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Chapterr  4 

Thee Parallel Pattern* 

AnAn algorithm is a unite procedure, 
writtenwritten in a fixed symbolic vocabulary, 
governedgoverned by precise instructions, 
movingmoving in discrete steps, 1, 2, 3, ..., 
whosewhose execution requires no insight, 
cleverness,cleverness, intuition, 
intelligence,intelligence, or perspicuity, 
andand that sooner or later comes to an end. 

inin The Advent of the Algorithm, by David Berlinsky. 

Designingg software from scratch is the choice when the problem at hand requests 
unconventionall  solutions, or when the operational circumstances are different 
fromm anything seen in the past. In general, when the problem is very difficult 

onee can imagine that everything has to be in line to reach an acceptable solution. 
Forr morphological image processing, this is no longer a good engineering practice. 
Implementingg software this way will generate code that will be dedicated to the data, 
too the problem, and to the platform. 

Combinationss of various software design techniques such as component-based pro-
gramming,, object-oriented programming and generic programming have proved ef-
fectivee for code optimization for frequently performed operations in mathematical 
morphology.. Due to the versatility of generic programming, one does not need to 
investt time in specific implementations for every variation of a general algorithm. 
Thiss means that a small number of generic algorithms are sufficient to implement the 
functionalityy of a traditional image processing library. 

Therefore,, the key problem statement is: Given a general theory for mathematical 
morphology,morphology, then how can the complete lattice framework be used to provide a generic 
patternpattern f or morphological algorithm representations? Additional problem statements 
derivedd from the first one are: What are the necessary elements that constitutes the 

"Thiss chapter was developed with Rein van den Boomgaard, Computer Science Department -
FNWI,, University of Amsterdam. It contains portions of papers that were published in the SIB-
GRAPI'98,VISUAL'99,GRAPI'98,VISUAL'99, and ICPR'00 conferences. 
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82 2 Chapterr 4. The Parallel Pattern 

genericgeneric pattern in case it exists? and How it can be used to effectively map morpho-
logicallogical operators from its mathematical representation into practice and govern the 
effectiveeffective implementation? Specializations of the generic pattern must comply with 
thee complete lattice theory and serve as source of information for the design and 
implementationn of morphological image operators. 

Thee straight mapping of erosions and dilations in the pixel and image lattices 
givenn in chapter 3 into algorithm representations are the necessary requirements to 
introducee the generic pattern in this chapter. Such pattern must be fully characterized 
byy its basic building blocks. 

AA specialization of this pattern, namely parallel pattern, is used to describe parallel 
algorithmm implementations. Other specializations of the generic pattern are the main 
topicc for chapter 5 and 6 respectively. 

Flatt operators are defined in such a way that pixel lattice erosions and dilations 
aree not taken into account. They play an important role in mathematical morphology 
forr its theoretical aspects and practical use. Therefore, flat morphology introduces 
changess in the representation of the parallel pattern with respect to the adjunction 
sincee only the minimum and maximum are needed to characterize erosions and dila-
tionss in the image lattice over a specified neighborhood. 

Flatt morphology works with structuring elements of all shapes and sizes. Morpho-
logicall  operators are often used with large structuring elements, which makes them 
highlyy inefficient for practical purposes. Alternative solutions to lower the computa-
tionall  complexity of morphological operators will be discussed in the sequel of this 
chapter. . 

Exampless of the application of the parallel generic pattern are given for both scalar 
latticess and non-scalar lattices. Scalar lattices are used to give a parallel pattern 
representationn for real values, parabolic morphology, and 6-bit integers. Non-scalar 
latticess are restricted to color lattices. Additional attention is given to color lattices in 
thee sense that it is still not a completely solved concept in mathematical morphology. 
Eachh case study presented in this chapter match the generic representation of the 
parallell  pattern. 

Thiss chapter is organized as follows: section 4.1 provides the fundamental concepts 
off  the parallel implementation based on the complete lattice framework. The generic 
patternn is extensively described in section 4.2, which contains the necessary elements 
thatt characterize the parallel pattern, leading to its effective implementation. The 
subjectt of section 4.3 concentrates on speeding-up the algorithms constructed under 
thee parallel pattern. Section 4.4 addresses the flat morphology, including structuring 
elements,, structuring element decomposition and fast algorithms. Section 4.5 gives 
somee examples on the application of the parallel pattern for scalar and non-scalar 
latticess including grey-scale and color images. Section 4.6 describes the parallel pat-
ternn implementation based on the Horus library structure including a solution to the 
borderr problem. Discussions and conclusions are presented at the end of the chapter 
inn section 4.7. 
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4.11 Erosion, Dilation, and the Parallel Implemen-
tation n 

Inn chapter 3 the most general form of erosion and dilation for images ƒ € Fun (IE, C) 
weree given, where IE is a discrete space and C is the complete pixel lattice. The basic 
morphologicall  operators are erosion and dilation written as: 

(ef)(x)=(ef)(x)= f\e(x,y)(f(y)) (4.1) 

and d 

(6f)(x)(6f)(x) = V S(x,y)(f(y)) (4.2) 
yew, yew, 

wheree e(y, x) and ö(x, y) are erosions and dilations in the pixel lattice C. Equations 
4.11 and 4.2 form an adjunction on C 

Thee notations used in chapter 3 for pixel lattice erosions and dilations are slightly 
modifiedd here since it helps in the representation of morphological algorithms. The 
pixell  lattice C is characterized by the value set V (the collection of all possible pixel 
values)) and the partial ordering on V (denoted <). 

AA pixel lattice is explicitly described by the tuple: L = (V, <, \/, / \, \f c, /\c), 
wheree V and f\ are the supremum (least upper bound) and infimum (greatest lower 
bound)) operators respectively. Observe that this lattice includes additional elements 
otherr than V and < since they are needed in the implementation of morphological 
imagee operators. In the discrete case, only the supremum and infimum of a finite 
numberr of values are needed. Then, V and /\ can be rightfully called maximum and 
minimumm respectively. V£ a nd Ac a re a^so n e eded as the lattice supremum and 
infimum. . 

AA straightforward implementation of equations 4.1 and 4.2 is called parallel be-
causee the order in which the locations x € IE are being accessed has no influence on 
thee result. The same algorithm can be implemented in a sequential hardware. It can 
alsoo run on parallel hardware where every processor is responsible for processing a 
partt of the image [19] [21]. 

4.22 A Generic Pat tern 

Considerr the dilation in the image lattice: 

(<*ƒ)(*) == \/ S(x,y)(f(y)) (4.3) 
2/€E E 

wheree ƒ G Fun (IE, £), and C = (V, <, V, A' Vc Ar) - The domain IE of the images 
inn this chapter are rectangular subsets of 7Ld where d is the dimension of the image 
ƒ.. Note that the pixel lattice £ is a complete lattice, i.e. a partial ordered set (poset) 
withh extra requirements including a supremum and an infimum. 
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Thee pixel lattice dilation 6(x,y) is parameterized by two locations in the image 
domainn IE. In words, equation 4.3 dictates that at every location x, (öf)(x) is cal-
culatedd by looping over all locations y e IE and dilating f(y) with the pixel lattice 
dilationn 5{x,y) resulting in S(x,y)(f(y)). Then the supremum of all these values is 
takenn as the result. An algorithmic representation for h — Sf is given in figure 4.1. 

