pulsar
PSR J0045-7319
Let us now consider systems similar to the SMC binary radio pulsar PSR J00457319, which has an orbital period of 51.17 days and an eccentricity of 0.8080. This
binary system contains a B-star which, for an assumed 1.4 M neutron star, has a
mass (8.8 ± 1.8) M . From the observed rather strong spin-orbit coupling the MS
star is thought to be significantly deformed by rotation, i.e. it is thought to rotate
rapidly with its spin axis inclined with respect to the orbital plane. The periastron
distance for such a system is only ' 4 stellar radii, and pulsar timing revealed that
the orbit decays on a timescale of PṖorb ' −5 × 105 yr (see Bell et al. 1995; Lai et al.
orb
1995; Kaspi et al. 1996). Therefore, this system constitutes an ideal test laboratory
for the study of stellar tides and neutron star birth kicks. According to Lai (1996,
1997), the short timescale of orbital decay suggests a significant retrograde stellar
rotation with respect to the orbit. Indeed, Brandt & Podsiadlowski (1995) show
from Monte Carlo simulations that after a supernova explosion, the spins of most
stars in massive systems have large inclinations with respect to their orbital axes,
and a significant fraction of systems (∼ 20 percent) contain stars with retrograde
spins. Kumar & Quataert (1997, 1998) argued that significant differential rotation,
with a nearly synchronously rotating surface layer around a rapidly spinning interior, may be required to explain the observed timescale.
Although we cannot, at present, take into account the inclined orbit of PSR
J0045-7319 we can study some aspects of this complex system. We will calculate
the evolution of an aligned system with approximately the same orbital period
and eccentricity, while adopting various values for the initial spin rate of the MS

Figure 3.5. (continued) representation of the frequency distribution of forcing harmonics
and stellar resonance frequencies at t = 0 (panel e) and t = tmax (panel f).
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star: slightly super-synchronous rotation, highly super-synchronous rotation and
retrograde rotation of the MS star. With ‘synchronous’ rotation we mean here of
course a rotation rate equal to the orbital angular velocity of the companion at periastron. The initial eccentricity of e ' 0.8 implies that the periastron frequency is
ωper ' 15 ω. For such a highly eccentric orbit the tidal forcing is decomposed into
a large number (of order 102 ) of harmonics, so that resonance crossings become
ubiquitous (e.g. see Fig. 3.6d).

3.4.1 Case a: slightly super-synchronous MS star
Let us start with a 51.17 day orbit, eccentricity e = 0.808 and a stellar rotation rate
Ωs = 1.1 ωper , i.e. the MS star is set to rotate 10% faster than the largest angular speed of the companion. This corresponds to an initial stellar rotation period
Ps ' 3 days. In Fig. 3.6e it can be seen that the retrograde g-modes (k ≤ 20) fall
outside the tidal window. The dominant harmonics lie between 9 < n < 43, all
other harmonics have Hansen coefficients at least 50% weaker. The r-modes all
cluster around harmonic n = 29, near the Hansen-peak and are thus expected to
be prominent in the following tidal evolution. The prograde g-modes (n0 = 35)
from g20 to g4 can be excited, although they cover the range n > 62 and thus lie
in the weak wing of the Hansen curve, so that the resonances will be weak. The
zero point of ζ depends, for given m = 2, only weakly on k and corresponds to
n = nζ ' 40. Because there is no stellar mode which can be excited by this harmonic, we do not expect resonance locking to occur. Even when the stellar spin
rate is decreased to zero the harmonics near ζ = 0 can excite only high radial order
g-modes (k ' 18) which seem too weak to induce efficient locking.
Let us now turn to the numerical results depicted in Fig. 3.6. As expected, very
soon the n = 29 harmonic of the l = m = 2 tidal forcing comes into resonance
with the fundamental r-mode r30 . After running through the whole range of rmodes (we consider k = 0 to k = 10 in our calculations, see Table B2 in WS99a)
the same process repeats itself with the n = 28 harmonic, etc. until finally, at
t ' 4.3 × 106 yr, the n = 20 harmonic runs through the r-mode range. Each time a
harmonic runs through the r-mode range a new bump appears in the curve plotted
in Figs. 3.6a and b because the r-modes transfer energy and angular momentum
from the rapidly spinning star into the orbit in such a way that the semi-major
axis and the eccentricity tend to increase. Eq. (3.12) shows that for the initial eccentricity e = 0.81 the harmonics with 5 < n < n0 = 35 will increase the orbital
eccentricity, and the r-modes fall in this range. The effect of the evolutionary spin
down of the star and of these repeated r-mode passages is that the star rapidly
spins down to a sub-synchronous speed. The repetitive crossings of r-modes can
also be seen in Fig. 3.6d. In between r-mode crossings the system now and then
crosses a prograde g-mode (n ' 70–80 pass through g10 to g14 ) giving rise typically
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Figure 3.6a–f. Orbital evolution of a very eccentric (e = 0.808) binary system with a
51.17 day orbital period. At t = 0 the star rotates supersynchronously (Ωs /ωper = 1.1), but
by the continuous stellar expansion and resonant interaction with the (retrograde) r-modes
the originally super-synchronous star is spun down to ' 0.8 times periastron frequency
(dotted line panel c). Each time that one of the tidal harmonics n = 29 to n = 20 runs
through the r-modes the orbital period and eccentricity increase. This corresponds to the
repetitive bumps in panels a and b and in deep repetitive spikes in panel d. After t ' 2 Myr
the prograde g-modes have shifted to lower frequencies (panel e) and become increasingly
more prominent, so that the orbital separation and eccentricity slowly begin to decay. a Orbital and stellar rotation period, b ratio of periastron distance to stellar radius, c eccentricity
and ratio of stellar rotation frequency to orbital frequency at periastron, d timescale for the
(continued on next page)

(yr)

0.8

0.802

3

10 log |P / Ṗ |
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to orbital | P/ Ṗ| ' 106 years. Due to the stellar spin down the prograde g-modes
shift to lower frequencies so that stronger harmonics can excite them. This effect,
in combination with relatively strong interaction with m = 0 g-modes, becomes
dominant after about t ' 2 Myr whereby the orbital separation and eccentricity
begin to decay (slowly). After 4 million years, the stellar rotation rate is reduced to
approximately eighty percent of the pseudo-corotation rate (Porb ' 4.2 days) while
the eccentricity, after an initial rise, is diminished by a small amount. We note that
the effect of stellar expansion and despinning r-modes prevent the MS star from attaining approximate corotation in periastron, even while the periastron separation
is quite small in this system.

3.4.2 Case b: highly super-synchronous MS star
In this case we adopt the orbital parameters of case a, but the star is initially set to
rotate at a higher rate: Ωs /ωper = 1.8. We still consider the case of stellar rotation
in the same direction as the orbital motion of the companion. Fig. 3.7 gives the
resulting orbital evolution, with the addition of a dotted line in panel 3.7d which
gives the tidal timescale in case only forcing of the n = 48 (m = 2) harmonic would
be taken into account. During some 1.1 Myr the tidal timescale, and therefore the
acting torque, is dominated by the single contribution of this n = 48 harmonic,
indicating resonance locking.
Fig. 3.8 displays the rate of frequency shifting of the n = 48 forcing frequency
relative to the r30 resonance frequency. On average, the net rate of shifting is kept
close to zero due to cancellation of the stellar evolution (positive) and n = 48 (negative) contributions which are in equilibrium for some 1.1 Myr. The resonance
passages of intrinsically strong (low radial order) prograde g-modes which occur
(see Figs. 3.7e and 3.7f) induce only minor changes to the orbit and to the locking
condition, due to their small corresponding Hansen coefficients, while passages of
relatively strong harmonics through the retrograde g-mode resonances are unimportant because the modes which are crossed have many radial nodes and are
thus intrinsically weak through strong damping. Although some of these resonance crossings do show up as spikes in the solid curve in Fig. 3.8, their duration
is too short to significantly influence the resonance locking; many more of these
spikes are not plotted due to graphical limitations. Only the passage of n = 49
through r36 around t = 0.7 Myr is able to briefly push the locked harmonic further from resonance. During evolution, ζ 48,48 is positive, but its value decreases

Figure 3.6. (continued) change of the size of the orbit, e and f schematic representation of
the frequency distribution of forcing harmonics and stellar resonance frequencies at t = 0
(panel e) and t = tmax (panel f).
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Figure 3.7a–f. Orbital evolution of a very eccentric binary system. At t = 0 the system’s
parameters Porb = 51.17 days and e = 0.808 are the same as for the orbit in Fig. 3.6, but
the stellar rotation speed in this case is higher; 1.8 times the companion’s angular speed
at periastron. Very soon the n = 48 harmonic in the potential runs into the fundamental
r-mode and is locked near the resonance frequency for a period of more than one million
years. During this period the star is spun down from 1.8 times periastron speed to less than
1.3 times periastron speed, while the orbital period is increased to approximately 72 days.
During the locking the orbital eccentricity increases to almost 0.85. a Orbital and stellar
rotation period, b ratio of periastron distance to stellar radius, c eccentricity and ratio of
stellar rotation frequency to orbital frequency at periastron, d timescale for the change of
the size of the orbit, e and f schematic representation of the frequency distribution of forcing
harmonics and stellar resonance frequencies at t = 0 (panel e) and t = tmax (panel f).
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Figure 3.8. Locking of the tidal harmonic n = 48 onto the resonance with r30 . We plot
the rate of frequency shifting of the n = 48 harmonic relative to the resonance peak. The
contribution due to stellar evolution is plotted dot-dashed, the contribution of the n = 48
excitation itself is dashed. The solid line gives the net rate of shifting by summing over all
harmonics and adding the contribution due to stellar evolution; the dotted line represents
∆ = (σ̄48 − σ̄0,0 )/∆σ, i.e. the distance to the peak of the resonance in units of the FWHM of
the resonance peak.

as the orbit becomes wider. The ability of the locked mode to resist being pushed
through resonance therefore weakens, and a larger torque is required to maintain the equilibrium, causing the harmonic forcing to drift closer towards the resonance peak. Eventually, the resonance is crossed and the locking is ended, which
happens around t = 1.2 Myr. After this happens the σ̄48 forcing frequency drifts
through the higher radial order r-modes, which have lower peak values and are
unable to restore the locking condition. The n = 47 harmonic runs into the stellar r30 mode before the n = 48 frequency reaches the last r-modes, and from this
moment on the timescale (panel 3.7d) is no longer dominated by the action of the
previously locked harmonic, but instead shows a sequence of dips below the dotted line which mark the r-mode resonance crossings of n = 47. Somewhat later
(t ' 1.75 Myr), the next harmonic with n = 46 reaches the r-modes, causing a
similar sequence of dips in the timescale curve.

3.4.3 Case c: a retrograde spinning MS star
We will now consider the case where the star is spinning in the sense opposite
to the orbital revolution of its compact companion, at thirty percent of its surface
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break-up speed. Furthermore we will adopt an initial orbital period Porb = 55
days, an eccentricity e = 0.81 and a core hydrogen abundance Xc = 0.21, thus a
fairly evolved MS star. For this initial configuration the tidal window is completely
filled up with retrograde (in stellar frame) g-modes, see Fig. 3.9e. The peak of the
Hansen distribution lies around harmonic n = 21, while the ζ-factor vanishes for
2 . Thus under favourable circumn ' 32 which is near the resonance with g−
10
stances this resonance may get locked, as will indeed be the case. Following the
system until the core hydrogen content has been diminished to twenty percent, the
orbital/spin evolution proceeds as depicted in Fig. 3.9.
At about t = 0.162 Myr the n = 29 harmonic approaches the resonance with
g2−10 , see Fig. 3.9a. The factor ζ 29,29 , or ζ 29 for short as defined in (3.10), being
small from the very beginning, approaches zero and changes sign at t ' 0.167 Myr.
From this moment on, the self-shifting direction of the n = 29 excitation is counter
2
to the direction it has been shifting in, and it stops itself from passing the g−
10
resonance frequency. Also, since ζ 29 is so close to zero, the torque associated with
the resonant interaction hardly leads to a shift of the forcing frequency σ̄29 and the
locking can be very efficient. It depends on the action of the remaining harmonics
whether the locking will last. The lower order harmonics with n < 29 tend to push
the n = 29 forcing in the positive direction, i.e. deeper into resonance while the
harmonics with n > 29 tend to shift it back away from the resonance. Although
the latter harmonics can excite strong low radial order g-modes, the peak of the
Hansen distribution occurs for n ' 20, so that the low order harmonics dominate
and keep the n = 29 forcing close to resonance, see Fig. 3.10. The dotted curve in
Fig. 3.9d and Fig. 3.10b represents the sole contribution of the n = 29 harmonic
to the decay time of the orbital period. It can be seen that from t ' 0.164 Myr
to t ' 0.171 Myr most of the orbital decay is caused by the resonant interaction
between n = 29 and g2−10 . During some 13 kyr the orbital decay time is between
105 and 5 × 105 years, which is the observationally estimated decay time in PSR
J0045-7319. Later in the evolution the n = 29 harmonic causes more phases with a
similar short decay time while exciting g2−10 , but the σ̄0,−10 resonance frequency is
never crossed.
In our calculation with retrograde but aligned spin locking occurs for conditions
slightly off the observed Porb and e. But note that the system parameters for which
locking occurs depend on the details of the stellar input model and on the procedure for interpolating between the two evolution states Xc = 0.4 and Xc = 0.2. We

Figure 3.10. (continued) distance between the n = 29 forcing frequency and the k = 10
retrograde g-mode resonance frequency. b Detail of panel 3.9d; characteristic timescale of
orbital evolution (solid line) and characteristic timescale due to n = 29 forcing alone (dotted
line).
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conclude that resonance locking might be responsible for the observed fast orbital
decay in this system.

3.5 Discussion
We have studied the tidal evolution of eccentric early type binary systems by decomposing the time dependent tidal potential in a series of harmonics and by
calculating the combined linear response of the uniformly rotating MS star with
help of 2D-implicit code. We assumed the tidal oscillations to be in a steady state,
whereby the tidal excitation is balanced by radiative damping. This allowed us to
follow the orbital and spin evolution of the binary system in detail. However, during resonance crossings the assumptions of steady state and linearity may break
down. Resonance peaks may sometimes be crossed on timescales short compared
to their corresponding damping timescale τd . As build-up of the full steady state
response will take a number of damping times one may question the validity of
the steady state approximation under these circumstances. In reality the resonance
crossing will be slower, as the tidal response is not yet fully developed. However,
the tidal evolution is not expected to be much different from our steady state results because the real evolution timescale is still likely to be significantly shorter
than the timescales associated with the other (non-resonant) harmonics.
Non-linear effects can become significant during a resonance crossing with a
weakly damped mode and may give rise either to enhanced or reduced tidal evolution, depending on circumstances. But note that non-linear effects may often be
of less importance because strong tidal interaction generally implies rapid orbital
and spin evolution away from the resonance, so that the oscillation amplitude is
already limited by linear effects. Non-linear effects may influence resonance locking, whereby a harmonic remains near a resonance for a prolonged period of time.
Non-linear damping might lower the resonance peak height and might thus diminish to some extent the duration of locking.
On the other hand, we have ignored the effect of resonances with l > 2. In a
rotating star the dominant l = 2 tidal component can excite (through the Coriolis
force) also l =4, 6, 8 etc. modes, see WS99a. These higher spherical degree resonances will add additional resonance crossings during tidal evolution although for
moderate stellar spin rates the peak area of these resonances is much less than that
of the l = 2 peaks. However, since peak area is not important for resonance locking, resonance locking may be even more important than our calculations show
due to the denser oscillation spectrum.

3.6 Conclusion

69

3.6 Conclusion
Our calculations indicate that the many forcing harmonics present in orbits with
significant eccentricity give rise to effective tidal evolution. By taking into account
not only the orbital evolution, but also the evolution of the MS star – especially of
its rotation rate – the system progresses through many resonances with stellar oscillation modes, a process that drives itself. Frequently conditions are favourable
for resonance locking, whereby a particular tidal forcing harmonic is kept nearresonant with an oscillation mode for a prolonged period. Such phases lead to
rapid orbital and spin evolution. It appears that fairly wide massive binary systems with large eccentricity can be almost circularized in a few million years. The
observed short orbital decay time of the binary pulsar PSR J0045-7319 could be
due to resonance locking if the stellar spin is retrograde.
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Appendix
3.A Determination of the tidal torque
In WS99a we calculated the non-adiabatic tidal response of a uniformly rotating,
somewhat evolved (Xc = 0.4), 10 M main sequence star to the dominant l = 2
components of its compact 1 M binary companion’s tidal potential for a wide
range of prograde and retrograde forcing frequencies and determined the corresponding tidal torques on the MS star. The relative orbit of the compact star was
assumed circular and with a fixed separation of 4 stellar radii (of the MS star).
In order to include effects of stellar evolution on the tidal evolution of the orbit,
we have now calculated additional torque spectra for a stellar model with core
hydrogen abundance (mass fraction) Xc = 0.2, the results of which are listed in
Tables 3.B.1 and 3.B.2.
Both stellar models, comprising 1200 (radial) zones, were calculated using the
stellar evolution code developed by Eggleton (1972) and more recently revised
by Pols et al. (1995), with the addition of recent OPAL opacity Tables (Iglesias &
Rogers 1996).
The model with Xc = 0.4 has a stellar radius equal to Rs = 3.825 × 1011 cm,
an effective temperature Teff = 2.314 × 104 K and a stellar moment of inertia Is =
1.55 × 1056 g cm2 . The break-up angular speed equals Ωc = 1.54 × 10−4 s−1 . The
model with Xc = 0.2, on the other hand, has a radius Rs = 4.807 × 1011 cm,
an effective temperature Teff = 2.157 × 104 K, moment of inertia Is = 2.059 ×
1056 g cm2 and break-up angular frequency Ωc = 1.095 × 10−4 s−1 .
Fig. 3.A.1 shows the calculated torque integral spectrum for m = 0 forcing on
the non-rotating star; compared to the Xc = 0.4 data, the degree of central condensation in the star has increased, the resonance frequencies of the stellar g-modes
shift to much higher dimensionless values σ̄0 /Ωc . The break-up frequency Ωc
however, drops due to the increasing stellar radius, such that the actual frequency
of the modes on average increases by only a few (' 5) percent. It is also seen
that the spacing between the individual modes is very different for the two stellar
models. Different modes react differently upon the changes in the stellar structure,
resulting in seemingly random shifting of the peaks superimposed on the global
trend towards higher dimensionless frequencies.
For Xc = 0.2 we synthesise g-mode spectra for Ωs = 0.2, 0.3 and 0.4 Ωc by
normalising the peak widths and areas from the m = 0, Ωs = 0.0 Ωc , Xc = 0.4
spectrum from WS99a to the m = 0, Ωs = 0.0 Ωc spectrum for Xc = 0.2 and
assuming that the deducted ratios apply to the other stellar rotation rates as well.
 j
σ̄0
Ωs
=
c
of
We also assume that the coefficients c j for the Ωs -dependence Ω
∑
j
Ωc
c
the resonance frequencies calculated for the Xc = 0.4 model in WS99a can be used
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Figure 3.A.1. Torque integral T lm versus forcing frequency σ̄ for forcing with l = 2 and
m = 0 on a 10 M non-rotating star. Prograde g2k -modes with k = 4 and 11 are labelled.
Crosses denote calculated points, while the solid curve represents a fit.

for the Xc = 0.2 spectra.
At low forcing frequencies where the resonant g-mode oscillations attain high
radial orders the values of T lm are dominated by the turbulent dissipation in convective regions (see WS99a). For the orbital evolution calculations of this paper
we approximate the torque integral in these frequency regions by a small constant
level. For the non rotating Xc = 0.4 model this level is 1 × 1037 erg, for the Xc = 0.2
model it is 5 × 1035 erg. In a rotating model the calculated torque values in the retrograde frequency domain around the r-modes become larger. Here we multiply
the level with a factor (1 + 10Ωs /Ωc ) to approximately fit this effect. The area
∆σ̄T lm of this low frequency interval of the stellar spectrum is not very large, and
compares to the peak area of a g-mode with approximately 15 radial nodes; much
less than the peak area of the low radial order g-modes (1 to 10 radial nodes). Under many circumstances, this regime will therefore not play an important role in
the evolution of the orbit. Under some circumstances however, e.g. if many strong
tidal harmonics have frequencies in the designated area, or if only few harmonics
are present in the forcing potential and the strongest one has its frequency in this
domain (as is the case during resonance locking in moderately eccentric orbits, see
Sect. 3.3.2), the details of our orbital calculations are subject to uncertainties due
to the numerical limitation of having to work with a finite mesh and due to the
theoretical limitation of not having a sound theory for turbulent convection. Nevertheless, the calculations presented here are believed to give a qualitative picture
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of the process of tidal evolution and are useful as an order of magnitude estimate
for the strength of the occurring effects.

3.A.1 Interpolation procedure for the tidal torque
For each forcing frequency σ̄n , the corresponding torque integral Tnlm is calculated by interpolation in the Tables of 3.B and those in the appendix of WS99a
in terms of the three state parameters: forcing frequency σ̄n , stellar rotation rate
Ωs and evolutionary state of the star Xc (i.e. the hydrogen content of the convective core). Subsequently the obtained torque values are normalised by a factor
(l +1),m

( Mp /M )2 (4Rs /a)(2l +2) (hn
)2 as the torque integrals have been calculated
for a 1 M companion in a fixed circular orbit with a = 4Rs .
To perform interpolations in Ωs , linear relations were used for ∆σ̄ and the peak
area π∆σ̄T0lm , while polynomial interpolations of the highest possible order were
dσ̄0
for
used for the resonance frequencies σ̄0 . For σ̄0 , we assumed the derivative dΩ
s
m = 0 modes to vanish for a non-rotating star (from symmetry), and for r-modes
to become − 31 in order to obey the asymptotic value σ̄ = − l (l2m
Ω with l = 3
+1) s
σ̄0
and m = 2. The r-mode resonance frequencies were fitted by Ω
= − 13 x + c2 x2 +
s
c3 x3 + c4 x4 + c5 x5 with x = Ωs /Ωc , whereby the polynomial coefficients are listed
in Table 3.B.3.
Linear interpolations are used between the Xc = 0.4 and Xc = 0.2 models for
the peak widths and areas and the frequency σ̄0 and polynomial coefficients c j of
each mode n in the spectra, and for the stellar radius and moment of inertia.
As the calculated resonance peaks are accurately represented by the harmonic
oscillator fits, the peak width of the fits can be assumed to give a good measure
of the damping timescale τd = ∆2πσ̄ of the excited modes. From the tabulated peak
widths we find that for all calculated g-modes τd lies between ∼ 45 days and
∼ 103 yr; for the r-modes τd varies between ∼ 200 days and ∼ 200 years unless the
stellar rotation drops below 0.1 Ωc , in which case both the strength of the modes
and the damping rate is strongly reduced.
While evolving the orbit, timesteps are chosen in such a manner that no frequency component σ̄n will travel more than what corresponds to five percent of
the height of a resonance peak per timestep.
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3.B Tables
Table 3.B.1. Fitting parameters for g2k -mode resonances with an l = 2, m = 0 tidal potential
in a 10 M star with Xc = 0.2. All tabulated values for the torque integral have been
obtained for a fixed orbital separation.

k
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20

Ωs = 0.0 Ωc
σ̄0 /Ωc T0lm (erg)
3.4254
2.4130
2.1362
1.5940
1.3853
1.2434
1.1867
1.0127
0.9356
0.8057
0.7592
0.6759
0.6298
0.5846
0.5382
0.5142
0.4768
0.4528
0.4309
0.4039

1.23 × 1046
4.53 × 1045
5.93 × 1044
5.29 × 1044
3.32 × 1042
7.90 × 1039
1.26 × 1043
1.94 × 1042
7.18 × 1042
1.28 × 1042
4.86 × 1041
7.13 × 1041
5.57 × 1040
2.35 × 1041
2.63 × 1040
2.45 × 1040
2.30 × 1040
1.21 × 1039
3.13 × 1039
1.72 × 1038

∆σ̄/Ωc
1.14 × 10−5
1.16 × 10−5
2.93 × 10−5
2.34 × 10−5
4.26 × 10−4
1.48 × 10−2
2.49 × 10−4
2.06 × 10−4
1.00 × 10−4
1.81 × 10−4
2.97 × 10−4
1.64 × 10−4
6.70 × 10−4
2.43 × 10−4
8.91 × 10−4
7.41 × 10−4
5.76 × 10−4
1.91 × 10−3
8.79 × 10−4
1.69 × 10−3

