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NUMERICA LL  SOLUTIO N OF 

MIXE DD GRADIENT-DIFFUSIO N 
EQUATION SS MODELLIN G 

AXO NN GROWT H 

Abstract.. In the current paper a numerical approach is presented for solving a 
systemm of coupled gradient-diffusion equations which acts as a first model for the 
growthh of axons in brain tissue. The presented approach can be applied to a much 
widerr range of problems, but we focus on the axon growth problem. In our ap-
proachh time stepping is performed with a Rosenbrock solver with approximate 
matrixx factorization. For the Jacobian an approximation is used that simplifies the 
solutionn of the coupled parabolic and gradient equations. A possible complication 
inn the implementation of source terms is noted and a criterion that helps to avoid 
itt is presented. 
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5.11 Introductio n 

Inn biological experiments it is often observed that in the initial growth phase axons 
approachh each other to form a bundle. Then, in the intermediate phase the axons 
groww jointly towards a remotely located concentration of so-called targets. Once 
thee axons have sufficiently approached the targets they debundle and attach to dif-
ferentt individual targets. The ultimate goal of our research is to develop a numer-
icall  modelling tool that can establish which physical processes are necessary and 
whichh are not to predict above described behavior of bundling and debundling. 

Itt is known that one of the mechanisms by which axons are guided to their targets 
reliess on the diffusion of chemo-attractant molecules from the target through the 
tissue.. The concentration of target derived chemo-attractant is largest near the tar-
getss and decays away from the targets. The growth cones at the tip of the axons 
cann sense and follow the gradient in concentration to reach the targets [3]. Further-
more,, it is also known that axons are repelled by diffusible molecules secreted by 
tissuess the axons need to grow away from. 

Severall  mechanisms have been suggested to explain that axons approach each 
otherr in the initial growth phase. Random movement might bring the axons to-
gether,, repulsive signals from surrounding cells could do the same or diffusible 
moleculess that the axons secrete may guide them towards each other. Following 
[5],, we focus on the latter mechanism; we assume that the axons growth cones emit 
aa diffusible chemo-attractant to which the other axons growth cones are sensitive. 

Furthermoree we assume that the growth cones can secrete diffusible substances 
thatt act as chemorepellant to the other axons. In particular we allow the rate of 
secretionn of chemorepellant to be dependent on the concentration of target de-
rivedd chemo-attractant. This enables the axons to repel one another progressively 
strongerr as they approach the target area, ultimately leading to debundling. 

Inn the current paper we restrict the interaction between axons to growth-cone to 
growth-conee interaction. I.e., axons only secrete chemicals from their growth cones 
andd can only sense with their growth cones. 

5.22 Biological model 

Inn this paper we consider essentially the same model as in [5]. We consider a fixed 
spatiall  domain O = [-0.5,0.5] x [-0.5,0.5], measured in millimeters. The model 
assumess that both the targets and the growth cones secrete diffusible chemical 
compoundss to which the growth cones are sensitive. In particular, the targets re-
leasee an attractant and the growth cones release both an attractant and a repellant. 
Thee rate of release of repellant is dependent on the concentration of target derived 
attractant.. This allows the axons to repel each other once they have reached the 
targett area, where there is a high concentration of target derived attractant. 
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Thee time evolution of the concentration fields is governed by diffusion equations 
off  the form 

^ UU 1 A 
—— = dAu — KU + S, 
at at 

wheree u is the concentration of a diffusible chemical compound. The diffusion 
constantt d measures how quickly the compound diffuses through the medium, 
thee loss constant K measures the rate of absorption of the medium and the source 
termm s contains the release of mass by the axons and targets. The growth of the 
axonss is governed by gradient equations of the form 

^ = A V t t ( r ( 0 , 0 ,, t5-1) 
dt dt 

wheree r is the position of an axon. The parameter A measures the sensitivity of the 
axonn to gradients in the concentration field u. 

AA property of (5.1) is that in a steady solution field w, limi t points for r coincide 
withh a maximum, miitimum or saddle point in u. Depending on the sign of A, 
maximaa or minima can either be stable or unstable limi t points. For A > 0, r wil l 
movee in the direction of the gradient of u, i.e. it wil l move towards a maximum 
off  w. Once at a maximum, a small displacement in r wil l cause r to move back 
towardss the maximum. Hence, for A > 0 maxima in u are stable limi t points for r. 
Likewise,, for A < 0 minima in u are stable limi t points for r. For A < 0 maxima are 
unstablee limi t points for r since a small displacement from a maximum wil l cause 
rr to move away from the maximum. Likewise, for A > 0 minima in u are unstable 
limi tt points for r. Saddle points are always unstable since a small displacement 
fromm the saddle point can place r at a new position where the gradient in u can 
eitherr point towards or away from the saddle point. 

Forr the current model of cone derived attractant and repellant and target derived 
repellantt the growth of the axons is governed by the following set of coupled 
gradient-diffusionn equations: 

dduuAu(x,Au(x, t) - KUU(X, t) + <r u £ s (x - Tp), (5.2) 
P P 

ddvvAv{x,t)Av{x,t) -Kvv(x,t)+ <r v£s(x-r«(0), (5.3) 
OL OL 

ddwwAw{x,t)Aw{x,t) -Kww(x,t) + ^To-w(u(x,t))$(x-Ta(t)), (5.4) 
a a 

XXuuVu(iVu(iaa(t),t)(t),t) + AvVv(ta{t),t) - AwVw{rK(t),t), (5.5) 

togetherr with homogenous Dirichlet boundary conditions on u, v, and w. 