Figur ee 4.1 Parallel dilation algorithm representation demonstrating the straight 
mappingg from its mathematical equation. 

forr  all (j- € E) do 
h{x)h{x) = i\c 

forr all (y € E) do 
h(x)h(x) = \/{h(x),ó(x,y)(f(y))} 

endd for 
endd for 

Thee parallel dilation algorithm given in figure 4.1 reveals the building block rep-
resentationn of the generic pattern. It includes the following elements: 

 iterator : an iterator is a fundamental structure that abstracts the process of 
movingg through a finite set of elements. It allows for the selection of each 
elementt of the set without knowing the underlying structure of the set. Using 
aa programming language's terminology, an iterator can be considered as an 
abstractt pointer to an element in the set. Algorithms use iterators to operate 
onn data structures (containers). Iterators set bounds for algorithms, regarding 
thee extent of the container. This is a powerful feature, partly because it allows 
forr learning a single interface that works with all containers, and partly because 
itt allows containers to be used interchangeably. 

Iteratorss are more complex at the implementation level. Therefore, there is a 
needd for a generalization of the iterator concept for two or more dimensions. 
Thatt is, traversal functions (see chapter 2) must be provided to tell the iterator 
inn which coordinate direction to move. For instance, the algorithm in figure 4.1 
wouldd be better characterized with a two-dimensional iterator to move through 
alll  the elements x £ E and another to move through all elements y € IE. 
Sincee images are bounded and have a finite number of elements, algorithm 
characterizationss using one-dimensional iterators are also feasible; 

 pixel lattice: The mathematical theory states that only two elements are 
neededd to describe complete lattices, i.e. the value set V and the partial ordering 
relationn <, yielding £ = (V, <). Note, however, that a decision was made to have 
alll  the operators and constants explicitly available. Therefore, the supremum 
VV and infimum f\ operator as well as the lattice supremum \Jc and infimum 
/ \ ££ are included in the lattice definition £ — (V, <, V; A> V ^ A/;)-

I tt is the responsibility of the software developer (who instantiates a particular 
pixell  lattice) to make these operators and constants explicitly. For example, the 
algorithmm in figure 4.1 needs the appropriate values for the pixel lattice infimum 
f\f\cc and the supremum operator V; 
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 adjunction: the image dilation (6f)(x) included in the algorithm in figure 4.1 is 
characterizedd by the pixel lattice dilation S(x, y). With any pixel lattice dilation, 
aa unique pixel lattice erosion is associated. Such a pair of adjoint operators is 
calledd an adjunction A = (s,S) (see chapter 3). 

Thesee three elements, when joined together, form the building block representation 
off  the generic parallel pattern, given in figure 4.2. The generic implementation of 
thee algorithm in figure 4.1 is really all that is needed to implement morphological 
operatorss on Fun(2 , V). If an image operator does not fit  into this scheme, it is not 
placedd into mathematical morphology theory. 

Figur ee 4.2 Building block representation of the generic parallel pattern including 
thee iterator, the pixel lattice, and the adjunction. 

H H 

Adj j uncti i 

» » 

on n 

Pixe e Lalt t xt xt 

It t L'rato o 

y y 

Observee that the dilation algorithm in figure 4.1 contains two nested loops: one 
forr the elements in the image and another one for the elements in the structuring 
functionn object S. A dilation structuring function object, therefore, is an object of a 
classs with an application operator that returns the result of the pixel lattice dilation. 
Thee computational complexity of the dilation algorithm is C (# IE x#N), where # IE 
representss the number of pixels in the image ƒ and #JV is number of pixels with 
respectt to the neighborhood N. 

Onn one hand, without resorting to parallel computers or to parallel software im-
plementationss such as bitmaps, the computational complexity due to the number of 
pixelss in an image cannot be lowered. On the other hand, the computational com-
plexityy related to the structuring function object Ö can be lowered significantly in 
practice,, which is the topic of the following section. 

4.33 The Need for Speed 

Morphologicall  algorithms are used iteratively, requiring several applications of the 
samee operator to obtain the result. Therefore, efficient implementations are needed. 
Thee first intuitive choice is to reduce the number of neighborhood operations in order 
too achieve better efficiency. The theory introduced in chapter 3 is summarized in the 
constructionn of the generic algorithm implementation. 
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Propos i t ionn 11 The pair {e,S) is an adjunction on Fun(E,V) if and only if for 
everyevery x,y £ IE, there exists an adjunction A = (e{y,x),S(x,y)) on V such that: 

(Sf)(x)(Sf)(x) = V ö(x,y)(f(y)) (4.4) 

(£ƒ)(*)) = A ^y)(f(y)) (4-5) 

Defini t ionn 11 The support of the dilation ö(x,y) is the map N$ : IE  —> P(JE) such 
that: that: 

yy <£ N6{x) <̂ => Vv e V : ö(x,y)(v) = -oo (4.6) 

Corol laryy 1 The dilation 6 in equation 4-4 can be rewritten as: 

(6f)(x)(6f)(x) = V 6(x,y){f{y)) (4.7) 
yeNs(x) yeNs(x) 

Definit ionn 12 The support of the erosion e(x,y) is the map Ne : IE —> P(1E) such 
that: that: 

yy g Ne{x) <^=>Vv e V : e{x,y)(v) = +oo (4.8) 

Corol laryy 2 The erosion e in equation 4-5 can be rewritten as: 

(Sf)(x)(Sf)(x) = V e(x,y)(f(y)) (4.9) 
y€Ny€Nee(x) (x) 

Definitio nn 13 Let N : IE -  P(E). TTien de/me JV : IE -> P(E) &y: 

JV(a;)) = {y € IE | x € iV(y)}  (4.10) 

Observee that in the case N(x) = Al' + x (translation, assuming that IE is the 
infinit ee space), then N(x) = N + x, where N is the mirroring of N with respect to 
thee origin. 

Propos i t ionn 12 Let N£ and N$ be the support of erosion and dilation respectively; 
then,then, Ns = N6. 

Notee that in the generic dilation algorithm in figure 4.1 the locations where S(x, y) 
resultss in the value — oo can be left out of the inner loop as they do not change the 
finalfinal value in the location x. This can be applied by looping only over the locations in 
thee neighborhood as shown by the algorithm in figure 4.3. Observe that the dilation 
inn the image lattice is therefore represented by equation 4.7. 