T0lm (erg)
−5.52 × 1040
−1.16 × 1041
−9.61 × 1040
−1.11 × 1041
−5.06 × 1040
−2.83 × 1040
−1.53 × 1040
−9.62 × 1039
−5.51 × 1039
−2.77 × 1039
−7.40 × 1038
T0lm (erg)
−7.42 × 1040
−9.27 × 1040
−1.18 × 1041
−9.47 × 1040
−5.45 × 1040
−2.73 × 1040
−1.53 × 1040
−9.92 × 1039
−6.13 × 1039
−3.40 × 1039
−1.01 × 1039

−3.3263 × 10−2
−3.3245 × 10−2
−3.3183 × 10−2
−3.3111 × 10−2
−3.3016 × 10−2
−3.2896 × 10−2
−3.2756 × 10−2
−3.2597 × 10−2
−3.2427 × 10−2
−3.2249 × 10−2
−3.2061 × 10−2
Ωs = 0.3 Ωc
σ̄0 /Ωc

−9.8673 × 10−2
−9.8199 × 10−2
−9.6772 × 10−2
−9.4960 × 10−2
−9.2676 × 10−2
−9.0077 × 10−2
−8.7159 × 10−2
−8.4114 × 10−2
−8.1102 × 10−2
−7.8246 × 10−2
−7.5465 × 10−2

0
1
2
3
4
5
6
7
8
9
10
k
0
1
2
3
4
5
6
7
8
9
10

k

Ωs = 0.1 Ωc
σ̄0 /Ωc

4.08 × 10−4
4.17 × 10−4
4.50 × 10−4
6.36 × 10−4
6.86 × 10−4
7.52 × 10−4
8.90 × 10−4
8.35 × 10−4
9.48 × 10−4

3.88 × 10−4

2.23 × 10−4

∆σ̄/Ωc

2.13 × 10−5
1.41 × 10−5
2.32 × 10−5
2.86 × 10−5
3.48 × 10−5
4.16 × 10−5
5.33 × 10−5
5.89 × 10−5
7.54 × 10−5

1.33 × 10−5

8.80 × 10−6

∆σ̄/Ωc

−1.2598 × 10−1
−1.2199 × 10−1
−1.1721 × 10−1
−1.1189 × 10−1
−1.0630 × 10−1
−1.0076 × 10−1
−9.5551 × 10−2
−9.0814 × 10−2
−8.6386 × 10−2

−1.2937 × 10−1

−1.3043 × 10−1

Ωs = 0.4 Ωc
σ̄0 /Ωc

−6.5662 × 10−2
−6.5083 × 10−2
−6.4357 × 10−2
−6.3476 × 10−2
−6.2463 × 10−2
−6.1355 × 10−2
−6.0210 × 10−2
−5.9058 × 10−2
−5.7878 × 10−2

−6.6068 × 10−2

−6.6207 × 10−2

Ωs = 0.2 Ωc
σ̄0 /Ωc

−1.33 × 1041
−8.80 × 1040
−5.28 × 1040
−2.81 × 1040
−1.39 × 1040
−1.01 × 1040
−6.59 × 1039
−3.84 × 1039
−1.17 × 1039

−1.08 × 1041

−7.38 × 1040

T0lm (erg)

−1.19 × 1041
−9.97 × 1040
−5.07 × 1040
−2.88 × 1040
−1.51 × 1040
−9.73 × 1039
−5.95 × 1039
−3.05 × 1039
−8.50 × 1038

−6.62 × 1040

−7.84 × 1040

T0lm (erg)

3.69 × 10−4
7.91 × 10−4
7.57 × 10−4
9.93 × 10−4
9.91 × 10−4
1.14 × 10−3
1.47 × 10−3
1.36 × 10−3
1.42 × 10−3
1.44 × 10−3
1.69 × 10−3

∆σ̄/Ωc

1.15 × 10−4
1.70 × 10−4
1.28 × 10−4
1.24 × 10−4
1.71 × 10−4
1.96 × 10−4
2.52 × 10−4
2.86 × 10−4
3.30 × 10−4
3.67 × 10−4
4.14 × 10−4

∆σ̄/Ωc

in a 10 M star with Xc = 0.2. All tabulated values for the torque integral have been
obtained for a fixed orbital separation.

Table 3.B.2. Fitting parameters for r3k -mode resonances with an l = 2, m = 2 tidal potential
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Table 3.B.3. Coefficients c j for the Ωs -dependence σ̄0 = ∑ c j



Ωs
Ωc

j

of the resonance fre-

quency of r-modes in a 10 M star with Xc = 0.4 and Xc = 0.2. (c1 = − 13 )

k
0
1
2
3
4
5
6
7
8
9
10
k
0
1
2
3
4
5
6
7
8
9
10

Xc = 0.4
c2

c3

c4

c5

9.76 × 10−3

−3.29 × 10−2

3.61 × 10−1

1.39 × 10−2

−3.55 × 10−2

4.32 × 10−1

9.65 × 10−3
3.69 × 10−3
2.25 × 10−4
1.90 × 10−3
−1.38 × 10−3
−5.59 × 10−3
−1.27 × 10−2
−1.60 × 10−2
−3.45 × 10−2

7.34 × 10−2
2.73 × 10−1
4.77 × 10−1
6.25 × 10−1
8.98 × 10−1
1.23
1.64
2.00
2.68

3.53 × 10−1
−5.79 × 10−2
−4.43 × 10−1
−3.86 × 10−1
−8.40 × 10−1
−1.59
−2.73
−3.68
−6.37

−4.23 × 10−1
−4.42 × 10−1
−5.10 × 10−1
−1.51 × 10−1
2.60 × 10−1
−2.19 × 10−1
−1.22 × 10−1
3.45 × 10−1
1.33
1.99
5.16

Xc = 0.2
c2

c4

c5

−2.46 × 10−5

c3
8.78 × 10−2

−1.96 × 10−1

7.17 × 10−4

9.32 × 10−2

−1.37 × 10−1

7.10 × 10−3
4.54 × 10−3
5.30 × 10−3
3.38 × 10−3
2.13 × 10−3
2.82 × 10−4
−2.22 × 10−3
−6.60 × 10−3
−1.22 × 10−2

6.44 × 10−2
1.77 × 10−1
2.61 × 10−1
4.22 × 10−1
5.92 × 10−1
8.00 × 10−1
1.04
1.33
1.66

1.75 × 10−1
1.06 × 10−2
6.76 × 10−2
−1.60 × 10−1
−3.37 × 10−1
−6.46 × 10−1
−1.09
−1.81
−2.73

2.26 × 10−1
1.37 × 10−1
−2.33 × 10−1
−9.57 × 10−2
−3.09 × 10−1
−1.95 × 10−1
−2.54 × 10−1
−2.08 × 10−1
−3.14 × 10−2
4.81 × 10−1
1.25

4 Systems of two high mass main
sequence stars
Tidal evolution of eccentric orbits in massive binary systems
II. Coupled resonance locking for two rotating main sequence stars
Witte, M. G. and Savonije, G .J. 2001, A&A, 366, 840

Abstract. We extend our study of the tidal evolution of elliptic binary systems
to the case of a system consisting of two 10 M uniformly rotating main sequence
stars. Previous work showed that in a system consisting of a 1.4 M compact object
in orbit about a 10 M main sequence star stellar oscillation modes were prone to
be excited nearly resonantly for prolonged periods of time. This resonance locking
was shown to constitute an effective mechanism for orbital decay in moderately
eccentric orbits. In this work we investigate in what ways the locking mechanism
is altered if also the companion is tidally perturbed, also inducing orbital changes
and potentially also being locked in resonance. We show that simultaneous locking can intensify the tidal excitations, and that resonance locking is a common
phenomenon during the tidal evolution of eccentric double main sequence binary
systems which speeds up the secular evolution significantly.

4.1 Introduction
A study on the eccentricity of orbits in a sample of ≈ 200 early type binaries by
Giuricin et al. (1984) led them to the conclusion that the observed distribution of
nearly circular orbits was ‘substantially compatible’ with the asymptotic theory of
radiatively damped dynamical tides proposed by Zahn (1977). There is, however,
a significant fraction of almost circularized early type binaries with periods up to
about 10 days which cannot be explained by Zahn’s theory and which are unlikely
to be primordial e ' 0 binaries. However, at higher eccentricities binary stars are
subject to higher (harmonic) forcing frequencies for which Zahn’s asymptotic low
frequency approximation is inadequate and predicts far too long tidal evolution
timescales (Savonije & Papaloizou 1983).
We consider the tidal evolution of binary stars in eccentric orbit by decomposing
the perturbing tidal potential into its harmonic components, and by calculating the
torque on the two stars as the linear superposition of the torques induced by these

78

Systems of two high mass main sequence stars

forcing harmonics (see Witte & Savonije 1999b, WS99b). The non-adiabatic stellar response to each harmonic is calculated numerically (Witte & Savonije 1999a,
WS99a) using a 2D implicit hydrodynamic code developed by Savonije & Papaloizou (1997), which takes Coriolis forces due to the stellar rotation fully into
account. Nonradial (g- and r-) modes of the stars may be resonantly excited,
strongly enhancing the tidal exchange of energy and angular momentum between
the two stars. It is often argued that such (nearly) resonant tidal interaction can be
neglected because once at resonance the strongly enhanced tidal dissipation will
rapidly change the stellar spin and the orbit, so that the narrow resonance condition is almost immediately lost and only limited exchange of energy and angular
momentum and energy can take place. However, in WS99b we showed that—
when stellar rotation is taken into account—one of the orbital harmonics in eccentric binaries may become locked on a resonance. During such locking the nearly
resonant interaction can be sustained for a prolonged period of time even though
the orbit and stellar spin change significantly. Such phases of rapid orbital evolution will last until the orbital eccentricity has decayed so much that the power
re-distribution in the orbital harmonics becomes too large or until some other orbital frequency approaches a resonance, tilting the balance and pushing the locked
harmonic through or back out of resonance.
Besides providing efficient orbital evolution, resonance locking may be of interest to those trying to interpret observed oscillations of binary components (see
Smith 1985a,b; Harmanec et al. 1997; Willems et al. 1997; De Cat et al. 2000), because during a period of resonance locking a certain harmonic of the orbital frequency will be almost equal to one of the eigenfrequencies in the stellar eigenspectrum. A preferred coincidence of orbital harmonic frequencies with stellar
oscillation frequencies could be a great benefit in the asteroseismological research
of binary components. Observation of enhanced tidal interaction yields the approximate eigenfrequency (but in the inertial frame, not in the stellar frame) of a
damped oscillation mode which without tidal forcing would not self-excite and
could therefore not be studied.
In WS99b we concentrated on the evolution of binaries consisting of a pointmasslike (neutron star) companion orbiting a heavy (10 M ) main sequence (MS) star.
In this paper we describe the orbital evolution of a binary system consisting of two
10 M MS stars. In such case the angular momentum distribution in the system
at a given binary period is different, because the larger companion mass implies
that the orbital moment of inertia is larger. Now the second MS star also has a
large moment of inertia and it also takes part in the tidal dissipation. Inclusion of
a second spectrum of stellar oscillation modes adds to the complexity of the system and may influence the delicate process of resonance locking. We will now first
summarise the formulae that describe orbital evolution and resonance locking in
double MS binaries.
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4.2 Basic equations
We consider a binary system consisting of two Mi = 10 M MS stars in an eccentric orbit with eccentricity e and orbital period Porb . The energy and angular
momentum (magnitude) of the eccentric orbit is given by
Eorb = −

M1 M2 2 p
GM1 M2
and Horb =
a ω 1 − e2
2a
M1 + M2

where a is the semi-major axis and ω = 2π/Porb the mean angular velocity of
the stars in their elliptic orbit. For simplicity we assume the stellar spin angular
momentum vectors H1 and H2 to be aligned with the orbital angular momentum
vector. As in WS99b, we will only consider secular tidal changes in the magnitude
of the orbital energy and angular momentum, and ignore changes in the configuration of the orbit as given by the advance of periastron (apsidal motion). We
briefly summarise what relations were established in WS99b, and indicate how
the relations for resonance locking are altered when both stars contribute to the
tidal dissipation.

4.2.1 Equations of tidal evolution
For each star its companion’s tidal potential can be expressed as
∞

ΦT (r, ϑ, ϕ, t) = − ∑

l

∑

l =2 m =0

r l Plm (cos ϑ )

∞

∑

n=−∞

clm
n cos( nωt − mϕ ),

(4.1)

where (r, ϑ, ϕ) are spherical polar coordinates with the origin at the centre of mass
of one of the stars and whereby Plm (cos ϑ ) are the associated Legendre functions.
The coefficients


GMother
π  (l +1),m
(l − m)! m 
lm
cn =
cos
hn
(4.2)
P
e
m
(l + m)! l
2
a l +1
are given in terms of the Hansen coefficients
(l +1),m

hn

=

1
2π

Z π   l +1
0
a
ei(mϕ −kM) dM,
−π

r0

where M = ωt is the mean anomaly and primed coordinates give the location of
the companion in its orbit. In the following we only consider the dominant l = 2
contribution.
The response to the forcing by each potential term in summation (4.1) is assumed
to have reached a steady state oscillation, i.e. its (harmonic) time dependence is
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known. The steady state approximation requires that the tidal evolution timescale
remains much longer than the damping time τd of the excited modes, and with
typically τd . 102 yr this poses in general no problem. The steady state response
to the forcing, in particular the density perturbation ρi0 = ρi0 (r, ϑ )ei(nωt−mϕ) , is evaluated numerically with the 2D oscillation code. For any given forcing frequency
one can thus evaluate the tidal interaction between the two stars in the form of a
torque integral in terms of the density perturbation over each star (i = 1, 2):

Tinlm = −πclm
n

Z RZ π
i
0

0


Im ρi0 (r, ϑ ) Plm (cos ϑ ) r l +2 sin ϑ dϑ dr

(4.3)

where Im stands for imaginary part. Note that the torque integral can be either
positive (excitation of prograde oscillation modes for σ̄n = nω − mΩi > 0) or negative (retrograde modes excited by the lower orbital harmonics), where σ̄n is the
forcing frequency in the stellar frame. The torque integral is evaluated numerically
over the tidal response on the 2D (r, ϑ ) grid. The work done per unit time by the
partial tide (n, l, m) on star i and the associated rate of change of the stellar spin
momentum follows respectively as
lm
Ėin
= nω Tinlm

and

lm
Ḣin
= mTinlm

(4.4)

where again i = 1, 2 for the two stars.
The induced changes of orbital energy and angular momentum are then calculated by merely adding all the harmonic contributions of both stars together:
Ėorb

lm
= − ∑ Ėi
= − ∑ ∑ ∑ Ėin

(4.5)

lm
= − ∑ Ḣi ,
= − ∑ ∑ ∑ Ḣin

(4.6)

i

Ḣorb

i

m n

m n

i

i

lm the rates of change of rotational energy
lm and Ḣ =
with Ėi = ∑m ∑n Ėin
∑m ∑n Ḣin
i
and (spin) angular momentum for each of the stars i. The rates of change of the
orbital eccentricity and the semi-major axis follow as


i
p
de2
GM1 M2 −1h
=
(1 − e2 ) Ėorb − ω 1 − e2 Ḣorb
(4.7)
dt
2a


GM1 M2 −1
1 da
=
Ėorb ,
(4.8)
a dt
2a

while the spin rate of star i changes as
dΩi
1
H
= Ḣi − 2i İi .
dt
Ii
Ii

(4.9)

Here, Ii is the moment of inertia of star i, and İi the rate at which this moment of
inertia increases as the star expands during core hydrogen burning.
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4.2.2 Evaluation of torque integrals
The steady state oscillation amplitude forced by a harmonic term in the tidal potential at a given frequency strongly depends on the spectrum of stellar oscillation
modes. The value of the torque integral T is the largest when the forcing frequency is close to a stellar eigenfrequency. Near an eigenfrequency the torque
integral over the volume of star i due to harmonic forcing frequency σn = nω can
be represented by the resonance curve of a harmonic oscillator:
lm
Tinlm = Qn T0,ik

(4.10)

with

Qn = 

1
2
σ̄n2 −σ̄0,ik
σ̄n ∆σ̄ik

.

2

(4.11)

+1

Here, σ̄0,ik (l, m) is the resonance frequency of the stellar oscillation mode with symmetry (l, m) and k radial nodes, ∆σ̄ik (l, m) the peak width (FWHM) of the correlm the value of the torque integral at full resosponding resonance curve and T0,ik
nance. Tables of resonance frequencies σ̄0,ik , peak widths ∆σ̄ik and peak heights
lm for l = 2 and m = 0, 2 for a 10 M MS star at different rotation rates and
T0,ik
different stages of stellar evolution are given in WS99a and WS99b. Interpolations
within these tables are performed to calculate the stellar oscillation spectra Tinlm at
each time step during the orbital evolution.
Going from high to low pro- or retrograde forcing frequencies in the stellar
frame the wavelength of the stellar g-mode response decreases, increasing the
number of radial nodes in the oscillation cavity between the convective core and
the stellar surface. The frequency spacing between adjacent eigenfrequencies of
stellar g-modes decreases, while the low frequency gravity waves can penetrate
deeper towards the stellar surface where radiative damping is strong. As a result
of the severe damping in the surface layers the low frequency g-mode resonance
peaks become wider and lower. Eventually the stellar resonances become smeared
out to form a relatively featureless torque level which varies only slowly with frequency, on top of which the narrow bunch of torque peaks due to (quasi-toroidal)
r-mode resonances are superposed for slightly negative frequencies. For the orbital
calculations the heavily damped g-modes with more than twenty radial nodes are
not represented individually, and the torque distribution between prograde g20
and retrograde g−20 is approximated by a constant torque level Tlow (except near
corotation).
An average level of Tlow = 3 × 1037 cgs represents the results of our numerical
calculations for the Xc = 0.4 stellar model best. In WS99b we used a detailed fit to
the numerical result obtained in WS99a (down to the lowest frequencies) but here
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we use this simple prescription for the low frequency forcing which gives similar
results. Note that near corotation the torque appears still rather large and it is
only in a narrow region |σ̄| < 0.01Ωi that the torque rapidly falls off to zero (see
Papaloizou & Savonije 1997, and WS99a) and changes sign at σ̄ = 0. In Sect. 4.3.4
we discuss how the orbital evolution calculations depend on the value of Tlow .

4.2.3 Resonance locking in double MS binaries
By applying Eqs. 4.3–4.9 the rate of change of the mean orbital frequency due to
the tidal dissipation induced by the nearly resonant forcing of a certain orbital
harmonic (n, l, m) can be expressed as
ω̇ =

3n lm
T
Iorb in

(4.12)

where the orbital moment of inertia Iorb = µa2 with µ = MM1+MM22 . Note that in
1
the inertial frame both stars are forced with the same harmonic frequencies nω.
Therefore, in a double MS star binary the rate at which the forcing frequency in the
stellar frame (symbolised by a bar) σ̄n = nω − mΩi of harmonic n drifts relative to
the resonance frequency σ̄0,ik of a certain oscillation mode k of star i can be written
as
d
3j lm0
(σ̄n − σ̄0,ik ) = n ∑
Ti 0 j
dt
I
i0 ,m0 ,j orb






(4.13)
∂σ̄
∂σ̄0,ik
∂σ̄0,ik dIi
0
m
Ωi
−∑
− 0,ik Ẋi .
m+
Tijlm +
m+
I
∂Ωi
Ii
∂Ωi
dXi
∂Xi
m0 ,j i
Here, the first term on the right yields the shifting rate of the orbital harmonics
caused by the tidal dissipation in both stars, therefore this summation is over i0 =
1, 2. The second term reflects shifting due to tidal spin-up or spin-down of star i,
including the rotational effect on the oscillation frequency spectrum of star i. The
third term sums the shifting rate due to intrinsic spin-down of the star as a result
of its increasing moment of inertia, and due to intrinsic changes in the stellar eigen
frequency spectrum which occur as the star restructures during core hydrogen
burning. This last term contains no torque, but is merely proportional to the rate
Ẋi of hydrogen depletion in the core of star i. Following the notations adopted in
WS99b we introduce



∂σ̄0,ik
3nj
m
−
m+
(4.14)
ζ inj ≡
Iorb
Ii
∂Ωi
for the dynamical factors which appear in Eq. (4.13) and




∂σ̄0,ik dIi
∂σ̄
Ωi
ei ≡
m+
− 0,ik
Ii
∂Ωi
dXi
∂Xi

(4.15)
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for the stellar evolution factors. Note that for a harmonic of sufficiently large j the
sign of ζ inj becomes positive but that for the strongest harmonics ζ inj is negative,
so that for some harmonic |ζ inj | can be small. To facilitate future references to
the different terms which are present in Eq. (4.13), we will further introduce the
following shorthand notations:
∂t,n (σ̄n − σ̄0,ik ) ≡ ζ inn Tinlm

(4.16)

for the relative shift rate induced by the nearly resonant harmonic n itself by the
change of the orbital period and the spin-up/down of star i it induces;
∂t,6n (σ̄n − σ̄0,ik ) ≡

∑0 ζ inj Tijlm

0

− ζ inn Tinlm

(4.17)

m ,j

for the rate of shifting due to all tidally excited modes in star i, except the aforementioned (nearly resonant) excitation by harmonic n;
∂t,6 i (σ̄n − σ̄0,ik ) ≡

∑0

m ,j

3nj lm0
T
Iorb i2 j

(4.18)

for the rate of shifting of harmonic frequency n relative to the eigenfrequency of
mode k in star i due to changes in the orbital period caused by dissipation in the
companion star i ± 1;
∂t,Ẋ (σ̄n − σ̄0,ik ) ≡

ei Ẋi

(4.19)

for the rate of shifting due to stellar evolution, i.e. due to the stellar restructuring
in response to hydrogen burning in the interior of star i. The total rate of frequency
shifting relative to the resonance with harmonic n (Eq. (4.13)) can thus be written
as
i
h
(4.20)
dt (σ̄n − σ̄0,ik ) = ∂t,n + ∂t,6n + ∂t,6 i + ∂t,Ẋ (σ̄n − σ̄0,ik ).
Resonance locking occurs when for a prolonged period of time the right side of
Eq. (4.20) remains almost zero by near cancellation of the first three shift terms (∂t,n ,
∂t,6n and ∂t,6 i ); the last term proportional to Ẋ is usually much smaller in absolute
value than the first three terms. Near the end of core hydrogen burning however,
the last term may become important, a situation we have not yet explored.
In a binary system in which the stellar components and the orbit have the same
direction of rotation the strongest low order orbital harmonics usually excite retrograde oscillation modes in the stars, spinning the stars down and therefore causing
a net positive relative shifting via the term ∂t,6n . In such a case, both factors ζ inj and
Tijlm are negative for these low order harmonics j. Orbital decay due to dissipation of excited prograde modes in the companion star increases the mean orbital
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frequency ω and therefore gives rise to a positive value for the term ∂t,6 i of star i.
If the self-shift factor ζ inn of a nearly resonant higher order prograde harmonic n
is negative (for n below the value for which ζ changes sign, see Eq. (4.14)) then
this harmonic is driven into resonance by the combined effect of the two positive terms ∂t,6n and ∂t,6 i , whereby its self-shift term ∂t,n becomes increasingly more
negative since its (positive) torque Tinlm becomes larger. Therefore the net relative
shifting rate dt (σ̄n − σ̄0,ik ), which is the total of all terms, decreases. This results in
a longer duration of the resonant excitation and therefore enhances the tidal decay
process of the orbit. If the nearly resonantly excited oscillation mode of the star has
a sufficiently high resonance peak and the Hansen coefficient of the exciting orbital
harmonic n is sufficiently large the self-shift term can counterbalance the rest of the
terms in Eq. (4.20) so that the relative shift rate will drop to zero before the resonance is crossed. During the subsequent period of resonance locking the frequency
distance between orbital harmonic n and the resonance usually decreases slowly
as the orbital eccentricity declines, because the distribution of the Hansen coefficients for the orbital harmonics will change in favour of the low order harmonics.
These excite retrograde modes, requiring the weakening high frequency harmonic
n to approach the resonance more closely in order to remain in balance with the
other terms in Eq. (4.20). Eventually, the nth orbital harmonic will cross the stellar eigenfrequency, after which the decreasing torque can no longer withstand the
driving influence of the other two terms and the locking phase is terminated.
Equilibrium and thus locking of a mode can only be attained if the self-shift term
counters the other terms, so for prograde stars ζ inn (see Eq. (4.14)) must be negative. Furthermore, the most effective locking with shortest orbital decay timescales
occurs for large torque values Tinlm and thus, for a given equilibrium value for the
self-shift term ∂t,n , for small values of |ζ inn | (see Eq. (4.16)). At the same time, a
long duration of locking is achieved when locking is established already while the
frequency difference between the harmonic frequency and the eigenfrequency is
still relatively large so that the fractional peak height Qn at which the harmonic
excites the oscillation mode is only small. In that case a large torque fraction Q1n
can yet be gained by further approaching the resonance, so the Hansen coefficient
of the exciting harmonic can decrease by a relatively large factor before the locking
is terminated. In that case, locking will only end as the eccentricity is significantly
decreased.
During locking a second harmonic approaching and possibly crossing another
stellar oscillation mode could during a short interval enhance the positive term
∂t,6n , increasing the resonance height Qn needed to keep the locking balance (4.20)
intact, thereby possibly pushing the locked harmonic through resonance and forcing an early end to the equilibrium situation. This can happen when a low order
harmonic for which ζ < 0 excites a (retrograde) r-mode, or when a high order
harmonic for which ζ > 0 excites a prograde g-mode. On the other hand, exci-
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tation of a prograde g-mode by another harmonic n2 for which ζ < 0 decreases
the term ∂t,6n , thereby decreasing the resonance height Qn of the locked harmonic.
If the other harmonic n2 quickly crosses its resonance the old locking equilibrium
will soon be restored; if, on the other hand, the harmonic n2 becomes locked before crossing its resonance, the previously locked harmonic n can be pushed out of
resonance, while harmonic n2 takes its place as locked harmonic. Likewise, resonance crossings or resonance locking in star 2 will influence the term ∂t,6 i , thereby
influencing the resonance locking mechanism in star 1.
Obviously resonance locking depends on the ratio Iorb /Ii , in combination with
the order n of the harmonic which is locked. For two 10 M stars the orbital mo4

