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Chapterr 4 

LQRQLL for Nonlinear Systems 

4.11 Introduction 
Inn this chapter we wil l study the applicability of linear approximations for nonlinear system. 
Firstt we wil l show that other approaches to design controllers for nonlinear systems are 
oftenn based on local linear approximations. We wil l rewrite the nonlinear system as a 
linearr system with a nonlinear correction. This allows us to study the effect of nonlinear 
correctionn on the estimations of the SI and LQRQL approach as described in chapter 3. 
Wee can show that these two approaches estimate the parameters of the wrong function if 
thiss correction is not zero. 

Inn a local part of the state space of a smooth nonlinear function, the correction can be 
assumedd to have a constant value. For this situation we wil l introduce the extended LQRQL 
approach.. In this approach the parameters are estimated of a more general quadratic Q-
function,, so that more parameters have to be estimated. The resulting feedback function 
noo longer has to go through the origin. Therefore this approach is more suited in a local 
partt of the state space of a nonlinear function. 

Thee effect of the extension of LQRQL is shown in experiments on a nonlinear system. 
Thee choice of system was such that we were able to vary the effect of nonlinearity by the 
choicee of the initial state. In this way we were able to show how the extended approach 
comparess with the other two approaches for different sizes of the nonlinear correction. The 
experimentss were performed in simulation and on the real system. 

4.22 Nonlinear it ies 

4.2.11 The nonlinear system 

Inn this chapter we wil l only consider systems that can be represented by first order vector-
izedd difference equations. This is the class of time discrete Markov systems. The systems 
aree described as (1.1) 

#fc+ii  = f{xk,uk,vk), (4.1) 

51 1 
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wheree ƒ is a functional mapping that maps the present state, control action and noise 
too the next state value. We wil l also assume that ƒ is a smooth continuous differential 
mapping,, for which the gradient to Xk and Uk is bounded. 

Onee class of systems that agrees with (4.1) is the class of linear systems according 
too (3.1). This is an important class. Due to the linearity, the mathematics of analyzing 
thee system's behavior becomes tractable. For a controller design strategy this is impor-
tant,, because this makes it possible to verify whether control design specification are met. 
Thereforee many controller design strategies are based on linear systems. 

Too illustrate how linear systems simplify the controller design, take a task for which the 
objectivee is to keep the state value fixed at a value £CS. The state value does not change if 
xjt+ii  equals Xk- This means that there has to exist a constant, control action uK for which 

ccss - Axs + Bus (4.2) 

holds.. The state that is unchanged under control action us is given by: 

xxss = (I - A)'1 Bil*,  (4.3) 

wheree we wil l call xs the set point. This shows that if a solution exists, the state value 
xxss is uniquely determined by the control action us. It is also important to note that the 
existencee of this solution is completely determined by the parameters of the linear system. 
Soo if it exists, it exists for all possible control actions «s. 

Thee result of the design of the controller is that we get a system with a feedback 
controller.. In chapter 1 we already showed that for a linear system with a linear feedback, 
thee behavior of the closed loop can be expressed using the parameters of the closed loop. 
Iff  the close loop is stable the system will always end up in the origin. If the closed loop is 
unstable,, the system wil l never end up in the origin. 

Iff  we take a general nonlinear function as in (4.1) then instead of (4.2) we have 

xxss = f(xs.us.0). (4.4) 

Inn this case it is possible to have more solutions. More solutions means that for one xs 

moree values of us are possible, but also that for one us more values for a?s are possible. 
Thiss implies that the correctness of a control action can only be verified when considering 
thee exact value of the state and control action. The same holds for the equilibrium state 
whenn a feedback function u = g(x) is used. The equilibrium state is the solution to 

xxeqeq==  f{xeq,g(xeq),0). (4.5) 

Againn it is possible that multiple solutions exist. For some solutions the system wil l 
approachh the equilibrium while for others it wil l not. The consequence is that the stability 
off  the system also depends on part of the state space. In some parts of the state space 
thee closed loop can be stable, while in other parts it is unstable. It is clear that this wil l 
makee the design of a controller very complicated. For the linear case it is just a matter of 



4.2.. NONLINEARITIES 53 3 

makingg the closed loop stable, for the nonlinear case it may also include denning the part 
off  the state space where the closed loop has to be stable. 

Wee can conclude that the main difference between linear and nonlinear systems is that 
forr linear systems the properties are globally valid. They are given by the parameters of 
thee linear system and do not depend on the state value. For nonlinear systems, properties 
cann be only locally valid. They are given not only by the parameters but also depend on 
thee value of the state. 

4.2.22 Nonlinear approaches 

Wee wil l give a short overview of some methods for obtaining feedback functions for non-
linearr systems. We wil l also show how these methods rely on techniques derived for linear 
systems. . 

Fixedd Set Point 

Inn (4.4) the noise was set to zero to define the set point xs and the corresponding constant 
controll  action us. In practice however there is always noise. So even if we have a nonlinear 
systemm whose state value equals xs when us is applied, due to the noise the next state 
valuee can be different. Then the system is no longer in its set point, so the state value wil l 
changee again. For a general function ƒ this change can be anything and does not have to 
bringg the system back in its set point. 

Too make sure the system wil l go back to the set point, a feedback can be added. The 
inputt of this feedback is the difference between the state value and the set point. So the 
taskk of this feedback is to control its input to zero. To design a linear feedback that wil l do 
this,, a local linearization of the nonlinear function has to be made around the set point. 

Iff  the mapping ƒ of the nonlinear system (4.1) is continuously differentiable, the system 
cann be assumed to be locally linear around the set point. Let xk = xk-xs and ük = uk-us. 
Then,, (4.1) can be rewritten according to: 

xxh+ih+i -x-xss = f(xk,uk,vk) -xs (4.6) 

xxkk+i+i = f{xs + xk,us +ük,vk) -xs (4.7) 

«« f{xa,usi 0) + fx{xs, uSl 0)xk + fu{xs, us, 0)ük 

+f+f vv(x(xss,u,u3l3l0)v0)vkk-x-xss (4.8) 

xxk+k+ii  = Axk + Buk + Bvvk. (4.9) 

Inn (4.6) the set point xs is subtracted on both sides of (4.1). Then this is expressed in 
thee new state and control action xk and ük in (4.7). Note that we assume that v has zero 
mean.. In (4.8) the mapping ƒ is replaced by its first order Taylor expansion around the 
sett point, where the mappings fx, fu and fv contain the appropriate derivatives. If us is 
chosenn in such a way that f{x8, us,0) = xs and the mappings are replaced by the matrices 
A,A, B and Bv, then this forms the linear system (4.9). 
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Inn (4.9) we have a linear system for which a linear feedback can be designed, but care 
hass to be taken. The linear system is only valid near the set point so its properties are not 
globallyy valid. 

