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Uitnodiging
Microeconomic Disequilibrium Dynamics

Although economics uses equilibrium models to study markets, market
phenomena are often inherently dynamic. Therefore economic theory
requires a process perspective instead of an equilibrium perspective, in
order to explain how equilibria can be reached by a dynamic process.
This thesis combines methods from general equilibrium theory and the
theory on nonlinear dynamical systems to investigate the microeconomic
dynamics of models with a sequential market structure. Three central
themes are covered: methodology, mathematical modelling and
computational analysis.
In Part 1 we give methodological arguments for studying microeconomics
from a non-equilibrium point of view. In Part 2 we build on these arguments
to develop a theoretical disequilibrium framework. In Part 3 the framework
is extended to include dynamics.
Several computational models are investigated to study the effects of
different monetary institutions, different price adjustment mechanisms
and different behavioral rules of the individual agents. The models have
a sequential market structure, in which markets are visited consecutively
and trade takes place at disequilibrium prices. The results show that market
mechanisms play an important role for the stability of economic equilibrium.
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‘No one can deny that equilibrium analysis, as presently constituted, is a
useful instrument for thinking about abstract economic problems, and this
would hardly be so if it did not omit many realistic frills. The danger in using
this instrument to think about practical problems is that, having schooled
ourselves so thoroughly in the virtues of elegant simplicity, we may refuse to
recognize the crucial relevance of complications that do not fit our theoretical
preconceptions.’ — Robert Clower (1965)

‘The difficulty lies, not in the new ideas, but in escaping from the old ones,
which ramify, for those brought up as most of us have been, into every corner
of our minds.’ — John Meynard Keynes (1936)

‘Although a simulation does not constitute a mathematical proof, it does provide the tool to study mass agent behavior where every agent is somewhat different from all others. The mathematical intractability of problems involving
high-dimensional dynamics is such that the emphasis given in mathematical
economics to formal proof may be overly limiting on economic analysis.’ —
Martin Shubik (1999)
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Chapter 1
General introduction and overview
‘The first requirement for receiving sensible answers is to have raised sensible questions.’
— Myrdal (1937)

1.1

Introduction

Economic phenomena are inherently dynamic. Therefore a proper treatment of time and
dynamics as a foundation for economic theory requires a process perspective in order
to explain how equilibria are reached. This book provides a synthesis of methodological arguments, disequilibrium modelling and computational methods to study economic
problems from such a perspective. Below we summarize the topics that are covered in
each part:
1. Micro-economics (Chapters 1 and 2): Methodology, Computation, Agent-based Simulation, Stockholm School, Sequence analysis, Statics of Hicks, Dynamics of Lindahl,
Moving-horizon analysis.
2. Disequilibrium (Chapters 3 and 4): Sequential markets, Dual decisions, Effective demand, Keynesian equilibrium, Constrained demand, Constrained equilibrium, Quantity expectations, Quantity expectations equilibrium.
3. Dynamics (Chapters 5, 6 and 7): Price dynamics, Intra-period and inter-period,
Credit or Cash?, Wicksell versus Clower, Cash-in-advance equilibrium, Equilibrium
dynamics or Disequilibrium dynamics?, Benassy versus Keynes.
In Part 1 we give methodological arguments for studying micro-economics from a disequilibrium perspective instead of an equilibrium perspective. In Part 2 we build on this
discussion by developing a theoretical disequilibrium framework. In Part 3 we extend the
framework by investigating the dynamics of several computational models.

1.1.1

Allocation mechanisms

Economic theory on the production of commodities and the distribution of scarce resources
requires an understanding of economic processes in order to explain if and how equilibria

2
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can be reached. The efficient allocation of scarce resources is an old but unresolved issue
in decentralized market economies: in the absence of a central price-setting mechanism,
how does the procurement process of the resources required for production take place by
a process of decentralized trading? And to what extent does this lead to an equilibrium
distribution of the resources? One of the key questions in economic theory, namely the
stability of equilibria, relies on how sensitive this procurement process is to the specific
features of the trading protocols and market mechanisms.
It is often assumed that equilibrium prices are generated by a mechanism based on the
law of supply and demand: if demand exceeds supply then prices are driven upward by the
profit motives of suppliers or by the increased bids of the buyers. If supply exceeds demand
then the price is driven down by the sellers, who try to sell off their left-over stocks at
discounted prices. A model which is supposed to describe this price forming mechanism
is the Walrasian tâtonnement process, in which a pivotal role is played by the market
organizer, or market maker, who adjusts prices on all the markets simultaneously based
on the demand and supply of all the market participants.1 The mathematical model of the
tâtonnement process is essentially a nonlinear dynamical system which is driven by the
decentralized trading decisions of self-interested, autonomously acting economic agents.
The process works as a multi-lateral trial-and-error process in which the agents send
information regarding their desired trades to a central processing unit and all transactions
are postponed until all markets are in equilibrium.
In this thesis we maintain that the Walrasian process of attaining an equilibrium (i.e.,
the tâtonnement process) does not provide an adequate description of a market economy.
Capitalistic market economies are not being run with a central price-setting mechanism.
Instead, the economy is a decentralized system in which all the economic activities are
taking place simultaneously and interdependently across many different markets and many
different sectors of the economy.
Further, market economies do not work as a tâtonnement process in the sense that the
actual transactions would be postponed until an equilibrium has been reached by trialand-error. It is often the case that transactions on commodity markets are non-reversible
and that the produced commodities cannot be unproduced. It is such irreversibility of the
transactions which makes the tâtonnement process an economically implausible parable
and which shifts the focus to studying non-tâtonnement processes with disequilibrium
trade ‘along the way’ towards an equilibrium.
It is sometimes remarked that the tâtonnement process should be considered purely as
a fictitious process which does not take place in reality, but which should be interpreted
as an argument for neoclassical economic theory to consider only states of equilibrium
without the requirement to deal with the dynamics outside of equilibrium. While we are
in full agreement with the first part, it is the second part which is more problematic. It
is the fact that not having to deal with the dynamics outside of equilibrium is seen as a
1

However, in the original tâtonnement process due to Walras, the adjustments were not performed
simultaneously but successively on one market after the other, see Neghisi 1962, p. 646. The idea was to
bring one market in equilibrium, then the next, and so on until all markets are brought in equilibrium. The
hope being of course that the spill-over effects from the successive equilibrating processes do not disrupt
the equilibrium obtained on any previous markets, or that these effects can effectively be countered by
small counter-adjustments in the other prices.
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positive property. The underlying justification for this argument is that the equilibrating
process takes place relatively quickly, and that the events ‘along the way’ during the
adjustment phase do not alter the final outcome.
It is clear that the tâtonnement process is not a satisfactory model of price formation
of the real economic system, since (i) in reality, prices do not adjust on all markets
simultaneously, (ii) trade takes place all the time, not just at equilibrium prices, and
(iii) market prices need not be equilibrium prices. A particular convincing argument why
transactions should take place at non-equilibrium prices is that the price process is in fact
a process of price discovery: how else can we know that market prices are not equilibrium
prices if there is no trading at such disequilibrium prices?
Even if the tâtonnement process would be a correct description of the price forming
mechanism in the real world, it is well known that it is not always a stable process and
that counter-examples can be found which produce cyclical and/or chaotic behavior, as
shown by Scarf (1960), Saari (1985) and Bala and Majumdar (1992). On the other hand,
sufficient conditions under which the tâtonnement process does converge to a steady
state equilibrium, such as the assumptions of gross substitutability and non-inferiority
of the commodities, are very restrictive on the structural characteristics of the economy.
Therefore, in general, chaotic and cyclical behavior cannot be excluded, and this would
imply that no trade can ever take place, at least if it is maintained that trade is only
allowed in an equilibrium.
It is one of the aims of this thesis to search for the minimal requirements for the
formulation of economically meaningful adjustment processes while trade is taking place
out-of-equilibrium. This includes a description of the monetary institutions and the minimally sufficient market mechanisms which are needed for transactions to occur.
Market mechanisms other than the price mechanism exist for the allocation of scarce
resources. These mechanisms are based on quantity signals rather than on price signals.
By observing the quantity signals market participants can derive information about the
state of the economy. For example, if workers are unemployed then they can derive from
this that the supply of labor exceeds the demand for labor on an aggregate level and
therefore the supply has been rationed. This is of course only true if the labor market is
frictionless and if there are no market imperfections. The agents do not need to observe
that the wages are at levels different from the equilibrium wages which would be associated
to a full employment equilibrium. Nor do they need to know or be able to calculate the full
employment equilibrium to make such a simple observation. There are multiple reasons
for including these quantity signals into the agents’ decision-making procedures:
• the quantity signals may provide the agents with information about the state of the
economy;
• the signals are strongly related to the expectations which agents form about their
future trading possibilities;
• non-price mechanisms can act as a partial substitute for the pricing mechanism, if
prices are rigid.
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The main reason for collecting aggregate statistics about the economy is the notion
that gathering and disseminating more accurate information may result in a better coordination of economic activities. Governments can use the information to make appropriate policy decisions and firms can use the information in addition to their own market
analysis to take investment and employment decisions. The aim is not to get rid of all
fluctuations entirely, but to improve the overall standard of living by reducing the waste
of resources which would have resulted from a failure to co-ordinate. So the general intuition must be that if agents have more information about the state of the economy, then
this will lead to a better co-ordination and hence will lead to more economic stability.

1.1.2

Expectations and co-ordination failures

An important aspect of any dynamic economic model is that of specifying a theory of
expectations formation. Pessimistic or optimistic expectations about the economy can
have consequences for the real economy. The expectations about future trading possibilities, i.e., suppliers’ expectations about future demand or buyers’ expectations about
future supply, exert an influence on the current trading activities. A prime example of
this type of model is the hog-cycle or cobweb model. The current decisions are taken
under a circumstance of uncertainty. In case not all the futures markets exist to insure
against such uncertainties, the decisions will influence the allocation of real and financial
resources. If the expectations turn out to be incorrect then this leads to a misallocation of resources. Due to the expectation failures this can result in co-ordination failures
and consequently to the underemployment of resources and/or the underemployment of
productive capacities.
A co-ordination failure refers to the situation in which there are multiple alternatives
for the allocation of resources, some perhaps better than others. A clear concept of
‘better’ is Pareto ranking. If an inferior allocation were to obtain while there exist superior
alternatives which have a higher ranking, then this is a co-ordination failure. The agents
fail to co-ordinate on the ‘better’ allocation. If there would exist a well-defined and feasible
policy leading to a co-ordination on the ‘better’ allocation, then the superior allocation
could be obtained by the implementation of that policy. However, the difficulty with such
a policy is that it would not only need to prescribe the superior allocation, but it would
also have to outline a process by which the allocation can be obtained. Knowledge of a
better alternative without a description of how to obtain it will not be of much use.

1.1.3

General equilibrium effects in monetary theory

It is by now well recognized that the self-adjusting capabilities of market economies are at
best working imperfectly. The ‘stabilizing’ forces of the market do not always bring the
economy towards an equilibrium and, in some cases, the market mechanisms may even
work counter-productively. If the correction mechanisms work too stringently, they potentially restrict the trading activities of the market participants rather than to facilitate
them. Any distortionary effects from imposing a wrong policy may lead to a reduction in
the effectiveness of an otherwise stabilizing mechanism. One of the themes in this thesis
will be the effectiveness of such correcting mechanisms to bring about the stability of
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equilibria.
With trade taking place out-of-equilibrium, monetary issues come into consideration.
Clower (1965) already stressed the importance of the distinction between planned income
and realized income. Income which is not yet earned but already spent, or planned income
which gets reduced because of unexpected financial constraints can lead to unanticipated
debts and claims. The way to deal with such issues in a consistent way is to include
the monetary effects such as liquidity and/or cash-in-advance constraints in the model
(see Clower (1965) and Leijonhufvud (1968)). The contributions in Kareken and Wallace
(1980) show examples of dynamic monetary models in the context of overlapping generations models. Such models do not help explain why money exists, but it does explain
how the trading decisions of the agents are influenced by the existence of money in the
economy. It is on these issues that Disequilibrium Theory can play a role in explaining
how monetary economies function outside of equilibrium.
A problem in General Equilibrium Theory has always been to include money into the
basic framework. One of the main reasons for this is that the focus of general equilibrium
theory is on the relative exchange value of goods, rather than on its absolute money value.
Equilibrium is measured in terms of the relative prices which the goods have in exchange,
which produces the well-known indeterminacy of equilibrium. To make equilibrium determinate, one more equation is needed in order to determine the multiplication factor
by which the relative prices should be multiplied in order to obtain the absolute money
prices. This equation is supplied by the quantity theory (Fisher, 1921), which ‘postulates
a certain quantitative relation between the amount of money – or more generally means
of payment – on the one side and ‘the general price level’ on the other.’ (Myrdal 1937, p.
12.) The quantity theory states that the causal relationship must run from the amount
of money to the ‘price level’, i.e., it is the amount of money which determines the multiplication factor by which all relative prices should be multiplied in order to obtain the
absolute money prices.
Historically, the main difference between the treatment of ‘value’ in monetary theory
and in general equilibrium theory has been that in the latter money is treated like a
commodity similar in all respects to any other commodity, except for its value in exchange.
But in monetary theory such a treatment is deemed unjustifiable:
‘Money cannot be treated as one of the goods in the system of price formation,
the exchange relations of which are analyzed by the concepts of demand and
supply. These notions lose their theoretical accuracy if applied to money. For,
as has been emphasized, money does not leave the circulation of money and
commodities as do other goods which are bought and sold for definite productive or consumptive purposes. Money remains in circulation while goods and
services only pass through.’ (Myrdal, 1937, p. 12)
If we move away from the problem of integrating money into general equilibrium theory,
but focus instead on the problem of a pure credit economy, we see that
‘The problem of credit, therefore, has to be excluded from the theory of price
formation and was left entirely to monetary theory. But even monetary theory
(quantity theory) had no place for a satisfactory discussion of credit; for credit
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is a causal factor not only for the price level but also for the price relations,
which are partly determined by the profitability of business and, therefore,
by the supply and demand price for credit. The problem of credit, therefore,
requires a monetary theory which is really integrated with the central economic
theory, but this the quantity theory was not. The traditional economic theory
has consequently attributed to credit only a subordinate role and has given it
a theoretically inconsistent treatment.’ (Myrdal, 1937, p. 16)

The difficulties encountered when an attempt is made to integrate the concept ‘money’
into general equilibrium theory are related to this incommensurability in the treatment
of money and credit. Perhaps one of the failures of the research program on General
Equilibrium with complete markets is that it starts from the presumption of equilibrium.
It is a theoretical result that in a competitive equilibrium with complete contingent markets money is unnecessary, since if markets are complete then all risk and uncertainty
can be insured against. Therefore money looses one of its primary functions, which is
to transfer purchasing power over time.2 The research program on General Equilibrium
with Incomplete markets (GEI theory) starts from the presumption that not all contingent markets exist and therefore that there is a role for money to be played. It seems that
the role money plays in equilibrium models with incomplete markets is similar to that
in disequilibrium models: to bridge the uncertainties which exist in both frameworks. It
could be considered as one of the assignments of Disequilibrium Theory to bridge this
gap between general equilibrium models with incomplete markets on the one hand and
general disequilibrium models on the other hand.

1.1.4

Economic structure and market mechanisms

Another important theme in disequilibrium theory is the role of market mechanisms and
their influence on the aggregate dynamics. Gode and Sunder (1993) conjecture that
the market structure may be a more important determinant of a market’s allocational
efficiency than the behavior of the individual decision-makers. The conjecture that the
market’s micro-structure determines to a large extent the outcome of economic processes,
rather than the behavior at the individual level, is strongly related to the aggregation
problem from micro-level to macro-level. It does not make much of a difference for the
market’s performance whether or not the individual market participants take into account
all of the relevant market signals and behave optimally (or rationally) subject to this
information if the market mechanisms themselves are not efficiently aggregating all the
information which those agents need to take the decisions. To study what makes markets
efficient we can formulate the following hypothesis, based on the conjecture of Gode and
Sunder:
Market Micro-structure Hypothesis: In order to explain the efficiency of markets,
the micro-structure of the market is more important than the behavioral rules of the agents.
2

The main functions of money as a unit of account, medium of exchange and store of value will be
discussed later when we deal with the monetary institutions, see Section 1.3.4.
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The Market Micro-structure Hypothesis (henceforth MMH) puts emphasis on the role
of the market mechanisms and on the institutions, rather than on the individual behavior
or rationality. A justification for this emphasis is the aggregation problem that was alluded
to above. Because the macro-level regularities cannot be derived from the individual
characteristics, these characteristics cannot be used as an explanation for the efficiency
or inefficiency of the markets. Such emergence of macro-level properties shows the limits
of methodological individualism, which attempts to explain such properties as the result
of actions by individuals.
The MMH can be tested by comparing the efficiency of markets which are inhabited by
two different types of agents: those who take all observable market signals into account
when making decisions (the ‘rational’ agents), and those who do not take all signals
into account (the ‘bounded rational’ agents). Gode and Sunder (1993, 1997) consider
two types at the very extremes of this spectrum: (i) highly-intelligent (HI) agents who
maximize utility, and (ii) zero-intelligent (ZI) agents who trade randomly. The HI agents
submit orders according to the demand function derived from utility maximization. The
ZI agents ignore the market signals completely and submit a random value drawn from
a uniform distribution as their market order. The only consistency requirement that the
ZI-traders have to satisfy is that their orders satisfy a budget constraint. Since the agents
behave randomly, the budget constraint puts restrictions on the trading behavior and it
is therefore part of the market institution (since it cannot be part of the internal state of
the ZI-traders). On the other hand, for the highly-intelligent utility maximizing agents
the budget constraint is part of their internal behavioral rules. To test the validity of
the MMH Gode and Sunder are actually testing the influence of the externally imposed
budget constraint on the efficiency of the market.
The main finding in computational experiments with a continuous double auction
market is that the market can be made more efficient by imposing a budget constraint on
the otherwise randomly trading ZI-traders.3,4
This result shows that random behavior may lead to efficient outcomes through the
aggregation of information by the market mechanism. The regularities which can be
found at the macro-level can therefore not be derived from the individual characteristics.
In this sense aggregation may add structure by filtering out micro-level noise. On the
other hand, properties which are present at the individual level need not carry over to
the aggregate level. The rational utility maximizing agents who take into account all the
relevant market signals may not be able to co-ordinate on an efficient outcome due to
market imperfections. In this sense aggregation may also destroy structure.
In other words, it may not be necessary to incorporate the market mechanisms into the
behavioral rules of the agents in order to achieve the same result: the trading strategies
do not have to be very sophisticated as long as the market mechanisms are sophisticated
3

Apart from the structure of a continuous double auction market, the market rules contain additional
restrictions, e.g., a bid-improvement rule which says that new bids/offers should improve upon the current
best bid/ask price.
4
The initial results of Gode and Sunder (1993) have lead to a considerable amount of follow-up papers
in both the artificial intelligence and the experimental literature, see e.g. Cliff et al. (1997). There it is
argued that the resulting market efficiency is mainly due to the intrinsic structure of the double auction,
and not an indication of the profitability of the Zero-Intelligence trading strategy.
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enough to aggregate the distributed information. This brings us to the following questions
surrounding the generative sufficiency of market mechanisms:5
1. Is it possible to generate stable equilibrium behavior with simple, unsophisticated
adjustment processes?
2. Is it necessary to introduce sophisticated behavioral rules that take into account all
of the relevant information to produce such a result?
3. What happens when the agents use sophisticated rules in an unstable environment?
Are the agents able to stabilize the environment with their smart behavior?
4. Is it even sufficient to have sophisticated behavioral rules, or is it also necessary to
have ‘smart’ institutions which aggregate and distribute the information efficiently
across the market participants?
5. Can we have ‘smart’ institutions which work stabilizing on otherwise destabilizing
rules of conduct?
6. Do these stabilizing market mechanisms always function correctly, or can they also
lead to unstable dynamics if the behavior of the agents is not tuned towards achieving an equilibrium?
It may not be in the best interest of every agent to attain an equilibrium, since some
agents might profit from bringing the economy further away from an equilibrium. If there
are multiple equilibria then it depends on the dynamics, and hence on the behavior of the
agents, which equilibrium gets selected.

1.1.5

General disequilibrium models

A sequence of constrained decisions is affected by the expectations about real and financial
stocks. The expected future trading possibilities affect the decisions which are taken
today. Therefore expectations matter. It is clear that a preferred disequilibrium model
should include both the financial and real stocks and a study of their interdependencies.
Amendola, Gaffard and Saraceno (2002) study a sequential production economy in which
both these stocks play a role. They claim that:
‘[...] the problem caused by trading at disequilibrium prices lies not so much in
the persistence of these prices, [...] but rather in two features of this trading
that are important in studying disequilibrium phenomena, which are mentioned but not developed by Keynes and Leijonhufvud: the appearance of
quantity constraints which at each moment in time affect the agents’ plans;
and the sequence of suboptimal choices triggered by these constraints which
renders the very notion of an equilibrium price meaningless as the price itself
would change continuously along the adjustment process.’ (p. 5)
5

The term ‘generative sufficiency’ refers to the ability of the micro-structure to generate certain macrophenomena. A macro-structure is considered to be ‘explained’ by a micro-structure if it can be shown
that the micro-structure is sufficient to generate the macro-phenomenon in question.
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And they conclude that:
‘A major result of our sequential analysis of out of equilibrium processes, is
that wage flexibility does not necessarily help to restore equilibrium [...], more
than that it may be harmful, by triggering processes which bring the economy
farther and farther from equilibrium.’ (p. 13)
This is related to the remark by Drèze that:
‘It is not obvious at all that price or wage adjustments susceptible of removing
inefficiencies caused by price distortions would also operate in the right direction, or with any effectiveness, to circumvent co-ordination failures.’ (Drèze,
1999, p. 1753)
The real problem seems to be ‘[...] the movement from one supply-constrained equilibrium
to another as a topic in dynamics, inviting the study of adjustment processes defined over
prices, [...], quantities, price expectations and plans.’ (Ibid.)
We subscribe to the point of view that economic dynamic processes should be amenable
to an economic interpretation. Otherwise they are not economic but mathematical processes. In order to formulate such economically meaningful disequilibrium processes our
model is based on six assumptions:6
1. The process is formulated as a non-tâtonnement process: Every period starts with
the state variables which were determined during the previous trading period. The
money balances at the start of every period are part of the state variables and
therefore part of the initial endowments. Since the money balances link the history
to the current period, the adjustment process is a non-tâtonnement process.
2. Disequilibrium trading and the irreversibility of transactions: Price adjustments
and trade take place simultaneously, such that if no equilibrium price system has
been reached trade has to take place at so called ‘false’ non-equilibrium prices.
The transactions which occurred on the markets during the previous trading round
restrict agents’ trading decisions due to the financial constraints which result from
trading at disequilibrium prices.
3. Decentralization: The trading process is a decentralized process which requires only
market-by-market information. Price adjustments occur on markets separately and
there is no co-ordinating device between the agents on different markets to coordinate the price adjustments on a global level. The process mimics some aspects
of the functioning of a decentralized market economy: co-ordination failures may be
a persistent phenomenon which drives the economy away from equilibrium, instead
of towards it.
4. Timing: The process distinguishes the timing of transactions: Trading takes time
and the adjustment process takes time to converge, so trade has to occur along
6

These assumptions are partly adapted from Drèze, 1999, Introduction.
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the adjustment path. Not all markets may be open at the same time and futures
markets may not be well developed for all commodities. Commodities can therefore
not be traded simultaneously on a single spot market at the initial period, but have
to be traded sequentially.
5. The process models the expectation formation process of the agents: The perceived
trading possibilities which agents expect for markets in the future influence the
trading plans made today; if trade takes place sequentially then this implies that
the transaction on a market visited today influences the trading possibilities for
markets in the future due to spill-over effects. This is connected to the irreversibility
of transactions.
6. The process includes money: Issues related to income, liquidity, and financial constraints play a role, as well as debts and claims accumulating over time. The model
should contain a description of the exchange mechanism and the monetary institutions which are required for the exchange mechanism to work efficiently.

1.1.6

Modelling methodology

In a disequilibrium approach, as opposed to an equilibrium approach, economic processes
have to be described step by step. Such an approach ‘requires far more structure than
does the equilibrium approach. Mechanisms that describe how agents make decisions,
how prices are determined, and how exchanges can take place out of equilibrium must
be specified.’ (Day and Chen, 1993, p. 21). In developing a modelling methodology, we
adopt the methodology described by Martin Shubik:
‘Markets and trading methods are peculiarly institutional. The detailed dynamics of price formation may depend on many special variables. The approach adopted here is to concentrate on the logically simplest complete mechanisms and to add complications one at a time. Thus we must stress that the
realism or relevance of any specific price formation mechanism is not asserted.
We first concentrate on a simple, fully defined mechanism and then consider
general properties of markets, attempting axiomatic descriptions for general
classes of mechanisms. But, for the purpose of understanding the roles of
money and credit, this is more of a luxury than a necessity.’
(Shubik, 1999, p. 210)
Economic models are often composed of isolated modules interconnected through
input-output relations. It is the interaction between these modules that produces the
global dynamics of the economic system. For example, in dynamic economies with decentralized exchange it is often convenient to model the agents as separate decision-making
units, each with its own inputs and outputs, and to specify the dynamics of the economy
as a sequence of steps.
For the modelling methodology we adopt a position that can best be described as
algorithmic computationalism. Algorithmic computationalism refers to the step-wise construction of models. It is algorithmic in the sense that we model a process, and computational in the sense that we use computational tools to analyze this process. This
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terminology is slightly more general than so called agent-based computationalism, which
focuses primarily on agent behavior. Here we also want to focus on market behavior.
The use of logical operators such as if-then constructions turn the model into a
piecewise-smooth dynamical system. It is often the case that no closed-form solutions
in terms of a system of difference or differential equations exist, which means that computational tools are indispensable for studying the dynamics of such systems.7
High-dimensional micro-models are often analytically intractable. Physicists and meteorologists, who have been performing large-scale simulations since the 1960’s, have long
ago admitted to this ‘fact of life’, but the reality of this problem is slow to sink in with
economists.
The problem of analytical intractability is of particular concern when using largescale micro-simulation models. These models are often not analytically tractable due to
the high level of detail, which makes the numerical or computational analysis of such
models indispensable. The next problem that economists have to deal with will be the
computational intractability of these models, but this does not appear to be a main
concern (yet).
The results which follow from a numerical analysis are not formal proofs of theorems.
But the numerical inferences from the computational model can be useful for understanding the model and the underlying economic theory which it represents. Computational
Economics is a formal method of numerical analysis which needs to be developed more
fully. Nevertheless it must be realized that the computational models serve as an illustration of the economic theory, and not as theory in itself.
Any conclusions which are drawn from a computational model must necessarily be of a
qualitative nature, since the conclusions rely on numerical derivations. These observations
can be used to improve the model, which is a prerequisite for the further development of
theory on disequilibrium dynamics.
To test the model’s robustness we check whether the numerical results are sensitive
to small changes in the parameter values, the initial conditions and the model structure.
The first test entails a bifurcation analysis, the second entails a local or global stability
analysis, and the third is essentially a test for the structural stability – or robustness –
of the qualitative features of the model. Small changes in model structure may produce
diverse outcomes, and this is a sign that the model is not robust against structural changes.
It is important to test our models for such structural stability because the mechanisms
that are modelled will never exactly match the actual market mechanisms.

1.1.7

Decentralized exchange processes

In the literature on decentralized trading models two forms of decentralization can be
distinguished: (i) indirect and global interaction through the marketplace, and (ii) direct
7

The use of numerical methods to study piecewise-smooth systems is not an apology for the inadequacy
of analytical techniques. It is rather a bare necessity, since even if an analytical derivation of a closed-form
solution would in fact exist, it would almost surely be analytically intractable even for the simplest of
examples. This is due to the logical operations of the if-then clauses which divide the phase space into
several subspaces, with in each subspace a different dynamical system that governs the evolution of the
state variables.
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and local interaction among the agents through bilateral trade relations. In models that
are based on market interactions a weak form of decentralization is assumed: trades are
accomplished on a market-by-market basis, and not on an agent-by-agent basis as in the
bilateral trading models. The weak form decentralization implies that agents are trading
anonymously in the market and that the market acts as an interface between the agents
to facilitate trading. This is exactly the role of markets: to co-ordinate the economic
activities between multiple decision-makers. Whether or not the market fulfills this role
efficiently has always been a question of great concern to economic theory.
On the other hand, in bilateral trading models a strong form of decentralization is assumed: the agents negotiate bilaterally over price/quantity combinations and this requires
the modelling of a search process. The concept of a ‘market’ is substantially weaker than
in the market-based approach because the agent pairs are involved in mutually beneficial
trades and there no longer exists a unique price for every commodity. The ‘Law of One
Price’ does not need to hold. Commodities are no longer defined in terms of their physical
characteristics and by when they can be traded but also by the property rights associated
to them. Models of such bilateral trading processes can be characterized by strategic
interactions as opposed to anonymous market interactions. To insist that all processes of
decentralized trading should assume the strong form of decentralization is to falsify an
important aspect of economic reality in which there exist markets to co-ordinate trading.
In our model, the agents trade on a market-by-market basis, and signal their intended
demand and supply (buy and sell orders) to the market. To determine the transactions
on a single market it is necessary to aggregate the demand and supply orders of all
individual agents. This aggregation process requires a central order-matching mechanism
since it involves co-ordinating quantities instead of prices. We need such a co-ordinating
mechanism on every market, but not on the global scale of the entire economy. Therefore
the level of decentralization in our model is a weak form of decentralization. To investigate
whether the markets are proficient in performing their role as a ‘co-ordination device’ we
will focus on the market institutions.

1.1.8

On piecewise smooth dynamics

In economic models the state space is often divided into separate domains, or economic
regimes. The dynamics depend on the state of the economy and the evolution of the
system is guided by a different set of differential or difference equations in each domain.
Such a dynamical system may have abrupt transitions at the boundaries of the domains
in the state space and this leads to non-differentiability of the dynamics. The dynamical
systems become a piecewise smooth nonlinear system.
Usually in economics the boundaries of these domains (or mathematically more correct:
the closures of the domains) correspond to states at which a market is in equilibrium
(without binding restrictions). The intersection of the closures of multiple domains then
consists of those states in which multiple markets are in equilibrium simultaneously; the
intersection of all the domain boundaries is a general equilibrium, i.e., it is a state in
which all markets are in equilibrium. If it is indeed the case that the dynamics have
non-smooth transitions at the boundaries of the domains then this would imply that a
general equilibrium is the most degenerate state in the entire state space. In particular,
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for the dynamics in the local neighborhood of a general equilibrium it may show abrupt
transitions which must have implications for the stability of the general equilibrium.
But the division of state space according to economic regimes may not be the only
cause for piecewise smooth dynamics in economics. Restrictions may apply which limit the
viability of the economic system: there may be price rigidities, short-sale constraints or
cash-in-advance constraints (see Chapter 6). These types of restrictions on the evolution of
the dynamical system cause the system to become piecewise-smooth and the restrictions
act as reflective boundaries: when the dynamics hits one of the boundaries then the
trajectory gets reflected in the opposite direction or stays on the boundary, producing a
‘kink’ in the trajectory.
The bifurcations (changes in dynamic behavior) which can occur in piecewise-smooth
systems are known as border-collision bifurcations. These bifurcations are detailed in
a recent book on piecewise-smooth dynamical systems by Zhusubaliyev and Mosekilde
(2003).8
Border-collision bifurcations have been studied in the Russian literature, where they
are known as C-bifurcations, derived from the Russian shivanije meaning ‘sewing’: ‘Bordercollision bifurcations are connected with situations where the trajectory starts to intersect
one of the so called sewing surfaces, which are surfaces that divide the phase space into
domains of different dynamics. Within each such domain the system is smooth, but the
equations of motion change abruptly from one domain to the next. This type of bifurcation [...] cannot occur in smooth systems.’ (Zhusubaliyev and Mosekilde, p. 38)
Since most disequilibrium models in economics divide the phase space into separate
domains with a different law of motion in each domain, the description of the sewing
surfaces fits very well with the dynamics of economic systems. Although the dynamics
within each domain are smooth, the transition between the domains is usually not. The
boundary of two domains, where the dynamics get sewn together in the phase space, is a
natural region where border-collision bifurcations can occur.

1.2

Chapter outline

In the first part of this thesis (Chapters 1 and 2) we discuss the methodology of modelling
economic dynamics. In this part we focus on disequilibrium processes in which sufficient
attention must be given to the institutional structure of the economy and to a description
of the market mechanisms.
In Section 1.3 we give an informal overview of the model and describe the adopted
modelling methodology. In Section 1.4 the methodology of agent-based computational
models is discussed. In Chapter 2 this is followed by another methodological discussion
on the Stockholm School and the Disequilibrium Theory of the 1930’s. The focus is on
methods developed by members of the Stockholm School to study disequilibrium phenomena. Section 2.1.3 discusses Hicks’s temporary equilibrium method, which is an important
starting point for the discussion on fixed-price models. Section 2.1.4 discusses Lindahl’s
8

See Hommes and Nusse (1991), Nusse and Yorke (1992), Nusse and Yorke (1998, p. 39-57) and
Zhusubaliyev and Mosekilde (2003, Ch. 6 and 7).

14

CHAPTER 1. GENERAL INTRODUCTION AND OVERVIEW

disequilibrium approach. Section 2.2 presents our interpretation of both Hicksian and
Lindahlian dynamics and an adaptation of these methods into a moving-horizon analysis.
Section 2.3 gives an overview of the literature on Disequilibrium Theory from the
1970’s onwards. We review the various disequilibrium processes which have been studied
in that literature, including the main results which were obtained.
In the second part (Chapters 3 and 4) we discuss disequilibrium theory from a general
equilibrium perspective. Chapter 3 introduces the theoretical framework which will be
used throughout the thesis. All formal assumptions and definitions can be found in this
chapter. It is based on the structure of a general equilibrium model, but in a dynamic
setting. The equilibrium concept which is used is a Keynesian or K-equilibrium (see
Benassy (1975)). Chapter 4 considers tâtonnement processes as a benchmark case, and
gives specifications for the simulation models. See Appendix A.1 for a full listing of the
notation used. Appendix A.5 contains a proof of the differentiability of effective demand
functions under certain non-degeneracy conditions.
In the third and final part (Chapters 5, 6 and 7) we introduce computational models
which are used to illustrate the dynamic properties of the disequilibrium model introduced
in Chapter 3. In Chapter 5 we study a Wicksellian pure credit economy. There is no
positive money stock and all transactions are paid by credit transfers. In Chapter 6
we introduce a cash-in-advance constraint (see Clower (1965)), which requires a positive
money stock. Agents now require positive money holdings to perform transactions. This
turns the model into a disequilibrium model with fiat money. The dynamic properties of
each model are investigated and compared by a numerical analysis.
In Chapter 7 we adapt the credit model of Chapter 5 and study a ‘temporary disequilibrium model’ in which the dynamics consist of sequences of fixed-price equilibria. The
underlying process is a dynamic fixed-price process with sequential quantity adjustments.
Finally, Chapter 8 gives a summary of the main results and concludes.

1.3

Overview of the model

In this section we give an overview of the model. We shall address the modelling assumptions, the structure of the sequential trading process, the decision-making procedures and
the monetary institutions which are required for trading.

1.3.1

Modelling assumptions

In all of the models we make certain simplifying assumptions. These assumptions pertain
to the structure of the economy and to the institutional arrangements which are necessary
for trade to occur:9 (1) the economy is of infinite duration; (2) agents are infinitely lived;
(3) agents have a finite planning horizon: they are myopic utility maximizers; the utility
functions are only defined over a single bundle of consumption goods (which spans one
9

In our terminology a period consists of a round of trades, so the terms ‘period’ and ‘trading round’
are synonymous.
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trading round); (4) the utility functions are time-invariant: they remain the same in every
period; (5) the endowments consist of the same, constant supply of perishables in each
period; (6) all commodities are perfectly perishable except money; (7) spot markets exist
for every commodity except money; (8) money is traded in exchange for every commodity
in that commodity’s market; all transactions are spot transactions against money; (9)
all trade is anonymous and trustless: there is no personal credit (no IOU’s); all credit
arrangements run through a bank; (10) markets are open sequentially; this implies that
only one commodity can be traded at a time; (11) the commodities cannot be traded more
than once during the trading round; (12) there are no transaction costs; (13) money has
no intrinsic utility other than its value in exchange for the other commodities; this implies
that money does not enter into the utility function; money serves as an asset which allows
individuals to bridge the gap between the sale and purchase of the commodities; this is
its only function in the present model.

1.3.2

Disequilibrium trade

The purpose of the model developed in this thesis is to study a general equilibrium model
of an exchange economy with trade taking place at disequilibrium prices and in which
markets are visited sequentially. A direct motivation for studying such a sequential model
is that not all markets may be open at the same time, or that agents simply cannot trade
on all markets simultaneously.
Every trading round is divided into subperiods, or ‘market days’. In each subperiod
only one market is visited so only one good can be traded. The markets are being visited
in a predetermined order and transactions take place against prevailing market prices
which have been determined during the previous trading round. The model is therefore a
fix-price model. Only one price adjusts after every market visit. After a complete round
of such sequential trades the next trading round is initiated and this process continues
indefinitely.
All agents in the model are consumers, characterized by utility functions and resource
endowments. The initial endowments are the same in every period and the commodities
are non-storable consumables. There is no carry-over of stocks from one period to the
next. For the description of the decision-making processes we stay close to the neo-classical
theory of the consumer. The agents are utility maximizers, but with two important
provisos.
The first assumption we make is that agents do not possess the mental capacities to
plan ahead for an infinite time-horizon. Instead the agents are myopic utility maximizers
who only plan ahead for one trading round. Because the trading environment is changing
continuously, this leads to the incompatibility of the trading plans and consequently to
the revision of plans subject to new information. An equilibrium is then characterized by
a situation in which the environment no longer changes and the plans remain the same.
The second assumption is that the agents take into account the fact that they are being
rationed. This leads to the concept of effective demand in which the expectations about
future rationing constraints play a role. These expectations enter as additional variables
into the demand functions, reflecting the sequential nature of the trading process.
For disequilibrium trading to be possible an endogenous quantity rationing mechanism
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is needed in order to clear the market, since otherwise no transactions can occur, at least
not if markets are out of equilibrium. For quantity adjustments we use a proportional
rationing rule: agents on the long side of the market are rationed in proportion to their
own demand or supply. If the agents know that the rationing is proportional this rule
can be manipulated by over-asking or over-supplying the market. For simplicity we will
assume that agents ignore this type of strategic behavior.
Since we have assumed that there are no carry-overs of stocks between successive
periods, the process described above must be distinguished from a non-tâtonnement process à la Hahn and Negishi (1962), in which every trade is utility improving and trading
continues with the stocks from the previous period until no more improvements can be
made. In our trading process the allocation is consumed at the end of a round and trading
continues in the next round with a fresh bundle of commodities. The endowments at the
start of each round are the same in every period. Because in every round the price vector
and money balances are updated, the allocation at the end of a period is not necessarily
an improvement on the bundle which has been consumed in the previous period. The
transactions simply consist of exchanging money for commodities, given the current price
system. Our process thus includes money prices, while the Hahn-Negishi non-tâtonnement
process is a pure exchange process without prices but only rates of exchange.

1.3.3

Decision-making procedures

In capitalistic market economies agents make extensive use of markets to send and receive
information. Agents use market signals to communicate to the other agents in the economy
their intentions about their economic activities. This is also the main purpose of markets:
to co-ordinate the plans and activities between the various decision-makers. In order to
reach a market equilibrium it is required that a co-ordination of plans takes place. Markets
therefore serve as a signalling device. Not only do agents passively receive and use the
market signals to plan their own activity, they also engage in actively sending signals to
the other market participants through the market to communicate their intentions.
Clower (1965) stresses two important points about this signalling feature of markets:
(i) the signalling should be complete, and (ii) the signalling should be credible. If signals are not complete, then the agents have incomplete information about the (planned)
activities of the other agents which will result in a co-ordination that can be suboptimal
at best. If the signals are non-credible, then agents simply do not trust the information they receive and cannot co-ordinate optimally. Any notion of economic equilibrium
therefore always entails concepts such as ‘credibility’, ‘information’, ‘trust’, ‘plans’ and
‘co-ordination’.
For markets to be able to fulfill their role as a ‘co-ordination device’, it is necessary
that agents correctly and completely signal their intended actions to the market or to the
other agents directly. This means that consumers should signal to the sellers the correct
amounts they intend to buy, and that the sellers should signal to the buyers the correct
amounts they want to sell. Further, for the signalling to be credible, it should be backed
by available purchasing power at the moment of transaction.
An important distinction needs to be made whether agents take into account all the
market signals, or whether they only take into account a subset of these signals when they
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are making their consumption plans. Below we distinguish between two decision-making
rules: notional demand and effective demand.
Notional demand
Demand is said to be ‘notional’ if it satisfies the following conditions:
• the demand is a function of the (expected) prices and the current real wealth (the
value of resources);
• the planned expenditures satisfy the budget constraint: every agent expects to be
able to buy or sell any desired quantity of each and every commodity at prevailing
market prices;
The notional demand functions are the standard neo-classical Marshallian demand functions, derived from the standard utility maximization problem under the budget constraint and non-negativity constraints. It presupposes that all buying, selling and saving
plans can be carried out simultaneously, and all purchases can be paid for by the proceeds from sales. Clower (1965) refers to the notional demand functions as satisfying a
unified-decision hypothesis, due to the presupposed simultaneity of the decisions.
Agents using notional demand functions ignore all quantity constraints which are
encountered on the market. This is clearly myopic behavior, since the agents actually
‘feel’ the constraints if they are being rationed. If this is indeed the case, then the
realized sales and purchases will differ from the ‘notionally’ planned sales and purchases,
and these difference will influence the next decisions. Therefore we also consider agents
who do take into account the quantity constraints in their decision-making. Then the
appropriate notion of demand is effective demand.
Effective demand
Following Clower (1965), demand is said to be ‘effective’ if it satisfies the following conditions:
• the demand is a function of the (expected) prices, the current real wealth and the
quantity constraints which are perceived on the market.
• there is a distinction between planned and realized trades: the agents take into
account that there may be restrictions on the markets in the form of quantity
constraints and that they may not be able to buy or sell the desired quantity of
commodities, due to rationing of the demand or supply respectively.
The definition of effective demand originates from Clower’s Dual-Decision Hypothesis.
This hypothesis states that an agent who has traded on a particular market should take
into account the quantity constraints which have emerged. This will force the agent to
reconsider the trading plan for the other markets due to spill-over effects. Therefore, the
trading and consumption plans for each market take into account the quantity constraints
which have appeared on the previous markets and the expectations of constraints on the
next markets. But not the constraints on the current market, since these still have to
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appear on the market as a result of the interactions with other market participants. In
this sense that the decisions have a dual nature.
‘[...] According to this definition, the effective demand is calculated separately for each good. An agent’s demand for a particular good is given by
the corresponding component of the most preferred trade vector which fulfills
the budget constraint and the quantity constraints for the other goods, but
the quantity constraint for this particular good is disregarded. The effective
demand is then the vector whose components have been calculated in this
way.’10
The original formulation of the Dual-Decision Hypothesis has the additional property
that the income-constrained demand for commodities should be backed by actual income
available at the moment of transaction, i.e., that all the planned expenditures can be
paid by the realized income, not the notional income.11 This income constraint has later
become known as the cash-in-advance constraint, since it means that the agents should
already have cash available at the moment of transaction.
The effective demand function incorporates the quantity constraints into the demand,
which is now a function of the quantity signals as well as the price signals which originate
from the market. This allows agents to take into account that they are being rationed
and to plan their future consumption accordingly.
The choice-theoretic rationale for using the effective demand functions rather than
notional demand functions is closely related to Benassy’s ‘trading-post’ interpretation of
the sequential market structure (see also Figure 1.1):
‘There has been some attempt to find a choice-theoretic rationale for the
[effective] demand in a special institutional setting where markets are visited
sequentially. Benassy [...] has argued that the [effective] demand applies to a
situation where each agent visits the markets in a given order. At a particular
market, [an agent] has experienced quantity constraints on some of the markets
already visited and has subjectively certain expectations about the quantity
constraints he will meet at the next markets visited.’12
The institutional setting of a sequential market structure with ‘trading posts’ and the
use of effective demand functions is thus closely connected with Clower’s Dual-Decision
Hypothesis. We will use both assumptions in the formulation of a disequilibrium trading
process.