3
g cm2 where Porb is in days,
ment of inertia is approximately Iorb ≈ 6 × 1057 Porb
while the stellar moment of inertia is approximately Ii ≈ 2 × 1056 g cm2 . For orbits
with periods of a few days, therefore, Iorb  Ii . Compared to the case of a 10 M
MS star and a 1.4 M compact companion, as was considered in paper II, the or2
14
20 3
≈ 6.
bital moment of inertia Iorb at given Porb is larger by a factor 100
20 / 11.4 11.4
Likewise, the torque generated by a certain harmonic at a given orbital period (and
for equal eccentricities, stellar rotation rates and nuclear evolution stages, com 2 
2
10
11.4
pared to the low mass companion case) is larger by a factor 1.4
≈ 17
20
where the first factor comes from the higher companion mass, and the second factor from the longer semimajor axis for the heavier system.
This increase in torque strength does not change the locking balance much, since
the three dominant terms ∂t,n , ∂t,6n and ∂t,6 i in Eq. (4.20) are all increased by the
same factor.
However, due to the current large value of Iorb /Ii the harmonic
p
n ' m Iorb /(3Ii ) (see Eq. (4.14)) for which ζ inn changes sign is so large that it
has too small power to be significant, so that, unlike the cases studied in WS99b,
no locking occurs for which ζ inn ' 0. Harmonics up to a higher order will thus
counterbalance the positive frequency shifting due to low order retrograde modes,
so more high order harmonics can potentially become involved in resonance locking.
In case the direction of the orbital motion of the companion is counter to the
direction of stellar rotation only retrograde modes are excited. Hence, resonance
locking as a balance between prograde and retrograde harmonics cannot occur.
But for significant orbital eccentricity tidal forcing becomes significant at a harmonic n for which the magnitude of ζ inn is small and for which ζ inn changes sign
during the evolution. If this happens, efficient orbital decay may be the result, as
was shown in WS99b for the binary radio pulsar system PSR J0045-7319, which
was assumed to have significant retrograde stellar rotation Ωs ≈ 0.3 Ωc and which
has high orbital eccentricity (e ≈ 0.8). Since in this case all the torques for the large
number of harmonics contributing to Eq. (4.20) are generated in the region of the
strong g-mode resonance peaks and thus fluctuate rapidly in magnitude as evo-
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lution proceeds, the locking process is not as stable, and the locked harmonic is
seen to erratically move up and down the resonance peak in stead of being driven
steadily through resonance. As retrograde rotation is not likely to be encountered
in double MS binary systems, we will not consider such systems in this paper.

4.3 Results for dual MS binaries
We now present the results of calculations of the orbital evolution of dual MS binaries for a number of different sets of orbital parameters, and check for the occurrence of resonance locking. For simplicity the same torque spectra are used for the
two 10 M stars, which have identical values for all other relevant parameters as
well. A somewhat artificial situation would occur if both stars at some stage during the orbital evolution would rotate at equal rates. In such a case, the situation
would have become fully symmetric between the two stars, so that their evolution
would be identical from that point on. In order for our model to resemble more
closely the realistic situation in which small differences in mass of the components
leads to different evolution for both stars, we lifted the symmetry by simply increasing the rate of stellar evolution of one of the stars by a small amount. We start
all our calculations when both stars have a core hydrogen abundance (by mass) of
Xc ' 0.4.

4.3.1 Time integration for the secular tidal evolution
For each timestep the torques acting on the stars are calculated by summing over
the harmonic components of the tidal potential, after which the orbital and stellar
parameters are updated using a second order Runge-Kutta scheme:
A ( t i +1 ) = A ( t i ) +

dA
dt

( t i +1 − t i )
t

i + 21

with
dA
dt

t

i + 12

d
=
dt

1 dA
A ( ti ) +
2 dt

!

( t i +1 − t i ) ,
ti

where subscript i counts the timesteps and vector A = ( H1 , H2 , Eorb , e2 ). Timesteps
are limited by the condition that the relative excitation height of each harmonic
should not change by too large a factor from timestep to timestep:
1
Q n ( t i +1 )
≤
≤ 1.5,
1.5
Qn ( ti )
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and also by the condition that the difference in excitation height between two
timesteps should not exceed 10% of the total peak height:

|Qn (ti+1 ) − Qn (ti )| ≤ 0.1.
Furthermore, to increase the stability of the integration scheme during resonance
locking timesteps are chosen such that the second order term is for each timestep
much smaller than the first order term:
!
dA j
1
A j ( ti ) +
(t − ti ) − A j (ti+1 ) . 10−7
e j (O(2)) ≡
A j ( t i +1 )
dt ti i+1
for each component j of the vector A.

4.3.2 Simultaneous resonance locking: a detailed description
Fig. 4.1 depicts a short interval of orbital evolution as an example of resonance
locking taking place in both stars simultaneously. The initial orbit has a period
Porb = 5 days and eccentricity e = 0.25. For this moderate orbital eccentricity
only orbital harmonics with n < 10 have to be considered. Starting q
with star 1
rotating at 0.8 ωper and star 2 rotating at periastron frequency (ωper =

1+ e
ω),
(1− e )3

panels 4.1a and 4.1b show the evolution of orbital parameters, while panel 4.1d
gives the rotation rates of the stars. As the evolution progresses, we observe intervals during which the orbit declines rapidly and the tidal timescale (solid line in
panel 4.1c) stays at a more or less constant low level, reminiscent of the resonance
locking described in paper II. In panel 4.1c partial timescales which can be formed
from the torques that separate harmonic components n of the tidal potential exert
on the stars i are also given: τin = ṖPorb = 32 ȧa = − 23 ĖEorb where, according
orb,in

in

orb,in

to Eq. (4.4), Ėorb,in = nω Tinlm . For the harmonics that have the strongest torque
contributions and therefore the shortest partial orbital decay timescales panel 4.1e
confirms resonance locking by showing that the rate dt (σ̄n − σ̄0,ik ) at which these
harmonic frequencies σ̄n drift in frequency relative to their resonant stellar oscillation frequency σ̄0,ik almost vanishes due to the action of their self-shift term
∂t,n (σ̄n − σ̄0,ik ). The quantity plotted in panel 4.1e,
"
#


∂t,n + ∂t,6n + ∂t,6 i + ∂t,Ẋ
dt
(σ̄n − σ̄0,ik ) ≡
(σ̄n − σ̄0,ik ),
(4.21)
dt − ∂t,n
∂t,6n + ∂t,6 i + ∂t,Ẋ
is close to unity when σ̄n is far from the resonance frequency σ̄0,ik so that ∂t,n (σ̄n −
σ̄0,ik ) = ζ inn Tinlm is small. During resonance locking ∂t,n cancels ∂t,6n + ∂t,6 i + ∂t,Ẋ , so
that the numerator in Eq. (4.21) vanishes and the corresponding line in panel 4.1e
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Legend for panels c, e and f:

n = 7, i = 1, k = 13;

n = 9, i = 2, k = 10;

n = 7, i = 2, k = 14;

n = 8, i = 2, k = 11

Figure 4.1a–f. Short interval of orbital evolution for a system containing two 10 M MS
stars. At t = 0 the orbit has a period of 5 days (panel a) and eccentricity e = 0.25 (panel b).
Initially star 1 rotates at 0.8 times the periastron frequency, star 2 starts (pseudo) synchronously at Ω2 = ωper (panel d). Panel c gives the tidal evolution timescale, along with
partial timescales for the locked harmonics; panel e indicates the occurrence of resonance
locking by giving the shifting rate of locked orbital harmonic frequencies σ̄n relative to the
(continued on next page)

4.3 Results for dual MS binaries

89

falls off to zero. Fig. 4.3f gives the fraction Qn of the total height of the resonance
peak at which the locked harmonics excite their resonant stellar modes.
Fig. 4.2 shows the position of the stellar eigenfrequencies σ0,ik (solid lines) relative to the harmonics of the orbital frequency σn (dashed lines) in the inertial
frame; panel 4.2a for star 1 and panel 4.2b for star 2. The positions of the stellar
eigenfrequencies have thus been corrected for the stellar spin frequency: σ0,ik =
σ̄0,ik + mΩi . The frequencies have been normalised by the mean orbital frequency
ω which itself changes (and increases most of the time) during the evolution (see
Fig. 4.1a). In this way the orbital harmonics σn /ω = n are located at the natural
numbers and show up as horizontal (dashed) lines in the graph. The relative magnitude of the harmonic potential terms is indicated by the greyscale which reflects
the strength of the Hansen coefficients hn . The long dashed line gives the dimensionless frequency for which σ̄ = 0, so harmonics which are located above this line
excite prograde modes in the star, while harmonics below this line are retrograde.
The thick line segments indicate resonance locking for those harmonics n which
meet with the condition that the drift of the harmonic relative to the resonance
frequency almost cancels:


dt
(4.22)
(σ̄n − σ̄0,ik ) ≤ 0.05,
dt − ∂t,n
and which have a fractional excitation height of at least 1%:

Qn ≥ 0.01,

(4.23)

so only resonance locking which may significantly enhance the orbital decay will
show up. In Fig. 4.2 the prograde g-modes g210 and g220 are labelled, while the range
in which the retrograde r-modes are located is labelled rk .
Fig. 4.3 shows for the locking which occurs in the two stars the separate terms
of the locking balance Eq. (4.20). Locking of harmonic n = 7 on the stellar mode
g213 of star 1 is shown in panel 4.3a, while in panel 4.3b locking of harmonic n =
9 onto mode g210 of star 2 is followed by the combined locking of n = 7 and 8
locking respectively on the modes g214 and g211 of star 2. Here, thick lines are used to
distinguish the n = 8 locking from the locking of n = 7. The solid lines which give
the net shifting rates dt (σ̄n − σ̄0,ik ) drop to zero during resonance locking due to
the fact that the level of the dashed lines which give the self-shifting rates ∂t,n (σ̄n −

Figure 4.1. (continued) locking eigenfrequencies σ̄0,ik , divided by the sum of all terms contributing to this rate excluding the contribution of harmonic n itself. During resonance locking this value is almost zero. Panel f shows the relative excitation height Qn of the locked
harmonics.
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Figure 4.2a and b. The curves show, for the orbital evolution pictured in Fig. 4.1, the stellar
eigenfrequencies in the inertial frame σ0,ik of star 1 (panel a) and star 2 (panel b) normalised
on the varying mean orbital frequency ω. A resonance occurs when a curve coincides with
one of the horizontal dashed lines (which correspond to the orbital harmonics n = σn /ω).
The boundary between pro- and retrograde frequencies (σ̄ = 0) is given by the long fat
dashes, and the relative strength of the different orbital harmonic components given by
the Hansen coefficients hn is coded in greyscale. Thick line segments on the curves mark
resonance locking. The r-modes occupy a narrow frequency region indicated by rk .
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Figure 4.3a and b. The resonance locking balance of star 1 (panel a) and star 2 (panel b)
during the orbital evolution depicted in Fig. 4.1. The shifting rate of each locked harmonic
relative to the eigenfrequency of the mode it is locked to and the separate terms which
contribute to this rate are plotted, see Eq. (4.20). Not shown is ∂t,Ẋ (σ̄n − σ̄0,ik ), which is
small and almost constant. To prevent over-plotting a vertical offset has been applied for
the case n = 8 k = 11 (thick lines).
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σ̄0,ik ) cancels the combined action of the dash-dotted and dotted lines, which stand
for the terms ∂t,6n (σ̄n − σ̄0,ik ) and ∂t,6 i (σ̄n − σ̄0,ik ), respectively. The stellar evolution
term ∂t,Ẋ (σ̄n − σ̄0,ik ) is fairly small and almost constant, and therefore not shown as
a separate line in the plots. Note that resonance locking in one star can only couple
to the other star through its shrinking or expansion effect on the orbit, which is
given by the dotted lines in Fig. 4.3.
The dominant orbital harmonic with frequency σ̄2 excites retrograde modes in
both stars. However, the second strongest harmonic frequency σ̄3 is prograde in
star 1 and retrograde in star 2, see Fig. 4.2. As a consequence, the dash-dotted lines
in Fig. 4.3 which are constructed from the sum of all non-locked harmonics correspond to more positive values for star 2 (panel 4.3b) than for star 1 (panel 4.3a). At
t = 0 the level of the dash-dotted line in star 1 is even almost zero due to the action of prograde harmonic n = 10 which slowly approaches the g27 resonance peak
of star 1, and which crosses the peak of the resonance near t = 0.044 Myr. Soon
after the evolution started, σ̄9 encounters g210 of star 2, and as it approaches the
resonance (panel 4.1f), its self-shift term becomes strongly negative, causing its net
shift rate to slow down (respectively dashed and solid lines in panel 4.3b). When
its net shift rate (solid line) reaches zero, resonance locking is established and from
that moment on its approach of the resonance frequency σ̄0,2 10 (see dotted line
panel 4.1f) happens on the timescale at which significant eccentricity decrease occurs (see panel 4.1b). When the eccentricity declines the strength of the Hansen
coefficient h9 is reduced and, to maintain the locking equilibrium, this has to be
compensated by a closer approach of the resonance. This can be seen in panel 4.1f
which shows the evolution of the relative resonance height Q9 .
Due to the n = 9 resonance locking in star 2 and the resulting orbital shrinking,
the rate at which σ̄7 approaches g213 in star 1 increases (dotted and solid lines in
panel 4.3a). As the relative height Q7 in the peak of g213 of star 1 increases (dashed
line panel 4.1f), its counteracting self-shift term becomes more strongly negative
(dashed line panel 4.3a) and after approximately 0.03 Myr harmonic n = 7 becomes locked as well. The above mentioned resonance crossing of σ̄10 through g27
of star 1 which quickly follows causes the dash-dotted line in panel 4.3a to temporarily take on a negative value and, as a reaction, the resonance height Q7 in
star 1 decreases for a while (panel 4.1f).
Next, just before t = 0.05 Myr, orbital harmonic n = 3 passes twice through the
weakest r-mode that is included in the spectrum of star 2, first downwards and
upwards quickly after that. The strong r-mode resonances spin the star down and
widen the orbit, inducing a positive frequency shift in the locking balance. Primarily these r-mode crossings in star 2 feed into the dash-dotted line in panel 4.3b,
driving the n = 9 harmonic deeper into resonance. Thereby the self-shift term
∂t,9 (σ̄9 − σ̄0,2 10 ) (dashed line in 4.3b) has to become more negative in order to keep
the locking equilibrium intact. The orbital expansion shows up as a rising of the
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dotted line in 4.3a, and this in turn drives the n = 7 locking balance in star 1 deeper
into resonance (dashed lines panels 4.1f and 4.3a). A little later at t ' 0.05 Myr,
during the second r-mode crossing in star 2, the n = 9 locking in star 2 terminates
when this harmonic is driven over the peak of the resonance.
Using the orbital evolution described up to this point a few remarks can be made
about the way resonance lockings and resonance crossings in the two stars can influence each other. As already mentioned, resonance locking in one star can indeed
through orbital changes cause resonance locking in the other star to become more
intense. Note the enhanced positive levels of the dotted lines in Fig. 4.3 which
must be countered by the negative self-shift terms, so the levels of the dashed lines
must become more negative by raising the fractional resonance heights Qn of the
locked harmonics. When locking in star 2 commences, the rate at which harmonic
n = 7 approaches resonance with the g213 mode of star 1 it will become locked on
increases strongly. Resonance locking in star 1 would therefore not have occurred
as quickly if no resonance locking in star 2 had occurred. At the beginning of resonance locking in star 1, the shrinking of the orbit due to locking in star 2, shown
by the dotted line in panel 4.3a, is even the strongest positive term against which
the n = 7 harmonic becomes locked in star 1. Definitely, no locking would have
occurred here without the locking in star 2.
A resonance crossing of an r-mode in star 2 terminates the locking in star 2, because the resonance peak on which the n = 9 harmonic had been locked could not
provide sufficiently large a torque to keep the resonance locking balance (4.20) in
star 2 near zero. The r-modes’ indirect influence (via stellar spin down and orbital
expansion) on the resonance locking in star 1 is also large; the required fractional
peak height of σ̄7 in star 1 (dashed line panel 4.1f) increases to more than 10%. A
stronger locked mode in star 2 could have prevented locking in star 2 to terminate,
but it could also have caused the locking in star 1 to end if the resonant torque required to maintain locking in star 1 would have increased above the maximum of
the locked mode in star 1. Instead, locking in star 1 continues after the locking in
star 2 has ended around t = 0.05 Myr. As σ̄10 , which crossed through g27 of star 1,
drifts further away from resonance its influence on the level of the dash-dotted
line in panel 4.3a subsides, and the level of this line rises due to the retrograde excitation of σ̄2 to become the largest positive term in the resonance locking balance
of star 1. Meanwhile, the lack of resonant prograde forcing in star 2 to counter the
retrograde torques due to the leading harmonic terms n = 2 and n = 3 causes
this star to rapidly spin down after t ' 0.05 Myr (dashed line panel 4.1d) to near
pseudo-synchronisation. As a consequence, spin energy is transferred from star 2
into the orbit while simultaneously, due to the continuing locking in star 1, energy
is being lost from the orbit at a higher rate. During the time interval in which no
locking in star 2 occurs, the partial tidal timescale associated with harmonic n = 7
acting on star 1 is shorter than the total tidal timescale for the system (dashed
and solid lines in panel 4.1c). The rapid spin down of star 2 induces a quick drift
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of its oscillation frequencies relative to the harmonic frequencies of the orbit, see
panel 4.2b.
Around t = 0.075 Myr σ̄7 runs into and becomes locked on g214 of star 2, so
that the orbital decay is enhanced. This causes the dotted line in panel 4.3 to rise
and forces the resonance locking in star 1 to readjust, whereby the fractional resonance height of the (n = 7) locked mode in star 1 increases somewhat (dashed line
panel 4.1f). In turn this rises the level of the dotted line in panel 4.3b somewhat and
causes the locking in star 2 to intensify, but this effect is only small. During locking
the harmonic frequency σ̄7 approaches the eigenfrequency σ̄0,2 14 and its fractional
excitation height rises. However the relative peak height of σ̄8 which approaches
σ̄0,2 11 increases faster, see the double dotted and dash-dotted lines in panel 4.1f. As
the relative peak height of σ̄8 increases its self-shift term becomes more negative
(thick dashed line in panel 4.3b), thereby decreasing the term ∂t,6n (σ̄7 − σ̄0,2 14 ) (thin
dash-dotted line in panel 4.3b) of which it is a part along with the terms due to
the strong low order orbital harmonics. In reaction the self-shift term of the n = 7
locking in star 2 must become less negative (thin dashed line in panel 4.3b), so
the harmonic excitation frequency σ̄7 drifts away from the resonance frequency,
thus lowering the fractional excitation height (double dots in panel 4.1f). Locking of the n = 8 harmonic on g211 then takes the place of the n = 7 locking on
g214 in star 2. This n = 8 locking ends when Q8 reaches 1 (dash-dotted line in
panel 4.1f) and the resonance is crossed, but not before the same happens for σ̄7
in star 1. When σ̄8 crosses the resonance in star 2 its diminishing effect on the
term ∂t,6n (σ̄7 − σ̄0,2 14 ) abruptly ends, and as a consequence σ̄7 rapidly approaches
σ̄0,2 14 again. In principle its resonance locking could be reestablished at that point,
however the decreasing eccentricity caused the Hansen coefficient h7 to become
weaker, and the resonant torque needed to balance the locking equation (4.20) for
the n = 7 harmonic cannot be reached by the k = 14 resonance. Soon after, σ̄7 also
crosses resonance.
From the above detailed description of a short evolution timespan it is clear
that resonance locking in one of the early type stars in double MS binaries can
establish and/or intensify the locking process in the other component. However,
locking in each of the components as well as non-locked resonance crossings can
in fact also shorten the period of locking in the other component. The effectiveness
of resonance locking as a mechanism for tidal evolution then depends on what the
chances are of quickly running into the next stage of locking. To gain some insight
in this matter, we will now consider somewhat wider systems and follow their
evolution during longer timespans.
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Figure 4.4a–d. At t = 0 the orbit has a period Porb = 10 days (panel a) and eccentricity e =
0.5 (panel b). The stars rotate initially at 80% and 100% of periastron frequency (panel d).
Resonance locking causes many periods of rapid orbital decay (square dips in panel c),
during which the locked star(s) spins up.