Heree t denotes time, x = (x, y) denotes a position in two dimensional space, u, 
vv and w denote the concentrations of respectively, target derived attractant, cone 
derivedd attractant and cone derived repellant. Furthermore, dUf dv and dw are the 
correspondingg diffusion coefficients and KU, KV and KW are loss coefficients due to 

du(x,du(x, t) 
dt dt 

3P(X,, 0 

dt dt 

dw(x,t) dw(x,t) 
dt dt 

dt dt 
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absorptionn in the tissue. The positions of the targets and growth cones are denoted 
byy T^ and rK, respectively, where j8 ranges from 1 to the number of targets and a 
rangess from 1 to the number of cones. The coefficients au, av and aw denote the rate 
off  release of the different chemical compounds. The term s(x) denotes a localised 
symmetricc source term function with maximum at x = 0. Finally the positive 
coefficientss Xu, Kv and Xw measure the sensitivity of the cones to the gradients in 
thee corresponding chemical concentration fields. 

Notee that in the gradient equation AM and Av both enter with a positive sign while 
kkww enters with a negative sign. This represents the fact that both u and v act as 
attractantss to the cones while w acts as a repellant. A positive A causes rfl to grow 
towardss a maximum in the corresponding concentration field while a negative A 
causess ra to grow away from a maximum. 

Example Example 
Inn Figure 1 the stationary solution for u is shown for a configuration with 5 targets 
locatedd at y = 0.25 and x = -0.25, -0.125,0,0.125,0.25. In Figures 2a-f the cones 
growthh trajectories are displayed corresponding to the stationary target derived 
attractantt field shown in Figure 1 with initial cone positions given by y = -0.25 
andd x = -0.25, -0.125,0,0.125,0.25. The trajectories are shown at different time 
levelss between t = 0 and t = 2000, measured in seconds, together with contour 
liness for the net gradient field Xuu + \vv - \ww. 

Figuree 5.1: Stationary solution for u 

Sincee the axons grow in the direction of the gradient in \uu + \vv - Xww, the di-
rectionn of growth of a cone is always perpendicular to the contour lines. This does 
nott imply that the growth paths should be perpendicular to the contour lines. The 
pathss represent the growth of the axons at earlier times and need not be perpen-
dicularr to the contour lines at the current time. 
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a)) t = 0 s b)) t = 250 s 

c)) t = 500 s d)) t = 750 s 

miï<L miï<L ii  \ v> ^ \ \ 

v ^ ^ 
SÏM\ SÏM\ 
//y^~'//y^~' 1 j %s %s 

e ) t == 1000 s f)) t = 2000 s 

Figuree 5.2: Axon growth trajectories together with contour lines for the net gradient field 
A.A.uuuu + A.vv- \ww 
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Figuress 1 and 2 are based on the following parameters: 

dduu = dv = dw = 10 4, 

KK = 10"5, 
\\vv = 5-10-6, 
XXww = 3.75 10-5, 
aauu = £7-D = 3  10~3. 

Thesee agree with the biological order estimates given in [8], but the used values 
weree tuned to get a clear pattern of bundling and debundling. Following [5], the 
dependencee of aw on u(x, t) is modelled by the following relationship, 

3M 2 2 

VwVw = — ö - — j - , p = 25. 

Forr the source function s(x) we have used 

s(x)) = si(x)si(y), 

S l ( ^^ = \ l - J f , \<p\<l. 

Heree / represents the radius of the axons' growth cone which we have taken J = 
0.155 mm, which is quite large. A realistic estimate would be / = 0.02 mm, but 
wee have taken the larger value to get convergence on relatively coarse grids; the 
modell  is not significantly altered by this choice. 

5.33 Spatial Discretization 

Too evolve the governing system (5.3) in time, we employ a method of lines scheme 
(MOL).. This implies that we first discretize the spatial operators on a spatial grid. 
Thiss transforms the set of PDEs for the field quantities u, v, w into a large set of 
ODEss in time, i.e., we get an ODE for every spatial point. In the current paper 
thee resulting set of ODEs together with the ODEs for the growth cone positions ra 

aree solved with a Rosenbrock time stepping technique, as is explained in the next 
section. . 

Thee set of equations (5.3) presents a numerical challenge due to the presence of the 
equationss for the growth cone positions r«. Without these, the set could be solved 
inn a straightforward manner with existing numerical techniques for PDEs. In its 
presentt form the model requires the solution of field equations coupled to parti-
clee equations. In principle it might be feasible to reformulate the held equations 

file:///l-Jf
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intoo a particle form or to rewrite the particle equations into field equations to ob-
tainn either a pure particle or a pure field problem, we however choose to apply 
aa mixed field/particle setup. This approach has as an advantage in that both the 
fieldfield equations and the particle equations are tackled in a natural, efficient manner. 

Considerr a uniform spatial grid Cl^, with mesh width h = 1/(N -f 1), consisting of 
gridd cells 

fii,;fii,;  = {(*/y)l*i- i < *< xuy j -\ <y<yj), 
wheree X{ = ih — 0.5, i/y = jh — 0.5 and i = 1,2,  , N and ƒ = 1,2,  , N. We 
approximatee the spatially dependent function u(x,t) with a grid function u^{t) 
suchh that at node (x,-,yy) the grid function u  ̂has the value w,̂ (f) « u(*,-,y;-, f). 
Thee spatial differential operators are approximated with second order central finite 
differencee operators denoted by A/, and V^. After discretization the ODEs for the 
axonn positions read 

^ ^^ = A^MWVfcMfcCO + AvPhMWhVki*) - KPh{r a(t))Vhwh{t), , 

wheree ra(t) now represents the solution to the spatially discretized equation. To 
avoidd excessive indices we do not replace iu(t) by ra^(t). Note the appearance of 

-- Th*s *s a n interpolation operator which satisfies 

PPhh(r(r aa(t))V(t))Vhhuuhh(t)nVu(r(t)nVu(raa(t),t), (t),t), 

providedd V^u^*)!,-,- « Vu(xifyj,t). The interpolation that we use is simple bi-
linearr interpolation, combined with second order central differences for V/,, hence 
wee have 

PhMt))VPhMt))Vkkuuhh{t){t)  = Vu(ia(t),t)+0(h2). 