1.3.4

Monetary institutions

The trade deficits and trade surpluses that accumulate during trade have to be corrected
on the balance of account of the agents. This will affect the agents’ budget constraints.
Agents must not only repay the old debts which have already accumulated but must also
10

Svensson, 1981, p. 2, emphasis in original.
See Clower, 1965, p. 119.
12
Ibid. p. 3, emphasis in original.
11
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Sequential markets

Figure 1.1: The ‘trading posts’-interpretation of an economy with sequential market visits.
The markets (0, ..., k, ..., m) are visited clock-wise. In every transaction a commodity is
exchanged against money, mediated through the system of bank accounts.
prevent new debts from occurring. If these effects were ignored then it would be optimal
for agents to run into debt indefinitely. For this we require an accounting device. In a
monetary economy money serves two primary functions – to serve as a medium of exchange
and as a unit of account. The medium of exchange usually takes the form of paper money
or coinage which has been printed or minted by an institution such as a central bank,
which is formally outside of the economy. The unit of account may be different from the
medium of exchange. Money also serves two secondary, or derived, functions which are
as a standard for deferred payments and as a store of purchasing power. The standard for
deferred payments is needed in case of debts to be paid in the future. The function of a
store of purchasing power is related to the function of money as a unit of account. The
balance of account can be interpreted as claims on future purchasing power, regardless of
the units in which these claims are being measured.
We shall distinguish between two types of exchange:
- Credit exchange (Chapter 5). In the case of a pure credit economy the only
means of exchange is inside money. The inside money is created and destroyed
by borrowing and lending within the private sector by individuals to individuals.
The net wealth of the private sector (the sum of all credit balances) is therefore
zero. There is an outside bank and all transactions are credit payments which
are transferred through the system of bank accounts. Trade outside of equilibrium
causes unanticipated debts and claims which are unintentional, but which should
nonetheless be repaid. Agents who have a debt at the end of a trading round have
to repay this debt over the course of the next trading round and agents who have
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claims can cash in these claims for consumptive purposes during the next trading
round.
- Cash exchange (Chapter 6). In case of a monetary economy the only means
of exchange is outside money. There is a fixed positive amount of money which
has been created outside of the private sector. The transactions are cash payments
for spot market transactions. In addition to the income/budget constraint there is
a cash-in-advance constraint. The (money value of) consumption on the current
market is limited by the total cash balance available to the agent. There are no
longer any debts or claims, since the cash balance is not allowed to become negative
and cash-in-advance means no cash, no consumption. Furthermore, if an agent has a
trade surplus at the end of a period, then this surplus can be spent on consumption
during the following round. Since money is the only means of exchange and it has
been assumed that money has no intrinsic value (it does not enter into the utility
function) there is no reason for agents to hoard money. Since they are myopic utility
maximizers they plan to spend all their income on expenditure of consumption
goods.
On the use of money Wicksell already remarked at the end of the 19th century:
‘There is no real need for any money at all if a payment between two customers
can be accomplished by simply transferring the appropriate sum of money in
the books of the bank. It can be written off the account of the debtor (the
buyer) and credited to the account of the creditor (the seller). Suppose now
that this system which is known by the name Virement, Giro, or cheque
system, is developed up to the point where everybody possesses a banking
account. [The banks] would require no stocks of cash - not at any rate for
purely domestic business.’ (Wicksell, 1898, p. 68)

This means that no physical medium of exchange, or paper money, is strictly required
for a monetary economy to function. But an abstract monetary unit of account remains
necessary in order to compare the relative values of the commodities in exchange and
as a unit for the deferred payments (debts and claims). In Chapter 5 we shall use the
pure credit system as described by Wicksell in the quote above. The Giro system is
an institution which provides the economy with a central clearing-house through bookkeeping entries on the credit accounts. We will have to make the following assumptions
for this credit system to work:
• All agents have a personal bank account. Bank accounts function as a temporary
store of purchasing power between the sale and purchase of commodities.
• All transactions occur through credit transfers between one agent’s bank account
(the debtor) to another agent’s bank account (the creditor). The bank accounts
thus also serve as the medium of exchange.
In the pure credit system, the aggregated money holdings of the agents cancel out as
debits and credits. Therefore all that is needed for the pure credit system to function is
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that agents have agreed upon some unit of account in which to register the debts. We
assume that such an agreement has already been formulated and that the system of credit
accounts provides the economy with this book-keeping feature.
Every transaction requires a bank: commodities can be exchanged against money or
credit, but not against other commodities. Barter exchange is therefore excluded. We
refer to Figure 1.1 on p. 19 for an illustration of the monetary exchange economy.

1.3.5

Sequential adjustment processes

An important aspect of modelling sequential trading processes is the frequency at which
the economic variables are adjusted. In Hicks’s method of temporary equilibrium the
smallest unit of time during which economic variables can adjust is the Hicksian Week.
In the disequilibrium method of Lindahl the Week is further subdivided into Lindahlian
Days. We use these analogies below to discuss three sequential adjustment processes
which all make use of subperiods as their basic unit of time:
1. Inter-period price adjustments between two trading periods. The process is reminiscent of Hicks’s fix-price method (Hicks, 1939): the price-vector remains fixed during
a certain short-run period and is adjusted at the end of the period. However, trade
is not allowed at disequilibrium prices, only in temporary equilibrium. The process
consists of a sequence of temporary equilibria.
2. Intra-period price adjustments during the period. The process is reminiscent of
Lindahl’s disequilibrium method (cf. Zappia, 1999 and Lindahl, 1939): prices are
announced by sellers at the beginning of a period; trade occurs at disequilibrium
prices, so there is rationing; prices adjust instantaneously during the period. The
process consists of a sequence of disequilibrium states with prices and quantities
adjusting at the same rate.
3. Combination of (1) and (2): Sequential quantity adjustments during the period and
price adjustments at the end-of-period. This refers to the notion of Leijonhufvud
(1968) that quantities adjust faster than prices.13 The process consists of a sequence
of quantity adjustments (trades) followed by a single price adjustment.
We will allow for trade at disequilibrium prices in Hicks’s end-of-period process, so the
process consists of a sequence of disequilibrium states. The only difference between the
intra-period and inter-period process is that prices adjust either during the period (Lindahl) or at the end of a period (Hicks). Trade is taking place all the time and not just at
equilibrium prices.
The intra-period adjustment process works as follows. The logical time-period consists
of a sequence of steps, or subperiods, in which the markets are visited. A period thus
consists of a trading round in which the transactions occur sequentially per market until
13

The notion that ‘quantities adjust faster than prices’ in the short-run period is related to inventories
adjusting to the excess demand in the market before prices have had time to adjust. It is therefore more
appropriately applied to an economy with a production sector than to one without.
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all markets have been visited, after which a new trading round begins. All agents have
exactly the same market order and move from one market to the next. Trade takes place
on markets sequentially and the adjustment of prices, quantity constraints and budget
constraints occur after every market visit. This process is referred to as a sequential
adjustment process. The speed at which prices and quantities adjust is equally fast,
so the process is a disequilibrium process with sequential adjustments of both prices and
quantities.
The inter-period adjustment process works as follows. The adjustment of prices and
budget constraints occurs at the end of a round. The quantity constraints are updated
sequentially, since trade is occurring sequentially. This process is referred to as the endof-period adjustment process. There are no intermediate price changes during the
trading round and therefore this could be labelled a fixed-price process, as in Hicks (1939).
The sequential trading implies that the agents have to continually re-optimize their
trading plans in response to the quantity constraints which appear on the markets. The
sequence of quantity constraints affects the trading decisions of the agents through spillovers, which cause situations of disequilibria. We study the processes in terms of the
sequence of plans and constraints, with prices and quantities adjusting to the disequilibrium.
Research questions
In the disequilibrium framework sketched in the preceding sections, we focus on the following research questions:
1. What is the effect of using different demand schedules, such as notional demand or
effective demand? Notional demand is only a function of the prices and income,
effective demand is also a function of the quantity signals which appear on the
market out of equilibrium. Agents then take into account that they are being
rationed. Incorporating the quantity constraints into the demand functions may
help to stabilize an otherwise unstable economy, because the agents have more
information about the disequilibrium state of the economy. (See Section 1.3.3)
2. What is the effect of adding cash/fiat money and a cash-in-advance constraint? A
cash-in-advance constraint limits the agents’ trading possibilities in the sense that
agents cannot consume more than the cash balances they hold when entering the
market. Imposing a cash-in-advance constraint may work as a stabilizing mechanism
since agents are not allowed to enter into credit arrangements. They are not allowed
to make any debts along the way towards an equilibrium. (See Section 1.3.4)
3. What is the effect of end-of-period versus sequential adjustments? End-of-period
adjustments occur at the end of a trading round, after all the markets have been
visited. Sequential adjustments occur sequentially during the period, so substitution
effects and spill-over effects play a role immediately. (See Section 1.3.5)
Each of these trading mechanisms can be tested for their stabilizing or destabilizing effects
on the dynamics. It can then be ascertained whether turning ‘on’ or ‘off’ one of these
mechanisms leads to more or less unstable fluctuations. It may also turn out that a

1.3. OVERVIEW OF THE MODEL

23

certain market mechanism works stabilizing under one set of conditions, while it works
destabilizing under another set of conditions. For instance, it may be the case that the
cash-in-advance constraint works stabilizing in the process with notional demand, while
it works destabilizing in the process with effective demand. We will test this by doing
numerical experiments in which different combinations of the market mechanisms are
used. This is related to the step-wise construction of the model, in which the different
submodules interact to produce the global dynamics of the economic system, and which
turns the dynamical system into a system which is piecewise-smooth.

1.3.6

Model categorization

We have distinguished the market mechanisms across three main categories:
1. Demand schedules:
- Notional demand; a function of price signals only.
- Effective demand; a function of price signals and quantity signals.
2. Exchange mechanism:
- Credit exchange: debts are allowed temporarily.
- Cash exchange: no debts are allowed.
3. Price adjustment mechanism:
- Simultaneous price updating: all price adjustments occur simultaneously at
the end of a trading round.
- Sequential price updating: price adjustments occur sequentially during the
trading round.
This categorization of the market mechanisms yields 2 × 2 × 2 = 8 models in total. Table
1.1 summarizes these model characteristics and provides a model labelling scheme to be
used as a reference to each model.
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Table 1.1: Model categorization for credit and cash-in-advance models.
Means of exchange Demand function Price mechanism Section
Credit models
A1
Credit
Notional
Simultaneous
5.4-A1
A2
Credit
Notional
Sequential
5.4-A2
B1
Credit
Effective
Simultaneous
5.4-B1
B2
Credit
Effective
Sequential
5.4-B2
Cash models
A3
Cash
Notional
Simultaneous
6.4-A3
A4
Cash
Notional
Sequential
6.4-A4
B3
Cash
Effective
Simultaneous
6.4-B3
B4
Cash
Effective
Sequential
6.4-B4
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On computational models

Agent-based Computational Economics (ACE) and Agent-Based Simulation (ABS) are
two relatively young research fields that combine methods from social sciences, computer
science and the cognitive sciences (AI and cognitive psychology). Originally these fields
find their origin in computational physics, where multi-agent systems (MAS) are used
to study models with heterogeneous agent populations. As AI researchers were looking
for new applications for their artificial agent models, these could be readily found within
the confines of the social sciences, in particular in economics and game theory, that are
already strongly founded in analytical and computational methods. For example John
von Neumann was a strong proponent of the idea of replacing Homo Oeconomicus with so
called Homo Algoritmicus, focussing more on the process of rationality rather than on its
outcome. The proponents of agent-based simulation are therefore sometimes referred to
as Simulationists, since the research is mainly centered around simulation studies, instead
of mathematical analysis. At the boundaries where the orthodox deductive-analytical
research program and the simulation approach touch on issues that have usually solely
been studied within the orthodox research program, the first nowadays finds more competition from the second during formal and informal meetings than perhaps a decade ago.
Although this may cause heated debates among researchers, it may turn out that there is
much to learn on both sides of the divide as the boundaries between the two approaches
begin to fade and a new synthesis is formed between the more rigorous mathematical
analysis of orthodox neoclassical economics and the more flexible simulation approach of
agent-based simulation. This survey is meant as a bridge to cross that divide.

1.4.1

Levels of explanation

A common critique on models that deal with explaining so called stylized facts is that
the models do not describe what actually happens at the micro-level. Instead, they are
stories told in order to match the empirically observed facts. These models are on a
level of explanation which is at the macro-level, and can therefore be said to belong
to the phenomenological approach of modelling social phenomena. A reason why such
modelling at the macro-level is convenient is because it is concise and parsimonious.
Another reason is that the complexity involved in dealing with multi-agent models of
a more game theoretic nature, with strategic interaction between the agents, is often
daunting.
The ABS approach is more tilted towards studying models in which the level of explanation is at the microscopic level. Researchers in the agent-based social simulation (ABSS)
community hold the view that modelling in the social sciences should entail descriptive
elements, i.e., it is a behavioristic approach to modelling social phenomena.
Agent-based social simulation looks at agent behavior at a decentralized level, at the
level of the individual agent, in order to explain the dynamic behavior of the system at
the macro-level. There are clear trade-offs between model complexity and the model’s
descriptive detail. Increasing the detail of a micro-model may lead to an increase in the
model’s complexity, but not to an increase in the model’s explanatory power. And the
increase in complexity may not scale linearly with increase in descriptive detail. The
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realistic modelling of agent behavior in agent-based simulation models suffers from the
critique that it may no longer be possible to analyze what is going on at the micro-level,
precisely because the model is too detailed. The details of the model blur the results that
can be obtained from it. The overview is lost.

1.4.2

Agent-based Computational Economics (ACE)

From the point of view of General Equilibrium Theory the literature on social simulation
lacks mathematical rigor. But not all studies done by researchers who use agent-based
simulations are purely based on computer simulations. Often the simulation studies are
testing certain theoretical hypotheses, or have been constructed to illustrate a certain
phenomenon which can be of practical or theoretical interest, and which may be used
to develop new theory or to extend already existing theories. Also, agent-based social
simulations may be used to gain insights into uncharted territory where no theoretical
results are yet available, and may thus give rise to new hypotheses. But also here there
are clear trade-offs between mathematical rigor and model complexity, since models that
are relatively small can often still be analyzed by analytical methods while slightly more
complicated models can become analytically intractable. It is in such cases that simulation
can be very useful. A simulation model can be set up with a high degree of model
modularity, modelling different mechanisms separately and then letting them interact to
produce the global system results.
For an introduction to the ACE literature, we refer the reader to the survey paper
Tesfatsion (2001) and to the ACE website maintained by Leigh Tesfatsion for extensive
resources on ACE methodology.14 A reference should also be made to the ‘Handbook of
Computational Economics II: Agent-Based Computational Economics’, edited by Judd
and Tesfatsion (forthcoming 2005).

1.4.3

Agent-Based Simulation (ABS)

A seminal and often cited contribution to the field of agent-based simulation is Epstein
and Axtell (1992) who remark in their introduction:
‘Herbert Simon is fond of arguing that the social sciences are, in fact, the
hard sciences. For one, many crucially important social processes are complex.
They are not neatly decomposable into separate subprocesses – economic, demographic, cultural, spatial – whose isolated analysis can be aggregated to
give an adequate analysis of the social process as a whole. And yet, this is
exactly how social science is organized, into more or less insular departments
and journals of economics, demography, political science, and so forth.
The social sciences are also hard because certain kinds of controlled experimentation are hard. In particular, it is difficult to test hypotheses concerning
the relationship of individual behaviors to macroscopic regularities, hypotheses of the form: If individuals behave in thus and such a way – that is, follow
certain specific rules – then society as a whole will exhibit some particular
14

The ACE-website can be found at: http://www.econ.iastat.edu/tesfatsi/ace.htm
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property. How does the heterogeneous microworld of individual behaviors generate the global macroscopic regularities of the society?
Another fundamental concern of most social scientists is that the rational actor – a perfectly informed individual with infinite computing capacity who
maximizes a fixed (non-evolving) exogenous utility function – bears little relation to a human being. Yet, there has been no natural methodology for
relaxing these assumptions about the individual.
Relatedly, it is standard practice in the social sciences to suppress real-world
agent heterogeneity in model-building. This is done either explicitly, as in
representative agent models in macroeconomics (Kirman 1992), or implicitly,
as when highly aggregate models are used to represent social processes. While
such models can offer powerful insights, they ‘filter out’ all consequences of
heterogeneity. Few social scientists would deny that these consequences can
be crucially important, but there has been no natural methodology for systematically studying highly heterogeneous populations.
Finally, it is fair to say that, by and large, social science, especially game theory
and general equilibrium theory, has been preoccupied with static equilibria,
and has essentially ignored time dynamics. Again, while granting the point,
many social scientists would claim that there has been no natural methodology for studying non-equilibrium dynamics in social systems.’ (Epstein and
Axtell 1992, p. 2, emphasis added)
This quote gives a very concise summary of all the main features of agent-based simulation: the interdisciplinary nature of the research, doing experiments, bounded rationality
of agents, heterogeneity and dynamics. The approaches of Agent-based Computational
Economics (ACE) and Agent-Based Simulation (ABS) are a response to the apparent lack
in the social sciences of models that study non-equilibrium dynamics in artificial societies
that are inhabited by boundedly rational agents. Below we discuss the differences and
similarities between these two simulation methodologies.

1.4.4

Multi-Agent Based Simulation (MABS)

Within the simulation community there are two basically very different fields of research:
Multi-Agent Systems (MAS) and Agent-Based Social Simulation (ABSS). MAS has been
largely influenced by AI and logic-based approaches in the cognitive sciences and can be
described as follows:
‘Intelligent agent- and mechanism design and the development of optimization
techniques that meet specific software engineering needs, possibly resulting in
agent-based software applications.’ (Moss 2000)
And ABSS on the other hand can be described as follows:
The computer simulation of social phenomena at the intersection of the social,
mathematical and computer sciences.
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Within social simulation, the overshadowing influence of economics and game theory has
mostly lead to mathematically based models, and relatively less influence was exerted
through contributions from other social sciences:
‘The hegemony of these fairly specific areas of the social sciences on MAS is
essentially due to attention paid by economists and game-theorists to the study
of the evolution of cooperation from local interactions among self-interested
agents, also the quintessential problem of MAS scientists.’ (Conte 1998)
A number of different leitmotifs can be given for agent-based social simulation. Foundational agent-based social simulation is aimed at developing general social theories. Representational agent-based social simulation by and large does not indulge in such theoretical questions, but rather focuses on solving practical issues, such as software engineering.
Within the MABS community one of the leitmotifs for doing simulation modelling is the
relationship between agent design (micro-level) and system performance (macro-level).
Recently, through the collaboration of researchers, the two respective fields of MAS
and ABSS have been forged together to form a new field which is now appropriately called
Multi-Agent Based Simulation, or MABS. The interest in such collaboration comes from
both sides:
‘The agent-based social simulation community has long been interested in interaction among software agents both as representations of human and social
actors and to formalize elements of agent design for multi-agent software systems.’ (Moss 2000)
And from the MAS side:
‘The role played by economics has prevented the MAS field itself from taking
advantage of the whole range of theories, models, and conceptual instruments
that abound in the social sciences and that have received a great impulse
thanks to the spread of computer simulation.’ (Conte 1998)
However, despite their evident affinities there still exists a gap between MAS and
ABSS (Conte 1998): (i) the two fields in question have suffered and still suffer from an
inadequate interface; (ii) their cross-fertilization would encourage research in both fields
and at the same time stimulate research arising at the intersection between them.

1.4.5

Model validation

An important issue for MABS modelling is the validation of simulation models:
‘The whole issue of the conditions in which agent behavior will lead to observed
or intended system results is a thread running through the fabric of agentbased social simulation. In general these conditions are tied up with issues
of validation. For social simulation modelling, validation turns on observed
correspondences between agent behavior and the behavior of the social actors
those agents represent and also between the macro behavior of the model
system and the observed behavior of social institutions and the evidence of
social processes.’ (Moss 2000)
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The issue of validation depends on the point of view of the modeler, namely whether
he or she has in mind a predictive or descriptive model (Moss 2000):
• Validation as prediction (which can be associated to the Santa Fe Institute):
A simulation model is validated if its predictions about macro-level outcomes are
correct in a statistical sense. This is taking into account the phenomenon referred
to as universality, which is that the same macro-behavior can result from a variety
of different micro-level specifications. A model has been validated predictively if the
stylized facts at the macro-level match. This reduces the importance of having an
exact specification of the individual behavior and the underlying mechanisms, since
it does not matter whether these are correct as long as the models makes correct
predictions about the macro-level aggregates.
• Validation as description (which can be associated to the European special interest
group on agent-based social simulation):
For social simulation modelling, a simulation model is required to describe phenomena and actual social processes that can be associated with the individual agents,
such as beliefs, desires and trust. A model has been validated descriptively if it provides a correct representation of individual behavior and the underlying mechanisms
of the process.
The notion of ‘validation as prediction’ can be associated to MAS, while the notion of
‘validation as description’ is associated to ABSS. The joining field of Multi-Agent Based
Simulation (MABS) thus suffers from the problem of having two orthogonal validation
criteria: to reproduce the stylized facts at the macro-level with models that are descriptively correct at the micro-level as well. These are hard criteria to satisfy simultaneously,
especially since the mathematical analysis of high-dimensional micro-models is often analytically intractable. Numerical analysis is therefore used in addition to a mathematical
analysis, which brings us to the field of Computational Economics.

1.4.6

Computational Economics: How and why?

In this Section we try to answer the question why computational models have some
methodological merit, why computational models should be used in economics, how they
could be used, and how such models are being used in actual practice. Simulation models
can be used in the following ways:
1. To restate already existing theories.
2. As a descriptive language to formulate new theories.
3. As a method for testing theoretical hypotheses.
4. For scenario analysis to investigate possible dynamic behavior of a system.
Testing of existing theories and hypotheses entails the following: a theoretical model of
interest is transformed into a computational model (a computer program); the specific
parameters deemed significant for the model’s behavior are identified; the theory is tested
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by varying the parameters for separate runs of the computational model. Development of a
new theory usually proceeds dialectically by the following iterative process: starting from
a certain theoretical framework a model is constructed; this is followed by experimental
testing of the model, revision and enlargement of the theoretical framework (generalization
and/or correction), new experimental testing, adjustment of the theory, etc.
The benefits of this computational approach to economics as opposed to an analyticaldeductive approach of mathematical economics are outlined by Klüver, Stoica and Smidt
(2003):
1. The transformation of the usually informal theoretical models into a computational
model requires operationalizing the basic mechanisms and a higher level of precision
of the theory’s most important presuppositions and statements.
2. The transformation process itself may be informative for the construction of a computational model and may give insights into the original theoretical model that else
would have remained hidden.
3. It may show that the original model needs enlargement or correction if the computational model does not show behavior that was expected theoretically, or if it does
show behavior that was not expected theoretically.
The translation from theory to computational model forces the modeler to make the
mechanisms explicit that would else have remained implicit, and this is one of the main
advantages of the computational approach, since it disciplines the modeler. Using simulations for testing and validating computational models could be seen as performing an
experiment:
‘Because in the social sciences ‘real’ experiments are in most cases not possible
or only in a very restricted way, the use of computer simulations plays a
decisive role: very often computer experiments have to play the part of real
experiments in the laboratory sciences. By the way, this is also the case in
those natural sciences where for similar reasons experiments are not (yet)
possible, in particular in the ‘historical’ sciences like physical cosmology and
evolutionary biology.’ (Klüver, Stoica and Smidt 2003, par. 5.7)
The main problem with the ‘historical’ sciences is that the historical process cannot be
investigated experimentally. It is not possible to turn back the clock and start over with
a different configuration of our universe, at least not as a field experiment. What is
possible is to do simulation experiments, by running so called ‘scenarios’. The same holds
for evolutionary biology. It is not possible to reset the actual biosphere in order to repeat
the process of evolution with a different choice of initial conditions and then to compare
evolutionary outcomes. But we can do simulation experiments. Now the question forces
itself: Is economics in this respect more akin to physical cosmology and evolutionary
biology, or are they fundamentally different and is economics not a historical science but
an experimental science after all? The next section discusses an attempt in this direction
in which economics is viewed as a generative social science.
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A generative social science

Epstein and Axtell speak out the hope of developing a new theory in the social sciences
by making a plea for a generative social science. The term generative is used here in a
similar way as in Noam Chomsky’s generative grammar:
‘The grammar of each language must be generative in the sense that it must
be a set of rules capable of ‘generating’ all well-formed (i.e., grammatical)
sentences of the language and none of the ill-formed ones.’ (Casti 1989, p.
215 as quoted in Epstein and Axtell 1992, fn. 177.)
For the generative social science that Epstein and Axtell envision this means that it must
consist of a set of rules capable of generating all well-formed artificial societies but no
ill-formed artificial societies, where ‘well-formed’ and ‘ill-formed’ refer to the generative
sufficiency of the simulation models to reproduce the stylized facts of real-world societies.
A macro-structure is then considered to be ‘explained’ by a micro-structure if it can
be shown that the micro-structure is sufficient to generate the macro-phenomenon in
question. It is the generative sufficiency of the micro-structure that forms the explanation.
Compare this to a criterion of Robert Lucas for what constitutes a good economic model:
‘A ‘theory’ is not a collection of assertions about the behavior of the actual
economy but rather an explicit set of instructions for building a parallel or
analogue system – a mechanical, imitation economy. A ‘good’ model, from
this point of view, will not be exactly more ‘real’ than a poor one, but it will
provide better simulations.’ (Lucas 1980, p. 697)
This does not mean that scientists who use MABS as a research methodology can
build theory merely by performing a lot of simulations studies alone:
‘The ability to generate noiseless data is a powerful feature of artificial societies. In addition to this kind of empirical study, it is desirable to pursue
formal analysis – outright theorems and proofs – where possible. While the
exact evolution of individual agents and sites seems analytically intractable,
certain probabilistic analyses are possible.’ (Epstein and Axtell 1992, p. 176)
Without a solid analytical framework in which to formulate sensible questions no sensible
simulations can be performed, but without any simulations it is often difficult to grasp
the global dynamic features of a model. Therefore, the analytico-deductive methods to
analysis and the computational approach should be seen as complements rather than as
substitutes, since both approaches are indispensable for understanding the behavior of
complex adaptive systems.

1.4.8

The wilderness of disequilibrium dynamics

If we want to understand disequilibrium phenomena like unemployment, the underemployment of resources or the overcapacity of production units, then we cannot just use
models which are always in equilibrium. For this we need models which describe the outof-equilibrium dynamics and in which disequilibrium has a chance to occur. Equilibrium
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may then be one possible outcome of such models, but different outcomes may be possible
as well. One of the problems with such an approach, and also its main point of critique,
is that “there is only one way to model equilibrium, but there seem to be many ways to
model disequilibrium dynamics.”
This argument is similar to an argument that was made by Sargent in the discussion
on bounded rationality, which can be paraphrased as: there is only one way to model
rationality, but there are many ways to model bounded rationality. This led Sargent to
warn against venturing to far into ‘The Wilderness of Bounded Rationality’. However,
there are also many ways to model rationality as it must depend on the context in which
it is being used. The research agenda of the 1990s has shown that research on bounded
rationality is rewarding in the sense that it may bring us closer to a description of what
economic agents actually do in an environment of imperfect information, or with respect
to limitations in their information gathering capabilities and their limited information
processing capacities. Clearly the argument against bounded rationality should not be
seen as an attempt to discredit the approach, but as a warning that if one ventures too
far from the beaten path of neoclassical equilibrium economics it is possible to enter ‘The
Wilderness of Bounded Rationality’. By the same token, the ‘Wilderness of Disequilibrium
Dynamics’ may be just as dangerous, or it may be just as rewarding.

1.4.9

Simulations as induction

Simulations can be viewed as a form of induction from particulars to universals. The particulars are the statements that are embedded in the computational model, as simulation
specifications. A simulation is then an instance of the computational model for a given
set of initial conditions and given the specifications.
From a finite set of specifications (the computational model) we make a finite number
of observations (the simulation). From this set we then induce a number of universals,
which are the regularities or conclusions that we draw from the simulation results. However, the verification of any universal condition by empirical observations, however numerous, is impossible. Therefore simulations can never be used to prove a universal statement.
This is known as the problem of induction and it is the basic objection to the method of
induction which led Karl Popper to formulate his methodology of falsificationism.15
Although no finite number of empirical observations can lead to the verification of a
universal truth, any particular observation which is taken in isolation has the potential
to lead to its refutation. Therefore, simulations can serve as counter-examples in a world
in which universal statements are hard to prove by methods of deduction, i.e., by pure
logic or by mathematical analysis.
However, before simulations can be accepted as a means to produce such counterexamples, or any other means of numerical analysis for that matter, it must be accepted
first that the computational model is a true representation of the formal mathematical
model. And consequently, that the properties of the first represent the properties of the
second.
If on the other hand the computational model and the mathematical model are seen
as non-equivalent, then a numerical analysis of the computational model has to be viewed
15

Cf. K.R. Popper, 1963.
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as completely detached from the mathematical model. The properties of the mathematical model can then not be approached through the properties of the computational
model. But then also the simulations – which are instances of the computational model
– cannot be considered as a means to falsify any statements which are made within the
mathematical model.
This seems to be a rather unsatisfactory conclusion however. It seems that for Computational Economics to be(come) accepted as a part of economic science, i.e., as a valid
means for testing economic theories, the numerical analysis of computational models has
to be accepted as a method to investigate the properties of mathematical models, which
means the re-entrance of inductive methodology into economic science.
With respect to the two-fold classification of ‘validation by prediction’ (Muli-Agent
Systems) or ‘validation by description’ (Agent-Based Simulation) this thesis falls into the
category of the latter. The aim is to give a descriptive account of dynamic processes
that can be deemed economically meaningful, i.e. all models need to satisfy a condition
known as dynamical completeness (see e.g. Tesfatsion, 2005): the model needs to provide
a complete dynamical description of how the economy evolves from state to state.

Chapter 2
Disequilibrium theory
‘Much of what we have to say is as old as, say, the oldest living Swede and must go by
the name of old wine in slightly new bottles.’ — Frank Hahn (1952)
This chapter intends to clarify some links between the Austrian School and the Stockholm School, two Schools within the History of Economic Thought in which an explicit
attempt was made to understand processes of economic development and disequilibrium
phenomena.

2.1

Disequilibrium theory in the 1930’s: The Stockholm School

A good overview of the development of dynamic analysis in the Stockholm School is given
by Hansson (1981). This section is not meant as such a thorough overview, but rather as a
short review of the connections between these two Schools and how the lineage was passed
from one generation of economists to the next. We will take from the history of economic
thought only those parts which seem directly relevant for the discussion on disequilibrium
dynamics, since these are the phenomena with which this thesis is concerned.
To understand dynamic disequilibrium processes we first turn to the Stockholm School
of the 1930’s and to the methods that were developed by this school to study such processes. The members that are associated to the Stockholm School are (with their main
contributions between brackets): Erik Lindahl (1929, 1939), Erik Lundberg (1937) and
Gunnar Myrdal (1939), amongst others.1
The methods developed by the Stockholm School could be called Wicksellian, since
they are in large part based on the work of Knut Wicksell in the 1890’s, who himself
was a member of the Swedish School and a pupil of Eugene von Böhm-Bawerk. In turn,
Böhm-Bawerk was among the first generation of economists who belong to the Austrian
School, whose members include such names as Ludwig von Mises, Friedrich von Hayek
and Joseph Schumpeter.
1

Other members include: Gustav Åkerman, Bertil G. Ohlin, Dag Hammarskjold, Alf H. Johansson,
Ingvar S. Svennilson and Bent Hansen.
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It is not only here that we find links between the Stockholm School and the Austrian
School, as it will reappear again and again in later works of their respective members.
There are also strong links between the works of Hayek (Austrian School) and Myrdal
(Stockholm School), and between von Mises (Austrian School) and Wicksell (Swedish
School). The links between these Schools will provide useful information for understanding
the subsequent development in the history of economic thought. It explains why the
Austrian and Swedish traditions have developed along similar lines on issues of dynamic
processes that take place outside of equilibrium.
Also the disequilibrium literature of the 1970’s, which can essentially be traced back
to the ideas of Keynes, was strongly influenced by the post-Wicksellian and Stockholm
traditions. The link can for instance be found in the dissertation of Jean-Pascal Benassy,
which was entitled Disequilibrium Theory (1975) and written under the supervision of
Gerard Debreu and Bent Hansen. It was Hansen who in turn stood in direct contact with
Lindahl, one of the prominent members of the Stockholm School.2

2.1.1

Concepts of equilibrium

Below we follow Hansson’s (1982) line of argument in summing up some basic concepts
of equilibrium. This will facilitate the further discussion on disequilibrium processes.
Intertemporal equilibrium
Intertemporal equilibrium involves a sequence of periods. The outcomes of all periods
are predetermined at the beginning of the process by assuming perfect foresight, i.e.
assuming ‘that individuals have full knowledge of all future data’ (Lindahl 1929, p. 285).
Intertemporal equilibrium was first developed by Hayek in 1928.3 Since the entire ‘process’
of contracting has occurred before the first period is started, the sequential process of
performing the transactions over time has, in the words of Hayek, ‘a purely fictitious
character’ (Hayek 1941, p. 21). This view is echoed by Hahn (1973), who remarks that
the concept of intertemporal equilibrium ‘is motivated by a very weak casual proposition.
This is that no plausible sequence of economic states will terminate if it does so at all, in
a state which is not an equilibrium.’ (Hahn 1973, p. 7)
Since everything is already predetermined at the outset there is no unfolding of the
process in time. The sequence economy is therefore inconsequential (see also Hahn 1973).
There is no role for money to be played in an intertemporal equilibrium, since a medium of
exchange is superfluous. All contracts for the delivery of goods and services have already
been signed before the whole process starts so the concept of intertemporal equilibrium
can only apply to a ’real’ economy, i.e., to an economy with barter exchange.4
Immediately after Hayek’s own ‘invention’ and the subsequent further development of
the notion of intertemporal equilibrium by Lindahl in 1929, Hayek quickly realized what
it would entail: perfect foresight and/or a complete set of contingent markets for trading
any and all commodities now and in the future (including all commodities that would still
2

See B.A. Hansson 1982, p. 6, fn.5.
Ibid., p. 23.
4
Ibid., p. 24.
3
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have to be invented in the future). Hayek also realized that such a concept of equilibrium,
although perhaps intellectually very interesting, would not be of any practical use. Lindahl
gave up on the notion of intertemporal equilibrium in 1929, because he questioned its
validity in addressing the issues of uncertainty and money. Instead, Lindahl replaced it
with the notion of ‘temporary equilibrium’. This was also the notion of equilibrium which
Hicks later used in his analysis in Value and Capital.
It is a somewhat peculiar course of events in the history of economic science – to say
the least – that the notion of intertemporal equilibrium has become the de facto standard
in any textbook treatment of neoclassical economics. Especially given the fact that those
who invented the concept discarded it as being totally unrealistic as a description of
economic reality.
Temporary equilibrium
Temporary equilibrium only considers an equilibrium within a single period. In this sense
it is a progressive step forward from the notion of intertemporal equilibrium. However,
the plans made at the beginning of the period do not only include the expectations about
the current period but also expectations about periods in the future. There is then no
reason why the plans for future periods should also be in equilibrium. Due to the revision
of plans and expectations, the new equilibrium may not coincide with the previous one,
which explains the fact that the equilibrium is only temporary.
The next stage in the equilibrium analysis is a continuation analysis which considers
a sequence of temporary equilibria over a sequence of periods. Such an analysis is identical to intertemporal equilibrium, the only difference being that the sequence is now a
real process in time, instead of a predetermined set of contracts which is traded and recontracted before the process starts. In a temporary equilibrium money does play a role,
because of the desire of agents to hold money out of precautionary motives and to transfer
purchasing power over time. The notion of studying a sequence of temporary equilibria is
known as sequence analysis, and it was the main method being used by members of the
Stockholm School to study dynamic economic processes.

2.1.2

Sequence analysis

The methods developed by the Stockholm School are connected by one unifying aim:
searching for a proper dynamic method. All members of the School used sequence analysis
as their main dynamic method, but the details of these methods differ in some respects.5
A sequence analysis consists of two parts: a single-period analysis and a continuation
analysis. The essential aspect of the single-period analysis is to study the events (plans,
transactions, consumption and production) that take place during a single period. The
purpose of the continuation analysis is that follows is to consider a sequence of such single
periods. The link between consecutive periods is given by the anticipations and events
that take place during the dynamic process.
There are two different versions of the continuation analysis: an equilibrium sequence
analysis and a disequilibrium sequence analysis. Lindahl, in his Studies on the Theory of
5

See Hansson 1982, Chapter 1.
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Money and Capital (1939) uses an equilibrium sequence analysis, while Lundberg, one of
Lindahl’s students, uses a disequilibrium sequence analysis in his Studies in the Theory
of Economic Expansion (1937).
In the equilibrium sequence analysis it is assumed that in every period a temporary
equilibrium is reached from an initial state of disequilibrium. The continuation analysis
then considers a sequence of such temporary equilibria. In the disequilibrium sequence
analysis, on the other hand, no equilibrium is assumed within any single period. It simply
describes how the behavior of the individual economic agents and the market rules, which
together determine the course of events in the economy, move from one disequilibrium
state to the next.
In both methods it must be assumed that the economic structure is time-invariant,
i.e., that the behavioral rules of the agents and the structure of the economy only change
slowly, much slower than the adjustment process. It is in this sense that the disequilibrium sequence analysis of Lundberg can be said to rely on some static concept. On the
other hand, in the disequilibrium sequence analysis it is also taken for granted that the
mechanisms of the economy do not remain the same for all eternity. This means that
the economic structure is slowly changing which implies that even if the disequilibrium
process would converge to an equilibrium – before the structure has changed – then this
equilibrium will not remain. Instead, the dynamic disequilibrium process gets the character of ‘chasing’ a moving equilibrium over time, due to the structural change in the
economy.
For economic models the initial conditions are part of the history of the economy.
They are therefore also part of the experiences of the agents who inhabit the economy.
Since different experiences may be associated to different rules of behavior this means
that the stability of any given economic system depends on the initial conditions. But
also the structure of the economy itself depends on these initial conditions. The current
state of the system is therefore not enough to determine its future development, since it
is partly determined also by its history. This is a particular form of hysteresis, memory of
the system or path-dependency, by which a system can produce ‘new’ initial conditions
endogenously: the present becomes part of the history of the system. This history feeds
back into the current decisions which determine the current and future development of
the economy over time. It is in this sense that a disequilibrium sequence analysis can
be called a historical method, in order to distinguish it more forcefully from a-historical
methods such as temporary equilibrium analysis.
In the next sections we will discuss two methods by which this economic development can be studied. First we consider Hicks’s temporary equilibrium method and then
Lindahl’s disequilibrium method.

2.1.3

The Statics of Hicks

The method of temporary equilibrium is used extensively in Hicks’ Value and Capital.
Although Hicks’s main concern is not with situations of disequilibrium but with positions
of equilibrium, the timing of events and the planning and decision-making can be applied
equally well to a static equilibrium framework as to a dynamic disequilibrium framework.
To make this connection more clear we will first discuss some of the main elements that
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are present in Hicks’s temporary equilibrium method, in particular the use of the Hicksian
Week as the basic unit of time on which all planning and other economic activities are
based. On planning, Hicks remarks that:
‘It is fundamentally important to realize that the decisions of entrepreneurs to
buy and sell (and to some extent also the similar decisions of private persons)
nearly always form part of a [larger] system of decisions which is not bounded
by the present, but has some reference to future events. The current activities
of a firm are part of a plan, which includes not only the decisions to make
immediate purchases and sales, but also the intention to make sales [...] in the
more or less distant future.’ (Hicks 1939, p. 123).
And on re-planning, Hicks notes that:
‘A realistic description of the economic process would no doubt show us firms
making plans at irregular intervals. During the time which must elapse between the plan-making dates, the last plan is carried out more or less as laid
down, though some power will generally be delegated to subordinates to make
minor changes. When the next plan-making date arrives, the whole position
is reconsidered in the light of new information, and a [new] plan drawn up.’
(Ibid. p. 124).
The ‘irregular’ planning interval in Hicks’s Value and Capital is called the Week (although it can be of an arbitrary calendar length). The time scale of a Week should be seen
in the context of the temporary equilibrium approach. The period on which equilibrium
holds should be long enough for agents to have made a plan, but short enough to let
agents trade and an equilibrium to have been determined.
During the Week the following events take place. On Monday morning the prices for
the coming Week are announced by the sellers. All plans are made for the upcoming
Week. All the trades for the entire Week take place on Monday. During the Week the
settled contracts are to be carried out: the delivery of goods and services is taking place
and no new contracts can be signed until the following Monday. It is assumed that trading
on Monday continues until an equilibrium has been reached:6
‘We are supposing that trading continues, on the Monday, until supplies and
demands are brought into equilibrium; this is essential in order for us to use
the equilibrium method in dynamic theory. Since we shall not pay much
attention to the process of equilibration which must precede the formation of
the equilibrium prices, our method seems to imply that we conceive of the
economic system as being always in equilibrium.’ (Ibid. p. 131).
At least Hicks is being honest about ignoring the process of equilibration. The equilibrating process is to take place on Monday’s only, the single day of the Week that markets
are open for trade:
6

Since prices have been fixed by the sellers on Monday morning, the equilibrium concept must be
some kind of fixed-price equilibrium. All the plans for the current period have been made conditional on
the fixed price vector.
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‘We work out the equilibrium prices of one Week, and the equilibrium prices
of another Week, and leave it at that.’