4.3.3 Occurrence of resonance locking in wider orbits
For a few increasingly wider initial orbits we follow the orbital evolution and show
how resonance locking influences the orbital evolution. In this way we acquire
a feeling for the importance of the resonance locking mechanism for a range of
different orbital parameters.
Orbit with Porb = 10 days
First we evolve a somewhat wider orbit (Porb = 10 d), starting from eccentricity e = 0.5 and follow it for some 2 Myr (see Fig. 4.4). The stellar rotation rates
(panel 4.4d) at t = 0 are again 80% and 100% of periastron frequency. The timescale
for orbital decay (panel 4.4c) shows many periods during which the orbit decays
quite rapidly for tens of thousands of years. During these periods one or both stars
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have their rotation rate increased. Often the resonance locking occurring during
these phases increases the rate of orbital decay by a large fraction, as can be seen
from the jumps in the timescale as these resonance locking phases commence or
end.
Resonance locking occurs in both stars throughout the evolution calculated here,
see Fig. 4.5. The dotted line in this figure gives the dimensionless frequency for
which the self-shift term would exactly vanish:
s


∂σ̄0,ik
Iorb m
m+
.
ζ inn = 0 ⇒ n =
Ii 3
∂Ωi
∂σ̄

As the term ∂Ω0,ik is different for the different oscillation modes, a slight jump in the
i
dotted line is seen each time locking on another stellar g-mode commences. Harmonics of order n lower than this but with n > n0 (where n0 defines the boundary between prograde and retrograde modes) have negative self-shift and may
therefore be locked. The conditions for resonance locking are most favourable in
a frequency strip around n ≈ 15 at first, decreasing towards n ≈ 9 as the orbital
period and eccentricity diminish and the high order Hansen coefficients become
much weaker than the Hansen coefficients of the low order retrograde harmonics. During the later stages, significant resonance locking only occurs with the
g214 modes of the stars, which can generate a significantly higher torque value at
the top of the resonance peak than the g215 modes or those with still higher radial orders. At higher frequencies the orbital harmonics are too weak to excite the
(weakly damped) modes sufficiently to establish locking, while towards the lower
frequencies the stellar g-modes are too heavily damped and generate too small
intrinsic torques.
Some of the square dips in the timescale in panel 4.4c end in a sharp dip. Similar
to what was seen in Sect. 4.3.2, resonance crossing of a low order harmonic through
an r-mode is in these cases responsible for disturbing the resonance locking. The
dimensionless r-mode frequencies σ0,ik = σ̄0,ik + mΩi (in the inertial frame) are
increased by the locking of prograde high order harmonics (by which the star is
spun up), which during the first Myr causes the r-modes to approach their nearest
harmonic frequencies (n = 5 in star 1 and n = 6 in star 2) many times (see Fig. 4.5).
However, every time the r-mode excitation terminates the locking responsible for
the stellar spin-up by pushing the locked high order harmonic through resonance,
preventing resonance crossing of the strong r-modes. Once the next locking of a
high order harmonic is established, the r-modes again close in on the nearby orbital
harmonic frequency, again putting an early end to the locking at high frequency.
As a result, periods of spin-up due to resonance locking of high frequency orbital
harmonics and periods of spin-down due to the retrograde forcing of low order
orbital harmonics combined with the intrinsic spin-down due to stellar expansion
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Figure 4.5a and b. For the orbital evolution pictured in Fig. 4.4 (initially Porb = 10 d,
e = 0.5), the solid curves show the stellar eigenfrequencies σ0,ik of star 1 (panel a) and
star 2 (panel b) normalised on the varying orbital frequency ω. The normalised harmonic
frequencies σn /ω = n of the orbit are plotted as horizontal dashed lines. The boundary between pro- and retrograde frequencies (σ̄ = 0) is given by the long dashes, and the relative
strength of the different orbital harmonic components given by the Hansen coefficients hn
is coded in greyscale. Thick line segments mark resonance locking; the dotted line gives for
the locking oscillation mode the normalised frequency for which ζ = 0. Resonance locking
in at least one star is established during 64% of the time.
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alternate quickly during the first Myr, the first effect dominating during these early
stages. Panel 4.4d shows that during the first half of the orbital evolution the stellar
rotation speeds increase to supersynchronous rates.
In some of the cases resonance locking of a mode ends not because of r-mode
actions, but exactly when resonance locking of a second prograde mode in the
same star begins. For these cases the same mechanism applies which appeared
during the second half of the evolution described in Sect. 4.3.2 in star 2, in which
resonance locking of one harmonic makes place for locking of another harmonic.
The harmonic that becomes locked initially is pushed back out of resonance due
to the spin up effect of the other harmonic which approaches its resonance peak
faster, and which becomes locked thereafter. As the evolution progresses and the
eccentricity decreases the locked second harmonic slowly approaches and eventually crosses its locked resonance frequency. After that, the harmonic that became
locked first is no longer held out of resonance, and it quickly re-approaches the
mode it was locked to and crosses the resonance.
During this first interval the eccentricity decreases from 0.5 to approximately 0.4,
which causes a significant change in the Hansen distribution of orbital harmonics.
The peak of this distribution moves to a lower order harmonic (from n = 5 to
n = 3) and the high order harmonics become much weaker (e.g. a factor 11 for
h15 ). As a consequence resonance locking of the higher order harmonics becomes
less efficient, which is reflected in the fact that the tidal timescale during locking
(square dips in panel 4.4c) increases as the orbit becomes more circularized.
After approximately 1 Myr the resonant spin up during locking is on average
no longer dominant over the stellar spin down caused by the low order retrograde
harmonics, and therefore the stars show a net spin down (see panel 4.4d) whereby
the r-modes drift downward in Fig. 4.5. During the second half of the evolution
resonance locking is not terminated due to the action of r-modes, but rather because of the decreasing Hansen coefficients of the locked harmonics. Locking during this stage mainly occurs on the relatively strong g214 modes in both stars, whose
oscillation frequencies move downwards in Fig. 4.5, pausing at each harmonic
(dashed line) until the harmonic becomes too weak, and continuing the descent
thereafter.
The ratio between the resonant spin up effects of the high order harmonics and
the spin down effects of the low harmonic order retrograde forcing being the same
for both stars, the stellar spin rates during these late stages remain approximately
equal. The reason that the initial difference in rotation rates of the stars stays intact during the first half of the evolution is that the stellar spin up and spin down
periods are not yet balanced; rather the dominating spin up is sporadically interrupted due to r-mode excitations. Since r-mode excitations during the early stages
occur equally often in both stars, the occurrence (and frequency of termination) of
resonance locking is approximately equal in both stars, leading to approximately
equal average spin-up rates and therefore conservation of the initial difference in
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Figure 4.6a–d. At t = 0 the orbit has period Porb = 20 days (panel a) and eccentricity e =
0.6 (panel b), and the stars are rotating at 80% and 100% of periastron frequency (panel d).
As in Fig. 4.4, resonance locking causes many periods of rapid orbital decay (square dips in
panel c).

rotation speeds. During the second half of the evolution resonance locking is terminated because the higher order locked harmonics weaken as the eccentricity
decreases. Initially star 2 is rotating faster, implying its eigenfrequencies in the
inertial frame correspond to higher and therefore weaker orbital harmonics. As a
result resonance locking for this fastest rotating star will on average last shorter
than resonance locking in the slower rotator, and as a consequence the fastest star
will on average spin down fastest. Eventually, the rotation rates of the stars become approximately equal.
Though the weakening resonance locking cannot prevent the stars from becoming sub-synchronous rotators near the end, the effect of resonance locking on the
orbital evolution remains large during these late stages. Holding a ruler vertically
and running it horizontally along the time axis of Fig. 4.5 one observes that usually at least one of both stars will at any time experience resonance locking. Also
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resonance locking in both stars is seen to coexist for long periods of time, especially near the end of the evolution where the stars have reached similar rotation
speeds. Given the fact that resonance locking occurs very frequently, and that orbital decay during locking is many times stronger than in the non-locked case,
we can conclude that resonance locking of relatively weak high frequency orbital
harmonics is the most important mechanism for tidal decay during the orbital evolution with Porb . 10 d shown here. The accumulated time during which at least
one star is locked in resonance spans 64% of the total evolution time, while 81% of
the total eccentricity decrease is accounted for during the locking periods.
Orbit with Porb = 20 days
We now turn our attention to a system with a wider orbit and higher eccentricity.
Fig. 4.6 shows the evolution of a system starting at Porb = 20 days and eccentricity e = 0.6, and we evolve the binary system for some 4.5 Myr until the central
hydrogen abundance of one of the components drops to 0.2. Again resonance
lockings which cause the square dips in the panel representing the tidal timescale
(panel 4.6c) appear ubiquitous. The average increase of stellar rotation rates during the first 3 Myr (see panel 4.6d) again causes the r-modes to become nearly
resonant many times, and again the locking on to prograde modes responsible
for the spin up at those instances is terminated by r-mode resonance crossings.
Fig. 4.7 indicates that also in this system locking takes place in at least one star
most of the time, whereby new periods of locking start immediately after the previous locking is ended. Simultaneous locking in both stars appears frequently for
the higher orbital eccentricity. The location of the stellar modes is shifted towards
the higher orbital harmonics, which have become relatively stronger. The strip
where resonance locking takes place still encompasses approximately the same gmodes, with a number of radial nodes between approximately 10 and 18. Though
the rate of orbital decay is lower in this case; the eccentricity is decreased by a
quarter only, while in the case of an orbit with Porb = 10 days it was halved in only
half the amount of time, we can still say that resonance locking is an important
mechanism for orbital decay. It is only when no locking occurs that the timescale
becomes much longer than the main sequence lifetime of the stars (≈ 20 Myr),
e.g. around time t = 4 Myr.
In this case the stellar rotation rates increase on average though the rate appears
to level off near the end of the calculation. Though the rotation rates have not yet
started decreasing, the stars have already acquired approximately equal rotation
rates; this in contrast to the narrower orbit of Sect. 4.3.3, where the stars were found
to rotate at equal rates only after these rates have started decreasing again.
From this example we see that the crucial issue in establishing conditions that
are favourable for the occurrence of resonance locking lies in the balance between
the strength of the orbital harmonics, which ultimately decreases with frequency,
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Figure 4.7a and b. For the orbital evolution pictured in Fig. 4.6 (initially Porb = 20 d,
e = 0.6), the solid curves show the stellar eigenfrequencies σ0,ik of star 1 (panel a) and
star 2 (panel b) normalised on the varying orbital frequency ω. The normalised harmonic
frequencies σn /ω = n of the orbit are plotted as horizontal dashed lines. The boundary
between pro- and retrograde frequencies (σ̄ = 0) is given by the long dashes, and the relative strength of the different orbital harmonic components given by the Hansen coefficients
hn is coded in greyscale. Thick lines mark resonance locking; the normalised frequency for
which ζ = 0 for the locked mode is too high for the scale of this plot and cannot be shown.
Resonance locking in at least one star is established during 59% of the time.
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Figure 4.8a–d. At t = 0 the orbit has a period Porb = 30 days (panel a) and eccentricity e =
0.7 (panel b), and the stars are rotating at 80% and 100% of periastron frequency (panel d).
Periods of rapid orbital decay due to resonance locking are visible (square dips in panel c).

and the resonance peak height of the oscillation modes of the stars, which increases
with frequency. Since in the current case of Porb = 20 days the mean orbital frequency ω is lower than that of the previous case in Sect. 4.3.3, those harmonics
which have frequencies nω near stellar g-modes that are sufficiently strong to establish locking now have higher n-values. To cause comparable resonance locking
the Hansen coefficients hn for these higher orders should be similar to those of the
lower order harmonics which caused locking in Sect. 4.3.3. A higher eccentricity
is therefore necessary to establish comparable resonance locking in this wider system. Even though the established average timescale for the tidal decay is not as
short as in the orbit with Porb = 10 days, resonance locking plays an important
role in the evolution of this system. In the 59% of the evolution time during which
locking takes place, 76% of the total eccentricity decline takes place.
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Figure 4.9a and b. For the orbital evolution pictured in Fig. 4.8 (initially Porb = 30 d,
e = 0.7), the solid curves show the stellar eigenfrequencies σ0,ik of star 1 (panel a) and
star 2 (panel b) normalised on the varying orbital frequency ω. The normalised harmonic
frequencies σn /ω = n of the orbit are plotted as horizontal dashed lines. The boundary between pro- and retrograde frequencies (σ̄ = 0) is given by the long dashes, and the relative
strength of the different orbital harmonic components given by the Hansen coefficients hn is
coded in greyscale. Thick lines mark resonance locking; the dotted line gives for the locked
mode the normalised frequency for which ζ = 0. Resonance locking in at least one star is
established during 39% of the time.
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Orbit with Porb = 30 days
Finally, an orbit with Porb = 30 days with even higher eccentricity e = 0.7 is calculated (see Figs. 4.8 and 4.9). For such a configuration resonance locking appears
more difficult to achieve; the duration of the locking periods is shorter, and the
time in between phases of locking is longer. However, the tidal timescale during
locking is again considerably shorter than outside locking, so even during these
short periods significant tidal decay takes place. Locking occurs 39% of the time,
accounting for 57% of the eccentricity decrease. Note that again the g-modes which
are involved in the resonance locking are those that have approximately 15 radial
nodes, and also that these g-mode frequencies now correspond to still higher harmonics of the orbit due to the decreased mean orbital frequency. Calculations of
an orbit with Porb = 30 days and e = 0.65 showed considerably less resonance
locking, because for such lower eccentricity the high orbital harmonics are much
weaker.
As the number of harmonics for which locking can occur remains large throughout the evolution, the small difference in evolution rates leads to quite different
evolution for the two stars. Even after the rotation rates have become approximately equal around t ' 3.5 Myr, different resonance locking in the two stars
causes the stellar rotation rates to diverge near the end of the evolution.
Combined with the case of the orbit with Porb = 5 days presented in Sect. 4.3.2
these testcases show that resonance locking is a widespread phenomenon in the
tidal evolution of eccentric binary systems, and that the mechanism significantly
enhances orbital decay in orbits with periods up to thirty days. The details differ
somewhat for the various orbital configurations; where the mildly eccentric orbit
with period Porb = 5 days of Sect. 4.3.2, upon continued calculation, proved to
quickly circularize in a few long-lasting and intense stages of resonance locking,
the wider and more eccentric orbits experience many more instances of resonance
locking which last for relatively shorter time intervals.

4.3.4 Uncertainties related to low frequency forcing
For all orbits that have been calculated here the strongest orbital harmonics excite
frequencies in the star that in the stellar frame are in between the lowest frequencies of the retro- and prograde g-modes of highest radial order (k = 20) that were
taken into account. Except in those cases where the forcing occurs at frequencies
very close to the r-modes, the torque on the star at these low frequencies is difficult
to evaluate numerically, because of the short wavelength of the response and the
consequent poor spatial resolution. To estimate how these uncertainties translate
into uncertainties in the conclusions of this work, we recalculate the orbital evolution of the orbit with Porb = 10 days shown in Fig. 4.4, whereby the constant
torque level that was assumed to describe the response at these low frequencies
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Figure 4.10a–d. At t = 0 the orbit has a period Porb = 10 days (panel a) and eccentricity e = 0.5 (panel b). The stars rotate initially at 80% and 100% of periastron frequency
(panel d). Resonance locking causes many periods of rapid orbital decay (square dips in
panel c), during which the locked star(s) spins up. Compared to the case shown in Fig. 4.4
the torque level at low frequencies is reduced by a factor 10: Tlow = 3 × 1036 (cgs). The
time interval needed to establish comparable changes in the orbit is now more than twice
as long.

is diminished by an order of magnitude, i.e. we now adopt Tlow = 3 × 1036 cgs.
The resulting evolution is shown in Figs. 4.10 and 4.11. As can be seen in these
plots, the resonance locking mechanism does depend on the strength of the low
frequency stellar response. This is because the low order retrograde harmonics
give rise to stellar spin down which can drive the prograde modes into resonance.
This can be seen in Fig. 4.3 where the dash-dotted lines give the contribution of the
combined orbital harmonic frequencies that do not experience locking, which for
the largest part consists of contributions by these low order retrograde harmonics.
Decreasing the torque level for these low frequencies implies that the balance for
resonance locking demands a weaker excitation of the locked prograde mode, with
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Figure 4.11a and b. For the orbital evolution pictured in Fig. 4.10 (initially Porb = 10 d,

e = 0.5, Tlow = 3 × 1036 (cgs)), the solid curves show the stellar eigenfrequencies σ0,ik of
star 1 (panel a) and star 2 (panel b) normalised on the varying orbital frequency ω. The
normalised harmonic frequencies σn /ω = n of the orbit are plotted as horizontal dashed
lines. The boundary between pro- and retrograde frequencies (σ̄ = 0) is given by the long
dashes, and the relative strength of the different orbital harmonic components given by
the Hansen coefficients hn is coded in greyscale. Thick lines mark resonance locking; the
dotted line gives for the locked mode the normalised frequency for which ζ = 0. Resonance
locking in at least one star is established during 58% of the time.
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a correspondingly longer evolution timescale. Also, the rate at which harmonics
drift through the stellar spectrum is lower, so the chance of quickly running into
the next locking is smaller. Indeed, compared to the standard case described in
Sect. 4.3.3, the evolution shows longer periods where no locking occurs, and the
locking that does occur results in longer tidal timescales. In this case of reduced
low frequency torques locking occurs 58% of the time, causing 71% of the total
eccentricity change.
Decreasing the low frequency stellar response even further to a negligible level,
such that the low order orbital harmonics can effectively be disregarded, resonance
locking becomes yet somewhat weaker, but not by a significant fraction. The reason is that the continuous stellar spin down due to stellar evolution (see Eq. 4.19)
becomes important at these levels, and that contribution is independent of the low
frequency stellar response. Consequently, we can conclude that resonance locking
occurs frequently during the orbital evolution of eccentric binaries, but that its actual effectiveness depends on the somewhat uncertain tidal torque levels for low
forcing frequencies in rotating stars.

4.3.5 Non-linear effects
The duration and maximum intensity of each resonance locking phase depends
critically on the height of the resonance peak involved; the linear analysis we used
to calculate the stellar response may not be sufficiently accurate if resonance locking occurs for large amplitude oscillations. However, tuned by the balance in
Eq. (4.20) a locked harmonic n will during resonance locking stay at a relatively
low peak height Qn as long as its corresponding Hansen coefficient hn remains
adequate. Resonance locking thus tends to occur with rather limited oscillation
amplitudes. In a system with Porb between 5 and 10 days the steady state amplitude of the dimensionless density perturbation ρ0 /ρ in the stellar interior during
locking is typically a fraction of a percent (for the standard low frequency torque
level Tlow = 3 × 1037 cgs). Nonlinear effects are therefore not likely to be very
significant for the locked mode.
The amplitude of the surface displacement vector ξ in units of the stellar radius
Ri is of the same order as the dimensionless density perturbation, which translates
into a surface oscillation velocity amplitude of less than 1 km s−1 during locking.
Observation of a locked mode may therefore require high data quality.
Nonlinear effects will play a role during resonance crossings of strong low order
orbital harmonics which pull themselves through resonance (e.g. r-modes), and for
which no resonance locking can occur. The duration of such resonance crossings
is, however, short so that the tidal exchange of angular momentum and energy
is limited. During these fast resonance crossings the steady state approximation
may break down. The oscillation amplitudes during these fast crossings can become large, so these crossings could possibly induce large scale mixing. This mix-
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ing would change the structure of the star and enlarge the reservoir of nuclear
fuel so the MS lifetime of the stars could be extended significantly. As the oscillation characteristics of a star depend on its structure, the effect of mixing feeds
back into the details of the tidal evolution. Another interesting property of nonlinear oscillations is that the eigenfrequency of an excited mode depends on its
amplitude, so while becoming resonant with an orbital harmonic, the stellar mode
would intrinsically start shifting, not only as a result of changes in the orbit or in
the stellar rotation rate. This would make the locking mechanism certainly even
more interesting (and complex), and could possibly change the resonance crossing
mechanism of the strong low order harmonics for which the amplitudes may be
large. Inclusion of nonlinear terms should be considered for future work, but lies
beyond the scope of the work currently presented.

4.4 Conclusion
By performing calculations of the orbital evolution of binary systems consisting
of two early type MS stars with eccentric orbits we have demonstrated the importance of weak high frequency harmonic components of the perturbing tidal
potential, which resonantly excite stellar g-mode oscillations. The resonance locking mechanism which was investigated in a previous paper for an early type MS
star with a compact companion (WS99b) is shown to be enhanced by the fact that
in a double MS binary dissipation in both stars influences the orbit. It is shown
that for a large range of orbital periods and eccentricities resonance locking is such
a common phenomenon that at any given time the chance that at least one star
will be involved in a stage of near resonant tidal excitation is significant. This has
large implications for the decay rate of the eccentricity and orbital period, which
becomes much enhanced. For early type MS binaries with orbital periods less than
about 10 days the orbital eccentricity is predicted to decay from 0.6 to 0.2 in only a
few million years.
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5 Dynamical tides in a solar type star
Tidal interaction of a rotating 1 M star with a binary companion
Savonije, G. J. and Witte, M. G. submitted, A&A

Abstract. We calculate the tidal interaction of a uniformly rotating 1 M star with
an orbiting companion at various phases of core hydrogen burning from the ZAMS
to core hydrogen exhaustion. By using the traditional approximation we reduce
the solution of the non-adiabatic oscillation equations for the tidal forcing of a
rotating star to a one dimensional problem by solving a separate eigenvalue problem for the angular dependence of the tidal perturbations. The radial oscillation
equations are then solved by using finite differencing on a fine grid with an implicit matrix inversion method like for stellar evolution calculations. We are able
to identify resonances with gravity (g-)modes and quasi-toroidal (q-)modes with
up to ' 1000 radial nodes in the more evolved stellar models. The resulting tidal
torque is calculated down to low forcing frequencies close to corotation. For low
tidal frequencies we find resonant response with inertial (i-)modes in the convective envelope. The inertial modes are damped by turbulent dissipation in the envelope and generate a relatively high torque-level in the low frequency region where
the (retrograde) high radial order g-mode resonances become tidally inefficient
due to their rotational confinement to the stellar equator and the efficient damping by turbulent viscosity. For still lower retrograde forcing frequencies we find
a large number of closely spaced strong q-mode resonances. Our results indicate
that effects related to stellar rotation can considerably enhance the speed of tidal
evolution in low-mass binary systems.

5.1 Introduction
Spectroscopic observations show there is a fairly well determined orbital period
below which main sequence binaries with solar-like stars have essentially circularized orbits. This circularization period appears to be Pcirc ' 11–12 days (Duquennoy & Mayor 1991; Latham et al. 1992; Mathieu et al. 1992). In wider binary systems the tidal evolution is believed to be too slow to achieve circularization during the main sequence phase of solar-type stars. Since Zahn’s (1977) review of
tidal effects there has recently been a renewed interest in tides in solar-type binary system, because the circularization times predicted by Zahn’s analysis are
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too long to explain the observations. Zahn considered the interaction of turbulent
eddies with the hydrostatic equilibrium tide, i.e. the very low frequency limit of the
tidal response, as the dominant tidal mechanism in low mass stars with convective envelopes. Although this mechanism seems consistent with observed binary
systems containing giant stars (Verbunt & Phinney 1995), it appears to fall short
by orders of magnitude when compared with observed solar-type binary systems
(e.g. Claret & Cunha 1997). Goodman & Oh (1997) also applied Zahn’s formalism
and concluded that it predicts a circularization period of only Pcirc ' 2.2 days if
one allows for the reduced efficiency of the viscous damping when the convective
timescale of turbulent eddies is longer than the typical tidal forcing period. They
find Pcirc ' 6 days if one ignores this effect. Because the tidal torque is propor4 , where P
tional to Porb
orb is the orbital period, this forms a significant discrepancy
with the observationally inferred Pcirc ' 11 days.
Terquem et al. (1998, from now on T98) calculated the dynamical tide raised by a
close companion on a non-rotating solar-type star. For dynamical tides the interaction between the tidal flow and the stellar normal modes of oscillation is taken
into account (Cowling 1941). The stratification in low mass main sequence stars is
complementary to that of massive stars and consists of a radiative core surrounded
by a convective envelope. Near the boundary of the convective envelope the tides
can excite g-modes in the radiative core, where radiative damping is relatively
weak. Additional damping occurs in the convective envelope by the interaction of
the tidal flow with turbulent eddies. T98 allowed for dissipation due to the interaction with these turbulent convective eddies by first order perturbation analysis,
while radiative damping was treated by a WKB treatment of non-adiabatic terms.
They noted that the equilibrium tide applies to forcing frequencies much smaller
1
than the Brunt-Väisälä frequency |N 2 | 2 (see below) and that for solar-type stars
1
with relatively small values of |N 2 | 2 in the lower regions of the convective envelope the convective timescale is too long for essentially instantaneous adjustment
to the tidal flow. Under these circumstances the equilibrium tide is a rather poor
approximation for the tidal interaction and predicts a too strong effect. T98 found
that for a fixed spectrum of normal modes in a non-rotating star the tidal evolution
of solar-type binary systems is controlled essentially by the non-resonant dynamical tide. To explain the observed Pcirc would require a viscosity that is ' 50 times
larger than predicted by simple mixing length estimates. Goodman & Dickson
(1998), in their WKB treatment of dynamical tides, considered non-linear damping
of excited g-modes near the stellar centre but they estimate this cannot explain the
discrepancy with the observations.
In T98 the stellar normal mode spectrum was considered fixed, i.e. for simplicity effects of stellar rotation and stellar evolution were ignored. However, in orbits
with a significant eccentricity the tidal forcing is characterised not by one but by
a spectrum of forcing frequencies which can potentially excite one or more of the
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normal modes in the binary stars. It is often argued that the chance of hitting a
(narrow) resonance is small and that –when it happens– the enhanced tidal interaction rapidly moves the system through the resonance without much orbital
evolution. This ignores the possibility of resonance locking. When stellar rotation is taken into account, the tides can excite both prograde (propagating in
the direction of rotation) and retrograde (counter to rotation) oscillation modes,
depending on the stellar rotation rate and orbital parameters. Excitation of prograde modes gives rise to spin-up (positive torques), while retrograde tidal forcing
yields negative torques and spin-down. Calculations for massive binaries (Witte
& Savonije 1999a,b, 2001, from now on WS99a; WS99b; WS01) indicate that often a
weak high order prograde orbital harmonic is driven into resonance with a stellar
gravity (g-)mode by the simultaneous action of a strong low frequency retrograde
orbital harmonic which spins the star down, increasing the relative forcing frequency of the high orbital harmonic towards resonance. A similar driving effect
can be caused by stellar evolution induced spin-down. The near-resonant weak
prograde orbital harmonic tend to spin the star up, counteracting the retrograde
driving ever more strongly when the peak of the resonance is approached. The
two counteracting (retrograde and prograde) orbital harmonics then tend to lock
each other at resonance with prolonged, considerably enhanced, tidal interaction.
The effectiveness of the locking process is sensitive to the magnitude of the orbital
eccentricity and to the low-frequency retrograde tidal forcing. Unfortunately, the
low-frequency forcing excites high order (strongly damped) retrograde g-modes
with very short wavelengths which requires a very large number of meshpoints
for finite difference calculations. The 2D oscillation code (Savonije & Papaloizou
1997) which accounts for the full Coriolis force is not suited for the low frequency
calculations with low-mass stars.
In this paper we calculate the fully non-adiabatic tidal interaction with a uniformly rotating solar-type star by applying the traditional approximation (e.g.
Unno et al. 1989) for which the ϑ-component of the stellar angular velocity is neglected. This is a reasonable approximation for low oscillation frequencies which
simplifies the tidal problem significantly in that it allows a full separation of the
tidal perturbations in the three spherical coordinates, like for a non-rotating star.
Here we present tidal torque calculations (down to very low forcing frequencies)
for a uniformly rotating 1 M star at various stages of core hydrogen burning.