Bothh iterator and pixel lattice for the dilation algorithm presented in figure 4.3 
aree not influenced by the use of the neighborhood N$(x). However, the adjunction 
AA = (e,<S) is affected by the neighborhood. The consequence for the generic pattern 



4.4.. Flat Morphology 87 7 

Figur ee 4.3 Dilation algorithm representation demonstrating the straight mapping 
fromm its mathematical equation using N(x). 

forr  all (x e IE) do 
h(x)h(x) = /\c 

forr  all (y € N(x) : N(x) C E) do 
M* )) = VWs), *(*,»)(ƒ (y))} 

endd for 
endd for 

iss that the original definition of adjunction A = (e, S) needs to be extended to A = 
(£,6,N(£,6,N££,Ns).,Ns). Observe that proposition 12 shows that one could only introduce N£ 

andd from that infer N$. However, this can be done easily only for structural erosions 
andd dilations. Therefore, the choice was made to add redundant information by giving 
bothh supports explicitly since the adjunction is a basic building block in the design 
andd implementation of morphological algorithms. 

4.44 Flat Morphology 

Thiss section deals with flat morphology, which is a very special case of morphological 
operators,, often used in practice. It also addresses structuring element decompositions 
ass well as presents some other fast algorithms for flat morphology. 

Erosionn and dilations using a flat structuring function are considered as erosions 
andd dilations of a function by a set. Flat structuring functions return a constant value 
overr its support in accordance with the morphological operator in use. For instance, 
thee flat dilation structuring function is of the form: 

xfxf \t \ ƒ v : V € Ns(x) (A n \ 
o(x,y){v)o(x,y){v) = < " . AT ; ' (4.11) 

Forr this type of structuring function object, the dilation in equation 4.11 becomes: 

(6f)(x)(6f)(x) = V 6(x,y)(f(y)) (4.12) 

== V /(»)  (4-13) 
y€Ny€N66(x) (x) 

Inn other words, at the point x, the dilation operator selects the supremum of the 
pixell  values in the neighborhood N$(x). The supremum is provided by the pixel 
latticee definition. A dual representation is easily derived for the erosion operator. 

I tt is interesting to observe that the computation of h(x) in the inner loop of the 
algorithmm presented in figure 4.3 becomes h(x) = \J{h(x), f{y)}, since S(x,y)(f(y)) is 
thee identity for y G Ns{x). This computation is obviously faster than the conventional 
one,, which considers the pixel lattice dilation 6(x,y). The adjunction is faithfully 
representedd by A — (N£,Ns) for flat morphology. 
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4.4.11 Common Structuring Elements 
Mathematicall  morphology extracts information about the geometrical structure of an 
objectt by transforming it through its interaction with another object, a probe, called 
thee structuring element. This structure is of simpler shape than the original object. 
Itt is most of the time, known a priori. Information about size, spatial distribution, 
shape,, connectivity, convexity, smoothness, and orientation can be obtained by trans-
formingg the image object using structuring elements. Common structuring elements 
aree represented in figure 4.4. 

F iguree 4.4 Pictorial representation of the most common structuring elements 
(a)square,, (b)cross, (c)line, and (d)disk for 3 x 3, 5 x 5, and 7 x 7 support size. 
Notee that the origin of the coordinate system is marked with a cross. 

EH H 
E E 

I tt has been shown in section 4.3 that the implementation of generic algorithms for 
morphologicall  image operators still need a nested loop for construction to process the 
imagee data, a typical characteristic of the parallel pattern. Consider the nested loop 
withinn the dilation algorithm in figure 4.3. If the time to execute h(x) is independent 
off  any indexing variable, the complexity is 0(#Ns), #Ng being the number of pixels 
inn Ns respectively. Due to the performance penalty its high complexity produces, this 
approachh requires additional strategies to reduce such complexity. 

Structuringg element decomposition using bitmapped representation and van 
Herk'ss algorithm are addressed in the following sections. 

4.4.22 Structuring Element Decomposition 
Forr flat morphological operators, pixel lattice erosions and dilations are completely 
characterizedd by the local neighborhood N(x) (see equation 4.12). A restriction is 
madee to the translation invariant morphological operators where N(x) = Afx n E. Flat 
imagee erosions and dilations using the structuring element N are therefore denoted 
byy ej\f and 6^/ respectively. 
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Usually,, it is assumed that the image domain is the infinite discrete space. If the 
structuringg element A/" can be decomposed into a sequence of k smaller parts (denoting 
thee Minkowski addition by ©): 

MM,, = tf1@Mi@---®tfk (4.14) 

thenn there is a way to speed up erosions and dilations. The flat image dilation 
ójsójs is decomposed into a sequence of ^-operators <5JV\ , 6j 2̂,..., 6j k̂_1,5/vfc >

 s u cn that 
<VV = <Wi  <5jVfc  For k = 2: 

<Vi<W22 - <WI8.A/2 (4-15) 

Thiss opens the way for decomposing the structuring element, leading to algorithms 
thatt are more efficient. The computational complexity of the pixel lattice dilation 6^j-
iss 0(#jV), where #jV is the number of elements in the set J\f. 

Thee intention here is not to go deep into the particular aspects of structuring 
elementt decomposition but briefly describe their advantages and relate them to the 
parallell  approach. The interested reader may find a more specific literature for both 
binaryy morphology in [18] [37] [39] [40] and grey-scale morphology in [3] [15] [24] 
[28].. Algorithms for optimal structuring element decomposition based on successive 
dilationss of smaller structuring elements have been presented in [2] [18] [22]. 

Logarithmicc decomposition [29] [34], when applied to a sufficient large structur-
ingg element, is known to be the ultimate decomposition one can achieve. Therefore, 
thee computational complexity of morphological operators that make use of such a 
decompositionn is significantly reduced. Consider the example of a logarithmic decom-
positionn of a squared 9 x9 structuring element into 17 pixels, given by equation 4.16 
ass follows: 

1 1 

1 1 

11 ^ 

.. > 

11 J 

Denotee the 3 x 3 square as M and the structuring element containing only the 
extremee points of this square as E(J\f), then equation 4.16 can also be written by: 

AMAM = Af © E{M) e E(2Af) (4.17) 

wheree E(2Af) is the extreme set of a 5 x 5 square structuring element. 
Forr a software point of view, it is important to stress the fact that equation 4.14 

andd consequently 4.15 are only true in general for the infinite image domain. To 
illustratee this point, the logarithmic decomposition is rewritten to: 

1 1 
1 1 

1 1 

1 1 
1 1 

1 1 

11 . 
11 . 

1 1 

1 1 
.. 1 
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1 1 -1 1 
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,, 1 
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<WW = ^E{2M)^E{M)^X 
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Thiss is indeed true for the dilations on the infinite discrete plane. For the bounded 
planee it is not true however. Consider the bounded plane of 8 x 8 pixels with just 
onee object pixel, given in figure 4.5(a). Dilating the set in (a) with E{2M) results in 
figuree 4.5(b). Then, dilating (b) with E{M) leads to figure 4.5(c). Finally, dilating 
(c)) with A/" produces figure 4.5(d). 