The economy thus jumps from one Monday’s temporary equilibrium to the next. In this
sense, a temporary equilibrium analysis belongs to a static theory:
‘By using the Week, we become able to treat a process of change as consisting of series of temporary equilibria; this enables us still to use equilibrium
analysis in the dynamic field [...]. Thus, without abandoning our model to stationariness, we have preserved the essentials of the static machinery.’ (Ibid.
p. 127).
This does not mean however that disequilibrium states are altogether ignored by Hicks
in his treatment of temporary equilibrium:
‘In this (analytically important) sense the economic system (...) can be taken
to be always in equilibrium; but there is another wider sense in which it is
usually out of equilibrium, to a greater or less extent.’
The extent to which the economic system is out of equilibrium is the degree to which the
expectations are incorrect and the trading plans cannot be carried out. Disequilibrium
can then be seen as the failure of the market to co-ordinate economic activities. It is the
incommensurability of plans which produces these co-ordination failures. According to
Hicks, these failures are the result of the following causes:
- the inconsistency of expectations;
- the inconsistency of plans;
- unforseen changes in the trading possibilities;
- incorrect perception of risk and uncertainty.
In each of the above cases, the realization of the plans will differ from the expectations
and this difference can be labelled a ‘disappointment’, since the agents’ expectations are
incorrect and plans are being thwarted. This results in the revision of plans. The failure
of the market to co-ordinate these plans results in a disequilibrium. If the co-ordination
failures persist, then also the disequilibrium situation will be a persistent phenomenon.
To summarize, the notion of temporary equilibrium according to Hicks involves the
following. The economy moves from one equilibrium to the next, but the equilibrating
process is ignored. Disequilibrium can occur, but only in so far as the expectations are
incorrect. There is simultaneous market clearing on all markets (on Monday’s). And
finally, the fundamental problems of risk and uncertainty are the most important causes
of disequilibrium and co-ordination failures, and co-ordination failures may persist over
time.
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Individual Planning
Hicks’s discussion on individual planning starts with the distinction between different
planning horizons:
‘People do not plan their future expenditure as a whole; but they do plan,
more or less consciously, and more or less definitely, those parts of future
expenditure which are relevant to current expenditure.’ (Ibid. p. 228).
On the infinite horizon case, Hicks notes that it merely serves an analytical purpose:
‘If we assume the individual to have a complete plan of expenditure, extending
over a considerable future period, and complete in every detail, we are falsifying his actual behavior quite absurdly; but if we merely use this assumption,
not to determine the details of the purchases which may (or may not) be
planned to be made in the future, but to determine the details of current expenditure alone, we are not involved in anything which is at all absurd. The
determination of current expenditure will proceed just as if there was such a
complete plan; if we assume the existence of a complete plan we can proceed
to determine current expenditure with the minimum of trouble.’ (Ibid. p.
229).
In Hicks’s single-Week planning scheme, the plans are made as follows. Hicks assumes an
individual who receives during the current Week a sum of money R0 and is expected to
receive a series of sums R1 , R2 , R3 , ... in the future. The stream of income is derived either
as labour earnings, as interest or as dividends on the securities held by the individuals.
‘The prices of consumption goods and his expectations of their future prices
being given, he plans to make certain purchases of the commodities X,Y,Z,...
in the current and following Weeks; these purchases will involve him a series
of expenditures (in money terms) E0 , E1 , E2 , E3 , ... The difference between
receipts and expenditures must be made up either by changes in his holding
of money, or by changes in his holding of securities. [...] The stream
R0 − E0 , R1 − E1 , R2 − E2 , ...; may thus be assumed as a stream of lendings.’
(Ibid. p. 229, Emphasis in original.)
It is assumed that plans are made for an horizon of n periods, that is n time units or
Weeks, and agents do not plan beyond that time-horizon:
‘Let us assume that our individual carries forward his expenditure plan for a
limited period of time - say n Weeks. The stream of receipts, the stream of
expenditures, and the stream of lendings are thus all regarded as coming to an
end after n Weeks.’ (Ibid. p. 229, Emphasis added.)
Next, Hicks discusses how savings are incorporated into the plan:
‘If during these n Weeks, he plans to lend on balance, then at the end of that
time he can expect to have acquired, as a result of his lending, a capital sum
Cn in securities, which will be available as an addition to his resources in the
remoter future.’
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All savings have to be financed out of the income streams during the n-Week period and
thus should be added as expenditures. All savings made during the previous n-Week
period can be used as additional monetary resources for consumption during the next
n-Week period:
‘If we regard the provision of such a capital sum as one of the things to which
expenditure can be devoted in the last Week of the plan, we have an accounting
device which enables us to reduce the whole problem to one of distributing
expenditure between the n Weeks.’ (Ibid. p. 230, Emphasis added.)
Why would an agent plan to save a capital sum at the end of the n-Week period if
he regards all income and expenditure streams as coming to an end after n Weeks? If
individuals do not take into account the periods that fall beyond the n-Week planning
horizon, why should anyone want to make such a savings decision? Hicks’s answer is
basically to refer to the Keynesian precautionary motives for holding money, which is
that there is fundamental risk and uncertainty about the future and for this reason it
is prudent to have some savings for the periods that lie beyond the actual planning
horizon. Implicitly therefore, all future periods are incorporated into the plan by taking
into account the savings that are deemed necessary by the agents.
Single-period analysis
The first planning scheme of Hicks has only a single Week as the planning horizon. It is
thus basically a single-period analysis. Individuals make plans on Monday, then contracts
are traded and recontracting takes place until an equilibrium is reached for the entire
Week. Then agents spend the rest of the Week fulfilling these contracts before a new
trading round is initiated on the following Monday. The single-period analysis is depicted
in Table 2.1.
Multi-period analysis
In the second scheme, the planning horizon has been lengthened to a period of n Weeks.
The only difference with the single-period analysis is that plans are now being made over
a longer horizon of n Weeks. There are thus n trading days, separated by Weeks, during
which the delivery of goods and services takes place.
From the viewpoint of temporary equilibrium the interpretation that the entire n-Week
horizon is first finished before an entirely new plan gets made for the next n-Week horizon
seems rather unlikely. In such an interpretation horizons of n Weeks would alternate and
if the n-Week horizon finally comes to an end, all contacts which were made on the very
first Monday have been fulfilled and a new n-Week period can begin. This would seem
analogous to the single-Week planning procedure of the single-period analysis, with the
only difference that the period is much longer.
In the light of temporary equilibrium, it seems much more likely that Hicks meant
his n-Week horizon to be a sequence of n trading rounds with trade on every Monday,
and replanning after every week (not only at the end of the n-Week horizon). Instead
of individuals planning for the n Weeks and sticking to this plan no matter what for the

2.1. DISEQUILIBRIUM THEORY IN THE 1930’S: THE STOCKHOLM SCHOOL 43
rest of these n-Weeks, the agents revise their trading plans every Monday. As a result,
the agents have a new n-Week plan every Monday morning and the plans overlap for the
last n − 1 Weeks.
Trading continues on every first day of the Week and during the rest of the Week
agents are busy fulfilling their contracts for the current Week. Then on the next Monday
agents trade again and they can take into account everything that has happened during
the previous Week and plans are revised. The planning horizon of the agents is therefore
always of the same length: a period of n Weeks. Table 2.2 illustrates this multi-period
analysis for a 2-period example, in which the 2-Week periods overlap because of the
intermediate revision of plans and expectations every Monday morning.
Table 2.1: Hicks’s single-period analysis (n = 1).
Market
Date 0
1
t0
×
×
t1
t2

2
×

0
s
×

1

2

0

1

2

×

×

s
×

×

×

s

×=realized trades, s=savings. Single-period planning horizon with savings are included at the
end of the current period. Each period spans 3 subperiods: [t0 , t1 ), [t1 , t2 ), [t2 , t0 + 1). The
number of commodities which can be traded in each subperiod tk is left unspecified.

Table 2.2: Hicks’s multi-period analysis (n = 2).
Market
Date 0
1
t0
×
×
t1
t2

2
×

0
o
×

1
o
×

2
o
×

0
s
o
×

1

2

o
×

o
×

s
o

×=realized trades, o=planned trades, s=savings. A multi-period planning horizon with savings
included at the end of the last period. Each period spans 3 subperiods: [t0 , t1 ), [t1 , t2 ), [t2 , t0 +1).

2.1.4

The Dynamics of Lindahl

The view that we cannot start with the simplifications of a static theory and then build
a dynamic theory around it is Lindahl’s proposition that a dynamic method should be
considered prior to any static method:
‘... We cannot fully understand the true nature of the static simplification, if
we do not begin with a broad formulation of the problem. As in mechanics the
concept of equilibrium can be defined only on the basis of a theory of forces, so
the significance of a reiterating process which, as stated above, is the general
concept of the static theory in economics, can be explained only on the basis
of a more general theory of economic development.’ (Lindahl 1939, p. 33)
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However Lindahl himself was also being criticized by his student Lundberg for using a
temporary equilibrium approach in his equilibrium sequence analysis. Lundberg (1937)
proceeded by extending the equilibrium sequence analysis to a disequilibrium sequence
analysis in which disequilibrium situations were admitted during the process.
Hicks’s method of studying sequences of temporary equilibria is essentially a static
approach. To clarify our position with respect to Lindahl’s approach, we give a relatively
detailed description of it below. Lindahl comments on Hicks’s temporary equilibrium
approach as follows:
‘The advantage of this method is that the entire static apparatus may be employed in the analysis of a dynamic sequence. It thus bridges the gap between
statics and dynamics. On the other hand, this method [...] has a narrower
range of application to real conditions. In a real dynamic development such
equilibria are probably found only sporadically. Especially unrealistic is the
assumption that the dynamic development presents an abrupt transition from
one such equilibrium position to another.’ (Ibid. p. 69)
But Hicks can easily defend himself from this attack by stating that he views the static
approach as only the first step of a much broader study of dynamics:
In dynamics ‘much of the work can be done on a representative single period:
this single-period analysis is always the first step. But it is never the only step
in dynamic theory: some means of linkage between successive single periods
must also be provided.’ (Hicks 1985, p. 24)
Lindahl summarizes his dynamic approach as follows:
‘The dynamic process is divided into fairly short time periods, e.g. days;
all decisions about the business and consumption plans to be adopted, and
all price changes, take place at the transition points between these periods.
Within the periods all transactions, by which the prices offered are accepted by
the buyers or sellers, are carried out, and the more or less continuous processes
of production and consumption take place.’ (Lindahl 1939, p. 62)
The process for the revision of plans and expectations as described by Lindahl is the
following.
‘The announcement of new prices, for example, by certain sellers, will generally
induce other firms or persons who for some reason (as buyers or competing
sellers) are directly interested in these prices, to modify their own plans of
action, and eventually the prices they themselves offer. In applying our scheme
we must assume that either these alterations follow the original price changes
immediately and can therefore be allocated to the same point of time, or that
they are allocated to a transition point between certain later periods. For our
present purpose the first assumption is the more convenient.’ (Ibid. p. 61)
The revision of plans and expectations follows immediately after every change of the
price-vector. Agents are therefore assumed to have no lags in response-time.
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‘The second element of the pricing process, that is, the acceptance (by buyers)
of the prices offered (by sellers), can be allocated either to the time period
immediately following the announcement of the price offered, or to a later
period. If these transactions are not in accordance with the anticipations (of
sellers), they will in many cases lead to fresh modification of the business
plans based on the anticipations. But it seems reasonable to assume that
these reactions are usually not very sudden. A seller will generally sum up the
result of all transactions during a certain period, before he decides to alter the
price of what he is selling. Thus if we suppose that transactions of this type
always occur within a definite period and that the reactions resulting from
them are allocated to the end of the period (or to some later date), it will be
well in accord with the course of events in the real world.’ (Ibid. p. 61-62).
The second assumption is thus that the sellers will wait until the end of a period before
they decide to change the prices. Lindahl elaborates by giving the following example of
how this process can be interpreted and how the transactions during the period (the Day)
are to be carried out:
‘The starting-point is the morning of a certain day. It is assumed that all sellers
have already announced their prices and that all entrepreneurs and consumers,
guided by these prices, by other known circumstances and by their expectations of the future, have taken their decisions as to the necessary modifications
of the plans for their own economic activity during the day. Each producer
has thus decided what and how much he will produce, which services, raw
materials and capital instruments he will buy, and each consumer how he will
spend his income. During the day all these plans are carried through as far as
possible.’
On the evening of the same day, each individual sums up his experiences and
reflects upon his actions for the immediate future. [...] On the morning of
the next day, the new prices are announced, plans are modified, and then the
process will continue in the same way as on the preceding day.’ (Ibid. p.
62-63)

2.2

Moving-horizon analysis

The adaptation that we have in mind of Hicks’s n-Week planning scheme is to turn it
into a ‘rolling horizon’ scheme in which agents revise their plans sequentially during a
trading round. Such a moving horizon procedure proceeds as follows. First we assume
that preferences are not intertemporal, so agents do not wish to transfer purchasing power
between two consecutive periods. The trading plan is made for a single period only, just
as in the single-period analysis. The idea is that agents revise their plans during the Week
and always plan ahead for no more than one Week. See Table 2.3 for an illustration of
the single-period moving-horizon planning scheme. The extension to an n-Week movinghorizon analysis is conceptually straightforward, as shown in Table 2.4 for a 2-period
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planning horizon. But care should be taken to correctly formulate the intertemporal
preferences over the n-Week period, in order to prevent time-inconsistencies. Note however
the difference between Table 2.4 and Hicks’s multi-period analysis in Table 2.2.
A moving-horizon analysis lies somewhere between the single-period analysis and the
multi-period analysis, since the planning horizon stretches across multiple periods, but it
does not extend over multiple periods (as in the multi-period analysis). The end of the
planning horizon is never reached, because it keeps shifting into the future. The agents are
infinitely lived, but have myopic planning horizons.7 We also need not necessarily stick to
the Week as our basic time-unit since any calendar length will do. The unit-period has to
be selected on the basis of the minimum amount of time it takes for the decision process
to result in a decision. The sequential decision-making of the moving-horizon approach
will be used in all the models of this text.
In our terminology, we would label the process described by Lindahl as an ‘end-ofperiod’ price adjustment process, since all price adjustments by the sellers occur at the
end of the trading period. Furthermore, it is also a simultaneous adjustment process, in
the sense that the prices for all markets are adjusted simultaneously.
In our disequilibrium framework we shall extend the ‘end-of-period’ adjustment process
by adding a ‘sequential’ adjustment process in which the adjustments of prices are being
carried out in sequence, instead of simultaneously at the end of a trading round. This
extension to a sequential process seems sensible, since the claim that sellers will ‘sum
up the results from all transactions during a certain period before they adjust prices’
seems wanting. The first assertion of Lindahl however – that the buyers’ revision of plans
and expectations follows the price changes immediately – is maintained, since agents’
response-time to price changes will remain immediate, whether the price is changed at
the end of the round or sequentially during the round.
The selection of a unit-period
The division of time into periods serves to refer to certain events that take place during
such periods. The selection of a unit-period is therefore intimately related to the events
one wants to describe. If one is only interested in the final outcome of a process, then
a coarse division of time will be sufficient. But if one wants to study the details of
the decision-making process, then the unit-period will have to reflect these details and
therefore should be selected on a finer timescale. So the question of what is the appropriate
unit of time will ultimately depend on the level of analysis. For a micro-level analysis a
shorter time-scale should be selected than for a macro-level analysis.
Following Lundberg (1937) and Lindahl (1939) we will take a relatively short timeinterval, called a ‘Day’, as our unit-period. A collection of Days is comparable to the
Hicksian Week. The unit-period is the smallest interval of time on which changes in the
economic variables can be measured and registered. It is also the smallest unit of time on
which the agents can base their decisions. However since the unit-period is only relative
to the problem being studied, it is not related to ‘clock time’ or ‘real-time’, but rather
to the concept of ‘operational time’, which is the time it takes for events to occur (see
7

The infinite lifespan should not be taken literally but with respect to the length of the planning
horizon the agents are long-lived.
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also Lundberg 1937, p. 50). This concept of time is also sometimes called logical-time,
or event-based time.
As a convention, all economic variables in this thesis are measured at the start of a
period, and not at the end (unless otherwise stated). This distinction is important in
order not to confuse ex ante and ex post variables (expectations versus realizations).
With respect to time notation we will use the following convention. A new trading
round begins at t0 + n, where n ∈ N0 denotes the number of the trading round, starting
from n = 0. Time always starts from 0 instead of 1. We will maintain this convention
by letting the first market visit occur during the period [t0 , t1 ]. Note that t0 and t1 are
referred to as dates while the period is an interval.
This ends our discussion of the Stockholm School. In the next section we discuss the
literature on disequilibrium theory in the 1970’s, which is the first step towards developing
the disequilibrium framework.
Table 2.3: Single-period
Market
Date 0
1
2
0
t0
×
o
o
t1
×
o
o
t2
×
o
t0 + 1
×
t1 + 1
t2 + 1

moving-horizon analysis (n = 1).

1

o
o
×

2

0

1

o
o
×

o
o

o

2

×=realized trades, o=planned trades. Single-period moving-horizon planning scheme with reoptimization after every subperiod. The planning horizon is one period, so there are no intertemporal transfers of purchasing power. Each period consists of 3 subperiods: [t0 , t1 ), [t1 , t2 ), [t2 , t0 +
1). The number of commodities is m + 1 = 3. Only one commodity can be traded in each subperiod tk .

Table 2.4: Multi-period
Market
Date 0
1
2
0
t0
×
o
o
o
t1
×
o
o
×
o
t2
t0 + 1
×
t1 + 1
t2 + 1

moving-horizon analysis (n = 2).

1
o
o
o
o
×

2
o
o
o
o
o
×

0

1

2

o
o
o
o
o

o
o
o
o

o
o
o

×=realized trades, o=planned trades. A multi-period, moving-horizon planning scheme. The
planning horizon stretches across multiple periods, with a re-optimization after every subperiod.
Each period consists of 3 subperiods: [t0 , t1 ), [t1 , t2 ), [t2 , t0 + 1). The number of commodities is
m + 1 = 3. Only one commodity can be traded in each subperiod tk .
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2.3

Disequilibrium theory in the 1970’s: The NeoKeynesian School

This section gives an overview of some of the disequilibrium processes that have been
studied and discussed in the literature on disequilibrium theory in the 1970’s and onwards.
For a survey the reader is referred to Drazen (1980).
Veendorp’s process: In Veendorp (1975) a process is described which is based on
effective demand. Veendorp’s process is a continuous-time tâtonnement process which
was meant as a generalization of the notional demand tâtonnement process that was
studied by Arrow and Hurwicz (1958) in their classic paper on the stability of competitive
equilibrium. The aim was to generalize the stability results that depend on the gross
substitutability of the aggregate notional demand functions to the aggregate effective
demand functions. But it appeared that these stability properties could not be extended
to an n-market economy with rationing.8
Benassy’s process: In Benassy (1975) a process is used to define the concept of a
K-equilibrium. It is described by Benassy as a ‘virtual tâtonnement in quantities’. The
process starts from a given set of effective demands and perceived constraints from which
transactions are derived by a rationing mechanism. Agents who are actually rationed
to trade less than desired form so called perceived constraints, which are equal to the
observed restrictions on trades. Then the effective demands are determined anew. A fixed
point of this process is a K-equilibrium. Benassy’s process is a pure quantity-tâtonnement
process, since the prices remain fixed during the adjustment phase.
Movshovich’s process: Movshovich (1994) describes a rationing-tâtonnement procedure with only quantity adjustments at fixed prices. The quantity constraints are
adjusted for a randomly chosen market. Price adjustments at the end of a period are
based on the aggregate constrained excess demand for the particular rationed market.
The quantity-tâtonnement process is then shown to converge to a fixed-price equilibrium
under the following assumptions: (i) goods are non-inferior, and (ii) all spill-over effects
have positive sign (goods are strong substitutes).
Weddepohl’s process: Weddepohl (1996) uses a discrete-time price tâtonnement
process, notional demand and sequential trading. The agents use a ‘gliding optimization
procedure’, which implies that they re-optimize their demand after every transaction. The
transactions take place outside of equilibrium and influence the agents’ money holdings
in the form of debts and claims, which then feed back into the system through the budget
constraints. It is a simple model of a monetary exchange economy in disequilibrium. The
process is shown to converge to cycles or to more complex dynamic behavior, depending
8

Veendorp was able to show that under the assumption of gross substitutability, the spill-over effects
of the effective demand functions are stable. These stability results hold for an economy with n markets,
where n ≤ 3, but are invalid for n > 3 as Laroque (1978) showed. Laroque showed that for n > 3 the
signs of the aggregate spill-over matrix can be arbitrary, so the local stability of a competitive equilibrium
under a continuous-time tâtonnement process with effective demand cannot be guaranteed.
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on the precise specifications of the transaction process. In Weddepohl (1999) the sequential trading process is applied to a micro-economic general equilibrium model with two
markets, a labor market and a goods market. Demand and supply functions are effective
demand and supply and rationing is needed for trade to occur. This is an extension of
Weddepohl (1996) to a production economy with sequential trading.
Drèze’s process: In Drèze (1997) a process is described which is a mixed pricequantity tâtonnement process. Excess demand results in price changes and excess supply
results in quantity rationing. Drèze makes the distinction between two groups of commodities:
• Group I consists of commodities which have flexible prices and no quantity constraints; the markets for group-I commodities are always in equilibrium and adjust
instantaneously to the spill-over effects from quantity constraints on group-II commodities through immediate price adjustments.
• Group II consists of commodities with downward rigid prices for which there are
quantity constraints (supply constraints only). The prices of these commodities
cannot adjust to the full extent required to attain an equilibrium.
The general intuition for the modelling approach in Drèze (1997) is that for group-II
commodities that are in excess demand, the excess is eliminated through income effects
that result from either (i) adjusting the prices of group-I commodities or (ii) adjusting
the constraints of group-II commodities. The resulting tâtonnement process is a process
in continuous time, in terms of the prices and quantity constraints. The process starts
from arbitrary (i.e., random) prices and supply-constraints. The main result is that the
process is quasi-stable, which means that limit points of trajectories are rest points of the
process and these rest points are fixed-price equilibria.
Citanna, Crès and Villanacci’s process: In Citanna, Crès and Villanacci (1997)
the focus is on co-ordination failures by self-confirming beliefs. If agents are pessimistic
about the quantity constraints then underemployment equilibria may result in self-confirming
beliefs and co-ordination failures can persist over time.
Herings et al.’s process: In Herings et al. (1998) a continuous-time process is
described by quantity adjustments on the short run and simultaneous price and quantity
adjustments on the long run. This is in line with Leijonhufvud’s contention that quantities
move faster than prices.9 The process has a short-term and long-term stage, which can
be described as follows.
• Short-run stage (only quantity adjustments): There can be multiple short-run stages
before the long-run stage commences. The first short-run stage starts with an initial
fixed price vector, say p, and an initial rationing scheme which may not be an
equilibrating rationing scheme given the fixed price vector p. This stage continues
9

Although in a Keynesian context quantity adjustment does not mean the adjustment of quantity
constraints per se, but can also be interpreted as the adjustment of inventories in order to absorb excess
demands before prices have had any chance to change.
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by adjustment of the non-equilibrating rationing scheme until it reaches a Drèze
equilibrium for p, at which point the rationing scheme becomes equilibrating. Then
the long-run stage is initiated.
• Long-run stage (simultaneous price and quantity adjustments): As soon as a Drèze
equilibrium has been reached, the process proceeds by simultaneous adjustment of
the price system (based on excess demand) and infinitesimal quantity adjustments
in order to keep the system in a Drèze equilibrium. This long-run process generates
a continuous path of Drèze equilibria, for different fixed price vectors and different
equilibrating rationing schemes.
It could occur that a second Drèze equilibrium for the initial fixed price vector p
is again obtained, but then at a different equilibrating rationing scheme, since the
process is not allowed to cycle. If this happens the short-run stage is re-initiated
given the fixed price vector p. A third Drèze equilibrium associated to p is then
found (this must be the case since the number of Drèze equilibria associated to p is
uneven). Eventually the long-run process must escape, since the number of Drèze
equilibria associated to p is finite. The long-run stage eventually leads to a Walrasian equilibrium by piecemeal adjustments of the price system and the rationing
system, by tracing out a continuous path of Drèze equilibria.

Trade can only take place along the long-run process, since a non-equilibrating rationing scheme does not allow trade to occur and a Drèze equilibrium has to be reached
by the short-run process first. For markets that do not yet have an equilibrating rationing
scheme, the quantity constraints are adjusted in such a way that they are brought closer to
equilibrium, unless this would cause the rationing scheme to become infeasible. Markets
which already have an equilibrating rationing scheme are kept in equilibrium by infinitesimal quantity adjustments. The prices for these markets adjust instantaneously to keep
them in equilibrium unless this would violate the price rigidities. If prices reach an upper
bound or a lower bound then rationing can appear on a market which was previously in
equilibrium.
There are two processes for which the convergence properties have to be studied.
First, it has to be shown that the short-run process always converges to a Drèze equilibrium. Second, it has to be shown that the long-run process of Drèze equilibria eventually converges to a Walrasian equilibrium. The short-run process is a disequilibrium
quantity-tâtonnement process under price rigidities which must reach a Drèze equilibrium. Therefore trade can only take place along the long-run path, after the short-run
process has already converged. Along the long-run process of simultaneous price-quantity
adjustments, markets are rationed if the price reaches the price boundary. There is no
rationing on markets for which the price is not on its lower or upper bound. In the
convergence proofs for the long-run process a property is used such that the process can
be approximated arbitrarily closely by a discrete version of the actual continuous-time
process, by means of a simplicial algorithm.
Three crucial assumptions are made. The first is that as long as an equilibrating
rationing scheme has not yet been found in the short-run stage the markets which are not
yet in equilibrium can be brought closer to a Drèze-equilibrium by adjusting the quantity
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constraints. Second, the short-run process always converges and never produces cycles.
Third, once a Drèze -equilibrium has been reached, the long-run stage must proceed
by simultaneous adjustments of the price system and the rationing system (infinitesimal
quantity adjustments) in order to keep the system adjusted to a Drèze -equilibrium.
These are three crucial assumptions for which economical justifications are hard to find.
Especially the simultaneity of price and quantity adjustments is a very strong assumption.
According to Drèze (1999, p. xx.) this adjustment rule ‘does not seem amenable to
economic interpretation.’
According to Herings and Drèze (1998) the natural extension of the gross substitutability assumption is a non-inferiority assumption (the absence of inferior goods). This noninferiority of goods plays an important role for the stability of the quantity adjustment
process (Drèze 1999, p. 8). A result of Drèze (1999) is that: ‘Under a non-inferiority
assumption, I obtain finite convergence of a discrete non-tâtonnement process to an approximate supply constrained equilibrium.’ (Drèze, 1999, p. xx.)
Citanna et al.’s process: In Citanna et al. (2001) the Drèze framework with
group I and group II commodities (with flexible and rigid prices respectively) is extended
to include co-ordination failures. A main result is that co-ordination failures and the
underemployment of resources can occur at competitive price levels. A second result is
that a continuum of underemployment equilibria exists, connecting an underemployment
equilibrium to a Walrasian equilibrium.
One serious drawback of the papers listed above is that none of them investigates the
stability of fixed-price equilibria under a disequilibrium process with non-tâtonnement and
monetary effects. With the possible exception of Weddepohl (1996), which does include
money into a disequilibrium framework. The remaining papers do not include money in
the disequilibrium process and are therefore ill-suited to deal with disequilibrium phenomena that result from trading outside of equilibrium, such as cash-in-advance constraints
or the occurrence of debts and claims. One of the main aims of this thesis is to study
disequilibrium models which do include such monetary effects.

2.4

Non-tâtonnement disequilibrium processes

Below is an overview of the different processes that we will study. We distinguish between processes in which prices remain temporarily fixed and processes in which they are
completely flexible.
Fixed-Price Process
The first process we consider is a fixed-price process (FP) with effective demand. All
prices are fixed and we let the quantity constraints adjust simultaneously on all markets.
To implement this procedure with effective demand it is required that the markets are
visited sequentially because of the way the effective demand function is defined for each
market separately. But we can pretend it is a simultaneous process by letting the agents
solve multiple optimization problems at the same time and at the beginning of every
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period. Then for all intents and purposes this process is a simultaneous tâtonnement
process in quantities, by keeping the price system fixed.
Disequilibrium Process
The disequilibrium process could be described as a sequential process. Again we let quantity constraints adjust sequentially across markets, but now in addition we include price
adjustments along the adjustment process. What are now the conditions to guarantee
convergence? Allowing for both quantity and price adjustments on all markets in a sequence, the disequilibrium process comes close to the process of Herings et al. (1998)
described above. The difference is that there is no differentiation between the frequencies
at which price and quantity adjustments take place. Prices and quantities adjust equally
fast.
The FP process and the disequilibrium process can be seen either as a tâtonnement
process in terms of quantities and/or prices or as a non-tâtonnement process with trade
along the adjustment path. We can trace out the dynamic consequences of each process
and consider whether it converges to a Walrasian, Keynesian, Drèze, or a Constrained
Equilibrium. Such processes with trade along the adjustment path are interesting, since
it is not only the quantity constraints and prices that are adjusting, but also the money
holdings of the agents. This means that agents accumulate debts or claims along the
process, and the dynamics of monetary variables matters for the stability of equilibrium.
In equilibrium the same sequence of trades is simply repeated over time, so no more
debts accumulate. The dynamics of the disequilibrium process with credit are studied in
Chapter 5 and the disequilibrium process with money is studied in Chapter 6.
Benassy Process
The Benassy process could be described as a temporary fixed-price equilibrium process. It
consists of a sequence of end points of the FP process, i.e., it is a sequence of fixed-price
equilibria comparable to the long-run process in Herings et al. (1998). We consider both
the tâtonnement version and the non-tâtonnement version of this process. In the first
there are no transactions until an equilibrium has been reached; in the second there is
continuous trading and all transactions are non-reversible. The dynamics of the Benassy
Process are compared to the dynamics of the disequilibrium process in Chapter 7.

Chapter 3
Theoretical framework
3.1

Introduction

It is well-known in the literature on (price) adjustment processes that, in general, a
Walrasian tâtonnement process need not converge to a Walrasian equilibrium. Some
examples in which cycles or chaotic behavior occur are shown in Scarf (1960), Saari (1985)
and Bala and Majumdar (1992), Weddepohl (1996), Goeree, Hommes and Weddepohl
(1997) and Tuinstra (2000).
As was already noted by Clower (1965) and Veendorp (1975), the relevant market
signals for an adjustment process are based on effective demand and not on notional demand as used in a Walrasian tâtonnement process. This leads to considering different
kinds of adjustment processes, in particular so called non-Walrasian tâtonnement processes with mixed price and quantity adjustments, sometimes also labelled Keynesian
tâtonnement processes. In such a process it is not uncommon to use a sequence of temporary (fixed-price) equilibria as the dynamic process. But the question of how these
temporary equilibria are reached and how they arise as the result of some dynamic disequilibrium process is then usually left unspecified. A fixed-price equilibrium is simply
obtained in every period of the process by rationing of the demand or supply side of the
market, and given such a rationing scheme the market clears. The simplest model in
which such a process can be studied is in an exchange economy without a production
and financial sector. This model should be seen as a pedagogical device; it is a first
step towards a more comprehensive theory that explains how Keynesian equilibria can
be reached. The question is also strongly related to the stability of Keynesian equilibria
under a dynamic adjustment process that takes place outside of equilibrium. This refers
to the tradition in the Stockholm School of having a disequilibrium sequence analysis,
see e.g., Hayek (1928), Lindahl (1939b), Hicks (1939) and Lundberg (1937). For a more
extensive survey on disequilibrium theory, see Schinkel (2002). For a more general survey
see Zappia (1999). A short overview can be found in Chapter 2.
In Herings et al. (1997) an adjustment process is studied such that a Drèze equilibrium
prevails in the economy at every (fixed) price system that obtains during the process, and
in which prices are adjusted according to the market situation at the Drèze equilibrium.
This process is constructed to generate a path of Drèze equilibria with only demand
rationing until it reaches a Walrasian equilibrium. As the authors note, price adjustment
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processes based on effective excess demands may or may not converge to a Walrasian
equilibrium price system, depending on the underlying assumptions made on the economy
and on the adjustment process studied. Such processes are nonetheless ‘special’ in the
sense that a Drèze equilibrium is assumed to obtain at every point of the process.
As noted by Movshovich (1994), when non-Walrasian adjustment processes are considered usually the process of attaining the fixed-price equilibria itself is not investigated.
A system of rationing constraints for which the market clears is implied by the market
clearing equation and the rationing mechanism and therefore it is a mathematical tautology. However, determining an equilibrating rationing scheme with respect to a fixed
price system, as is necessary for computing a fixed-price equilibrium, is at least as hard
as determining a Walrasian equilibrium price system with no rationing at all.
Movshovich considers a process in which only one price, selected at random, is allowed
to change during any time period. This price is then adjusted in the direction of the
‘rationed excess demand’ and tested for its effectiveness as follows: if an excess demand
(supply) turns into an excess supply (demand) then the previous price is restored; if the
change in price would only cause the excess to diminish without changing its sign then the
adjustment is executed on the market. Such testing whether a price change would cause
the excess demand to diminish clearly requires knowledge about the aggregate demand
function of the market, not just of the quantities ordered and supplied by the agents.
Furthermore, the subsequent rejection or acceptation of the adjusted price on the basis of
its prospective effect on market excess demand presupposes the existence of a centralized
institution which is able to perform such a feat. It would require the experimentation
and co-ordination of economic activities between different agents on different markets.
This fails for the obvious reasons of the informational requirements concerned. Even
if it is conceited that in real markets there do in fact exist market makers and market
specialists whose job it is to co-ordinate the trading activities between the agents on a
single market, no such co-ordinating devices exist between different agents on different
markets, and certainly not on the global scale of a general competitive equilibrium.

3.2

Description of the model

The model presented here can be seen as a variation on Movshovich’s theme. Instead of
letting prices adjust randomly, we choose to let prices adjust sequentially on one market
at a time. The purpose of the disequilibrium model is to study two processes. First, a
process with only quantity adjustments in the context of a fixed-price model. Second,
a process with mixed price and quantity adjustment. Both processes are embedded in
a disequilibrium setting, with trade occurring out of equilibrium. For this reason an
endogenous quantity rationing mechanism is needed to clear the market, since otherwise
no transactions can take place. For quantity adjustments we use a proportional rationing
rule: agents on the long side of the market are rationed in proportion to their own
demand or supply. This rule is subject to manipulability if agents know that rationing
is proportional. It can be manipulated by over-asking or over-supplying the market. For
simplicity we will assume that agents ignore this type of strategic behavior. The trading
period is divided into subperiods. In each subperiod the market for one particular good
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is visited and prices adjust sequentially. The markets are visited in a predetermined
order and after each market visit the quantity constraints are updated according to the
rationing that occurs. After all markets have been visited a new trading round is started
and this continues indefinitely. There is trade in every subperiod at disequilibrium prices,
so markets clear by quantity rationing and cash-in-advance effects play a role outside
equilibrium.
First consider the process with fixed prices. The process starts at a historically given
price system that need not constitute an equilibrium. Prices are taken fixed for the
duration of the process and the quantity rationing adjusts. On each market a set of
quantity constraints is determined such that the rationed demand and supply clear the
market. If, after some time, the dynamic process reaches a rationing scheme that remains
invariant under this process, the process has reached a fixed point and this fixed point is
a fixed-price equilibrium. The equilibrium is the dynamic counterpart of static fixed-price
equilibria well-known from the fixed-price literature of the 1970’s. The equilibrium that
will be reached depends on the nature of the disequilibrium process, since trade is taking
place along the adjustment path and there may be multiple equilibria.
Second, we consider the mixed price-quantity adjustment process. Prices are again
taken fixed for the duration of the trading period, but are adjusted at the end of each
trading period. A second alternative of this process is that the prices adjust immediately
after the transactions have taken place on the market. This is the difference between
end-of-period and sequential price adjustments.
Expectations play an important role in any model of economic dynamics. Since agents
have to decide on the trading plans before they come to the market, the plans have to be
made conditional on the prices and constraints that were observed on markets in the past
and on the expectations about prices and constraints for markets in the future. Since we
have assumed that plans are made for only one period ahead, i.e., agents in our model
are myopic decision-makers with a moving planning horizon, and that the prices for all
markets have been inherited from the previous period, there is no uncertainty about the
prevailing market prices. The prices for the current period have been set during the
previous period, as a consequence of the transactions that took place in that period,
and agents know this set of prices. The only uncertainty in the model is about the
quantity constraints that will appear on the market, because these depend on the trading
plans of the other agents. The mixed process is a dynamic disequilibrium price-quantity
process, with trade at disequilibrium prices and markets are cleared by quantity rationing.
The fixed-price process is the same as the mixed price-quantity process, only the price
adjustments are shut down, and if it converges it converges to a fixed-price equilibrium.
In the disequilibrium framework just sketched, we focus on two research questions:
1. The fixed-price process can be seen as a tâtonnement process in which only the
perceived quantity constraints adjust. The question is under what conditions this
process converges to a fixed-price equilibrium. Are fixed-price equilibria stable under
the dynamic process or do stable cycles or other dynamic phenomena occur?
2. For the process with mixed price-quantity adjustments, the main question is whether
the process will converge at all; and if it converges, to which equilibrium?
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3.3
3.3.1

Static framework
Preliminaries

We consider an exchange economy that remains the same over time, i.e., it is a stationary
economy without growth. We further assume that the agents are infinitely lived and that
the commodities are perishable. There is no storage facility and commodities have to be
either traded or consumed during the current period. It is further assumed that the initial
endowments are the same in every period, and agents know this is the case.
There are N households and L = m + 1 non-durable commodities. Households are
indexed by h ∈ N = {1, ..., N } and commodities are indexed by k ∈ M = {0, ..., m}.
A household h ∈ N has a consumption set X h being a subset of RL+ , a utility function
U h on X h representing the household’s preferences and a vector of initial endowments
h
wh = (w0h , ..., wm
) ∈ RL+ .
The net consumption set, or planned trade set, Z h ⊂ RL is net of initial endowments
and is derived from the consumption set X h by Z h = {zh ∈ RL |zh = xh − wh , xh ∈ X h }.
h
An element of Z h is the planned trade vector zh = (z0h , ..., zm
), for all h ∈ N. The
matrix of all planned trade vectors z = (z1 , ..., zN ) is an element of the matrix-space
L
h
(Z 1 × ... × Z N ) ⊆ ×N
i=1 R . zk denotes notional excess demand, while the effective excess
demand will be denoted by z̃kh . We further denote the individual (notional) demand by
dhk = max{0, zkh } and the individual (notional) supply
shk = min{0, zkh }, for eachP
agent
P by
h
h ∈ N. Market excess demandPis defined by Zk = h zk , market demand by Dk = h dhk
and market supply by Sk = h (−shk ), defined for each market k ∈ M. Note that the
individual supply shk is defined to be non-positive (shk ≤ 0), while the total market supply
Sk is non-negative (Sk ≥ 0). A tilde x̃ denotes a planned or expected value. An upper
bar x̄ denotes a realization of the variable. Throughout the thesis we will adhere to the
Law of One Price, i.e., for every commodity there is a single, positive market price. The
price vector is p ∈ RL++ .
We make the following standard assumptions about the characteristics of the agents:
Assumption 3.1 For every household h ∈ N, the consumption set X h is the Euclidean
space: X h = RL+ for all h ∈ N.
Assumption 3.2 For every household h ∈ N, the utility function U h is a monotonic,
strictly quasi-concave function which is C 2 on the consumption set X h .
Assumption 3.3 For every household h ∈ N, the vector of initial endowments belongs
to the interior of the consumption set: ∀h : wh ≫ 0.
These assumptions are sufficient for proving existence and uniqueness of a utility maximiser and for continuity of the demand functions. In general however they are insufficient
to prove the differentiability of demand functions (see Appendix A.5).1
1

The standard assumptions on the utility function are in general insufficient to prove differentiability of

3.3. STATIC FRAMEWORK

3.3.2

57

Notional demand

For any household h ∈ N the notional demand xh ∈ RL+ is the best choice from the budget
set Bh , which depends on prices p and the real wealth pwh + M̃ h :2
Bh (p, pwh + M̃ h ) = {xh ∈ RL+ |pxh ≤ pwh + M̃ h }.

(3.1)

The notional demand function Dh : RL++ × R+ → RL+ is defined by:
Dh (p, pwh + M̃ h ) = arg max{U h (xh )|xh ∈ Bh (p, pwh + M̃ h )}.
xh

(3.2)

The notional excess demand function zh : RL++ × R+ → RL is defined by:
zh (p, M̃ h ) = Dh (p, pwh + M̃ h ) − wh .

(3.3)

The aggregate excess demand is a function of the price system p and the wealth distribution (pw1 + M̃ 1 , ..., pwN + M̃ N ) ∈ RN
+:
X
X
Z(p, M̃ 1 , ..., M̃ N ) =
Dh (p, pwh + M̃ h ) −
wh .
(3.4)
h∈N

h∈N

In an equilibrium there are no unanticipated debts or claims; ∀h : M̃ h = 0, Dh (p, pwh +
M̃ h ) = Dh (p, pwh ), zh (p, M̃ h ) = zh (p, 0), and Z(p, M̃ 1 , ..., M̃ N ) = Z(p, 0, ..., 0).
Definition 3.1 (Walrasian equilibrium) A Walrasian equilibrium (WE) consists of a
N ×L
price system p⋆ ∈ RL++ , a feasible allocation x⋆ ∈ R+
and an income distribution
1
N
N
(pw , ..., pw ) ∈ R+ such that:
1. xh⋆ = Dh (p⋆ , p⋆ wh ) for all h = 1, ..., N (optimality);
2. Zk (p⋆ , 0, ..., 0) = 0 for all k = 0, ..., m (market clearing).

3.3.3

Assumptions about the market structure

We make the following assumptions about the market structure:
Assumption 3.4 (Voluntary Exchange): Agents freely participate in trade; no agent can
be forced to trade more than he wants.
Voluntary Exchange means that if there is a market disequilibrium, and hence rationing,
agents cannot be forced to consume more or to supply more to the market in order to
achieve an equilibrium. Rationing can only imply forcing trades not to occur, not forcing
trades to occur.
the demand functions. An additional assumption is necessary which is that the bordered Hessian matrix
of the Lagrangean function associated to the constrained utility maximization problem is invertible. This
is a technical assumption for which no economic intuition can be provided.
2
We include M̃ h on the right-hand side of the budget constraint to correct it for unanticipated debts
and claims. For now we assume that M̃ h = 0 for allP
h = 1, ..., N , but later the value of M̃ h will fluctuate
and can take positive or negative values, such that h M̃ h = 0.
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Assumption 3.5 (Orderly Markets): The excess demand of each agent rationed on market k has the same sign as the aggregate excess demand on market k.
If the market is orderly then all mutually beneficial trades can be carried out. This also
means that the market is frictionless and it implies that there cannot be rationing on
both sides of the market simultaneously. This means that only agents on the long side of
the market are being rationed and agents on the short side always realize their planned
trades.
Assumption 3.6 (Sequential market visits): The markets are visited sequentially and in
a given order.
The assumption is that all agents have the same predetermined market order. This is a
strong assumption, but it is made for simplicity of exposition. The preferred model would
be one in which each agent has a different market visiting order and that these orders are
subject to choice.

3.3.4

Quantity constraints

If the planned trade vectors zh are not in equilibrium then the trading plans are
P incompatible in the sense that for some markets demand does not equal supply, i.e., h zkh 6= 0
for some markets k. For transactions to occur at all on such markets, a system of quantity rationing assignments is needed to let transactions take place outside equilibrium.
The transactions derived from the quantity rationing mechanism depend on the type of
rationing which is used, as well as on the trading plans of the agents. The set of rationing
schemes that are feasible on the market will be restricted by the assumptions we make
about the market structure, since it is the market structure that supports only a limited
set of rationing schemes. In the following we will denote the set of feasible rationing
schemes by R.
A rationing scheme for all agents on all markets is an N -tuple {(ℓh , uh ); h ∈ N},
where (ℓh , uh ) ∈ RL− × RL+ denotes the constraints for agent h. The (N × L)-matrix
ℓ = (ℓ1 , ..., ℓN ) denotes all supply constraints and the (N × L)-matrix u = (u1 , ..., uN )
denotes all demand constraints. The h-th rows ℓh = (ℓh0 , ..., ℓhm ) and uh = (uh0 , ..., uhm )
correspond to the lower bounds and upper bounds on agent h’s trades respectively. The
′
1
N ′
k-th columns ℓk = (ℓ1k , ..., ℓN
k ) and uk = (uk , ..., uk ) correspond to the lower bounds and
upper bounds on market k, respectively.
N ×L
N ×L
with
× R+
Summarizing, the set of feasible rationing schemes is a set R ⊂ R−
(ℓ, u) P
∈ R. The total amount of commodity k which is available in the economy is
w̄k =
wkh , so the lower bounds ℓhk are bounded below by ℓhk ≥ −w̄k (an agent cannot
sell more than the total amount of commodity k which is available in the economy). The
upper bounds uhk are bounded above by uhk ≤ +w̄k (an agent cannot buy more than the
total amount which is available in the economy). A typical element (ℓ, u) ∈ R is therefore
a (2 × N × L)-tuple of constraints
(ℓ, u) = ((ℓ1 , u1 ), ..., (ℓN , uN )),

(3.5)
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where
−w̄k ≤ ℓhk ≤ 0 ≤ uhk ≤ +w̄k ,

∀h ∈ N, ∀k ∈ M

(3.6)

We will denote by the constraints (ℓhk , uhk ) = (−∞, +∞) that an agent h is not rationed
on market k, and the quantity constraints are effectively set ‘beyond’ the total quantity
available in the economy, so the constraint will never be binding. For any rationing scheme
(ℓ, u) ∈ R that has a non-binding constraint, say (ℓhk , uhk ) = (−w̄k − ǫ, w̄k + ǫ), there exists
an infinite number of other rationing schemes that are all equivalent:
{(ℓ, u) ∈ R|ℓhk = −w̄k − δ, uhk = w̄k + δ, 0 < δ < +∞}.

(3.7)

This equivalence-set is then denoted by (ℓhk , uhk ) = (−∞, +∞).

3.3.5

Effective demand

An optimal consumption decision under quantity constraints is represented by an effective
demand function that maps prices and constraints into effective demand. The rationing
scheme (ℓ, u) represents the a priori quantity constraints on the planned trades zkh :
ℓhk ≤ zkh ≤ uhk ,

∀h ∈ N, ∀k ∈ M.

(3.8)

The effective demand for market k is the demand that results when the constraints for
market k are removed from the full constraint set R. Let ℓh−k , uh−k denote the vectors of
constraints with the constraints on market k removed, that is,
ℓh−k = (ℓh0 , ..., ℓhk−1 , −∞, ℓhk+1 , ..., ℓhm )
uh−k = (uh0 , ..., uhk−1 , +∞, uhk+1 , ..., uhm ).