5.2 Basic tidal oscillation equations
We consider a uniformly rotating main sequence star with mass Ms = 1 M and
radius Rs . We assume the star’s angular velocity of rotation Ωs to be much smaller
than its break-up speed, i.e. (Ωs /Ωc )2  1, with Ω2c = GMs /R3s , so that effects of
centrifugal distortion (∝ Ω2s ) may be neglected to a first approximation. We wish to
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study the response of this uniformly rotating star to a perturbing time-dependent
tidal force. The Coriolis acceleration is proportional to Ωs and we consider its
effect on the tidally induced motions in the star. We use nonrotating spherical
coordinates (r, ϑ, ϕ), with the origin at the primary star’s centre, whereby ϑ =
0 corresponds to its rotation axis which we assume to be parallel to the orbital
angular momentum vector.
Let us denote the displacement vector in the star by ξ and perturbed Eulerian
quantities like pressure P0 , density ρ0 , temperature T 0 and energy flux F 0 with a
prime. The linearised hydrodynamic equations governing the non-adiabatic response of the uniformly rotating star to the perturbing potential ΦT may then be
written as
 

ρ0
∂
1
∂
+ Ωs
vi0 ei + 2Ωs × v0 = − ∇ P0 + 2 ∇ P − ∇ΦT ,
(5.1)
∂t
∂ϕ
ρ
ρ



∂
∂
+ Ωs
ρ0 + ∇ · ρv0 = 0,
(5.2)
∂t
∂ϕ



∂
1
∂  0
+ Ωs
S + ξ · ∇S = − ∇ · F 0 ,
(5.3)
∂t
∂ϕ
ρT

  0


F0
dT −1
3T
ρ0
κ0
0
=
− −
∇T + ∇T
(5.4)
F
dr
T
ρ
κ
where κ denotes the opacity of stellar material and S its specific entropy. These
perturbation equations represent, respectively, conservation of momentum, conservation of mass and conservation of energy, while the last equation describes
the radiative diffusion of the perturbed energy flux. For simplicity we adopt the
Cowling (1941) approximation, i.e. we neglect perturbations to the gravitational
potential caused by the primary’s distortion. We also neglect perturbations of the
nuclear energy sources and of convection.
Let us here consider the simplest case of a close binary system in which the orbit
is circular with angular velocity ω and orbital separation D. The dominant tidal
term of the perturbing potential is then given by the real part of
ΦT (r, ϑ, ϕ, t) = f r2 P22 (µ) ei(σ̄t−2ϕ)

(5.5)

where σ̄ = 2(ω − Ωs ) is the forcing frequency in the stellar frame, µ = cos ϑ,
GM

P22 (µ) is the associated Legendre polynomial for l = m = 2 and f = − 4D3p , with
Mp the companion’s mass. We assume m to be always positive, whereby a retrograde perturbation (propagation direction counter to the sense of stellar rotation)
is characterised by negative oscillation frequencies (in stellar frame). After separating the ϕ-dependence, Eqs. (5.1–5.4) form a 2D problem in the (r, ϑ) meridional
plane of the perturbed star. Let us now apply the traditional approximation in
order to attain a considerable simplification of the tidal problem.
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5.3 The traditional approximation
For Ωs 6= 0 the solutions of Eqs. (5.1–5.4) are no longer fully separable into r-, ϑand ϕ-factors due to the Coriolis force. However, in the traditional approximation
separability is retained by neglecting the ϑ-component of the angular velocity. This
is done because the radial motions are expected to be small in the stably stratified
layers of the star, especially for low-frequency high-order g-modes. For this reason, it is thought to be a reasonable approximation for low oscillation frequencies.
Furthermore, a dense spectrum of rotationally governed inertial modes as well as
(quasi-)toroidal modes is also present in this approximation.
When only the radial component of Ωs is retained, the ϑ- and ϕ-components of
the equation of motion can be written (Savonije et al. 1995):

−σ̄2 ξ ϑ − 2iΩs σ̄ cos ϑξ ϕ = −
−σ̄2 ξ ϕ + 2iΩs σ̄ cos ϑξ ϑ =

1 ∂ΦT
1 ∂P0
−
,
rρ ∂ϑ
r ∂ϑ

(5.6)

im
im
P0 +
Φ .
rρ sin ϑ
r sin ϑ T

(5.7)

We have expressed the velocity perturbations in terms of the displacement vector by the relation v0 = iσ̄ξ, with σ̄ = σ − mΩs the oscillation frequency in the
corotating frame, where m = 2 in our study. Negative values of σ̄ correspond to
retrograde forcing.

5.3.1 Separation of variables
A separation of variables can be performed by writing, see Papaloizou & Savonije
(1997):
∞

ξϑ =

∑ F n ( ϑ ) Dn ( r ) ,

∞

ξϕ =

n =1

∑ G n ( ϑ ) Dn ( r ) ,

n =1

P0 =

∞

∑ Xn (ϑ)Wn (r)

(5.8)

n =1

with ξ r , T 0 and ρ0 having expansions of the same form as that for P0 . Here Fn , Gn
and Xn are functions of ϑ chosen to obey the relations

−σ̄2 Fn − 2iΩs σ̄ cos ϑGn = −

dXn
dϑ

and

−σ̄2 Gn + 2iΩs σ̄ cos ϑFn =

im
Xn .
sin ϑ

We obtain an equation for Xn (ϑ ) by imposing the constraint
1 d (sin ϑ Fn )
Gn
λn
− im
= − 2 Xn ,
sin ϑ
dϑ
sin ϑ
σ̄
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where λn is a constant. Then Xn must satisfy the second-order equation obtained
from


m2
1 dQ n
mx cos ϑ
Q n = Xn
− λn
(5.9)
+
sin ϑ dϑ
sin2 ϑ
sin2 ϑ
with
sin ϑ
Qn =
(1 − x2 cos2 ϑ)



dXn
mx cos ϑ
−
Xn
dϑ
sin ϑ


(5.10)

whereby Xn (ϑ ) is an eigenfunction with λn the associated eigenvalue. The solution depends on the rotation parameter x = 2Ωs /σ̄. For the tidal problem we are
interested in even solutions of Xn (µ) with µ = cos ϑ and we adopt m = 2. For
2 (cos ϑ )
Ωs = 0 the functions Xn (ϑ ) become the associated Legendre functions P2n
with corresponding eigenvalues λn = n(n + 1). Normal modes of the rotating star
correspond to normal modes of the non-rotating star with n(n + 1) replaced by
any permissible λn .
Different Xn (ϑ ) are orthogonal on integration with respect to µ = cos ϑ over the
interval (−1, 1). If the perturbing potential is expanded in terms of the Xn such
that
ΦT (r, ϑ ) =

∞

∑ V n (r ) Xn ( ϑ ),

(5.11)

n =1

we find from (5.6) and (5.7) that
Dn ( r ) =

1
1
Wn (r ) + Vn (r ).
rρ
r

(5.12)

This equation is exactly the same as in the non-rotating case. The same is true for
the equation of continuity, except that n(n + 1) is replaced by λn .
The tidal response will thus consist of a superposition of responses appropriate
to non-rotating stars with n(n + 1) replaced by λn . Because the angular functions
Xn (ϑ ) are not spherical harmonics for non-zero rotation, all n ≡ l are required in
the superposition.

5.3.2 The modified oscillation equations
Once we have solved the above eigenvalue problem for λn the linearised equations which describe the non-adiabatic forced tidal oscillations for the n-th tidal
component in expansion (5.11) become a 1-dimensional (radial) problem by factoring out the common ϑ-dependence factor Xn (ϑ ) of all occurring perturbations.
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The oscillation equations can now be expressed as
 
dP0
dP ρ0
σ̄2 ρξ r −
+
= 2 ρ f r,
dr
dr ρ

  

ρ0
λn P P0
1 d ρr2 ξ r
2
=
−
+
+
f
r
,
dr
ρ
ρr2
σ̄2 r2 ρ P

 
P0
ρ0
1 d(r2 Fr0 )
Λ T0
− Γ1 + A ξ r = iη − 2
+ λn 2
,
P
ρ
dr
T
Fr
r
 
Fr0
d T0
T0
ρ0
κ
d
=Λ
+ (4 − κ T ) − (1 + κ ρ ) + X ( X ) ξ r ,
F
dr T
T
ρ
X dr

(5.13)

(5.14)
(5.15)
(5.16)

where Γ’s represent Chandrasekhar’s adiabatic coefficients, X the hydrogen abundance,

d ln T −1
,
dr


∂ ln κ
,
κT =
∂ ln T ρ
Λ=



η = −(Γ3 − 1) F/ (σ̄P) ,

d ln ρ
d ln P
− Γ1
,
dr
dr


∂ ln κ
κρ =
,
∂ ln ρ T

A=

with

F=−


κX =

∂ ln κ
∂ ln X


,

4acT 3 dT
3κρ dr

the unperturbed radiative energy flux, and where the other constants have their
usual meaning. The factor η is a characteristic radiative diffusion length. Note
that the radiative diffusion introduces a factor i, so that the tidal perturbations
are complex-valued which expresses the induced phase-lags with respect to the
companion.
Although the energy equation (Eq. 5.15) is not separable, we have nevertheless
simply replaced the n(n + 1) factor by λn to approximately take the horizontal
radiative diffusion into account. It appeared that the radial diffusion usually dominates over the adopted horizontal diffusion and that the inclusion of this term
(exact for non-rotating stars) yields approximately the same values for the tidal
torque, even when |λ| becomes large at low retrograde forcing frequencies. This is
because damping by turbulent viscosity dominates at low frequencies.
Finally, the oscillation equations are complemented by the linearised equation
of state






∂ ln P T 0
∂ ln P ρ0
∂ ln P µ0a
P0
=
+
+
(5.17)
P
∂ ln T T
∂ ln ρ ρ
∂ ln µ a µ a
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where µ a is the mean atomic weight of the stellar gas. In radiative layers we assume convection of oscillatory stellar material without any diffusion, so that
µ0a
d ln µ a
=−
ξr .
µa
dr

5.3.3 Turbulent viscosity
The tidal oscillations are expected to be influenced by the turbulent convective
motions in the stellar envelope. We describe these interactions in a heuristic way
by means of a simple mixing length approximation for turbulent viscosity. To this
end we add in the convective envelope a radial viscous force density


iσ̄ ∂
∂ξ r
f r,visc = 2
ρνr2
∂r
r ∂r
to the equation of motion (5.13), with ν a turbulent viscosity coefficient. In order to
enable comparison we adopt the same form for the turbulent viscosity coefficient
as T98:
  −1


L2
σ̄ s
(5.18)
ν=
1 + τcon
τcon
2π
where L is the mixing length, taken to be twice the local pressure scale height,
1
τcon = |N 2 |− 2 the characteristic convective timescale with N 2 = − gA the square
of the Brunt-Väisälä frequency, whereby g denotes the local acceleration of gravity.
The reduced efficiency of the turbulent damping of high frequency oscillations by
the slow convective motions is taken approximately into account by the factor in
square brackets, where we adopt s = 2. See Goldreich & Keeley (1977), Goldman
& Mazeh (1991) and Goodman & Oh (1997) for a discussion. The maximum value
of the adopted viscosity coefficient ν is attained near the lower boundary of the
convective envelope. In the stellar models used this maximum value ranges from
a few times 1013 to slightly more than 1015 in cgs units, whereby the latter value is
reached for low forcing frequencies. Both the radiative and turbulent damping induce a phase lag of the tidal response with respect to the forcing by the companion
and that gives rise to the tidal torques we are interested in. The torque-values both
in between and near resonances are sensitive to the adopted turbulent viscosity
law.
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5.3.4 The tidal torque
The tidal torque integral corresponding with the n-th term of the expansion (5.11)
can be expressed as:

Tn (σ̄, Ωs ) = πζ n2 f

Z Rs
0



Im ρ0n (r ) r4 dr

(5.19)

where π results after the integration over ϕ, f is the constant in the tidal potential
defined by Eq. (5.5), Im stands for imaginary part, and
hR
ζ n2 =

i2
1
2
−1 P2 (µ ) Xn (µ )dµ
.
R1
2
−1 Xn (µ )dµ

(5.20)

ζ n is an overlap integral of the eigenfunctions Xn (µ) with P22 (µ), the associated
Legendre polynomial describing the µ variation of the dominant l = m = 2 tide.
The tidal torque is proportional to ζ n2 , which for n = 1 and Ωs → 0 attains the
value 48/5.
The tidal torque follows by multiplying Tn by the factor m = 2. Once we have,
for a given forcing frequency σ̄ and stellar angular rotation speed Ωs , first solved
the λn ( x ) eigenvalue problem and subsequently the radial oscillation Eqs. (5.13–
5.16), the resulting ρ0n (r ) can be substituted in the above integral to evaluate the
tidal torque.

5.4 Solution method
5.4.1 Determination of angular eigenvalue λn ( x)
For a given stellar rotation frequency Ωs and forcing frequency σ̄ the eigenvalues λn can be determined by numerically integrating the two ordinary differential
Eqs. (5.9) and (5.10). We have used a shooting method with fourth order RungeKutta integration with variable stepsize (e.g. Press et al. 1992). To this end we
rewrite the equations as
dXn
mx µ
=−
Xn −
dµ
1 − µ2
dQ n
=−
dµ





m2
− λn
1 − µ2

1 − x 2 µ2
1 − µ2

Xn +



Qn ,

(5.21)

mxµ
Qn
1 − µ2

(5.22)

where the factor x = 2Ωs /σ̄ expresses the importance of stellar rotation.
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To enable integration away from µ = 1 it is convenient to write Xn (µ) = (1 −
m
µ2 ) 2 Yn (µ) and expand Yn (µ) in a power series Yn = c0 + c1 (µ − 1) + c2 (µ − 1)2 +
. . . which can be substituted in Eqs. (5.21) and (5.22) to determine the coefficients
ck . We use c0 as a free scaling parameter and express coefficients c1 to c4 in terms
of c0 , x and the unknown eigenvalue λn . Qn can then be expressed in terms of Yn
as

m 
(1 − µ2 ) 2
2 dYn
mµ
(
1
−
x
)
Y
−
(
1
−
µ
)
.
Qn =
n
dµ
1 − x 2 µ2
For the even (in µ) m = 2 solutions the boundary conditions are Xn = 0 at µ = 1
and Qn = 0 at µ = 0. We can now integrate Eqs. (5.21–5.22) from µ = 1 − e (with
e = 10−4 ) to µ = 0 with an estimated value for the eigenvalue λn . We iterate by
adjusting λn until the integrated value for Qn is sufficiently close to zero for µ = 0.

5.4.2 Numerical solution of radial oscillation equations
Once λn ( x ) is determined by means of the above numerical method the radial oscillation Eqs. (5.13–5.16) can be solved for the same value of σ̄ (after prescribing
the usual boundary conditions) by transforming the differential equations into algebraic equations by means of finite differences on a spatial mesh and applying
matrix inversion similar to standard Henyey schemes for stellar evolution (e.g.
Savonije & Papaloizou 1983). The viscous diffusion term requires three-level finite
differencing. It appears that, because of the very short wavelength of the tidal response for low forcing frequencies σ̄ one needs a large number of meshpoints for a
solar-type star: we have used 5000 radial points. The 2D oscillation code (Savonije
& Papaloizou 1997) which takes the Coriolis force fully into account would require
unrealistically long integration times for such a fine grid. In order to obtain consistent results for the resonances we have used the traditional approximation also
outside the low frequency inertial range.

5.5 Input physics
We constructed the unperturbed stellar models for the solar-type star with a recent version (Pols et al. 1995) of the stellar evolution code developed by Eggleton
(1972). The models represent a spherical main sequence star of 1 M with chemical composition given by various values of the central hydrogen abundance Xc
and Z = 0.02. The model was constructed by using the OPAL opacities (Iglesias &
Rogers 1996). Fig. 5.1 shows
a frequency related to the Brunt-Väisälä frequency N ,
p
namely νBV = sign N |N | in units of the stellar break-up speed Ωc versus mesh
point number for both an unevolved stellar model and for a model near the end
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Figure 5.1. The modified Brunt-Väisälä frequency νBV = sign N

p

|N | and Lambfrequency in units of the stellar break-up speed Ωc versus meshpoint number for (t1 :
0.15 Gyr) an unevolved 1 M model, and (t2 : 11 Gyr) for a stellar model with central
hydrogen abundance Xc ' 0.

of core hydrogen burning. In the latter model the square of the Brunt-Väisälä frequency has become quite large in the contracted helium core. The radiative core,
where the tidal oscillations occur, is made to contain roughly 4000 meshpoints in
order to resolve the short wavelength response for low forcing frequencies.

5.6 Results
5.6.1 The solution for the eigenvalues λn
We only show the solution of the eigenvalue problem in the the low-frequency
inertial regime, for which the absolute value of the rotation parameter x = 2Ωs /σ̄
is larger than unity. Negative x-values correspond to retrograde, positive values
to prograde forcing.
g-mode solutions
The calculated positive eigenvalues λn , with n = 1 to 5, are shown as a function of
1/x in Fig. 5.2a. For large values of |1/x | the eigenvalues λn approach the values
l (l + 1) (with l = 2n), corresponding to vanishing rotation. The values for λ1 are
consistent with those calculated in Papaloizou & Savonije (1997). It can be seen
that rotational effects become strong when |1/x | → 0, i.e. when the oscillation
frequency becomes small compared to the angular speed of the star.
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Figure 5.2. a The calculated positive eigenvalues λn (for n = 1 to 5) versus 1/x = σ̄/(2Ωs )
for m=2, corresponding to eigenfunctions with even symmetry in µ. The full curves correspond to n = 1, the uppermost curves to n = 5. b The same as panel a but now for the
negative eigenvalues. c The square of the tidal angular overlap integral ζ n for λn > 0 versus
1/x with same line coding for n=1 to 5. d The square of ζ n for λn < 0 versus 1/x with same
line coding for n = 1 to 5.
The large values for λn for | x |−1 → 0 are associated with eigenfunctions Xn
which attain small values for 1 ≥ µ  | x |−1 , while the peak(s) shift(s) to µ =
0. This corresponds to the confinement of g-modes towards the stellar equator
due to strong Coriolis effects near the poles for small oscillation frequencies. For
the lowest eigenvalue this effect is strongest for the retrograde g-modes. Fig. 5.2c
shows the angular overlap integral (5.20) 10 log[ı2n ] as a function of 1/x for λn >
0. Due to the equatorial confinement of the g-modes their coupling to the tides
becomes weak when |1/x | becomes small, with strongly reduced values of ζ n .
The latter effect is enhanced due to the fact that the retrograde solutions have one
node more in the ϑ direction than the corresponding prograde solutions.
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r and q-mode solutions
For −1/6 < x −1 < 0 there are solutions with small eigenvalues, see Fig. 5.2a. The
solution with λn = 0 is a purely toroidal oscillation with frequency corresponding
to x = −6. This solution corresponds to the class of r-modes (Papaloizou & Pringle
1978) with frequencies
σ̄r = −

2mΩs
.
l ( l + 1)

For the lowest order l = 3 (which couples to the dominant l = m = 2 tide) this
frequency coincides with 1/x = −1/6. In previous papers (WS99a; WS99b; WS01)
we loosely called the quasi-toroidal modes (with associated small but non-zero
values of λn ) also r-modes, but here (see section 5.6.5) we have identified these
modes up to very high radial order for which the non-toroidal character becomes
significant and we denote them as q-modes. Like g-modes, the peak(s) of the eigenfunctions for q-modes shift to small values of µ when x −1 → 0, although the equatorial confinement is less pronounced. It can be seen in Fig. 5.2c that the q-modes
couple very effectively to the l = m = 2 tide, with the angular overlap integral
ζ 2 ' 10.
i-mode solutions
Solutions with λn < 0 are associated with rotationally governed inertial i-modes
which can propagate in the approximately adiabatic convective envelope. Fig. 5.2b
shows the absolute value of the eigenvalues associated with inertial solutions for
m = 2 and with the adopted even symmetry in µ for the eigenfunctions Xn . When
| x |−1 → 1 the eigenfunctions of the i-solutions become more and more confined to
the stellar poles, i.e. the coupling with the tide decreases when the effect of rotation becomes weaker (see Fig. 5.2d). The eigenvalues for the prograde i-solutions
vanish when x −1 → 0, while the eigenvalues for retrograde i-solutions tend to
zero for small, but finite values of | x |−1 . The eigenvalue corresponding to the fundamental inertial solution drops in fact to zero for 1/x → −1/6. At this point the
fundamental inertial solution connects to the toroidal r-solution. The prograde solutions have one node more in the ϑ direction than the corresponding retrograde
solutions.

5.6.2 The eigenfrequencies: effects of stellar evolution
By substituting the calculated values for the angular eigenvalue λ1 (for the given
value of x = 2Ωs /σ̄) in Eqs. (5.13–5.16) and solving these equations numerically
for a range of forcing frequencies σ̄, the resonances with stellar oscillation modes
are readily found. By doing this for several stellar input models, at various phases
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of core hydrogen burning, one can follow the evolution of the normal mode resonances of the 1 M star from the ZAMS to the end of core hydrogen burning.
We have calculated the resonances for a non-rotating star, as well as for a star rotating at Ωs = 0.1 and 0.2 (in units of Ωc ). Figs. 5.3a–5.3d show the evolution of
the resonance frequencies for prograde and retrograde g-modes for stellar rotation
speeds Ωs = 0.1 and 0.2, as the 1 M star evolves away from the ZAMS. In both
cases the g-mode frequencies increase with age, as is expected from the fact that
the stellar core contracts, so that the acceleration of gravity increases in the propagation region of the modes. We also find that the retrograde g-modes have higher
resonance frequencies (in absolute value) than their prograde counterparts.
Figs. 5.3e and 5.3f show the more complex evolution of the quasi-toroidal qmodes when the star evolves away from the ZAMS. The frequency of toroidal
modes is proportional to the the rotation speed Ωs . When the star evolves away
from the ZAMS its radius increases, at first slowly, but near the end of core hydrogen burning more quickly. Rotation at fixed Ωs /Ωc thus means that the stellar
rotation rate assumed for this figure slows in fact down with age because our frequency unit Ωc decreases when the star expands. This tends to bring down the
mode frequencies with age, as is indeed the case for the low radial order q-modes.
However, the higher radial order q-modes correspond with larger eigenvalues
λ1 and thus with an increasing non-toroidal character as the radial node number k rises, for which buoyancy effects become important. This explains why the
frequency of the high order q-mode resonances increase with age, like g-modes.
Comparing Figs. 5.3e and 5.3f shows that the resonance frequencies of low-order
q-modes do indeed scale with Ωs , and less so for the high order q-modes.

5.6.3 Determination of the tidal torque
Although the expansion (5.11) should be made over all n values, the strength of
the tidal coupling decreases (Figs. 5.2c and d) rapidly for higher orders, so that we
will from now on consider only the first eigenvalue λ1 , and ignore the intrinsically
weaker coupling of the higher order eigenfunctions.
For a given forcing frequency σ̄ and stellar spin rate Ωs we first determine λ1 ( x )
and substitute this in the set of Eqs. (5.13–5.16). After substituting the imaginary
part of ρ0 in the torque integral (5.19) the tidal torque can be evaluated. The calculations are done for a perturbing companion of 1 M in circular orbit with binary
separation D = 4Rs , i.e. for a fixed ratio of Rs /D. The values for the torque integral
T1 have to be multiplied by a factor m = 2 to get the tidal torque T.
The tidal torque on a non-synchronously rotating solar-type star in a given binary system with a companion of mass Mp in a circular orbit with arbitrary orbital
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Table 5.1. Comparison of calculated torque values: the upper values are from T98, while
the lower values correspond to the calculations presented here. Tpeak and Toff are the torque
values at the resonance peaks considered, and for neighbouring off-resonant frequencies,
respectively. The middle column gives the relative FWHM of the resonance peaks.