Gainn Schedul ing 

Thee fixed set point approach only gives a feedback that is valid near the set point. To get 
aa feedback function that is valid in a larger part of the state space, multiple linear models 
cann be used. This means that locally linear models are computed for many different set 
points.. As explained in chapter 2 we can form one global nonlinear feedback by combining 
alll  the local linear models. 

Onee approach is to form one global feedback where the control action is determined by 
onlyy one local linear model that is valid at the current state value. This is Gain Scheduling. 
AA possible implementation of Gain Scheduling is to partition the state space and compute 
forr each partition a local linearized model with respect to the center of the partition. 
Thesee linear models can be used to compute the appropriate local linear feedbacks. The 
onlyy difference with the fixed set point approach is that now the local linear feedback 
doess not have to result in an equilibrium state around the center of the partitioning. The 
feedbackk may change the state of the system to a part of the state space where a different 
locall  model wil l determine the control action. 

Feedbackk Linearizat io n 

Inn some cases it is possible to change a nonlinear system into a globally linear system. 
Thiss is called feedback linearization. The objective is to change the nonlinear system into 
aa linear system of our choice. This is only possible for a restricted class of nonlinear systems 
forr which the mapping ƒ of the nonlinear system in (4.1) can be written as 

f(x.u.v)f(x.u.v) = g(x) + h(x)u + v. (4-10) 

withh g and h mappings of the appropriate dimensions. 
Supposee we want to have a linear system with parameters A and B and control input 

u.u. Then the control action can be computed according to 

uu = h(x)~\Ax - Èü-g(x)). (4.11) 

wheree u represents a new control action. Applying (4.11) to a nonlinear system with (4.10) 
wil ll  transform the nonlinear system into a linear system: 

xxk+1k+1 = g(xk) + h{xk)uk + vk 

==  g{xk) + fc(arfc)/i(xfc)_1(ix fc - Buk - g(xk)) + vk 

==  Axk-Êük + vk. (4.12) 

Thee result is a linear system, so the appropriate new control actions ü can be determined 
usingg conventional linear techniques. The choice of the parameters of the new linear system 
aree made to simplify the design of the controller for the new linear system. 
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Itt is clear that this approach is only possible for a restricted class of nonlinear systems. 
Nott only does (4.10) have to hold, but also (4.11) has to exist. In case of a scalar state 
andd action it is clear that h(x) ^ 0 is a sufficient condition for the existence of (4.11). 
Forr more general situations the existence has to be verified using Lie-brackets. For more 
detailedd information about this approach see [37]. 

Thee existence of (4.11) is important, but it also has to be found. When the physics 
off  the system is known this can be computed. When the physics is not known (4.11) 
hass to be approximated by a general function approximator. In that case it is no longer 
possiblee to guarantee global properties of the system, since it relies on the quality of the 
approximation.. For a continuous time configuration, conditions for sufficient quality of the 
approximationn for feedback linearization can be given [78]. One of these conditions is that 
thee system is excited enough, so that the state space is explored sufficiently. 

Linearr  Matr i x Inequal i t ies 

Linearr Matrix Inequalities (LMI ) techniques [15] are used to analyze nonlinear systems and 
prooff  properties, like stability. These techniques are based on the idea that a nonlinear 
systemm can be described by a set of linear systems. If we look at only one state transition 
off  a nonlinear system then a linear system can be defined that generates the same state 
transition:1 1 

xxkk+i+i  = f{xk, it* ) = A(xk, uk)xk + B(xk, uk)uk. (4.13) 

Heree A(xk,uk) and B(xk,uk) represent matrices, whose parameters depend on xk and 
uukk.. So for the current state and control action there is a linear system for which the state 
transitionn wil l also lead to xk+\. 

Too say something about the stability of the nonlinear system, all possible values of x 
andd u should be considered. The parameter matrices A(x,u) and B(x,u) for all possible 
xx and u form a set. If all linear systems corresponding to the matrices in the set are stable, 
thenn also the nonlinear system must be stable. This is because for any state transition 
off  the nonlinear system there exists a stable linear system that wil l have the same state 
transition. . 

Thee set can consist of an infinite number of linear systems, making it impossible to 
provee the stability of all linear systems. One solution is to use a polytope LMI . In the 
parameterr space of the linear system a polytope is selected that encloses the complete set. 
Iff  the linear systems corresponding to the edges of the polytope are stable then all linear 
systemss within the polytope are stable as well. 

Anotherr approach is to use a norm bounded LMI . One stable linear system with pa-
rameterss A and B is selected and all linear systems are considered to have parameters A 
andd B plus an extra feedback. The state transitions of the linear systems are described as 
xxk+k+\\ = Axk + Buk + w(xk,Uk), where the vector w(xk,uk) represents the extra feedback. 

ForFor simplicity we assume there is no noise. 
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Iff  it can be proven that the norm of w is less than one for all values of x and u. then the 
nonlinearr system is stable. 

Sincee LMI s provide the opportunity to guarantee stability for nonlinear systems, they 
cann be used for stability based controller design. The LMI technique is used to specify the 
sett of feasible feedbacks and a controller design approach is used to select one feedback from 
thatt set. The drawback of the LMI approaches is that the set of feasible feedbacks depends 
onn the choice of polytope or A and B. In case of an unfortunate choice it is possible that 
manyy good feedbacks are rejected. In the worst case the set of feasible feedbacks is empty. 

4.2.33 Summary 

Wee described some approaches to obtain feedback functions for nonlinear systems. Except 
forr the feedback linearization, all were based on local linear approximations of the nonlin-
earr feedback. These approaches assume that the mapping ƒ is available, but when it is 
unknownn the local linear system can be approximated by the SI approach from chapter 3. 
Thee LQRQL approach in chapter 3 was also derived for linear systems. We are interested 
inn using LQRQL to obtain a local linear approximation of the optimal feedback function. 