F iguree 4.5 The myth of translation invariance within logarithmic decomposition: 
considerr the bounded plane of 8 x 8 pixels in (a). Dilating (a) with E(2J\f) results in 
(b).. Then, dilating (b) with E(Af) leads to (c). Finally, dilating (c) with A" produces 
(d).. Note that 11 pixels are missed in this operation when compared to 4A", which 
meanss that 4A/" ^ M © E(J\f) ® E(2Af) for a bounded image plane. 
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Comparedd with the dilation using 4JV, 11 pixels are missed in the dilation result 
(seee figure 4.5(d) where these pixels are highlighted). This shows clearly that the 
operationn is not commutative. It depends on the order of the dilations associated 
withh the structuring element decompositions. As a consequence, logarithmic decom-
positionn is not useful in general for a bounded image plane. For bounded images, 
furtherr research is needed in order to describe the requirements for A/i , A/2, such that 

4.4.33 Fast Algor i thms for Flat Morphology 

I tt has been shown that morphological operators, when implemented using a parallel 
pattern,, lead to a time-consuming algorithm implementation. Several researchers 
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havee been confronted with the problem of speeding up these morphological operators, 
producingg a vast quantity of approaches and techniques [1] [5] [26] [35] [37]. 

Thiss section focuses on some of the possible solutions namely the bitmapped rep-
resentationn and the linear structuring elements with arbitrary lengths and angles. 
Notee that both solutions are not well established in the generic representation of the 
parallell  pattern since they are specific implementations. Such implementations make 
usee of image and structuring element special characteristics to achieve efficiency. 

AA fast algorithmic implementation for basic binary morphological operations on 
general-purposee sequential computers was proposed in [34] and works with structur-
ingg elements of arbitrary size and shape. Rather than representing binary images as 
bit-planess inserted in grey-scale images, the bitmap representation was used. This 
representationn is very efficient both in terms of memory requirements and in terms of 
algorithmicc efficiency because the CPU operates on 32 pixels in parallel. A combina-
tionn of a bitmapped representation with the logarithmic decomposition of structuring 
elementss leads to very fast algorithms for the basic morphological operators. 

AA method to obtain fast gray-scale erosions and dilations with horizontal, vertical, 
orr diagonal linear structuring element of arbitrary length was proposed in [36]. It has 
thee advantage that only three min/max operations per pixel are needed to compute 
thee result. In this method, a one-dimensional input array ƒ of length I is divided into 
blockss of size k, where k is the length of the structuring element in number of pixels. 
Notee that k is of odd extent and all divisions are integer divisions. The elements of ƒ 
aree indexed by indices running from 0 to / - 1. It is also assumed that / is a multiple 
off  k, i.e. I = m x k. Two temporary buffers g and h of length / are required. In 
thee case of dilation, the maximum is taken recursively inside the blocks in both the 
rightt and left directions. Results are stored in buffers g and h, in the right and left 
direction,, expressed as: 

( ( 

.. _ . f(x) if x = 0, k,..., (m - 1) x k 
9W9W ~ | \/(g(x-l),f{x)) otherwise 

f(x)f(x) if x = m x k — I, (m — 1) x k - 1,..., k - 1 b(r)b(r) _ J /(* ) ifx = m: 
KK } ~ I \J{h{x + l)J{x)) otherwise 

Whenn both g and h have been constructed, the result for the dilation r at any coor-
dinatee x is given by considering the maximum value between g at position x + k/2 
andd h at position x - k/2. The recursive dilation algorithm is expressed by: 

r(x)r(x) = \J(g(x + k/2),h(x-k/2) 

Ann example of van Herk's algorithm is given in figure 4.6. Another approach to 
linearr structuring elements was proposed in [25] where generalized versions for erosions 
andd dilations along discrete lines at arbitrary angles are given. This generalization 
hass extended considerably the range of structuring elements in [36]. 
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Figuree 4.6 This figure shows the calculation of r(8) for a 1 x 5 structuring element 
off  length k = 5. This way, r(8) = max[g{8 + 5/2),ft(8 - 5/2)] = max[g(10),/i(6)]. 
Thee advantage of this algorithm is that it requires only three maximum operations 
perr result pixel, and is independent of structuring element length k. However, the 
algorithmm is mostly limited by the constraint that the buffer length I must be a 
multiplee of the structuring element length k. Another limitation is that the algorithm 
onlyy deals with horizontal, vertical, and diagonal structuring elements. 

Linee Structuring Element 

II  l + l I 

00 1 2 3 4 

^-<^-*<-*'-*s ^-<^-*<-*'-*s 

|| ^ N ^ - ^ C - J '^ 

55 1 6 7 1 8 1 9 

-^^ 1 ^-k^-k^-j-^^-

EE-^ ^ ^ 

100 11 12 13 14 

^ - ^^ ^  ̂ ! 

- N < < -NN ^ N < - ^ 

11 HIT, 
Resultt for 

r(8)) = max[ g(10),h(6)] 

4.4.44 Conclusion 

Thiss section focused on the application of a generic parallel pattern for flat morphol-
ogyy due to its importance and practical use. It was shown how the parallel pattern can 
bee applied to efficiently map morphological operators from its mathematical repre-
sentationn into practice by using structuring element decomposition. Fast and specific 
algorithmss for flat morphology (bitmap representation and van Herk's decomposi-
tion)) were also described as possible computational solutions to overcome the parallel 
patternn inefficiency by reducing the number of computations needed for every neigh-
borhoodd operation. 

4.55 Case Studies 

Applicationss of the parallel pattern are widely used in image processing. Examples 
aree given in this section with respect to scalar lattices and non-scalar lattices. Such 
applicationss are grounded on the theoretical pattern concepts and pattern descrip-
tionn and can be easily seen as a natural mapping from morphological formulas into 
algorithmm representation. Examples of the parallel pattern are expressed in terms of 
iterator,, pixel lattice, and adjunction. These examples are restricted to changes in 
thee generic pattern with respect to pixel lattice and adjunction. Additional attention 
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iss given to color lattices in the sense that it is still not a completely solved concept in 
mathematicall  morphology. 

4.5.11 Real Values 

Reall  valued images ƒ € Fun(IE, IR) are considered in this section. The definition of 
ann erosion in the image lattice is given by: 

(ee ƒ)(*) = /\ e(x,y)(f(y)) (4.18) 

wheree e(x, y) is the erosion in the pixel lattice C. 
AA translation invariant definition is derived from equation 4.18, yielding: 

(eƒ)(*)== A etiv - x)(f(y)) (4.19) 
2/6E E 

wheree st{y — x)(f(y)) = f(y) — g(y — x), where g denotes the structuring element. 
Suchh definition leads to the classical structural erosion given by: 

(ef)(x)=(ef)(x)= /\{f(y)-g(y-x)} (4.20) 
yGE E 

Iff  the definition in equation 4.20 is used for finite image domains, the border 
effectt only shows up in case one implements g as a function g : IE —> V as well. 
Thee confusion comes from the fact that the notion of translation of images (through 
g(yg(y — x)) is implicitly defined, which is only valid on infinite domains. An alternative 
solutionn for this problem is given in section 4.6 with respect to implementation details 
forr the parallel pattern. 