(3.9)

Before defining the effective demand function, we first define the (partially) constrained
budget set.
Definition 3.2 Partially constrained budget set
Given p ∈ RL++ , (ℓh , uh ) ∈ RL− × RL+ , M̃ h ∈ R, all h ∈ N, the partially constrained budget
set of agent h without the quantity constraints on market k is given by3


wh + zh ∈ RL+


h
h
h
h
h
h
h
B̄k (p, ℓ−k , u−k ; M̃ ) = z | pz ≤ M̃
.
(3.10)


∀j 6= k : ℓhj ≤ zjh ≤ uhj

Definition 3.3 Effective excess demand solution
The effective excess demand solution for agent h ∈ N on market k ∈ M is the best choice
for agent h from the constrained budget set B̄hk (p, ℓh−k , uh−k ; M̃ h ). It is a vector-valued
function ẽhk : RL++ × RL− × RL+ × R → RL , given by
ẽhk (p, ℓh−k , uh−k ; M̃ h ) = arg maxzh {U h (zh + wh )|zh ∈ B̄hk (p, ℓh−k , uh−k ; M̃ h )}.

(3.11)

Recall that pwh + M̃ h is the value of the resources (real resources and monetary resources), where
M̃ represents the unanticipated debts and claims that are accumulated outside of equilibrium; M̃ h = 0
in equilibrium.
3

h
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We emphasize that the solution provides only the effective demand for market k. So only
the k-th element ẽhk,k is of interest here. The entire effective excess demand function is
derived by combining elements from the separate functions ẽh0 , ..., ẽhm .
Definition 3.4 Effective excess demand
The effective excess demand function of agent
R → RL , such that

Eh0 (p, ℓh−0 , uh−0 ; M̃ h )

..

.

h
h
h
h
h
h

E (p, ℓ , u ; M̃ ) ≡  Ek (p, ℓ−k , uh−k ; M̃ h )

..

.

function
h ∈ N is a function Eh : RL++ × RL− × RL+ ×





ẽh0,0 (p, ℓh−0 , uh−0 ; M̃ h )
 

..
 

.
  h

 =  ẽ (p, ℓh , uh ; M̃ h )  . (3.12)
−k
−k
  k,k

 

..
 

.
h
h
h
h
h
h
h
h
Em (p, ℓ−m , u−m ; M̃ )
ẽm,m (p, ℓ−m , u−m ; M̃ )

The effective excess demand of agent h on market k is the k-th element of this function:
z̃kh = Ehk (p, ℓh−k , uh−k ; M̃ h ). The mathematical properties of the effective demand functions
are given in Appendix A.5, including a derivation of the spill-over effects from the quantity
constraints.

3.3.6

Quantity rationing mechanisms

The price-mechanism is not the only mechanism to allocate resources. Other mechanisms
such as rationing mechanisms exist which limit the amount of resources available to perform certain economic activities. Examples are credit rationing, rationing of inputs or
rationing of supply. The pricing mechanism could also be seen as a form of rationing, since
it limits the monetary resources that are available to perform certain economic activities
in unlimited quantities.
There are several different types of rationing mechanisms. They can be based on some
priority rule, or they can be egalitarian. It can be based on the individual attributes of
the agents such as age or time of arrival at the market. Priority rationing can further
be subdivided into volume priority (largest quantity first), time priority (first come, first
served), or price priority (best price first). Price-priority of course only makes sense if there
are multiple prices quoted for the same commodity, so that we can speak of a ‘best’ price
having priority over all other prices. On the financial markets a market order book can
be seen as a form of rationing based on price-priority, time-priority and volume-priority.
All orders are collected and stored in the book and then the orders are matched on price.
Orders that are not matched are not transacted and therefore are being rationed. The
function of the order book is to make markets orderly, since a priori it would also be
possible that all traders trade amongst each other on the floor.
Irrespective of the kind of rationing mechanism used to allocate resources, the agents
are rationed according to the particular priority until all of the rationed quantity has
been distributed. Further note that it is the demand and supply orders which are subject
to rationing and not the demand and supply functions. The rationing mechanism is
described by a map Fhk which maps all the individual effective excess demands (z̃kh ) to
assignments of rationed demands (z̄kh ) as follows:
z̄kh = Fhk (z̃k1 , ..., z̃kN )

∀h ∈ N, ∀k ∈ M.

(3.13)
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Properties of the rationing mechanism F:
P
(F-1) Consistency. h z̄kh = 0, for k = 0, ..., m.

(F-2) Orderly Markets. For all k:
P
(i) If h z̃kh < 0:
½ h
z̃k ≥ 0 ⇒ z̄kh = z̃kh ,
z̃kh < 0 ⇒ |z̄kh | ≤ |z̃kh |.
(ii) If

(iii) If

P

h
h z̃k

P

h
h z̃k

> 0:

½

z̃kh > 0 ⇒ z̄kh ≤ z̃kh ,
z̃kh ≤ 0 ⇒ z̄kh = z̃kh .

for all h = 1, ..., N.

for all h = 1, ..., N.

(3.14)

(3.15)

= 0:
z̄kh = z̃kh

for all h = 1, ..., N.

(3.16)

Consistency is required for market clearing in terms of the rationed demand and supply.
The Orderly Markets condition prevents both sides of the market from being rationed
simultaneously. It indicates that the markets are frictionless: if demand exceeds supply
than after rationing there are no suppliers left with unsatisfied supply. If supply exceeds
demand then there are no buyers left with unsatisfied demand.
Specification of the proportional rationing mechanism
The proportional rationing mechanism is a specification of the function Fhk . It is only
a very basic notion of rationing in which the buy and sell orders can only be entered
against the prevailing market prices. So in our setup all the orders are market orders.
Define rationing numbers by

 Dk /Sk , Dk > 0, Sk > 0
1,
Dk = 0, Sk = 0
rk ≡
(3.17)

∞,
else.
The vector r = (r0 , ..., rm ) can be viewed as a measure of the degree of disequilibrium in the
economy, since it measures for every market the distance from equilibrium. Equilibrium
is attained if rk = 1, ∀k, and if rk > 1 (rk < 1) there is excess demand (excess supply).
The proportional rationing mechanism is based on the degree of disequilibrium rk . An
agent is only rationed if he is on the ‘long side’ of the market, that is if the individual
excess demand has the same sign as the aggregate excess demand on the market.
The proportional rationing mechanism is described by the map Fhk , such that:
1. if Dk ≥ Sk then (Dk /Sk ) ≥ 1 and
½
(Sk /Dk )z̃kh for z̃kh ≥ 0
h
z̄k =
for z̃kh ≤ 0.
z̃kh

(3.18)
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2. if Dk ≤ Sk then (Dk /Sk ) ≤ 1 and
z̄kh

=

½

z̃kh
for z̃kh ≥ 0
h
(Dk /Sk )z̃k for z̃kh ≤ 0.

(3.19)

The rationing proportion γk is equal to the minimum of total demand and supply, divided
by the maximum of total demand and supply:
γk =

min[Dk , Sk ]
= min[rk , 1/rk ] = min[Dk /Sk , Sk /Dk ].
max[Dk , Sk ]

(3.20)

The realized transactions are always equal to the assigned rations, since an agent is only
rationed if the individual excess demand is of the same sign as the market aggregate excess
demand:
d¯hk = dhk · min [1, 1/rk ] ,
(3.21)
s̄hk = shk · min [1, rk ] .
Perceived constraints
The perceived constraints (ℓhk , uhk ) are derived from the rationed demands (z̄kh ) by the
following perceived constraint functions:
(ℓhk , uhk ) = Ghk (z̃kh , z̄kh )

∀h ∈ N, ∀k ∈ M.

(3.22)

This function depends both on the effective demand z̃kh and on the rationed demand
z̄kh , since an agent needs both in order to perceive whether or not he is rationed. The
perceived constraints are such that an agent is only constrained if the effective excess
demand (planned trade) is on the long side of the market:
 h
 (z̄k , +∞),
h
h
(−∞, z̄kh ),
(ℓk , uk ) =

(−∞, +∞),

P
if z̃kh < 0, Ph z̃kh < 0
if z̃kh > 0, h z̃kh > 0
else.

(3.23)

where the constraints (ℓhk , uhk ) = (−∞, +∞) denote that an agent h is not rationed on
market k, and the quantity constraints are effectively set ‘beyond’ the total quantity
available in the economy, so the constraint will never be binding. It is equivalent to
setting the constraints equal to (ℓhk , uhk ) = (−w̄, +w̄), which are the maximum amounts
available in the exchange economy. This is required to make the domain of the function G
compact, which is a sufficient condition to prove the existence of equilibrium. But since
we are not dealing with the problem of existence, we shall often use the more intuitive
notation (ℓhk , uhk ) = (−∞, +∞) for non-binding constraints.4
4

Along these lines, there are infinitely many rationing schemes which are equivalent, namely any
constraint which is set beyond the lower or upper bound, respectively.
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The state variables
The state vector s ∈ S is a multidimensional vector that represents the state of the
economy. It pertains to the state of the markets and to the internal states of the individual
agents. All state variables are defined in Table A.4. A full specification of the state of
the economy consists of an L-vector of prices p = (p0 , ..., pm ) and a (2 × N × L)-vector
of quantity constraints (ℓ, u) = ((ℓ1 , u1 ), ..., (ℓN , uN )). Only the own constraints (ℓh , uh )
enter into the agents’ decision-making problems. The state s is given by a tuple
(p, ℓ, u) ∈ S
N ×L
N ×L
S = RL++ × R−
× R+
.
Here L is the number of markets and N the number of agents. From the state variables
some auxiliary state variables y ∈ Y are derived:
¡
¢
(Dk , Sk )k∈M , (z̃kh , z̄kh )h∈N,k∈M ∈ Y
Y = (RL+ × RL+ ) × (RN ×L × RN ×L ).
From the state variables we can derive by the functions E an (N × L)-vector of trading
1
N
plans z̃ = ((z̃01 , ..., z̃m
), ..., (z̃0N , ..., z̃m
)) and by the function F an (N × L)-vector of
1
1
N
realized transactions z̄ = ((z̄0 , ..., z̄m ), ..., (z̄0N , ..., z̄m
)). The perceived constraint functions
G map the tuple (z̃, z̄) into a new (2 × N × L)-vector of realized quantity constraints
(ℓ, u) = ((ℓ1 , u1 ), ..., (ℓN , uN )), which re-enter into the agents’ optimization problems.
The dynamic processes that we shall consider consist of a map from the state space S to
itself.
Table
Variables
p = (p0 , ..., pm )
1
N
w = ((w01 , ..., wm
), ..., (w0N , ..., wm
))
1
1
N
N
ℓ = ((ℓ0 , ..., ℓm ), ..., (ℓ0 , ..., ℓm ))
N
u = ((u10 , ..., u1m ), ..., (uN
0 , ..., um ))
1
1
N
N
z = ((z0 , ..., zm ), ..., (z0 , ..., zm ))
1
N
z̃ = ((z̃01 , ..., z̃m
), ..., (z̃0N , ..., z̃m
))
1
1
N
N
z̄ = ((z̄0 , ..., z̄m ), ..., (z̄0 , ..., z̄m
))
h
h
sk = min{0, z̃k } ≤ 0
dhk = max{0, z̃kh } ≥ 0
s̄hk = min{0, z̄kh } ≤ 0
h
d¯hk = max{0,
P hz̄k } ≥ 0
Sk = −
P h sk ≥ 0
Dk = h dhk ≥ 0

3.1: State variables.
market prices
endowments (in every period)
lower bounds, supply constraints
upper bounds, demand constraints
individual notional excess demand
individual effective excess demand
rationed demand (realized transactions)
planned supply of agent h (sell order) on market k
planned demand of agent h (buy order) on market k
realized supply of agent h on market k
realized demand of agent h on market k
market supply on market k
market demand on market k

Some remarks on the notion of effective demand
An important reason for using the effective demand functions is that it gives a choicetheoretic rationale for the decision-making procedure when there is rationing outside
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equilibrium and the decisions are taken sequentially. An agent does not take into account
the constraints for the current market on which he is expressing his effective demand. In
general the effective demand for market k does not satisfy the quantity constraints on
market k and this is a signal to the market that the agent wishes to trade more than his
ration allows him to trade. Further it is important to note that the complete effective
demand function for all markets taken together does not in general satisfy the budget
constraint. This is because it is composed of separate components, derived from m + 1
different optimization problems. Since the complete effective demand function for every
agent usually violates the budget constraint, this implies that the aggregate effective
excess demand function violates Walras’s Law.
Assumptions about rationing
A usual assumption which is made for fixed-price equilibria is that there exists at least one
commodity free from rationing. But in principle fixed-price equilibria that do not satisfy
this assumption can also be studied, such as the Quantity Constrained Equilibria (QCEs)
of Van der Laan and Talman (1990), or the underemployment equilibria of Herings and
Drèze (1998); both are generalizations of the fixed-price equilibrium concept. If rationing
on all markets is allowed then not all transactions that are mutually beneficial can take
place, which implies that the market cannot fulfil its ‘task’ of co-ordinating the trading
activities on the market. The agents fail to co-ordinate, through their market interactions,
on an outcome which is mutually beneficial for all and this results in a co-ordination failure.
In prototype fixed-price models (e.g., Barro and Grosman 1971, or Malinvaud 1977) it is
often the case that the following assumption is made.
Assumption 3.7 (Non-Full Rationing) Rationing on all markets is not allowed. There
exists at least one commodity which is not rationed.
Assumption 3.7 implies that:
(i) At Walrasian prices no rationing can occur, so equilibria with co-ordination failures
are excluded.
(ii) Trivial equilibria are excluded. The so called ‘no-trade’ equilibria in which every
agent is fully rationed by zero-restrictions cannot occur if Assumption 3.7 is made.
If Assumption 3.7 is not made then:
(i) Equilibria with co-ordination failures can occur, even at Walrasian prices.
(ii) Trivial equilibria are no longer excluded.
Recent research on general equilibrium models with price rigidities and/or fixed prices
has shown that there is a renewed interest in equilibria with co-ordination failures. This
has led to a reinvestigation of models in which rationing on all markets is allowed. For
instance the contributions by Citanna, Crès and Villanacci (1995), Herings and Drèze
(1998) and Citanna, Crès, Herings, Drèze and Villanacci (2001) have raised interesting
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questions concerning the relation between underemployment equilibria and co-ordination
failures. In these models the assumption of one unconstrained commodity has been relaxed
and rationing on all commodities is now admitted. An underemployment equilibrium
in these models is the situation in which there is underemployment of resources due
to supply constraints. Examples include the over-capacity of production units or the
underemployment of labor resources. A conjecture that features prominently in this
line of research is that underemployment equilibria can be sustained by self-reinforcing
expectations of the agents about their rationing constraints.
It is thinkable that co-ordination failures are the result of expectation failures, but it
is also possible that the co-ordination failures exist independently of expectation failures.
The expectations may in fact be correct or ‘rational’, and still co-ordination failures could
occur:
‘One is lead to wonder whether underemployment of resources is impossible
when expectations are rational and prices attain Walrasian values, a conclusion which seems to emerge from the neo-classical literature. Any underemployment resulting under these ideal circumstances is said to be caused by
co-ordination failures.’ (Herings 2002, p. 62)
The possibility that there is rationing on all markets makes such non-Walrasian equilibria
at Walrasian prices possible.

3.4

K-equilibrium

The equilibrium concept that we will use is an equilibrium in terms of prices and quantity
constraints, due to Benassy (1974). Benassy defines an equilibrium as the fixed-point of
a recursive process that turns a set of constraints into a new set of constraints. This
process starts from an initial set of quantity constraints (ℓ, u). Then the effective demand
functions Ehk defined in (3.12) produce the effective demands, followed by the functions
Fhk defined in (3.13) that determine the rationed demands. Finally, the functions Ghk
defined in (3.22) are used to derive the perceived constraints from the rationed demands.
An equilibrium in terms of the maps (Ehk , Fhk , Ghk ) is defined below.
Definition 3.5 K-equilibrium (Benassy, 1974)
Given a fixed price system p ∈ RL++ , a K-equilibrium is a tuple {z̃, z̄, (ℓ, u)} ∈ RN ×L ×
RN ×L × R such that:
(1) The individual effective excess demands follow from
z̃kh = Ehk (p, ℓh−k , uh−k ; 0), ∀h ∈ N, ∀k ∈ M.

(3.24)

(2) The realized transaction follows from
z̄kh = Fhk (z̃k1 , ..., z̃kN ), ∀h ∈ N, ∀k ∈ M.

(3.25)

(3) The quantity constraints follow from
(ℓhk , uhk ) = Ghk (z̃kh , z̄kh ), ∀h ∈ N, ∀k ∈ M.

(3.26)
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The existence of a K-equilibrium follows from the compactness of the domain of the
function E and by assuming continuity of the composed mapping of the functions E,
F and G. In a K-equilibrium not all the quantity constraints are taken into account
simultaneously. If we let the agents take into account all the quantity constraints when
formulating their demand then we arrive at the notion of constrained demand and the
corresponding equilibrium concept is a quantity constrained equilibrium.
Properties of a K-equilibrium:
P
(K-1) ∀k : h z̄kh = 0 (Consistency).
P
P h
(K-2)
(p
k
k
h z̄k ) = 0 (Walras’s Law in terms of realized trades).
P
(K-3) ∀h : k pk z̄kh = 0 (Budget constraint).

Property (K-1) follows from (F-1), which is the consistency of rationing (per market).
Property (K-2) follows from (K-1). Property (K-3) says that for each agent, the individual
h
rationed demand vector (z̄0h , ..., z̄m
) satisfies the budget constraint. This is non-trivial
and requires a proof (see appendix). The proof relies on the fact that, in K-equilibrium,
z̄kh = ẑkhP
, where ẑkh is the constrained demand, to be defined in the next section. The ẑkh s
satisfy k pk ẑkh = 0, hence also the z̄kh s satisfy the budget constraint.

Note that property (K-1) also holds outside of a K-equilibrium, since the consistency
of rationing is a universal property which should always hold. So also (K-2) always holds
(it is a book-keeping identity). Property (K-3) does not need to hold outside of a Kequilibrium, since
P the hrationed demand does not need to equal the constrained demand:
h
h
z̄k 6= ẑk , hence k pk z̄k 6= 0.
P
h
Also, property (K-3) does not need to hold for the effective demand:
k pk z̃k 6= 0.
This means that the (planned) individual effective excess demand does not need to satisfy
the budget constraint. And this implies
that
P
P the aggregate effective excess demand does
not need to satisfy Walras’s Law: k pk h z̃kh 6= 0.
However, this result is hardly surprising from the perspective of the sequential nature
by which the effective demand vector has been constructed by use of the dual-decision theory of Clower and Keynes’s ‘rejection of Walras’s Law as a relevant principle of economic
analysis’ (Clower 1965, p. 124).

3.5

Constrained equilibrium

To define the notion of a constrained equilibrium we first need to define the notion of
constrained demand. This requires a redefinition of the constrained budget set to include
all the constraints.
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Definition 3.6 Constrained budget set
Given p ∈ RL++ , (ℓh , uh ) ∈ RL− × RL+ , M̃ h ∈ R, the constrained budget set of agent h ∈ N
is given by 5


wh + zh ∈ RL+


.
(3.27)
B̄h (p, ℓh , uh ; M̃ h ) = zh ∈ RL : pzh ≤ M̃ h


h
h
h
ℓk ≤ zk ≤ uk , ∀k ∈ M
The constrained demand is formalized in the following definition.

Definition 3.7 Constrained demand
The constrained demand for agent h ∈ N is the best choice for agent h from the constrained
budget set B̄h (p, ℓh , uh ; M̃ h ). It is a function gh : RL++ × RL− × RL+ × R → RL ,
n
o
h h
h
h
h
h
h
h
h
h
h
h
(3.28)
g (p, ℓ , u ; M̃ ) = arg max U (z + w )|z ∈ B̄ (p, ℓ , u ; M̃ ) .
zh

A fixed-price equilibrium in terms of the constrained demand function is defined as follows.

Definition 3.8 Fixed-price Constrained Equilibrium (Van der Laan and Talman,
1990). Given a fixed price system p ∈ RL++ , a fixed-price constrained equilibrium is a
tuple {ẑ, (ℓ, u)} ∈ RN ×L × R such that:
(1) The individual excess constrained demand follows from:
ẑkh = gkh (p, ℓh , uh ; 0), ∀h ∈ N, ∀k ∈ M.
(2) The aggregate excess constrained demand satisfies market clearing:
X
ẑkh = 0, ∀k ∈ M.

(3.29)

(3.30)

h∈N

(3) Rationing satisfies the Orderly Markets condition:
For all k ∈ M: ẑkh = uhk for some h implies ℓhk < ẑkh for all h, and ẑkh = ℓhk for some
h implies ẑkh < uhk for all h.
Condition (1) means that the consumption of every agent is equal to his constrained
demand, (2) means that the total consumption equals the total initial endowments (market
clearing condition). Condition (3) means that on a particular market, if any agent is
demand-rationed then no agent can be supply-rationed on that market, and if any agent
is supply-rationed then no agent can be demand-rationed on that market (see also the
condition of Orderly Markets, Assumption 3.5).
A fixed-price constrained equilibrium is a special case of a constrained equilibrium, in
which the prices pk are allowed to vary within the interval pk ≤ pk ≤ p̄k , for some lower
and upper bounds on prices pk and p̄k respectively. In the definition of a constrained
Recall that the budget set is defined w.r.t. the excess demands and that pwh + M̃ h is the wealth of
agent h. M̃ h still denote the unanticipated debts and claims that accumulate outside of equilibrium.
5
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equilibrium (see Van der Laan and Talman, 1990) an additional equilibrium condition is
that if the price is below its upper bound p̄k then there are no demand constraints: for
all k ∈ M: if pk < p̄k then ∀h : zkh < uhk . And if the price is above its lower bound pk then
there are no supply constraints: for all k ∈ M: if pk > pk then ∀h : ℓhk < zkh . This is a
natural condition, since if there are demand constraints then evidently the price still has
room to increase in order to absorb the excess demand, and if there are supply constraints
then the price still has some room to decrease.
A Drèze equilibrium is a special case of a constrained equilibrium, where one commodity is without binding constraints. The commodities can always be relabelled in such
a way that commodity 0 is the unconstrained commodity.
Definition 3.9 Fixed-price Drèze Equilibrium (Van der Laan and Talman, 1990).
A fixed-price constrained equilibrium is called a fixed-price Drèze equilibrium if for all h:
ℓh0 = −∞ and uh0 = +∞.
The existence of constrained equilibria, including Drèze equilibria as a special case, has
been thoroughly discussed in Drèze (1975), Younès (1975) and Van der Laan and Talman
(1990).
A priori, having two equilibrium concepts allows for the occurrence of two different
equilibrium allocations for the same set of constraints (ℓ, u): z̄ for K-equilibria and ẑ
for constrained equilibria. However, in a K-equilibrium and a constrained equilibrium
the same equilibrium transactions occur, i.e., the allocations z̄ = ẑ in equilibrium. The
equivalence is due to a proof by Silvestre (1978). The equivalence relation is stated below
in two propositions.
Proposition 3.1 If the tuple {z̃, z̄, (ℓ, u)} is a K-equilibrium at a given price system
p, then the tuple {ẑ, (ℓ, u)} is a (fixed-price) constrained equilibrium given p, such that
ẑkh = z̄kh for every h ∈ N, k ∈ M.
Proposition 3.2 If the tuple {ẑ, (ℓ, u)} is a (fixed-price) constrained equilibrium, then
there exists a rationing mechanism Fk on every market k ∈ M (satisfying the properties (F1-F2) on p. 61), such that the tuple {z̃, z̄, (ℓ, u)} is a K-equilibrium with z̄kh =
Fhk (z̃k1 , ..., z̃kN ) = ẑkh for all h ∈ N, k ∈ M.
Replacing the term ‘constrained equilibrium’ by the term ‘Drèze equilibrium’ does not
affect the proofs of the above propositions (except that the corresponding K-equilibrium
now includes the constraints ℓh0 = −∞, uk0 = +∞). The equivalence relation holds regardless of whether there exists at least one unconstrained commodity (Assumption 3.7).6
In Proposition 3.1 the Constrained-equilibrium is derived from a K-equilibrium, while
in Proposition 3.2 the K-equilibrium has to be constructed from a Constrained-equilibrium,
by finding an appropriate rationing mechanism Fk such that z̄kh = ẑkh for every h, k. I.e.
that the rationed demand z̄kh is equal to the constrained demand ẑkh . In Proposition 3.1
we have to prove that ẑkh = z̄kh for every h, k, i.e., that the constrained demand for every
agent equals the rationed demand z̄kh . The proof of Proposition 3.1 is stated below. The
proof of Proposition 3.2 can be found in Silvestre (1978).
6

The assumption of an unconstrained commodity is only needed in order to exclude trivial no-trade
equilibria in the existence proof.
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Proof of Proposition 3.1
For the equivalence between K-equilibria and constrained equilibria it is not necessary to
assume that there is at least one unconstrained market. It is however necessary to assume
that each agent has at least one market on which he or she is not constrained, but this is
not in contradiction with the assumption that all markets are allowed to be rationed.
We have to prove that for every h, k: if z̄kh = max{ℓhk , min{z̃kh , uhk }} then ẑkh = z̄kh . We will
prove this for a binding constraint uhk . The same reasoning holds mutatis mutandis for a binding
lower constraint ℓhk .
(i) Let ẽhk denote the effective demand solution for market k. The k-th element is: z̃kh =
ẽhkk (p, ℓh−k , uh−k ).
(ii) Let ẑ h denote the constrained demand: ẑ h = gh (p, ℓh , uh ).
(iii) For a non-binding constraint uhk it holds that:
(a) gh (.) = ẽhk (.) (constrained demand and effective demand give the same solution)
(b) z̃kh ≤ uhk , hence z̄kh = z̃kh (non-binding constraint)
(c) From (a) and (b): ẑkh = z̄kh .
(iv) Suppose that uhk is a binding constraint in the maximization ẽhk . Then:
(a) z̃kh > uhk = z̄kh , since uhk has been relaxed in ẽhk (effective demand violates the constraint).
(b) ẑkh ≤ uhk , since uhk is not relaxed in gh (constrained demand satisfies the constraint).
Now, under convex preferences it must be the case that ẑkh = uhk , otherwise uhk would not
be binding and case (iii) holds. Hence: ẑkh = uhk = z̄kh . QED.

This concludes our discussion of the static equilibrium aspects of disequilibrium theory.
In the next sections we will introduce dynamic elements that are required to formulate
the disequilibrium processes of which these static equilibrium concepts can be obtained
as dynamic fixed points. This will turn the static framework into a dynamic framework.
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3.6

The concept of moving horizon dynamics

In this section we introduce the notion of moving horizon dynamics and the corresponding
notion of a moving horizon decision-making process.
Timing
Time is discrete and every period is divided into subperiods {1, ..., L} = L. In every
subperiod only a subset of the commodities can be traded so the subperiods are mapped
into the power set of the commodities: T : L → 2M , where M = {0, ..., m} is the market
set. Throughout we will assume that only one commodity can be traded in every subperiod
and therefore that the number of subperiods is equal to the number of markets: #L =
#M. In this (special) case the market order is given by T (L) = {{0}, {1}, ..., {m}}.7
We define the subperiods as rational numbers tk ∈ Q with tk + n = (k/L) + n,
where n ∈ N denotes the number of the trading round. Commodities of type k can
be traded in subperiod tk ∈ {t0 , ..., tm } and will also be traded in all future subperiods
tk + n. In an example with L = 3 subperiods, the trading sequence is denoted by:
{(t0 , t1 , t2 ), (1 + t0 , 1 + t1 , 1 + t2 ), ...} = {(0, 1/3, 2/3), (1, 4/3, 5/3), ...}.
We further define time-horizons as intervals in a discrete set (since time is discrete). At
subperiod tk the forward-looking horizon is defined by Tk+ = {tk , ..., tm }∪{t0 +1, ..., tk−1 +
1} and the backward-looking horizon is defined by Tk− = {tk − 1, ..., tm − 1} ∪ {t0 , ..., tk−1 }.
These time-horizons reflect the notion that the agents have a single-period of foresight
and hindsight, i.e., their horizon consists of one trading round.
The subperiods should be seen as the unit-period, which is the smallest unit of time
on which decisions can be taken. These can then be interpreted as Lindahl’s ‘Day’ (as
in Lindahl (1939), see also Chapter 2). Since only one market is visited during every
subperiod it can also be called a ‘market day’, or Marshall’s ‘ultra-short period’.8 The
trading round consists of a sequence of such ‘market days’ and can be considered a ‘trading
week’, as in Hicks (1939).
Moving horizon optimization
We assume that all agents are myopic moving-horizon optimizers. The sequential (movinghorizon) re-optimization was already discussed in relation to the static methods of Hicks
and the dynamic methods of Lindahl, but it is worthwhile to repeat the structure here.
By a moving-horizon optimization we mean the following. Although the agents in
the model are infinitely lived they do not plan further ahead than one ‘trading week’.
See Table 3.2 for an illustration of the moving-horizon planning scheme. This can be
compared to Table 2.3 (on page 47), reflecting the same single-period moving horizon
structure.
This means that the agents can re-optimize and revise their trading plans at every
subperiod during the trading period. A similar procedure was introduced in Weddepohl
7

An extension would be to consider the case where more markets are open simultaneously during the
same period. For example, with two markets per subperiod: T (L) = {{0, 1}, {1, 2}, ..., {m, 0}}.
8
The ‘ultra-short period’ or ‘market period’ of Marshall was the final stage in a producers output
decision, i.e., the moment at which output was put on the market.
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(1996), where a ‘gliding’ optimization procedure allows the agents to optimize along a
‘gliding time horizon’.
The concept of moving-horizon optimization is used in order to describe the behavior
of agents, not to solve an infinite-horizon optimization problem. In control theory this
optimization technique is known as ‘closed-loop feedback control’. It has a long history in
the literature on dynamic programming, dating back at least to the late 1950s and early
1960s, when it was used explicitly to solve infinite horizon optimal control problems,
e.g. in the state-space optimal control methods used by Bellman and others. Bellman’s
principle of optimality involves the sequential updating of the optimal control as a new
state is realized. Furthermore, the method of closed-loop feedback control often uses a
‘moving window’ or ‘moving horizon’ of fixed length, instead of an infinite horizon, to
solve the infinite horizon problem. But note that here the concept of moving horizon
optimization is used in a different context. Here we use it as a behavioral postulate which
states that, although agents are infinitely lived in relation to the planning horizon, they
are myopic moving-horizon optimizers who only look ahead one period. Therefore they
have to re-optimize after every sequential step of the process. This is somewhat similar
to the closed-loop feedback control method, but different in the sense that in our model
there are multiple agents and they do not try to solve an infinite horizon problem by
means of optimal control theory. Whether or not the aggregate behavior of all the agents
taken together leads to the solution of some infinite horizon problem is a different matter
altogether with which we are not concerned here.
In the current context, at the beginning of every market day an L-dimensional maximization problem is solved based on the current state and the forecasted data for the next
few market days (only one period ahead). Only the transactions for the current market
are made. On the next market day, the state is again observed and the forecasts for the
future market days are updated. A new L-dimensional problem is solved at the beginning of every market day, and the transactions for the current market are made. This
procedure is repeated on every market day, hence the term moving horizon. The state of
the economy is updated after every market visit and the agents’ planning horizon is one
‘trading week’. The essential aspect of the moving-horizon approach is that the planning
horizon has a fixed length and is ‘rolled over’ after every subperiod. Such a procedure can
also be described as ‘solving an online optimization at every step’, since the state changes
over time and the problem has to be re-solved ‘online’ as the process goes along.

Table 3.2: Moving-horizon model with L = 3 subperiods.
0
1
2
0
1
2
[z0h z1h z2h ]
[z1h z2h z0h ]
[z2h

z0h

z1h ]

[z0h

z1h

z2h ]

72

CHAPTER 3. THEORETICAL FRAMEWORK

Ex ante and ex post variables
Quantities defined in terms of actions planned at the beginning of a period are referred
to as ex ante quantities (the plans and expectations), while quantities defined in terms
of measurements made at the end of a period are referred to as ex post quantities (the
transactions and realized constraints).
The distinction between ex ante and ex post quantities is referred to as the ex ante/ex
post method of the Stockholm School. The notions ex ante and ex post form an essential
aspect of any dynamic analysis, since it is the discrepancies between the quantities ex
post and the quantities ex ante which are the driving force behind the dynamics. In a
temporary equilibrium approach, which does not make this distinction, the question can
be posed whether it is in fact a dynamic analysis, or comparative statics (see Hicks 1939,
p. 127).
As noted by Shubik (1999, vol 2, p. 92) ‘In essence, a dynamic economic model has
twice as many variables as portrayed in an equilibrium model, they are the ex ante or
predicted values and the ex post or actual realized values. The reduction of the number
of variables comes through the consistency requirements of an equilibrium theory.’
To be consistent in our notation, the time-index of a variable will always indicate the
subperiod to which the variable refers, not the time at which it is formulated. This is
of particular importance for the indexation of plans and expectations, which are indexed
forward in time.
The timing of consumption and the (dis)appearance of endowments
A particular problem that arises in the model with a moving time-horizon is the timeconsistency of plans and the timing of consumption. The question may be raised when do
endowments enter the economy and when does the consumption take place. Since there is
trade in every subperiod it is possible that agents consume immediately what they have
traded. The moment of consumption could then be related to the moment at which new
endowments appear, in which case it is assumed that new endowments appear after every
market visit.
The same bundle of endowments appears during the course of every trading round
(the same harvests occur, the same fish catches, etc.). The commodities only exist for
one period. Therefore all commodities must be traded or consumed within the current
period. The commodities are consumed after they have been traded. At the moment that
agents determine a trading plan by maximizing their utility, it is expected that the same
bundle of endowments will be available for trade during the following round.
The second problem is the time-consistency of preferences. The utility function represents a preference relation among a fixed set of commodities. If the set of commodities
which is available in the economy is changing over time, for example if new commodities
are invented or old commodities disappear, then the preference relation may also change.
However, we have assumed that the set of available commodities remains the same, and
accordingly that the utility function is time-invariant.
The utility function is only defined over a single commodity bundle, so at the moment the time-horizon gets shifted forward one market (one commodity), then the commodity bundle contains a new commodity and an old commodity disappears from the
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time-horizon, since it has been consumed. If preferences are only defined in terms of commodities that are available during the current round, then why does a new commodity
show up in the utility function? The explanation is that if the time-horizon gets shifted
forward one subperiod (one market), then the new commodity which appears in the utility
function just consists of different units of exactly the same type of commodity which has
just been consumed. It is not unreasonable to assume that agents have a fixed preference
relation over a given set of commodities if this set remains unchanged. When the agent
has to make a consistent trading plan for one trading round he has to take into account
the commodities which will be traded during that round. This is the underlying principle
of the concept of moving-horizon decision-making: agents have a myopic planning horizon of one-period and this horizon is shifted forward in time. But if during the course of
trading the prices change, and new quantity constraints appear on the market, then the
plans and expectations should be revised subject to this new information. The new plan
will in general not coincide with the old plan, but this is not a time-inconsistency. It is
simply the adjustment of plans. In an equilibrium the sequence of plans and expectations
will be time-invariant.
If this principle were to be extended to multiple periods then commodities which do
not yet exist already appear in the utility function (the endowments still have to appear
in the future). This can be subsumed into a single commodity bundle if it is certain
that these endowments will in fact appear in the future. Then the same analysis as
with a single commodity bundle applies. The utility function remains time-invariant over
the multi-period planning horizon, replacing the commodity which has just been traded
with a new commodity which is a perfect substitute. Therefore the extension to multiple
periods does not appear to offer new insights, other than the notion that agents have
longer planning horizons and have the ability to spread their income stream over multiple
periods. In the next subsections this moving-horizon decision-making process is made
more precise.
Single-period Moving Horizon
In the single-period analysis we assume that consumers maximize a single-period utility
function and have no intertemporal preferences. At every subperiod tk the agent’s utility
depends on a single commodity bundle and money is not included in the utility function.
The utility function to be maximized at date t = t0 is
u(x(t0 )) = U (x0 (t0 ), x1 (t1 ), ..., xm (tm )).

(3.31)

Recall that the time-index of a variable always refers to the period to which the variable
is referring. In principle a full plan is made in each of the subperiods {t0 , ..., tm }. The
plan made in subperiod t0 for the forward-looking horizon T0+ = {t0 , ..., tm } is denoted
by z̃h (t0 ). The components of this plan are denoted by two time-indices. The first index
denotes the time of planning, and the second index denotes the time at which the trade
is supposed to occur (omitting agent superscripts h for ease of exposition):
z̃(t0 ) = (z̃0 (t0 , t0 ), ..., z̃k (t0 , tk ), ..., z̃m (t0 , tm )).

(3.32)
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In the next subperiod the planning horizon gets rolled-over, so it now includes the first
subperiod of the next trading round T1+ = {t1 , ..., tm , t0 + 1}:
u(x(t1 )) = U (x0 (t0 + 1), x1 (t1 ), ..., xm (tm )).

(3.33)

With the resulting trading plan given by:
z̃(t1 ) = (z̃0 (t1 , t0 + 1), z̃1 (t1 , t1 ), ..., z̃k (t1 , tk ), ..., z̃m (t1 , tm )).
{z
} |
{z
}
|
next period

(3.34)

current period

In general, the trading plan z̃h (tk ) that is made in subperiod tk ranges over the forwardlooking horizon Tk+ = {tk , ..., tm } ∪ {t0 + 1, ..., tk−1 + 1}. This plan is given by:
z̃(tk ) = (z̃0 (tk , t0 + 1), ..., z̃k−1 (tk , tk−1 + 1), z̃k (tk , tk ), ..., z̃m (tk , tm )).
|
{z
} |
{z
}
next period

(3.35)

current period

This trading plan maximizes the period-tk moving-horizon utility:

u(x(tk )) = U (x0 (t0 + 1), x1 (t1 + 1), ..., xk (tk ), ..., xm (tm )).

(3.36)

In this thesis we will only use the single-period analysis, but an extension to the multiperiod analysis is discussed in the next subsection.
Multi-period Moving Horizon
An extension to the multi-period horizon with intertemporal preferences over multiple
commodity bundles can be obtained by replacing the scalars (x0 , ..., xm ) with time-vectors
xt = (x0,t , ..., xm,t ). The horizon is denoted by t ∈ [0, T ], where each period still consists
of m+1 subperiods (there are thus (T +1)(m+1) decision moments). The utility function
then becomes the multi-period utility function:9
u(x) ≡ u(x0 , ..., xT ) = u((x0,0 , ..., xm,0 ), ..., (x0,t , ..., xm,t ), ..., (x0,T , ..., xm,T )).

(3.37)

This multi-period extension is straightforward, but the intertemporal preferences are only
consistent with the moving-horizon decision-making procedure if the intertemporal utility
function u(x0 , ..., xT ) is defined as time-additive:
u(x0 , ..., xT ) =

T
X

U (xt ).

(3.38)

t=0

The strong requirement of time-additivity is required in order to ensure that the consumption choice does not become time-inconsistent: an agent should make the same
consumption decision if faced with the same price vector in two different periods. This
means that the marginal rate of substitution between any two commodities i and j (which
is equivalent to the price ratio pi /pj in an optimal choice) remains the same, irrespective
of whether it is measured within period t, within period t + 1, or across periods t and
t + 1 in case the commodities belong to different time-periods.
9

In this section the time-index tk is suppressed. It should be understood however that the horizon
t ∈ [0, T ] is again a moving-horizon, so that at each subperiod tk there is a multi-period planning horizon
relative to tk , i.e., at the beginning of tk the horizon is t ∈ [tk , tk + T ].
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Condition 3.1 A utility function is called time-consistent if it satisfies the following
condition:
∂u
∂u
∂u
∂u
(x)/
(x) =
(x)/
(x), for all i, j where xt = xt+1 .
∂xi,t
∂xj,t
∂xi,t
∂xj,t+1

(3.39)

The consumption bundle always consists of the choices (x0 , ..., xm ) ∈ RL+ , regardless of
the time-index associated to the individual elements, i.e., for the consumption decision
it should not matter whether part of the consumption bundle is to be realized in the
next period t + 1 since the period boundary is an arbitrary boundary. If the market for
commodity 0 is about to open then the commodities refer to the same period: x0,t and
xm,t . But after the market for commodity 0 has been visited the new consumption decision
refers to different periods: x0,t+1 and xm,t . The utility function is then defined in terms of
the choices (x0,t+1 , x1,t , ..., xm,t ). However the consumption choice of an individual agent
should remain the same, or else the choice is time-inconsistent.
Let the marginal rate of substitution between the commodities i and j for utility
∂U
∂U
function U be denoted by: M RSU (xi , xj ) = − ∂x
(x)/ ∂x
(x). To show that the condition
i
j
(3.39) of time-consistency is violated when we consider a time-discounted intertemporal
utility function with a discount factor, we will prove two propositions below.
Proposition
3.3 For non-discounted intertemporal utility functions of the form u(x0 , ..., xT ) =
PT
t=0 U (xt ), and if it holds that xt = xt+1 for some t, then the utility function u satisfies
the time-consistency condition (3.39).
Proof. In a steady state (xt = xt+1 ) it holds that M RSU (xi,t , xj,t ) = M RSU (xi,t+1 , xj,t+1 ).
Furthermore, for xi,t and xj,t
M RSu(xi,t , xj,t )

∂u
∂u
(x0 , ..., xT )/
(x0 , ..., xT )
∂xi,t
∂xj,t
∂U
∂U
(xt )/
(xt )
=−
∂xi,t
∂xj,t
= M RSU (xi , xj ).
=−

For xi,t and xj,t+1 we obtain:
M RSu(xi,t , xj,t+1 )

∂u
∂u
(x0 , ..., xT )/
(x0 , ..., xT )
∂xi,t
∂xj,t+1
∂U
∂U
(xt )/
(xt+1 )
=−
∂xi,t
∂xj,t+1
= M RSU (xi , xj ).
=−

Hence, M RSu(xi,t , xj,t ) = M RSu(xi,t , xj,t+1 ) = M RSU (xi , xj ).
Proposition
3.4 For time-discounted intertemporal utility functions of the form u(x0 , ..., xT ) =
PT t
t=0 δ U (xt ), and if it holds that xt = xt+1 for some t, then the utility function u violates
the time-consistency condition (3.39).
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Proof.
If
u(x0 , ..., xT ) =

T
X

δ t U (xt ) = U (x0 ) + δU (x1 ) + δ 2 U (x2 ) + ...

t=0

Then
(i) For xi,t and xj,t

M RSu(xi,t , xj,t )

∂u
∂u
(x0 , ..., xT )/
(x0 , ..., xT )
∂xi,t
∂xj,t
∂U
∂U
(xt )/δ t
(xt )
= −δ t
∂xi,t
∂xj,t
= M RSU (xi,t , xj,t ).
=−

(ii) For xi,t and xj,t+1 we obtain:
M RSu(xi,t , xj,t+1 )

∂u
∂u
(xt )/
(xt+1 )
∂xi,t
∂xj,t+1
∂U
∂U
(xt )/δ t+1
(xt+1 )
= −δ t
∂xi,t
∂xj,t+1
= (1/δ)M RSU (xi,t , xj,t+1 ).
=−

Hence, M RSu(xi,t , xj,t ) 6= M RSu(xi,t , xj,t+1 ).
Market prices
Just before visiting market k in subperiod tk , all prices, the constraints and trades on
all the previous markets (0 < i < k) remain the same, due to the irreversibility of
transactions. Also the expectations for these markets do not change intermediately. The
data for markets j ≥ k are still the realizations from the previous round, since nothing has
happened yet during the current round to change these data. For the prices this means
that the current data are the market prices which have been set during the previous
round, just after transactions had occurred. When exactly prices are updated and when
the updated prices are announced depends on the assumption we make for the price
process: it can be either simultaneous or sequential.
Assumption 3.8 (Simultaneous price updates.) All prices are updated at the end of a
trading round. The announcement of new prices occurs at the start of each round.
In the simultaneous updating procedure the price-information set remains the same until
the end of a period (it is the same for all agents):
I h (t0 )
..
.

= { p0 (t0 ),

p1 (t0 )

, ..., pk−1 (t0 ),

pk (t0 )

, ..., pm (t0 )}

I h (tk )
..
.

= { p0 (t0 ),

p1 (t0 )

, ..., pk−1 (t0 ),

pk (t0 )

, ..., pm (t0 )}

I h (t0 + 1) = { p0 (t0 + 1), p1 (t0 + 1) , ..., pk−1 (t0 + 1), pk (t0 + 1) , ..., pm (t0 + 1)}.
(3.40)
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Assumption 3.9 (Sequential price updates.) The price for market k is updated immediately after transactions on market k have occurred, but before the next market is being
visited. The new price will prevail during the next trading round. The announcement of
new prices occurs immediately after the price has been updated.
In the sequential updating procedure, the price-information set for all agents is given by:
I h (t0 )
I h (t1 )
..
.

