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Chapterr 3 

Completee Latt ice Theory: 
Thee Algebraic Framework for 
Morphologicall  Image 
Processingg * 

SupposeSuppose you want to teach the cat concept to a very young child. Do you explain 
thatthat a cat is a relatively small, primarily carnivorous mammal with retractile 
claws,claws, a distinctive sonic output, etc.? I will  bet not. You probably show the 
kidkid a lot of different cats, saying kitty each time, until it gets the idea. To put it 
moremore generally, generalizations are best made by abstraction from experience, 

inin Can We Make Mathematics Intelligible?, by Ralph P. Boas. 

3.11 Introductio n 

Thee design of image processing libraries is not an easy task. Indeed, it becomes more 
complexx when the library tries to meet the following requirements: 

1.. it should be able to deal with several images types (see chapter 1); 

2.. it should be reusable, that is, a programmer using the library should not be 
forcedd to write his own loops over all pixels in an image. This is a recurrent fact 
inn nearly all image processing tasks that should be taken care of by a reusable 
patternn in the library; 

3.. it should be complete, i.e. the repertoire of reusable algorithmic patterns should 
providee all the tools needed to implement new functionality; 

*Thi ss work was developed with Rein van den Boomgaard, Computer Science Department - FNWI, 
Universityy of Amsterdam. 
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4.. although the library should be generic, it should be efficient as well. 

Restrictingg to the design of software for morphological image processing, a com-
pletee and formal view is required on what the image processing operators are supposed 
too do. Too often, morphological software tried to accomplish the impossible due to 
aa lack of formal understanding. A famous example is the impossibility to implement 
translationn invariant operators leading to the so-called border problem. A second 
examplee is illustrated by the plethora of skeleton algorithms that have been proposed 
[3]]  [18] [19] [22]. The skeleton as the line description of a shape with the same ho-
motopyy is a notion that makes perfect sense when dealing with continuous shapes. 
Forr discrete shapes, as they are visible in discrete images, the continuous notion of 
aa skeleton ceases to have a unique meaning. Therefore, a meaningful definition of a 
skeletonn should be based on a discrete geometry and topology and only in case that 
geometryy is as rich in structure as the Euclidean geometry. A proper solution for 
thesee problems is to construct operators within the lattice framework. 

Morphologicall  image processing, more than any other image processing paradigm, 
iss strongly rooted in a formal algebraic theory namely the complete lattice theory. 
Completee lattices serve essentially as a mathematical technique to represent algo-
rithms.. These algorithms should appear as a sequence of operators and images into 
aa w-ell designed framework, where each operator can finally be expressed as a se-
quencee composed of some collection of elementary operators. One of the goals of 
morphologicall  algorithm development is to produce statements in terms of low-level 
operationss that are tied to the algebraic representation of the fundamental structures 
uponn which images and image operators are designed. In this framework, the speci-
fication,, efficiency, and algorithm implementation can be validated. In this chapter a 
brieff  introduction to complete lattice theory is given, stating only the results that are 
neededd to make a formal specification of generic algorithms for morphological image 
processing. . 

Tablee 3.1 illustrates the functions in SCIL-Image [27] with respect to erosion. 
Theree is not just one erosion function defined, but each choice of structuring element 
andd /or image type defines its own erosion function, each with a different name and 
differentt parameters. The examples from SCIL-Image are representative for many of 
thee image processing software libraries available, e.g. Vis i log, Micromorph, Mmorph, 
etcc (see chapter 1). 

Recallingg the characterization of morphological algorithms in chapter 1: there is 
aa waist of notation and code to deal with the same generality. What all erosions have 
inn common is more than just the name, which is an important conceptual observation 
onn its own: the different operators share large parts of the algorithms. Indeed, for 
eachh new image type an entirely new version of the algorithm is written. 

Thee research problems focused in this thesis within the scope of the theory of 
mathematicall  morphology are: Is the complete lattice specialized enough to deal with 
andand represent all possible morphological operators within the lattice framework? More-
over,, How direct expressions for lattice operators can be obtained and relate these ex-
pressionspressions to efficient implementations? In addition, How to improve morphological 
algorithmalgorithm design when the algorithms involved are intrinsically computing intensive? 
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Tablee 3.1 Erosions in SCIL-Image. 

Name e 
erosion3x3 3 

arb i t_eros ion n 

grey.erosion n 

parabol ic .eros ion n 

grr ey _morph_round, 
grey_morph_ellipse, , 
grey_morph_hollow_ellipse, , 
grey_morph_diamond, , 
grey_morph_arbit t 

Description n 
erosionn of a binary image with a box (3 x 
33 neighborhood) structuring element, a dia-
mondd shaped structuring element or a combi-
nationn of these. The size of the structuring 
elementt is variable. 
erosionn of a binary image using an arbitrary 
structuringg element specified as a binary im-
age. . 
erosionn of a grey-scale (integer) image using a 
rectangularr structuring element 
erosionn of a grey-scale (integer or floating 
point)) image using a parabolic structuring 
function. . 
erosionn of grey-scale image using a flat struc-
turingg element. The last part of the name in-
dicatess the shape of the structuring element. 

Thiss should be accomplished by supporting a collection of fundamental operators 
thatt might be grouped together, leading to more elaborated compositions. As a 
consequence,, modern algebraic theory must provide us with the framework to build 
aa reusable, generic and object-oriented library for morphological image processing 
thatt wil l circumvent the combinatorial explosion of functions needed to deal with all 
possiblee types of lattices (image types) and structuring functions [16]. 