4.33 The Extended LQRQL Approach 

Inn this section we wil l first show that the SI and LQRQL approach from chapter 3. do have 
limitationss when they are applied to nonlinear systems. This is especially the case when 
thee estimations are based on data generated in a small part of the state space. We wil l 
showw that LQRQL can be extended to overcome these limitations, resulting in a solution 
thatt is more appropriate in a small part of the state space. 

4.3.11 SI and LQRQL for nonlinear systems 

Thee SI and LQRQL approach were derived for linear systems. In order to see how they 
wouldd perform when applied to nonlinear systems, we write (4.1) as 

xjt+ii  = f(xk.uk.vk) (4.14) 

== Axk + Buk + {f(xk,uk,vk) - Axk - Buk) 

==  Axk + Buk -f w(xk,uk. vk). (4-15) 

Thiss describes a linear system with parameters A and B and an extra additional nonlinear 
correctionn function w.2 Equation (4.15) strongly resembles a norm bounded LMI . In our 
casee the mapping ƒ is unknown, so we cannot use (4.15) as a LMI . 

Thee SI and LQRQL approach obtain a feedback based on a generated train set. If 
wee assume that the train set is generated in a small local part of the state space, we can 

2Thee linear system (3.1) is a special case for which w(x.u,v) = v Vx.tt.w. 
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simplifyy (4.15) by replacing the nonlinear function w(x,u,v) with its average value for 
thee train set. So we look at the system: 

Xk+iXk+i = Axk + Buk + w (4-16) 

wheree the value of vector w has a fixed constant value.3 

Wee can apply the SI approach, which wil l result in the estimated linear system: xk+i = 
AxAxkk + Buk. In this linear system the correction is not present. This implies that A and 
BB are estimated such that the average value of w is zero. So when the average value of w 
iss far from zero, the estimated linear system with A and B is not a good approximation of 
ƒƒ in (4.14). The resulting feedback Lsi wil l not approximate the optimal feedback at the 
partt of the state-action space where the train set was generated. 

Inn order to see the consequences of w on the result of LQRQL, we can look at the 
resultingg linear feedback function u = Lx. When we apply the feedback function uk = Lxk 

too control (4.16), the equilibrium state xeq is no longer at the origin. The equilibrium state 
iss given by: 

XeqXeq = (I - A - BL)~lw. (4.17) 

Thiss shows that the equilibrium state depends on L! The LQRQL approach was derived 
forr a linear system with w = 0, so the equilibrium state was always in the origin. Only 
thee trajectory towards the equilibrium state can be optimized. 

Att the equilibrium state in (4.17) the direct costs (3.2) are not zero. So LQRQL applied 
too (4.16) wil l not only optimize the trajectory toward the equilibrium state, but also the 
valuee of the equilibrium state. If both the equilibrium state and the trajectory towards the 
equilibriumm state have to be optimized, then the feedback function u — Lx has insufficient 
degreess of freedom. 

4.3.22 The extension to LQRQL 

Anotherr way to see why the linear feedback does not have enough degrees of freedom is by 
lookingg at its approximation of a nonlinear optimal feedback. Let us assume an optimal 
linearr feedback function g* as shown in figure 4.1. The local linear approximation according 
t o uu = Lx is not very good. The figure also shows that the addition of an extra constant 
// to the feedback function wil l allow for a better local linear approximation. 

Iff  the feedback function u = Lx + lis used for (4.16) then the equilibrium state is given 

by y 
x^x  ̂ = {I-A + BL)-\Bl + w). (4.18) 

Heree we see that if the feedback L is chosen such that the trajectory towards the equilibrium 
statee is optimal, the value of / can be used to select the optimal equilibrium state.4 The I 

33 Strictly speaking this does not have to represent a nonlinear system because the value of w is also 
globallyy valid. We can also view (4.16) as a linear system, where the mean of system noise is not zero. 
Thee w then represents the mean of the system noise. 

4Whetherr this is possible depends on B and w. 
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uu = Lx 

uu = Lx + 1 ^r^**/ 

y'y'u*y'y'u* = g*(x) 

X X 

Figur ee 4.1. The local linear approximation of the optimal nonlinear feedback function. The solid 
liness indicate the region of approximation. Because the feedback u = Lx has to go through the 
origin,, the local linear approximation cannot be a good approximation of the nonlinear function. 
Thee approximation of u = Lx + I does not have to go through the origin and is able to match 
thee nonlinear function more closely. 

cann be interpreted as the constant us in the Fixed Set Point approach. The difference is 
thatt the value of I is not chosen, but optimized using the extended LQRQL approach. 

Thee resulting feedback function of LQRQL is a consequence of the choice of the 
quadraticc Q-function. For the new feedback function, a new Q-function is needed. The 
Q-functionn used in the previous chapter was of the form Q(<j>)  = <f> TH(f>, where </>J = 
\xj\xj u\ I. This is not a very general quadratic function. A general quadratic function is 
givenn by: 

Q(0)) = (f>'TH(t> + GT<p + c. (4.19) 

Byy including a term with vector G and a constant c, any quadratic function can be repre-
sentedd by (4.19). If (4.19) has the optimal parameters H*, G* and c*. the greedy feedback 
cann be found by taking the derivative to u* and set this to zero. This results in 

«**  = - ( ^ : J _ 1 ( ^ > + G*T) (4.20) 

== L*x + l*.  (4.21) 

Thiss indicates that the Q-function (4.19) wil l result in the feedback we want. Compared to 
(3.16)) we see that again L* = -{Hlu)~

lH* ux. This shows that L* optimizes the trajectory 
too the equilibrium state. The difference with (3.16) is that a constant I*  = — (r7*J~1G'*T is 
addedd to the feedback function. The purpose of this constant is to determine the optimal 
equilibriumm state. Note that the scalar c in (4.19) does not appear in (4.21), so it does not 
havee to be included in the estimation. 