= { p0 (t0 ),
p1 (t1 )
= { p0 (t0 + 1), p1 (t1 )

pk (tk )
pk (tk )

, ..., pm (tm )}
, ..., pm (tm )}

I h (tk )
..
.

= { p0 (t0 + 1), p1 (t1 + 1) , ..., pk−1 (tk−1 + 1), pk (tk )

, ..., pm (tm )}

, ..., pk−1 (tk−1 ),
, ..., pk−1 (tk−1 ),

I h (t0 + 1) = { p0 (t0 + 1), p1 (t1 + 1) , ..., pk−1 (tk−1 + 1), pk (tk + 1) , ..., pm (tm + 1)}.
(3.41)
The price-information set I h (tk ) contains all the known prices at date tk . The prevailing
market prices for the markets {0, ..., k − 1} are known at subperiod tk , since they have
already been adjusted in the current trading round, before visiting market k. The prevailing market prices for the markets {k, ..., m} are also known, since they have been set
during the previous trading round.
Expected quantity constraints
For the expected quantity constraints we assume that the agents take the perceived constraints as given (‘naive’ quantity expectations). This means that the expectations about
quantity constraints made at the beginning of subperiod tk over the forward-looking horizon are equal to the realized quantity constraints over the backward-looking horizon Tk− :
ℓ̃h (tk ) ≡ (
=(
h
ũ (tk ) ≡ (
=(

ℓ̃h0 (t0 + 1)
ℓh0 (t0 )
ũh0 (t0 + 1)
uh0 (t0 )

, ...,
, ...,
, ...,
, ...,

ℓ̃hk−1 (tk−1 + 1),
ℓhk−1 (tk−1 ),
ũhk−1 (tk−1 + 1),
uhk−1 (tk−1 ),

ℓ̃hk (tk )
ℓhk (tk − 1)
ũhk (tk )
uhk (tk − 1)

, ...,
, ...,
, ...,
, ...,

ℓ̃hm (tm ))
ℓhm (tm − 1))
ũhm (tm ))
uhm (tm − 1)).

(3.42)

Realized transactions
Since the transactions always pertain to a particular subperiod in which they occur, it is
sufficient to use a single time-index for the realized transactions. To remain consistent
with the introduced notation, the realized transactions are also defined over the forwardlooking horizon. At the beginning of subperiod t0 + 1, we can determine the sequence of
transactions over the round:
z̄(t0 ) = (z̄0 (t0 ), ..., z̄k (tk ), ..., z̄m (tm )).
At subperiod tk the transactions over the forward-looking horizon

(3.43)
Tk+

are as follows:

z̄(tk ) = (z̄0 (t0 + 1), ..., z̄k−1 (tk−1 + 1), z̄k (tk ), ..., z̄m (tm )).

(3.44)

Note that this does not mean that at subperiod tk the future is known. It just means
that at the beginning of subperiod tk + 1 agents can look back one full trading round Tk+ .
This makes it consistent to write the net revenues as the inner product p(tk ) · z̄(tk ), since
both vectors pertain to the same subperiods of Tk+ .
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Dynamical system states
A state at the beginning of subperiod tk consists of the prices p(tk ) and the quantity
constraints (ℓh (tk ), uh (tk )). A planned trade vector is given by z̃h (tk ) and the expected
constraints for markets visited in the near future are denoted by (ℓ̃h (tk ), ũh (tk )), defined
for each agent h = 1, ..., N . A full specification of the economic variables, consisting of
the anticipations at the beginning of a period and the realizations at the end of a period,
is given by the tuple


p(tk ), {z̃h (tk ), ℓ̃h (tk ), ũh (tk )}h∈N , {z̄h (tk ), ℓh (tk ), uh (tk )}h∈N  .
|
{z
}
{z
}
|
expectations

(3.45)

realizations

It should be understood that the expected constraints and the planned trade vectors for
an individual agent are not observable to any other agent. Furthermore, each agent only
observes his own transactions and realized constraints. Agents have perfect information
about the prevailing market prices, since the price vector is known to all agents beforehand,
but there is uncertainty about the quantity constraints which will emerge from trade. In
the sequential process we assume that the price announcements are made immediately
after transactions on a market have occurred. However, in the simultaneous process we
assume that the price adjustments (and the announcements) are made at the end of a
trading round.
Now that we have fixed the notation for all the time-variables, we will formulate
the dynamic quantity process in the next section. The stability of the quantity process
is investigated in more detail in Chapter 7. In Chapter 4 we add the sequential price
adjustment process, followed by the monetary dynamics in Chapters 5 and 6.

3.7
3.7.1

Quantity adjustments
Simultaneous quantity adjustment

In the simultaneous version of the quantity adjustment process all the quantity constraints
are adjusted simultaneously in every period. However, we do not think that the simultaneous quantity adjustment process has an economic interpretation, since the markets
are visited sequentially and the quantity constraints have to appear on the markets due
to disequilibrium trading. The simultaneous adjustment process would imply that the
agents do not take the adjusted constraints into account until the end of a period. This
seems rather unsatisfactory since the constraints have already appeared on the market.
Furthermore, it is also unsatisfactory as a model of economic decision-making, since the
agents re-optimize their demand during the period given the updated constraints. The
notion of simultaneous quantity adjustments could be given a behavioral interpretation,
in the sense of the agents’ limited information gathering and processing capabilities, but
this does not correspond well to the notion that market are visited sequentially.
Therefore it seems more natural to let the realized constraints influence the effective
demand immediately when they appear on the market. This leads to a sequential interpretation of the quantity adjustment process. This can also be interpreted as a behavioral
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hypothesis since the agents immediately take the constraints into account when they have
appeared on the market.

3.7.2

Sequential quantity adjustment

The quantity process starts from an initial set of quantity constraints, producing effective
demands and rationed demands, similar to the definition of a K-equilibrium, see Def. 3.5.
The sequential determination of transactions and quantity constraints which enter into
the decision-making process of the agents leads to a sequence of new constraints. In the
quantity adjustment process a new rationing scheme on market k is produced in every
subperiod tk (k = 0, ..., m).
The sequential quantity adjustment process consists of the following steps:
1. At the beginning of a round the constraints on all markets k = 0, ...m are inherited
from the previous round.
2. At the beginning of a market visit k, determine the effective demand z̃kh for market
k, for all agents h = 1, ..., N (function E)
3. Ration the demand and supply on market k (function F, cf. (3.13))
4. Determine the quantity constraints for all agents h = 1, ..., N on market k (function
G, cf. (3.22))
h
5. Continue with the next market k+1: determine the effective demand z̃k+1
for market
k + 1, given the updated constraints for market k.

At the end of a round of market visits the constraints on all markets k = 0, ..., m have been
updated. Continue with the next round. The sequential quantity adjustment process is
a process only in the quantity constraints.

3.7.3

Fixed price process

The fixed-price process is summarized by the following sequential process.
Let (ℓ, u) ∈ R ⊂ R2×N ×M denote the full set of constraints for all agents on all markets.
Given a fixed price system p̄ and a set of quantity constraints (ℓ, u) the following maps
are defined for all h ∈ N, k ∈ M:
Ehk : (p̄, ℓh−k , uh−k ; M̃ h ) 7→ z̃kh (effective demand)
as in (3.12)
(rationing mechanism) as in (3.13)
Fhk : (z̃k1 , ..., z̃kN ) 7→ z̄kh
Ghk : (z̃kh , z̄kh ) 7→ (ℓhk , uhk )
(perceived constraints) as in (3.22).
Define the map Rk : R → R which maps the set of constraints R into itself:
E
F
G b
Rk : (ℓ, u) 7→ z̃k 7→ z̄k 7→ (ℓ,
u
b).

(3.46)
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bu
The mapping Rk : (ℓ, u) 7→ (ℓ,
b) gives the new constraints on market k:
ÃÃ
!
Ã N ! Ã
!
Ã N !!
ℓ−k
u−k
ℓ1−k
u1−k
Rk (ℓ, u) =
;
...;
;
;
...;
.
N
N
ℓb1k
ub1k
ℓc
uc
k
k
where the new constraints are obtained by the composed mapping
¤
£ 1
N
1
N
N
N c
(ℓb1k , ub1k , ..., ℓc
k , uk ) = Gk (Ek , ..., Ek ), Fk (Ek (.), ..., Ek (.)) .

(3.47)

(3.48)

The fixed-price process can now be defined in terms of the maps Rk as follows.

Definition 3.10 Fixed-price process (FP process)
N ×M
N ×M
, the Fixed× R+
Given a price system p̄ ∈ RL++ and a rationing scheme (ℓ, u) ∈ R−
Price process is constructed by application of the (m + 1)-fold composed mapping Rk , for
k=0,...,m:
(3.49)
F Pp̄ (ℓ, u) = (Rm ◦ ... ◦ R0 )(ℓ, u).
A fixed point of the FP process is a system of equilibrium quantity constraints
y⋆ ≡ (ℓ⋆ , u⋆ ) ∈ R such that:
y⋆ = F Pp̄ (y⋆ ) = (Rm ◦ ... ◦ R0 )(y⋆ ).

(3.50)

The fixed point (ℓ⋆ , u⋆ ) corresponds to the tuple {z̃, z̄, ℓ⋆ , u⋆ } which is a K-equilibrium as
defined in Def. 3.5.10 The difference between the K-equilibrium in Def. 3.5 and the fixed
point of the FP process defined in Def. 3.10 is that in Def. 3.5 the effective demand vector
is determined simultaneously on all markets, while in Def. 3.10 this vector is determined
sequentially with the constraints adjusted after every market visit. However, in a Kequilibrium these constructions are equivalent, but outside of a K-equilibrium they are
not: a K-equilibrium may not be stable under the sequential adjustment process defined
in Def. 3.10.
Proposition 3.5 In a K-equilibrium the simultaneous or sequential determination of the
individual effective demand vectors are equivalent.
A sketch of the proof of the proposition proceeds as follows. Suppose we are in a Kequilibrium as defined in Def. 3.5. Starting from the system of constraints (ℓ, u) apply
the maps Rk (k = 0, ..., m) in succession:
(i) Step 0: Given the constraint set (ℓh−0 , uh−0 ) determine the effective demand z̃0h , for all
h = 1, ..., N . The constraints which follow after rationing are equal to the constraints
before rationing, since we are in a K-equilibrium. Updating the constraints (ℓ0 , u0 )
therefore does not alter these constraints.
(ii) Step k: Given the constraints (ℓh−k , uh−k ) determine the effective demand z̃kh , for
all h = 1, ..., N . The constraints on market k which follow from rationing of the
effective demand are equal to (ℓk , uk ).
10

In a K-equilibrium the order of application of the maps Rk is irrelevant, since it is defined as a fixed
point: y⋆ = Rm ◦ ... ◦ R0 (y⋆ ) = R0 ◦ Rm ◦ ... ◦ R1 (y⋆ ) = Rm−1 ◦ ... ◦ R0 ◦ Rm (y⋆ ).
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After step m, all the constraints have been updated and the set of new constraints is
equal to the initial set of constraints. During the process of updating, the initial set of
constraints does not change, so we might as well determine the effective demand for all
markets simultaneously.
In Section 3.8 we extend the FP process to include quantity expectations which may
differ from the perceived constraints. This allows us to model agents who have optimistic
or pessimistic expectations about the rationing. We define a Quantity Expectations Equilibrium (QEE) and study the relation between the quantity expectations and the stability
of such QEE.

3.8

Quantity expectations

Up till now we have assumed that agents take the realized constraints as given. Recall
that we have assumed that there is no manipulation of the rationing mechanism. In other
words, the agents do not know the rationing mechanism, only the fact that rationing
occurs. An important issue in modelling disequilibrium dynamics is to model the expectation formation process of the agents. If prices are given and the price system is fixed
(either in the short run or permanently) agents only need to form expectations about
quantities. The rationing mechanism causes a fundamental uncertainty about the quantities which can be traded and this means that agents have to form expectations about
the constraints they expect for future transactions.
We denote the expectations of agent h about the constraints on market k, made at
the beginning of subperiod tk about (tk + 1) by: ℓ̃hk (tk + 1) and ũhk (tk + 1). The expected
constraints are based on the perceived constraints at the beginning of subperiod tk : ℓhk (tk )
and uhk (tk ). For simplicity we assume that the expected constraints are given by a simple
linear expectation function:
½ h
ℓ̃k (tk + 1) = βkh · ℓhk (tk )
h
Hk :
(3.51)
ũhk (tk + 1) = βkh · uhk (tk )
The quantity expectations can now be characterized as follows:
0 < βkh < 1:
βkh = 1:
βkh > 1:

Agent h is pessimistic about the constraints on market k;
Agent h is naive about the constraints on market k;
Agent h is optimistic about the constraints on market k.

The parameter β is taken to be homogeneous across the agents and across markets (i.e.,
∀h, k : βkh = β). For β = 1 the expectations are called naive expectations since the
expected constraints are equal to the realized constraints which the agents have observed
on the market. For β > 1 the expectations are called optimistic expectations, which means
that agents believe that the rationing constraints will become wider (less restrictive) and
that the trading possibilities will improve. For 0 < β < 1 the expectations are called
pessimistic expectations which means that agents believe that the rationing constraints
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will become more restrictive and that the trading possibilities will become worse. Finally,
there also exist Panglossian expectations which are very optimistic, since it means that
agents expect no rationing at all. In our expectations framework this can be modelled by
taking the ‘Walrasian limit’ β → +∞.11 In case the expected constraints are (ℓ̃hk , ũhk ) =
(−∞, +∞) on all markets then the effective demand function is equivalent to the notional
demand function.12
If agents take into account all the constraints, and consequently use the constrained
demand function, then this may lead to a situation in which the economic system gets
‘stuck’ and the perceived rationing constraints become self-confirming. The argument for
this is simple. Suppose that we live in a world in which agents have ‘naive’ expectations,
i.e., they believe that the constraints they have experienced will continue to hold in the
future. If the agents take these constraints into account when they formulate their trading
plans, then they are already restricting themselves before signalling their intentions to the
market. This is obviously in conflict with Clower’s dual-decision hypothesis (see p. 17),
which states that agents should truthfully signal their intentions and desired trading
plans to the other market participants. The rationing scheme may perpetually keep the
economic system away from achieving an equilibrium, merely because the agents believe
in the constraints. This is a self-reinforcing property of the ‘naive’ quantity expectations.
The only way to break out of such a cycle is if some (or all) of the agents are slightly more
optimistic about their future rationing constraints, or if they disregard certain constraints
completely (as in the definition of effective demand). Of course an individual agent can
be optimistic about one market and pessimistic about another. Therefore it would be
interesting to investigate the dynamics of disequilibrium processes under optimistic and
pessimistic expectations. The general case however, with mixed expectation profiles would
lead to an increase of the number of parameters from 1 to M N , where M is the number
of markets and N the number of agents.
In particular, the question can be posed whether it is possible to reach underemployment equilibria if the agents are pessimistic about their future trading possibilities, and
whether the system can be prevented from entering a cycle of self-reinforcing rationing
constraints if the expectations become slightly more optimistic. Also of interest is the
question whether the process has the tendency to converge to a fixed point or whether it
enters into cycles which are perpetuated by the endogenous rationing process. To study
these issues we reformulate the FP process to include the quantity expectations.
Recall that the perceived constraints (ℓ, u) are the constraints which are derived from
the actual rationing on the market; the perceived constraints are therefore backward
looking. The expected constraints (ℓ̃, ũ) are the point-expectations for the next trading
period, which are forward looking.
A Quantity Expectations (QE) process can now be modelled by starting from an initial
set of expected constraints, instead of from an initial set of perceived constraints as in the
There is a small caveat: if ℓhk = 0 or uhk = 0 then β → +∞ does not lead agent h to ignore the
constraints. Then we simply set ℓ̃hk = −∞ or ũhk = +∞.
12
We have assumed, again for simplicity, that the anticipations of agents about the quantity constraints
are point-expectations. There is no subjective uncertainty about these expectations. The same analysis
can be attempted with subjective probability distributions.
11
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original FP process. What matters for the decisions taken today are not the observed
constraints of today, but the expected constraints for the next week. The set of quantity
expectations (ℓ̃h , ũh ) is what enters into the agent’s decision-making process, instead of
the set of perceived constraints (ℓh , uh ).13
Definition 3.11 Quantity expectations process (QE process).
1. Given a fixed price system p̄ ∈ RL++ and a set of expected quantity constraints
(ℓ̃, ũ) ∈ R the following maps are defined for all agents h ∈ N, all markets k ∈ M:
Ehk : (p̄, ℓ̃h−k , ũh−k ; M̃ h ) 7→ z̃kh
Fhk : (z̃k1 , ..., z̃kN ) 7→ z̄kh
Ghk : (z̃kh , z̄kh ) 7→ (ℓhk , uhk )
Hhk : (ℓhk , uhk ) 7→ (ℓ̃hk , ũhk )

(effective demand)
as in (3.12)
(rationing mechanism) as in (3.13)
(perceived constraints) as in (3.22)
(expected constraints) as in (3.51).

2. The map Rk : R → R maps the set of expected constraints to a new set of expected
constraints. It is a mapping (ℓ̃, ũ) 7→ (ℓ̃′ , ũ′ ):
E

F

G

H

Rk : (ℓ̃, ũ) 7→ z̃k 7→ z̄k 7→ (ℓ, u) 7→ (ℓ̃, ũ)′ .

(3.52)

3. The QE process is constructed by the following composed mapping:
QE : (E0 , F0 , G0 , H0 ) → ... → (Ek , Fk , Gk , Hk ) → ... → (Em , Fm , Gm , Hm ).
In Chapter 7 the dynamics of the QE process will be studied in more detail. An equilibrium of the QE process is defined as follows.
Definition 3.12 Quantity expectations equilibrium (QEE)
Given a fixed price system p̄ ∈ RL++ and a set of expected quantity constraints (ℓ̃, ũ) ∈ R,
a Quantity Expectations Equilibrium is a fixed point of the QE process. It consists of a set
of expected constraints (ℓ̃⋆ , ũ⋆ ), effective demands z̃⋆ , realized transactions z̄⋆ and a set of
perceived constraints (ℓ⋆ , u⋆ ), such that:
1. The effective demands follow from fixed prices and the expected constraints
h⋆
z̃kh⋆ = Ehk (p̄, ℓ̃h⋆
−k , ũ−k )

∀h∀k.

(3.53)

2. The realized transactions follow from the rationing mechanism
z̄kh⋆ = Fhk (z̃k1⋆ , ..., z̃kN ⋆ )

∀h∀k.

(3.54)

3. New perceived constraints follow from
h h⋆ h⋆
h⋆
(ℓh⋆
k , uk ) = Gk (z̃k , z̄k )
13

∀h∀k.

(3.55)

Note that for β = 1 the expected constraints are equal to the objectively perceived constraints, i.e.,
= (ℓhk , uhk ) for all h, k. The QE process then becomes equivalent to the FP process defined in
Definition 3.10 on page 80.

(ℓ̃hk , ũhk )
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4. New expected constraints follow from
h⋆
h h⋆
h⋆
(ℓ̃h⋆
k , ũk ) = Hk (ℓk , uk )

∀h∀k.

(3.56)

To call a fixed point of the QE process an ‘equilibrium’ is correct in the sense that all plans,
expectations and realizations are time-invariant. Mathematically this is a fixed point of
the QE process. But there may also exist QEEs in which the quantity expectations are
systematically incorrect. Such an equilibrium concept may seem unsatisfactory or unconvincing, since the agents make systematic mistakes in their expectations. The essential
aspect which is lacking is learning from experience. If agents are learning from their mistakes then eventually they may learn the correct values of the quantity constraints. Then
the process should converge under learning to an equilibrium with correct quantity expectations, i.e., to β = 1. This implies that the H-functions should be made time-dependent
and possibly a function of more than just the quantity constraints themselves. But how
the expectations are formed outside of an equilibrium is an empirical matter, not one
of theoretical resolution. For example, one could perform tests in a laboratory on how
economic decision-makers adjust their expectations as a result of the disappointments due
to quantity rationing.
Depending on the expectation functions H the QEEs can be of two different types.
The first type is when agents have correct quantity expectations (β = 1), the second type
is when agents have incorrect expectations (β 6= 1 and ℓhk 6= −∞, or β 6= 1 and uhk 6= +∞).
In such a case there are expectation failures.
For the first type we can distinguish two cases. One case is that agents come to expect
correctly the way in which they are rationed. This is a non-Walrasian K-equilibrium, since
it is a fixed point of the QE process and the expected quantity constraints are correct.14
The other case is that agents come to expect no rationing at all and are confirmed in this
belief (β = 1, ℓhk = −∞, uhk = +∞). This is simply a Walrasian equilibrium and all the
quantity constraints are non-binding.
To summarize, the QEEs can be of one of the following types.
Types of QE equilibria:
(a) β = 1 and there is no full rationing: The QEEs are K-equilibria, and not all but
some markets are rationed. Walrasian equilibria are a special case if there is no
rationing at all.
(b) β = 1 and there is rationing on all markets: The QEEs are K-equilibria (since
expectations are correct), but there can be co-ordination failures (since all markets
are rationed).
14

The set of K-equilibria is therefore a subset of the set of QEEs, namely for the expectation parameter
β = 1.
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(c) β 6= 1 and there is no full rationing: The QEEs are characterized by incorrect
expectations and not all but some markets are rationed. Or, in case ℓhk = −∞,
uhk = +∞ for all h, k, then also the expectations are: ℓ̃hk = −∞, ũhk = +∞ for all
h, k. Then the QEE is a Walrasian equilibrium.
(d) β 6= 1 and there is rationing on all markets: The QEEs are characterized by incorrect
expectations and all markets are rationed. Also in this case there may be coordination failures.
Property (a) holds by definition for a K-equilibrium. The QE process corresponds exactly
to Benassy’s ‘virtual quantity-tâtonnement process’ for β = 1 and to the FP process in
Def. 3.10.
Property (b) with rationing on all markets is a fixed-price equilibrium with possible
co-ordination failures, similar to the notion of a Quantity Constrained Equilibrium (QCE)
in Herings, Van der Laan and Talman (2001), and the notion of underemployment equilibrium in Herings and Drèze (1998). However here we have formulated the equilibrium
concept in terms of effective demand functions instead of constrained demand functions.
The expected constraints are correct, but the trading plans are mutually incompatible
and therefore co-ordination failures can occur. The market cannot fulfill its role as the
‘co-ordinator’ of economic activities because there is rationing on all markets.
Coordination failures can occur if there are multiple equilibria, and the equilibrium
which is obtained is not the best feasible allocation which exists. If there exist better allocations than the one obtained, then a co-ordination failure means that a better allocation
has been missed. The agents have failed to co-ordinate on this better allocation.
In what sense can it then be said that co-ordination failures occur if there is rationing
on all markets? For fixed-price equilibria with rationing on all markets, it can be the case
(but need not necessary be) that there exists a better allocation at the same price system
but with a different rationing scheme. Then a different fixed-price equilibrium is Pareto
superior to the given equilibrium allocation.
A clear example in which this happens is when prices are Walrasian. Then a nonWalrasian fixed-price equilibrium with rationing on all markets (and correct quantity
expectations) is Pareto inferior to the Walrasian equilibrium (which is also a fixed-price
equilibrium). But the Walrasian equilibrium cannot be reached/co-ordinated upon without a central form of co-ordination. In this sense there is a co-ordination failure.
It is well-known that for every fixed price system there exists a fixed-price equilibrium
with at least one market unconstrained. If only one type of rationing is allowed (only
demand constraints, or only supply constraints) then there exists at least one equilibrium
with only rationing on the demand side, and there exists at least one equilibrium with only
rationing on the supply side. If a mixture of demand and supply constraints on different
markets is allowed, then each market can be chosen beforehand to be the one which
remains unconstrained. However, it may not be the case that this fixed-price equilibrium
without constraints on one market is a better equilibrium (in the sense of Pareto) than
the original fixed-price equilibrium with all markets rationed. It may not even be the case
that the fixed-price equilibria can be Pareto ranked. But if they can be ranked and it
turns out that the last is in fact Pareto superior to the original equilibrium then the fact
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that this superior equilibrium has not been obtained is an indication of a co-ordination
failure, since a better feasible allocation has been missed.
Property (c) states that QEEs with expectation failures can occur even though not all
markets are rationed. This is possible if all the agents have pessimistic expectations about
all the markets. Even though they may not be rationed on some markets, they believe
they will be rationed and consequently limit their demand. The case β 6= 1 can be seen
as an extension to the K-equilibrium concept for the case that the expected constraints
are not equal to the objectively perceived constraints. Such QEEs are self-reinforcing due
to the pessimistic expectations of the agents.
Property (d) represents a set of fixed points which are not equilibria in an economic
sense, since all markets are rationed and expectations are incorrect. Nonetheless the QE
process can have such states as a fixed point in which the agents are making systematic
mistakes. Because mistakes do not become errors until one refuses to learn from them,
the absence of any learning causes the agents to be not only myopic, but stubborn as well.
Finally, there is one more special case of the quantity expectations which should be
mentioned.
Proposition 3.6 Suppose we restrict the quantity expectations to the following special
case:
∀h ∈ N : β0h = +∞, and βkh = 1, for all k 6= 0.
(3.57)
Then a fixed point of the QE process must be a K-equilibrium in the sense of Benassy,
i.e., it is a K-equilibrium with one commodity unconstrained.
If agents believe there exists a commodity which will not be rationed – they have Panglossian expectations about one commodity – and naive expectations about all the other
commodities, then Drèze equilibria, K-equilibria and QE-equilibria are all equivalent.
During the expectations adjustment phase of the QE process the expectations are
incorrect. But if the QE process converges to a fixed-point then it is a QEE. This fixedpoint is also a K-equilibrium a la Benassy since it is assumed that one commodity is
unconstrained. Hence under the assumption of Proposition 3.6 the QEE is equivalent to
a Drèze equilibrium as well, due to it equivalence with the K-equilibrium.
Alternative expectation functions
We can let the expectation function depend on more lags of the perceived constraints,
H(ℓt , ℓt−1 , ..., ℓt−s ; ut , ut−1 , ..., ut−s ). Alternatively, the expectations might also depend
on a moving average of the current and the previous constraints, H(ℓt , ℓt−1 , ut , ut−1 ) =
α(ℓt , ut ) + (1 − α)(ℓt−1 , ut−1 ). Or it may depend on any other variable we may think
of which is included in the information set at subperiod tk . But there is one serious
inflexibility in the choice of the expectation function H, which is that the function has to
be fixed at the outset, since it is part of the structure of the model.
However, outside of equilibrium, the continuous disappointment of the expectations
is inconsistent with a constant expectation function over time. If expectations and plans
are constantly thwarted and turn out to be incorrect, then not only will agents adjust
their expectations accordingly, they will also adjust the way in which they form the
expectations, i.e., the expectation functions themselves. To quote Frank Hahn:
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‘This means that the order of the difference equation representing the expectation function will be continuously increasing as new experiences are accumulated. It is not legitimate to assume that as experiences recede into the
past their influence can be neglected, for it may well be that a relatively recent
experience exerts relatively little influence, while one in the more distant past
exerts a strong influence, because it was particularly vivid.’
(Hahn 1952, p. 805)
A particularly salient feature of learning is that the expectation function does not remain
fixed but instead gets updated along the learning process. The remark above by Frank
Hahn effectively excludes any expectation function which is based on a memory parameter
which has a hyperbolic decay in the weighting of past experiences. Furthermore, by
adding learning from experience the structure of the expectation function H changes,
and therefore the structure of the model is changed. It would be insufficient to include
learning behavior as a parameter in the expectation function, since this would leave the
function H unchanged. What is required for true learning is an update of the structural
form of the function H.
Sticky beliefs
To remedy the problem addressed above, another alternative would be to model the
learning behavior as a ‘sudden shift’ in the mental state of an agent. There is a sudden
shift as agents realize they have made a mistake in their expectations. This changes an
agent from being a pessimist (or an optimist) to being a realist: they suddenly realize
that their expectations have been incorrect and now update their expectations for the
future accordingly.
One could make the following behavioral assumptions about the quantity expectations,
which can now be called ‘sticky beliefs’:
• An individual agent sticks to his beliefs for as long as the realized quantity constraints are changing over time.
• An individual agent updates his beliefs as soon as the realized quantity constraints
are repeated for two consecutive periods.
This can be easily formalized in our framework by making the expectations parameter
β time-dependent. For all agents h ∈ N, all markets k ∈ M:
h
βk,t

=

½

βkh ,
1,

6 0
if (ℓhk , uh )t − (ℓhk , uhk )t−1 =
if (ℓhk , uhk )t − (ℓhk , uhk )t−1 = 0

(3.58)

Under the hypothesis that agents stick to their beliefs the process can reach a fixed-point
momentarily, but then the naive quantity expectations (β = 1) set in and from then on
the process continues with β = 1. If it converges to a fixed point a second time it has
reached a K-equilibrium.
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3.9

Discussion

In his 1980 survey on disequilibrium theory, Alan Drazen remarks about the ‘virtual
tâtonnement process’ of Benassy that:
‘The process consists of an intraperiod adjustment in quantities and an interperiod price adjustment once a fixed-price equilibrium has been established.
The basic problem with Benassy’s formulation is that the process of price
adjustment is not really integral to agents’ attempts to trade in excess of
perceived constraints. Prices move only after a K-equilibrium has been established. In the adjustments to a K-equilibrium, agents can express demands in
excess of constraints without perceiving the need to quote new prices. Trade
takes place at the fixed price vector (that is, before a full equilibrium in both
quantities and prices has been reached). Since prices are assumed to remain
fixed in the time it takes for there to be a tâtonnement on quantities, the model
still depends on the notion that quantities adjust faster than prices 15 , without
answering the question of why this is so. Nor is it clear how this framework
would be amended to admit simultaneous price and quantity adjustments.’
(Drazen, 1980, p. 291)
The first point of critique made by Drazen is that the quantity adjustment process of
Benassy is a tâtonnement process, instead of a non-tâtonnement process in which trade
also occurs before reaching a K-equilibrium. The process thus consists of a sequence of
K-equilibria over time, trade takes place at the fixed price vector and prices only move
after a K-equilibrium has been established (end-of-period adjustment).
Just as a Walrasian price-tâtonnement process can show cyclical or chaotic behavior, the Keynesian quantity-tâtonnement process of Benassy might also show this type
of behavior. The interesting aspect of fixed-price equilibria is therefore the stability under dynamic processes which take place outside of equilibrium. That is why a dynamic
analysis of the quantity adjustment process is necessary and for this we need a formal
description of the quantity and price dynamics as trade is occurring along the adjustment
path.
A second point of critique which Drazen makes is that the process does not admit
the simultaneous adjustment of prices and quantities, so called intra-period adjustments.
Prices adjust only at the junction of two periods when a K-equilibrium has been reached,
while the quantities are adjusted sequentially. To admit such synchronous adjustment
of prices and quantity constraints the process has to be rewritten in such a way that it
allows both prices and quantities to adjust sequentially.
Summarizing, the critique of Drazen on Benassy is that he only considers a pure
tâtonnement process in quantities. However, this critique becomes less convincing if one
takes into account that Benassy did consider the sequential non-tâtonnement version as
an extension of this process.16 This dynamic extension considers explicitly that there is
sequential trade on markets outside of a K-equilibrium as well. Benassy even mentions
15
16

This is in reference to Leijonhufvud’s notion that quantities adjust faster than prices.
See Benassy, 1974, Appendix, p. 519-522.
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the fact that K-equilibria may no longer be stable under this particular formulation of
the process.
The FP process in Definition 3.10 can be seen:
1. As a tâtonnement process: No transactions occur until the process reaches a fixedprice equilibrium. During the adjustment process agents are allowed to recontract.
2. As a non-tâtonnement process: Transactions takes place during the adjustment
process towards a fixed-price equilibrium, and the fixed-price equilibrium which
corresponds to the initial price system may not be reached under the dynamics of
the process, due to the intermediate changes in money holdings of the agents.
On the nature of the sequential FP process Benassy remarks that it is ‘a fictitious
process of tâtonnement in quantities.’ In other words, the recursive process does not
describe a dynamic process, but serves as a mathematical construct to define the Kequilibrium concept. On the other hand, Benassy also makes the distinction between a
‘static’ and a ‘dynamic’ version of the fixed-price process. A fixed point of the ‘static’
process is a K-equilibrium, and a fixed point of the ‘dynamic’ process is called a temporary
K-equilibrium, with reference to Hicks’s notion of a temporary equilibrium. Both versions
are ‘virtual quantity tâtonnement processes,’ because trade does not occur outside of a
K-equilibrium. The final step taken by Benassy is to embed this temporary K-equilibrium
into a dynamic process which consists of a sequence of temporary K-equilibria, with prices
adjusting between two K-equilibria.
It is however unclear whether Benassy interpreted the ‘static’ process which has a Kequilibrium as a fixed point as a simultaneous or a sequential determination of the effective
demand vector, since he referred to it as ‘a fictitious tâtonnement process in quantities’.
Although, as we have argued, the sequential determination of effective demand seems
more appropriate in view of the institutional framework with sequential markets, this
does not make any difference in equilibrium, since we have shown that the simultaneous
and sequential quantity processes are equivalent in a K-equilibrium.
On the other hand, it is clear that Benassy intended the ‘dynamic’ process as a sequential process with trade outside a K-equilibrium, i.e., as a sequential non-tâtonnement
process with disequilibrium trading.17 In this non-tâtonnement version the periods are
linked by the credits and debts which accumulate due to trading at disequilibrium prices.
The prices themselves remain fixed until a K-equilibrium has been reached, but it is the
money holdings which are updated and this could be seen as changes in the initial endowments, which explains why it is called a non-tâtonnement process. One can study
whether K-equilibria are stable under this non-tâtonnement process (see Chapter 7).
In the ‘dynamic’ process considered by Benassy (1974) trade only takes place at (temporary) K-equilibria. In Benassy’s process a fixed-price equilibrium is obtained in every period, and prices only adjust between two such equilibria. How the temporary
K-equilibria are reached dynamically is then a matter of stability. If the fixed-price process does not converge then still no trade can occur in this process, if it is maintained that
17

By ‘disequilibrium trade’ we do not just mean trade outside of a competitive equilibrium, but also
outside of a fixed-price equilibrium.
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trade is only allowed in a K-equilibrium. This is similar to the critique on the Walrasian
tâtonnement process, which is why the fixed-price process could be labelled a Keynesian
tâtonnement process. These, and other fixed-price processes, will be studied in more
detail in Chapter 7.
If the FP process converges to a fixed-price equilibrium then it can give some validity
to the claim that the long-run process is a sequence of fixed-price equilibria, with prices
adjusting between two fixed-price equilibria. If however the short-run process does not
converge then the long-run process should be seen as a genuine disequilibrium process with
trade taking place even outside of a fixed-price equilibrium. We have a choice to study
the long-run process either as a sequence of equilibria, or as a sequence of disequilibria.
This process will also be studied in Chapter 7.
It is unfortunate that the tools which were available in the 1970’s to study dynamical
systems were not as well developed as the tools we have at our disposal today. In particular
the use of numerical methods to study problems of dynamical stability warrants revisiting
some of the problems which were posed in the literature on disequilibrium theory: the
dynamics outside of equilibrium and the stability of fixed-price equilibria.
In Chapter 7 we return to the issue of stability of fixed-price equilibria, where we study
a tâtonnement version of the FP process. We also study a non-tâtonnement version of
the FP process with transactions and credit transfers, but in that case we first have to
introduce the credit model, which is the topic of Chapter 5. In Chapter 4 we first consider
tâtonnement processes without the distortionary monetary effects from trading outside
equilibrium.

Chapter 4
Tâtonnement models
‘An equilibrium model may be useful if for no other reason than that it can possibly tell
us why equilibrium is unlikely.’ — Frank Hahn (1952)

4.1

Introduction

The simplest model with sequential market visits is a model in which the agents use
notional demand to determine how much to trade and all transactions are postponed
until an equilibrium has been reached. Such a model can be formulated mathematically
by the tâtonnement process, which, if translated literally, would mean something like a
‘tendering’ process. The process of tendering implies that all information about buy and
sell orders is provisional.
In the original version of the tâtonnement process due to Walras it is assumed that
the price adjustments do not take place simultaneously in all markets but successively
in one market after another (Negishi (1962), p. 646). Therefore in this chapter we will
consider both the simultaneous and the sequential version of the tâtonnement process. In
later chapters we only consider the sequential process.
A well known criticism of the tâtonnement process is that it requires too much information to successfully converge. Another criticism is that during the process the aggregate
demand and supply are simply computed and constraints are set that would be necessary
for trade to occur, but no actual trade is occurring. The process could be interpreted as
some form of auction, but this is in contradiction with the observation made by Walras
that the process could be implemented by the use of tickets that represent the claims on
commodities in the form of provisional contracts. These contracts can then be renegotiated, or recontracted, as long as the process has not yet ended.
Another objection is that most actual commodity markets are not being run as a
tâtonnement process. In real markets transactions are taking place all the time, and not
just at equilibrium prices. The only quantity which gets traded during the tâtonnement
process is the information required to run the process. The spill-over effects from quantity
rationing constraints do not play any role in such a process. This behavior is clearly myopic, since the rationing does affect the trading possibilities of the agents. By considering
a tâtonnement process with effective demand these spill-over effects can be taken into
account.
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There is however an alternative interpretation of the tâtonnement process which does
include trade outside of equilibrium. In this interpretation there is a sequence of periods
and each period starts with the same allocation of initial endowments. The commodities
are perishable and there is no means of saving. This means that in every period all
the endowments must either be traded or immediately consumed, since the commodities
perish at the end of the period. After each trade the price vector is updated and trade
takes place at so called ‘false’ disequilibrium prices. The next period starts with the same
allocation of initial endowments, since commodities are perishable, but with a new set of
prices. The main question is what happens to the trade balances of the agents if trade is
allowed ‘along the way’ and transactions are put through at non-equilibrium prices.1
Sequential trading process with gains and losses
We consider a trading process in which we keep score of the trade balance of every agent.
There are bank accounts on which the positive or negative trade balance can be stored
in the form of credits. The trading process works as follows. The traded quantity is
not the notional demand but the rationed demand, since markets are not in equilibrium.
Transactions are performed by transferring the appropriate sum of credit from the buyer to
the seller. The credits can be interpreted as claims on future purchasing power: the buyer
gives up some of his current claims on purchasing power in exchange for commodities and
the seller gives up the commodities in exchange for the claims on purchasing power. The
current seller can use these claims at a later date to purchase commodities from another
agent. All commodities can be exchanged against credit and credit can be exchanged
against all commodities. Every transaction therefore involves a bank which has to transfer
the appropriate sums of credit from one account to the other.
An agent who plans to buy now and sell later will start with a negative credit balance,
in the expectation that he is able to make up for it later. If it turns out that he is
rationed on his supply then he will have accumulated a debt since he cannot undo his
first transaction. An agent who plans to sell now and buy later will start with a positive
credit balance (a claim on purchasing power). If it turns out that he is rationed on his
demand then some of his claims on future purchasing power will remain. Trading at
non-equilibrium prices leads to such unanticipated debts and claims, and these should be
taken into account by the agents along the trading process. The claims and debts can be
seen as the distortionary effects from trading and the question is whether and how these
effects will influence the agents’ willingness to trade.
1

In the process that we have studied there is a price update and the endowments are reset to the initial
endowments after every trading step. So the endowments stay the same on every market visit, only the
prices are updated. This is different from a Hahn process in which the endowments are not reset but
trading continues until a point on the contract curve has been reached. Such trading processes converge
because every trade is utility increasing and the sum of utility improvements can be taken as a Lyapunov
function. The final allocation is Pareto optimal, since no more bilateral utility improvements can be
made, but in general it will not be a Walrasian equilibrium with respect to the initial set of endowments.
We can think of a continuation of the Hahn process as follows. At the final Pareto optimal allocation the
initial endowments reappear and trading continues with the most recently obtained price vector. The
process can then be viewed as consisting of a sequence of Pareto optimal allocations, tied together by the
intermediate trading process.
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If the process converges to an equilibrium then no new debts or claims accumulate
and the balance of account remains the same. But the old debts will still remain. If there
exists no mechanism to re-enforce the repayment of these old debts (and the collection
of the claims) then they do not have any effect on the agents willingness to trade and
the process is formally equivalent to a tâtonnement process. On the other hand, if the
process does not converge to an equilibrium then debts and claims keep accumulating on
the credit balance indefinitely.
Figure 4.1 shows an example of such a trading process with three commodities. There
are three agents and the commodities are traded sequentially against credit. The trading
is multi-lateral so agents can trade anonymously with the market. Figure 4.1 shows what
would happen to the balances if the claims and debts that occur ‘along the way’ can not
be collected and are not being repaid. Clearly the situation is unsustainable, since there
is one agent who has a negative balance (agent 1), while another agent continuously
has a positive balance (agent 2). The reason is that the debts and claims along the
process do not influence the agents willingness to trade because there is no feedback from
the monetary position on the agents’ trading decisions. The distortionary effects from
trading at non-equilibrium prices are absent.
Showing what happens to the credit balances in the pure tâtonnement process allows
us to study a process without the distortionary effects from trading. In Chapters 5 and
6 we will reintroduce these effects by assuming that the debts should be repaid and that
all claims can be collected.
In the next section the sequential trading process is described in more detail and we
show some examples of unstable behavior under various price adjustment mechanisms
(simultaneous and sequential updating of prices). We also consider the process with
effective demand in order to take into account the spill-over effects from the quantity
constraints.

40

Sequential trading process without carry-over
Credit balances at the start of every trading round
Agent 1
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Figure 4.1: An example run of the sequential market process. Shown are the credit balances
at the start of every trading round, for 400 consecutive rounds, 100 < n < 500. Each round
consists of three market visits and commodities are exchanged against credit.
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4.2

Simulation specifications

For the simulations we assume that agents have CES utility functions of the following
form:
¡Pm
¢
h h ν 1/ν
U h (x) =
,
ν ∈ (−∞, 1]
k=0 αk (xk )
(4.1)
¡Pm
¢
h h (ε−1)/ε ε/(ε−1)
=
, ε ∈ [0, +∞).
k=0 αk (xk )

The family of CES utility functions has a substitution parameter ν ∈ (−∞, 1] which used
to derive the constant elasticity of substitution ε ≡ 1/(1 − ν), such that ε ∈ [0, +∞).
For weak substitutability, ε ∈ [0, 1] and ν ∈ (−∞, 0], the utility function is between
Leontief utility (no substitution) and Cobb-Douglas utility (unit substitution). For strong
substitutability, ε ∈ [1, +∞) and ν ∈ [0, 1], the utility function is between Cobb-Douglas
and a linear utility function, in which case the commodities are perfect substitutes, see
Table 4.1.
The notional demand functions that result from utility maximization are:
Dkh (p, pwh + M̃ h ; αh , ε) =

µ

p (αh /p )ε
Pm k k hk
ε
k=0 pk (αk /pk )

!
¶ Ã
h
h
pw + M̃
·
.
pk

(4.2)

Here ε is the constant elasticity of substitution of demand for commodity k with respect to
price changes in the other commodities j 6= k. The fraction of income which is planned to
be spent on consumption of commodity k is a function of the prices, preference parameters
h
αh = (α0h , ..., αm
) and the elasticity of substitution parameter ε. The default settings for
the parameters (α, ν) are discussed in the next section. Table 4.1 lists some special cases
of the CES utility family.
Table 4.1:
ε→0
ν → −∞
ε→1
ν→0
ε → +∞ ν → 1

4.2.1

CES family of utility functions.
no substitution (Leontief utility)
unit substitution (Cobb-Douglas utility)
perfect substitution (linear utility)

Price dynamics

The price on market k evolves according to a map which is only a function of the own
market demand and supply and the own price pk (it is not a function of the other prices):2
Φk : R++ × R+ × R+ → R++ (the time-index has been omitted):
p′k = Φk (pk , Dk , Sk )
2

∀k ∈ M

(4.3)

The implicit functions Dk and Sk depend on a lot more variables than just the prices: we should
write Dk (p0 , ..., pm , ℓ1 ..., ℓN , u1 , ..., uN , M 1 , ..., M N ) and similar for Sk . We have simplified the notation
considerably by taking Dk and Sk as state variables instead of as implicit functions, at the cost of
increasing the dimension of the system.
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Simultaneous price adjustment
In the simultaneous price adjustment process all prices are updated at the end of a period.
m+1
The simultaneous price dynamics evolve according to a map Φ : Rm+1
× Rm+1
→
++ × R+
+
m+1
R++ ,
p(t0 + 1) = Φ(p(t0 ), D(t0 ), S(t0 )),
(4.4)
where D = (D0 , ..., Dm ) and S = (S0 , ..., Sm ) are the vectors of market-demand and
market-supply at the start of a round. More specifically, the simultaneous price adjustment system is given by:


p0 (t0 + 1) = Φ0 (p0 , D0 , S0 )




 p1 (t0 + 1) = Φ1 (p1 , D1 , S1 )
p2 (t0 + 1) = Φ2 (p2 , D2 , S2 )
(4.5)

..