Thee classical structural erosion described by equation 4.20 can be seen as a special 
functionn lattice since it has a purely geometrical interpretation [6] [7] [10] [27]. This 
interpretationn matches the topographical view for a two-dimensional Euclidean space, 
wheree points are given by triples of coordinates; the first two locate the position in 
thee two-dimensional support set and the third coordinate gives the height. 

Considerr for instance the geometrical representation of the dilation operator de-
pictedd in figure 4.7(a) with a structuring function (e.g. a disk). At position x, lower 
thee graph of the mirrored structuring function until it hits the graph of the function 
ƒ.. The origin of the graph of the structuring function marks the point on the di-
latedd function. The erosion is equally simple to interpret geometrically. Rather than 
loweringg the structuring function from above, it has to be raised from below. This 
interpretationn is also known as the hitting approach. 

Thee parallel pattern for the real values is presented as follows: 

 iterator : parallel algorithms using iterators (e.g. for loops) are the most 
classicall  not only in conventional image processing but also in mathematical 
morphology.. An algorithm is said to be parallel if the pixel values in the neigh-
borhoodd N(x) are taken in the original image. Implementations derived from 
thiss pattern are independent of the order of image scannings; 
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Figur ee 4.7 Geometrical representation of the dilation operator using a topographical 
vieww of the two-dimensional Euclidean space. 

 pixel lattice: all the elements must be explicitly defined by C = (K, < 

,V,A,W,AJ --
 adjunction: the adjunction A = (e,5,Ne,Ng) is given by the classical defini-
tionss of structural erosions and dilations: 

(£ƒ)(*)) = / \ {f(y)-g(y-x)} (4.21) 
yeNyeNee(x) (x) 

(*ƒ)(* )) = V if(y)+9{x-y)} (4.22) 
yeNs(x) yeNs(x) 

wheree Ne(x) = {y | g(-y) # -00}  and N5(x) = {y \ g(y)  ̂ +00}. 

Whenn the time to execute erosions and dilations is independent of any indexing 
variable,, the complexity for pixel lattice erosions and dilations is 0{#N). 

4.5.22 Parabol ic Morphology 

Considerr A to be a n x n symmetric positive definite matrix. The parabolic or 
quadraticc structuring function (QSF) associated with this matrix is denoted as qA and 
iss given by QA(X) = —5 (x,A~lx). Note that the simplest QSF is the rotationally 
symmetricc one: qj with I being the identity matrix (qi{x) — — \ || x ||2). 

Iff  two QSF's qA and qs are dilated, then qA®QB = 9.4+B, which implies that the 
classs of QSF's is closed under dilation. A QSF qA can be dimensionally decomposed 
alongg the eigenvectors of the matrix A. For a diagonal matrix, the eigenvectors are 
alongg the x and y axis and thus the one-dimensional dilations are along the rows and 
columns.. Note that the QSF qi is the unique rotational invariant function that can be 
dimensionallyy decomposed with respect to dilation * [29] [30] [31] [33]. 

tThiss is a property that it shares with the Gaussian function being the unique isotropic kernel 
thatt can be dimensionally decomposed with respect to convolution. 
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Thee morphological scale-space is generated by dilations (erosions) with a parabolic 
structuringg function of increasing width. Most often, extending the scalar parameter 
too the entire real axis combines the erosion and dilation scale spaces. Negative scales 
aree interpreted as the erosion scales (background) and positive scales as the dilation 
scaless (foreground). Foreground and background are treated distinctly, which make 
aa great difference from linear theory since convolution cannot have this as it is a 
self-duall  operator. 

Thee erosion scale function F® (x, p) is obtained by eroding the original image ƒ 
withh structuring function qp : Fe(x,p) = (ƒ Qqp)(x). Dually, the dilation scale func-
tionn F®(x,p) is obtained by dilating the original image ƒ with structuring function 
qpqp . j?®(x, p) = (ƒ ® qf>)(x). For increasing values of p the scale in the resulting image, 
(eitherr Fe or F®) decreases as the original image ƒ is processed with a structuring 
functionn with increasing size. Therefore, FG and F® are two sequences of images, 
eachh derived from the original image and ordered with respect to their internal scale. 
AA parabolic scale-space was proposed in [14] [33] based on those scaling properties. 

Thee parallel pattern for parabolic morphology is the one presented as follows: 

 iterator : the iterator is the same for the real values (using for loops) and does 
nott need to be changed in this case; 

 pixel lattice: all the elements must be explicitly defined by C = (IR, < 

.V.A.V^AJ; ; 
 adjunction: the classical adjunction, defined by A = (e,<5, is extended to 
AA = (e, 5, IE), since N£ = N$ = IE. Parabolic erosions and dilations are governed 
byy the equations: 

FFee(x,p)(x,p) = (/eO(i) (4.23) 

F®(x,p)F®(x,p) = (ƒ 8 </")(*) (4-24) 

wheree q(x) = — \ || x ||2, a unique structuring function that can be separated 
byy dimension. 

Concerningg parabolic algorithmic implementations, only one-dimensional parabolic 
dilationss need to be considered due to dimensional decomposition. Different algo-
rithmss were proposed in the literature [31], namely the point of contact and intersec-
tiontion algorithm: 

 the point of contact algorithm is based on the fact that the one-dimensional 
parabolicc dilation can be split into a dilation with the left half (x < 0) of the 
parabolaa followed by a dilation with right half. Keeping track of the point y of 
thee original image ƒ where f{y)+q{x-y) reaches it maximum while dilating with 
aa half parabola, leads to a restricted interval of y in calculating the maximum 
off  f(y) + q{x -y); 

 the intersection algorithm makes an iterative list of intervals and the associated 
parabola,, which majorizes all others in this interval. The algorithm starts with 
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PiPi and add it to the list with interval [0, iV— 1] and goes on by adding parabolas 
too the list and splitting the interval into the corresponding sub-intervals. After 
alll  parabolas pk are considered, the continuous maximal parabolas in the list 
aree sampled on the grid points in the corresponding intervals. 

Thesee algorithms work well with QSF's of sufficiently large size. For QSF's of very 
smalll  size, these algorithms are not useful because the QSF is discretized and the 
valuee of p.ql at grid points for small p are greater than the maximum slope in the 
image.. A possible solution to solve this problem is to apply a continuous dilation on 
aa local continuous approximation of the image. It turns out that parabolic dilation 
att small scale is nothing but a stable numerical difference scheme to solve the partial 
differentiall  equation ^ =|j V F ||2. Note that the partial differential equation is the 
morphologicall  equivalent of the linear diffusion equation which is the generator of the 
morphologicall  scale-space F(x,p) — (ƒ d)qpI)(x) (see [33]). 