4.3.33 Estimating the new quadratic Q-function 

Thee estimation method for the new quadratic Q-function wil l be slightly different because 
moree parameters have to be estimated. In the previous chapter the estimation was based 
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onn the temporal difference (3.18). A similar approach wil l be used for the Q-function 

accordingg to (4.19).5 The difference with (3.19) is that <fi]: +1 = xj+1 LxJ+l  + / and the 

consequencess of the noise are represented by vk. Then in the same way as in (3.20): 

rr k k Q{xQ{xkk,, Ujt) - Q(xk+u Lxk+i + I) == 5> 
i=k i=k 

==  <t>kH<t>k  + GT4>k - <pl+lH<pk+l GGTT<t>k+i<t>k+i  + "k 

(4.22) ) 

(4.23) ) 

v e c « ( < ^ )v e c< ( t f )) - vec>f c + 1<^+ 1)vec«( t f) + (<fi  - <j> T
k+1)G + uk (4.24) 

== [vec«(0fc<# - 0fc+10ï+1) 0 ï " -0 ï+ i ] 
vec«(H) vec«(H) 

G G ++  "k- (4.25) ) 

Thiss again can be used to express the estimation as a linear least squares estimation: 

VFXX — 

rr 0 0 <ft-<fi <ft-<fi 
4>l 4>l 4>2 4>2 

vecvec<< (4>(4>NN__11(fjl(fjl !!^ l̂l ~ 07V0J) <I>N-I  - <t>N. 

#EXX + 

" 0 0 

V\ V\ 

..VVN-1. N-1. 

EX--

(4.26) ) 

(4.27) ) 

Thee estimation #EX  = ( ^ E X ^ E X ) _ 1 ^ E X ^ E X gives an estimation of #EX  a nd because 
vec^i?)) and G are included in #EX > it also gives the estimation for H and G. The 
HH and G can be used in the same way as in (4.21) to obtain the resulting LEX and /. 

Thee absence of the constant c in (4.25) indicates that c does not influence the outcome 
off  the estimation.6 So the actual function that is estimated is 

Q(<f>)Q(<f>)  = cf>TH<p + GT<t>. (4.28) ) 

Thiss is the function we wil l use as Q-function and we wil l call this the Extended LQRQL 
approach.. For this function Q(0) = 0, so it is not a general quadratic function anymore. 
Stilll  this is general enough because the value of c also does not influence (4.21). The reason 
thatt this constant c can be ignored completely is that it represents the costs that wil l be 
receivedd anyway, regardless the optimization. This indicates that the optimization is only 
basedd on avoidable costs. Costs that wil l be received anyway do not influence the resulting 
feedbackk function. 

4.44 Exploration Characteristic for Extended LQRQL 

Thee estimation (4.27) shows how the parameters are estimated, but does not indicate how 
welll  these parameters are estimated. The results from the previous chapter suggest that 
thee correctness of the estimation depends on the amount of exploration used for generating 

5Thee Q-function depends on L and /, but for clarity these indices are omitted. 
6Notee that if a discount factor 7 < 1 is used in (4.22), the constant c does influence the outcome. 
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thee train set. The exploration characteristic was introduced in section 3.3.4 to present an 
overvieww of the quality of the outcome as a function of the exploration. This wall now be 
usedd to investigate the results of the extended LQRQL approach. Two questions have to 
bee answered: 

 Are the extra parameters G estimated correctly? 

 How does the estimation of G influence the estimation of HI 

Thiss last question is relevant since G and H are estimated simultaneously in (4.27). 
Thee estimation for the extended approach includes nx extra parameters and can be 

writtenn similar to (3.58). The linear equation that has to hold is given by 

9 9 

YYEExx = \ $xx $UI $uu &9) 

XX XX 

&UX &UX 

""  uu 

9 9 
99 J 

++ VEX. (4.29) 

wheree VEX represents the noise and 9g represents the extra parameters that have to be 

estimated.. Similar to (3.63) the estimation error of a row of 9g can be written as 

| & f f T PTT riXT+nxu+null-\-nx 

hihi = UP1 n j i + ^ + n r ; n 2 ( ^ x - E *a*iKii  (4-30) 

Thee estimations 6UU in (3.63) and 9UX change according to 

y e eTT pT _ nxx+nxu+nnu 

BunaBuna = *'  n " + " " + . ; 2 ( y E X - #gÖg- E ^?Ö„« j ), (4.31) 

Bux,>Bux,> = | ,T ; ' P"" +UVEX- *9Ö9- $uu9uu- " " i T V%êuxJ). (4.32) 
II-**  nxx + i:1 *i||2 j=nxx + \+i 

Thee main difference here is that there is the extra &99g in the estimation errors Buul and 
99UXAUXA.. The dependency of the estimation error 9g on the exploration is comparable to that 
off  the SI approach, so the influence of the 9uua and 9uxa can be neglected. The VEX is 
differentt from VQL from the previous chapter in the sense that it now includes the value 
off  w. This means that in the expected estimation errors (3.66) the value of a2

e should 
bee replaced by (ae + | |u;| |)2. The consequence is that even for low noise in the system, if 
theree is a large extra w. still a large amount of exploration is required. In other words, 
thee minimum of the Q-function should be included in the area that is being explored. 

Simulat ionn of th e Ex tended LQRQ L characterist ics 

Wee did some simulation experiments to showT the reliability of the extended LQRQL ap-
proach.. To be able to show the correctness of the parameter estimation we took as system 
thee model given by (4.16): 

Xk+iXk+i — Axk + Buk + vk + w Uk = Lxk + ek + l. (4.33) 
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Inn (4.33) the w is constant so it is the same for all time steps. In the experiments we 
comparedd the results with the standard LQRQL approach. 

Wee first did an experiment to see whether the correct value of / can be found. Because 
alll  parameters are estimated simultaneously, we also did an experiment to see whether 
thee estimation of G has any positive effects on the estimation of H. Finally we did an 
experimentt to see whether an arbitrary set point can be learned, when this set point is 
determinedd by the direct costs r. 

Wee used the same parameter settings as in the previous chapter: 

AA = 
-0.66 0.4 
11 0 

BB = xx00==  i L= [0.2 -0.2] av = 10"4. 

(4.34) ) 
Thee value of w depends on the experiment. Each experiment was performed 5 times and 
wee took N = 30 number of time steps. 

Experimentt  I: Can a correct value of I be found? This requires knowledge about 
thee correct value I. In this experiment we took w equal to zero so that no additional 
II  is required. We took as initial value 1 = 1. The initial value I  ̂ 0, so that the 
estimatedd I should be zero. 

Figuree 4.2(a) shows how the value of I changes. For low values of o~e the value of I 
doess not change. If the value of ae is larger than av the correct value of I is obtained. 

Experimentt  II : Does the extension of LQRQL improve the results? In this exper-
imentt we used wT = \1 l l , so that a I  ̂ 0 was required. Both the LQRQL and 
thee Extended LQRQL were applied on the same train sets. We asked the following 
questions:: Does the nonzero w influence the estimation of Ll Also does the nonzero 
ww influence the amount of exploration that is required? 