Bilinearr interpolation of the differences is sufficient to guarantee that dta{t)/dt 
iss continuous across cell interfaces and hence yields smooth trajectories for ra. 
Notee that with bilinear interpolation d2Tu(t)/dt2 does not exist across cell inter-
faces.. This implies that bilinear interpolation is not to be used in conjunction with 
aa higher order time integration method. 

5.44 The Rosenbrock method 

Thee full system of ODEs that results from spatial discretization, here denoted by 
dc/dtdc/dt = F(c), is stiff and therefore integrated with a second order Rosenbrock 
solverr using an approximate Jacobian matrix. In [9] this solver has been success-
fullyy applied to an advection-diffusion-reaction system from air pollution mod-
elling.. The system is autonomous since the right hand side F(c) contains no ex-
plicitt time dependence; all time dependence in F(c) enters through components of 
thee solution being time dependent. The solution is advanced over a time step with 

CCn+ln+l  =c" + -TK i + -TX 2, 
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wheree T is the step size tn+\ — tn, c
n the approximation for c(tn), and 

{i-yrJUi{i-yrJUi  = Hcn), 
{I-JTJ)K{I-JTJ)K22 = F(C" + T K 1 ) - 2 K 1 . 

Heree ƒ is an approximation of the Jacobian dF/dc at c = cn and 7 is a free parameter. 
Withh the exact Jacobian for ƒ, the stability function reads 

R(z)) = (T^) 5 '  (5-6) 

fromm which it follows that the method is A-stable if and only if 7 > 1/4 [4]. Fur-
thermoree the method is L-stable if 7 = 1  \ VÏ and the exact Jacobian matrix is 
usedd for ƒ. The scheme is of second order in r regardless of the choice for ƒ. 

Inn [4] one finds ample evidence that Rosenbrock methods are well suited to solve 
stifff  ODEs in the low to moderate accuracy range. However, with the exact Jaco-
biann dF/dc the method cannot be efficiently applied since the linear system solu-
tionss are much too expensive. We therefore apply it with an approximation for 
dF/dc. dF/dc. 

Inn the current work c — (p^, r^), where ph = (u^, v^, w^) and r/, is the vector of the 
rrKK.. To simplify the notation, in the following we suppress the index h. Further-
more,, in an obvious notation, we write F(c) = (Fp(c), Fr(c)), then 

( dFdFpp dFp 

~5p~5p "3F 
dFdFrr dFr 

Wee now exploit the fact that the Rosenbrock solver remains of second order for any 
choicee of approximate matrix ƒ and put 

Thatt means we treat the dFp/dp part of the system linearly implicitly and the re-
mainderr explicitly. In other words, without the gradient equation we apply the 
A-stablee Rosenbrock solver to the semi-discrete field equations with an exact Jaco-
biann matrix, and without the field equations we integrate the gradient equations 
explicitly.. The explicit method is obtained by substituting for ƒ the zero matrix in 
thee Rosenbrock method. This gives the explicit trapezoidal rule 

ccn+in+i  =cn+ 1 f (c«) + i r f ( c " + TF(C")). (5.7) 

Wee have also experimented with another implementation thatt does treat the whole 
systemm implicitly. In principle this allowed us to use the third order Rosenbrock 
methodd from [7],  but we did not pursue this further because complications arose in 
thee spatial discretization. The third order Rosenbrock method requires a smoother 
spatiall  discretization of higher order. So far we did not succeed in implementing 
suchh a discretization that worked better than the existing one. 
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5.4.11 Stability 

Whilee the order of the Rosenbrock method remains 2 with an approximate Jaco-
bian,, the stability properties can drastically change. Due to our choice for ƒ, in-
tuitionn says that the step size restriction wil l come from the explicit trapezoidal 
rulee applied to the gradient equations and that the field equations do not give a 
restrictionn since these are solved linearly implicitly. 

Too get some insight into the stability of our method we borrow a model problem 
fromm [8] which the authors propose as a test model to investigate stability. The test 
modell  is a 2 x 2 linear ODE of the form 

whichh in a number of steps with simplifying assumptions is obtained from (5.3) 
throughh 'linearization, freezing of coefficients, and Fourier-Von Neumann analy-
sis'.. Specifically, we have — oo < d0 < 0 with do representing eigenvalues of the 
discretee Laplacian A^. Hence do depends on h~2 and can become large negative. 
Further,, d represents an eigenvalue for the gradient equation and is determined by 
secondd order spatial derivatives of u, v, w. To see this, consider the ID gradient 
equation n 

*g>> = m)), 
f{r(t))f{r(t))  = \ux(r(t),t), 

then n 

So,, for d we can think of finite values. However, d can also take on positive values. 

