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Chapter 3 

Density Est imation for Color 
Images * 

Abstract 

Color histograms computed from the normalized and hue color space are negatively 
affected by sensor noise due to the instability of these color space transforms at 
many RGB values. To suppress the effect of sensor noise, in this paper density 
estimations are computed using variable kernels. To that end, models are proposed 
for the propagation of sensor noise through the normalized and hue colors. As a 
result, not only the hue and normalized color values are known, but also the associated 
uncertainty. This two-fold information is used to derive the parameterization of the 
variable kernel used for the density estimation. It is empirically verified that the 
proposed method compares favorably to the traditional histogram. 

3.1 Introduction 

It is known that the RGB values measured by a color CCD camera depend on com
plex factors such as the illumination, scene geometry, surface reflectance and material 
properties. As a result, a homogeneous colored object may give rise to a broad spec
trum of RGB values. For many industrial machine vision tasks, it is required to 
visually inspect objects independent of the illumination and scene geometry. To that 
end, the RGB data should be transformed into color invariant spaces, e.g. normalized 
or hue color models. For the dichromatic reflection model, Gevers and Smeulders [2] 
proved that normalized color is invariant for the camera viewpoint, object pose and 
orientation, and for the direction and intensity of the incident light. In addition, the 
hue color model is invariant to highlights. These color models are well known and 
are widely used in many image processing tasks. However, the color space transforms 

'To appear in: Journal of Electronic Imaging 

35 



3G Chapter 3. Density Estimation for Color Images 

bring with them various drawbacks since the transformations are singular at some 
points and unstable at many others. For example, normalized colors become unstable 
near the black point while hue is unstable along the achromatic axis. Traditionally, 
the effects are ignored or suppressed by an ad hoc thresholding. In this paper, the 
transformed colors are used for density estimation. To suppress the effect of sensor 
noise, variable kernel density estimators are employed as alternative to histograms. 
The contribution of this paper is to propose a principled way to compute the prop
agation of sensor noise to the hue and normalized colors. As a result, not only the 
hue and normalized color values are known, but also the associated uncertainty. This 
two-fold information is exploited in variable kernel density estimation. 

This paper is organized as follows: In section 3.2, related work is reviewed. In 
section 3.3, the theoretical model predicting the uncertainty in the transformed color 
values is derived. In section 3.4, camera and noise models are described to compute 
the uncertainty in the measured RGB values. In section 3.5, these models are incorpo
rated in variable kernel density estimation. In section 3.6, the computed uncertainty 
in transformed color values is empirically compared to the actual uncertainty. Fur
ther, the variable kernel density estimator is compared to the traditional histogram 
method. Section 3.7 finishes the paper. 

3.2 Related Work 

Render [4] shows that hue and normalized color are singular at some RGB values 
and unstable at many others. For instance, the essential singularity of normalized 
coordinates is at black (R = G = B = 0), whereas for the hue the singularity is 
at the achromatic axis (R = G = B). As a consequence, both color spaces become 
unstable near the singularity where a small perturbation of RGB value might cause 
a large jump in the transformed values. Traditionally, these effects are either ignored 
or suppressed by an ad hoc thresholding of the transformed values. For example, 
Ohta [6] rejects normalized color values if the sum of RGB is less than 30, and rejects 
hue values if the saturation times the intensity is less than 9. Healey [3] rejects all 
sensor measurements that fall within the sphere of radius 4a centered at the origin in 
RGB space. In order to indicate how the color space transform influences the mean, 
variance and covariance of the colors under the influence of noise, Burns and Berns [1] 
analyze the error propagation from a measured color signal to the CIE L*a*b* color 
space. Shafarenko, Petrou and Kittler [7] use an adaptive filter for noise reduction 
in the CIE L*u*v* space prior to 3-D color histogram construction. The filter width 
depends on the covariance matrix of the noise distribution in the CIE L*u*v* space. 
Histograms are often used for image segmentation when the image properties are 
not sufficiently stable to use fixed threshold values. E.g. the illumination can vary 
or the appearance of objects can change over time. If a histogram would show two 
prominent peaks, one for the background color and one for the objects, then the 
threshold value for image segmentation would typically be placed at the minimum 
between the two peaks. Swain and Ballard [9] and Gevers and Smoulders [2] show 
that normalized color histograms of multicolored objects provide a robust, efficient 
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cue for object recognition. However, the instability of the hue and normalized colors 
negatively affects histograms due to sensor noise. Kernel denstity estimators (see e.g. 
[8, 11]) form an alternative to histograms as density estimators. To apply variable 
kernel density estimation in a principled way, in the next section the error propagation 
of sensor noise is analyzed. As a result, not only the hue and normalized color values 
are known, but also the associated uncertainty. This two-fold information is used to 
derive the parameterization of the variable kernel used for the density estimation. 