.


 p (t + 1) = Φ (p , D , S ).
m

0

m

m

m

m

Interpretation

The simultaneous price adjustments can be interpreted in two ways: institutional or
behavioral. The distinction depends on when the prices are actually updated and when
they are announced. Another point is when the updated prices are taken into account by
the agents. If all prices are updated, announced and acknowledged at the same time, then
there is no issue of interpretation. If however there is some time-delay between updating
the prices and announcing them then there are two interpretations. The first is that all
prices remain fixed during the period and are adjusted and immediately announced at the
end of a trading round. This is the interpretation of Hicks that sellers announce new prices
at the beginning of the Week, and we have interpreted this as an inter-period adjustment
process (see Introduction). Agents cannot do better than to acknowledge the new prices
immediately when they are updated and take them into account in their decisions.
The second interpretation is that the price on market k is updated immediately after
transactions on market k have taken place, but that the updated price is not announced
until the end of the period. This means that the agents are using old price information
for their sequential re-optimizations. When the updated prices are finally announced at
the end of the period they are immediately acknowledged and taken into account by the
agents.
From the perspective of the agents the distinction between these two interpretations is
mute. The distinction does not help in optimally planning subject to the price information,
since the information is exactly the same in both interpretations.
Sequential price adjustment
In the sequential price adjustment process the prices are updated and announced sequentially. At each step (market visit) the price vector contains exactly one new element given
by the transformation Φk (.). This new price can be used immediately for the determination of the demand and supply on the next market. It is important to recall that the price
pk is updated after the transactions on market k have taken place, but before market k +1
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opens for trade. The updated price is immediately announced, so the new price vector
p(tk+1 ) contains the updated price pk (tk + 1) for the next trading round. All prices are
known in advance and are being published on a price list which is publicly available. The
price vector is updated as follows:


p(t0 )
= (p0 , p1 , ..., pm−1 , pm )




p(t
)
= (Φ0 , p1 , ..., pm−1 , pm )
1

p(t2 )
= (Φ0 , Φ1 , ..., pm−1 , pm )
(4.6)

.

.

.


 p(t + 1) = (Φ , Φ , ..., Φ
0
0
1
m−1 , Φm ).
Note that this system is not yet written in closed-form, but it can be turned into a
simultaneous system of difference equations by substituting the first equation into the
second, the second into the third, etc. This does not alter the dimension of the system,
which remains m + 1-dimensional.

4.2.2

Two price adjustment rules

A priori any continuous, sign-preserving function can be substituted for the price transformation Φk , but the usual form for discrete-time processes is to consider a linear transformation of the total market excess demand function: pk,t+1 = pk,t (1 + λzk,t ). This
rule is the discrete-time analogue of the price adjustment process that was introduced
by Samuelson (1947), who considered the continuous-time version of the tâtonnement
process:
ṗk = λzk (p).
(4.7)
Discrete price adjustment rule
The price adjustment rule based on the market excess demand is given by the function
pk (tk + 1) − pk (tk )
≡ fk (Dk − Sk ) = λ · (Dk − Sk ),
pk (tk )

3

(4.8)

where λ > 0 and fk (0) = 0, fk′ > 0. There are two problems with this rule, the first
perhaps more serious than the second. The first problem is that if the term λ·(Dk −Sk ) <
−1 then prices would become negative in the next period. There are three solutions to
this problem. The first is to choose the value of λ small enough to prevent this from
occurring. But as the demand and supply changes, also the value of λ would have to
change, which may be beyond our control if it is a characteristic of the market process.
The second solution is to put restrictions on the percentage price change. We will discuss
such price rigidities in the next subsection. The third and last solution is more practical:
add the condition that prices should always remain positive by setting pk (tk + 1) =
max{0, pk (tk ) · (1 + λ · (Dk − Sk ))}.
3

The discrete rule can be derived from the discrete-time Samuelson form as follows: pk,t+1 = pk,t (1 +
λzk,t ) ⇒ pk,t+1 /pk,t − 1 = λzk,t ⇒ (pk,t+1 − pk,t )/pk,t = λzk,t .
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The second problem with the rule above is that the parameter λ is measured in units
1/kg, since it relates the price change per quantity. It would be more convenient to let λ
be a unitless quantity, so that it measures the propensity of prices to change with respect
to changes in excess demand, i.e., it is the price flexibility in response to excess demand.
To circumvent these two problems, we consider another price adjustment function which
is based on the ratio between demand and supply.
DS-ratio price adjustment rule
The demand/supply-ratio based price adjustment rule consists of the function:4
pk (tk + 1)
≡ fk (Dk /Sk ) = (Dk /Sk )λ ,
pk (tk )

(4.9)

where λ > 0 and fk (1) = 1, fk′ > 0, limSk →0 f = +∞ and limDk →0 f = 0. Here the
problem of negative prices cannot occur, since both Dk and Sk are positive. In the DStype rule the price adjustments are proportional to the ratios rk = (Dk /Sk ), which we
recognize as the disequilibrium ratios that were used earlier to describe the proportional
rationing mechanism in (3.17). The parameters rk are interpreted as a measure for the
degree of disequilibrium on market k, since it measures the deviation from equilibrium on
that market: equilibrium is attained whenever rk = 1, and rk > 1 (rk < 1) indicates that
there is excess demand (excess supply) on market k.
The parameter λ can now be interpreted as the price flexibility, which is a unitless
quantity. It is the price adjustment speed or the propensity for prices to change in response
to the excess demand. The price flexibility plays a crucial role in the stability analysis.
High values of λ indicate that prices are very flexible; low values of λ indicate that prices
are rigid; λ = 0 means prices are completely fixed. We assume that the price flexibility
on all markets is the same: λk = λ. Since a priori there are no theoretical arguments for
the value of the parameter λ, we will use it as a bifurcation parameter in the stability
analysis.
Another nice property of the DS-rule is that it can be transformed into the price rule
(4.8) by a log-transformation of prices and quantities. Taking the logarithm on both sides
of the DS-rule, we get
log(pk (t + 1)) − log(pk (t)) = λ · (log(Dk ) − log(Sk )),

(4.10)

which appears very much the same as the right-hand side of (4.8), apart from the fact that
there is logarithmic rescaling of the demand and supply. Since this rescaling affects the
value of λ in (4.8) but not in the DS-rule, we will use the DS-rule as the price adjustment
process in all the models that follow.
Price normalization
Since the absolute price level in terms of nominal prices is indeterminate, we have to
choose a unit of account. This can be done either by choosing a numeraire accounting
4

The DS-ratio rule can be derived by dividing the excess demand by the total market supply: p′k =
pk (1 + zk /Sk ) = pk (1 + (Dk − Sk )/Sk ) = pk (Dk /Sk ).
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price or by using a price-normalization rule. Either way the real-balance effect should not
affect the agents’ demand for commodities, since the demand functions are homogeneous.
The purchasing power of the old balance of account should remain constant in real terms
if all prices are normalized by the normalization rule. Therefore we will also have to
re-normalize all the claims and debts by the same normalization rule. Let NP
(p) = c
denote
some
normalization
rule,
where
c
is
a
constant.
Examples
are:
p
=
c,
pi = c
n
P 2 1/2
or ( pi ) = c. These rules correspond respectively to choosing a numeraire price, the
price simplex, and the unit sphere. The budget constraint, i.e., the real wealth consisting
of (i) the value of possessions pwh and (ii) the initial real balances M h , after normalization
is given by:
p · xh
p · wh
Mh
≤
+
.
(4.11)
N (p)/c
N (p)/c N (p)/c
The last term is the normalization
of real balances. In the simulations we have used the
P
normalization rule N (p) =
pi = m + 1. Because we only consider 3-market examples,
c = 3. The normalization is performed after every change in the price-vector.

4.2.3

Price growth rigidities

We introduce price rigidities in the form of ‘ceilings’ and ‘floors’ on the growth rates of
prices. This is to prevent the nominal prices from imploding or exploding, and in order
to keep the fluctuations of nominal price levels bounded within economically meaningful
regions (see e.g. Weddepohl (1995)). Let the price growth factor be given by πk (t + 1) ≡
pk (t + 1)/pk (t). We define limits to growth by πk+ = (1 + r+ ) and πk− = (1 − r− ), where
r+ , r− are the maximum rates of upward or downward growth, respectively. The upward
and downward price rigidities are given by these growth rates:
πk− ≤ πk (tk + 1) ≤ πk+

⇔

(1 − r− ) ≤

pk (tk + 1)
≤ (1 + r+ ).
pk (tk )

(4.12)

In terms of the growth rates of log-prices, the price rigidities are linear restrictions:
≤ log πk (t + 1)
≤ log πk+
log πk−
log(1 − r− ) ≤ log pk (t + 1) − log pk (t) ≤ log(1 + r+ )
−r−
≤ log pk (t + 1) − log pk (t) ≤ r+ .

(4.13)

The last line follows since log(1 + x) = x in first approximation. For the proportional
price rule in (4.9) the price changes are restricted by the growth rates πk+ and πk− :
pk (tk + 1)
= min{πk+ , max{πk− , (D/S)λ }}.
pk (tk )

(4.14)

Redefining the restrictions in log-terms: η − = (−r− /λ) and η + = (r+ /λ), the log-price
changes are restricted by the log-growth rates (note that λ no longer appears in the
restrictions due to the re-parametrization).

λ log(D/S), if η − ≤ log(D/S) ≤ η +
pk (tk + 1) 
−r− ,
if log(D/S) ≤ η −
=
log
(4.15)
 +
pk (tk )
+
r ,
if log(D/S) ≥ η .
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The terms η − and η + can then be interpreted as the maximum and minimum growth
rates of the log-prices.
Model parameters
All the model parameters and their respective ranges are mentioned in Table 4.2.
Table 4.2: Model parameters.
Parameters
preference parameters
expectations parameter
substitution parameter
constant elasticity of substitution
price flexibility parameter
price growth rate
price decrease rate
upward price rigidity
downward price rigidity

4.2.4

αkh
β
ν
ε
λ
r+
r−
πk+
πk−

{0.1, 0.2, 0.3, 0.4, 0.5}
(0, +∞)
(−∞, 1)
(0, +∞), ε = 1/(1 − ν)
[0, 2]
0.10
0.09
πk+ = (1 + r+ ) = 1.10
πk− = (1 − r− ) = 0.91

Examples

The disequilibrium processes are high dimensional nonlinear dynamical systems. We are
not only interested in the local stability of an equilibrium, but also in the global dynamics
far away from equilibria. This implies that a local stability analysis is insufficient, but
a global stability analysis is analytically intractable. Therefore we use computational
tools to do a numerical analysis. However, since an extensive global stability analysis
for all parameter combinations and all initial conditions is computationally intensive it
turns out that this is computationally intractable. The space of parameters and initial
conditions is simply too large. But well-chosen numerical examples can show the global
dynamic features of this and subsequent models. Therefore we have chosen the following
(pragmatic) solution to this problem:
(a) To take one example which is used for all models, to facilitate the model comparison.
This is Example 3.
(b) To show one additional example for each model to illustrate the global dynamics of
that particular model.
The advantage of (a) is that the models can be compared uniformly across one example in
terms of the dynamics that it produces. This is convenient for drawing conclusions about
the structural mechanisms: which trading mechanisms are responsible for which kind
of dynamic behavior and which market mechanisms result in (non)convergent behavior.
It allows for ceteris paribus reasoning under constant structural characteristics of the
economy.
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The disadvantage of (a) is that the results only hold for the chosen example and
may not hold for other examples. It may not be possible to draw any conclusions on a
more general level: the dynamic features of one example might not carry over to slightly
perturbed examples. So in order to investigate whether the results are robust against
changes in the structure of the economy, we have opted for option (b) as well: to show
for each model another example that may not have the same dynamic properties as the
main example.
The advantage of (b) is that we can show for each model what are the interesting
features of the dynamics, without having to restrict ourselves to one example. The disadvantage of (b) is that we have chosen different examples for different models, so it may
no longer be possible to compare the models uniformly.
Below we show the examples that will be used throughout the thesis. We consider
several specifications of the exchange economy with variations of the preferences and
endowments. The agents are indexed by the rows and the markets are indexed by the
columns. So αhi is the preference parameter of agent h for commodity i and whi is the
endowment of agent h of commodity i. The consumption and trade vectors x∗ and z∗
that are given correspond to Cobb-Douglas utility functions (i.e. for ν = 0, ε = 1).
Example 1.
Symmetric preferences with 1 seller per market. Each agent owns one commodity and is the
sole owner of that commodity. He is indifferent between the commodities he does not own.




100
0
0
0.2 0.4 0.4
0 ,
α =  0.4 0.2 0.4  , w =  0 100
0.4 0.4 0.2
0
0 100




20 40 40
−80
40
40
40  .
x∗ =  40 20 40  , z∗ =  40 −80
40 40 20
40
40 −80

Example 2.
Symmetric strict preferences with 1 seller per market. Each agent owns one commodity and is
the sole owner of that commodity. He strictly prefers one of the commodities that he does not
own:




0.2 0.5 0.3
100
0
0
0 ,
α =  0.3 0.2 0.5  , w =  0 100
0.5 0.3 0.2
0
0 100




−80
50
30
20 50 30
50  .
x∗ =  30 20 50  , z∗ =  30 −80
50 30 20
50
30 −80
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Example 3.
Symmetric preferences with 2 sellers per market. Every agent owns two commodities and strictly
prefers one over the other. He is indifferent between the commodity he does not own and the
endowed commodity which he strictly prefers:


0.2

0.4
α=
0.4

20
x∗ =  40
40

0.4
0.2
0.4
40
20
40



50
0.4


0.4 , w =
50
0.2
0


40
−30
40  , z∗ =  −10
20
40


0 50
50 0  ,
50 50

40 −10
−30
40  .
−10 −30

Example 4.
Symmetric strict preferences with 1 seller per market. Every agent owns one commodity and
strictly prefers one of the commodities he does not own over the other.


0.91

0.06
α=
0.03

91
∗

6
x =
3

4.3




100
0
0
0.03 0.06
0.91 0.03  , w =  0 100
0 ,
0.06 0.91
0
0 100



3 6
−9
3
6
91 3  , z∗ =  6 −9
3 .
6 91
3
6 −9

Simultaneous and sequential tâtonnement

We distinguish between a simultaneous and a sequential tâtonnement process. In both
cases the markets are visited sequentially, but in the simultaneous process all prices are
updated simultaneously at the end of a round, while in the sequential process they are
updated sequentially. The tâtonnement processes consist of the following steps:
1. Set the budget constraints, in which unanticipated gains or losses are discarded.
2. Determine the planned transactions (notional excess demand) for every agent.
3. Aggregate the buy and sell orders into market demand and market supply at the
given prices.
4. Determine the transactions by rationing the demand or supply side of the market.
5. Update the credit balance of every agent.
6. Update the price for the commodity that has been traded.
7. Normalize prices and the real balances on the price simplex.
Figures 4.2-4.3 provide algorithms (or pseudo code) for respectively the sequential and
simultaneous tâtonnement process.
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Sequential tâtonnement process
Initial conditions: p(0), M h (0) = 0.
For Round n = 0, ..., T do
For Market k = 0, ..., m do for every agent h ∈ N:
1. M̃ h := 0
2. zkh := zkh (p; 0), or z̃kh := z̃kh (p; 0)
h
h
3. dhk := max{0,
zkh }
P h zk }, sk :=Pmin{0,
Dk := h dk , Sk := − h shk

4. z̄kh := Fhk (zk1 , ..., zkN )
5. M h := M h − pk z̄kh
−

6. pk := max{(1 − r )pk , min{pk
P
7. p := (m + 1) · (p/ j pj )
P
M h := (m + 1) · (M h / j pj )

³

Dk
Sk

´λ

, (1 + r+ )pk }}

end
end.

Figure 4.2: Pseudo code for the sequential tâtonnement process.
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Simultaneous tâtonnement process
Initial conditions: p(0), M h (0) = 0.
For Round n = 0, ..., T do
For Market k = 0, ..., m do for every agent h ∈ N:
1. M̃ h := 0
2. zkh := zkh (p; 0), or z̃kh := z̃kh (p; 0)
h
h
3. dhk := max{0,
zkh }
P h zk }, sk :=Pmin{0,
Dk := h dk , Sk := − h shk

4. z̄kh := Fhk (zk1 , ..., zkN )
5. M h := M h − pk z̄kh
end

End-of-period updating method:
Do for every market k ∈ M:
6. pk := max{(1 − r− )pk , min{pk

³

Dk
Sk

´λ

, (1 + r+ )pk }}

P
7. p := (m + 1) · (p/ j pj )
P
M h := (m + 1) · (M h / j pj ) for every agent h ∈ N

end
end.

Figure 4.3: Pseudo code for the simultaneous tâtonnement process.
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Since we allow for out-of-equilibrium trade in these processes the question can arise
why these processes should be called ‘tâtonnement’ instead of ‘non-tâtonnement’. The
reason is that we do not yet take into account the monetary effects from trading at ‘false’
disequilibrium prices. This will be the subject of Chapters 5 and 6. Without taking
into account the unanticipated debts and claims the process is formally equivalent to a
tâtonnement process. By assuming that all commodities are perishable and that there is
no possibility to carry-over any stocks from one period to the next, we have effectively
abstracted from any effects that may be caused by strategic inventory holdings. The
process with durable commodities which can be stored and with trade outside equilibrium
is much more complex than just adding unsold stocks to current inventory, because in
that case strategic inventory positions would play a role. For example, if a seller expects
a price increase then it would be optimal to sell less in the current period and more in
the next in order to gain a profit. We consider the following tâtonnement processes.
C:
Classical discrete-time tâtonnement process with notional demand and simultaneous price
adjustments. The price adjustment rule is: pk,t+1 = pk,t [1 + λ (Dk − Sk )], subject to
restrictions on price growth rates: (1 − r− )pk,t ≤ pk,t+1 ≤ (1 + r+ )pk,t .
T:
Tâtonnement process with notional demand and simultaneous price adjustments. Prices
are adjusted on all markets simultaneously at the end of a trading round. The price
³ ´λ
k
adjustment rule is the DS-rule: pk := pk D
, subject to restrictions on price growth
Sk
rates: (1 − r− )pk,t ≤ pk,t+1 ≤ (1 + r+ )pk,t .
S:
Sequential tâtonnement process with notional demand, and sequential price adjustments
using the DS-rule. Prices are adjusted per market on a market-by-market basis. The
updated price is used directly in the trading plans for the next market.
E:
Effective demand tâtonnement process with simultaneous price adjustments. Process E
consists of the same steps as process T, but with notional demand replaced by effective demand. This means that the spill-over effects from trades out-of-equilibrium are
incorporated in the demand functions. The DS-rule is used for price adjustments.
In the next sections, we will first study process T with the DS-rule in more detail.
Then we will compare the results from process T to the processes C, S and E.
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Stability analysis of tâtonnement processes

In Figure 4.4 we show time series and phase plots for the simultaneous tâtonnement
process T, for a value of the substitution parameter ν = 0.8. The prices show quasiperiodic or chaotic behavior. This is what would happen to the credit balances if the
unanticipated gains and losses from trade ‘along the way’ are not taken into account by
the agents. Clearly the situation is unsustainable, since there is one agent who continues
to build up a negative balance (agent 1), while there is another agent who continues
to build up a positive balance (agent 2). The credit sequences are non-stationary. The
reason for this is that there is no feedback from the monetary positions on the agents’
trading decisions. The balance of account does not feed back into the dynamics and is
merely shown for expository purposes. Note however that the price level does fluctuate
around the equilibrium value pk = 1. The feedback from the monetary position on the
agents trading decisions is added in later versions of the model where we consider the
disequilibrium process with monetary dynamics (see Chapters 5 and 6).

40

Tâtonnement process T, ν = 0.80
Credit balances at the start of every trading round
Agent 1
Agent 2
Agent 3
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Price level p0 at the start of every trading round

p0(t)

1.1

1

0.92
0.92

1
p0(t − 1)

1.1
1.08
1.06
1.04
1.02
1
0.98
0.96
0.94
0.92
1.1
100

200

300

400

500

Figure 4.4: Process T, Example 2. Parameters: ν = 0.80, λ = 1.4, p(0) = (0.98, 1.08, 1.00).
Time series of individual credit balances and the price level. All data at the start of every
trading round, for 400 consecutive rounds: 100 < n < 500.
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Bifurcation scenario
To summarize the dynamics Figure 4.5 shows some characteristic plots in the phase space
(p0 (t), p0 (t + 1)). We can observe the bifurcation scenario that occurs when the parameter
ν is varied. The same phase plots could be produced for the prices on the other markets,
p1 (t), p2 (t), for the aggregate excess demands zk (t), the individual excess demands zkh (t)
and for the individual money balances M h (t). Since all these plots basically show the
same features, we will not reproduce them here.
For 0 ≤ ν ≤ 0.4 the process shows quasi-periodic behavior along an invariant circle,
see Figure 4.5a-c. For ν = 0.4 we observe that the edges of the attractor come closer
together and finally the invariant circle breaks up into a chaotic attractor (Figure 4.5c).
At ν = 0.5 a 9-piece chaotic attractor emerges (Figure 4.5d). For higher values of the
substitution parameter the dynamics remain chaotic, see Figure 4.5e-f.

1

1.10

1

1
p0(t − 1)

1.15 0.920.9

(d) ν = 0.5
1.10
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1

1
p0(t − 1)

1.15

1.15
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0.9

1
p0(t − 1)
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(f) ν = 0.8
1.1

1

1
p0(t − 1)

0.92
0.9

(e) ν = 0.6

1.10

(c) ν = 0.4

p0(t)

0.92
0.9

1.10

p0(t)

p0(t)

1.10

p0(t)

Phase plots in price levels for process T
(b) ν = 0.3
(a) ν = 0.2

1

1
p0(t − 1)

1.15

0.92
0.92

1
p0(t − 1)

1.1

Figure 4.5: Tâtonnement process T, Example 2. Phase plots of the price level p0 (t).
Parameters: ν ∈ [0.0, 0.8], λ = 1.4. (a) ν = 0.2, quasi-periodic attractor (b) ν = 0.3,
quasi-periodic attractor (c) ν = 0.4, erratic periodic motion (d) ν = 0.5, stable 9-periodic
chaotic motion (e) ν = 0.6, chaotic motion (f) ν = 0.8, chaotic motion.
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Bifurcation diagrams
Instead of plotting all the time series and phase plots for every parameter value, the data
contained in the phase plots can be succinctly summarized in a bifurcation diagram. See
appendix A.2 for background information on how these bifurcation diagrams have been
produced.
Figures 4.6-4.9 show bifurcation diagrams for process T, Examples 1-4. In Example
1, there is only a period-doubling bifurcation from a steady state to a period-2 cycle. In
Figure 4.6b we have summarized all 1-parameter bifurcation diagrams in a 2-parameter
bifurcation diagram for all the values of λ in the interval [0, 2]. This diagram shows for
every parameter combination (λ, ν) ∈ [0, 2] × [0, 0.9] the periodicity of a trajectory that
is iterated for T = 200 periods (market rounds). The periodicity of the orbit is denoted
by the numbers in Figure 4.6b. For example, for (λ, ν) = (0.2, 0.6) there is a steady state
(denoted ‘1’) and for (λ, ν) = (0.7, 0.6) there is a stable period 2-cycle. The bifurcation occurs at (λ, ν) = (0.6, 0.6) on the boundary of these two regions. The 1-parameter
bifurcation diagram in Figure 4.6a is a cross-section of the generalized 2-parameter bifurcation diagram: the intersection at λ = 0.6 yields exactly the same structure as the
1-parameter bifurcation diagram. In particular, we again observe the same bifurcation
point at ν = 0.6.
In Figure 4.7a we show a bifurcation diagram for Example 2, for a fixed price flexibility
parameter λ = 1.0. A trajectory of T = 1, 000 iterations is plotted in the vertical direction
for each parameter value 0 < ν < 0.9. The cycles and quasi-periodic motion are clearly
visible at some parameter values. We observe the 9-cycle between 0.35 ≤ ν ≤ 0.45, a
7-cycle at ν ≈ 0.75 and a 12-cycle at ν ≈ 0.85. The periodicities that we observe in Figure
4.7a are from left to right: 1, 9, 16, 7, 12, 5.
The 2-parameter bifurcation diagram in Figure 4.7b shows that there are several transitions from one type of dynamic behavior to another type. The points at which such
transitions occur are bifurcation points, and the bifurcation curves are the curves which
separate the regions in the (λ, ν)-plane that correspond to different periodic orbits. Since
a lot of information about the asymptotic behavior can be succinctly summarized in such
2-parameter bifurcation diagrams, we will refer to these diagrams extensively in order to
compare different models.
Figure 4.8 shows bifurcation diagrams for Example 3 and Figure 4.9 for Example 4.
It is obvious that if we change the structural characteristics of the economy then also
the dynamics will change, but the bifurcation diagrams in Figures 4.7a, 4.8a and 4.9a
all look roughly the same: the same type of bifurcations occur in each diagram. This
implies that the tâtonnement process has some general dynamic properties which remain
constant even if we change the underlying preferences and the endowment structure. By
comparing the bifurcation diagrams for different specifications this allows us to test the
robustness of the dynamics.
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Bifurcation diagrams for process T (Example 1)
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Figure 4.6: Process T, Example 1. (a) 1-parameter bifurcation diagram in (p0 , ν) for
λ = 0.6, −0.4 < ν < 0.9. (b) 2-parameter bifurcation diagram in the (λ, ν)-plane, for
0 < λ < 2, 0 < ν < 0.9. Numbers denote the periodicity of orbits.
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Bifurcation diagrams for process T (Example 2)
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Figure 4.7: Process T, Example 2. (a) 1-parameter bifurcation diagram in (p0 , ν) for
λ = 1, −0.4 < ν < 0.9. (b) 2-parameter bifurcation diagram in the (λ, ν)-plane, for
0 < λ < 2, 0 < ν < 0.9. Numbers denote the periodicity of orbits.
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Bifurcation diagrams for process T (Example 3)
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Figure 4.8: Process T, Example 3. (a) 1-parameter bifurcation diagram in (p0 , ν) for
λ = 1, −0.5 < ν < 0.9. (b) 2-parameter bifurcation diagram in the (λ, ν)-plane, for
0 < λ < 2, 0 < ν < 0.9. Numbers denote the periodicity of orbits.
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Bifurcation diagrams for process T (Example 4)
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Figure 4.9: Process T, Example 4. (a) 1-parameter bifurcation diagram in (z0 , ν) for
λ = 1, −0.1 < ν < 0.5. (b) 2-parameter bifurcation diagram in the (λ, ν)-plane, for
0 < λ < 2, 0 < ν < 0.9. Numbers denote the periodicity of orbits.
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Summary for process T
The bifurcation diagrams in Figures 4.6-4.9 show the following global stability properties
for each of the Examples 1-4:
- For sufficiently low values of the price flexibility parameter λ the tâtonnement process T converges to a steady state (a Walrasian equilibrium), for all substitution
parameters ν ∈ [0, 1].
- For high values of λ and ν the process produces either a stable 2-cycle or a stable
3-cycle.
- For intermediate values of λ various stable cycles of high periodicity can be found.
The periodicity depends on the parameter ν.
- The relation between the parameter combinations (λ, ν) and the stability regions of
the cycles can be summarized in a 2-parameter bifurcation diagram.
The first property is that for 0 < ν ≤ 1, which implies a strong substitution elasticity
1 < ε < +∞, and for sufficiently low values of λ close to 0 the process always converges
to a steady state. But for −∞ < ν < 0, which implies a weak substitution elasticity
0 < ε < 1, this does not necessarily hold.
Another property is that for sufficiently high values of λ the process always converges
to a stable cycle of low periodicity. The upward and downward restrictions on the price
growth rates generate 2-cycles if the price flexibility is set too high. The price boundaries
then act as reflecting boundaries. So the 2-cycle must be viewed purely as an artifact of
the price rigidities in combination with a too high price flexibility. A low price flexibility
is beneficial for the stability of the system.
In some cases the price rigidities produce chaotic dynamics instead of a 2-cycle. Since
the chaotic motion is contained within a small region around an equilibrium, the dynamics
can be called ‘chaos in a box’ (see also Weddepohl 1994, 1995). Although the cyclical
fluctuations can be restricted to a small region of the phase space the dynamics can not
be completely stabilized by imposing the price growth restrictions. It may however be of
theoretical interest what are the welfare effects of such erratic fluctuations. This issue will
be addressed in more detail in Section 4.5, where we perform a dynamic welfare analysis.

Summary for process C
For the sake of completeness, we also report here the results of the classic tâtonnement
process C, i.e., the discrete-time tâtonnement process based on excess demand. Figure
4.10 shows 1-parameter bifurcation diagrams in the (p0 , ν)-plane for Example 4, produced
for low elasticity values, 0 < ε < 1, and for high elasticity values, 0 < ν < 1. Both
diagrams have also been reproduced from left to right (a-b) and from right to left (c-d).
This example shows that for numerically produced results it matters whether the attractor
is traced from left to right or from right to left.5
5

The tracing procedure works as follows, see also the appendix, p. 252. For every new parameter
value the final state of the previous orbit is slightly perturbed (ǫ ∼ 10−3 ) and then taken as the new
initial condition. This means that we ‘trace’ the attractor for as long as it remains stable.
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From this example we observe that if we go from left-to-right then for low positive
values and for low negative values of ν a 3-cycle is stable. But if we go from right-to-left
we observe a 2-cycle instead of a 3-cycle. And for Leontief utility functions (ε = 0) the
Walrasian equilibrium (1, 1, 1) is unstable under the discrete-time tâtonnement process
C.
Figure 4.10 thus clearly indicates that the classic discrete-time tâtonnement process is
ill-behaved for λ = 1, whereas the DS-ratio process T in Figure 4.9 can produce stability
even for high price flexibilities (provided the elasticity is low). The DS-ratio process thus
appears to be much more stable than the classic discrete-time tâtonnement process.
Process C
Left-to-Right:
2
1.8
1.6
1.4

p0

p0

2
1.8
1.6
1.4
1
0.8
0.6
0.4
0.2

0.2

0.4 ε 0.6

0.8

1
0.8
0.6
0.4
0.2
0
1

0.2

(a)

0.4 ν 0.6

0.8

1.0

0.8

1.0

(b)
Right-to-Left:

2
1.8
1.6
1.4

p0

p0

2
1.8
1.6
1.4

1
0.8
0.6
0.4
0.2

0.2

0.4 ε 0.6

(c)

0.8

1
0.8
0.6
0.4
0.2
0
1

0.2

0.4 ν 0.6

(d)

Figure 4.10: Model C, Example 4. Discrete-time tâtonnement process with end of period
price adjustments. λ = 1, price growth restrictions: r− = r+ = 0.50. (a-b) Left-to-Right,
0 < ε < 1 and 0 < ν < 1. (c-d) Right-to-Left, 0 < ε < 1 and 0 < ν < 1.
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Summary for process S
For the sequential tâtonnement process S Figure 4.11 shows a stability analysis for Example 1 (for specification see p. 100). For low values of λ the process always converges
to a steady state, for intermediate values it converges to a 2-cycle and for high values of
λ the steady state is stable again. This indicates that the sequential adjustment process
has some stability for high levels of price adjustment. But this is not a general property.
Process S

Figure 4.11: Sequential tâtonnement process, Example 1. Two-parameter bifurcation
diagram in the (λ, ν)-plane. Parameters: 0 < λ < 2, 0 < ν < 0.9. Numbers denote the
periodicity of orbits.

Summary for process E
In the introduction we mentioned the possible effects of spill-overs on the agents’ willingness to trade. The gains and losses along the way influence the agents’ trading possibilities.
In a similar way the quantity constraints that agents experience outside of equilibrium
will also affect their willingness to transact. To take these effects into account we consider a tâtonnement process with effective demand functions. In this process the quantity
constraints are updated sequentially and agents determine their effective demand before
visiting a market, taking into account the restrictions that occurred on the other markets.
The tâtonnement process consists of the same steps as process T described on p. 101,
except that notional demand is now replaced by effective demand. We assume that agents
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have ‘naive’ expectations about the quantity constraints, i.e., they expect the same set of
constraints as they have perceived during previous market visits.
Effective demand tâtonnement with sequential price adjustments

Figure 4.12: Flow diagram for the effective demand tâtonnement model with quantity
constraints. Prices are adjusted after every market visit (sequentially). The diagram
refers to a single market visit. It is repeated for every market k = 0, ..., m, after which
the next trading round begins.
Figure 4.12 shows the sequence of events in the sequential tâtonnement model with
effective demand. We consider the process in which agents trade sequentially, but prices
are adjusted simultaneously at the end of a trading round. Before market k is visited at
subperiod tk the following information set is known: {p(t0 ), ℓh (tk ), uh (tk )}, where p(t0 )
are the prices at the beginning of the trading round and ℓh (tk ), uh (tk ) are the perceived
quantity constraints. Given this information, the utility maximization problem yields the
effective demand vector (see (3.12)):
z̃h = ẽhk (p(t0 ), ℓh−k (tk ), uh−k (tk ); 0).

(4.16)

Note that the constraints for market k have been relaxed and that the right-hand side of
the budget constraint is set to zero (there are no unanticipated debts or claims). This
is in accordance with the definition of effective demand in (3.12). There are no quantity
constraints for the market on which the agent is determining its effective demand. The
constraints for market k are only determined after every agent has submitted his buy
or sell orders to the market and transactions have taken place. The constraints adjust
sequentially and this means that the revision of plans and expectations is also sequential.
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Stability analysis
Figure 4.13 shows a bifurcation diagram for the tâtonnement process E with effective
demand. Compare this to Figure 4.7c for the model with notional demand. The main
difference is that the stability region of the steady state is larger in the model with effective
demand than in the model with notional demand: the steady state is stable for a larger
range of parameters (λ, ν). This implies that the spill-over effects from quantity rationing
seem to have a stabilizing effect on the dynamics. For parameter combinations where
the notional demand model is unstable the effective demand model is stable, but not
vice versa. However, for high values of the price flexibility parameter λ the tâtonnement
process with effective demand also shows cyclical dynamics. When the process is unstable
the dynamics of the notional and effective demand processes show the same qualitative
features.
Process E

Figure 4.13: Process E, Example 2. Two-parameter bifurcation diagram for the simultaneous tâtonnement process with effective demand and the DS-rule. Parameters: β = 1,
0 < λ < 2, 0 < ν < 0.9, T = 100, 10 pre-iterations.
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Conclusions
We have considered tâtonnement processes with sequential and with simultaneous price
adjustments. The stability properties of both processes are roughly the same. We have
also considered a more Keynesian type of adjustment process by including the quantity constraints and replacing notional demand functions by effective demand functions.
For some parameter values the process with effective demand converges to a Walrasian
equilibrium where the process with notional demand does not. Therefore the spill-over
effects from quantity rationing seem to have a stabilizing effect on the dynamics out-ofequilibrium.
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Dynamic welfare analysis

In this section we provide a dynamic welfare analysis of the effects of irregular price
fluctuations. What matters outside of equilibrium is not the planned utility (or target
utility) but the realized utility of the realized transactions, which is always lower or equal
to the target utility due to rationing. In an equilibrium the planned and realized utility are
by definition always equal, since all the trading plans can be realized. Since the allocations
along a cycle are not static allocations but form a series of allocations over time, the only
welfare analysis which is possible is a dynamic welfare analysis. The central question we
wish to address with such an analysis is whether irregular dynamics have adverse effects
on welfare. We focus on the following questions:
1. Is it always the case that individual welfare is lower along (quasi-) periodic or chaotic
orbits than in a steady state?
2. Is the transition from a (quasi-) periodic or chaotic orbit to a steady state always
Pareto improving?
The first question is related to the idea that chaotic time-paths are bad for individual
well-being, because it is presumed that the agents are always worse off if the dynamics are
irregular. The second question relates to the idea that every agent’s welfare is improved
if the dynamics would be stabilized, i.e., that the transition from a periodic orbit to a
steady state would constitute a Pareto improvement. It should be clear from the way we
have formulated the questions that, a priori, we do not believe in the universal validity
of either of these claims. An argument against the claim that stabilizing the dynamics
works welfare improving for all agents is that some agents may benefit from the cyclical
fluctuations. Below we will show some examples that support this basic argument.
To compare the dynamic welfare effects of disequilibrium trading, we compare the
utility which is realized along an orbit to the realized utility in a steady state. Such
comparisons should always be made on the basis of individual agents, since it does not
make sense to aggregate the utility of different agents.6
Let an orbit of realized consumption bundles by agent h be defined by the sequence
h,T
x = (xh,0 , ..., xh,T ), where xh,t = (xh0,t , ..., xhm,t ) ∈ RL is the vector of realized consumption by agent h in period t. To measure the dynamic welfare along an orbit we consider
the following quantity:7
PT
1
h h,t
t=0 U (x )
h
h,T
T
hU i(x ) ≡
.
(4.17)
U h (xh∗ )
Here xh∗ ∈ Rm+1 is the vector of realized consumption in equilibrium. The equilibrium
should be interpreted as the repeated sequence of the steady state allocation, i.e., as the
6

The same argument can be made against time-averaging the utility of a single agent. Intra-personal
utility comparisons and inter-personal utility comparisons are equivalent in this respect. Taking the
time-average of the utility along a trajectory is simply to enable us to compare different orbits to the
steady state.
7
Any monotonic transformation of this measure is also a measure of dynamic welfare. But here we
define the utility function as the time-average of the realized single-period utilities.
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trajectory xh,T = (xh∗ , xh∗ , ...). The average realized utility along this sequence is just the
steady state utility level U h (xh∗ ).
By using hU h i, we have normalized the utility levels with respect to an equilibrium
utility level.8 hU h i(xh,T ) is the time-averaged realized utility along the orbit xh,T , which
can be interpreted as the normalized utility of an individual agent.
Definition 4.13 The normalized utility level for an individual agent is the time-average
of the utility obtained along a trajectory of allocations, divided by the utility obtained in
an equilibrium.
Instead of comparing different orbits, we can restrict ourselves to comparing allocations
in an economy which is extended to include the time-dimension.
The time-extended economy
Let E({wh , U h }h∈H ) denote a 1-period exchange economy with endowments wh and utility
functions U h . Further, xh ∈ RL+ is a consumption bundle in E. The T -period exchange
economy is defined by E T ({wh,T , U h,T }h∈H ), where wh,T ∈ R(m+1)×T is a T (m + 1)-vector
of endowments, xh,T ∈ R(m+1)×T is a consumption bundle and hU h i is the time-averaged
utility function to be used:
h
h
h
h
h
h
wh,T = (w0,0
, ..., wm,0
, ..., w0,t
, ..., wm,t
, ..., w0,T
, ..., wm,T
) ∈ R(m+1)×T ,
xh,T = (xh0,0 , ..., xhm,0 , ..., xh0,t , ..., xhm,t , ..., xh0,T , ..., xhm,T ) ∈ R(m+1)×T ,
U h,T (xh,T ) ≡ hU h i(xh,T ).

(4.18)

In a steady state by definition all agents have a normalized utility level of hU h i = 1.
Outside of a steady state the normalized utility level of each agent may be different, but
it is not necessarily the case that for all agents hU h i < 1. An individual agent can have
a normalized utility level hU h i > 1, which means that on average the agent is better
off along the orbit than in the steady state. If hU h i > 1 for all h, then the average
utility level of all agents would be higher than in the steady state. But then the orbit
would Pareto dominate the steady state which is impossible since the steady state is a
Pareto optimal allocation of the economy E as well as of the economy E T . So in a dynamic
welfare comparison we expect that the average utility levels either show a welfare trade-off
between several agents, or an overall welfare loss to all agents.

Dynamic welfare comparisons
It could be the case that along a cycle all agents have a normalized utility level hU h i < 1.
Then all agents could be made better off in terms of average utility levels by making
the transition from the cycle to the (unstable) steady state. This would be a Pareto
improvement, since there it holds that hU h i = 1.
8

In the case of multiple equilibria a reference utility level can be chosen equal to one of the equilibrium
levels. In this way, both non-equilibrium and equilibrium trajectories can be ranked by comparing them
to the chosen reference level.
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Typically however along a cycle some agents are better off than in a steady state and
some are worse off. Then a Pareto improvement is not possible since we cannot make
all agents better off, in terms of raising their average utility levels, without making some
agents worse off. This means that in terms of the average utility levels the transition from
a cycle to a steady state or vice versa cannot be Pareto ranked.
The agents that could be made better off are the agents who have hU h i < 1. The
agents that should be made worse off are agents who have hU h i > 1. This means that in
order to equalize the welfare distribution welfare should be transferred from the better-off
agents to the worse-off agents. Since by assumption all trade is voluntary and no agent
can be forced to trade more than he wants the welfare distribution cannot be equalized
without forcing some agents to give up some of their welfare to the other agents.

Examples
Figure 4.14 shows a dynamic welfare analysis for tâtonnement process T1 (price rule
DIS), for Example 2 (see p. 100). In this example a 2-cycle is stable for all parameter
values −0.5 < ν < 0.9. There are three parameter intervals in which the 2-cycle varies
continuously with the bifurcation parameter ν: I1 = [−0.5, −0.3], I2 = [−0.3, 0.45] and
I3 = [0.45, 0.9].
For ν ∈ I1 agent 1 is better off, and agents 2 and 3 are worse off along the 2-cycle.
For ν ∈ I2 agent 2 is better off and the other agents are worse off. And finally, for ν ∈ I3 ,
agent 2 and 3 switch rankings at approximately ν ≈ 0.75. It is never the case that all three
agents are better off along the cycle, since the steady state is a Pareto optimum. This
example shows that for some parameter ranges agents may benefit on average utility from
the cyclical behavior. The transition from the cycle to a steady state does not constitute
a Pareto improvement in those cases. The existence of such a welfare trade-off between
the agents holds for more examples, but it is not a general result. To show that it is not a
universal phenomenon, we give another example with more complicated cyclical behavior.
Figure 4.15 shows the dynamic welfare analysis for the tâtonnement process T (price
rule DS), for Example 2 (see p. 100). For 0 < ν < 0.3 the dynamics converge to the
steady state. The normalized utility levels hU h i are 1 for all agents, by definition. But
when the dynamics undergo a bifurcation at ν = 0.3, all the agents are worse off along
the cyclical fluctuations than in the steady state, since their normalized utility levels hU h i
all fall well below their equilibrium levels. This implies that not only are the cyclical
fluctuations bad for individual welfare, but they are also bad for total welfare. All the
agents are worse off. A transition from the cyclical behavior to the steady state would
constitute a Pareto improvement, making all the agents better off.
Finally, Figure 4.16 shows an example in which both phenomena occur for different
parameter ranges. For parameter values at which the dynamics are (quasi-) periodic the
transition to a steady state is a Pareto improvement: all agents would be better off in
the steady state. But if the dynamics move along a 2-cycle then agent 1 is better off, at
a welfare cost to agents 2 and 3.