Figuree 4.2(b) shows ||L — L*\\ for both approaches, where L* is the optimal feedback 
computedd with (3.5) and (3.4). For low values of ae the value of L equals L in (4.34). 
Thee value of \\L - L*\\ decreased around ae PS 1, which is about the same scale as 
w.w. We did a similar experiment using wT = 10 lOJ, and there this happened at 
o~o~ee  ̂ 10. This indicates that the sufficient amount of exploration depends on ||tu|| 
iff  11ti;|| > av. Figure 4.2(b) shows that the improvement for the extended approach 
requiress less exploration. For high values of ae the value of I becomes —0.5 and this 
makess the total costs for the extended LQRQL approach lower than the total costs 
off  the standard LQRQL approach. 

Experimentt  III : Can the set point be learned? The set point was introduced in 
sectionn 4.2.2 to indicate a desired equilibrium state. So learning the set point means 
optimizingg the stationary behavior of the system. The extension of LQRQL was 
motivatedd by the inability of LQRQL to deal with the simultaneous optimization of 
thee transient and stationary behavior of the system. We did this experiment to see 
whetherr this is possible using the extended LQRQL. We changed the costs in (3.2) 
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too rk = (xj 
pointt at xs. 

xJ)S(xxJ)S(xkk - xs) ++ uj.Ruk, too specify a preference for an equilibrium 

Figuree 4.3(a) shows the total costs when x j = [ l - l j . It is clear that the cost 
reductionn after ae w 1 is much larger for the extended approach. The ae ss 1 is the 
samee scale as xs and doing the same experiment for a larger xs shows that more 
explorationn is required (not shown). 

Forr one result obtained using ae = 5.6 the state values are shown as a function of time 
inn figure 4.3(b). The values for the standard approaches always go to zero while the 
valuess for the extended approach go to two different values. The value of I = —0.55 
bringss the equilibrium state closer to xs. Note that the equilibrium state wil l not be 
equall  to xs because of the costs assigned to the control action that keeps it at xs. 

Thee simulation experiments have shown that the correct value of I wil l be found. They 
havee shown that in case of w ^ 0, the resulting feedbacks L Q L and L EX wil l have the same 
outcome.. However, the extended approach requires less exploration to obtain this result. 
Finallyy the experiments showed that the extended approach is also able to learn the set 
point. . 

(a)) Experiment I: I as a function of <re (b)) Experiment II: \\L - L*\\2 as a function of 
< T e . . 

Figur ee 4.2. Results of the simulation experiments I and II . The solid lines are the results for the 
extendedd approach, the dashed lines the result of the standard approach. The amount of system 
noisee av = 10~4 is indicated by the dotted line. 
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10~55 10° 105 0 5 10 15 20 25 30 

(a)) The total costs J as a function of ere. (b) The state values x\ and x% as functions of 
timee k for one result using ae = 5.6. 

Figur ee 4.3. Results of simulation experiment III . The solid lines are the results for the extended 
approach,, the dashed lines the result of the standard approach. 

4.55 Simulation Experiments with a Nonlinear System 

Forr a nonlinear system (4.15) the value of w(x, u, v) does not have to be constant. In the 
previouss section we showed that the extended LQRQL approach performes better than the 
standardd approach when a constant w is not zero. If the nonlinearity is smooth then in a 
smalll  part of the state space the value of w(x. u, v) does not vary too much. If the average 
valuee of w(x, u, v) is not zero, the extended LQRQL approach should also perform better. 
Too verify this we did some experiments with a nonlinear system, where we compared the 
performancee of the extended LQRQL approach with the SI and standard LQRQL approach 
fromm chapter 3. 

4.5.11 The nonlinear system 

Th ee mobi le robot 

Ass nonlinear  system we used a mobile robot system. A description of the robot can be 
foundd in appendix B. Further a model is given in appendix B, that describes how the 
robott changes its position and orientation in the world. The change of orientation does 
nott depend on the position, but the change in position depends on the orientation. This 
suggestss that this can be used as a nonlinear system, where the effect of the orientation 
onn the change of position introduces the nonlinearity. 

Thee task of the robot is to follow a straight line that is defined in the world. The state 
iss given by the distance 5 to that line and the orientation a with respect to that line, as 
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u=-u=- \ 
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(a)) The task (b)) The implementation 

F iguree 4.4. The top view of the robot. The left figure illustrates the general task. The right 
figuree shows our implementation where the line to follow is the positive x-axis. This figure also 
indicatess the robot's movement, given a positive, negative or zero u. 

>> , where <S is given in meters shownn in figure 4.4(a). So the state is given by xT -

andd a in radians. Using (B.6) we can express the state transition for the robot given this 
task: : 

ö/t+ii  = ak+uiT 

4 +ii  = 5k+—(cos(ak)-cos(ak + Tu>)). 
UJ UJ 

(4.35) ) 

(4.36) ) 

Thee T is the sample time. According to (4.36) the trajectory of the robot describes a part 
off  a circle with radius ^ . There are two control actions: the traversal speed vt and the 
rotationn speed UJ. We gave the traversal speed a fixed value of 0.1 meters per second. As 
controll  action u we took the rotation speed UJ. Without loss of generality we can take the 
x-axiss of the world as the line to follow. Our simulation setup is shown in figure 4.4(b), 
wheree we take 6 = y and a = <f>. 

Wee used quadratic direct costs, so 

Tk Tk 
SSaa 0 
00 Só 

xx + uRu. (4.37) ) 

with h 

5 aa = 0.1, Ss Ss and d R=R= 1. (4.38) ) 

Thiss indicates that we want to minimize the distance to the line without steering too much. 
Thee Sa is not so important. The only reason to give it a small positive value is to assign 
costss to following the line in the wrong direction. 
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Compar in gg th e results 

Beforee starting the experiments we wil l give an indication about the correct feedbacks. We 
wil ll  also show that the value of 6 can be used to vary the value of w(x, u, v). To compare 
thee results of the three approaches we have to test the performance. We wil l describe how 
wee wil l test the results. 