Thiss chapter is organized as follows: section 3.2 sketch the algebraic theory of 
morphologicall  image processing to make it clear that an operator like the erosion e 
standss for a lot of different operators depending on the choice of image type (pixel 
valuess being either integers or floats or even color values) and on the specification 
off  the exact working of the operator. Then pixel and image lattice frameworks are 
describedd in section 3.3. Erosions and dilations with a finite support are also described 
sincee they are often used in mathematical morphology. This chapter also shows 
thatt the supports for erosion and dilation are as tightly coupled as the erosion and 
dilationn themselves. For a translation variant adjunction, the support of the erosion 
andd dilation are not trivially related and thus a redundant characterization for the 
adjunctionn needs to be used by giving both supports for erosion and dilation. Finally, 
discussionss and conclusions are drawn in section 3.4. 
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3.22 The Complete Lattice Framework 
Thee interest of mathematicians, engineers, scientists, and image processing software 
developerss by mathematical morphology increased substantially during the last few-
years.. This observation is easily justified, since mathematical morphology grew up as 
aa solid mathematical theory with a large set of useful techniques to extract information 
fromm signals and images. Originally introduced for binary images using set theoretical 
conceptss [23], it was extended to grey-scale images in [5] [6] [7] [12] [24] [25] using the 
umbraa transform. Nowadays, the umbra approach is less used, but it should be noted 
thatt it played an important role in the early days of the development of morphology 
ass a mechanism for expressing grey-scale operations in terms of binary operations. 
However,, it was firstly observed by [21] and later by [13] that the mathematical 
descriptionss of grey-scale morphological operators using the umbra mechanism were 
nott the same as for binary ones (continuous case). 

Completee lattice theory is nowadays the accepted algebraic framework for math-
ematicall  morphology. Most of the theory introduced in this chapter can be found in 
thee book of Heijmans *. 

Fromm the algebraic view on mathematical morphology the principle of an ordering 
iss the central issue in the theory [2]. An ordering relation < tells us whether a value v 
iss less then or equal to value it; (both from some value set V). It should be noted that 
<< is written in this chapter, but that < is not necessarily the well-known ordering of 
thee real values commonly used. In fact the ordering of the real values is special in 
thee sense that for all values v and w (such that v ^ w) it is true that either v < w or 
ww < v, this is not true in general for the partial orderings. 

Definitio nn 1 Let V be a set with a binary relation < defined as follows: 

 u < u 

 U < U, V < U =>  U — V 

 u < V, V < w ==> u < w 

SuchSuch a set V is called a partially ordered set (often abbreviated as poset). 

AA partial ordering is called a total ordering or a chain in case either v < w or w < v. 
Ann example is the familiar ordering of the real values. The alphabetical ordering of 
thee names in a telephone book is another example of a total ordering. 

Considerr a subset W of the value set V. The supremum or least upper bound of 
WW is the value v (if it exists) in V such that for all elements w E W leads to w < v. 
Notee that the supremum need not be in the subset W itself. The infimum or greatest 
lowerr bound of W (if it exists) is the value v such that for all elements w € W leads 
too v <w. Again the infimum need not be in the subset W. 

Ann ordering on the value set V such that all possible subsets of V have an infimum 
andd supremum is needed to define morphological image processing operators. The 

t\Vhenn the reference in the literature is not specifically related to other work and a proof is not 
formulatedd in this chapter, a reference is made to Heijmans [14]. 



3.2.. The Complete Lattice Framework 63 3 

prototypicall  image operator in the morphological context is the erosion (and dilation) 
wheree the infimum (supremum) of all pixel values in a neighborhood of each point 
inn the image (erosions and dilations are to defined formally later on) is selected. 
Obviously,, the infimum does exist no matter the values in the neighborhood. Else, 
att certain locations in an image, there is no way to assign a value. That is why 
mathematicall  morphology needs a complete lattice [21]. 

Definitio nn 2 A partially ordered set V is called a complete lattice in case every subset 
ofVofV has both an infimum and a supremum. 

AA complete lattice thus is characterized with the set of all elements V and with a 
partiall  ordering defined on V. One writes C = (V, <) to denote the complete lattice. 
Forr elements v € V, one writes v E C. 

Thee infimum of all elements in V is denoted as — oo and the supremum of V as 
+oo.. The operator that acts on a set of values W € V to return the infimum is 
denotedd as A, the operator that returns the supremum is denoted as V. For a finite 
numberr of elements, an infix operator notation is used like v\/ w and v Aw. 

Ann operator on a complete lattice £ is a mapping 0 : C —> C. It should be noted 
thatt the set of all the operators on C with the induced ordering <j>  < ift <=>  Vu € C : 
<fi(v)<fi(v)  < ip(v) is a complete lattice as well. The complete lattice of (image) operators 
iss not considered in detail in this chapter. 

Ass the ordering is the central issue in mathematical morphology, it is expected 
thatt operators that preserve the ordering are of some importance. Order preserving 
operatorss are called increasing in the morphological theory. 