3.3 Error Propagation of Measurement Uncertainty 

The result of a measurement of a quantity u is stated as 

u = uest±au (3.1) 

where west is the best estimate for the quantity u (the average value) and au is the 
uncertainty or error in the measurement of u (the standard deviation). Suppose that 
u, • • • , w are measured with corresponding uncertainties au, • • • , aw, and the measured 
values are used to compute the function q(u, • • • , w). If the uncertainties in it, • • • ,w 
are independent, random and relatively small, then the predicted uncertainty in q [10] 
is 

'•-vie'-) +-+(£'•) <3-2) 
where dq/du and dq/dw are the partial derivatives of q with respect to u and w. 

Based on the measured -RGZ?-values, the normalized color values are computed as 

r = R/{R + G + B) 

g = G/(R + G + B) (3.3) 

Substitution of (3.3) in (3.2) gives the uncertainty for the normalized coordinates 

V (B + G + R)* 

(B + G + R)4 
L-^L (3.4) 

if and only if aR,ac and aB, the uncertainties in RGB-values are independent, ran
dom and small. The hue 9 is computed as 

ü . f VZ{G-B) \ 
6 = arctan — ^ (* K\ 
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Substitution of (3.5) in (3.2) gives the uncertainty for the hue as 

1 -•/? ( ~2BRffh + &°% + gS + G2(a% + a%) \ 
6 2 V B2+G2-GR + R2-B(G + R)2 J 

, i , /öf g!^l + ga)~2G(Ra» ±ggfc A uw 

if and only if the uncertainties in RGB-values axe independent, random and small. 
In the next section, we will derive (JR,(JG^B using a theoretical camera and noise 
model. 

3.4 Camera and Noise Models 

To explain a measured pixel value, we use the following camera model: 

i(x, y) = ih(x, y) + d(x, y) (3.7) 

i denotes the output signal at position (x,y), h the input signal, d the dark current, 
and 7 the gain. Modern CCD cameras are sensitive enough to be able to count 
individual photons. Photon noise arises from the fundamentally stochastical nature 
of photon production. The probability distribution for counting p photons during t 
seconds is known to be Poisson. The number of photons measured is given by its 
average as 

h(x,y)=pt±y/pl (3.8) 

Let aa denote the dark current uncertainty. Incorporating ad and the uncertainty of 
(3.8) in (3.7) gives 

l(x, y) ± 0i(x,y) = i[pt± y/pt\ + [d(x,y) ± ad] (3.9) 

Dark current compensation is performed either by software or internally in the camera. 
Subtraction of a constant value c such that d(x,y) = c from the image removes the 
dark current indeed, but not the uncertainty in the dark current: 

[ï(x,y) -c]±oi{Xyy) = jpt ± (7\/pï + ad) (3.10) 

An extension of this model for a dark current compensated color camera with n color 
channels, n £ {R,G,B}, is 

i{x,y)n ± Oi{x,y),n = InPnt ± (jnyfihJ + ad) (3.11) 

Our interest is in Oi(x,y),n- Let the average image intensity measured over a homoge
neously colored patch be denoted / = 7pi, the associated variance var(7) = ~f pt and 
the dark current variance var(d) = a2

d. We have the linear relation between I and 
var(/) based on [5] as 

var(7) + var(d) = jf + var(i) (3.12) 
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which is of the general form y = ax + b. For (3.11) we obtain 

var(7n) + var(d) = jjn + var(d) (3.13) 

Let tn denote the average measured pixel value at the nth color channel, then 
var(£„) = var(/n) + var(d) denotes the total variance. Let var(£n>/.) denote the 
kth of Ar measurements of the variance of the nth color channel and let /„,* denote 
the corresponding average intensity. Ordering these measurements as 

f i IRA o \ 
/ vaj(tü,i) \ 

vai(iRtN) 
varfe. i ) 

var(fc,yv) 
var(fS)1) 

\ vax(*B,jv) / 

:
 IR,N 

: 0 

0 

' G , I 

IG,N 

0 

0 

1B%I 

I var(d) \ 
1R 
IG 

\ IB ) 

(3.14) 

\ 1 0 0 IB,N J 

gives an overdetermined system allowing robust computation of the values of var(d), 
7n,7G, 1 B by linear regression. Substituting the obtained values in (3.13) computes 
the uncertainty in a measured color value. This additional information is employed 
in the next section to improve density estimation for color images. 