Thee task is to find a linear feedback L by applying the SI approach and both LQRQL 
approaches.. The extended LQRQL approach also has to find an extra term I from the 
trainn set. So the resulting feedback for the SI and standard LQRQL approach is: 

uu — Lx — I  La LA (4.39) ) 

Forr the extended LQRQL approach there is an extra term 

uu = Lx + I — \La Ls\ ++  Ï. (4.40) 

Noww we can already determine what the correct feedback should look like. If S > 0 
andd a — 0, the robot has to turn right. This means that for u < 0, L$ < 0 is correct. If 
aa is also positive, the robot has to turn right even more. This means that also La < 0 is 
correct.. The I can be used in that state to steer to the right even more, so this should also 
bee negative. However, if 5 < 0 the value of I should be positive. 

Thee model in (4.36) describes a smooth nonlinear function. This function is symmetric 
aroundd the origin of the state space, which indicates that the optimal feedback function 
wil ll  go through the origin. So it is possible to use (4.39) as a local linear approximation of 
thee optimal feedback function. When the robot is closely following the line, the value of 
w(x,u,w(x,u, v) wil l be very small. The extended LQRQL approach has to result in I = 0. 

Forr large values of S, the optimal feedback wil l move the robot in the direction of the 
line.. This implies that a is no longer very small, so that the nonlinearity in (4.36) wil l 
havee an effect on the change of ö. The value of w(x, u, v) is no longer zero, so that the 
(4.39)) wil l not be able to form a good local linear approximation of the optimal feedback 
function.. The extended LQRQL approach can provide a better approximation for a large 
55 and should result in / ^ 0. 

Inn order to compare the results of the different approaches, we need to have a criterion. 
Thee relative performance from the previous chapter cannot be used, because we do not 
knoww the optimal solution. We used the total costs over a fixed time interval 

•// = , (4.41) 
fc=0 fc=0 

ass criterion. The resulting feedback is obtained based on a train set, that was generated by 
startingg at a certain state. To test the feedback we started the robot in the same state. As 
timee interval we took the same number of time steps as used during the generation of the 
trainn set. By taking only a short time interval we made sure that we tested the feedback 
inn the same local part of the state-action space where the train set was generated. 
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4.5.22 Experiment with a nonzero average w. 

Wee first did an an experiment with a nonzero average w. We could do this by focusing on 
aa part of the state space where Ö is large. Under these conditions the extended LQRQL 
approachh should be able to perform better than the SI and standard LQRQL approach. 

T h ee set t ing 

Wee took as settings: 

•• Sample time T = 0.35 seconds. 

•• Number of time steps A" = 57. So with T = 0.35, the robot drives for approximately 
200 seconds. 

•• Gaussian exploration noise with ae — 0.1. A higher level of exploration would make 
itt impossible to use similar settings on the real robot, because the tolerated rotation 
onn the real robot is limited. 

•• Initial feedback L = [ -10~ 3 - 1 0 ~ 3 ] . This feedback makes the robot move towards 
thee line. On the other hand it is small enough, so that hardly any prior knowledge 
iss included. 

•• Initial orientation a = 0. 

Becausee of the exploration we were not able to exactly determine the local part of the 
statee space in which the train set is generated. The robot drives for approximately 20 
secondss at at speed of 0.1 meters per second. Thus the robot traverses approximately 2 
meters.. As initial distance to the line we used 60 — 1.5 meters, for which the resulting / 
shouldd be negative. In the worst case the robot stops at S = - 0 . 5 , for which / should be 
positive.. On average most of the training samples were obtained in the part of the state 
spacee for which / should be negative, so that we knew that the extended LQRQL had to 
resultt in a I < 0. This means that the average w was not zero. For the SI and standard 
LQRQLL approach / = 0. so they should perform less than the extended LQRQL approach.. 

Wee generated one train set and used the SI, the standard LQRQL and the extended 
LQRQLL approach. The resulting feedbacks of the three approaches were tested by starting 
thee robot in the same initial state. For each test we computed the the total costs according 
too (4.41). In Table 4.1 the resulting feedbacks and the total costs of the test runs are shown. 

SI I 
Standardd LQRQL 
Extendedd LQRQL 

LLaa Lj I 
-0.27944 -0.7224 x 
-0.58611 -0.0330 x 
-0.58555 -0.0133 -0.5865 

J J 
155.5828 8 
115.3245 5 
45.8943 3 

Tablee 4.1. Results of the experiment with nonzero average w. 
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Thee resulting value of I is negative, just as we expected. The values of L for both LQRQL 
approachess are almost the same, but the L for the SI approach is different. The total costs 
off  the SI approach is the highest and the extended LQRQL approach has the lowest total 
costs. . 

Inn figure 4.5 five trajectories are shown. The first shows that using the initial feedback 
withoutt exploration wil l make the robot move slowly towards the line. The second trajec-
toryy shows that the generated train set, primarily depends on the exploration and not on 
thee initial feedback. The other three trajectories are the test runs with the three resulting 
feedbacks. . 

Thee trajectory of the SI approach is the "curly" line in figure 4.5 that moves to the left. 
Becausee the value of Ls is too large, the robot wil l rotate too much for large values of 6. At 
thee end of the trajectory the value of S is so small that the robot no longer rotates around 
itss axis. The trajectory of the standard LQRQL approach resembles that of the initial 
feedbackk L, although L and L are clearly different. The reason is that Ls is too small, so 
thee robot hardly rotates. Therefore the orientation a wil l remain very small, so the higher 
valuee of La does not contribute to the control action. Although the extended LQRQL 
approachh has approximately the same L, because of I it turns faster in the direction of the 
line.. This explains the lower total costs. The nonzero value of I suggests that the average 
ww is not zero. Since the extended approach can deal with this situation, it outperforms 
thee other approaches. 

Noo explo. 
Data a 
SI I 
Standardd LQRQL 
Extendedd LQRQL 

1.5 5 

Figuree 4.5. The trajectories in the world. The line with "No Explo" is the trajectory when 
usingg the initial feedback L. For the line with "Data" the exploration is added to generate the 
trainn set. The other three lines are the trajectories of the test runs. 
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4.5.33 Experiments for different average w 

Thee previous experiment has shown that for a large value of ö the extended LQRQL 
approachh performs best. This is the case for a nonzero average w. We also indicated that 
aroundd the line the average value of w is zero. Here the SI and standard LQRQL approach 
alreadyy have the correct value of / = 0. The extended approach has to estimate the correct 
// which can result in an / ^ 0. This suggests that the extended LQRQL approach will 
performm slightly less when the train set is generated near the line. We did some experiments 
too see how of the performance of the three approaches depends on the size of the average 
w. w. 