Definitio nn 3 An operator 0 on a complete lattice C is called increasing in case: 

vv < w —> <f>{v)  < <j)(w) 

Thee basic operators in mathematical morphology are the erosions and dilations. 
Thee following definition, proposed in [14], describes the complete lattice: 

Definitio nn 4 Let C be a complete lattice. An operator e : C —> C is called an erosion 
inin case it distributes over the infimum of a collection of values: 

wherewhere I is some index set and {vi}  is an arbitrary collection of values V{ 6 C 
AnAn operator S : C —  £ is called a dilation in case it distributes over the supremum 

ofof a collection of values: 

KielKiel ) i£l 

wherewhere I is some index set and {vt} is an arbitrary collection of values V{ € C 
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Thesee operators deserve being called the basic operators in mathematical morphol-
ogyy due to a theorem of Matheron [20] stating that every increasing operator can 
bee written as the supremum of erosions or equivalently as the infimum of dilations. 
Laterr this theorem was generalized to include all operators by Banon and Barrera [1]. 
Theree is a need not only to state these theorems, but also to know that implementing 
justt the erosions and dilations is enough to justify the term generic algorithms for 
morphologicall  image processing. It should be noted that although theoretically suf-
ficient,, such a morphological software library would be a very inefficient one. Later 
sectionss discuss ways to speed things up. 

Erosionn and dilation are not inverse operators, i.e. eó ^ id and 6e / id. This 
asymmetryy between erosions and dilations allows one to build sequences of image 
operatorss that change the image, leaving out the details one is not interested in. 

Thee prototypical operators that are constructed as a composition of erosions and 
dilationss are the openings and closings. 

Definitio nn 5 An opening is an operator a : C —» C such that: 

 a < id, 

 Q is increasing and 

mm a2 = a, i.e. a is idempotent. 

AA closing is an operator ft : C —» C such that: 

 ft> id, 

 ft is increasing and 

 ft2 = ft, i.e. ft is idempotent. 

Thee composition of an erosion followed by a dilation is an opening, the composition 
off  a dilation followed by an erosion is a closing (as will be stated in the following 
proposition).. It should be noted that not just any dilation must be taken to follow 
thee erosion in order to construct an opening. In fact there is a unique dilation that 
mustt be selected in order to do so. Such a unique pair of an erosion and a dilation is 
calledd an adjunction. 

Definitio nn 6 Let C be a complete lattice and let (e, 6) be a pair of operators on C. 
SuchSuch a pair is called an adjunction in case: 

S(w)S(w) < v <=> w < E{V) 

forfor all v,w € C. 

Soo far the exact workings of any of the operators is not defined, not even the ordering is 
definedd (only the algebraic properties were defined). Nevertheless, based on just these 
definitionss it is possible to prove [11] [15] [14] the following proposition that states 
somee of the important properties of erosions and dilations in a complete lattice. 
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Proposit ionn 1 Let (e,6) be an adjunction on the complete lattice (V, <), then: 

1.1. e is an erosion and S is a dilation. 

2.2. The erosion preserves that lattice supremum: s(+oo) = +oo whereas the dilation 
preservespreserves the lattice infimum: S(—oo) = —oo. 

3.3. eóe — s and 5E6 = 6. 

4.4. The composition of an erosion followed by its adjunct dilation a = SE is an 
opening. opening. 

5.5. The composition of a dilation followed by its adjunct erosion j3 = sö is a closing. 

Forr families of erosions and dilations: 

Proposit ionn 2 Let {£i}i^i  be a family of erosions for a non-empty index set I and 
letlet {Si}iEi be a family of dilations, such that (£i,Si) is an adjunction for every i € I, 
then: then: 

1.1. The infimum of erosions is an erosion and the supremum of dilations is a dila-
tion,tion, more specifically (f\ieI £i, Vie/ <$i) *'*  an adjunction. 

2.2. The composition of a countable number of erosions is an erosion and the 
compositioncomposition of a countable number of dilations is a dilation, more specifically 
{s\£2{s\£2  £n,b~nb'n-\  " b~\) is an adjunction. 

Erosionss and dilations are thus tightly coupled through the notion of adjunction. 
Inn fact for every s there is a unique dilation 6 such that (s, 5) is an adjunction. 
Equivalently,, for every dilation there is a unique erosion to form an adjunction. Un-
fortunatelyy there is no closed form expression for the erosion given the dilation or vice 
versa.. Therefore: 

Proposit ionn 3 Let (s, S) be and adjunction on C, then: 

e(e(vv)) = l\{w e C I 6{w) < v} 

and and 

S(v)S(v) = \J{w e C I v < s{w)} 

Thiss proposition states that to find the erosion e(v) of v given the dilation 5, all values 
ww whose dilated value S(w) is less then or equal to v must be obtained. The infimum 
off  all these w-values is the erosion e(v). 

Takee notice that the value set V was not defined, nor what the ordering is like. 
Inn the following sections, the focus will be at a restricted form of a complete lattice, 
namelyy one that is constructed by lifting a complete lattice of pixel values to the 
imagee domain. Complete lattice theory is, however, not restricted to such types of 
completee lattices. As an example and because it is needed as a model for structuring 
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elementt decomposition to be discussed later, the complete lattice of subsets of the 
d-dimensionall  spacefthe power set P(Md)) is introduced. The partial ordering in this 
spacee is the set inclusion relation: 

X,X, Y e V{lRd) :X<Y «=> X CY 

Thee infimum in this complete lattice is the intersection of subsets C\ and the 
supremumm is the union of subsets U. The infimum of all subsets in V{Md) is the 
emptyy set and the supremum of all subsets is the entire space itself. 

Forr the :P(IRC') value set with ordering C the explicit (and redundant) specification 
is: : 

££ = (p ( IRd) ,C ,u ,n ,0 , IRd) . 