Anotherr way to implement parabolic algorithmic implementations efficiently is to 
relyy on domain decomposition. It was shown in [13] that the discretized squared 
conee can be decomposed into a sequence of discrete structuring functions with finite 
support. . 

Anotherr decomposition scheme for a large class of grey-scale structuring elements 
fromm mathematical morphology was proposed in [32]. In contrast with many existing 
decompositionn schemes, the method is valid in the continuous domain. The class of 
functionss that can be decomposed includes parabolic structuring functions that are of 
majorr importance in distance transforms and morphological scale-space. For functions 
thatt can be separated along the standard image axes, a discrete decomposition in 3 x 3 
elementss can be guaranteed. The decomposition scheme reduces the computational 
complexity,, leading to efficient algorithm implementations. 

Despitee of the fact that computational complexity for morphological operators 
implementingg the parallel pattern is usually (9(#lEx#./V), it can be reduced sig-
nificantlyy in case dimensional decomposition or domain decomposition strategies are 
employedd with respect to #./V. 

4.5.33 6-bit Integers 

AA 6-bit integer is the term used to express that an image can be mapped using a 
bytee representation (e.g. 8-bits for a grey-scale image). Consider the set S being 
onee of N, Z , M , . .. and assume that Unf and lsup are the lattice infimum and lattice 
supremumm respectively. If the set IN is assigned to S, one obtains a finite set with 
valuess between [0 , . . ., K], K e IN which is not closed under addition and subtraction. 
Therefore,, by approaching this problem using truncated values between /;n/ = 0 and 
huphup = K, the adjunction property is lost. 

Inn order to solve this problem, a new formulation for erosions and dilations for 
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grey-scalee images was introduced in [11] [12] [20]: 

(£ƒ)(*)) - A if(v)-9(v-*)} (4-25) 

(<$ƒ)(*)) = V {f(y)+g{z-y)} (4.26) 
y€Ny€Nss(x) (x) 

Thee dot operators — and 4- are given by: 

KK ila = K; 
KK if (a < AT 
00 \i\a<K 
a-ba-b if (a < K and 0 < a - b < K). 

 , _ . K if (a < K and a — b > K); ,. 9_s 
aa~~bb ~ < o if (a < K and a- & < 0); [ ' 

00 if a = 0; 
 . _ i 0 if (o > 0 erne? a + b < 0); ,. „fi* 

0 + 00 "" ^ AT if ( a >0 and a + b > K ) ; l 4 ' ^ J 

aa + & if (a > 0 and 0 < a + b < K). 

wheree a £ [0 , . . ., K]  and 6 6 H. 
Thee parallel pattern for the b-bit integers is the one presented as follows: 

 iterator : the iterator is just like the same for the real values (using for loops) 
andd does not need to be changed in this case; 

 pixel lattice: all the elements must be explicitly defined by £ = (V, < 
)) \A A? W> A,c)- For instance, for binary and grey-scale images: 

cc = (tfui^v.A' 1'0) 
CC = ( [0 ,255 ] ,< , \ / ,A '2 5 5>0) 

Notee that other integer intervals can be used to compose a new pixel lattice; 

 adjunction: the adjunction A = (e,ö,N£,N$) follows the classical definition 
exceptt for the fact that erosions and dilations are governed by equations 4.25 
andd 4.26 respectively. 

Justt like in the real values case, the computational complexity for erosions and 
dilationss is C>(#lEx#iV). 

4.5.44 Color Lattices 

Inn color morphology, operators that are applied to the whole image can also be ap-
pliedd to the components separately, because the filters commute with infimum and 
supremumm respectively. This kind of marginal processing is equivalent to the vectorial 
approachh defined by the canonic lattice structure when only supremum and infimum 
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operatorss and their compositions are involved and induces a totally ordered lattice as 
presentedd in [8] [9]. Consider two images ƒ and ƒ', each one made up by a number of 
ii  components. Therefore: 

ƒ < ƒ '' <=^  ƒ(*")</ ' (0,V i € l , . . . ,m 

Withh these relations, the supremum of a family {fj}  is the vector \/ ƒ where each 
componentt \/ f(i) is the supremum of the {ƒ/(«)}  Respectively, the infimum of a 
familyy {fj}  is the vector /\ ƒ where each component f\f(i) is the infimum of the 
{fj(i)}-{fj(i)}-  However, this morphological procedure fails because every color can be seen 
ass a vector, which cannot be totally ordered and so the supremum or infimum of 
thee two is a mixture of both the colors. Using this procedure, one obtains the same 
resultss as the simple marginal processing of the data and new colors not contained in 
thee input image wil l appear. 

Anotherr approach, grounded on the use of a vector transformation from IRm into 
JRrJRr followed by a marginal ordering on JR® was defined in [8]. If Q > 1, the marginal 
orderingg induces a partial ordering on the vectors. Q = 1 is required to obtain a total 
orderingg with an /i-adj unction. The important point is to transform the image data 
byy means of a surjective transformation h, which is better suited for the morphological 
approach.. However, h is neither bijective nor injective. A major drawback in practice 
iss that the extrema of a family {fj}  are not necessarily unique. Therefore, many 
differentt vectors can lead to the same result h(f) = /\{{fi}

 o r M/ ) — Vi{/« }  f° r 

erosionss and dilations respectively. Consequently, there is a need for a new equivalence 
relationn =h-

Too extend the vector approach to color images, it is necessary to define an order 
relationn who orders the colors as vectors, rather than ordering the individual com-
ponentss as suggested in [16]. This can be done using reduced ordering. This kind 
off  ordering imposes a total ordering relationship that can be accomplished by the 
lexicographicall  ordering [4] * as reported in [38]. The flat structuring element for 
thee vector morphological operations defined here is the set g, and the scalar-valued 
functionn used for the reduced ordering is r : JR3 —> IR. Erosions and dilations are 
givenn by: 

(ef)r(x)(ef)r(x) = f\ {fr(y) - 9r(y - x)} (4.29) 
y€Ny€Nee(x) (x) 

(Sf)r(x)(Sf)r(x) = V ifr(y) + 9AX ~ V)} (4.30) 
y£Ny£Nss{x) {x) 

wheree fr and gr are the coded representations for ƒ and g under the reduced ordering 
r. . 

Erosionss and dilations in conjunction with a total ordering induced by a reduced 
orderingg generate no new colors. Under the total ordering relation, the infimum or 
supremumm is one of the actual colors. Therefore, the only colors in the output image 
aree those obtained from translations of the input ones. 