Inn the same way as in the previous experiment we used the initial distance S0 to de
terminee the average w. We varied the initial distance Ö0 from 0 to 2 in steps of ^. The 
estimationn results were based on train sets, generated with a random exploration noise. 
Forr this reason we generated for each 60 500 train sets, each with a different exploration 
noisee sequence. The SI. standard LQRQL and extended LQRQL were applied to all train 
sets. . 

Alll resulting feedbacks can be tested, but we first looked at the reliability of the out
come.. For all three approaches the resulting feedback function depends only on the train 
set.. If the resulting feedback is not good then this is because the train set is not good 
enough.. In chapter 3 we showed that this is the case when the amount of exploration is 
nott enough. If sufficient exploration is used the estimated quadratic Q-function is positive 
definite.. In that case the estimated matrix H only has positive eigenvalues. 

Wee used the same ae for all train sets. When we have a nonlinear system, we can see 
WkWk — ivfak.Ui^Vk) as system noise that does not have to be Gaussian or white. Since 
thee amount of exploration must be higher than the amount of system noise, it can turn 
outt that in some train set insufficient exploration was used. Another problem is that the 
contributionn of the feedback function to the control action is very small when the train set 
iss generated close to the line. The trajectory is mainly determined by the exploration. In 
thesee situations it can be very hard to evaluate the feedback function, so the estimated 
Q-functionn may not be correct. We know for sure that if H has negative eigenvalues, 
thee Q-function is not correct. For both LQRQL approaches we rejected the results with 
negativee eigenvalues for H. 

Thee extended LQRQL approach also estimates /, whose reliability does not depend on 
thee eigenvalues of H, If we look at figure 4.1 we see that a small change in the optimal 
feedbackk function may lead to a large change in the value of /. This means that a small 
differencee in the train set may lead to large difference in the estimated /. To be able to 
comparee the results with the other two approaches, the situations for which / were clearly 
wrongg were also removed. For the extended LQRQL approach we rejected the results for 
whichh |/| > 1. For these values of L the L hardly contributed to the motion of the robot. 

Forr the SI approach we do not have a criterion that indicates the reliability of the 
resultingg feedback, so we used all train sets. Figure 4.6(a) shows the fractions of the 500 
runss that were used for both LQRQL approaches. For the standard LQRQL approach 
aboutt 75 percent was used. For the extended approach the percentage without negative 
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(a)) Fraction of the train sets used. (b) The J as a function of S0. 

Figur ee 4.6. The results for different initial S. 

eigenvaluess for H was already below 50 percent. When also the unreliable I results were 
removed,, about one third of the train sets were kept. This indicates that the extended 
LQRQLL approach is the most sensitive to the particular train set. 

Thee resulting feedback functions that were not rejected were tested. In figure 4.6(b) 
wee see the average total costs J for different initial 5 for the three approaches. When 
figuree 4.6(b) is plotted with error bars the total figure becomes unclear, therefore we 
omitedd the errorbars. The maximal standard deviation was 40.8 for S = 2 for the extended 
LQRQLL approach. The figure clearly shows that the total costs increases as 5 increases, 
becausee 5 is part of the direct costs in (4.37). For 50 = 0 the SI and the standard LQRQL 
approachh have J = 0. This is because the robot is already on the line and facing the 
rightt direction. So x = 0 and therefore also u = 0. Because I  ̂ 0 the total costs for the 
extendedd LQRQL approach is not zero. 

Forr small values of So, the SI approach has the lowest costs, followed by the standard 
LQRQLL approach. For high values of S0 the situation is reversed. The extended approach 
hass the lowest total costs and the SI approach the highest. This is also what we observed 
inn the preliminary experiment. 

Wee can conclude that if the train set is generated close to the line, the average w is 
almostt zero. The SI and standard LQRQL approach perform best. Further away from 
thee line, the average value of w becomes larger. The total costs for the SI approach is 
muchh higher than that of the LQRQL approaches. The extended LQRQL approach has 
thee lowest cost as expected. 
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4.66 Experiments on a Real Nonlinear System 

4.6.11 Introduction 

Wee did experiments with a real robot to see whether the simulation results also apply to 
reall  systems. The state value was derived from the odometry. This means that the robot 
keepss track of its position in the world by measuring the speed of both wheels. We then 
translatedd this into a value for 6 and a. 

Theree are some important differences with the simulated robot: 

•• The time steps do not have to be constant. State information is not directly available 
andd is obtained via a communication protocol between the two processing boards in 
thee robot. The duration of the communication varies a little. This introduces some 
noise,, because at discrete time steps the state changes are influenced by the duration 
off the time step. 

Thee size of the control action that can be applied is bounded. Too high values for 
uu may ruin the engine of the robot. When generating the train set it was possible 
thatt actions were tried that could not be tolerated. For safety we introduced the 
actionn bounds, such that umin = —0.18 < u < um a x = 0.18. When a u outside this 
intervall had to be applied to the robot, we replaced it by the value of the closest 
actionn bound. This value was also used for the train set. The consequence is that 
forr high values of aP, the exploration noise is no longer Gaussian. 

Thee robot has a finite acceleration. This is a part of the dynamics of the system was 
nott included in the model used for the simulations. This means that the trajectory 
duringg a time step is not exactly a circle. A consequence is that the robot might not 
respondd so quickly on fast varying control action when exploring. So effectively the 
amountt of exploration contributing to the movement of the robot is lower than the 
amountt of exploration that is added to the control action. 

•• There is wheel spin. The effect of wheel spin is that the robot does not move according 
too the rotation of the wheels. This can mean that the real position of the robot does 
nott change, while the wheels are rotating. Since we do not use the robot's real 
position,, this does not affect us. But the odometry is based on measuring the speed 
off the wheels and they accelerate faster during wheel spin. This has the effect that 
similarr control actions can lead to different state transitions. 

4.6.22 The experiments 

Itt was infeasible to generate the same amount of data sets as in the simulation experiments. 
Wee varied the initial 6 from 0.25 to 1.75 in steps of 0.5. We generated data for four different 
sequencess of exploration noise, so in total we generated 16 data sets. For one exploration 
sequencee the four data sets generated are shown in figure 4.7(a). 
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si i 
Standardd LQRQL 
Extendedd LQRQL 

(a)) The generation of four train (b) The average total costs ,ƒ as a function of the initial S. 
sets,, using the same explo-
rationn noise sequence. 