Thee familiar adjunction in this complete lattice is formed by the Minkowski addi-
tionn and subtraction of sets: 

Proposit ionn 4 Consider the complete lattice C = (p(Md), C, U, n, 0, lRd) . The pair 

ofof operators (£A,SA) defined by: 

eeAA(x)(x) = xeA = {heiRd \Ah a }  (3.1) 
66AA(X)(X) = X ®A = {x + a\x € X,a£A} (3.2) 

isis called Minkowski addition and subtraction with A being a subset of Hd namely 
thethe structuring element. The pair is an adjunction on C. Note that Ah denotes the 
translationtranslation of the set A over h. 

Givenn the proof of the proposition the generic properties of adjunctions in any 
completee lattice are obviously true in this specific instantiation. Notably the com-
positionn of a Minkowski subtraction followed by a Minkowski addition, using the 
samee structuring element A, defines the structural opening: aA(X) ~ 6A£A{X) = 
(X(X Q A) © A. The dilation followed by an erosion defines the structural closing: 
00AA(X)=e(X)=eAA66AA(X)(X) = (X(BA)GA. 

Propositionn 2 tells us that the composition of two dilations again is a dilation. It 
doess not tell us what the algebraic form of the dilation is. For the Minkowski addition, 
onee may prove that: 

{X{X © A) © B = X®{A®B) 

Equivalentlyy for the Minkowski subtraction: 

(XeA)QB(XeA)QB = XQ{A®B) 

3.33 Morphological Image Processing 

Thee algebraic theory of complete lattices is used in this section in the image processing 
context.. First, what is considered to be an image in this chapter is defined in section 
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3.3.1.. Only image ordering relations that are derived from ordering relations on the 
sett of all pixel values are considered. 

Sectionn 3.3.2 introduces some of the pixel lattices that are used in morphological 
imagee processing. Examples are the scalar lattices (to model grey-scale images using 
eitherr floating point values, integers, etc.) and non-scalar lattices to model for instance 
colorr images. 

Sectionn 3.3.3 lifts these pixel lattices to define an ordering of images. The main 
propositionn in this section gives the most general expression for adjunctions in the 
imagee lattices that are considered. 

3.3.11 Images 

Ann image is considered to be the recording of some physical observable within the 
visuall  field. Observing the luminance, say ƒ (x) as function of the location x results 
inn an image ƒ : E —  V being a mapping (function) from the visual field E to the 
rangee of possible observation values V. Most often E is the two dimensional space 
H 22 and V is the set of positive real values. 

Representingg an image in the computer requires a discretization of the domain. 
Onee cannot store measurements taken in all locations of the plane, even if a restriction 
iss made to a bounded region of the visual domain. Sampling the image is the clas-
sicall  way to make the notion of an image amenable to computer representation and 
computerr manipulation. The image is observed only in a finite number of locations 
inn the visual field. 

Lett B be a d x d-matrix whose column vectors form a basis in IRd. The contin-
uouss space IR is our prototypical continuous image domain. The sampling grid VB 
generatedd by the basis B is the set of all locations Bk with H 2 : 

TTBB = [BkeJRd I fc G 2d } 

Noww let ƒ : JRd —> V be the continuous image. By looking at the image in all locations, 
thee sampled image is a mapping F : Z -»  V defined by 

F(k)F(k) = f(Bk) 

Inn this section most often the distinction between the real image ƒ and its sampled 
representationn F is not made. Most of the complete lattice framework is valid for both 
continuouss space as well as discrete spaces. IE or simply E are written to indicate 
thee d-dimensional image domain being either IRd or TL . 

3.3.22 The Pixel Lattic e 

Thiss section looks only at the range V of the images F\m(E,V). It is assumed that 
ann ordering < is defined on V such that (V, <) is a complete lattice. 

Inn this chapter it is convenient to characterize a complete lattice with the tuple: 

££ = (V,<,V,A,-oo,+cx> ) 
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Notee that these relations, operators and constants have an abstract meaning and 
thatt only the value set V and the ordering relation are really needed in defining 
thee complete lattice. The supremuin and infimum operators and the — oo and +oc 
constantss follow from these. Nevertheless, all elements are most often specified in the 
abovee tuple, such an explicit definition of the complete lattice more closely relates to 
ourr ultimate goal of software construction. 

Inn this redundant but operational description a pixel lattice V — (V, <) is defined 
with: : 

VV = {V , <,V,A.-oo,+oo} 

where e 

V V 
< < 
V V 

A A 

—— OO 

++ 00 

thee set of pixel values, 

thee ordering relation, 

thee supremuin operator. 

thee infimum operator, 

thee lattice infimum and 

thee lattice supremum. 

Adjunctionss on the pixel lattice are denoted as (e, d) to contrast them with ad-
junctionss (e,S) to be defined in the image lattice (in section3.3.3). Parameterized 
familiess of adjunctions of the form (ep,dp) such that for each valid p the pair of the 
erosionn ep and dilation Dp forms an adjunction are important in the next section 
wheree pixel lattice adjunctions are used to define image lattice adjunctions. Such a 
parameterizedd adjunction is also be denoted as (e(p),d(p)). 

Ann important class of adjunctions in the pixel lattice are those that are constructed 
fromm an automorphism 0 on V and its inverse 0_ 1. An automorphism is an increasing 
(i.e.. order preserving) bijective (i.e. invertible) map on V (note that an isomorphism 
iss a bijective and increasing map from V to V). In [17] it is shown that (0, 0_ 1) as 
welll  as (0_ 1,0) are adjunctions on the pixel lattice. 