JJ An ordered pair (i, j) is lexicographically earlier than (i' ,j') if either i < i' or i — i' and j < j ' . 
I tt is lexicographic because it corresponds to the dictionary ordering of two-letter words. 
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Sincee the output of the vector filter depends on the scalar-valued function used for 
reducedd ordering, the selection of this function provides flexibility  in incorporating 
spectrall  information into the multivalued image representation. For example, linear 
combinationss of the tristimulus values can be used. This can be written as: 

{ r(t)r(t)  = M i + a2t2 + a3t3 

r(t')r(t')  = ait[ + a2t'2 + a3t'3 (4.31) 

r(t)r(t)  < r(t') 
iff  the image is filtered in the RGB color model. For the case where a\ = 0.299, a2 — 
0.587,, and a3 — 0.114, r(t) and r(t') become the luminance component. Multiscale 
openingg in this case would suppress bright objects at each scale. The values of a i, a2, 
andd a3 can also be selected to enhance or suppress specific colors. For example, if 
a\a\ = l,d2 = 0, and a3 = 0, then the effect of a multiscale opening would be to 
suppresss objects with high red content. The same holds to the green and blue color 
channels. . 

Iff  a running maximum approach is chosen, it starts with an arbitrary pixel inside 
thee mask and calls that one the maximum. Then, the next pixels are compared with 
thiss maximum. If a pixel that contains a bigger rank is found, then it is assigned to 
thee maximum. The process continues until all pixels are examined within the filter 
mask.. Note that the difference between the red component and the maximum of the 
otherr two channels is taken for ranking. This means that the purity of red determines 
thee ranking order. For instance, if a yellow pixel [255,255,0] is found, the ranking 
orderr for it is 0. This can be represented as: 

{ r{t)r{t)  = aiti - \J{a2t2,a3t3) 
r(t')r(t')  =oi* i - \/{a2t'2,a3t'3) 
r(t)r(t)  < r(t') 

Whenn linear relationships are employed the partial order relationship < associ-
atedd with a conditional lattice should be given for the case of three components by 
(symmetricall  and not symmetrical respectively) [23]: 

ff  n < t[ 
tt < t' <-> < t2<t' 2 (4.32) 

{{  * 3<* 3 + M* i ~ h) + k2(t'2 - t2) 

{{  h < t[ 
tt < t' <-> < t2<t' 2 + k0(t[  - h (4.33) 

[[  h^t  ̂ + k^-t^+k^-h) 

wheree fc0, fci, and k2 are constants. 
Whenn the bit-mix paradigm is used, the transform r is based on the representation 

off  each component of T in the binary mode. Let T G IRm with m components t(i), 
eachh one represented on p bits t(i)j  € {0,1}  with j G {0, . . . ,p\. The mapping r can 
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thenn be written as follows: 

'' rW=E^1{2 M ( ^" )Lf= 12M -^) J} 
tt < t' O < r(i') =Ej=i [2M-Ü>-iï  ZtLi 2M-V(i) j} 

kk r(t) < r(t') 

(4.34) ) 

Al ll  these scalar-valued functions lead to a family of images, parameterized by 
shape,, size, and color, which could be useful for an application such as object recogni-
tion.. Nevertheless, the differences in the values of a\, 02, and 03 in some scalar-valued 
functionss strongly influences the result. In our implementations, every object has its 
pixel'ss address and a set of keys (^1,^2,^3) that are sorted according to one of the 
scalarr valued functions proposed. 

Somee results derived from the application of color erosions and dilations are pro-
videdd in figures 4.8 and 4.9 respectively. 

Figur ee 4.8 RGB Erosion showing the results for a flat 5 x5 structuring element: input 
image(a),, bitmix(b), and maximum(c). 

Figur ee 4.9 RGB dilation showing the results for a flat 5 x5 structuring element: input 
image(a),, bitmix(b), and maximum(c). 

Thee parallel pattern for the non-scalar lattice working on color images is given as 
follows: : 
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•• iterator : just like for all the examples in this chapter, the iterator (e.g. for 
loops)) structure does not change; 

•• pixel lattice: all the elements must be explicitly defined by £ = (V, < 
,, Vi A' W ' A^)- For instance, for a RGB color image: 

££ = (([0,255], [0,255], [0,255]), <, \ / , / \ , [255,255,255], [0,0,0]) 

Observee that the partial ordering < can vary in accordance with the scalar 
valuedd functions introduced previously. Indeed, any other partial ordering can 
bee used, leading to different output results; 

•• adjunction: the adjunction is represented by A — (TV) since color operators 
aree extensions of flat operators using a flat and symmetric structuring element. 
Erosionss and dilations are given by: 

(sf)r(x)(sf)r(x) = / \ {fr(y)} (4.35) 

W)r(x)W)r(x) = V Uriv)}  (4-36) 
y£Ny£Nss(x) (x) 

Thesee equations are vectorial representations for flat structural erosion and di
lationn of an image ƒ with r components. 

Iff the time to execute color erosions and dilations is independent of any indexing 
variable,, the complexity is C ( # E x#TV x c), # IE being the number of pixels of an 
imagee ƒ, #JV being the pixels in the neighborhood TV and c the number of color 
components. . 

4.5.55 Conclusion 

Thiss section has shown that a variety of morphological algorithm applications for bi
nary,, grey-scale, and color images share the same generic construction, which includes 
thee iterator, the pixel lattice, and the adjunction. The parallel pattern specialization 
compliess with the complete lattice theory and serves as source of information for the 
designn and implementation of morphological image operators. 

Tablee 4.1 contains a list of 40 operators, which are often used in mathematical 
morphology.. An evaluation is made in terms of the suitability of the parallel pattern 
inn the design and implementation of these operators. Note that the parallel pattern 
iss applicable for all the operators in theory but introduces a severe loss in terms of 
efficiencyy in practice. Therefore, other design techniques may be provided, which is 
thee topic of chapters 5, and 6. 

4.66 Parallel Pat tern Implementation 

Thiss section describes the way a parallel approach is employed in the development 
off morphological algorithms. Scalar lattices given by £ = (V, <, V, A' V^7 Ac) a r e 
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usedd as an example within the Horus library [17]. In addition, the border problem 
iss briefly described and alternative solutions are proposed together with the Horus 
approach. . 

Iff one wants to have a generic algorithm for morphological image operators using 
thee parallel pattern, the algorithm itself must be able to wrork with all pixel lattices. 
Inn addition, it must provide the necessary variations according to the choice of the 
reducee operator (i.e. minimum or maximum) in the image lattice and the chosen 
adjunction.. Furthermore, the generic operator might be implemented according to 
thee control of the neighborhood operation using iterators. 

Thee iterator implementation leaves the selection of the pixels that need to be 
visitedd to PixMorphOpT itself, a generic representation of the adjunction (see figure 
4.10).. The implementation makes use of iterators to deal with the generic iterator. 
Thee result is obtained by processing only the relevant pixels according to the adopted 
structuringg function object, which carries addition information about the neighbor
hood.. The next step is reducing this set of values to a single one by means of reduce 
operationn in the image lattice. 