4.5. DYNAMIC WELFARE ANALYSIS

121

Conclusion
Cyclical fluctuations can cause a welfare-loss to society as a whole if the fluctuations are
accompanied by co-ordination failures and a subsequent waste of resources. Stabilizing
policies which have the goal of dampening such cyclical fluctuations are aimed at improving the overall welfare. But the welfare effects from such a transition from stable
cyclical behavior to a stable steady state can be ambiguous. It is not always the case that
individual welfare is higher along a (quasi-) periodic orbit than in equilibrium. We have
shown that there may exist a welfare trade-off between the agents, where some are better
off and some are worse off from the cyclical fluctuations. A transition from the (quasi-)
periodic dynamics to a steady state then does not constitute a Pareto improvement. But
there also exist cases in which all the agents are worse off along the cycles and then the
transition to a steady state does constitute a Pareto improvement.
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Figure 4.14: Tâtonnement model C with simultaneous price adjustments (Example 2). (a) 1parameter bifurcation diagram in (p0 , ν). (b-d) Normalized utility levels. Parameters: λ = 0.5,
−0.5 < ν < 0.9, M h (0) = 0. T=500, transient=50.
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Figure 4.15: Tâtonnement model T with simultaneous price adjustments and DS-rule (Example
2). (a) 1-parameter bifurcation diagram in (p0 , ν). (b-d) Normalized utility levels. Parameters:
λ = 1, 0 < ν < 1, M h (0) = 0. T=500, transient=50.
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Figure 4.16: Tâtonnement model T with simultaneous price adjustments and DS-rule (Example
3). (a) 1-parameter bifurcation diagram in (p0 , ν). (b-d) Normalized utility levels. Parameters:
λ = 1, −0.5 < ν < 0.9, M h (0) = 0. T=500, transient=50.
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Historical perspective

A possible interpretation of the tâtonnement process is that it is a renegotiation/recontracting
process (see Patinkin, 1966 and Hicks, 1939). During the renegotiations no actual transactions of commodities occur until the process has converged to an equilibrium (Walras
suggested the use of tickets to communicate the desired demands). This implies that the
quantities offered and demanded are only provisional and recontracting is always allowed.
The following passage is especially relevant with respect to this interpretation:9
‘Since, in general, traders cannot be expected to know just what total supplies
are available on any market, nor what total demands will be forthcoming at
particular prices, any price which is fixed initially can only be a guess. It is
not probable that demand and supply will actually be found to be equated at
such a guessed price; if they are not, then in the course of trading the price
will move up or down. Now if there is a change of price in the midst of trading,
the situation appears to elude the ordinary apparatus of demand-and-supply
analysis, for, strictly speaking, demand curves and supply curves give us the
amounts which buyers and sellers will demand and supply respectively at any
particular price, if that price is fixed at the start and adhered to throughout.
Earlier writers, such as Walras and Edgeworth, had therefore supposed that
demand-and-supply analysis ought strictly to be confined to such markets
as permitted of ‘recontract’; i.e., markets such that if a transaction was put
through at a ‘false’ price [...] it could be revised when the equilibrium price was
reached. Such markets are highly exceptional, their solution of the problem
(if it can be called one) was not very convincing.’ (Hicks, 1939)
The ability to recontract
The original interpretation due to Edgeworth is that the Walrasian tâtonnement process
can be seen as a recontracting process. Recontracting means that the same quantities
are put through at the final prices. The ability to recontract is sufficient to show that
the market price for every commodity converges towards a uniform price, i.e., the Law of
One Price holds in the limit of the recontracting process. This holds, since a buyer who
has signed a contract at a price which is ‘too high’ (higher than some other price in the
market) can always find a seller who is willing to sell at a lower price and offer him a
better deal at a price which is between the prices of the two sellers. Thereby the buyer
drives down the price of the high-seller and drives up the price of the low-seller, bringing
them closer together. This type of market ‘arbitrage’ is precisely the kind of transaction
which leads to a uniform price on the market. If at the single market price there still
are buyers who’s demand is left unsatisfied (they are temporarily demand-rationed) then
these buyers can offer a higher price, or alternatively they can reduce their demand if
they are unwilling to pay a higher price. If there are sellers who are offering more than is
demanded, there is an excess supply and the sellers can always lower their price if they
still want to sell at this lower price. Or else, if they do not want to sell at a lower price,
9

J.R. Hicks, Value and Capital, 119 ff, as quoted in Clower 1966, p. 112.
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they can retract their offers from the market. But then the quantity which is retracted
has to be added to inventory.
There is however a problem when we interpret the tâtonnement process as a process
with recontracting at the final (equilibrium) prices. The problem is that over the course of
trading, if transactions are performed against non-equilibrium prices, there are gains and
losses from trade. An agent who has sold at a ‘high’ price or purchased at a ‘low’ price
has made a net ‘profit’ that would not have occurred if prices were at equilibrium levels
from the start of the process. Other agents who have sold at a ‘low’ price or purchased
at a ‘high’ price may have accumulated a net loss. These are the gains and losses from
trading outside of equilibrium, and since trading is a zero-sum game (when all trade is
quid pro quo) the gains of one agent are the losses to another.
The ability to recontract all the transactions against equilibrium prices basically comes
down to telling those agents who have made a gain to hand over all of their profits and
give them to those who have made a loss. Of course the agents who have made a profit will
not agree to this proposition unless there exists some mechanism to enforce such transfers,
such as lump sum taxes. But this is equivalent to pretending that no trade has occurred
on the market at all, since the gains and losses from trading outside of equilibrium do
not have any effect on the final allocation of commodities; it only affects the monetary
positions of the agents, simply by cancelling out all gains and losses.
Edgeworth’s recontracting process is usually illustrated in an exchange economy with
durable commodities that can be carried-over from one trading period to the next. It
is the familiar picture in an Edgeworth box where each step is utility improving for all
agents and the limit point of the process is a Pareto optimal allocation.
However, the original story told by Edgeworth to illustrate the recontracting process
was in terms of the labor market, i.e. a very non-storable commodity. But Marshall, and
also Edgeworth himself, realized that the recontracting of non-storable commodities is a
rather useless business, since the commodities may have already perished long ago before
any equilibrium can be reached. Therefore at the moment of recontracting the problem
of reinforcing the equilibrium transfers does not appear, since the gains and losses from
trading cannot be undone by the equilibrium transfers at the end. This would mean that
the end point of the Edgeworth process does not have the same characteristics as the
equilibrium of Walras since some agents would be left with the losses while other agents
retain the gains.
Edgeworth also knew that not all end points of the process need to correspond to
a Walrasian equilibrium with respect to the original set of endowments, since the gains
and losses along the trading process could very well influence the agents’ willingness to
trade lateron during the process. But if such distortionary effects from trading outside
of equilibrium could somehow be diminished then the hope was that the recontracting
process of Edgeworth could very well be an out-of-equilibrium explanation of how to reach
a Walrasian equilibrium. This led Marshall to the following proposition (as interpreted
by Hicks):
‘If it could be shown that the gains and losses [from] non-equilibrium trading
‘on the way’ are unlikely to leave much effect on the willingness of buyers to
purchase an additional unit, will not the market finish up at an equilibrium
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price in the sense of Walras, after all? If these gains and losses amount to no
more than a small part of the buyers’ total expenditure, the ‘income effect’
(as we should now say) of allowing for them should not be considerable. So
the market should finish up at something quite near to a Walras equilibrium.’
(Hicks, 1982, p. 9)
This can be interpreted as stating that the ‘winners’ do not mind that there are equilibrium transfers to the ‘losers’ because these transfers are only a small part of their total
transactions.
In an attempt to circumvent the difficulty of not being able to recontract non-durable
commodities, Marshall reinterpreted Edgeworth’s interpretation by replacing the labor
market (a non-durable commodity) with the corn market (a more durable commodity).
But as long as the commodities are durable they can be carried-over to the next trading
period and then the problem of gains and losses reappears at the moment of recontracting.
Because of this difficulty Marshall’s followers later replaced his corn market again with a
commodity that is much more perishable: fish. With fish there are no compensations for
the gains and losses because there is no recontracting, and there are no carry-overs because
the commodities are perishable. Therefore if it is indeed the case that the distortionary
effects from trading ‘along the way’ are negligible, then Marshall’s proposition will be
validated and a limit point of Edgeworth’s process coincides with Walras’s direct solution
of a market equilibrium.
In this way the history of the Walrasian tâtonnement process, with its subsequent
interpretations by Edgeworth and Marshall and then later the reinterpretations of these
interpretations by Hicks, Patinkin and others (e.g. Samuelson), has led to the current state
of affairs that in textbook treatments the tâtonnement process is portrayed as a mythical
process able to explain anything from Adam Smith’s Invisible hand to the instability of
financial markets.
But the point of studying tâtonnement processes is not that they are particularly realistic depictions of any actual price-setting mechanism in real-world decentralized markets,
but it is to see whether or not the effects from trading ‘along the way’ (outside of equilibrium) are negligible, and whether or not the distortionary effects influence the agents’
willingness to trade.

Chapter 5
A Wicksellian pure credit economy
In a disequilibrium model with infinitely lived agents wealth effects play an important
role since trade takes place outside equilibrium and therefore debt and claims accumulate
over time. The repayment of these debts then becomes relevant, so an updating procedure
for the budget constraints is needed. The frequency with which the repayment of debt
occurs can have a large impact on the dynamics, since there are monetary wealth effects
as well as real wealth effects for the individual traders. In this chapter we will now show
two ways in which the budget accounting mechanism can be introduced.
The net revenues for agent h at subperiod tk is just the value of the transaction:
Rh (tk ) = −pk (tk )z̄kh (tk )

k = 0, ..., m.

(5.1)

This quantity can only be determined after transactions have occurred, so it is determined
at the end of subperiod tk . The total balance of payments during the subperiods T0− =
{t0 − 1, ..., tm − 1} is equal to the sum of net revenues from sales and purchases:
m
X

Rh (tk − 1) = −p(t0 − 1) · z̄h (t0 − 1).

(5.2)

k=0

This sum can be measured only at the beginning of subperiod t0 . The balance of account
of agent h at the beginning of subperiod t0 is denoted by M h (t0 ). It can be positive or
negative, depending on whether the agent has debts or claims on the other agents. Given
the balance at the start of the previous round, the new balance of account at t0 is
h

h

M (t0 ) = M (t0 − 1) +

m
X

Rh (tk − 1).

(5.3)

k=0

The balance of account is updated sequentially after every market visit. At the beginning of each round the balance of account is the sum of net revenues up to and including
the last transaction in subperiod (tm − 1). During the round it is updated by the transaction in subperiod tk−1 :
M h (tk )
= M h (tk−1 ) + Rh (tk−1 )
M h (t0 + 1) = M h (tm ) + Rh (tm )

∀k 6= 0
k = 0.

(5.4)
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Note that the balance of account M h (tk ) is determined at the beginning of subperiod
tk and can therefore include only the receipts and expenditures up to and including the
previous transaction in subperiod tk−1 .
The sequential market structure makes it necessary to distinguish between the balance
of account M h and the correction for unanticipated debts and claims M̃ h . The term M̃ h
is a correction on the budget constraint which is used by the agents as a ‘rule of thumb’ in
their decision-making process. Due to the sequence of transactions during a trading round,
the actual balance of account M h shows fluctuations, even in an equilibrium. However,
the agents do not accumulate any debts or claims in an equilibrium, so the unanticipated
debts and claims M̃ h = 0. The equilibrium fluctuations of M h should not affect the plans,
therefore M h cannot be entered on the right-hand side of the budget constraint directly,
but we should use only the correction term M̃ h .
In Section 5.1 we discuss an updating procedure in which the budget constraint is
updated at the end of every trading round, called ‘end-of-period updating’ of the budget
constraint. In Section 5.2 we will discuss a more sophisticated updating rule in which the
budget constraint is updated after every market visit, called ‘sequential updating’ of the
budget constraint. Section 5.3 describes the algorithm for the credit process and Section
5.4 gives simulation results.

5.1

End-of-period updating

Suppose that agents only update their budget constraint at the end of a round. Then
in the optimization problem the planned trade vector zh (tk ) at subperiod tk satisfies the
following budget constraint:
p(tk ) · zh (tk ) ≤ M̃ h (tk ) ≡ M h (t0 )

0 ≤ k ≤ m,

(5.5)

where M̃ h is the correction on the budget constraint and the excess demand function is
given by zh (p(tk ); M̃ h (tk )), see (3.3). During the trading round the budget constraint
remains the same, but the actual balance of account M h (tk ) is fluctuating. Since the
value of M h (t0 ) is given at the beginning of subperiod t0 , it can be treated as given in the
optimization problem at subperiod tk . At the beginning of the next round the correction
term is set to the actual balance of account: M̃ h (t0 + 1) = M h (t0 + 1).
Interpretation
An interpretation for updating the budget constraints at the end of the trading round is
that at the beginning of every new period every agent recalculates the budget constraint,
taking into account the debts and claims that have accumulated over the previous round.
The model combines a slow time-scale for the updating of the budget constraints (a low
updating frequency) and a fast time-scale for the actual transactions (a high updating
frequency). Note further that this updating mechanism only affects the frequency at
which the budget constraint gets updated, but not the frequency at which plans are
made. New plans are made at the same frequency as the trading frequency, which is in
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every subperiod, since the quantities adjust on every market and the agents take this into
account when they revise their plans and expectations.

5.2

Sequential updating

Outside of equilibrium agents should only take into account to debts and claims that they
accumulate, but not the fluctuations of the actual balance of account, since these are
purely due to the sequential structure of the economy. Since there is a time-lag between
receiving an income from selling endowments and the expenditure on consumption the
updated balance of account will show fluctuations, also in an equilibrium. This is why
the consumers need a bank account as a temporary store of purchasing power and as a
means of payment. They should only correct their budget constraints with the difference
between the current balance of account and the balance of account one full round ago.
Let ∆M h (tk ) denote the net revenues over the moving time-horizon:
∆M h (tk ) = M h (tk ) − M h (tk − 1).

(5.6)

This difference represents the unanticipated, and unintentional, debts and claims which
result from disequilibrium trading. Once an equilibrium has been reached the sequence of
payments remains the same over time and hence the difference ∆M h (tk ) will be zero for
all tk ∈ [t0 , tm ]. The term ∆M h (tk ) is measured over the trades of one full round, using
the backward-looking horizon Tk− = {tk − 1, ..., tm − 1} ∪ {t0 , ..., tk−1 }. The difference
consist of the accumulated net revenues over the interval [tk − 1, tk ):
Pk−1 h
P
h
∆M h (tk ) = m
s=k R (ts − 1) +
s=0 R (ts )
(5.7)
h
h
= R (tk − 1) + ... + R (tm − 1) + Rh (t0 ) + ... + Rh (tk−1 ).
This means that the budget constraint is corrected for all debts (∆M h (tk ) < 0) or claims
(∆M h (tk ) > 0) which are accumulated during the previous round. The correction on the
budget constraint, M̃ h (tk ), for the unanticipated debts or claims is given by combining the
actual balance of account M h (t0 ) at the beginning of the period with the moving-horizon
term ∆M h (tk ):
M̃ h (tk ) = M h (t0 ) + ∆M h (tk ),
0<k≤m
h
h
h
= M (t0 ) + (M (tk ) − M (tk − 1)).

(5.8)

Here M̃ h (tk ) denotes the correction at subperiod tk , M h (t0 ) is known at the beginning
of subperiod t0 and ∆M h (tk ) is computed before market k is visited in subperiod tk . At
steps that are an exact multiple of the number of markets, i.e., at the beginning of every
trading round, the term ∆M h (t0 ) is equal to the sum of net revenues over the previous
round. At the beginning of each round the corrected budget constraint thus coincides
with the actual balance of payments:
M̃ h (t0 + 1) = M h (t0 ) + P
∆M h (t0 + 1)
h
= M h (t0 ) + m
k=0 R (tk )
= M h (t0 + 1).

(5.9)
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If we now substitute (t0 + 1) for tk in the budget equation (5.5), we see that this implies
a budget constraint at subperiod (t0 + 1) given by:
p(t0 + 1) · zh (t0 + 1) ≤ M̃ h (t0 + 1) = M h (t0 + 1).
This is the same budget constraint as in (5.5) for the end-of-period updating process. This
means that at the beginning of every trading round the sequential and the end-of-period
updating mechanisms coincide. This holds regardless of whether we are in an equilibrium
or not, since it is an accounting identity. In equilibrium however, the one-period difference
of the actual balance of account will always be zero: M h (tk ) − M h (tk − 1) = 0. Therefore
also the correction term ∆M h (tk ) = 0, and hence on all markets the correction of the
budget constraint will be absent in equilibrium: M̃ h (tk ) = M h (t0 ) for all tk .
Interpretation
In the sequential updating procedure, agents get information about their actual balance
of account after every transaction. Due to the fact that after a sale the balance increases
and after a purchase it decreases this will cause fluctuations in the actual balance of
account. That is the reason why it is necessary to let agents look back one complete
trading round at every re-optimisation step when they compute their budget constraint.
Since there is no money stock but only credit and every agent starts with no claims or
debts, we have that M h (0) = 0 for all agents. The budget is continually updated as agents
recalculate and re-optimize their consumption plans after every step of the process. Due
to the sequential updating the agents immediately perceive the possible debts or claims
they are accumulating and this is immediately taken into account in the budget constraint
by the correction.

5.3

Description of the credit process

Recall that the markets are visited sequentially. The terms ‘simultaneous’ and ‘sequential’ price adjustment are considered synonymous to the terms ‘synchronous’ and ‘asynchronous’. In the first case all price adjustments occur synchronously at the end of every
round. In the second these occur asynchronously during the round. This is a structural
assumption.
We also assume that the updating of the budget constraints occurs at the same time as
the announcement of new prices. This implies that agents update their budget constraint
once they have observed that prices have been updated. This is a behavioral assumption.
Figure 5.1 shows the sequence of events during a single market visit in the credit model.
The cycle refers to a single market visit. It is repeated for each market k = 0, ..., m, after
which a new trading round is started. In Figure 5.2 these events have been translated
into a pseudo code which gives an algorithm for the dynamics.
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Figure 5.1: Flow diagram for the sequential credit model without quantity constraints (notional
demand case, model A2). The diagram shows the buy and sell signals that agents send to the
market and the quantity rationing signals that are send back to the agents. The cycle refers to
a single market visit. It is repeated for each market k = 0, ..., m, after which the next trading
round begins.

Dynamics
The following sequence of steps are performed for every agent h = 1, ..., N during market
visit k in round n, for k = 0, ..., m and n = 0, ..., T :
1. Determine the notional demand zkh (or the effective demand z̃kh ) for market k (function zh (3.3), or Eh (3.12)).
2. Determine the rationed demand and supply z̄kh on market k (function F, cf. (3.13)).
3. Determine the net revenues Rkh = −pk z̄kh on market k and update the actual balance
of account M h , cf. (5.4).
4. Determine the corresponding quantity constraints (ℓ, u) on market k (function G,
cf. (3.22)).
5. Determine the quantity expectations (ℓ̃, ũ) for the next round on market k (function
H, cf. (3.51)).
6a. Update the budget constraint sequentially during the round, correcting for unanticipated debts and claims during the most recent full round of trades: ∆Mkh , cf.
(5.8).
6b. Update the budget constraint after a round of trades, cf. (5.5).

134

CHAPTER 5. A WICKSELLIAN PURE CREDIT ECONOMY

7a. Update the price for market k (pk ) sequentially, cf. (4.9).
7b. Update all prices pk (k = 0, ..., m) at the end of a round, cf. (4.9).
8. Normalization
of prices and the credit balance to the price simplex, such that prices
P
sum to j pj = (m + 1) and the credit balance remains a perfect store of purchasing
power.
Steps (1-3) are used in all the credit models. Steps (4-5) are only relevant for the model
with effective demand. Steps (6a-7a) are only used in the sequential version, while Steps
(6b-7b) are only used in the simultaneous version. Step (6b) is the sequential updating
mechanism for the balance of account. In the price adjustment step (7) the price changes
are restricted by upward and downward restrictions on the growth rates. In P
step (8)
all prices and the balance of account are normalized by the normalization rule j pj =
(m + 1).
Note that after every price update there is a price normalization step. So the dynamics
in prices always stays on the price simplex (if the normalization rule is price simplex rule).1
The dynamics of the system are not a simultaneous equation system: the variables in steps
(1-8) are determined sequentially step by step. In step (6a) we have to collect a history of
h
h
past net revenues: Rk+1
, ..., Rm
, R0h , ..., Rkh , in order to be able to look back one complete
h
h
round. The sequence Rk+1
, ..., Rm
comes from the previous round, whereas the sequence
h
h
R0 , ..., Rk has been determined during the current round.
For the model with notional demand we can now count the dimensions of the model.
The dimension of the dynamical system is equal to the number of agents N plus the number of markets m + 1. It is N + (m + 1)-dimensional. The number of agents enters into the
dimension of the system, because the money balances M h enter into the demand functions
of the agents and thereby influence the dynamics of the prices. The dynamics consist of a
coupled system of equations between the price system and the money balances. The initial
conditions thus no longer just consist of the initial prices p(0) = (p0 (0), ..., pm (0)) but also
a distribution of initial money holdings: {M h (0)}h∈N = (M 1 (0), ..., M N (0)). The state
variables should also include a ‘rolling’ history of most recent money balances: {Mkh }k∈M
for every agent h ∈ N. This allows us to compute the correction terms for unanticipated
debts and claims. The initial values are set to zero: M̃ h (0) = 0 and ∆M h (0) = 0. The
inclusion of such ‘historic sequences’ leads to additional dimensions of the dynamical system. For the models with notional demand, a full specification of the dynamical system
is given by a map F:
(p, M, {M})′ = F(p, M, {M}),
(5.10)
where:
F: a one-period transition function,
M = (M 1 , ..., M N ): all current individual money holdings,
h
}: an individual M h -history, for agent h ∈ N.
{Mkh }k∈M = {M0h , ..., Mm
1

An alternative would be to use a process in which the price normalization step only occurs after all
prices have been updated, i.e., always at the end of a trading round. For the sequential process this
would imply that the price dynamics leaves the price simplex temporarily during the round, but returns
to it at the end of the round.
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{M} = {{Mk1 }k∈M , ..., {MkN }k∈M }: a sequence of individual M h -histories, for all agents.
The system F has (m+1)+N +N (m+1) variables.2 Here F represents the one-period
ahead dynamic map involving all market visits in one expression. All the state variables
are a function of the current prices, the current state of the balance of account M h (tk )
and the lagged values of these variables, i.e., the price history and the balance histories.
For the models with effective demand, the dimension of the system is even more
involved. It now also includes the constraints as independent variables. A full specification
of the dynamic map G is given by:
(p, M, {M}, ℓ, u)′ = G(p, M, {M}, ℓ, u),

(5.11)

where:
G: a one-period transition function (effective demand version),
{M}: sequence of individual M h -histories, for all agents,
ℓ = (ℓ1 , ..., ℓN ): the sequence of individual supply constraints,
u = (u1 , ..., uN ): the sequence of individual demand constraints.
The system G has (m + 1) + N + N (m + 1) + 2N (m + 1) variables. The demand and
supply orders of the agents are only a function of the price signals p and the quantity
signals ℓ and u, but these quantity signals themselves are also indirectly a function of the
current prices and the current money balances, and of their histories.

2

This means that for the examples we study, for N = 3, m + 1 = 3, the simplest system with notional
demand is 15-dimensional.
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Credit process.
Notation: M̃kh ≡ M̃ h (tk + n) and ∆Mkh ≡ ∆M h (tk + n) where n ∈ N.
Initial conditions: p(0) = p0 , ℓhk (0) = −∞, uhk (0) = +∞, for all k ∈ M
M h (0) = 0, M̃ h (0) = 0, ∆M h (0) = 0.
For Round n = 0, ..., T do
For Market k = 0, ..., m do for every agent h ∈ N:
1. zkh := zhk (p; M̃kh ) or z̃kh := Ehk (p, ℓ̃h−k , ũh−k ; M̃kh )
h
h
dhk := max{0,
zkh }
P h zk }, sk :=Pmin{0,
Dk := h dk , Sk := − h shk

2. z̄kh := Fhk (zk1 , ..., zkN ) or z̄kh := Fhk (z̃k1 , ..., z̃kN )
3. Rkh := −pk z̄kh
M h (tk+1 + n) := M h (tk + n) + Rkh
4. (ℓhk , uhk ) := Ghk (z̃kh , z̄kh )
5. (ℓ̃hk , ũhk ) := Hhk (ℓhk , uhk ) = β · (ℓhk , uhk )
Sequential updating method:
6a. ∆Mkh := M h (tk + n) − M h (tk + n − 1)
h
M̃k+1
:= M h (t0 + n) + ∆Mkh
−

7a. pk := max{(1 − r )pk , min{pk

³

Dk
Sk

´λ

, (1 + r+ )pk }}

P
8a. p := (m + 1) · (p/ j pj )
P
M h (tk+1 + n) := (m + 1) · (M h (tk+1 + n)/ j pj )
end

End-of-period updating method:
Do for every agent h ∈ N and for every market k ∈ M:
6b. M̃kh := M h (t0 + n + 1)
7b. pk := max{(1 − r− )pk , min{pk

³

Dk
Sk

´λ

, (1 + r+ )pk }}

P
8b. p := (m + 1) · p/ j pj
P
M h (t0 + n + 1) := (m + 1) · (M h (t0 + n + 1)/ j pj )
end

end.
Figure 5.2: Pseudo code for the trading process with credit.
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Descriptions per model
The credit models are described below.
A1: Notional demand, simultaneous updating of prices and budget constraints
Perform steps (1-3) for market k = 0, then step (1-3) for market k = 1, etc. Then perform
steps (6b-8b) one time. The updating of the budget constraints (step 6b) and of the prices
(step 7b) occur at the end of every round.
A2: Notional demand, sequential updating of prices and budget constraints
Perform steps (1-3,6a-8a) for market k = 0, then steps (1-3,6a-8a) for market k = 1,
etc. The adjustments of budget constraints (step 6a) and of the prices (step 7a) occurs
sequentially on a market-by-market basis.
B1: Effective demand, simultaneous updating of prices and budget constraints
Perform steps (1-5) for market k = 0, then steps (1-5) for market k = 1, etc. Then
perform steps (6b-8b) one time. The quantity constraints (steps 4-5) that enter into
the effective demand functions are always determined sequentially, since the markets are
visited sequentially. The updating of the budget constraints (step 6b) and of the prices
(step 7b) occur at the end of every round.
B2: Effective demand, sequential updating of prices and budget constraints
Perform steps (1-5,6a-8a) for market k = 0, then steps (1-5,6a-8a) for market k = 1, etc.
The quantity constraints (steps 4-5) that enter into the effective demand functions are
always determined sequentially, since the markets are visited sequentially. The adjustment
of the budget constraints (step 6a) and of prices (step 7a) occur sequentially per market.
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Simulations

A1: Notional demand with end-of-period price updating
Notional demand problem
Given is the information set at subperiod tk : {p(t0 ), M̃ h = M h (t0 )}, consisting of prices
and the credit balance at the beginning of the round. This yields the optimal excess
demand vector (see (3.3))
zh (tk ) = zh (p(t0 ); M̃ h ).
In the description in Figure 5.2: perform steps (1-3) for market k = 0, then step (1-3)
for k = 1, etc. Then perform steps (6b-8b). This means sequentially visiting the markets
updating the budget constraints (step 6b) and all prices (step 7b) at the end of a round.
Results for Example 3
For the specification see p. 101.
Time series
Figure 5.3 shows a convergent example for the credit model, given the substitution parameter ν = 0.2 and price flexibility λ = 0.5. Is shows the time series of the balance
of account (the credit/debit position) of individual agents, the prices and the aggregate
excess demand on each market. The credit balances converge towards zero, which is the
Walrasian equilibrium: M h = 0, p = (1, 1, 1). The plotted data are the credit balances
M h (t0 ) at the start of every round, for 50 trading rounds, each consisting of 3 market
visits.
Credit balance fluctuations
We are interested in whether the fluctuations in the credit balances are correlated with
the value of the substitution parameter ν. Figure 5.4 shows a nonconvergent example
for the parameter values ν = 0.2, λ = 0.75. The movement along the attractor is quasiperiodic, which means that the dynamics jump back and forth between different parts of
the attractor.
In Figure 5.5 we show the standard deviations of the credit balance fluctuations as a
function of ν. The variance is increasing with the elasticity of substitution. The economic
intuition for the fact that the variance should increase is that for higher substitution
elasticities the demand for commodities is more sensitive to price fluctuations, so the
overall dynamics become more unstable and as a consequence so do the credit balance
fluctuations. The dynamics in the credit balances follow the dynamics in the prices, since
the transactions have to be paid by the creation or destruction of credit. There are no
bilateral credit arrangements between the agents, since we have made the assumption
that in the pure credit economy there is a Giro system of bank accounts, and all agents
have a credit or debit card to perform the transactions by means of credit transfers (see
the introduction, p. 18). An agent who has a positive credit balance can spend the claims
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Credit balances at the start of every trading round
Agent 1: M 1 (t0 + n)
Agent 2: M 2 (t0 + n)
Agent 3: M 3 (t0 + n)
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Figure 5.3: Model A1, Example 3. Parameters: ν = 0.2, λ = 0.5. All data at the start of every
trading round, for 50 consecutive rounds: 0 < n < 50. Time series of individual credit balances:
M 1 (t0 + n), M 2 (t0 + n), M 3 (t0 + n); of the price levels: p0 (t0 + n), p1 (t0 + n), p2 (t0 + n); of the
excess demands: z0 (t0 + n), z1 (t0 + n), z2 (t0 + n).

he has on other agents for his own consumption. The agent selling the consumption good
does not have to be the same agent as the one on which he holds a claim. This saves us
the trouble of having to keep account of all the mutual credit arrangements between the
agents over time.3
3

In Axtell and Epstein’s (1996) seminal contribution the authors do keep account of all the mutual
credit arrangements that are made bilaterally. Such an approach leads to a credit network in which some
of the agents can be borrower and lender at the same time but to different agents. We have abstained
from such an approach because the system of bank accounts deals with this issue in an adequate way.
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Credit balances at the start of every trading round
Agent 1: M 1 (t0 )
Agent 2: M 2 (t0 )
Agent 3: M 3 (t0 )
12

4

M 3(t0)

M 2(t0)

M 1(t0)

10

0

-28

8

-4
-8
-8

-24

-32

6
-4 1 0
4
M (t0 − 1)

8

4
4

6

8
10 12
M 2(t0 − 1)

-36
-36

-32 3 -28
M (t0 − 1)

-24

Figure 5.4: Model A1, Example 3. Parameters: ν = 0.2, λ = 0.75. Phase plots of individual
credit balances at the start of market 0: M 1 (t0 + n), M 2 (t0 + n), M 3 (t0 + n). Data at the start
of a trading round for 4000 consecutive rounds: 1000 < n < 5000.

Bifurcation diagram
The bifurcation diagram in Figure 5.6 shows that for fixed λ = 0.75 the steady state is
stable for values of the substitution parameter ν < −0.22. At ν ≈ −0.22 the steady state
becomes unstable and a stable quasi-periodic attractor emerges. The bifurcation route
shows high periodic cycles and quasi-periodic behavior alternating when the parameter ν
is increased from ν = −0.2 to ν = 0.35.
Below the bifurcation diagram we show the normalized utility levels hU h i (see Section
4.5). All agents are worse off along the cycles than in the steady state, since hU h i < 1 for
all h. The transition to the unstable steady state would yield a Pareto improvement.
(λ, ν)-diagram
Figure 5.7 summarizes the results for Example 3 in a 2-parameter bifurcation diagram.
The transitions we observe are between periodic cycles of periodicity: 1, 2, 13, 15, 17, 19.
As a comparison, in Figure 5.8 we show the 2-parameter bifurcation diagrams for
examples 1 and 2. Note that in Figure 5.8a there is only one bifurcation from a steady
state to a 2-cycle, while in Figure 5.8b there are more transitions and we observe periodic
cycles of high periodicity: 1, 5, 7, 8, 9, 12, 13, 15. The bifurcation diagrams do not show the
same qualitative features, i.e., they show different bifurcation scenarios as the parameters
are varied.
20
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Figure 5.5: Model A1, Example 3. Standard deviations of the fluctuations in the credit balance.
Parameters: λ = 0.75, −0.6 < ν < 0.5, M h (0) = 0. T=500, transient=50.
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Figure 5.6: Model A1, Example 3. (a) 1-parameter bifurcation diagram in (p0 , ν). (b-d) Nor-

malized utility levels. Parameters: λ = 0.75, −0.3 < ν < 0.5, M h (0) = 0. T=500, transient=50.
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Example 3

Figure 5.7: Model A1, Example 3. 2-parameter bifurcation diagram in the (λ, ν)-plane, for
0 < λ < 1.2, 0 < ν < 0.9. Numbers denote the periodicity of orbits.
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(a) Example 1

(b) Example 2

Figure 5.8: Model A1. Two-parameter bifurcation diagrams in the (λ, ν)-plane for Examples 1
and 2.
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Summary
For the credit model with end-of-period price adjustments we have the following summary
of results:
• High-periodic cycles, (quasi-) periodic attractors and chaotic motion can all occur
in this model.
• The critical value of the price flexibility parameter λ for which the steady state
becomes unstable depends on the substitution parameter ν. The steady state is
stable for low values of λ and becomes unstable for high values of λ.
• For intermediate values of λ cycles of high periodicity are stable.
• For high values of the substitution parameter ν, implying a high price-elasticity of
substitution, there exist stable cycles of low periodicity.
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B1: Effective demand with end-of-period price updating
Effective demand problem
Given is the information set at subperiod tk : {p(t0 ), ℓ̃h (tk ), ũh (tk ); M̃ h = M h (t0 )}, consisting of prices, expected rationing constraints and the credit balance at the beginning
of the round. The solution yields the effective excess demand-vector (see (3.12))
z̃h (tk ) = ẽhk (p(tk ), ℓ̃h−k (tk ), ũh−k (tk ); M̃ h ).
Note that the constraints for market k at subperiod tk have been relaxed, in accordance
with the definition of effective demand.
In the description in Figure 5.2: perform steps (1-5) for market k = 0, then steps
(1-5) for market k = 1, etc. Then perform steps (6b-8b). This means sequentially
visiting the markets (steps 1-3). The quantity constraints (steps 4-5) that enter into
the effective demand functions are always determined sequentially, since the markets are
visited sequentially. The updating of the budget constraints (step 6b) and the prices (step
7b) occur at the end of a round.
Results for Example 2
For the specification see p. 100.
Time series
Figure 5.10 shows the phase plots and Figure 5.11 the time series of a multi-dimensional
attractor at the substitution parameter ν = 0.5208. Figure 5.12 shows the corresponding
dynamics in the prices and excess demands. There are volatile fluctuations in the credit
balances, the prices and the excess demands. The credit balances at the start of every
market visit are plotted separately, in order to be able to distinguish the equilibrium
sequence from a cycle. If we would plot the credit balance of each agent in a single plot,
then we would observe cyclical behavior even in equilibrium.
Bifurcation diagram
The bifurcation diagram in Figure 5.13a shows that a steady state appears stable for all
substitution parameter values ν ≤ 0. For higher values of ν periodic and quasi-periodic
orbits appear.
Coexistence
In general, there can be co-existence of many stable orbits but they can be difficult
to detect numerically since the basins are very small. In Figure 5.13a-5.13b a stable
steady state and stable periodic orbits co-exist at the parameter values −0.2 < ν < 0.
Figure 5.13a is produced from ”left-to-right”, increasing the bifurcation parameter from
ν = −0.5 to ν = 0.6. Figure 5.13b is produced from ”right-to-left” by decreasing the
bifurcation parameter from ν = 0.6 down to ν = −0.5. Notice that in the parameter
region −0.2 < ν < 0 there now exists a quasi-periodic attractor that we did not observe
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in Figure 5.13a. The bifurcation diagrams have been produced using the so called ‘tracing
procedure’, in which the final state of a parameter run is slightly perturbed and then taken
as the initial condition for the next parameter run. This way the attractor is traced as
long as the orbit remains inside the basin of attraction. The steady state and quasiperiodic attractor co-exist at the same parameter values, but appear for different initial
conditions. Therefore ‘tracing’ the attractor from left-to-right produces a different result
than tracing it from right-to-left.
The occurrence of multiple attractors raises the possibility of a hysteresis effect (’system memory’): changing a certain parameter will lead to a different attractor (because the
system jumps to a different basin), but changing the parameter back to its original value
does not produce the original attractor, because the system ‘remembers’ the parameter
change. This phenomenon is known as the hysteresis effect.

Figure 5.9: Hysteresis effect.

Hysteresis effect
Consider a 1-dimensional parameter family of functions f (x; a), where x = 0 is a steady
state and the parameter ‘a’ is a bifurcation parameter. The generic bifurcation scenario
of a subcritical pitchfork bifurcation is shown in Figure 5.9 and can be used to illustrate
the hysteresis effect.4
A steady state is locally stable for a < 0. At a = 0 two backward bending branches of
unstable fixed points bifurcate from the steady state. These branches are first unstable
(dotted line) and become stable at a = r (drawn line). For parameter values r < a < 0
there exist 5 fixed points: the original stable steady state, a pair of stable fixed points
and a pair of unstable fixed points. Which of the stable fixed points is reached depends
on the initial condition, in particular whether the initial condition is above or below one
of the unstable branches.
4

See also Strogatz (1994), p.59-61.
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Suppose we start from left-to-right and slowly increase the parameter a towards a = 0.
The steady state remains locally stable until it loses stability at a = 0. For a > 0 the
steady state continues to exist, but since it is locally unstable any small perturbation will
cause the state to jump to one of the stable branches above or below the steady state (the
jump is indicated by the arrow marked ‘1’). If a is increased even further the state will
diverge along one of the stable branches since both of these branches are locally stable. If
we now start to decrease a from a > 0 to a = 0 the state will remain on the stable branch
without jumping back immediately at a = 0. We have to decrease a until a = r for the
system to jump back to the original steady state (this jump is indicated by the arrow
marked ‘2’). The lack of reversibility when a parameter is changed and then changed
back to its original value is the hysteresis effect.
The bifurcation at a = r when a is increased from left to right, in which the four
fixed points (the stable pair and the unstable pair) appear ‘out of the clear blue sky’, is
a saddle-node bifurcation. When a is decreased from right to left the four fixed points
suddenly disappear as the stable and unstable pairs collide and two saddle-sink pairs
appear. The bifurcation at a = 0 when a is increased from left-to-right is a subcritical
pitchfork bifurcation (also called a ‘hard’ bifurcation because of the sudden jump).
Now we consider a more complicated bifurcation which is similar to the subcritical
pitchfork bifurcation, but now involves a subcritical Hopf bifurcation at a = 0. In that
case the stable and unstable branches do not consist of fixed points but of invariant circles.
The dashed lines in Figure 5.9 can be interpreted as the increasing radius of an invariant
circle, but since radii can only take on positive values we only consider the upper halve
of Figure 5.9.
In Figure 5.13 (top diagram) we observe such a subcritical Hopf bifurcation in the
credit model. An invariant circle suddenly becomes visible (it was already stable) as the
system jumps from the steady state to the stable branch of the invariant circle (it jumps
from the basin of the steady state to the basin of the invariant circle). This jump occurs
as the parameter crosses the jump point at ν = 0. When we decrease the parameter from
right-to-left then the invariant circle remains locally stable until the system jumps back
to the steady state at ν = −0.2. This jump is seen in the bottom diagram of Figure
5.13. The bifurcation that occurs if we decrease the parameter from right-to-left is a
saddle-node bifurcation in which the pair of stable and unstable invariant circles collides
and a saddle-sink cycle appears (a saddle-sink cycle is a cycle consisting of saddle-nodes).
At the moment of the saddle-node bifurcation, multiple pairs of saddles and sinks exist.
The saddle-sink cycle in Figure 5.13 is a period-12 orbit, which means that there are 12
saddles accompanied by 12 sinks.
Results for Example 3
For the specification see p. 101.
The same hysteresis effect is occurring in Example 3. Figure 5.14 (top) shows a 1parameter bifurcation diagram produced from ”left-to-right” and Figure 5.14 (bottom)
shows the same bifurcation diagram produced from ”right-to-left”. In the top diagram the
steady state appears stable for a larger interval of parameter values than in the bottom
diagram.
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Note that this is not being caused by a so called lock-in effect in which the steady state
has become unstable but the dynamics are locked onto the fixed-point attractor because it
has already converged. Such lock-in effects are prevented in our numerical simulations by
adding a small perturbation on the final state before it is used as the new initial condition
at the next parameter value. The phenomenon that we observe in the diagrams in Figure
5.14 is again the hysteresis effect shown in Figure 5.9.
In the top diagram (”left-to-right”) the dynamics are inside the basin of the steady
state and stays there for as long as the basin is large enough. But due to the slight
perturbations in the value of the bifurcation parameter ν the basin boundaries are shifted
and the dynamics are suddenly inside the basin of one of the cycles.
In the bottom diagram (”right-to-left”) we see the opposite effect and the story is
reversed. As the bifurcation parameter is decreased from right to left, the dynamics
remain inside the basin of the (quasi-) periodic cycles for as long as the basin is large
enough. But at a certain point the basin boundaries have shifted such that the dynamics
are now in the basin of the steady state. The value of the bifurcation parameter ν at which
this sudden transition occurs is different in both scenarios because of the hysteresis effect
(the system has ‘memory’). The phenomenon that the basin boundaries undergo changes
as a parameter is varied is known as ”metamorphosis”, see Nusse and Yorke (1998).
Comparisons
Figure 5.13c shows a 2-parameter bifurcation diagram in the (λ, ν)-plane for Example
2. Compare this diagram to Figure 5.8b for the model with notional demand. The two
figures are comparably the same and this leads to the conclusion that, for this particular
example, the effective demand functions do not lead to different bifurcation scenarios than
the notional demand functions.
Figure 5.14c shows the 2-parameter bifurcation diagram for Example 3. Compare
this diagram to Figure 5.7 for the model with notional demand. The two figures are
again comparably the same, leading us to the same conclusion: that, apparently, the
incorporation of the quantity constraints in the effective demand functions does not make
a lot of difference for the dynamics. The effective demand functions do not seem to have
any qualitative effect on the bifurcation scenarios.
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Figure 5.10: Model B1, Example 2. Phase plots for individual money balances: M 1 (tk + n),

M 2 (tk + n), M 3 (tk + n), for k = 0, 1, 2. Money balances at the start of every market visit, for
5, 000 consecutive rounds (100 < n < 5.100). Parameters: λ = 0.75, β = 1, ν = 0.5208.
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Figure 5.11: Model B1, Example 2. Time series for individual money balances: M 1 (tk + n),