Withh the stability test model we have 

Thee Rosenbrockk method then gives the recursion 

((RR?? zh (5-9) jt+i jt+i 

where e 

== 1 + T (2(1 - yrdo)'1 - (1 - yrd0)-
2) d0 + 1^(1 - ixd^yH2, 

RR1212 = T ( 2 ( l - 7 T d o ) -1 - ( l - 7 T d 0 r 2 ) 

++ i r 2 ((1 -Tud0)-
1d+ (1 ~7Td0)-

2d0) , 
i i 

R222 = 1 + Trf+-T2d2. 
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Notee that Rn = R(Trfo) with R the stability function (5.6). Likewise Rn^z) 
11 + z -f z2/2 is the stabiUty function of (5.7). Iterating the recursion (5.9) gives 

cc = 

QQ = 

00 R" ) C ' V22 2 
n -1 1 

1=0 0 

Forr a stable scheme we must have power boundedness, i.e., \\cn \\ < C \\c° ||, with C 
independentt of n. We can guarantee power boundedness if we have 

|Rii|""  ^ c i i / \R2i\n < C22/ IQI < Cu, with CnrC22,Cu independent of n. 

Inn our implementation we limit ourselves to 7 > 1/4, hence we have \R\\\ < 1. 
Likewise,, we consider only T < 2/ |rf| and d < 0 ensuring IR22J < 1- Now let 
R**  = max (|Rn f ,1^221), then 

IQI I \R \R 1211 E^22R11~^ 
i=0 0 

<< iR^iEi^riRiir"'" 1 

i=0 0 

<< |«12l E K 
i=0 i=0 

==  IRuKn-l)^-1 

<<  \Ru\e~1 / . 
Inn (R*-1) 

> n - l l 

Hencee |Q| is bounded independent of n if IR12I and 1/ In (R*a) are bounded. For 
1// In (R^1) to be bounded it is necessary to have |Rn | and IR22I strictly smaller 
thann one, instead of \R\i\ < 1 and IR22I < 1- The entry R12 is even O(T) and 
thuss bounded. Hence we see that for a stable method we must have some damp-
ingg for the test model (5.8), provided by the Rosenbrock method and the explicit 
trapezoidall  rule, in addition to the step size restriction T < 2/ \d\. If d is positive, 
somee error growth is natural. Note that these conclusions are valid uniformly for 
- 000 < d0 < 0. 

file:///Ru/e~1
file:///R/i/
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5.4.22 Spatial factorization 

Sincee we neglect the terms dFp/dr, dFr/dp and dFr/dr in the true Jacobian, the sys-
temss that need to be solved are 

( / " T T ^ ) K l ^^ = F ' ( c B ) ' (5-10) 

Kirr - Fr(c"), (5-11) 

(i-yT-^jK^(i-yT-^jK  ̂ = FP(C»+TK0-2K1,,, (5.12) 

KK2r2r = Fr(c"+TK!)-2K l r / (5.13) 

withh the Jacobian dFp/dp evaluated at c = c". To further speed up the linear system 
solution,, we approximate the matrix with the following spatial factorization, 

( < - ^ ) ( < - ^ ) << (5-14) 

wheree Fpx and Fpy contain only difference operators in either the x- or the y-
directionn and Fpx + Fpy = Fp. Further, in our implementation we have distributed 
thee loss terms and source terms equally (with factor 0.5) over Fpx and Fpy. Solving 
thee systems with factorized matrices requires the successive solution of systems of 
aa much smaller dimension, that are only coupled in the x- or y-direction. For each 
gridd line in Ô  we encounter such a smaller sized system. These systems can be 
solvedd far more quickly than the original ones. This is an application of approx-
imatee matrix factorization. Examples of approximate matrix factorization can be 
foundd in [2], [1], [9], [6] and [7]. 

Thee use of (5.14) does not cause a loss of order in accuracy of the numerical solution 
sincee the order remains two for any approximation to dFp/dp. Note that (5.14) 
impliess that we approximate dFp/dp by 

dFpx/dpdFpx/dp + dFpy/dp + yrdFpx/dp dFpy/dp. 

Thee factorization does somewhat weaken the stability properties, e.g., L-stability 
iss lost but otherwise the stability behaviour remains quite satisfactory. 

5.55 Implementation of source terms and gradient 

Inn our axon growth model it is assumed that all growth cones secrete identical 
chemicall  compounds through which they attract and repel each other. It therefore 
iss possible that a certain growth cone responds to molecules secreted by that same 
growthh cone. For instance, a growth cone can be slowed down in its growth due to 
thee trail of attractant that builds up behind the growth cone. This self-interaction 
cann be very troublesome in a numerical implementation. In the model the growth 
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coness are described as small particles that secrete chemicals in a small spatial re-
gionn and sense the gradients in chemical concentrations in the same region. To 
avoidd self-interaction we consider only symmetrical source terms s(*) which do 
nott yield a direct gradient at the location of the emitting axon. Later on we wil l 
presentt a condition that the numerical implementation must satisfy to mimic this 
property. . 

Too better understand how we can have self-interaction, and how this relates to the 
symmetryy of s(x), consider the following simplified version of the model which 
containss only one axon at position r(t) and no targets: 

du(x,t)du(x,t) d2u(x,t) , . . . .... „-..,-v 
— ^^ =  (5.15) 

dr(t)dr(t) _ du{r{t),t) 
dtdt ~ dx * 

Byy differentiating (5.16) with respect to t and substituting (5.15) we get 

dd22r{t)r{t)  _ d3u{r(t),t) vdu(r(t),t) 
dtdt22 ~ dx* K 35 

(5.16) ) 

,, dLu{r{t),t)  du(r(t),t) ds(x-r{t)) 
~*~~*~ dx2 a*  ' 5F~̂  x=r(t) x=r(t) 

Hencee when ds(Q)/dx / 0, then the evolution of r(t) wil l be influenced by the 
presencee of s(x). This is a self-interaction since s(x — r(t)) represents an emission 
byy the axon located at r(t). Higher temporal derivatives of r(t) also only contain 
oddd spatial derivatives of s{x), i.e., dnr{t)/dtn contains 

32"-1s(0)) a2"-3s(0) ds{0) 
dd2n-l2n-lxx ' d2«-3x ' * * * ' dx

Too avoid self-interaction completely we must have that all odd derivatives of s(x) 
vanishh at x = 0, which holds if s(x) is symmetric. 