Figuree 4.10 shows the parallel pattern implementation in Horus using C++. Ob
servee that the algorithmic representation in figure 4.1 is easily mapped into practice. 
Thee generic representation for the parallel pattern is made of: 

•• iterator : image iterators are explicitly coded as one-dimensional navigation 
functions.. In addition, iterators are used in the inner loop to process only the 
relevantt pixels that need to be used to compute the neighborhood operation; 

•• pixel lattice: The pixel lattice information is accessed by PixMorphOpT in order 
too execute the computations, performed by using function objects; ArithTyp e 
iss associated with the image type and represents the static type of the data 
structuree used to store results of arithmetic operations on individual pixels; 

•• adjunction: PixMorphOpT is the template name for the pixel lattice adjunc
tions. . 

Thee reminder of this section focuses on the border problem and on alternative 
solutionss including the Horus approach. The computation of erosion and dilation of 
ann image ƒ by an structuring function g whose pixel values lay outside its domain 
DfDf is a well-known dilemma. The general procedure is to set extrema values to the 
borderr (i.e. Vv a n d Av) whether dealing with erosion or dilation respectively. 

Operationss defined in Horus that are not in-place § and/or require a border around 
thee image are to adhere to a set of strict rules in their implementation in order to 
makee optimal use of the support offered by the library. The majority of operators in 
Horuss are implemented in such a way that they seem not in-place from the outside. 
Operationss that are not naturally in-place implement the following scheme: 

•• allocate a scratch image with a border; 

§Thee operation is called in-p lace when it changes the data of the operand image. It is called 
nott in -p lace when it returns a new image as a result. 
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Figur ee 4.10 Generic parallel implementation. Note that all the navigation functions 
accomplishedd by one-dimensional iterators are not present for the sake of clarity. 

void d 
template<classs PixMorphOpT, class ReduceOpT> 
MorphOpp C Image f) 
{ { 

ReduceQpTT reduceOp; 
PixMorphOpTT pixMorphOp; 
PixMorphOpT::iteratorr i = pixMorphOp.begin(); 
intt x,y; 

/// ... 

forCyy = 0; y < f.heightO; y++) 
for(xx = 0; x < f.widthO; x++) 
{ { 

ArithTypee result = pixMorphOp.init(f(x,y)); 

for(ii = pixMorphOp.beginC); i != pixMorphOp.end(); i++) 
resultt = 
reduceOp(result,, pixmorphOp(i.xQ,i.y(),f(x+i.x(),y+i.y())); 

} } 

/// ... 

> > 

•• copy the pixel values of this image to the interior of the scratch image and 
initializee the border, (see Figure 4.11); 

•• do the operation with the scratch image as input but compute results only for 
pixelss corresponding to the interior of the image; 

•• delete the scratch image. 

Thee pixel type of the scratch image is defined in the image signature. The scratch 
imagee is a normal image in that it differs from this image only in its sizes. The alloca
tionn of a scratch image does not impose additional overhead for the implementation of 
aa single operation other than the copying the pixel values. The advantage of the copy 
too the scratch image is that the coding of the operation becomes much easier when 
dealingg with border effects. Furthermore, the absence of special code to do border 
handlingg in the algorithm improves the execution speed, as compiler optimization will 
bee more effective. 

Thee theoretical concept of basic building blocks served as a first step towards the 
genericc implementation of the parallel pattern. Such implementation was introduced 
inn this section in order to show the straight mapping from theory into practice. C++ 
andd STL constructions were used to represent the parallel pattern in the Horus library. 
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Figur ee 4.11 An image with a corresponding scratch image. Observe that the scratch 
imagee is parameterized by the size of the support used for the neighborhood operator. 
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4.77 Discussion and Conclusions 

Thee parallel pattern presented in this chapter can be considered as a first step to
wardss the design and implementation of morphological image operators under the 
completee lattice framework described in chapter 3. The generic pattern definition 
wass suggested in order to characterize the basic building blocks given by the iterator, 
pixell lattice, and adjunction. The mathematical approach leads to the design of con
sistentt methods that address all the requirements needed for the implementation of 
thee parallel pattern. 

Whenn algorithmic implementations are derived from the straight mapping of the 
morphologicall operators like erosion and dilations, the computational complexity is 
knownn to be higher since it contains nested loops. Without resorting to parallel 
computers,, the computational complexity due to the number of pixels in an image 
cannott be reduced. Therefore, the only way to reduce computational complexity 
significantlyy is through the application of efficient neighborhood operations. 

Flatt morphology was one of the topics, which received considerable attention in 
thiss chapter due to its particular importance and practical use. By definition, pixel 
latticee erosions and dilations do not influence the result for flat operators. Image 
latticee erosions and dilations are reduced to the minimum and maximum operation 
onn a pre-defined neighborhood. 

Alternativee solutions for the lack of speed of flat morphological operators and ap
plicationss derived from the parallel pattern were proposed using structuring element 
decomposition.. Other fast algorithms for flat morphology based on bitmapped repre
sentationss and linear structuring element decompositions using van Herk's algorithm 
weree discussed. 

Thee applicability of the parallel pattern was presented by using case studies for 
reall values, parabolic morphology, 6-bit integers, and color lattices. The intention 
wass to show the way a parallel pattern can be used to deal with different kinds of 
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pixell lattices and adjunctions. The parallel pattern implementation was guided by 
thee basic building blocks that constitutes the generic pattern. The mapping between 
theoryy and practice was preserved since the general pattern was implemented using 
commonn generic programming elements like templates and function objects, giving 
supportt for the varying steps of algorithm implementations concerning pixel lattices 
andd adjunctions. 

Thiss chapter has shown the applicability of a general theory for mathematical 
morphology,, well-established in the complete lattice framework, in the construction 
off the generic pattern for morphological algorithm representations. The generic pat
ternn was constructed with the three basic building blocks namely the iterator, the 
pixell lattice and the adjunction and was applied in the effective implementation of 
algorithmss and applications. It was also demonstrated that many algorithms in the 
literaturee are all reduced to the parallel pattern. 
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Tablee 4.1 Table containing an evaluation in terms of the suitability of the parallel 
patternn in the design and implementation of morphological image operators. 

Morphologicall Operator 
erosion n 
dilation n 
conditionall erosion 
conditionall dilation 
distancee transform 
geodesicc distance transform 
opening g 
closing g 
centerr filter 
alternatee sequential filtering (ASF) 
areaa opening 
areaa closing 
openingg by reconstruction 
closingg by reconstruction 
inf-reconstruction n 
sup-reconstruction n 
regionall minima 
regionall maxima 
valleyy removal 
peakk removal 
ASFF by reconstruction 
minimaa imposition 
holee filling 
edgee off 
morphologicall gradient 
openingg top-hat 
closingg top-hat 
openn by reconstruction top-hat 
closee by reconstruction top-hat 
ultimatee erosion 
morphologicall skeleton 
sup-generatingg (hit-miss) 
inf-generating g 
adaptivee threshold 
thinning g 
thickening g 
conditionall thinning 
conditionall thickening 
skeletonn by influence zones (SKIZ) 
watersheds s 

Parallell Pattern 
X X 

X X 

X X 

X X 

X X 

X X 

X X 

X X 

X X 

X X 

X X 

X X 