Veryy often a pixel value is the outcome of a physical measurement in one location 
inn the visual field. In case the measurement is a scalar value (e.g. the luminance), the 
rangee is best characterized by the real value set IR. The obvious way to order these 
measurementss is using the natural ordering of the real values. Note that H is not a 
completee lattice as the supremum (and infimum) of IR itself is not in the set of real 
values.. To make H into a complete lattice one has to add — oo and +oo to the set of 
reall  values. This extended real line is denoted as IR. 

Inn practice the measurements at every position in the visual field cannot assume 
ann arbitrary real value. It is impossible to observe a negative energy or to observe an 
energyy that exceeds the saturation level of the sensor. These two extremes lead to 
thee pixel value set V to be a subset of the real values: V = [0,i;satUrated]-

Inn general the scalar real valued range is the interval IRa,& = [a, b] C IR. The 
naturall  ordering on IR also defines an ordering on M.a,b- It should be noted that the 
erosionss and dilations to be defined on this value set should adhere to the properties 
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off  erosions and dilations. Both the erosion and dilation should be mappings from 
IRa,&&  to IRa,6. This simple observation has some profound consequences, not only 
theoreticall  but also in practice when designing algorithms for morphological image 
processing.. Consider for instance the following parameterized erosion in IR: 

eepp(v)(v) = v + p 

Thiss pixel lattice erosion forms the basis for the structural erosion on grey-scale images 
(seee chapter 4). Note that in IR the above erosion is an automorphism . Note that it 
iss not an erosion in ]Ra& (unless a = — oo and b = +oo) for all values of the parameter 
pp (note that it is only an erosion for p = 0). 

Inn the early days of morphological image processing, when memory was still ex-
pensivee and so were floating point computations, most of the image pixel values were 
encodedd using integer values. The value set V then is Z Q ^ - I where B is the number 
off  bits used. The natural ordering does define an ordering on the interval as well. 
Notee that for this complete lattice, -oo = 0 and +00 = 2B - 1. Note that for any 
erosionn in this lattice it is required that e(2B — 1) = 2B - 1 and for any dilation 
d(0)) = 0. The classical structural erosion ep(v) = v +p therefore cannot be used 
inn this integer lattice. In chapter 4, the slightly adapted version of the erosion (and 
adjunctt dilation) is discussed (see also Heijmans[14]). 

Noww consider the adjunction (<£, 0_ 1) on the complete lattice IRa,6 (with <j>  an 
automorphismm on IRa,6. In practice it is not needed to take into account all possible 
automorphismm adjunctions on all possible intervals. It is sufficient to provide support 
forr the entire extended real line IR only and map the data from IR07t, onto IR, transform 
itt and map it back to the original interval. 

Propositionn 5 Let {<p,(f>~1) be an adjunction on JRa,6 and let 7 be any isomorphism 
thatthat maps 1&a,b onto IR then 

(4>,<f>~~(4>,<f>~~11)) = ( 7 ~ V 7 > 7 ~ V_ 1 T ) 

wherewhere (^,i/>_1) is the adjunction on IR defined by 

(ip,^'(ip,^'11)) = (7</>7~1,70_17~1) 

isis the canonical real pixel lattice. 

Proof.. The proof is straightforward by substitution and knowing that the composition of 
isomorphismss is again an isomorphism.

Althoughh this proposition is rather shallow from a theoretical point of view it 
providess the theoretical background to support only the IR pixel lattice in a generic 
softwaree library for morphological image processing (in case the adjunctions are au-
tomorphisms). . 

Ann advantage of this approach to implement adjunctions in the extended real 
valuee set is that most contemporary processors deal with —00 and +00 in a manner 
thatt is consistent with the complete lattice algebra. 

Forr the non-scalar pixel lattices things are much more complicated. This is mainly 
becausee a natural ordering of the values is not evident. In image processing non-scalar 
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pixell  values are nevertheless just as important as the scalar lattices. Some of the non-
scalarr images are: 

colorr  images: Pixels in a color image represent a vector of scalars in a color space. 
AA color space is made of components (channels), one for each sensor in an 
imagingg system. Many different color spaces have been defined over the years 
[8]]  [9] [10]. The scalars are the outcome of a physical measurement or some 
transformationn of several measurements. Therefore, they should be represented 
byy real numbers. Often there is limited real valued interval for each of the 
components.. In color imagery, there are usually three sensors with spectral 
responsess that cover the red, green, and blue regions of the visible spectrum 
whenn considering a RGB space; 

spectrall  images: Nowadays it is possible to acquire images where every pixel value 
iss a fine sampling of the entire electromagnetic spectrum. A spectrum is simply 
aa chart or a graph that shows the intensity of light being emitted over a range of 
energies.. Although the information can be represented as a vector of values, it 
iss more appropriate to think of the information as a one-dimensional function: 
thee spectral energy as function of the wavelength; 

multi-spectrall  images: A multi-spectral image can be seen as a collection of sev-
erall  monochrome images of the same scene, each of them taken with a different 
sensor.. Each image is referred to as a band. In remote sensing it is com-
monn practice to measure several different spectral responses at each position. 
Satellitess usually take several images from frequency bands in the visual and 
non-visuall  range; 

tensorr  images: The human visual system not only samples the luminance informa-
tionn but also the differential spatial structure of the visual field. Mathematically 
thiss amounts to the observation of all components in the iV-jet. At every pixel, 
onee measures the different spatial derivatives up to order TV. The collection of 
thesee derivatives can be represented as a vector but geometrically it does not 
behavee like a vector but like an TV-jet: a collection of tensors. 