Too see what kind of numerical complications we can have due to self-interaction 
wee now consider some numerical implementations of (5.15) and (5.16). After spa-
tiall  discretization at grid points Xj we get 

du((t) du((t) 
dt dt 

dr(t) dr(t) 
dt dt 

==  DxxUi(t) - kui(t) + s(Xi - r(t)), 

==  Ph(r(t))Dxuh(t). 

Notee that we use Dx and Dxx to denote spatial discretizations of d/dx and d2/dx2, 
insteadd of V& and A&, to stress that we now model a one-dimensional case. Further, 
PPhh(r(t))(r(t))  interpolates the grid function Dxuh(t) at location r(t). Note that as in 
Sectionn 3 we keep the same notation for r after spatial discretization. When we 
noww consider d2r(t)/dt2 we see the source term contribution appearing as 

PPhh{r{t))D{r{t))D xxs{Xi-r{t)). s{Xi-r{t)). (5.17) ) 
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Inn the remainder of this section we wil l examine this term for different spatial 
discretizations.. It wil l turn out that depending on the discretization chosen, the 
contributionn of this interpolated source term either vanishess or not. In our imple-
mentationn a non-vanishing contribution is noticed as a growth cone that is blinded 
byy its own attractant and repellant and randomly wanders about the domain. It 
wil ll  turn out that the choice for Ph{r)Dx and s(x - r(t)) must be matched in some 
sensee to avoid an excessive contribution of the interpolated source term. 

Dependingg on the size of the mesh width, we treat the source terms in one of two 
ways.. If the grid is coarse relative to the size of the sources, we treat the sources 
ass point sources. When the grid is sufficiently fine we take into account the finite 
spatiall  extent of the sources. 

5.5.11 Highly localized source term 

Firstt we consider the case of a relatively coarse grid. When the spatial extent of the 
sourcee term is smaller than twice the mesh width, we distribute the source term 
overr the nearest grid points. Note that in this section we attempt to model a point 
sourcee and must therefore choose an appropriate distribution over the nearest grid 
points.. In the next section we consider a source term with a spatial extent and the 
sourcee term is in principle fixed by the biological model. 

Itt is insightful to examine a few source term implementations together with choices 
forr the gradient operator on a grid of points Xi = ih. 

Example e 

Ass a first implementation for the discrete gradient operator consider for a grid 
funtionn ƒ/, 

Ph(r)DPh(r)Dxxffhh =
 fi+1~fi, Xi<r<x i+1. (5.18) 

Ass implementation of the source term consider 

s(xs(x{{  -r) = s(xi+1 -r) = 2h' x{<r<  xi+l , s{ (XJ -r) = 0, j£ i, i + 1, 

i.e.,, the source flux is divided evenly over the two nearest grid points. Taking these 
implementationss together yields for the term (5.17) 

,, v , ^ s(xi+ i - r) - s(xi - r) 1/2 - 1 /2 n PPhh(r)D(r)D xxs(s(XiXi -r) = Ï L—^-L 1 = '  ̂ ' = 0, xt- < r < xi+v 

hencee we have a vanishing contribution, which is satisfactory. Now consider the 
samee implementation for the gradient but replace the source term interpolation 
with h 

SiSi(xi(xi - r) = 1/h, S(XJ - r) = 0, r-h/2<x{<r  + ft/2, / ^ i, 
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i.e.,, all source flux is attributed to the nearest grid point. The term (5.17) then 
becomes s 

nn / \n / \ S(Xi+l  - r) - S(Xj - f) 1 , , 
Ph(r)DPh(r)Dxxs(xis(xi -r) =  '—U L = _ x. < r < x. + fc/2. 

Hence,, we end up with a non-vanishing contribution that is inversely proportional 
too h2. In the case that we would attempt to model a delta function type source term, 
thiss contribution would lead to a scheme that does not converge when we consider 
thee limit h -> 0. In the case of a source term of finite spatial extent, the problem is 
lesss severe since, eventually, decreasing the mesh width h wil l resolve the source 
termm on the spatial grid. Resolved source terms are discussed in the next section. 

Conditionn on implementation of source term and gradient 

Wee have seen that for an acceptable implementation of source term and gradient 
wee must demand that (5.17) vanishes. Now we introduce some notation to work 
outt the consequences of this restriction. For the discretized approximation of the 
sourcee term we write 

wheree 0, are weight functions that smear out the point source behaviour over a 
limitedd number of points near r. To conserve mass the 0, must satisfy 

E°iE°i = !  (5-19) 
i i 

Forr the discretized gradient operator, acting on a grid function fa evaluated in 
pointt r, we write 

i i 

wheree ty are weight functions that, under summation, construct an approximation 
too the gradient of fh in point r out of surrounding values of fa. 