3.5 Density estimation 

A density function ƒ gives a description of the distribution of the measured data. 
Perhaps the best known density estimator is the histogram. The (one-dimensional) 
histogram is defined as 

f(x) — —r (number of Xi in the same bin as x) 
nh ' 

(3.15) 

where n is the number of pixels Xi in the image, h is the bin width and x the range 
of the data. Two choices have to be made when constructing a histogram. First, the 
binwidth parameter needs to be chosen. Secondly, the position of the bin edges needs 
to be chosen. Both choices effect the resulting estimation. Alternatively, the kernel 
density estimator is insensitive to the placement of the bin edges. The formula is 

'«-it* 
i = l 

x-Xi 
(3.16) 
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Figure 3.1: Kernel density estimates based on five observations. In the graph on the 
left, the bandwidth is constant, in graph on the right the bandwidth varies depending 
on the position at the horizontal axis. The kernel estimate is constructed by centering 
a kernel at each observation. The value of the kernel estimate at gridpoint x in the 
graph is the sum of the n kernel ordinates at that point. The kernel centered on Xi has 
associated with it its own scale parameter thus allowing different degrees of smoothing. 

Here, kernel K is a function satisfying ƒ K(x)dx = 1. Figure 3.1 (a) shows a kernel 
density estimation. In the variable kernel density estimator, the single h is replaced 
by n values a(Xi),i = 1, • • • ,n. This estimator is of the form 

/w-iÊ^'(5§) (3.17) 

The kernel centered on Xi has associated with it its own scale parameter a(Xi), thus 
allowing different degrees of smoothing. The variable kernel smoother is illustrated 
in Fig. 3.1(b). To use variable kernel density estimators for color images, we let the 
scale parameter be a function of the RGB-values and the color space transform. We 
are now left with determining the scale and shape of the kernel. 

In most experiments, when the number of measurements increases, the histogram 
takes a definite shape. According to the model of (3.8), the limiting distribution 
for measuring photons is Poisson. When the average number of counts is large, the 
Poisson distribution is approximated well by the Gauss distribution [10]. We therefore 
define the shape of the kernel by the normal distribution 

K(x) = 1 
cxp (3.18) 

The variable kernel method estimates the univariate, directional hue density as 

ttx)=1-p^K^-e)™d^)) (3.19) 
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where a is derived according (3.6). The variable kernel method for the bivariate 
normalized kernel is 

fi'")-kt*lK &)•*?*&) (3'20) 
where * denotes convolution and ar,ag are derived according (3.4). In conclustion, 
to reduce the effect of sensor noise during density estimation, we use variable kernels 
where the normal distribution defines the shape of the kernel and the uncertainty due 
to the color space transform defines the width of the kernel. In the next section, these 
estimators are compared to the histogram defined in (3.15). 

3.6 Experiments 

In this section, the theoretically predicted uncertainty in transformed color coordi
nates is compared empirically to the actual uncertainty. Also, the performance of 
the variable kernel estimator will be compared to the histogram as density estimator. 
The sensitivity to noise of the two density estimators will be used as test criterion 
and will be measured as the x2 error between estimations of the same scene and will 
also be measured by the number of local maxima present in the estimates. For the 
experiments, the hue range is defined from 0° to 360° over 1° interval. The normal
ized color range is defined from 0 to 255 units over 1 unit intervals. The images are 
obtained using a Sony XC-003P color camera and Matrox Corona framegrabber. 

3.6.1 Es t imat ion of Gain and Dark Current Uncerta inty 

Goal of the experiment is to estimate the values of the gain parameters and the value 
of the dark current variance, c.f. (3.13). Therefore, 26 images are taken of a white 
reference while varying the lens aperture such that each image has a different intensity 
as shown in figure (3.2). Another image is taken with a closed camera cap to establish 
the dark current. From fig. (3.2), the approximate value of the dark current variance 
can be estimated by eye somewhere between the values two and three. However, the 
measured dark current is 0.5 ± 0.5. Because of this low value for the dark current 
variance of one-fourth compared to the estimation by eye, it is assumed that the 
dark current is suppressed internally in the camera and therefore the obtained ad is 
unreliable. Instead, the ad will be estimated from the series of intensity images. 