Forr non-scalar pixel values a natural ordering can not be defined [2] [4] [26]. For 
instance,, there is a lot of discussion in the morphological literature concerned with 
thee partial ordering of colors. Component-wise ordering of colors has several disad-
vantages.. So far, no one has yet tried to work with adjunctions in the color pixel 
latticee other than the trivial (id, id) adjunction, leading to flat morphological image 
operators.. This will be one of the subjects of chapter 4. 

3.3.33 The Image Lattice 

Thee pixel lattices V = (I7, <) as discussed in the previous section provide the basic 
ingredientt to define a complete lattice of the images in Fun(i?, V). The ordering of 
thee images in Fun (£7, V) is derived from the ordering in the pixel lattice V. 
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Definitio nn 7 Let fi for i = 1,... ,n be images in Fun(E, V). The 'lift'  of a n-ary 
relationrelation r(v\,... ,vn) with vi 6 V is defined as the relation: 

A r ( / i , . . .. ,ƒ„) <«=  Vx€ E : r ( / i ( x ) , . .. , / (xn) ) 

TTiee Zi/t of a function <t>(v\,... , vn) un£/i Vi € V w defined as: 

A^(/(a: i ) , . ... ,ƒ(&„) ) 

/orr a// x £ E. 

Thee obvious relation to lif t to the image domain is the ordering in V: 

A<< (ƒ,<?) - Vx e E : f (x) < g(x) 

Inn case there is no confusion between the relation r (or function 0), the r or <f>  are 
writtenn in both cases. For the ordering relation: 

ƒƒ < 9  ̂ Vx € E : ƒ (x) < ^(x) 

Thee liftin g scheme applied to the familiar operators in V such as addition and multi-
plicationn are very well-known. It is customary to write ƒ + g for the pixelwise addition 
off  two images. 

Thee liftin g scheme is presented in this chapter in to stress its importance as a 
programmingprogramming pattern in an image processing library. The availability of such a pattern 
wil ll  free the programmer of writing the for-loops over all pixels in an image over and 
overr again. 

Liftin gg the ordering relation in V to the set of all images Fun(£, V) results in a 
completee lattice of images. 

Propositionn 6 (Image Lattice) Let V = (V, <) be a complete lattice, then 

CC = (Fun(E,V),A<) 

isis a complete lattice as well. 

Inn our redundant characterization of a complete lattice the image lattice is con-
structedd as the lif t of the pixel lattice V = (V, <, V, A, +00, -00) resulting in: 

CC = (Fun(£,y) ,A<,Av ,A A ,A + 0 O,A_o o) 

Fromm now on the explicit liftin g notation is omitted. The symbols are overloaded 
ass follows: 

CC = (Fun(£,Vr) ,<,V,A,+oo,-oc) 
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where: : 

Fun(£,, V) 

< < 

V V 

A A 

—— oo 

++ OC 

thee set of images, 

thee ordering relation: ƒ < g -<=>  Vx € E : f(x) < g(x). 

thee supremum operator: (ƒ V g)(x) = f(x) V g(x). 

thee infimum operator: (ƒ A g)(x) — ƒ (x) A 5(2). 

thee lattice infimum: — 00(x) = —00 and 

thee lattice supremum: + oc(x) = +oc 

Nott only relations and functions can be lifted from the pixel lattice to the image 
lattice.. Generalizing adjunctions in the pixel lattice to adjunctions in the image lattice 
iss also a rather straightforward procedure. 

Thee following description leading to proposition 7 can be found in [14]. It is 
reproducedd here because it is so central in the formal description of morphological 
imagee operators in the image lattice. Furthermore the derivation is very similar to 
thee derivation of the convolution operator given the requirement of a linear image 
operator. . 

Lett x £ E and t £ V then the morphological pulse is given by Ax<t e Fun(£', V) 
by: : 

A., r(y)) = 
tt : x = y 
—— 00 : x 7̂  y 

Anyy image ƒ G Funfis, V) van be written as the supremum of morphological 
pulses: : 

// = V ^f(y) 

y€E y€E 

Considerr a dilation in Fun(J5, V') of the image ƒ: 

SfSf = s(\jAyJ{y)) 
\y£E\y£E / 

Becausee by definition the dilation distributes over the supremum: 

SjSj = \/ 6(AyJ{y)) 
y£E y£E 

Inn a pixel x: 

Define: : 

(*ƒ)(* )) = \J S(Aytfia)){x) 
y£E y£E 

ddyyAt)At) = S(Ay4))(x) 
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then: : 

(*ƒ)(* )) = V dvMiv)) 
yeE yeE 

Observee that dy,x is dilation in the pixel lattice. Thus, it was shown that any 
dilationn in the image lattice can be written as the supremum of pixel lattice dilations. 
Inn [14] the following proposition is proven: 

Propositionn 7 Let V = (V, < be a complete pixel lattice. The pair (e, S) is an 
adjunctionadjunction in the image lattice (Fun(£,V), <) if and only if for every x,y € E there 
existsexists an adjunction {ey,x,dx,y) in the pixel lattice such that: 

{ef){x){ef){x) = /\eVtX{f(y)) (3-3) 
y£E y£E 

(*ƒ)(* )) = \J dvMiv)) (3-4) 
y£E y£E 

Carefullyy observe the asymmetry in the pixel lattice adjunction (eyiX,dx,y)]  it is an 
essentiall  asymmetry. 