Usingg the above notation we have 

PPhh(r)D(r)D xxs(s(XiXi-r)-r)  = £*&-. 
ii  h 

Forr a suitable combination of source term and gradient discretization 

PPhh(x)D(x)Dxxs(xs(xii-r)-r)  (5.20) 

mustt vanish, hence we must have 

i i 

Usingg this condition we can choose matching discretizations for source term and 
gradient.. Again this is clarified by looking at some examples. 
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Examplee 1 

Ass before, consider 

Ph(r)DPh(r)Dxxffhh = ^ " A xt < r < xi+1, 

ass an implementation for the gradient. This corresponds to 

11 1 
#+ii  = £/ & = —£' $1 = °' J^hi + l-

Imposingg restriction (5.21) then yields 

-e-eii--e--ei+1i+1=o, =o, 

whilee we also impose (5.19), which yields 

9i9i + 9H1 = l. 

Thesee restrictions together yield 

9i9i = 9i+1 = 1/2, xt < r < xi+1, 9j = 0, j £ i, i + 1. 

Notee that this corresponds to the source term implementation that led to 
Ph(r)DPh(r)Dxxs(xis(xi — r) — 0 in the previous example. 

Examplee 2 

Noww consider 

Pk(r)DPk(r)Dxxff hh =
 x

whichh corresponds to 

<Pi-\ <Pi-\ 

<Pi <Pi 

<Pi+l <Pi+l 

<t>i+2 <t>i+2 

ff  l - / i - I , r-xi fi+2 - fi 
2h2h h 2h 

= = 

= = 

= = 

= = 

rr  - xi+ i 
2h2h22 ' 

xxtt-r -r 
2h*2h* ' 

Xi+1Xi+1 - r 

2h2h22 ' 
r-Xi r-Xi 

1U21U2 ' 

XjXj <r  < xi+ i, (5.22) 

(5.23) ) 

(5.24) ) 

(5.25) ) 

(5.26) ) 

(f>j(f>j  = 0, j£i-\,i,i  + \,i + 2. (5.27) 

Thiss implementation for the gradient corresponds to second order central differ-
encess in Xi and JC,+I combined with linear interpolation. In choosing an imple-
mentationn for the source term we now have four degrees of freedom, i.e., 0,_i, 0„ 
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01+1,0,+2-- To fix these degrees of freedom we have only two restrictions, (5.19) and 
(5.21).. To close the system we simply choose 0,_i = 0,+2 = 0, which makes the 
discretizedd source term more local which is natural since the spatial extent of the 
sourcee is smaller than twice the mesh width. We are left with 

and d 
0jj  + 0J+1 = I, 

whichh leads to 

«ff  = l - ^ , el+1 = l +  r-^-, (5.28) 

i.e.,, the source flux is linearly distributed over the nearest grid points. 

Implementationss used for  the current work 

Implementationss (5.22) and (5.28) for the source term and gradient prove very 
usefull  in numerical practice. Hence these implementations were used to obtain 
thee numerical results presented further on. Since we consider a spatially two-
dimensionall  problem, the implementations were extended to two dimensions with 
aa straightforward tensor product approach. 

Higherr  order  discretizations 

Itt seems straightforward to extend the above reasoning to obtain higher order dis-
cretizationss for (highly localized) source terms and gradients. In particular, we 
havee examined a source term implementation compatible with fourth order Her-
mitee interpolation. However, this higher order implementation did not compete 
withh (5.23) and (5.28) in numericall  experiments. 

5.5.22 Resolved source term 

Whenn the mesh width is smaller than the spatial extent of the source term we say 
thatt the source term is resolved. The source term function s(x -r), which is still 
localizedd around x = r, then spans several mesh widths. Depending on the choice 
forr the implementation of the gradient operator and interpolation, there exist lead-
ingg order expressions (in the mesh width h) for the contribution of Ph (r) Dxs{X{ - r). 
Forr the implementation (5.18) we obtain 

PPhh(r)D(r)D xxs(*is(*i  ~ r) = \{\ - 2cc)hsW(0) + Rlf 

assumingg smoothness, where oc € [0,1] measures the position r relative to the near-
estt grid points and R\ is a remainder term of 0(h2) that vanishes for h —> 0. For 
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whatt follows Ri is not negligible, but we focus on the formal leading order term 
anywayy since that suffices to make our point. Likewise, for the implementation 
(5.22)) we obtain 

PPhh(r)D(r)D xxs(s(XiXi - r) = 1(1 - 2*)(*  - l)cch3s^(0) + R2. 

Notee the absence of a term ~ /z2. This is due to s  ̂ (0) = 0 since s(x) is supposed 
too be symmetric around x = 0. Since these expressions vanish as h —  0 they seem 
quitee satisfactory. In practice h is finite of course and the contribution depends on 
thee size of s  ̂ (0) and s  ̂ (0), respectively. 

Smoothh Gaussian type source term 

Likee in [5] we now consider a source term of the type 
2 2 

s(x)s(x) = e~yx , 

whichh does not truly vanish away from x = 0 but can be made very small away 
fromm x = 0 by taking j sufficiently large. In a practical implementation we typi-
callyy choose the mesh width h such that the source term is resolved on several grid 
cells,, i.e., we can put 

s(h)s(h) = e-P, 

wheree 0 is of order 1. For such a mesh width we thus have 

Forr s& (0) and s<4> (0) this yields 

s(2)(0)) = - f , s(4)(0) = ^ ! . 

Hencee for the contributions of the term Ph(r)Dx$ we get 

PPhh(r)D(r)D xxs(s(XiXi-r)-r)  = -0(1 - 2 « )i + Rlf 

forr the implementation (5.18) and 

PPhh(r)D(r)D xxs(s(XiXi ~r) = 2/32(l - 2*)(*  - l ) * i + R2, 

forr the implementation (5.22). For both implementations we find 

PPhh(r)D(r)D xxs(s(XiXi-r)^^-r)^  ̂ + R. 