Tpeak (cgs)

∆σ/σ

Toff (cgs)

4.2

3.2 × 1038
3.4 × 1038

3 × 10−6
7 × 10−6

4 × 1035
7 × 1035

8.5

2.8 × 1035
3.6 × 1035

4 × 10−5
4 × 10−5

6 × 1034
5 × 1034

12.4

6.3 × 1033
1.5 × 1034

2 × 10−4
2 × 10−4

5 × 1033
7 × 1033

P (d)

separation D is then found from

T (σ̄) = m

Mp
M

2 

4Rs
D

6

T1 (σ̄)

where, for a stellar model with Xc ' 0.4 and a given value of σ̄ = σ − mΩs with
m = 2, T1 can be read from Figs. 5.4 to 5.6.

5.6.4 Comparison with T98’s calculation
To check our results we have compared some of our torque-values for the nonrotating case with those of T98, as there exist no detailed results for rotating stars
to compare with.
Table 5.1 gives some results of both calculations for three
different circular orbits with periods of 4.2, 8.5 and 12.4 days. In the table we
have scaled our results to those of T98, i.e. we use their normalisation of the tidal
torques as in their Fig. 2. After comparing their torque values with our results for
non-rotating stars we conclude that the two calculations yield quite similar results.

5.6.5 Torque spectra for λ1 > 0 (g- and q-modes)
After repeating the torque calculation procedure for a wide range of frequencies
(|σ̄| ≤ 1, where all frequencies stated without units are in units of the critical
rotation rate Ωc ), we end up with a number of torque spectra, like the one shown
in Fig. 5.4 for Ωs = 0.1 and Xc = 0.4. Note that the actual height of the resonances
depends on the adopted turbulent viscosity law for the convective regions and on
the amount of turbulent overshooting. We have assumed a Gaussian decay of the
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Figure 5.4. The torque integral T versus forcing frequency σ̄ for λ1 > 0. The calculation

is for a 1 M star with central hydrogen abundance Xc = 0.4, rotating at speed Ωs =
0.1 Ωc . The narrow dip before each resonance peak has been ignored in this plot. Negative
values of σ̄ correspond to retrograde forcing, for which the sign of the torque should be
read as negative. Results are for a fixed ratio of orbital separation to radius D/Rs = 4
and companion mass Mp = 1 M . Many strong resonances with quasi-toroidal q-modes,
shown here as an unresolved black peak just left of σ̄ = 0, can be identified (with up to 534
radial nodes) for this stellar model.

viscosity coefficient beyond the convection boundaries with a decay length of 0.5
pressure scale height.
The high frequencies near | x | = 1 will never occur in normal binaries with solartype stars, but part of the higher frequencies may be relevant to extreme systems
with planets in very eccentric orbits. For |σ̄| < 0.25 the resonance spectrum of prograde and retrograde high radial order g-modes becomes so dense that in Fig. 5.4
it can no longer be resolved. For decreasing forcing frequency |σ̄| the radial wavelength of the g-modes decreases, while simultaneously the turbulent viscosity becomes more efficient, so that the resonances fade away. Also the tidal coupling
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Figure 5.5. The torque integral versus forcing frequency for λ1 > 0. Same as Fig. 5.4, but
now for rotation rate Ωs = 0.2Ωc .

strength ζ 1 of the retrograde g-modes declines with |σ̄| (see Fig. 5.2c). We have
zoomed in to determine the resonances with the stellar normal modes up to the
(somewhat arbitrary) point where the resonances become too weak to trace down
individually.
For the prograde g-modes the resonance peaks beyond about g480 at σ̄ ' 0.03
(1/x ' 0.15) become too weak for identification, while on the retrograde side of
corotation g-modes with up to 816 radial nodes have been identified.
The off-resonant torque values follow a curved line which reflects two main effects: for high oscillation frequencies |σ̄| the turbulent dissipation in the convective
envelope becomes less efficient due to the mismatch of the low frequency turbulent
motions and the high frequency oscillations (Sect. 5.3.3), reducing the off-resonant
torque-values. For low oscillation frequencies |σ̄|, on the other hand, the torquevalues decrease strongly due turbulent damping near the lower boundary of the
convective envelope and by the the rotational confinement of the g-mode response
to regions close to the stellar equator.
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Figure 5.6. The tidal torque integral versus forcing frequency for λ1 < 0, (i.e. due to excitation of inertial modes in the convective envelope) for several stellar rotation speeds: Ωs =
0.05, 0.10, 0.15 and 0.20 in units of Ωc . The dashed lines correspond to Ωs =0.05, the dotdashed lines to 0.10 etc. The companion mass is 1 M , while the ratio D/Rs = 4 was again
fixed.
For Ωs = 0.1 the torque distribution (Fig. 5.4) shows a dip near σ̄ ' −0.11.
The same occurs more prominently at about the same value of 1/x ' −0.5 for
Ωs = 0.2, see Fig. 5.5. The dip indicates leakage of gravity wave action into the
convective envelope for these particular frequencies. When the envelope is artificially removed from the star the dip in the torque distribution disappears.
For frequencies −Ωs /3 < σ̄ < 0 the eigenvalues λ1 are small (see Fig. 5.2a).
These small eigenvalues are associated with the closely spaced quasi-toroidal qmodes which can be ordered as qk , with k denoting the number of radial nodes.
Because of the long wavelength of the lower radial order q-modes these retrograde
oscillations are weakly damped. They couple efficiently to the l = m = 2 dominant tidal component: the angular overlap integral ζ 1 is large and they have long
radial wavelengths. In Fig. 5.4 and 5.5 the ' 530 identified q-mode resonances
are not individually resolved and produce the black peak situated just left of corotation (σ̄ = 0). These several hundred strong resonances with q-modes provide
a significant tidal effect by which a rapidly spinning star can be spun down efficiently.

5.6.6 Torque spectra for λ1 < 0 (inertial modes)
For negative values of the eigenvalue λ1 the corresponding tidal oscillations are
restricted to the convective envelope and are associated with a dense spectrum of
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rotationally governed inertial modes. These modes with frequencies in the inertial
range (|σ̄| < 2Ωs ) produce an extended, relatively high torque level including a
strong peak (broadened by the turbulent viscosity) in the frequency range where
the torque due to retrograde g-modes falls off sharply, filling the gap left of the qmodes: compare Figs. 5.6 and 5.4. The height of the inertial torque peak increases
with the stellar rotation rate Ωs and is not due to a large amplitude of the oscillations (compared to neighbouring frequencies) but caused by the non-cancellation
of the torque-integral (5.19) for this particular forcing frequency. As expected, the
torque-values for inertial modes are also proportional to the adopted strength of
the turbulent viscosity in the convective envelope. For the low-frequencies in the
inertial range the value of the reduction factor in the expression for the turbulent
viscosity coefficient Eq. (5.18) is practically equal to unity. The relatively strong
inertial response can be an important driving factor for the establishment of resonance locking (WS99a; WS99b; WS01).

5.7 Conclusions
We have calculated the tidal torque on a rotating 1 M star due to an orbiting
companion, using the traditional approximation. We have been able to identify
both g-mode and quasi-toroidal q-mode resonances with up to ' 1000 radial nodes
in the more evolved main sequence models by using 5000 meshpoints for the radial
grid and calculated the corresponding tidal torque spectra for stellar models up to
the end of core hydrogen burning.
For low retrograde forcing frequencies we find a relatively strong tidal response
in the convective envelope for angular eigenvalues λ1 < 0, which corresponds
to turbulent dissipation of tidally excited inertial modes. This dense spectrum of
inertial modes may provide an efficient driving mechanism for tidal resonance
locking and thus for considerably enhanced tidal evolution in low-mass binary
systems.
For still smaller |σ̄| resonances with the (retrograde) quasi-toroidal q-modes in
the radiative core become prominent. The q-mode spectrum consists of several
hundred very strong, closely spaced resonances. When the binary parameters
and stellar rotation rate are such that a low orbital harmonic falls in the frequency
regime of the q-modes, enhanced tidal evolution must occur when the harmonic
evolves through the many closely spaced q-mode resonances.
The effects mentioned above are related to rotation of the binary components
and have been ignored in previous studies of tidal effects in low-mass binary systems. In a forthcoming paper we will apply the above results to study the tidal
evolution of low-mass eccentric binary systems.
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6 Orbital evolution of binaries with a
solar type star
Orbital evolution by dynamical tides in solar type stars
Application to binary stars and planetary orbits
Witte, M. G. and Savonije, G. J. submitted, A&A

Abstract. We study the tidal evolution of eccentric binary systems consisting of a
solar type main sequence star accompanied by either another solar type star, or by
a planet with a mass similar to Jupiter’s mass. The tidal dissipation which takes
place in the solar type star(s) is calculated in the framework of dynamical tides,
and resonant interaction with the g-mode and quasi-toroidal oscillation eigenmodes of the stellar component(s) is included in the orbital calculations. It appears
that in a system of two solar type stars intervals during which harmonic components of the perturbing tidal potential become locked onto resonances with stellar
oscillation modes appear ubiquitously, significantly enhancing the efficiency of
the tidal coupling. In our calculations stellar binaries become circularized during
the main sequence lifetime for orbital periods up to about 10 days, or 16 days in
the case of very slow stellar rotation. Efficient resonance locking causes significant tidal decay in weakly eccentric planetary binaries with orbital periods up to
approximately 5 days in case the solar type star is a slow rotator, and very large
increase of the orbital period and eccentricity in case the star is rotating rapidly.
The dynamical tide with inclusion of the effects of close resonances with the stellar oscillation modes provides considerably more efficient tidal coupling than the
equilibrium tide with viscous damping of turbulent eddies.

6.1 Introduction
In almost all studies the tidal processes of stellar synchronisation and orbital circularization in stellar binary systems have been divided into two cases, according
to the nature of the stars which undergo the tidal deformations.
On the one hand, massive main sequence (MS) stars, which have convective
cores and large radiative envelopes, experience forced buoyancy oscillations in
their envelopes. Therefore in describing the tidal process in these stars it is necessary to use a theory which accounts for dynamical effects which arise due to the
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tidal forcing (Zahn 1977; Savonije & Papaloizou 1983). Extensive studies of the role
played by close resonances with the eigenmodes of these early type stars during
the orbital decay was published in a number of previous papers (Witte & Savonije
1999a,b, 2001, from now on WS99a, WS99b and WS01, respectively).
Low mass MS stars and giants, on the other hand, have extended convective envelopes, and for these stars retardation of the equilibrium tide due to the viscosity
of turbulent eddies in the envelope is usually assumed to be the cause of the tidal
torque. In the case of binaries containing giant stars, a study by Verbunt & Phinney
(1995) shows that the observed orbital parameters of 28 binaries in open clusters
can indeed be understood within Zahn’s formalism for viscous damping of the
tidal flow. However, in the case of narrower binaries containing MS late type components tidal periods may become shorter than the turnover time of the largest
eddies, presumably reducing the turbulent viscosity. Zahn & Bouchet (1989) claim
that pre-MS circularization is more efficient than circularization during the MS and
that this may explain the observations. Mathieu et al. (1992) show that the cutoff
period at which binary members of clusters are found in circular orbits increases
with the age of the cluster, indicating that circularization occurs on the MS. Claret
& Cunha (1997) argue that, if possible pre-MS circularization is neglected, application of the revised version of the theory of turbulent viscosity which incorporates
the timescale mismatch between the tidal period and the convective turnover time
(Zahn 1989) yields dissipation which is two orders of magnitude too small to explain observations of late type MS binary orbits in clusters. Goodman & Oh (1997)
remark that the viscosity at higher frequencies should be more severely reduced
than in Zahn’s theory, significantly reducing the orbital decay rate before as well
as during the MS. These authors argue that the gradual circularization on the MS,
as it seems to follow from observations of old halo binaries, cannot be explained
by turbulent convection, even if no reduction of the viscosity due to short tidal
periods is accounted for at all.
It was not until recently that the possibility of excitation of g-modes in the radiative cores of late type MS stars was considered as a mechanism for tidal dissipation
in these low mass stars. Terquem et al. (1998) calculate radiative damping of core
g-modes as a first order perturbation on the solutions for adiabatic oscillations, and
show that near resonance with a stellar eigenmode radiation diffusion is the most
important dissipative effect. However, the authors estimate that close resonances
with stellar eigenmodes can nevertheless be disregarded during the tidal decay
of binary orbits, if the possibility of locking the companion in a stellar resonance
is not considered. Goodman & Dickson (1998) likewise show that the dynamical
tide causes dissipation which is at least as strong as the dissipation caused by the
equilibrium tide. These authors treat the stellar eigenmodes by taking an average
over many resonances, and consider nonlinearities and effects of stellar evolution,
but conclude that the dynamical tide is nonetheless too weak to explain orbital
parameters of observed systems.
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In previous papers (WS99b; WS01) we showed that resonance locking due to balancing of the frequency shifting tendencies of different orbital harmonics against
each other, thereby causing significant resonant oscillation amplitudes for prolonged periods of time, is the most important source of tidal dissipation in eccentric early type MS binaries. In the current work we investigate whether the
same holds for late type MS binaries. First we will briefly review the method of
calculating orbital evolution including resonance locking as was developed previously and next we will indicate how the nonadiabatic oscillation calculations were
performed to establish the stellar response to the harmonic tidal forcing. Orbital
evolution calculations of late type systems using this method are presented, both
for binaries consisting of two solar type stars, and for planetary binaries of a single
Jupiter-like planet in close orbit about a late type MS star.

6.2 Equations of tidal evolution and resonance locking
For a more extensive description of the following we refer to WS99b and WS01.

6.2.1 Evolution of orbit and stellar spin
The orbit averaged variations of the orbital energy and angular momentum
Eorb = −

GM1 M2
2a

(6.1)

and
Horb =

M1 M2 2 p
a ω 1 − e2 ,
M1 + M2

(6.2)

occurring due to the dissipation of the tidal flow induced in both of the components, are calculated assuming that the tidal perturbations of each of the stars is
linear with respect to the perturbing tidal potential.
Let us define a to be the semi-major axis of the relative elliptic orbit q
one compoG( M + M )

2
1
nent describes around the other, e its eccentricity and ω = 2π/Porb =
a3
the mean orbital angular velocity of the stars, which have masses M1 and M2 .
Then, the tidal potential caused by star 2 which perturbs star 1 can be decomposed
as

∞

Φ2 (r, ϑ, ϕ, t) = − ∑

l

∑

l =2 m =0

r l Plm (cos ϑ )

∞

∑

n=−∞

clm
n cos( nωt − mϕ ),

(6.3)
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with (r, ϑ, ϕ) spherical polar coordinates relative to the centre of mass of star 1, and
Plm (cos ϑ ) the associated Legendre functions. The coefficients


(l − m)! m 
π  (l +1),m
GM2
lm
hn
(6.4)
e
P
cos
cn =
m
(l + m)! l
2
a l +1
are given in terms of the Hansen coefficients
(l +1),m

hn

=

1
2π

Z π   l +1
0
a
ei(mϕ −kM) dM,

r0

−π

where M = ωt is the mean anomaly and primed coordinates give the location of
star 2 in its orbit; we only consider the dominant l = 2 contribution. Each term in
the sum of Eq. (6.3) results in an amount of dissipation characterised by the torque
integral
lm
T1n
= −πclm
n

Z RZ π
1
0

0


Im ρ10 (r, ϑ ) Plm (cos ϑ ) r l +2 sin ϑ dϑ dr,

(6.5)

in which the imaginary part of the steady state density perturbation of star 1 is
ρ10 = ρ10 (r, ϑ )ei(nωt−mϕ) to be calculated numerically. The secular changes of orbital
energy and angular momentum due to each of these terms is given by
lm
lm
Ė1n
= nω T1n

and

lm
lm
Ḣ1n
= mT1n
,

(6.6)

lm and Ḣ lm for dissipation in star 2 caused by the tidal
with corresponding terms Ė2n
2n
force field of star 1. In view of the assumed linearity, the net changes of energy and
angular momentum follow as
lm
= − ∑ Ėi
Ėorb = − ∑ ∑ ∑ Ėin
i

m n

(6.7)

i

and
lm
Ḣorb = − ∑ ∑ ∑ Ḣin
= − ∑ Ḣi ,
i

m n

(6.8)

i

where i = 1, 2 for the two stars. From these, relations governing the rates of change
of the orbital period and eccentricity can readily be established.
The rates of change of the angular spin velocities Ωi are determined by the tidal
secular rate of change of angular momentum Ḣi , the changing moment of inertia
of each of the stars İi and, in some of our calculations, by the torque Ti,mb on each
star generated by magnetic braking. In describing the process of magnetic braking
we use the prescription given by Verbunt & Zwaan (1981):

Ti,mb = −5 × 10−30 cmb Mi R4i Ω3i .

(6.9)
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For cmb = 1 the canonical strength of magnetic braking is acquired, assuming for
simplicity that we can take the values k2 = 0.1 and f = 1 for the parameters used
in their paper.
The time evolution of the system is thus described by the relations


p
2a
de2
=
(1 − e2 ) Ėorb − ω 1 − e2 Ḣorb
dt
GM1 M2
1 da
2a
=
Ė
a dt
GM1 M2 orb
dΩi
1
H
= ( Ḣi + Ti,mb ) − 2i İi .
dt
Ii
Ii

(6.10)
(6.11)
(6.12)

6.2.2 Resonance locking
Each harmonic component of the perturbing potential of the companion in its eccentric orbit excites a harmonic oscillation in star i. Shifting of the harmonic forcing frequency σ̄n = nω − mΩi relative to the frequency σ̄0,ik of the eigenmode
labelled k of this star is given by




∂σ̄0,ik
0
d
3j lm0
1
Ti,mb + m ∑ T lm 
(σ̄n − σ̄0,ik ) = n ∑
Ti 0 j −
m+
ij
dt
I
Ii
∂Ωi
m0 ,j
i0 ,m0 ,j orb
(6.13)




∂σ̄0,ik
∂σ̄0,ik dIi
Ωi
+
−
Ẋi ,
m+
Ii
∂Ωi
dXi
∂Xi
where Xi is the central hydrogen abundance of star i. Following the procedure in
WS01, we can introduce the shorthand notation
h
i
dt (σ̄n − σ̄0,ik ) = ∂t,n + ∂t,6n + ∂t,6 i + ∂t,Ẋ + ∂t,mb (σ̄n − σ̄0,ik )
(6.14)
for this relation, in which the contribution of the action of magnetic braking to
Eq. (6.13) has been contracted into


∂σ̄0,ik
1
∂t,mb (σ̄n − σ̄0,ik ) ≡ −
m+
Ti,mb .
(6.15)
Ii
∂Ωi
During resonance locking the terms between the square brackets in Eq. (6.14) cancel for a possibly large value of the tidal torque Tinlm , causing rapid orbital evolution without having the forcing frequency σ̄n drift away from resonance with the
stellar eigenmode at frequency σ̄0,ik . This way, the enhanced orbital decay may extend over a large period of time, possibly causing significant changes to the orbital
parameters.
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6.2.3 The dynamical tide in a solar type star
For a rotating star the stellar oscillation equations retain their separability into r, ϑ
and ϕ factors if the so-called traditional approximation is applied, neglecting the ϑ
component of the rotational angular velocity. Thus, separate numerical solutions
can be calculated for the ϑ and r functions, eliminating the need for numerically
very intensive 2D calculations (see Savonije & Papaloizou 1997). For fourteen stellar models along the MS it has therefore been possible to calculate the very dense
torque spectra of g- and (quasi-toroidal) q-modes occurring in the radiative cores
of these stars up to very high (> 1000) numbers of radial nodes, for modest uniform rotation speeds of the stars (see Savonije & Witte ????). Additionally, the excitation at low forcing frequencies of inertial modes in the convective envelope of
such a star provides a smooth torque level with a strong broad peak. Interpolation
within the results of the calculations presented in Savonije & Witte (????) provides
the torques needed to conduct the orbital calculations for the current study.
Only forcing due to the dominant tidal harmonic with spherical degree l = 2
and m = 2 or m = 0 is considered. The response of the rotating star is acquired by
first solving an eigenvalue problem in the ϑ coordinate, after which the acquired
eigenvalue λn is substituted into the radial equation, which is solved next. Only
for the lowest meridional order eigenvalue λ1 torques are calculated. The torque
spectra which are used for the orbital calculations are thus overall the strongest,
however because of the strongly enhanced torque near a stellar eigenfrequency,
oscillations with eigenvalues λn of higher orders n > 1, possibly excited by the
higher degree orbital harmonics with l > 2, could, near an eigenfrequency of such
a mode, give rise to a larger torque than the dominant oscillation mode at the same
frequency. In the 2D calculations all the orders n for the angular eigenvalue λn
were present (though calculated with very limited ϑ resolution), but in the current
work we neglect the higher orders.

6.3 Numerical results
Due to the very dense spectra of g- and q-modes in solar type stars, the tidal evolution of the orbit of a binary containing one or two of these stars involves very many
resonance crossings, and the chances of encountering resonance locking should be
quite large.
In this respect we should consider the order n of the harmonic component which
has an almost neutral frequency shifting property, i.e. for which the self-shift
∂t,n (σ̄n − σ̄0,ik ) ≡ ζ inn Tinlm vanishes; ζ inn ' 0. Harmonics with orders close to
this n have a very weak tendency of driving themselves out of resonance, and
for such harmonics one expects the most effective resonance locking, p
at large amplitudes of oscillation. Noting that for this order we have n ' m Iorb /(3Ii ),
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and substituting Ii ' 7 × 1053 g cm2 and, for a system of two solar type stars,
4

3
Iorb ' 3 × 1056 Porb
g cm2 (with Porb in days), we typically find n ' 102 . Moderately eccentric orbits do not contain significant harmonics of such high orders,
therefore we do not expect resonance locking to take place near this point of optimum efficiency. On the other hand, a larger negative value of ζ inn for the stronger
harmonics of order n ' 101 implies that the torque which is generated by the
resonant excitation during locking need not be as large in order to neutralise the
terms in Eq. (6.14), i.e. locking can take place on weaker eigenmodes of the star,
or already further down from the peak torque of a strong mode. In combination
with the large number of eigenmodes in the stellar spectra, this means that locked
conditions in dual MS star binaries should very easily be attained, and should be
able to last for long timespans.
1
M planet, on
For a planetary binary with a 1 M star and a Jupiter-like 1000
4

3
the other hand, we find Iorb ' 2 × 1053 Porb
g cm2 , so in this case neutral frequency
0
shifting occurs at frequencies near n ' 10 . Strong tidal harmonics may therefore
show very efficient locking, while nearby strong forcing frequencies could have
different signs for ζ inn , potentially leading to quite complex orbital evolution.
We will first examine binaries consisting of two MS stars, and afterwards turn
attention to planetary binaries.