In (3.13), we assume that the dark current variance is independent of the gain. 
Therefore, three lines are fitted through a common origin which yield an electronic 
gain of ju = 0.040, of 7G = 0.014, of j B = 0.021 and dark current variance of 
al = 2.7. A better fit might have been obtained if the demand of a common origin 
for the lines would be dropped, see fig. (3.2). However, as an indicator of how well 
the variance and intensity data are fitted by (3.13) we use the correlation coefficient 
r. For the red channel, r = 0.995, for green r = 0.990 and for blue r = 0.984. This 
indicates that more than 98% of the datapoints is explained by the linear model of 
(3.13). The validity of the model, including a common origin is therefore empirically 
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0 50 100 150 200 250 
Intensity 

Figure 3.2: Visualization of the lines fitted by var(ï) = yl + a^. Diamonds correspond 
to the red color channel, squares to green and circles to blue. As an indicator of 
how well the variance and intensity data are fitted by (3.13) we use the correlation 
coefficient r. For the red channel, r = 0.995, for green r = 0.990 and for blue 
r = 0.984. This indicates that more than 98% of the datapoints is explained by the 
linear model of (3.13). 

verified. The experiment shows how the parameters for the dark current and the gain 
are estimated for a photon limited camera system. The uncertainties an, o~o, &B are 
derived using these parameters. 

3 . 6 . 2 P r o p a g a t i o n of U n c e r t a i n t i e s 

Nine images are taken from homogeneous colored sheets of paper such that the entire 
image exhibits one single color. Sheet number 1 has a bright red color, number 2 is 
red colored, 3 is yellow, 4 is lightgreen, 5 is green, 6 is cyan, 7 is darkblue, 8 is blue 
and 9 is purple. Theoretical models were proposed in (3.4) and (3.6) to predict the 
propagation of uncertainties from sensor noise to transformed colors. The goal of this 
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experiment is to empirically verify the validity of the developed formulae. For the 
hue color space, the uncertainty 0$ is is predicted for each pixel according to (3.6) 
and then averaged over the homogenously colored image. The actual uncertainty is 
derived as the standard deviation of the hue values. Hue orders colors in a circular 
mode. Therefore the mean hue value is computed as 

5 = a r c t a n & £ 2 f l ) (3 ,1) 

and the uncertainty as 

^ = 7 V ^ T E ( 5 - ^ ) 2 (3.22) 
i= l 

where 

0i-9j=7r-\7r- \9i-0jW (3.23) 

The predicted and actual uncertainties are shown in figure (3.3). The absolute differ
ence between the predicted and actual hue values is 0.07° ± 0.03° which is well below 
1 percent of the hue range. 

The experiment is repeated for normalized colors where the uncertainty is pre
dicted according to (3.4). These predicted and actual uncertainties are shown in 
figure (3.4) and (3.5). The absolute difference between the predicted and actual nor
malized red values is 0.4 ±0.2 and for the green values is 0.2 ±0.1 which is well below 
1 percent of the normalized color range. The experiment shows that the predicted 
uncertanties compare favorably to the actual uncertainties. 

3.6.3 Sensitivity of Density Es t imators for Noise 

For the experiment, 50 identical images are taken from printed textile as shown in 
figure (3.6). The images are recorded milliseconds apart. Thus, the only difference 
between these images is image noise. Goal of the experiment is to empirically compare 
the variable kernel density estimator to the histogram as density estimator under the 
influence of noise. Examples of the estimations are shown in figure (3.7) and (3.8). As 
a measure for the sensitivity to noise, we use the \ 2 difference between the estimations 
for the N = 50 images as 

^2 = EE^)-^)]2^i (3.24) 
i j 

As a second measure for noise sensitivity, the number of local maxima present in the 
density estimation is used. This number is determined as 

local maximum^) = ( J i f (& 7 1 } < }{x) < #* + ^ (3 25) 
[ 0 otherwise v ' ' 

file:///9i-0jW
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Figure 3.3: Analysis of the theoretically predicted uncertainty versus the actual uncer
tainty of the hue. The squares correspond to actual standard deviations of the hue, 
the error bars correspond to the predicted standard deviations. 