Inn image processing practice one deals with discrete images denned on a bounded 
domainn £ c 2 d . Proposition 7 is also valid for these bounded domains. That is, any 
dilationn (including the familiar one in which the supremum is selected in every local 
neighborhoodd of a pixel) can be written as: 

(*ƒ)(* )) = V dvM(y)) (3-5) 

AA simple algorithm to calculate g = Sf is given in figure 3.1. 

Figur ee 3.1 A simple algorithm to calculate g = 5f. 
forr  all {x G IE) do ~ 

rr  — — oo 
forr  all (y e E) do 

rr = V(r, <*(!/,*)(ƒ(!,)) } 
endd for 
g(x)g(x) = r 

endd for 

Notee that dVtX and d(y,x) notations for the pixel lattice dilation are interchange-
able.. The same holds for eViX) and e(y,x). 

Thee computational complexity of the above algorithm is ö(#£^2) where # £ is 
thee number of pixels in the domain of E. This is a very inefficient algorithm as most 
off  the pixel lattice dilations have a finite support, i.e. to calculate (6f)(x) one needs 
nott only to look at all pixels y G E but also to make a restriction to the pixels y in 
thee neighborhood of x. Section 3.3.4 formalizes the notion of finite support erosions 
andd dilations. 
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Observee that there is no border problem apparent in the expression for a the image 
latticee dilation (eq.(3.5)). In fact there is no border problem at all. The so-called 
borderr problem comes from dubious algebraic manipulation of the above expression. 

Considerr the pixel lattice dilation: 

d(vd(v x)(t) = {l  yeA'-nE 

vy '' A ; \ -oo : otherwise 

wheree M is a subset of Z d {not the bounded domain E C 7Ld) and Ar
x is the translation 

off  A ' over x. Substituting this pixel lattice dilation in the general expression for the 
imagee lattice dilation yields: 

(MKx)=(MKx)= V KV) (3-6) 
y^My^MxxnE nE 

OnlyOnly in case E = 2 one writes: 

(<wx*)) = V f(y) 
yee JV3 

== V f(y) 

== \J f(x + z) (3.7) 
z£Nz£Nx x 

Thiss last expression can be rightfully interpreted as: the dilation value in location 
xx is calculated as the supremum of all values f(x+z) for all z in the local neighborhood 
ofof x as defined by the structuring element A/". This is of course the classical definition 
off  a (flat) dilation also called the local maximum filter. 

I tt should be noted that equation 3.6 is not a valid definition for a dilation on a 
boundedd domain E e 7Ld because in such a bounded domain the addition of location 
vectorss x + z is not well defined. Note that ƒ (  + z) is the translation of ƒ over vector 
—— z. This is what Serra [24] called the myth of translation invariance. 

Inn classical standard works on image processing equation 3.6 is used as the defi-
nitionn of a dilation, even on a bounded domain. Then the problem: what to do with 
thee pixels outside the image? immediately arises. Only in case the border is equal to 
-ooo one obtains the same result as defined in equation 3.5. It is not difficult to see 
thatt for the erosion, the border needs to be set to +oo. Indeed, explicitly setting a 
borderr around an image to deal with the pixels outside the image domain is an effi-
cientt way to make the algorithm translation invariant and obtain efficient algorithms 
(seee chapter 4). 

Anotherr often used dilation is the structural grey-scale dilation. Assume that in 
thee pixel lattice, addition and subtraction are defined for pixel values. Let g be a 
structuringstructuring function defined on Zrf (or IRd) and let the image lattice be Fun(E, V) 
wheree V is bounded subset of 7Ld. Define the pixel lattice dilation: 

d(y,x){t)d(y,x){t) =t + g(x-y) 
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Notee that the (vector) subtraction x — y is well defined since g is defined over the 
infinitee domain. The image lattice dilation then becomes: 

W)(x)W)(x) = \/ d(y,x)(f(y)) 
yeE yeE 

== \J f(y) + g(x-y) 
yeE yeE 

Again,, only in case E is the infinite domain (7Ld) the above expression may be 
rewrittenn for the image lattice dilation and obtain: 

(<W)(*)) = V f(x-v) + a{v) 
yeE yeE 

Thiss is the classical definition of the non-flat structural grey-scale dilation. Only 
inn the infinite domain the role of image and structuring function can be interchanged: 
ögfögf = 5fg, or in the more familiar notation: ƒ © g = g@ ƒ. This is an error prone 
interpretationn when used in connection with bounded domain images: in the bounded 
domainn these properties are not valid anymore (see chapter 4). 

3.3.44 Erosions and Dilations with a Finite Support 

Thee computational complexity of a generic dilation 

(Sf)(x)(Sf)(x) = V dvAfiv)) (3-8) 
yeE yeE 

iss 0(#E2) where # £2 is the number of pixels in the domain of E. For every pixel 
xx for which the dilation value is to be calculated one needs to look at all y G E 
too calculate d{y,x){f(y)). This is the part that can be done much more efficiently 
forr most of the pixel lattice dilations used in practice. Most often, only relatively 
feww pixels needs to be considered in the neighborhood of x. For all y not in the 
neighborhoodd of x the pixel lattice dilation returns -oo regardless the value of ƒ (y). 