6.3.1 Stellar binaries
A moderately wide, moderately eccentric orbit
As an example of tidal evolution in binaries containing two solar type stars, we
describe the evolution of a binary with an orbit of initially Porb = 16 days and
with initial eccentricity e = 0.6. From now on, at the beginning of the calculations
star 1 will be taken to have a core hydrogen abundance of Xc = 0.689, while its
companion, if also of stellar type, starts at Xc = 0.68.
To prevent that extrapolation of the linear oscillation calculations into the nonlinear regime for large amplitudes yields unrealistically large tidal torque values,
the tidal torques are, when necessary, scaled down such that the oscillation speed
near the stellar centre does not exceed the local speed of sound. This refinement
turns out to be of little influence on the orbital decay calculations, because the
tidally forced oscillations which cause the most significant dissipation have only
moderate amplitudes.
At t = 0 the stars are taken to rotate at 20% of their respective breakup frequencies (corresponding to rotation periods of approximately 12 hours). Fig. 6.1 shows
the resulting evolution taking place during the first 108 years. Since the time evolution of the rotation speeds of both stars is very similar, only the rotation velocity
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Figure 6.1a–d. Orbital evolution of a system of two 1 M MS stars; a orbital period, b
orbital eccentricity, c timescale of eccentricity changes, d rotation of star 1 in units of orbital
angular velocity at periastron. After t ' 0.035 Gyr resonance locking takes place.
of star 1 in units of the orbital angular velocity at periastron (ωper =

q

1+ e
ω)
(1− e )3

is

shown (panel 6.1d). Fig. 6.2 indicates how the frequencies σ = σ̄ + mΩs of eigenmodes of star 1 in a nonrotating frame (solid curves) drift relative to the orbital
harmonic frequencies σn = nω (horizontal dashed lines). Curves with the resonance frequencies of various pro- and retrograde g-modes with radial orders k are
labelled g±k , the retrograde q-modes are localised between the two curves labelled
as qk . The fat dashed line close to the upper q-mode curve gives the frequency for
which σ̄ = 0; horizontal fat line elements show the forcing frequencies at which
resonance locking takes place.
Although no magnetic braking is included in this calculation (cmb = 0, see
Eq. (6.9)), strong retrograde forcing rapidly spins the stars down during the first
few tens of millions of years (t . 0.08 Gyr), causing many resonance crossings (see
Fig. 6.2) which result in rapid variations of the timescale of eccentricity changes
(panel 6.1c). During this period the orbit expands by a small amount (see pan-

Ω1 /ωper

10 log |e/ ė|((yr))

11
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Figure 6.2. The resonance frequencies of star 1 in the inertial frame (solid curves) as a
function of time shown here relative to the frequencies of the orbital harmonics (horizontal
dashed lines). Thick line segments indicate resonance locking. The thick dashed curve
divides pro- and retrograde forcing frequencies. Greyscale shading indicates the strength
of each orbital harmonic n. The evolution corresponds to that shown in Fig. 6.1.

els 6.1a and 6.1b; ∆e ≈ 0.005, ∆Porb ≈ 0.6 d). Due to repetitive crossing of the
broad resonance peak of the retrograde inertial modes, the star is seen to spin
down at a fluctuating rate, and orbital period and eccentricity increase erratically.
From t ' 0.08 Gyr onwards prograde resonance locking takes place (see Fig. 6.2),
reducing the spin-down rate of the stars (see panel 6.1d), and thereby the rate at
which resonances are crossed (see panel 6.1c). From this moment on the orbit decays due to the dissipation taking place at high forcing frequencies (n ' 18) for
which resonance locking occurs. Though the thick line segments indicating resonance locking in Fig. 6.2 appear to stretch uninterruptedly over large intervals of
time, they in fact consist of many short sections in quick succession, each adjacent
piece corresponds to resonance locking on the next g-mode one down in radial
order.
Fig. 6.3 gives the continuation of the evolution in Fig. 6.1, showing the evolution
until circularization and corotation have been established near the end of the MS
lifetime of the stars (t ' 11 Gyr). Fig. 6.4 shows the corresponding resonance
shifting and locking during the first few billion years of this continued evolution.
The rapid stellar spin down which starts immediately at t = 0 continues at a decreased rate (see Fig. 6.1d) during the prograde resonance locking phase (mainly
due to orbital harmonic n = 18) which commences around t = 0.08 Gyr, until
around t = 0.5 Gyr the star is spun down to nearly quasi-synchronism (Ω1 ≈
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Figure 6.3a–d. Orbital evolution after t = 0.1 Gyr. At the end of the MS, circularization
and corotation are established.

ωper ), see Fig. 6.3d. In Fig. 6.4 the stellar spin down occurring up to t = 0.5 Gyr
causes the dashed line corresponding to σ̄ = 0 to come down, so that more and
more retrograde harmonics (which spin the star down) become prograde. At
t = 0.5 Gyr the harmonic with n = 7 has moved through the q-mode range and
is close to becoming prograde, and its retrograde forcing torque diminishes as it
approaches σ̄ = 0. As a result the total retrograde forcing due to the orbital harmonics with n ≤ 7 diminishes and the stellar spin down halts, preventing the
n = 7 harmonic from becoming prograde. For the next 0.4 Gyr (until t ' 0.9 Gyr)
the star spins up due to the now dominant prograde harmonics, eventually reaching a rotation speed of ' 1.4 ωper again (panel 6.3d). The rate at which the (inertial) frequency corresponding to σ̄ = 0 increases due to this stellar spin up is
balanced by the rate at which the frequency of harmonic n = 7 increases due
to the orbital decay (increase of ω), such that harmonic n = 7 remains close to
σ̄ = 0. At t ' 0.9 Gyr the increasing orbital frequency causes harmonic n = 6
to reach the lowest radial order q-mode, whose spin down effect on the star is
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Figure 6.4. Same as Fig. 6.2 but now corresponding to Fig. 6.3. During the first part of the
evolution resonance locking is established during the entire period. The solid curves are
truncated when the corresponding orbital harmonic has become too weak.
greatly enhanced as a result. The stellar spin up is thus reversed into down spin
again, forcing n = 7 now to become prograde. This sequence of delayed crossing of one harmonic from retrograde to prograde frequency, eventually enforced
by enhanced retrograde forcing due to q-modes or resonance locked retrograde
g-modes repeats a number of times, causing the stellar spin to fluctuate around
a level (panel 6.3d) which becomes lower as the peak of the Hansen distribution
of orbital harmonics shifts to lower frequencies (shading in Fig. 6.4) as the orbital
eccentricity decreases (panel 6.3b).
Resonance locking is very common in this system. At any time during the interval shown in Fig. 6.4, at least one orbital harmonic is locked to a prograde g-mode
resonance of the star. Although the torque peak associated with the inertial modes
is much wider than g-mode resonance peaks of comparable frequencies, it reaches
a smaller peak torque value, therefore resonance locking onto inertial modes does
not occur. If we consider the resonance locking balance Eq. (6.14) for a locked harmonic n, retaining only the dynamical terms proportional to tidal torque integrals
T (neglecting effects of stellar evolution), we can write
ζ nn Tn +

∑ ζ nj T j = 0.

(6.16)

j6=n

The resonant torque integral needed to establish locking

Tn = −

∑

j6=n

ζ nj
T
ζ nn j

(6.17)
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is rather strong and prograde, since most of the other strong torque integrals T j
which occur for small values of j near the strongest Hansen coefficients are retroζ

nj
is large if resonance locking would occur near the value
grade. The fraction ζ nn
of n for which ζ nn = 0, but is closer to unity in the current case, for which n is
smaller. The tidal energy exchange rate resulting from this locking follows as

Ėorb = − ∑ jω T j = −nω Tn −
j

=

∑

j6=n


n

∑ jω T j

j6=n


ζ nj
− j ωTj .
ζ nn

(6.18)

The high order n of the locked harmonic compared to the low orders j of the mainly
retrograde torque integrals which drive the locking thus ensures efficient orbital
decay.
When the eccentricity decreases and the retrograde forcing diminishes resonance locking becomes less intense and the orbital decay slows down (t & 3 Gyr).
However towards the end of the main sequence (t . 11 Gyr), expansion of the
stars shrinks their relative separation Ra , causing the tidal timescale to shorten
i
again (panel 6.3c).
This example indicates that the tidal evolution of solar type stellar binaries is
governed by the resonant interaction with the stellar eigenmodes of oscillation,
through the mechanism of resonance locking. For rapidly rotating stars the exact
initial rotation speed is not significant, since rapidly rotating stars will quickly spin
down until resonance locking commences; during the initial stellar spin down only
small orbital changes occur.
Magnetic braking and inertial modes
To determine how magnetic braking can modify the tidal evolution of a system
with stars that have high rotation rates, we repeat the evolution of the system with
Porb = 16 days, e = 0.6 and Ωi = 0.2 ωc , thereby setting the coefficient of magnetic
braking to unity (cmb = 1). Fig. 6.5 shows the resulting evolution of the orbital
eccentricity with a dotted line, together with a solid line for the original evolution
without magnetic braking. Additionally, the evolution which results if the torque
due to inertial modes in the envelope is disregarded (and no magnetic braking
is taken into account) is plotted with a dashed line. As is to be expected, the increased spin down of the stars due to magnetic braking causes resonance locking
to become more intense, leading to faster orbital decay during the first few Gyrs.
Disregarding the inertial mode torque, on the other hand, eliminates much of the
response caused by the strong orbital harmonics which excite retrograde modes in
the stars; for low retrograde forcing frequencies the tidal coupling with retrograde
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Figure 6.5. Inclusion of magnetic braking intensifies the resonance locking, leading to more
rapid orbital decay (dotted line) than the case in which magnetic braking is not taken into
account (solid line). If the torque due to inertial modes is eliminated, the reduced spin down
of the star leads to less efficient resonance locking and slower orbital decay (dashed line).

g-modes is weak, see Fig. 2 of Savonije & Witte (????). The resulting orbital decay
(dashed line) is therefore slower; the weaker retrograde forcing results in less intense resonance locking. Magnetic braking and inertial mode torques thus have
similar effects of comparable strength on this type of system. For the mechanism
of magnetic braking no fundamental theory is available, although its occurrence
can be qualitatively understood. Its parametric fit to observational data could be
subject to future refinements in the interpretation of the data, or might change
as more data becomes available. However, even if the effectiveness of magnetic
braking proves to be much less than what is currently believed, the excitation of
inertial modes in the convective envelopes of solar type binary stars seems an effective alternative for rapid down spin. We will not include magnetic braking
unless specifically stated otherwise.
Towards the end of the evolution the stellar spin frequencies have decreased
significantly (Ωi ' 10−2 Ωc ), practically eliminating the differences between the
different cases; without rotation neither magnetic braking nor inertial modes are
active. The transition from enhanced tidal interaction due to resonance locking
into slower non-resonant decay takes place for comparable eccentricities in the
three cases (e ' 0.1), but at different evolution times ranging form 2 to 4 Gyr. The
three tracks of orbital evolution converge towards the end of the main sequence.
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Figure 6.6a–d. Orbital evolution of a system consisting of two 1 M stars which initially
have rotation periods Pi = 30 days. Extensive q-mode locking (see Fig. 6.7) keeps the stellar
rotation down, and circularizes the orbit within 4 Gyr.

Slowly rotating components
Apparently, as long as the initial rotation of the stars is highly supersynchronous
at periastron, their exact rotation is not significant. What, however, if the stars are
slow rotators, starting the evolution at subsynchronous rotation? We repeat the
orbital evolution of Sec. 6.3.1, but with stars which initially have rotation periods
of 30 days.
Fig. 6.6 shows how the orbital decay takes place in this case. First a short phase
(. 1 Myr) of fast stellar spin up due to forcing by the strong orbital harmonics
which are all prograde for this slow stellar rotation causes the retrograde but intrinsically weak n = 1 harmonic to be driven down towards the strong q-mode
resonances. Once this harmonic reaches the q-mode with 55 radial nodes it becomes locked (Fig. 6.7), decreasing the stellar spin up rate. The n = 1 retrograde
q-mode locking is extremely stable and lasts throughout the remaining orbital evolution of the system. From t ' 0.7 Gyr to 2.6 Gyr prograde locking on 3 ≤ n ≤ 6
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Figure 6.7. In the system with slowly rotating stars, resonance locking of n = 1 on retrograde q-modes is dominant.

accelerates the orbital decay somewhat, but for the evolution of this system locking
on the very strong q-modes remains dominant. In this calculation, circularization
is reached before corotation. Once the magnitude of the Hansen coefficient with
n = 1 becomes negligible due to the declining eccentricity, the retrograde locking which keeps the stellar rotation down finally ceases. After this corotation is
quickly established as well.
Comparing with the results for fast spinning stars (Fig. 6.3), the orbital decay
rate of the slowly rotating stars is seen to be comparable until the eccentricity decayed to e ' 0.1. But whereas the decay of the fast rotators slows down after this
due to the decreasing efficiency of the resonance locking, in the case of slowly rotating stars the continuing retrograde q-mode locking quickly forces the orbit into
circularity. During this short phase only the locked retrograde harmonic n = 1
and the dominant prograde harmonic n = 2 are important; for the weak harmonics n ≥ 3 the non-resonant response does not generate a significant torque. The
locking balance then requires ζ 11 T1 + ζ 12 T2 = 0 ⇒ T1 = −ζ 12 /ζ 11 T2 . The rate of
eccentricity decay follows as
√
de2
ω 1 − e2 p
ω
=∑
(n 1 − e2 − m)Tn = ∑
(n − m)Tn + O(e2 )
dt
Eorb
n
n Eorb
(6.19)
ω
ω ζ 12
2
2
=−
T + O(e ) =
T2 + O ( e ).
Eorb 1
Eorb ζ 11
The torque integral T2 contains Hansen coefficient h2 which is constant to first
order in e near e = 0. The non-resonant torque integral T2 therefore varies only
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little during the final stages of circularization, and we find
de2
' const
dt

⇒

e∝

√

tcirc − t,

(6.20)

approximately. Here, tcirc is the moment circularization would become established
if the locking would endure up to the end. This illustrates why in the case of slowly
rotating stars the rate of eccentricity decay increases towards the end of the orbital
decay, as long as the q-mode locking remains intact.
Calculations of tidal evolution which is governed by the interaction with qmode resonances may suffer from imperfections in the determination of the qmode response. Our linearised calculations yield very weakly damped modes,
with high and narrow resonance torque peaks. Even weak additional damping,
e.g. due to nonlinear processes or differential rotation could result in significantly
lower and wider resonance peaks. Recalculation of the orbital evolution with the
q-mode resonance peaks lowered and widened by an order of magnitude does
not, however, give significantly different results from what is shown in Fig. 6.6.
During resonance locking the difference between the case of narrow peaks and the
case of wider peaks is only the very small difference in frequency at which the
locking occurs, and this difference is much too small to cause differing orbital evolution. The moment at which q-mode locking is finally terminated does depend
on the maximum peak height of the q-modes, however because the locking does
not end until the locked Hansen coefficient h1 has become very small (h21 ' 10−6
for e ' 2 × 10−3 ), lowering of the q-modes by one order of magnitude only results
in the locking being terminated for h21 ' 10−5 (e ' 6 × 10−3 ), which is still very
small. Consequently, no different tidal evolution results from introducing (limited)
variations of the q-mode damping.
The circularization cutoff period
A useful criterion for the strength of the tidal interaction is the circularization cutoff period, i.e. the largest orbital period at which circularization can be established
during the main sequence. Observations of cluster binaries yield observational
cutoff periods, against which the theoretical calculations can be checked.
To determine the cutoff period for the dynamical theory presented in this paper,
we follow the tidal orbital decay for a large number of binary systems. Fig. 6.8
shows the orbital evolution of all these systems evolving off the MS. In panel 6.8a
the starting locations of the systems lie on a rectangular grid in e–log Porb space,
with dashed lines tracking the evolution of the systems towards the situation at
t = 0.1 Gyr, as given by the solid dots. The very regular shape of the evolutionary
tracks reflects the large ratio of orbital to stellar moment of inertia, implying that
the orbital evolution takes place essentially at constant orbital angular momentum. The rotation of the stars at t = 0 is taken to be 2 ωper , such that a short period
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Figure 6.8a–d. Time slices of the orbital evolution of a large number of systems starting
with stars rotating at twice the orbital angular velocity at periastron: Ωi = 2ωper . The cutoff
period at the end of the MS is approximately 10 days.
of stellar spin down is expected quickly to be followed by resonance locking, after which the evolution can be expected to proceed typically for the given orbital
parameters. Some tracks which should have started at the upper left hand corner
of the diagram are missing; for these cases the stellar rotation would have become
larger than 20% of breakup, which is the largest value for which stellar resonance
spectra have been determined. Panels 6.8b, 6.8c and 6.8d give the changes that
have taken place since the previous panel for t = 0.8 Gyr, t = 4 Gyr and t = 11 Gyr,
respectively. Fully circularized systems with periods up to 10 days are found after
11 Gyr, while systems with initial periods up to 40 days (e = 0.8 in case Porb = 40 d,
solid curve) are seen to circularize on the main sequence.
Inclusion of magnetic braking in these systems would probably speed up the
early stages of the evolution, however the discussion in Sec. 6.3.1 indicates that no
large difference in the final cutoff period is to be expected.
Starting with slowly rotating stars instead of with fast rotators, however, the q-
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Figure 6.9a–d. For stars which rotate very slowly at t = 0 q-mode resonance locking
results in a longer cutoff period of Pcutoff ' 16 days after 11 Gyr.
mode locking on harmonic n = 1 becomes important, typically leading to quicker
orbital decay, and shorter cutoff periods. Fig. 6.9 shows the evolution of a large
number of systems which at t = 0 contain two stars with orbital periods Pi =
100 days. In these calculations a short (∼Myr) initial interval of stellar spin up,
during which very little orbital evolution occurs, brings the system into q-mode
locking. Provided that care is taken that the n = 1 harmonic is able to reach the
q-modes, the rate of initial rotation is insignificant (for Pi ' 30 days the results
are basically the same). The buildup of systems with small but non-vanishing
eccentricities, as is seen in systems with fast rotators (Fig. 6.8), does not occur in
this case, because orbits which reach eccentricity e ' 0.1 are quickly circularized.
Compared to Fig. 6.8 the cutoff period is larger for each time frame, at the end of
the MS the cutoff period reaches approximately 16 days, orbits with e = 0.8 up to
50 days (solid curve) circularize on the MS.
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Figure 6.10. Comparison of observed circularization cutoff periods (arrows) with theoretical calculations using Zahn’s equilibrium tide theory (dotted curve), and with the dynamical tide theory including resonance locking for supersynchronous stars (Ωi = 2 ωper , solid
curve), quasi-synchronous stars (Ωi = ωper , dashed curve), slowly rotating stars (Ωi = ω,
dash-dot curve) and very slowly rotating stars (Pi = 100 days, dash-dot-dot curve). The
dynamical tide yields closer agreement with the observations than the equilibrium tide.
Time evolution of the cutoff period
By combining observations of clusters with populations of various ages, Mathieu
et al. (1992) were able to acquire an indication of the way the circularization cutoff period changes with the age of a cluster. From left to right, the lower limits
plotted in Fig. 6.10 give the cutoff periods for a pre-MS population of stars, for
the Pleiades, the Hyades combined with Praesepe, M67 and Halo binaries. For
reference, the dotted line (without dashes) gives an estimate of the cutoff period
based on calculations performed by Claret & Cunha (1997), using the revised equilibrium tide theory of Zahn (1989), but disregarding possible pre-MS tidal evolution. All other curves correspond to calculations we performed for sets of stars
with different initial rotation velocities and orbital periods and eccentricities between 0.1 and 0.8 on the ZAMS. The solid line gives the result for stars with initial
fast rotation Ωi = 2 ωper , the dashed line for stars with quasi-synchronous initial
rotation (Ωi = ωper ), the dashed line with single dots for equal rotational and orbital periods (Ωi = ω), and the dashed line with double dots for slowly rotating
stars with initially Pi = 100 days. The circularization cutoff period is defined to
be the largest orbital period for which a binary can become circularized down to
e ≤ 0.01. Pre-MS tidal evolution was not considered in the calculations, but the
large discrepancy between the calculated and the observed cutoff periods near the

152

Orbital evolution of binaries with a solar type star

onset of the MS in Fig. 6.10 indicates that for the closest binaries circularization
does take place before the binary members settle on the ZAMS.
Depending on the initial rotation of the stars variations in the resulting orbital
decay result. For the supersynchronous and quasi-synchronous stars (solid and
dashed curves) similar cutoff periods are obtained, indicating that the stellar spin
easily adjusts to the binary configuration, after which the tidal decay follows a
typical evolution as described in Sec. 6.3.1. For very slowly rotating stars q-mode
locking of harmonic n = 1 as explained in Sec. 6.3.1 dominates the tidal evolution,
preventing the star from spinning up towards (quasi-)synchronism, and resulting
in a much larger cutoff period at a given age of the cluster (dash-dot-dot curve).
For faster stellar rotation the relative forcing frequency of harmonic n = 1 becomes
higher retrograde, and for fast enough stellar rotation it becomes higher retrograde
than the frequency of the fundamental q-mode (r-mode). Identifying the frequency
Ω , with
of the lowest radial order q-mode with the r-mode frequency σ̄q ' − l (l2m
+1) s
for the tidal r-modes l = 3 (see Papaloizou & Pringle 1978), we find for the critical
stellar rotation σq = σ̄q + mΩs ' (− 13 + 2)Ωs = 53 Ωs = nω ⇒ Ωs = 3n
5 ω.
Locking of n = 1 on q-modes can only occur if Ωs . 53 ω. Resonance locking on
q-modes of harmonic n = 2 can occur for stellar rotation speeds up to Ωs . 65 ω,
and potentially such locking could result in enhanced decay of the eccentricity:
√
de2
ω 1 − e2 p
(6.21)
=
(n 1 − e2 − m)Tn ,
dt
Eorb
which for n = m = 2, e2 > 0 and negative Tn is negative. However, the calculations leading to the dash-dot curve in Fig. 6.10, for which the stellar rotation
3
6
5 ω < Ωs = ω < 5 ω permits q-mode resonance locking for n = 2, but not for
n = 1, show that this n = 2 q-mode locking results in relatively slow orbital decay
and therefore short cutoff periods. In systems with faster rotating stars (Ωs > 56 ω)
resonance locking of high frequency prograde modes against the forcing of many
strong retrograde harmonics causes quicker orbital decay, while in systems with
slower rotators (Ωs < 53 ω) the efficient n = 1 q-mode locking causes more rapid
decay.
Regardless of stellar rotation, the dynamical tide with inclusion of the resonance
locking mechanism predicts much stronger orbital decay than the equilibrium tide
theory with viscous damping due to turbulent eddies. For the special case of very
slowly rotating stars the calculations can even explain the observed cutoff periods
for the stellar populations which have evolved well off the ZAMS. The case of binary stars which have virtually no rotation on the ZAMS may not be very common,
however Bouvier et al. (1997) show that observations of G and K dwarf members of
the Pleiades cluster do not indicate a relation between binarity and stellar rotation,
and that the generally low rotation of single MS dwarfs in the Pleiades applies to
binary members as well. These authors argue that accretion from a circumbinary
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disc during a large fraction of the pre-MS evolution may result in slowly rotating
binary members. Projected rotation velocities as low as v sin i ≈ 2 km/s are found,
corresponding to a stellar rotation period Ps / sin i ≈ 25 days.

6.3.2 Planetary binaries
Numerous planets outside our solar system with masses comparable to that of
Jupiter and with orbital periods as short as 3 days have recently been discovered.
Planet formation is not expected to be possible in such a tight orbit around a star,
and while the inward migration of planets from the outer regions of a stellar system down to orbits with periods of a few days may be brought about by planet-disc
or planet-planet interactions or by a second star passing by, once these tight orbits
have been formed, tidal interaction with the central star may begin to play a role.
Slow stellar rotation
To determine how far the tidal influence of the central star reaches, we calculate
1
M in a few weakly eccentric
orbital evolution of a planet with mass Mpl = 1000
orbits (e = 0.1) around a slowly rotating (Ps = 30 days) solar mass star, with orbital periods of Porb = 3, 4, 4.5, 5 and 6 days (see Figs. 6.11 and 6.12). It follows that
the systems with initial orbital periods Porb ≤ 4.5 days can be circularized during
the main sequence, while an orbit of Porb = 5 days goes through significant resonance locking without reaching circularization. The orbit with Porb = 6 days only
experiences some tidal effects after stellar expansion near the end of the MS causes
the relative separation at periastron (Dper /Rs = (1 − e) a/Rs , see panel 6.12d) to
become less than 10. For the system with Porb = 6 days, the stellar spin up due
to tidal forcing is weaker than the stellar spin down due to the increasing stellar
moment of inertia Is as a result of nuclear evolution, therefore the star steadily
spins down during the evolution (see panel 6.11c). Because the orbital and stellar
moments of inertia are comparable, the frequency at which a neutral frequency
shifting characteristic occurs (ζ inn = 0, dotted line labelled ζ 0 in Fig. 6.12) is very
low, σ < 2ω. Because of this all the strong harmonics with n ≥ 2 can cause locking while traversing a stellar resonance from the high frequency side to the low
frequency side, contrary to what is usually seen in stellar binaries. And while in a
stellar binary with a rapidly rotating star the retrograde forcing by the strong low
frequency harmonics causes stellar spin down against which the higher harmonics
may become resonance locked, in this planetary binary with a slowly rotating star
the strongest harmonic n = 2 is itself prograde, and the locking on this harmonic
which is the main cause of the orbital decay is a result of the increasing eigenfrequencies of the stellar g-modes due to the restructuring of the star resulting from
nuclear evolution. Note that the nature of a harmonic either being prone to cross
or lock on to a resonance is sensitive to the mass of the planet; for higher mass
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Figure 6.11a–d. Orbital evolution of a heavy planet around a slowly rotating solar type
star. Tidal interaction works efficiently in orbits up to five days.

planets the frequency for which ζinn = 0 goes up, possibly changing the nature of
strong orbital harmonics from locking into non-locking.
Fast stellar rotation
If we want to consider planetary binaries with quickly rotating central stars, we
must consider that the very small orbital moment of inertia, as compared to the
case of a stellar binary, implies that the tidal spin down of the star may be much
weaker than the spin down due to possible magnetic braking.
We therefore
show in Figs. 6.13 and 6.14 the evolution of a system with a planet in an orbit
of Porb = 5 days and eccentricity e = 0.1 around a star rotating at 15% of breakup
(' 16 hours), for different values of the magnetic braking coefficient: cmb = 0, 0.01,
0.1 and 1. In the case without magnetic braking the stellar spin period is indeed
hardly altered, while the cases with magnetic braking show much longer stellar
spin periods.
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Figure 6.12a–d. Resonance locking for the systems in Fig. 6.11 with Porb = 3, 4, 4.5 and
5 days (panels a, b, c and d, respectively).