Histogram (Eq. 3.15) Variable Density (Eq. 3.19) 
Number of Local Maxima 
X2 Difference 

70 ± 5 
1 9 - 1 0 _ 5 ± 3 - 1 0 - 5 

24 ± 3 
1.4- 1 0 _ 5 ± 0 . 9 - 10 - 5 

Table 3.1: Comparison of density estimation methods for hue color space. For 50 
identical images, the average number of local maxima present in the estimates and 
the x2 difference between the estimates is taken as a measure for sensitiveness to 
sensor noise. 

The results are given in table (3.1). The experiment is repeated for normalized colors 
using the 2-D extentions of (3.24) and (3.25). The results are given in table (3.2). For 
both color spaces, the kernel density method has the smallest x2 difference between 
the 50 recordings and detects the smallest number of local maxima and therefore has 
the best performance if under the influence of sensor noise. 
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Figure 3.4: Analysis of the theoretically predicted uncertainty versus the actual un
certainty for the normalized red color value for nine sample colors. The range of the 
standard deviation is between 0 and 255. The squares correspond to actual standard 
deviations of the normalized colors, the error bars correspond to the predicted standard 
deviations. 

Histogram (Eg. 3.15) Variable Density (Eq. 3.20) 
Number of Local Maxima 
X2 Difference 

560 ± 20 
200 • 10~4 ± 500 • 10~4 1 

6 ± 1 
10-4 ± 2 10 - 4 

Table 3.2: Comparison of density estimation methods for normalized color space. For 
50 identical images, the average number of local maxima present in the estimates and 
the x2 difference between the estimates is taken as a measure for sensitiveness to 
sensor noise. 

3.6.4 Sensitivity of Density Est imators for Unstable Color Val

ues 
Two images are taken of a variable density filter placed on top of a yellow and blue 
colored paper sheet. The filter attenuates an incident beam of radiation without 
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Figure 3.5: Analysis of the theoretically predicted uncertainty versus the actual uncer
tainty for the normalized green color value for nine sample colors. The range of the 
standard deviation is between 0 and 255. The squares correspond to actual standard 
deviations of the normalized colors, the error bars correspond to the predicted standard 
deviations. 

altering its spectral distribution. The density varies across the filter's length. As 
a result, one part of the image is bright, the other part is dark. The images are 
manually divided into the dark and light part. It was shown in (3.6) that hue is 
unstable for pixels on the achromatic axis, thus unstable for dark colors close to the 
black point. Goal of this experiment is to evaluate the performance of the density 
estimation methods for dark and bright colors. The number of local maxima derived 
by (3.25) present in the density estimations is taken as a measure for the sensitivity 
to sensor noise. The results are given in Table 3.3. The uncertainty in the hue for 
dark colors is larger than for bright colors as a result of the unstability of hue. The 
experiment shows that the number of local maxima present in the kernel density 
estimation compares favorable to the estimation by the histogram method. 
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Figure 3.6: Image of printed textile pattern used for the experiment described in section 
(3.6.3). See also the color plate at page 125. 

Color Hue Histogram #Max. Kernel #Max. 
Bright yellow 225 ± 2 2 i 
Dark yellow 210 ± 4 0 46 27 
Bright blue 68 ± 1 2 1 
Dark blue 56 ± 9 16 3 

Table 3.3: Comparison of performance of density estimation methods for dark (unsta
ble) and light (stable) colors in hue color space. The average number of local maxima 
present in the estimates and is taken as a measure for sensitivity to unstable hue 
values. 

3.7 Discussion 

Using a theoretical camera model, the number of photons that correspond to a bright
ness level is determined. Based on the associated uncertainty according to the Poisson 
distribution, theoretical models are derived that propagate the sensor uncertainty to 
the uncertainty in the transformed coordinates. A principled way for variable kernel 
density estimation has been proposed that incorporates this theoretical reliability. It 
is empirically verified that the proposed method compares favorably to the histogram 
as density estimator. The method requires that the camera is calibrated to obtain 
the gain parameters. This appears to be a reasonable assumption for industrial image 
processing. A drawback of the variable kernel method compared to the histogram is 
that the method is computationally expensive. The advantage is that the need to 
threshold the transformed colors is overcome, and that the proposed method is less 
sensitive to sensor noise. 
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Figure 3.7: Estimated density for the histogram method. The estimate is ragged and 
the method appears to be sensitive to noise. 
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