Inn fact, for other gradient implementations we wil l still usually have 

PPhh(r)D(r)D xxs{Xis{Xi -r) = hns{n+1)(0) + R ~ i + R. 
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Notee that we are not stating this as an asymptotic result; when we consider the 
limi tt h —  0 and keep 7 fixed, the contribution P  ̂(r)Dx$(xi — r) wil l vanish. How-
ever,, for a fixed sensible choice of the mesh width h relative to the spatial extent of 
thee source term, the term P>, (r)Dxs(Xj — r) yields a term proportional to 1/h. 

Implementedd resolved source term 

Wee now consider a very simple type of source term for which Ph(r)Dxs(Xj — r) 
vanishess in a natural manner. Denote the source term's spatial extent by /. When 
hh > 1/2 we treat the source term as a highly localized source term discussed ear-
lier.. When h < 1/2 we treat the source term as a hat function that is zero outside 
itss base of length /, has its maximum halfway that base and varies linearly be-
tweenn the maximum and the end points of the base. A straightforward calculation 
showss that for this source term the gradient implementation (5.22) always yields 
Ph(r)DPh(r)Dxxs(xjs(xj - r) = 0. The implementation (5.18) still gives Ph(r)Dxs(xj — r) ~ 
1/h1/h + R and should therefore not be used in conjunction with this source term. 

5.66 Numerical results 

5.6.11 Convergence 

Inn Figure 3a-d axon growth paths are shown for 5 axons growing towards 5 tar-
gets.. See section 2 for the values of the problem parameters that were used. The 
sub-figuress are computed on grids of increasing resolution ranging from 65 x 65 
gridd cells to 513 x 513 grid cells. Before starting the actual integration the field 
equationss were marched to steady state while keeping the axons fixed at their ini-
tiall  positions. During the integration the target concentration field was kept fixed 
att the steady state, which is natural since it is independent of the axons positions. 
Puttingg the field equations in steady state beforehand is justified if the time scale 
off  the gradiënt equation is an order of magnitude larger then the time scale of the 
fieldfield equations. The source term was taken to be of the hat function type, the differ-
entiall  operators were discretized by central differences and the interpolation was 
donee with bi-linear interpolation, as in (5.22) for the ID case. The time stepsizes 
usedd for time integration were taken inversely proportional to the mesh width and 
aree given in the figures' caption. 

Inn Figure 4 the path of a single axon is plotted for different grid resolutions. From 
thiss plot we see that the observed path converges, however non-monotonically. 
Hence,, provided the mesh width and step size are small enough, taking a smaller 
meshh width and step size does not yield a different path for the axons. Mesh width 
andd step-size are reduced simultaneously to avoid stability problems. When only 
thee mesh width is reduced, the method eventually becomes unstable. This is not 
inn accordance with the stability analysis for the simple test model from Section 4. 
Convergencee is only observed for a very fine mesh width due to the sensitivity 
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-0.22 -0.1 0 0.1 0.2 -0.2 -0.1 0 0.1 0.2 

a)) 65 x 65 grid, step size = 4.0 b) 129 x 129 grid, step size = 2.0 

c)) 257 x 257 grid, step size =1.0 d) 513 x 513 grid, step size = 0.5 

Figuree 5.3: Axon growth paths for different grid resolutions 
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off  the problem. Small changes in mesh width can have a strong impact on the 
pathss of the axons. This is not unexpected since the effects of mesh width related 
discretizationn errors on the axon path accumulate over the entire time integration 
interval.. Therefore it seems attractive to use an effective higher order spatial dis-
cretization. . 

0.3 3 

0.2 2 

0.1 1 

0 0 

-0.1 1 

-0.2 2 

-0.11 -0.05 0 

Figuree 5.4: Single axon growth path for different grid resolutions 

5.6.22 Stability 

Sincee we do not have a textbook condition for the maximum allowable time step-
sizee for our method applied to the axon growth problem, we have done numerical 
experimentss to determine a maximum step size. We ran our program with dif-
ferentt step-sizes and looked for signs of instability, e.g., amplified wiggles in the 
axonn paths. When we saw these signs we deemed the step size too large. In Table 1 
wee have listed the thus determined maximum step sizes for several different mesh 
widths.. From the table we see that a smaller step size is required on finer spatial 
grids.. Halving the mesh widths requires halving the time step-size, approximately. 
Itt thus seems worthwhile to examine more stable methods. 

5.6.33 Efficiency 

Ann important merit of our method is that it solves the problem at hand efficiently 
comparedd to a number of other methods that one could consider. This merit comes 
forthh from the explicit gradient equation treatment and the spatial factorization 
whichh greatly reduces the complexity of the linear algebra problem that needs to 
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Grid d 
65x65 5 

1299 x 129 
2577 x 257 
5133 x 513 

maximumm step size 
12.5 5 
6.1 1 
3.0 0 
1.4 4 

Tablee 5.1: Experimentally observed maximum step sizes 

bee solved. Due to the factorization, small sized one-dimensional systems need to 
bee solved instead of one large two-dimensional system. 

Too get some quantitative idea of the efficiency of our method, we compared it with 
anotherr one, i.e., the Runge-Kutta-Chebyshev (RKC) method described in [8], This 
methodd is fully explicit and is stabilized at the expense of additional function eval-
uations.. We applied the RKC method to the same problem and obtained the same 
solutionss with it. In Table 2 the wall-clock times for RKC and our Rosenbrock 
methodd (ROS2) are listed. These times refer to runs on a single processor on iden-
ticall  hardware with the same time step-sizes. The RKC program was written in 
Fortrann while our ROS2 method was implemented in C, but this should not have a 
strongg influence on the run times. As we can see from Table 2, ROS2 is faster than 
RKC,, however the difference is only about 30%. 