Figur ee 4.7. The experiment with the real robot. 

Inn figure 4.7(b) we see the average total costs for each test of the three different methods. 
Wee did not remove any train set for the LQRQL approaches. The results in figure 4.7(b) 
showw that on average all three approaches perform almost the same. Only the extended 
approachh has higher total costs for S0 = 0.25. The latter agrees with the simulation 
experiments.. If we compare figure 4.7(b) with figure 4.6(b) we see that the performances 
off  both LQRQL approaches are a littl e less in practice than in simulation. The SI approach 
seemss to perform better in practice than in simulation. 

Inn figure 4.8(a) we see. for all four exploration noise sequences, the total costs as a 
functionn of the initial 5 for the SI approach. For one sequence the total costs were very 
highh (for S0 = 1.75 the total costs was more than 600.). This is because the resulting 
feedbackk function is wrong. It made the robot move away from the line. For the three other 
sequencess we see that the total costs are very low. These low total costs are misleading. 
Whatt happens in these situations is that the feedbacks found by the SI approach are much 
tooo high. This would lead to rotations as in figure 4.5, but the action bounds prevented 
thee robot from rotating. Instead the action applied to the robot alternated between umin 

andd umax for the first 15 to 20 time steps. After that the robot was very close to the line 
andd it started following the line as it should. In these cases the low total costs were caused 
byy the action bounds, which indicates that the SI approach did not find the optimal linear 
feedback! ! 
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Thee actions taken by the resulting feedbacks of both LQRQL approaches were always 
betweenn wmin and umax. In figure 4.8(b) we see for all four exploration noise sequences the 
totall  costs as a function of the initial 6 for the extended LQRQL approach. We noticed 
thatt the plot for the standard LQRQL approach looks quite similar. We see that for 
somee exploration sequences the costs are quite low while for some the costs are higher. 
Thiss indicates that the performance depends on the particular sequence of exploration 
noise.. For one sequence the total costs are as low as for the three sequences of the SI 
approach.. Only the extended approach did not exploit the action bounds. This indicates 
thatt the extended LQRQL approach optimized the local linear feedback function for the 
reall  nonlinear system. 

Inn the simulation experiments we rejected train sets that resulted in negative eigenvalues 
forr H because we considered them unreliable. We did not do this for the experiments on 
thee real robot. For the standard LQRQL approach 9 of the 16 train sets resulted in 
aa positive definite H and for the extended LQRQL approach only 5. The total costs for 
thesee feedbacks were not always the lowest, because in some cases an "unreliable" feedback 
performedd better. This was caused by the acceleration of the robot. The reliable feedbacks 
madee the robot rotate faster in the direction to the line than the unreliable feedbacks. But 
duee to the acceleration, the robot did not always stop rotating fast enough. Then the robot 
wass facing the wrong direction and had to rotate back. Many unreliable feedbacks turn 
slowerr towards the line and are therefore less affected by the acceleration. This implies 
thatt the reliability indication based on the eigenvalues of H is not appropriate for the real 
robott if the acceleration is ignored. 

(a)) J for SI as function of 5o for all four explo- (b) J for extended LQRQL as function of SQ for 
rationn noise sequences. all four exploration noise sequences. 

Figuree 4.8. All 16 performances for SI and extended LQRQL. 
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InIn summary, the experiments have shown that the SI approach does not optimize a local 
linearr feedback correctly. Instead it either finds a wrong feedback or it finds feedbacks 
thatt are too large, so that most control actions are limited by the action bound. The 
performancess of the standard and extended LQRQL approach are similar to those of the 
simulationn experiments. So we can conclude that they correctly optimize a local linear 
feedback. . 

4.77 Discussion 

Wee started this chapter with a presentation of a number of methods for the control of 
nonlinearr systems. Some of these methods were based on local linear approximations 
off  the system. We were interested whether we could use Q-Learning to find a feedback 
whichh is locally optimal. We showed that the standard LQRQL approach as presented 
inn chapter 3 would not lead to an optimal linear feedback, and introduced the extended 
LQRQLL approach. In this approach we do not estimate the parameters of a global quadratic 
functionn through the origin, but we use the data to estimate the parameters of a more 
generall  quadratic function. The consequence for the feedback function is that an extra 
constantt was introduced. In this way the resulting feedback is no longer restricted to a 
linearr function through the origin. 

Wee tested the extended LQRQL approach on a nonlinear system in simulation and on 
aa real nonlinear system. We compared it with the SI and standard LQRQL approach from 
chapterr 3. The results indicate that if we explore in a restricted part of the state space, by 
samplingg for a few time steps, the extended approach performs much better. This means 
thatt if a feedback function is based on local linear approximations, the extended approach 
hass to be used. The standard LQRQL should only be used if it is known that the optimal 
feedbackk function goes through the origin. 

Itt is possible to use multiple linear models to construct one global nonlinear feedback 
function.. In [44] bump-trees were used to form a locally weighted feedback function. In 
[17]]  local linear feedbacks were used for different partitions of the state space of a nonlinear 
system.. The result is equivalent to Gain Scheduling as described in chapter 2. In both 
casess the resulting local linear feedback functions were obtained by the standard LQRQL 
approach. . 

However,, for standard LQRQL the local linear models are not only based on the train 
sett but also on the position of the partition with respect to the origin. This means the 
modelss are not completely local. A consequence is that the linear feedbacks for partitions 
farr away from the origin will become smaller. This is because the feedback has to go 
throughh the origin. The consequence is that it is unlikely that linear models far away from 
thee origin are optimal. This implies that if we want to form a nonlinear feedback based 
onn local linear feedbacks, we have to use the extended approach. The extended LQRQL 
approachh is able to estimate the appropriate set point for each linear model. 
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4.88 Conclusions 

Manyy control design techniques for nonlinear systems are based on local linear approxi-
mations.. We studied the use of LQRQL for obtaining a local linear approximation of a 
nonlinearr feedback function. A nonlinear system can be regarded as a linear system with an 
additionall  nonlinear correction. If in a local part of the state space the average correction 
iss not zero, the SI and standard LQRQL approach from chapter 3 wil l approximate the 
wrongg function. We introduced the extended LQRQL approach, that wil l result in a linear 
feedbackk plus an additional constant. The experiments on a nonlinear system have shown 
thatt if the additional constant is not zero, the extended approach wil l perform better. 