Inn this section, the notion of such local neighborhoods is formalized. Our formalism 
iss valid for spatial variant operators as well. 

Definitio nn 8 The support of an image lattice dilation S that is based on the pixel 
latticelattice dilation d(y,x) is the map N5 : E ->  V(E) such that: 

yy & Ns{x) «=> V v G V : d(y,x)(v) = -00 

Propositionn 8 Let d(y,x) be a parameterized family of pixel lattice dilations with 
boundedbounded support N$ then: 

(Sf)(x)=(Sf)(x)= V dy,x(f(y)) 
yeNs(x) yeNs(x) 
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Thee proof is trivial. Note that this lowers the computational complexity to: 

Forr the translation invariant case where N§(x) = J\fx fl E where A' is the neigh-
borhoodd set, the computational complexity becomes 0(#E#Ar). For big structuring 
elementss .V this can still be a huge complexity. In chapter 4, some of the techniques 
thatt are developed to reduce the computational complexity by decomposing a dila-
tionn <5.v into a sequence of dilations using smaller structuring elements are described: 
o*o* = <W„ ' " <Vi such that £ \= i „ #-A/i < #-V. 

Definitio nn 9 The support of an image lattice erosion e that is based on the pixel 
latticelattice erosion e(y,x) is the map N£ : E ->  V(E) such that: 

yy & N£(x) <=> Vv € V : e(j/,a;)(v) = +oc 

Proposit ionn 9 Let e(y,x) be a parameterized family of pixel lattice dilations with 
boundedbounded support N£ then: 

(£ƒ)(*)== V evM(v)) 
y£Ny£Nss(x) (x) 

Again,, looping only over the pixels in the support may reduce the computational 
complexityy significantly. 

Justt as for the pixel lattice dilation, a redundant characterization of an adjunction 
AA = (e,d) is introduced to incorporate the support for both the erosion and the 
dilation: : 

AA = (e,d,N£,Ns) 

Thee generic algorithm for an image dilation then becomes: 

Figur ee 3.2 A simple algorithm to calculate g = Sf. 
forr  all ( iGE ) do 

rr  = —oo 
forr  all (y e Ns) do 

rr = V{r,d(y,*) ( ƒ(»))} 
endd for 
g(x)g(x) = r 

endd for 

Comparedd with the previous algorithm in 3.2, the dilation support Nö(x) is used, 
thatt is, an extra method of the adjunction class. 

Thee classical translation invariant fiat erosion using structuring element 5 is de-
finedd as: 

yes* * 
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whereass the adjunct dilation is: 

(6(6ssf)(x)f)(x)  = V f(y) 
y£Sy£Sx x 

Notee that for this adjunction, Ne(x) = Sx and Ns{x) = Sx, thus the support of 
erosionn and dilation are mirrored version of one another. This can be generalized to 
thee general case using a more abstract form of mirroring. 

Definitio nn 10 Let N : E ->  V(E) then, define the mirrored support N : E -+ V(E) 
by: by: 

N(x)={yeE\x€N(y)} N(x)={yeE\x€N(y)} 

Ann immediate consequence is that: 

xx E N(y) <=>- y e N(x) 

Proposit ionn 10 let (£,6) be an adjunction in Fun(E, V) with support N£ and N$ for 
thethe erosion and dilation respectively, then: 

NN££=N=N6 6 

Proof.. Given a dilation ö(x,y) in the pixel lattice, the adjunct erosion can be written as 
[14]]  [16]: 

e(y,x)(w)e(y,x)(w) = \/{v\S{x,y)(v)<w} (3.9) 

Notee that x & Ns{y) if and only if Vv : S(x, y)(v) = —oo. Thus, 

xx ^ Ns(y) <=> e(y,x)(w) = \J{v | -oo < w} = +oo (3.10) 

Usingg equation 3.9, yields: 

yy & N5(x) <̂ => e(y,x)(w) = +oo (3.11) 

Comparingg this equation with equation 3.9, one gets that N£ = N$. m 
Thiss proposition shows that the supports of the erosion and dilation are as tightly 

coupledd as the erosion and dilation themselves. For a translation variant adjunction 
thee support of the erosion and dilation are not trivially related. Therefore, our redun-
dantt characterization of the adjunction, giving both the erosion and dilation support, 
remains. . 

3.44 Conclusions 

Iff  generic expressions for the erosions and dilations are implemented in a complete 
imagee lattice given by equations 7, then one must say that if an image processing 
algorithmm does not fit into the presented framework, it is not mathematical morphol-
ogy. . 



788 Chapter 3. Complete Lattice Theory: The Algebraic Framework for Morphological Image Processing 

Ass equations 7 give the most general expressions for erosions and dilations and 
knowingg that all the morphological operators can be implemented using only erosions 
andd dilations our claim is justified. 

Chapterr 4 describes the parallel pattern implementing generic erosions and dila-
tionss introduced in this chapter in much more detail. 

Ann morphological image processing library that would stop at this point would 
certainlyy not be a success; almost all useful (and more complex) morphological algo-
rithmss would be terribly inefficient. 

Manyy of the well known morphological algorithms that are used in practical im-
agee processing are based on iterations of erosions and dilations. These morphological 
algorithmss (encompassing reconstruction and watershed segmentation) can be imple-
mentedd much more efficiently with more elaborate algorithms then those discussed in 
thiss chapter. 

Chapterss 5 and 6 describe the sequential pattern and the queue based pattern to 
implementt iterations of erosions and dilations much more efficiently. 
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