Grid d 
65x65 5 

1299 x 129 
2577 x 257 
5133 x 513 

ROS22 runtime 
14 4 

110 0 
815 5 

7124 4 

RKCC runtime 
19 9 

149 9 
1207 7 

11431 1 

Tablee 5.2: Runtimes for our ROS2 method versus the RKC method 

5.6.44 Parameter  sensitivity 

Forr the numerical results to be in qualitative agreement with biological experi-
ments,, we ought to observe a bundling and debundling of the axons. For certain 
setss of problem parameters, this indeed does occur, see Figure 3. However, it is in-
terestingg to know whether this behaviour persists when the parameters are slightly 
perturbed.. We have found that around a set of parameters for which bundling 
andd debundling occurs, an interval of parameter values exists for which this still 
holds.. Outside this interval, either bundling, debundling or both no longer occur. 
Inn Table 3 this parameter sensitivity is portrayed. The results in Table 3 refer to 
thee same experiment as before, performed on a 257 x 257 grid. All parameters are 
keptt fixed, except for KVr the parameter for growth cone sensitivity to cone derived 
attractant.. For Xv € [0,3.88 • 10~6) the axons do bundle but do not debundle, i.e., 
theyy grow jointly to a single target. For \v e [3.88 • 10_6,6.04 • 10~6) the axons 
bundlee and partially debundle; they ultimately grow towards three targets. For 
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App e [6.04 • 10-6,7.81 • 10"6) the axons bundle and debundle completely in that 
theyy each grow to a different target. For Xv > 7.81 • 10~6 the axons no longer bun
dlee and hence do not debundle either. Instead they grow away from each other 
andd eventually leave the computational domain. We see that around kv = 5 • 10 - 6 

fulll bundling and debundling occurs but also that a change of Av by about 20% 
prohibitss either bundling or debundling to occur. In other words, the system is 
ratherr sensitive to changes in parameters since a 20% change in a single parameter 
cann change the qualitative behavior of the solution completely. 

Endd points 
1 1 
3 3 
5 5 
--

Ap p 

[0,3.88-10"6) ) 
[3.888 10"6,6.04 10"6) 
[6.044 10"6,7.81 lO"6) 
[7.8110-6,oo) ) 

Tablee 5.3: Degree of debundling for different parameter ranges 

5.6.55 Source term and gradient implementation 

Accordingg to Section 5 it is imperative to have a source term and gradient im
plementationn such that the discrete gradient of the discrete source vanishes at the 
originn of the source. To illustrate this claim numerically, we considered a single 
parameterr set and ran tests for different implementations of source term and gra
dient.. In Figure 5a the final axon paths are shown for the bilinear source term 
andd the bilinear interpolation and gradient implementation. In Figure 5b the axon 
pathss are shown for a piecewise constant source term and piecewise constant gra
dientt implementation. We see that both figures show qualitatively the same set of 
growthh paths. The paths shown in Figure 5c were obtained with piecewise con
stantt source term and bilinear interpolation while the paths in Figure 5d were ob
tainedd with bilinear source term and piecewise constant interpolation. If we now 
considerr condition (5.21) then we see that the implementations that yield Figures 
5aa and 5b satisfy this condition while the implementations that yield Figures 5c 
andd 5d do not. This is clearly reflected in the axon paths; the paths seen in Fig
uress 5c and 5d are qualitatively different from each other and from the paths in 
Figuress 5a and 5b. Figures 5c and 5d clearly illustrate what can go wrong if the 
implementationn of the source term and gradient are not chosen carefully. 

5.77 Discussion 

Rosenbrockk time stepping with an appropriate Jacobian matrix proved well suited 
too the mixed parabolic-gradient problem that was considered. The freedom in 
choosingg an approximation for the Jacobian allows the parabolic and gradient 
equationss to be treated almost independently from each other. An extension to 
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Figuree 5.5: Axon growth paths for different source term and gradient implementations 
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spatiallyy three-dimensional problems seems certainly feasible. Spatial factoriza-
tionn would then be done for all three spatial dimensions leading to even larger 
gainss in efficiency relative to a non-factorized approach. 

Itt was shown that the implementation of the source term and gradient detection 
iss somewhat delicate and should not be constructed independently of each other. 
Inn particular, a condition was derived that the combined implementation of source 
termm and gradient should fulfil , see condition (5.21). 

Sincee the axon paths are quite sensitive to refinements in the mesh width very 
finee meshes are needed to get spatially converged solutions. In a future method 
higherr spatial order of discretization might be attractive to get sufficiently accurate 
solutionss on coarser grids so that very fine grids are no longer needed. Further-
more,, it might be interesting to see wether the integration of the gradient equation 
cann be stabilized since in the current Rosenbrock-Approximate Jacobian approach 
itt seems to dictate the overall stability. The gradient equation could be handled 
implicitlyy or some form of RKC method could be used where the number of inte-
grationn stages is increased to enhance stability, as in [8]. 

Thee model considered for axonal growth is a very simple one. To simulate more 
realisticc axonal growth in any detail wil l require a more elaborate model. Further-
more,, the current model is somewhat awkward for numerical simulation due to 
thee absence of a physical dimension of growth cones and targets. As a result, in 
thee simulations the growth cones are capable to approach each other to distances 
muchh smaller than could ever occur in biological experiments. The growth cones 
cann even collapse onto each other, leaving them at the same location. When this 
happens,, debundling is no longer possible since the cones can then no longer dif-
ferentiatee between themselves and the other cones and can no longer be pushed 
awayy from each other. 
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