In the calculation without magnetic braking the strong orbital harmonics remain
highly retrograde throughout the orbital evolution, and numerous instances of
resonance locking above the line ζ inn = 0 (which jumps occasionally because of
the different n-values of the harmonics that experience locking, see panel 6.14a)
cause very significant expansion and decircularization of the orbit. In this case
locking is driven by the increasingly negative eigenfrequencies of the modes due
to nuclear evolution. Since both the direction of this frequency shift and the sign
of the torque exerted by the modes changed with respect to the case of the slowly
rotating star, resonance locking again occurs above the ζ 0 -line.
In the cases with increasingly stronger magnetic braking the retrograde g-modes
are not strong enough to counter the downward shift of the eigenmodes imposed
by the decelerating stellar spin, therefore these orbits initially do not change much
while the star spins down. Eventually, however, the very strong q-modes are
encountered, and these are strong enough to cause locking. For the case with
strongest magnetic braking the initial spin down is very fast, and q-mode locking
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Figure 6.13a–d. Orbital evolution of a heavy planet around a quickly rotating solar type
star with magnetic braking efficiency cmb = 0 (solid line), cmb = 0.01 (dashed line),
cmb = 0.1 (single dot) and cmb = 1 (double dot). Retrograde resonance locking causes
large expansion and decircularization of the orbits.

starts after only a very short while (panel 6.14d). This q-mode locking again causes
very large orbital expansion and decircularization. For cmb = 0.01 the locking only
stars after t = 4 Gyr and lasts for the remainder of the calculation (panel 6.14b),
while for stronger braking the line ζ 0 cuts through the locking harmonic n = 5
after some time, disqualifying this harmonic for locking against modes shifting
downwards in Fig. 6.14 (see panels c and d). Locking is then terminated, and the
rapid orbital evolution halts.
In the end the different q-mode locked evolutionary paths result in similar eccentricities, while the retrograde g-mode locking produces a somewhat less eccentric orbit. The g-mode locking also results in the least wide orbit, while the weakest
magnetic braking yields the largest orbital period.
The q-mode resonance locking in these planetary binaries is not terminated as a
result of weakening of the exciting orbital harmonic or intrinsic weakening of the
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Figure 6.14a–d. Resonance locking for the planetary binaries with high stellar spin in
Fig. 6.13 with the solid, dashed, single and double dot curves (panels a, cmb = 0; b, cmb =
0.01; c, cmb = 0.1 and d, cmb = 1, respectively). The large increase of the orbital eccentricity
gives rise to a rapidly widening spectrum of orbital harmonics.

locked q-mode resonance, as might be the case in circularizing orbits or decelerating stars, but rather due to the changing character of the locked harmonic. At the
onset of the locking the harmonic induces orbital and stellar spin changes which
tend to keep the harmonic out of resonance, resulting in the locked situation. This
tendency not to become resonant decreases and changes into the opposite, such
that the locked harmonic induces orbital and stellar spin changes which drive itself closer to resonance. This result in a quick crossing of the resonance, terminating the resonance locking. Possible additional q-mode damping, leading to wider
and lower q-mode torque peaks, is therefore not expected to change the orbital
evolution.
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6.4 Conclusions
We have calculated the tidal evolution of eccentric late type MS binary stars and
of heavy planets which are in close eccentric orbit around a late type MS star. The
tidal process which takes place in the solar type star is treated as a dynamical
process, and close resonances between the forcing tidal harmonics and the eigenmodes of stellar g- and q-mode oscillation are taken into account. Due to the resonance locking mechanism, which causes extended intervals of close resonance, the
dynamical tide is in solar type stars much more efficient than the equilibrium tide.
Cluster circularization cutoff periods up to 10 days near the end of the MS lifetime of the stellar binaries can be explained by the dynamical tide, while for the
special case of very slow stellar rotation resonance locking on q-modes yields cutoff periods of up to 16 days. In this case of very slow stellar rotation close agreement with the observed relation between cutoff period and age of the stellar population (Mathieu et al. 1992) is acquired.
Weakly eccentric orbits of a Jupiter-like planet in orbit around a slowly rotating solar type star experience significant tidal decay due to resonance locking
for orbital periods up to ≈ 5 days. In case the star is quickly rotating, resonance locking causes strong orbital expansion and decircularization of an orbit
with Porb = 5 days and e = 0.1, resulting in orbital periods up to Porb = 35 days
and eccentricities up to e = 0.7, depending on the strength of magnetic braking in
the star. The resonance locking, and therefore the orbital evolution, depends critically on the mass of the planet, because for higher planet masses the resonance
locking characteristic of strong orbital harmonics may differ from the case of a
lower mass planet.
Acknowledgements. This work was sponsored by Spinoza grant 08-0 to E.P.J. van den
Heuvel.
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7 Samenvatting in het Nederlands
In dit hoofdstuk wordt getracht in niet-wetenschappelijke taal inzicht te geven in
de materie die in dit proefschrift beschreven wordt, en het kader waarbinnen het
onderzoek zich afspeelt wordt geschetst.

7.1 Introductie
De weidse verschijning van de nachtelijke hemel is een nooit opdrogende bron
van verwondering en fascinatie. Zo lang de mens bestaat, en gedurende de periode waarin hij zich ontwikkelde tot een zelfreflecterend wezen, heeft het hemelse
spektakel zich boven zijn hoofd afgespeeld. Grote interesse in de bewegingen van
zon, maan, planeten en sterren aan de hemel blijkt dan ook al uit geschriften en
voorwerpen nagelaten door verscheidene (zeer) oude beschavingen uit verschillende hoeken van de wereld. Vondsten van soms fenomenaal grote structuren die
ooit door mensenhanden zijn opgericht (denk bijv. aan Stonehenge of de Egyptische piramides) duiden erop dat ook tijdens de uitvoering van de grootste projecten die door deze oude beschavingen werden voortgebracht de aandacht voor
bewegingen van hemellichamen (inclusief zon) dikwijls van groot belang is geweest. Over het algemeen werd de verklaring van wat zich aan het firmament
afspeelt gezocht in het goddelijke, en de belangrijkste reden dergelijke projecten
uit te voeren zal dan ook een religieuze zijn geweest. In recente tijden doet men
sterrenkundig onderzoek om hetgeen geobserveerd wordt te kunnen begrijpen in
termen van algemeen geldende natuurwetten. Toch blijft ook in de moderne tijd
voor velen de sterrenkunde verbonden met existentionele vragen, en behelst de
vraag hoe het heelal zich ontwikkelt meer dan de zoektocht naar een stel formules
op een vel papier. Onafhankelijk van de achterliggende reden om sterrenkunde
te bedrijven kan worden aangenomen dat de regelmatige variatie van de hemelse
verschijnselen van oudsher de behoefte heeft aangewakkerd nauwkeurige meetmethoden te ontwikkelen, en een stimulans is geweest bij de ontwikkeling van
wiskundige methoden om de waarnemingen te beschrijven.
Terugblikkend kan voor veel vroegere pogingen het heelal te begrijpen waardering worden opgebracht ook al stroken de inzichten van destijds niet met de
huidige. De inspanningen van sterrenkundigen uit vervlogen tijden kunnen ook
van direct praktisch nut zijn; bijvoorbeeld kunnen gedateerde beschrijvingen van
verschijnselen aan de hemel, overgedragen uit oude Chinese dynastieën, tot op
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Figuur 7.1. Gezien vanaf een hoogte van bijna drie kilometer op de berg Mauna Kea op
Hawaı̈ ligt een maanbeschenen wolkendek onder in beeld, terwijl erboven de kosmische
wolken van sterren en stof van onze melkweg zich langs de hemel uitstrekken. Boven in
beeld de planeet Mars, eronder in de voorgrond een “ahu hoku”; een steraltaar bestaand
uit een stuk koraal op een stapel stenen. c B. Magrath

de dag van vandaag gebruikt worden bij de leeftijdsbepaling van objecten die wij
aan de hemel kunnen zien. Hier tegenover staat de hedendaagse beoefening van
de astrologie, die zich misschien kan laten voorstaan op een amusementswaarde,
maar die soms vervaarlijk overhelt naar praktijken van bedrog en volksverlakkerij.
In het verleden lijken de sterrenkunde (astronomie) en de astrologie zich soms in
nauwe verbondenheid ontwikkeld te hebben, sindsdien is de sterrenkunde echter
uitgegroeid tot een empirische wetenschap die zich onderwerpt aan de regels van
herhaalbaarheid en interne consistentie, en waarin geen plaats is voor mystieke
elementen.
De huidige grote populariteit van sciencefiction verhalen waarin op losse basis moderne natuur- en sterrenkundige theorieën een plek vinden en waarin vaak
buitenaards intelligent leven en futuristisch ogende methoden van voortbeweging
en oorlogvoering een rol spelen geeft aan dat fascinatie en fantasie ook hand in
hand kunnen gaan met wetenschappelijke inzichten, en het lijkt er niet op dat met
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het groeien van de kennis over het heelal de aantrekkingskracht voor het algemene publiek ervan afneemt. Voor talloze sterrenkundigen wereldwijd geven de
schoonheid waarmee de kennis over het heelal samenhangt en de fascinatie voor
de elementen die in de moderne sterrenkunde een rol spelen zelfs voldoende aanleiding om er het werkzame leven aan te wijden.

7.2 Dubbelsterren
Elke ster die als lichtpuntje aan de nachtelijke hemel zichtbaar is, is in feite een
grote bol heet gas. De meest dichtbijzijnde ster kunnen we overdag zien, dat is de
zon. Hier op aarde is de straling van de zon veel sterker dan die van de sterren,
toch is de zon maar een relatief klein sterretje; veel sterren die ’s nachts zichtbaar
zijn, zijn veel groter. De sterren zijn echter zo veel verder van ons verwijderd,
dat ze met het oog (en, uitzonderingen daargelaten, zelfs met de beste telescopen)
toch alleen maar als lichtpuntje te zien zijn. Overigens is de zon wel zo groot dat
de aarde er een miljoen keer in zou passen. De zon straalt aan het oppervlak zo
veel energie uit dat, als we alle energie zouden kunnen opvangen die de zon binnen een seconde uitstraalt, we aan de totale menselijke vraag naar energie op aarde
een miljoen jaar lang zouden kunnen voldoen. Deze grote uitstoot van energie aan
het zonsoppervlak wordt in evenwicht gehouden door een grote energieproductie
door middel van kernfusie in het zonsinwendige. De fusie van vier waterstofatomen tot een heliumatoom levert relatief veel energie op, maar toch moet de zon
om de grote energieverliezen aan het oppervlak goed te maken per seconde ruim
600 miljoen ton waterstof omzetten in helium. Gelukkig bevat de zon zeer veel
waterstof, en duurt het miljarden jaren voordat de voorraad uitgeput raakt. Toch
is het het lot van elke ster, dus ook van onze zon, dat uiteindelijk de energievoorraad uitgeput raakt, waarna de ster ‘sterft’, zo goed als dat de ster ‘geboren’ wordt
op het moment dat in de kern de waterstoffusie op gang komt.
Onze zon maakt samen met ongeveer 100 miljard andere sterren deel uit van het
melkwegstelsel, op het zuidelijk halfrond zichtbaar als een lichtende band aan de
nachtelijke hemel. Anders dan onze zon is het meerendeel van deze sterren deel
van een dubbelstersysteem. In een dubbelster draaien twee sterren in een baan om
elkaar, net zoals aarde en maan om elkaar heen bewegen. Configuraties van drie
of meer sterren die om elkaar draaien komen ook voor. Nu is het zo dat een ster
gedurende de kernwaterstoffusie geleidelijk uitzet. Als de waterstofvoorraad in
de kern uitgeput is geraakt moet de ster overschakelen op andere energiebronnen,
en dan gaat de ster zelfs heel snel expanderen. Als de sterren in een dubbelster
op niet al te grote afstand van elkaar bewegen, kan het dan ook gebeuren dat stermateriaal in de buitenlaag van de meest geëxpandeerde ster zo dicht bij de andere
ster in de buurt komt, dat de zwaartekracht van de tweede ster het wint van de
zwaartekracht van de ster waar het materiaal eigenlijk bij hoort. Het gas valt dan
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Figuur 7.2. Onze melkweg is een spiraalmelkwegstelsel zoals dit stelsel met de naam M83,
en bevat ongeveer 100 miljard sterren. Het melkwegstelsel bestaat uit een platte schijf met
spiraalarmen, en in het midden zit een dikke bult. De diameter van de schijf is ongeveer
100.000 lichtjaar; zoals de naam doet vermoeden is één lichtjaar de afstand die het licht in
een jaar aflegt. Aangezien licht met een snelheid van 300.000 km per seconde reist, is dit
een zeer grote afstand. Ter vergelijking: de afstand tussen de zon en de aarde is ongeveer
8 lichtminuten, de afstand tot de maan is ongeveer 1.3 lichtseconden, en de aarde heeft een
diameter van minder dan vijf honderdste van een lichtseconde. De zon bevindt zich ongeveer op drie vijfde van de afstand van het centrum tot de rand van de schijf. Waarschijnlijk
bevindt zich in het centrum van de melkweg een zeer massief zwart gat. c European Southern Observatory
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Figuur 7.3. De ene ster staat in een van de twee brandpunten van de ellips die de andere
ster in zijn relatieve baan beschrijft. Voor ieder punt van een ellips geldt dat de afstand
tot elk van beide brandpunten opgeteld constant is: A + B = 2 × a. In de loop van de
tijd wordt de excentriciteit e kleiner, zodat uiteindelijk de baan cirkelvormig wordt, en de
brandpunten samenvallen in het centrum. De ene ster staat dan in het centrum van de
cirkelbaan die de andere ster beschrijft.
van de ene naar de andere ster, waardoor de ene ster lichter wordt en de andere
zwaarder. Dit is van groot belang voor de toekomstige levensloop van dergelijke sterren. Afhankelijk van de opbouw van de sterren en van de baan waarin de
massaoverdracht plaatsvindt kunnen allerlei verschillende scenario’s doorlopen
worden, waarbij verschillende eindproducten het resultaat kunnen zijn. Dankzij baanbrekend werk van mijn promotor prof. Ed van den Heuvel (Ridder in de
Orde van de Nederlandse Leeuw) gedurende de jaren zeventig kan de evolutionaire geschiedenis van veel waargenomen dubbelstersystemen thans achterhaald
worden. Het is vooral aan hem te danken dat het Sterrenkundig Instituut ‘Anton
Pannekoek’ in Amsterdam is uitgegroeid tot een dubbelsterinstituut van wereldfaam.
Zoals de maan krachten op de aarde uitoefent die ervoor zorgen dat we twee
keer per dag eb en vloed hebben, zo oefenen ook de sterren die deel uitmaken van
een dubbelster vervormende krachten op elkaar uit. Deze krachten noemen we getijdenkrachten. Getijdenkrachten zijn sterker naarmate de afstand tussen de twee
sterren kleiner is. Voordat in een dubbelster massaoverdracht plaatsvindt zullen
de getijdenkrachten ervoor proberen te zorgen dat eventuele baanexcentriciteit (ellipsvormigheid) verdwenen is zodat een cirkelbaan overblijft, en de rotatie van de
sterren zal aan de baanbeweging aangepast worden, zodat de sterren altijd dezelfde kant naar elkaar gekeerd houden. De getijdenkrachten die door de aarde op de
maan worden uitgeoefend hebben er al voor gezorgd dat de maan altijd dezelfde kant naar de aarde gericht houdt. Het tempo waarin de banen van de sterren
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in een dubbelstersysteem veranderen wordt bepaald door de manier waarop de
sterren op de getijdenkrachten reageren. Uit waarnemingen van dubbelsterbanen
kan ruwweg afgeleid worden hoe effectief de getijdeninteractie tussen de sterren
is, en om deze waargenomen getijdenwerking te kunnen begrijpen is dus een goed
begrip van de reacties van de sterren noodzakelijk. In dit proefschrift probeer ik
met behulp van computerberekeningen de vervormingen van de sterren in een
dubbelster te bepalen zoals die worden opgewekt tijdens de excentrische baanbeweging. Hieruit kan dan de snelheid bepaald worden waarmee volgens dit model
de baan van vorm en grootte verandert, hetgeen vergeleken kan worden met de
snelheid van baanverval die uit de waarnemingen wordt afgeleid. Het model dat
ik heb ontwikkeld (waarbij mijn begeleider dr GertJan Savonije mij met raad en
daad heeft bijgestaan) voorspelt sterkere getijdeninteractie dan andere modellen
die in gebruik zijn, en weet zo de hoge waargenomen effectiviteit van de getijdeninteractie dichter te benaderen.
Een belangrijke reden om dubbelsterren te bestuderen is dat het juist in dubbelsterren mogelijk is meer te leren over de verschillende objecten die kunnen
ontstaan als een ster sterft. Van de eindproducten die bij de evolutie van sterren
kunnen ontstaan zijn de zwarte gaten veruit het bekendst. Met de totstandkoming
van de Algemene Relativiteitstheorie van Einstein in 1915 is duidelijk geworden
dat ruimte, tijd en massa op tegenintuı̈tieve wijze met elkaar samenhangen. In een
zwart gat is zoveel materie geconcentreerd in zo’n klein volume, dat zelfs licht niet
meer aan de intense zwaartekracht kan ontsnappen. Een zwart gat kan ontstaan
als aan het eind van de evolutie van een zware ster het stermateriaal ten gevolge
van de zwaartekracht zo sterk wordt samengedrukt, dat zelfs de afstotende krachten tussen de kerndeeltjes er niet meer tegen bestand zijn. Bij iets lichtere sterren
is de zwaartekracht minder intens, en als de afstotende kernkrachten sterk genoeg
zijn om de zwaartekracht te weerstaan blijft een neutronenster over. Een neutronenster is eigenlijk een grote atoomkern van een tiental kilometers groot, anders
dan bij gewone materie is er geen tussenruimte tussen de kernen waar elektronen zich bewegen. Het stermateriaal van een neutronenster is dan ook zeer dicht;
een luciferdoosje vol bevat net zoveel materie als alle mensen op aarde bij elkaar.
De extreme condities die zich in de buurt van neutronensterren en zwarte gaten
voordoen kunnen in aardse laboratoria niet nagebootst worden, maar door te bestuderen hoe in dubbelsterren massa overgedragen wordt van een ster naar zo’n
object kunnen we toch iets leren over de natuurkunde die geldt bij zulke extreem
sterke zwaartekrachtsvelden.

7.3 Dit proefschrift
Het verschil tussen het model dat in dit proefschrift beschreven wordt en de modellen die door anderen gebruikt worden, is dat wij gedetailleerd rekening houden
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Figuur 7.4. Een glas dat breekt doordat het aan een luide toon van resonante frequentie
wordt blootgesteld. c ALCOM Education Project

met de trillingseigenschappen van de sterren. Ter illustratie kan een vergelijking
getrokken worden met de demonstratie van de zangeres Ella Fitzgerald die in een
reclamefilmpje dat in de jaren zeventig werd uitgezonden met haar stem een wijnglas brak. Om dit te laten lukken moest zij precies de juiste toonhoogte aanslaan,
namelijk nabij de eigenfrequentie van het glas; dit is de frequentie waarmee het
glas gaat galmen als met een vochtige vinger langs de rand gestreken wordt. Door
precies deze noot te zingen gaat het glas resoneren en kan de uitwijking waarmee
het glas meetrilt zo groot worden, dat het breekt. Ook een ster heeft eigenfrequenties en zal met grote uitwijking gaan resoneren als nabij een van deze frequenties
een trilling wordt aangeslagen. In ons model brengen we in rekening hoe de ster
kan resoneren met de trillingen die door de getijdenkrachten worden aangeslagen.
Doordat de ster veel eigenfrequenties heeft die verschuiven als de ster zich aanpast
aan de steeds veranderende hoeveelheid waterstof in de kern, en die verschuiven
als de rotatiesnelheid van de ster verandert, en omdat er in een excentrische baan
veel trillingsfrequenties gelijkertijd worden aangeslagen, kan de getijdenevolutie
van een dubbelster een gecompliceerd verloop hebben. Omdat bovendien de invloed van de sterrotatie op de trillingen van de ster in ons model nauwkeurig
wordt behandeld, gebruikmakend van een relatief bewerkelijke en rekenintensie-
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ve methode die GertJan Savonije hiervoor heeft ontwikkeld, is rekenen aan de
baanevolutie op onze methode een vrij veeleisend werk. Toch is het zeker wel de
moeite waard gebleken om met dergelijke verfijning het model in te richten. Uit
de berekeningen blijkt dat van de sterren die deel uitmaken van een dubbelster de
rotatie zich vaak zo instelt, dat gedurende lange tijd een aanslagfrequentie uit de
excentrische baan nabij een resonantiefrequentie van de ster gevangen blijft, waardoor gedurende lange tijd zich relatief grote vervormingen van de ster voordoen.
Dit resulteert in snellere baanveranderingen dan door andere modellen verklaard
kan worden.
Naast de betere overeenkomst met de waargenomen sterkte van de getijdeninteractie die door het model voorspeld wordt kan het feit dat volgens het model
sterren met een begeleider vaak resonant worden aangeslagen nog een nuttige
toepassing hebben. Net zoals seismologen trillingen gebruiken die bijv. door aardbevingen of explosies veroorzaakt worden om iets te leren over het binnenste van
de aarde, zo gebruiken astroseismologen waarnemingen van stertrillingen om iets
over het binnenste van sterren te leren. Normaliter is het niet mogelijk zelf een
trilling in een ster op te wekken om zodoende het binnenste af te tasten, en is men
aangewezen op trillingen die uit zichzelf in de ster ontstaan. In het geval van een
dubbelster worden de trillingen echter door de baanbeweging van de begeleider
aangeslagen, en indien de ster zich zo instelt dat een resonantiefrequentie zich
precies aanpast aan de aanslagfrequentie, dan kan dit nuttige informatie opleveren over de manier waarop de ster trilt. Zo kunnen we door de trillingen aan het
oppervlak waar te nemen informatie vergaren over het binnenste van de ster.

7.4 Dankwoord
Rest mij het woord te richten aan hen die aan de totstandkoming van dit proefschrift hun steentje hebben bijgedragen.
In het geval van GertJan betreft het hier tenminste een molensteen; mijn werk
staat op het fundament dat door jou gelegd is, en de structuur ervan draagt onmiskenbaar je grondige no-nonsense signatuur. Toch voelt mij het hier gepresenteerde
aan als volkomen eigen, en ik denk dan ook dat jouw uitvoering van de taak als
begeleider in de ware zin van het woord er een uit duizenden is geweest. Ik hoop
dat het geworden is wat je ervan had gehoopt.
Meer dan wie ook heeft Roelf voor mij gefungeerd als uithangbord voor de mogelijkheid om binnen de sterrenkunde een eigenzinnige koers te kunnen volgen,
en zonder hem zou de kans dat ik voor de sterrenkunde zou hebben gekozen dan
ook kleiner zijn geweest. Roelf zal ik nooit vergeten.
Ed bedankt voor het vervullen van je paraplufunctie en voor het verzorgen van
de bindende factor binnen de relatief losse verzameling van collega-theoreten die
in de loop der tijd het instituut hebben aangedaan.

7.4 Dankwoord
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Mijn ouders wil ik bedanken voor de steun door de jaren heen, en voor de vrijheden die ze mij altijd hebben gelaten en het vertrouwen dat ze hebben gehad.
API’s van diverse pluimage die in de periode van 1993 tot nu het instituut hebben bevolkt wil ik in uiteenlopende mate bedanken voor de vaak vermakelijke
omlijsting van de werkzame uren. Dankzij jullie is het API gedurende mijn periode altijd een heel bijzondere plek is geweest.
Mijn beide paranimfen Bregje en Mattijn bedankt voor de inspanningen om de
dag tot een geslaagde te maken.
Maria bedankt voor het innemen van de plek boven al het zelfzuchtige. Naast
jou valt het allemaal in het niet, en dat maakt het allemaal draaglijk.