M 2 (tk + n), M 3 (tk + n), for k = 0, 1, 2. Money balances at the start of every market visit, for
50 consecutive rounds (450 < n < 500). Parameters: λ = 0.75, β = 1, ν = 0.5208.
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Figure 5.12: Model B1, Example 2. Parameters: λ = 0.75, β = 1, ν = 0.5208. Time series and
phase plots of price levels: p0 (t0 + n), p1 (t1 + n), p2 (t2 + n), and for excess demands: z0 (t0 + n),
z1 (t1 + n), z2 (t2 + n). Prices and excess demands at the start of every market visit, for 50
consecutive trading rounds (450 < n < 500).
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Figure 5.13: Model B1, Example 2. (a) 1-parameter bifurcation diagram in (p0 , ν) produced
from ”left-to-right”, (b) 1-parameter bifurcation diagram produced from ”right-to-left”. Parameters: λ = 1, −0.5 < ν < 0.6. (c) 2-parameter bifurcation diagram produced from ”right-to-left”
in the (λ, ν)-plane, β = 1, 0 < λ < 2, 0 < ν < 0.9. Numbers denote the periodicity of orbits.
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Figure 5.14: Model B1, Example 3. (a) 1-parameter bifurcation diagram in (p0 , ν) produced
from ”left-to-right”, (b) 1-parameter bifurcation diagram produced from ”right-to-left”. Parameters: λ = 0.75, −0.2 < ν < 0.5. (c) 2-parameter bifurcation diagram produced from
”right-to-left”, in the (λ, ν)-plane, β = 1, 0 < λ < 1.2, 0 < ν < 0.9. Numbers denote the
periodicity of orbits.
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The influence of the quantity expectations
We now consider the influence of the quantity expectations on the dynamics in the effective
demand model. We plot three different bifurcation diagrams for three different values
of the expectations parameter: β = 0.75 (pessimistic), β = 1 (naive) and β = 1.25
(optimistic), see Figure 5.15. The speed of adjustment parameter has been kept fixed at
λ = 0.5. The diagrams are for the same example, so for the same specification of the
economy (preferences and endowments). In each diagram the ”first” bifurcation occurs
at roughly the same value of the substitution parameter: ν ≈ −0.15. The only difference
between the three diagrams is that for pessimistic expectations (β = 0.75, Figure 5.15a)
there is more periodic behavior than quasi-periodic behavior, compared to the case of
naive and optimistic expectations. The exact bifurcation points depend on the values
of ν, λ and β, but the structure of the bifurcation diagram remains the same in each
instance. Therefore we conclude that the quantity expectations do not seem to have a
qualitative effect on the bifurcation scenarios. The qualitative features of the dynamics
depend not so much on the behavior of the agents as on the market mechanisms and the
structure of the exchange process.
Summary
For the credit model with effective demand and end-of-period price adjustments we have
the following summary of results:
• The fluctuations in the credit balances increase with the elasticity of substitution.
• The effective demand functions do not seem to have any qualitative effect on the bifurcation scenarios. The only difference is a quantitative difference: the bifurcations
may occur at different parameter values. Compare Figure 5.13 for the model with
effective demand to Figure 5.8 for the model with notional demand. Both figures
have been produced for the same example and the same parameter values.
• The quantity expectations also do not have a qualitative effect on the bifurcation
scenarios. The expectations parameter β does not seem to have a large effect. The
bifurcation scenarios with pessimistic or optimistic expectations seem qualitatively
the same. The bifurcations occur at different values of ν, but the same type of
bifurcations seem to occur for different values of the expectations parameter β.
• The hysteresis effect is a robust phenomenon in the credit model with effective
demand, but not in the model with notional demand.
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Figure 5.15: Model B1, Example 2. 1-parameter bifurcation diagrams in the (p0 , ν)-plane for
different values of the expectations parameter β: (a) β = 0.75 (b) β = 1 (c) β = 1.25. All
diagrams have been produced from ‘right-to-left’. The first bifurcation occurs at approximately
the same parameter value: ν ≈ −0.15. Parameters: λ = 0.5, −0.2 < ν < 0.5, T = 200, 20
pre-iterations.
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A2: Notional demand with sequential price updating
Notional demand problem
Given is the information set at subperiod tk : {p(tk ), M̃ h = M h (t0 )+∆M h (tk )}, consisting
of prices and the unanticipated debts and claims. This yields the optimal excess demand
vector (see (3.3))
zh (tk ) = zh (p(tk ), M̃ h ).
In the description in Figure 5.2: perform steps (1-3,6a-8a) for market k = 0, then steps (13,6a-7a) for market k = 1, etc. This means sequentially visiting the markets by performing
steps (1-3) for each market successively. The adjustments of the budget constraints (step
6a) and the price adjustments (step 7a) occur sequentially on a market-by-market basis.
Results for Example 2
For the specification see p. 100.
Bifurcation diagram
The bifurcation diagram in Figure 5.16 shows that the steady state is locally stable for
substitution parameters ν < 0.62. At ν ≈ 0.62 the steady state becomes unstable and a
stable 4-cycle emerges. The 4-cycle is produced in a 1:4 resonance bifurcation, which is a
particular type of Hopf bifurcation. The 4-cycle then undergoes a second Hopf bifurcation
at ν ≈ 0.638 and a 4-piece chaotic attractor emerges, see Figure 5.19. The bifurcation
diagram also shows that there is coexistence of a 3-cycle and a quasi-periodic attractor
for values of the substitution parameter 0.64 < ν < 0.66
At ν < 0.6338 an invariant circle is stable, see Figure 5.17. The fluctuations are
quasi-periodic and the dynamics follow a limit cycle. The plots show phase plots of the
dynamics in prices, excess demands and the individual credit balances of the agents, for
10, 000 consecutive periods. Since the attractor is high-dimensional the plots show a
projection of the attractor in a lower dimensional subspace. This is the reason that the
attractor can have self-intersections in the projection, although the attractor itself does
not self-intersect.
The normalized utility levels are shown below the bifurcation diagram in Figure 5.16.
For all agents hU h i < 1, so the agents are worse off along the cycles than in the steady
state. A transition to the (unstable) steady state would therefore be a Pareto improvement.
(λ, ν)-diagram
Figure 5.18 shows a two-parameter bifurcation diagram for Example 2. The plot shows
that for a fixed substitution parameter ν, the bifurcation scenario that occurs by varying
the levels of the price flexibility λ are the same, for all substitution parameters 0 <
ν < 0.6. So although the bifurcations may occur at different parameter values λ0 , the
same bifurcation scenario occurs and a 1-parameter bifurcation diagram with λ as the
bifurcation parameter will appear the same for all 0 < ν < 0.6.
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Figure 5.18 should be compared to Figure 5.8b which shows that the sequential model
and the simultaneous model have qualitatively different dynamics. For high price flexibility (high λ) a steady state is stable in Figure 5.18, while in Figure 5.8 we observe high
periodic cycles.
Results for Example 3
Figure 5.20 shows the 2-parameter diagram for Example 3. This figure should be compared
to Figure 5.7 and 5.14b. Note that the stability region of the steady state in both models
are approximately the same size.
The sequential model, see Figure 5.20, produces a sequence of 2, 4, 6, 8-cycles. The
simultaneous model, see Figure 5.7, produces the sequence of 13, 15, 17, 19-cycles. Neither
model can be said to be more stable than the other, but if we make a comparison for all
parameter combinations we see that they result in different bifurcation scenarios. For high
price flexibility, the simultaneous model produces a stable 2-cycle, while the sequential
model produces a stable steady state. So for high price flexibilities (high λ) the sequential
updating mechanism seems to work stabilizing, while for low price flexibilities (low λ) it
works destabilizing.
Summary
For the credit model with notional demand and sequential price adjustments we make the
following numerical observations:
• The credit mechanism acts as a ‘soft’ correction mechanism on the fluctuations in
the balance of account.
• The introduction of the sequential updating mechanism for prices and budget constraints does not seem to work stabilizing or destabilizing. If we compare the bifurcation diagrams in Figure 5.18 for the sequential model and Figure 5.8 for the
simultaneous model, then we see that the bifurcation scenarios are different. The
results with respect to the stability of the steady state are therefore ambiguous and
no clear judgement can be given as to which price adjustment process produces
more stable dynamics.
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Figure 5.16: Model A2, Example 2. (a) 1-parameter bifurcation diagram in (p0 , ν). (b-d)
Normalized utility levels. Parameters: λ = 0.5, 0.6 < ν < 0.8, M h (0) = 0. T=500, transient=50.
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Figure 5.17: Model A2, Example 2. Parameters: λ = 1.0, β = 1, ν = 0.6338. Phase plots
of price levels: p0 (t0 + n), p1 (t1 + n), p2 (t2 + n), of excess demands: z0 (t0 + n), z1 (t1 + n),
z2 (t2 + n), and of individual credit balances: M 1 (t0 + n), M 2 (t0 + n), M 3 (t0 + n). All
data is at the start of a trading round, for 9000 consecutive rounds: 1000 < n < 10, 000.
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Figure 5.18: Model A2, Example 2. A 2-parameter bifurcation diagram in the (λ, ν)-plane, for
0 < λ < 2, 0 < ν < 0.9. Numbers denote the periodicity of orbits.
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Figure 5.19: Model A2, Example 2. A chaotic 4-piece attractor at ν = 0.6380, λ = 0.5.
T=10,000, transient= 100.
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Figure 5.20: Model A2, Example 3. A 2-parameter bifurcation diagram in the (λ, ν)-plane, for
0 < λ < 1, 0 < ν < 0.9. Numbers denote the periodicity of orbits.
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B2: Effective demand with sequential price updating
Effective demand problem
In the model with effective demand the quantity constraints are again included into the optimization problem. Given is the information set at subperiod tk : {p(tk ), ℓ̃h (tk ), ũh (tk ), M̃ h =
M h (t0 ) + ∆M h (tk )}, consisting of prices, expected rationing constraints and the unanticipated debts and claims. This yields the effective excess demand-vector (see (3.12))
z̃h (tk ) = ẽhk (p(tk ), ℓ̃h−k (tk ), ũh−k (tk ); M̃ h ).
The constraints are updated sequentially and the adjustments of the budget constraints
(step 6a) and the price adjustments (step 7a) occur sequentially as well.
Results for Example 2
For the specification see p. 100.
Bifurcation diagram
The bifurcation diagram in Figure 5.21a shows that the dynamics of this model are erratic
even after T = 1, 000 iterations. In Figure 5.21b we show the stability regions in a 2parameter bifurcation diagram. This diagram should be compared to Figure 5.18 for the
model with notional demand. The stability region of the steady state is larger in the
model with effective demand than in the model with notional demand. From this we
conclude that incorporating the quantity constraints into the effective demand functions
works stabilizing in the model with sequential price updating.
Coexistence
The bifurcation diagram in Figure 5.21a was produced from ”right-to-left”, and there are
signs of coexistence of attractors at the substitution parameters 0.65 < ν < 0.75. The
stable steady state and stable cycles of different periodicity co-exist at the same parameter
values, but for different initial conditions.
For instance, at ν = 0.685 we observe the coexistence of a steady state with a period7 cycle, see Figure 5.22a, and for ν = 0.677 there is coexistence of the steady state
with a period-3 cycle, see Figure 5.22b. Figure 5.22c shows the basin of an 8-cycle at
(λ, ν) = (0.75, 0.70). Although these basins have been produced on a rather coarse grid
of 21 × 21 cells, they nonetheless yield sufficient information to numerically show that
the basins are undergoing metamorphoses as the parameter ν is varied. A finer grid-size
would cost more time to compute without yielding more information.
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Figure 5.21: Model B2, Example 2. (a) 1-parameter bifurcation diagram in (p0 , ν) produced
”right-to-left”, λ = 0.75, 0.6 < ν < 0.9, (b) 2-parameter bifurcation diagram in the (λ, ν)-plane,
for β = 1, 0 < λ < 2, 0 < ν < 0.9.
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ν = 0.677, λ = 0.75, β = 1, (c) ν = 0.70, λ = 0.75, β = 1. Cycles: 1, 3, 5, 8, 11, 13, 14, 19, 20.

5.5. CONCLUSIONS

163

Summary
For the credit model with effective demand and sequential price adjustments we have the
following summary of results (see Figure 5.21):
• For low substitution parameters ν a stable steady state exists. For high values of
ν there is coexistence of attractors: the stable steady state coexists with various
stable periodic cycles.
• Incorporating the quantity constraints into the demand functions works stabilizing
in the model with sequential price updates.

5.5

Conclusions

As mentioned in the introduction, the objective is to study the influence of market mechanisms and behavioral rules on the qualitative features of the dynamics. Below we make
some general observations that follow from the computational analysis of the pure credit
model.
1. The credit mechanism acts as a ‘soft’ correction mechanism on the fluctuations in
the balance of account.
2. The credit mechanism causes agents to make unanticipated debts and claims because
they are allowed to enter into credit arrangements, and all transactions are paid by
credit transfers.
3. The models with sequential price updating show different bifurcation scenarios than
models with simultaneous price updating. The sequential updating of prices works
destabilizing in the credit model.
4. Notional vs. effective demand: The effective demand models show the same bifurcation scenarios as the notional demand models. The bifurcation points may
however occur at different parameter values, i.e., the models differ qualitatively but
not quantitatively.
5. Quantity expectations: The pessimistic or optimistic expectations about quantity
constraints do not affect the bifurcation scenarios.
6. There is co-existence of attractors for high values of the elasticity of substitution.
7. The hysteresis effect is a robust phenomenon in the credit model with effective
demand, but not in the model with notional demand.

Chapter 6
Cash-in-advance models
In this chapter we consider a monetary exchange economy with a positive money stock.
This money can now be called ‘cash money’, in contrast to the ‘credit money’ that was
used in the previous chapter. In a monetary exchange economy all transactions are
carried out by cash payments. Furthermore a cash-in-advance constraint is imposed on
all transactions. This means that before agents can consume they have to sell some of
their endowments in order to obtain an income. Agents are given an initial endowment
of money holdings to start the economy, since otherwise no trade could occur.
As we have done previously, we compare the dynamics of the sequential process with
the simultaneous process. Both mechanisms are compared with notional demand and
effective demand. The transactions are always taking place sequentially.
In Section 6.1 the cash-in-advance constraint is introduced and in Section 6.2 we define
the Cash-in-advance Equilibrium. Section 6.3 gives an algorithmic description of the cash
model, followed by simulation results in Section 6.4.

6.1

The cash-in-advance constraint

In addition to the budget constraint we now introduce the cash-in-advance constraint,
which appears on the market only if the planned consumption of consumer h at subperiod
tk violates its cash position:
pk (tk )ẑkh (tk ) ≤ M h (tk ).
(6.1)
This constraint is equivalent to setting the planned trade equal to the minimum
ẑkh (tk ) = min{zkh (tk ), M h (tk )/pk (tk )}.

(6.2)

The cash-in-advance constraint implies that if the money holdings available to agent h at
the beginning of subperiod tk suffices only to buy the quantity (M h (tk )/pk (tk )), instead of
the optimal amount zkh (tk ), then the minimum amount will be ordered. If however the cash
balance is sufficient to buy the optimal quantity – the planned trade is not too expensive
– then that amount will be ordered. Note that a cash-in-advance constraint strictly
prohibits the occurrence of debts because the cash balance cannot become negative.
In fact, the cash-in-advance constraint in combination with the budget constraint
ensures that the agents are neither running a deficit nor accumulating a surplus. This gives
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the monetary dynamics of the model the tendency to converge towards an equilibrium.
If prices are too low (high) with respect to the equilibrium levels, then there is an excess
demand (supply) for all commodities, because the purchasing power of the money balances
is too high (low).
A proportional change in all nominal prices for the commodities does not produce
any substitution effects. But it would produce a wealth-effect in the form of a realbalance effect. If all prices increase proportionally then the purchasing power of the
money holdings would decrease in real terms, leading by the real-balance effect to an
overall decrease in the demand for all commodities. On the other hand, a change in the
nominal price levels and a proportional change in the quantity of money does not lead
to such purchasing power effects; it does nothing to decrease the purchasing power of
money nor does it affect the demand for commodities since the real-balance effect does
not occur. If the money stock is too large then this will lead the general price level to
increase (decrease) and all prices adjust to the total money stock M̄ .

6.2

Cash-in-advance equilibrium

Suppose that agents are not permitted (or do not want) to have a debt during the trade
sequence and do not want to hold more money than is strictly necessary to perform the
equilibrium transactions. This is the case if agents do not derive utility from holding
more money balances than is strictly required of them, but they do need the money for
the liquidity services it provides. For example, if there is no possibility of barter exchange
and cash exchange is the only means of exchange available.
The equilibrium must then satisfy the additional condition that agent’s money holdings do not become negative. This implies that agents must satisfy the cash-in-advance
constraint along the entire transaction sequence. In other words, the trade surplus should
always remain positive (or non-negative). This requires a positive money stock (which is
now called ‘cash’) and defines a ‘cash-in-advance equilibrium’ (cf. Clower, 1967).
In general, the sequence of equilibrium transactions {z̄h⋆ ; h ∈ N} produces a sequence
of net revenues {Rkh⋆ ; h ∈ N, k ∈ M}:
Rkh⋆ = −pk z̄kh ,

k = 0, ..., m

(6.3)

where Rkh⋆ > 0 means a proceed from sales on market k and Rkh⋆ < 0 is an expenditure on
P
market k. A trade deficit or surplus at tk is therefore the sum of net revenues kj=0 Rjh⋆ .
In an equilibrium the cash balance is zero for at least one tk and never negative. The
minimum cash balance that an agent needs in order to prevent a trade deficit is exactly
equal to the largest trade deficit that would occur if the transactions are performed by
credit transfers, as in Chapter 5. We now have the necessary requirements to give a
definition of a Cash-in-advance equilibrium.
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Definition 6.14 (Cash-in-advance equilibrium) A cash-in-advance equilibrium consists
of a positive money stock M̄ > 0, a distribution of money holdings {M h⋆ }, an allocation
N ×L
x⋆ ∈ R+
and a price system p⋆ ∈ RL++ , such that:
1. (x⋆ , p⋆ ) is a Walrasian equilibrium.
P
2. M h⋆ = − min0≤k≤m { kj=0 Rjh⋆ }
P
h⋆
3.
= M̄ is the total money stock.
hM
Condition (1) is self-explanatory; (2) is the minimum cash balance along the sequence
which agent h requires in order to prevent a trade deficit; and (3) is a simple book-keeping
identity. In a cash-in-advance equilibrium (henceforth CIA equilibrium) the sequence of
preferred transactions can be carried out without any agent having a debt along the
way. This means that in such an equilibrium the cash-in-advance constraint itself is never
strictly binding. The constraint is ‘just binding’, which means that relaxing the constraint
does not produce a different outcome. The cash-in-advance constraint is only required
outside of equilibrium, to drive the monetary dynamics towards a CIA equilibrium.

A simple example
In the following we consider a pure exchange economy in which the preferences and endowments are rotation symmetric across the agents. Due to the symmetry of the model
there exists an equilibrium which is symmetric as well. The equilibrium price system is
then given by equality of all prices: p⋆0 = ... = p⋆m . Since the equilibrium prices are indeterminate and only relative prices matter, we can set the equilibrium to p⋆ = δ(1, ..., 1)
for any δ ∈ R+ . Fixing a monetary unit such as choosing a numeraire commodity or
any other price normalization rule does not resolve this indeterminacy of equilibrium, it
merely facilitates calculating the relative prices.
For models with a positive money stock, M̄ > 0, there is no natural price normalization
rule, since the money stock as a whole acts as the monetary unit and the price levels adjust
towards the equilibrium levels that are associated to this money stock M̄ . The equilibrium
price system remains the same, but now the equilibrium price level δ depends on the level
of M̄ . If M̄ → θM̄ then (p⋆0 , ..., p⋆m ) → (θp⋆0 , ..., θp⋆m ), but the equilibrium allocation
remains unaffected due to homogeneity of the excess demand functions: zh (θp, θM h ) =
zh (p, M h ). This means that the equilibrium allocation does not depend on the level of
money stock in the economy and that monetary policy – which are changes in the money
stock – is neutral: real variables are unaffected. Any change in the amount of money
leads to a proportional change in the equilibrium price level. However, changes in the
money stock over the course of a disequilibrium adjustment path are non-neutral, since
the price level needs to adjust to the increase in real balances.
Symmetric exchange economy
For the exchange economy with symmetric preferences it is not very hard to calculate the
symmetric cash-in-advance equilibria and the corresponding money stock.
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Assume an exchange economy with three markets (commodities) and three agents
with Cobb-Douglas utility functions:
U h (xh ) = α1h log xh1 + α2h log xh2 + α3h log xh3 .

(6.4)

Assume that the preference parameters and endowments are given by:
Agent 1: α1 = (a, b, c), w1 = (1, 0, 0)
Agent 2: α2 = (c, a, b), w2 = (0, 1, 0)
Agent 3: α3 = (b, c, a), w3 = (0, 0, 1).
Let 0 < a < b < c. Each agent owns a single commodity and is the sole owner of
this commodity. He derives positive utility from what he owns and prefers the other
two commodities more than his own commodity: he plans to spend his income in the
proportions b/(b + c) and c/(b + c). Thus each agent supplies a single commodity and
is the sole supplier of that commodity. He is a net buyer of the other two commodities
owned by the other agents. The preferred transactions in value terms are:


 
−A
B
C
p1 z11 p2 z21 p3 z31
 p1 z12 p2 z22 p3 z32  =  C −A
B .
3
3
3
B
C −A
p1 z1 p2 z2 p3 z3
The sequence of cash balances in a CIA equilibrium for this example is:

Agent
1
2
3
t0
0
B B+C Start of market round.
t1
B+C
0
B Agent 2 pays B, agent 3 pays C (both to agent 1).
t2
B B+C
0 Agent 3 pays B, agent 1 pays C (both to agent 2).
t0
0
B B+C Agent 1 pays B, agent 2 pays C (both to agent 3).
At the start all cash is concentrated with agents 2 and 3, since it is clear that agent 1
does not need any cash at the start because he is a seller on market 1. Agent 2 needs some
cash to be able to buy on market 1. Agent 3 needs the most cash at the start since he is
the last to sell. Notice that each agent pays the amounts B and C once and has received
the amount (B + C) once. The total amount of cash which is required for transactions at
any time is the row sum (2B + C). The money stock that supports a CIA equilibrium is
therefore given by M̄ = 2B + C.

A dynamic cash-in-advance model
In the cash-in-advance model we use a different budget-constraint updating mechanism
than in the credit model. Since in a CIA equilibrium the sequence of equilibrium transactions causes a sequence of fluctuations on the actual balance of account, we cannot simply
put the money balance on the right-hand side of the budget constraint because that would
not be consistent with a CIA equilibrium. Along the equilibrium sequence the same cash
positions are repeated. What remains constant is the minimum cash position between
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two successive trading rounds (or the maximum). Therefore we replace the actual balance
of account M h with the minimum cash position computed over a full trading round. We
can compute this minimum at the end of each round, or sequentially during the round.
The model now contains the following additional concepts.
• The minimum cash position of the previous round, computed at the start of a new
trading round t0 :
µh0 ≡ µh (t0 ) = min{M h (t0 − 1), ..., M h (tm − 1)}.

(6.5)

• The minimum cash position over a full round, computed at the start of every subperiod tk :
µhk ≡ µh (tk ) = min{M h (tk − 1), ..., M h (tm − 1), M h (t0 ), ..., M h (tk−1 )}.

(6.6)

The quantity µh (tk ) can be used as a correction on the budget constraint. By definition
µh (tk ) ≥ 0. In equilibrium µh (tk ) = 0 for all subperiods tk . If µh (tk ) > 0 then the agent
has a minimum cash position during the sequence of trades that remains positive, which
implies that more could have been spend without incurring a negative position (a debt).
Adding the amount µh (tk ) to the budget therefore means that the agent plans to spend
this extra amount in addition to the income that is received from selling endowments. So
the notional income, or income expected in the next trading round, is: p(tk )wh + µh (tk ).

6.3

Description of the cash-in-advance process

Recall that the markets are always visited sequentially. The terms ‘sequential’ and ‘simultaneous’ refer to the updating of prices at the end of a round or sequentially during
the round. It also refers to the agents’ updating of budget constraints. Figure 6.1 shows
the sequence of events that takes place during a single market visit in the cash-in-advance
model. It is a pseudo code that gives an algorithm for the dynamics. In Figure 6.2 these
events have been translated into a flow diagram.
Note that a weak form of the cash-in-advance model can be simulated by leaving out
step (1b) in the simulations. This way the ‘hard’ cash-in-advance constraint is no longer
present, but the correction on the budget constraint by the minimum cash position µh is
maintained. This would imply that debts are allowed to occur again, but the largest trade
deficit that occurs during a round is used as a correction mechanism. This mechanism may
act as a ‘soft’ constraint, driving the dynamics towards equilibrium, but it is only a small
difference with the credit model in which the total trade deficit was used as a correction
mechanism (i.e., ∆M h ). Since it is such a subtle difference we have not performed any
simulations with this model to investigate the issue any further.
Note also that in this model there is no price normalization step, since the money
stock acts as the monetary unit, determining the price level. Steps (1-3) are common
to all cash-in-advance models that we will study. Step (4-5) are only relevant for the
process with effective demand. Steps (6a-7a) are used in the sequential version and occur
sequentially during the trading round. Steps (6b-7b) are used in the simultaneous version
and are only performed at the end of a round.
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In steps (6a,6b) we have to collect a history of previous cash balances for each individh
h
ual agent: Mk+1
, ..., Mm
, M0h , ..., Mkh . This is necessary in order to calculate the minimum
h
h
cash position over one complete round of trades. The sequence Mk+1
, ..., Mm
comes from
h
h
the previous round, whereas the sequence M0 , ..., Mk comes from the current round.
Dynamics
The following sequence of steps are performed for every agent h = 1, ..., N during market
visit k in round n, for k = 0, ..., m, n = 0, ..., T :
1. Determine the notional demand zkh (or the effective demand z̃kh ) for market k (function zh (3.3), or Eh (3.12)).
1b. Apply the cash-in-advance constraint to the buy/sell orders, cf. (6.2).
2. Determine the rationed demand and supply z̄kh on market k (function F, cf. (3.13)).
3. Determine the net revenues Rkh on market k and update the balance of account M h ,
cf. (5.4).
4. Determine the corresponding quantity constraints (ℓ, u) on market k (function G,
cf. (3.22)).
5. Determine the quantity expectations (ℓ̃, ũ) for the next round on market k (function
H, cf. (3.51)).
6a. Update the minimum cash position M̃ h = µhk sequentially, cf. (6.6).
6b. Update the minimum cash position M̃ h = µh0 at the end of a round, cf. (6.5).
7b. Update all prices p at the end of a round, cf. (4.9).
7a. Update the price for market k (pk ) sequentially, cf. (4.9).

6.3. DESCRIPTION OF THE CASH-IN-ADVANCE PROCESS
Cash-in-advance process.
Notation: Mkh ≡ M h (tk + n) and µhk ≡ µh (tk + n) where n ∈ N
Initial conditions: p(0) = p0 , ℓhk (0) = −∞, uhk (0) = +∞ for all k ∈ M
M h (0) = 100, µh (0) = 0.
For Round n = 0, ..., T do
For Market k = 0, ..., m do for every agent h ∈ N:
1a. zkh := zhk (p; µhk ) or z̃kh := Ehk (p, ℓ̃h−k , ũh−k ; µhk )
h
h
dhk := max{0,
zkh }
P h zk }, sk :=Pmin{0,
Dk := h dk , Sk := − h shk

1b. ẑkh := min{zkh , Mkh /pk } or ẑkh := min{z̃kh , Mkh /pk }
2. z̄kh := Fhk (ẑk1 , ..., ẑkN )
3. Rkh := −pk z̄kh
M h (tk+1 + n) := M h (tk + n) + Rkh
4. (ℓhk , uhk ) := Ghk (ẑkh , z̄kh )
5. (ℓ̃hk , ũhk ) := Hhk (ℓhk , uhk ) = β · (ℓhk , uhk )
Sequential updating method:
h
6a. µhk+1 := min{M0h , ..., Mm
}

7a. pk := max{(1 − r− )pk , min{pk
end

³

Dk
Sk

´λ

, (1 + r+ )pk }}

End-of-period updating method:
Do for every agent h ∈ N and for every market k ∈ M:
h
6b. µhk := min{M0h , ..., Mm
}

7b. pk := max{(1 − r− )pk , min{pk
end

³

Dk
Sk

´λ

, (1 + r+ )pk }}

end.
Figure 6.1: Pseudo code for the trading process with cash.
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Figure 6.2: Flow diagram for the sequential cash-in-advance model with effective demand and
quantity expectations. The cycle refers to a single market visit.

Descriptions per model
A3: Notional demand, simultaneous updating of prices and budget constraints
Perform steps (1-3) for market k = 0, then steps (1-3) for market k = 1, etc. Then
perform steps (6b-7b) one time. The updating of the budget constraints (step 6b) and all
prices (step 7b) occurs simultaneously at the end of a round.
A4: Notional demand, sequential updating of prices and budget constraints
Perform steps (1-3,6a,7a) for market k = 0, then steps (1-3,6a,7a) for market k = 1,
etc. The adjustments of the budget constraints (step 6a) and of prices (step 7a) occur
sequentially and are on a market-by-market basis.
B3: Effective demand, simultaneous updating of prices and budget constraints
Perform steps (1-5) for market k = 0, then steps (1-5) for market k = 1, etc. Then
perform steps (6b-7b) one time. The quantity constraints (steps 4-5) are always determined sequentially, since the markets are visited sequentially. The updating of budget
constraints (step 6b) and all prices (step 7b) occurs simultaneously at the end of a round.
B4: Effective demand, sequential updating of prices and budget constraints
Perform steps (1-5,6a,7a) for market k = 0, then steps (1-5,6a,7a) for market k = 1, etc.
The quantity constraints (steps 4-5) are determined sequentially. The adjustments of the
budget constraints (step 6a) and of prices (step 7a) also occur sequentially.
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Example 1: One seller and two buyers (symmetric case)
In Example 1 there are one seller and two buyers on every market. Each agent owns
one commodity and is the only owner of that commodity. He is indifferent between the
commodities that he does not own.
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For Cobb-Douglas preferences (ν = 0) two equivalent CIA equilibria are:
M̄ = 120 : M 1⋆ = (0, 80, 40), M 2⋆ = (40, 0, 80), M 3⋆ = (80, 40, 0), p = (1, 1, 1)
M̄ = 300 : M 1⋆ = (0, 200, 100), M 2⋆ = (100, 0, 200), M 3⋆ = (200, 100, 0), p = (2.5, 2.5, 2.5).
The resulting sequence of equilibrium transactions is as follows:1
Credit: M̄ = 0, p = (1, 1, 1)
Agent
1
2
3
h
M (t0 ) 0
0
0 Start of market round.
M h (t1 ) 80 -40 -40 Agent 2 pays 40, agent 3 pays 40 (both to agent 1).
M h (t2 ) 40 40 -80 Agent 3 pays 40, agent 1 pays 40 (both to agent 2).
M h (t0 ) 0
0
0 Agent 1 pays 40, agent 2 pays 40 (both to agent 3).
The minimum credit positions along the sequence are {0, −40, −80}. Therefore the
individual amounts of cash required in a CIA equilibrium are given by {0, 40, 80}. The
total amount of cash which is required for the transactions to occur at any time is the
money stock row M̄ = 120.
Cash-in-advance: M̄
Agent
1 2 3
h
M (t0 ) 0 40 80
M h (t1 ) 80 0 40
M h (t2 ) 40 80 0
M h (t0 ) 0 40 80

= 120, {M̄ h⋆ (t0 )}h = (0, 40, 80), p = (1, 1, 1)
Start of market round.
Agent 2 pays 40, agent 3 pays 40 (both to agent 1).
Agent 3 pays 40, agent 1 pays 40 (both to agent 2).
Agent 1 pays 40, agent 2 pays 40 (both to agent 3).

At the start all the cash is concentrated with agents 2 and 3. It is clear that agent 1
does not need any cash at the start because he is the seller on market 1. Agent 2 needs
some cash to be able to buy from agent 1 on market 1. Agent 3 requires the most cash
(at the start of market 1) since he is the last to sell in the sequence. This reasoning holds
from the perspective of starting on market 1. If we start the equilibrium sequence on
market 2, then the cash requirements are cyclically rotated.
1

For easy of exposition we label the markets ‘1’, ‘2’ and ‘3’, although they are visited in the subperiods
t0 , t1 , t2 .
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But because we have fixed the money stock arbitrarily at M̄ ⋆ = 300 instead of at
M̄ = 120, the equilibrium price level is M̄ ⋆ /M̄ = 300/120 = 2.5.
Cash-in-advance:
Agent
1
2
M h (t0 )
0 100
M h (t1 ) 200
0
M h (t2 ) 100 200
M h (t0 )
0 100

M̄ = 300, {M̄ h⋆ (t0 )}h = (0, 100, 200), p = (2.5, 2.5, 2.5)
3
200 Start of market round.
100 Agent 2 pays 100, agent 3 pays 100 (both to agent 1).
0 Agent 3 pays 100, agent 1 pays 100 (both to agent 2).
200 Agent 1 pays 100, agent 2 pays 100 (both to agent 3).

Example 2: One seller and two buyers (asymmetric case)
We consider Example 2 with preferences and endowments such that there are one seller
and two buyers on every market:
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For Cobb-Douglas preferences (ν = 0) two equivalent CIA equilibria are:
M̄ = 110 : M 1⋆ = (0, 80, 30), M 2⋆ = (30, 0, 80), M 3⋆ = (80, 30, 0), p = (1, 1, 1)
M̄ = 300 : M 1⋆ = (0, 218, 82), M 2⋆ = (82, 0, 218), M 3⋆ = (218, 82, 0), p = (2.7, 2.7, 2.7).
The resulting sequence of equilibrium transactions is as follows:
Credit: M̄ = 0, p = (1, 1, 1)
Agent
1
2
3
M h (t0 ) 0
0
0 Start of market round.
M h (t1 ) 80 -30 -50 Agent 2 pays 30, agent 3 pays 50 (both to agent 1).
M h (t2 ) 30 50 -80 Agent 3 pays 30, agent 1 pays 50 (both to agent 2).
M h (t0 ) 0
0
0 Agent 1 pays 30, agent 2 pays 50 (both to agent 3).
The minimum credit positions along the sequence are {0, −30, −80}. Therefore the
individual amounts of cash required in a CIA equilibrium are given by {0, 30, 80}, yielding
a total money stock of M̄ = 110. If this is the case, then no agent will have a debt along
the sequence of transactions, as shown in the sequence below.
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Cash-in-advance: M̄
Agent
1 2 3
h
M (t0 ) 0 30 80
M h (t1 ) 80 0 30
M h (t2 ) 30 80 0
M h (t0 ) 0 30 80
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= 110, {M̄ h⋆ (t0 )}h = (0, 30, 80), p = (1, 1, 1)
Start of market round.
Agent 2 pays 30, agent 3 pays 50 (both to agent 1).
Agent 3 pays 30, agent 1 pays 50 (both to agent 2).
Agent 1 pays 30, agent 2 pays 50 (both to agent 3).

But because we have fixed the money stock at M̄ ⋆ = 300 instead of at M̄ = 110, the
equilibrium price level is M̄ ⋆ /M̄ = 300/110 = 2.7.
Cash-in-advance: M̄ = 300, {M̄ h⋆ (t0 )}h = (0, 82, 218), p = (2.7, 2.7, 2.7)
Agent
1
2
3
M h (t0 )
0 82 218 Start of market round.
M h (t1 ) 218
0 82 Agent 2 pays 82, agent 3 pays 136 (both to agent 1).
M h (t2 ) 82 218
0 Agent 3 pays 82, agent 1 pays 136 (both to agent 2).
h
M (t0 )
0 82 218 Agent 1 pays 82, agent 2 pays 136 (both to agent 3).
A more detailed description of the transactions is the following:
• Every agent has one trading post: there is one market on which each agent wants
to sell his endowments.
• Agent 1 is a seller on market 1: he has a positive endowment of commodity 1 and
prefers the other commodities over his own commodity. He is a buyer on markets
2 and 3. The cash-in-advance constraint for agent 1 can therefore only become
binding on his purchases on markets 2 and 3. The cash balance can become zero
at the start of market 1. This means that after his visit to market 3 the agent has
depleted his entire cash balance on consumption. This is true in an equilibrium. So
the fact that we see a zero cash balance at the start of market 1 does not mean that
the agent is cash-constrained on market 1, but that he was cash-constrained on the
market previous to market 1, which is market 3.
• Agent 2 is a seller on market 2: the cash constraint can only become binding on
market 1 or 3. This occurs before the agent has a chance to sell again on market 2.
So for this agent we see the zero cash balance appear just before the start of market
2.
• Agent 3, who is a seller on market 3, can become cash-constrained on market 2, just
before market 3 opens for trade.
In general, each agent can be rationed on his consumption by the cash-in-advance constraint just before visiting the own trading post, i.e., before the own trading post opens
for trade. This is a very natural property of the CIA equilibrium concept: in equilibrium
the cash-in-advance constraint is a ‘just non-binding constraint’, which means that the
agents do not feel constrained in a CIA equilibrium. Their cash positions are exactly zero
during one of the equilibrium transactions.
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Example 3: Two sellers and one buyer
We consider Example 3 with preferences and endowments such that there are two sellers
and one buyer on every market (a case of monopsony):
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For Cobb-Douglas preferences (ν = 0) two equivalent CIA equilibria are:

M̄ = 50 : M 1⋆ = (10, 40, 0), M 2⋆ = (0, 10, 40), M 3⋆ = (40, 0, 10), p = (1, 1, 1)
M̄ = 300 : M 1⋆ = (60, 240, 0), M 2⋆ = (0, 60, 240), M 3⋆ = (240, 0, 60), p = (6, 6, 6).
The resulting sequence of equilibrium transactions is as follows:
Credit: M̄ = 0, p = (1, 1, 1)
Agent
1 2
3
h
M (t0 )
0 0
0 Start of market round.
M h (t1 ) 30 10 -40 Agent 3 pays 30 to agent 1, 10 to agent 2.
M h (t2 ) -10 40 -30 Agent 1 pays 30 to agent 2, 10 to agent 3.
M h (t0 )
0 0
0 Agent 2 pays 30 to agent 3, 10 to agent 1.
The minimum credit positions along the sequence are {−10, 0, −40}. Therefore the
individual amounts of cash required in a CIA equilibrium are given by {10, 0, 40}, yielding
a total money stock of M̄ = 50.
Cash-in-advance: M̄
Agent
1 2 3
M h (t0 ) 10 0 40
M h (t1 ) 40 10 0
M h (t2 ) 0 40 10
M h (t0 ) 10 0 40

= 50, {M̄ h⋆ (t0 )}h = (10, 0, 40), p = (1, 1, 1)
Start of market round.
Agent 3 pays 30 to agent 1, 10 to agent 2.
Agent 1 pays 30 to agent 2, 10 to agent 3.
Agent 2 pays 30 to agent 3, 10 to agent 1.

But because we have fixed the money stock at M̄ ⋆ = 300 instead of at M̄ = 50, the
equilibrium price level is M̄ ⋆ /M̄ = 300/50 = 6.
Cash-in-advance: M̄ = 300, {M̄ h⋆ (t0 )}h = (60, 0, 240), p = (6, 6, 6)
Agent
1
2
3
h
M (t0 ) 60
0 240 Start of market round.
M h (t1 ) 240 60
0 Agent 3 pays 180 to agent 1, 60 to agent 2.
h
M (t2 )
0 240 60 Agent 1 pays 180 to agent 2, 60 to agent 3.
h
M (t0 ) 60
0 240 Agent 2 pays 180 to agent 3, 60 to agent 1.
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This results in the following monetary consequences:
• Every agent has two trading posts: for each agent there are two markets on which
he wants to sell some of his endowments.
• Agent 1 is sometimes restricted by a cash constraint on market 2, since he is a buyer
on market 2 and a seller on markets 1 and 3. If agent 1 was supply-constrained on
market 1 then he will find himself short of cash and unable to consume on market 2.
The cash constraint then becomes binding during his visit to market 2, just before
visiting market 3 on which he plans to sell again. At the start of market 3 the cash
balance of agent 1 thus reaches the zero level (in equilibrium).
• Agent 2 wants to sell on markets 1 and 2 and buy on market 3. Therefore a cash
constraint becomes binding during his visit on market 3, just before visiting market
1. The cash balance is zero (in equilibrium) just after having visited market 3, and
before market 1 opens for trade.
• Agent 3 is seller on markets 2 and 3, and a buyer on market 1. He is sometimes
rationed by his cash constraint on market 1. Therefore we see that his cash balance
reaches the zero level (in equilibrium) at the beginning of market 2.
In general we observe that for each agent the cash-in-advance constraint becomes binding
just before one of its own trading posts re-opens for trade.
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Simulations

A3: Notional demand with end-of-period price updating
Notional demand problem
Given is the information set at subperiod tk : {p(t0 ), M̃ h = µh (t0 )}, consisting of prices
and the minimum cash position at the start of the round. This results in the optimal
excess demand vector (see (3.3))
zh (tk ) = zh (p(t0 ); M̃ h ).
In addition, the cash-in-advance constraint (6.1) is imposed on the resulting planned trade
(excess demand) zkh (tk ). This yields the buy/sell order
ẑkh (tk ) = min{zkh (tk ), M h (tk )/pk (tk )}.
In the description in Figure 6.1: perform steps (1-3) for market k = 0, then steps (1-3)
for market k = 1, etc. Then perform steps (6b-7b). This means sequentially visiting the
markets by performing steps (1-3) for each market in succession. The updating of all
budget constraints (step 6b) and all price adjustments (step 7b) occur at the end of a
period.
Equilibrium relation (Example 1)
For the specification see p. 173.
Figure 6.3 shows the equilibrium relation between the parameter ν and the price level,
for money stock M̄ = 300 and substitution parameter ν ∈ [0, 0.9]. The equilibrium price
level is a decreasing function of the parameter ν. It is clear from the diagram that the CIA
equilibrium – the steady state – depends as a differentiable function on the parameter,
but it also depends on the other parameters of the model namely the total money stock
M̄ , the preference parameters αh and the endowments wh . Here the equilibrium price
level is a decreasing function of the elasticity of substitution, but this need not be the
case in general.
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Figure 6.3: Model A3. Equilibrium price level p0 as a function of the parameter ν, given the
total money stock M̄ = 300.
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Convergence (Example 3)
For the specification see p. 176.
The CIA equilibrium at the substitution parameter ν = −0.1 is given by a positive
money stock M̄ = 300, a price vector p⋆ = (6, 6, 6) and an equilibrium cash distribution:
{M h⋆ } = (60, 0, 240). Figure 6.4 shows a transition path towards the equilibrium. We
show the entire path, starting from the initial money holdings M h (0) = 100. The cash
balance of each agent h = 1, 2, 3 is shown at the start of each market visit, for 250
consecutive trading rounds (0 < n < 250). Each trading round consists of 3 market visits.
The time series plots in Figure 6.4 show that the dynamics converge within 50 periods to
the CIA equilibrium.
The first column shows that the cash position of agent 1 converges to its equilibrium
level of M 1⋆ (t0 ) = 60, that of agent 2 converges to M 2⋆ (t0 ) = 0 and that of agent 3
converges to M 3⋆ (t0 ) = 240, respectively. The second column shows that at the start
of market 2, these figures are cyclically rotated: M 1⋆ (t1 ) = 240, M 2⋆ (t1 ) = 60 and
M 3⋆ (t1 ) = 0. And the last column shows that at the start of market 3 they are again
rotated: M 1⋆ (t2 ) = 0, M 2⋆ (t2 ) = 240 and M 3⋆ (t2 ) = 60.
But note that the dynamics do not converge via the shortest route: although every
agent starts at initial money holdings of M h (0) = 100, the transition path first brings the
cash balances further out-of-equilibrium before converging to a CIA equilibrium. This
implies that the initial deviation away from equilibrium does not mean that the economy
does not converge in the long run. Therefore a policy rule, which aims at economic
stability by bringing the economy in equilibrium by the shortest possible route, could
work distortionary if the dynamics itself are stable but converge in a non-monotonic
fashion.
Non-convergence: Influence of the cash constraint
The convergence result for ν = −0.1 in Figure 6.4 is certainly not a general result of
the model. Cyclical, quasi-periodic and chaotic behavior can occur as well in the cashin-advance model. Figure 6.5 shows time series of the individual cash balances along a
cycle at λ = 0.5, ν = 0.35. Figure 6.6 shows the corresponding time series of prices and
excess demands. Figure 6.7 shows a bifurcation diagram and a dynamic welfare analysis
in terms of normalized utility levels hUh i. The welfare trade-off is ambiguous, since none
of the agents can benefit from the cyclical behavior for most parameter values. But for
ν = 0.27 agent 2 slightly benefits from the cycles along the quasi-periodic attractor since
hU2 i > 1. Figure 6.8 shows the 2-parameter bifurcation diagram for Example 3.
Results for Example 1:
In Figure 6.9 we show a quasi-periodic attractor at the substitution parameter ν = 0.742.
The equilibrium values are M̄ = 300, M̄ 1⋆ = (0, 200, 100), M̄ 2⋆ = (100, 0, 200), M̄ 3⋆ =
(200, 100, 0), p = (2.5, 2.5, 2.5). We again show the dynamics of the cash balances, with
the corresponding dynamics in prices and excess demands shown in Figure 6.10.
We see that the cash constraint becomes binding for some agents during the process.
In the time series we observe that the trajectory is hitting the zero level. In the phase plots
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we observe horizontal and vertical line segments that delimit the space of cash balances
which are feasible: the cash balance cannot become negative due to the cash-in-advance
constraint. This type of restriction on the evolution of a dynamical system causes the
system to become piecewise-smooth and border-collision bifurcations can occur.
The phenomenon observed in the phase plots in Figure 6.9, where an abrupt change in
the dynamics occurs as the trajectory hits the cash-in-advance constraint, is most likely
such a border-collision bifurcation.
Bifurcation diagram
A bifurcation diagram for Example 1 is shown in Figure 6.11a. For ν < 0.710 the steady
state is locally stable. At ν ≈ 0.722 the steady state is unstable and a stable period16 cycle exists. At ν = 0.742 a stable period-15 cycle emerges, see Figure 6.13a. For
ν ∈ [0.755, 0.770] a stable period-5 cycle exists. The black regions in the bifurcation
diagram are an indication of quasi-periodic or chaotic behavior.
The normalized utility levels (see p. 118) are shown under the bifurcation diagram
in Figure 6.11b-d. It is clear that for all parameter values none of the agents can profit
from the cyclical behavior, since the normalized utility levels are all below the equilibrium
level: hUh i < 1 for all h.
The dynamics are bounded due to the growth restrictions on the prices: 1 + r+ = 1.10
(10 percent upward) and 1 − r− = 0.91 (9 percent downward).2
The trajectory hits the boundaries of these price-restrictions as is suggested by the
attractor in Figure 6.13b, and causes a phenomenon which could be called ‘chaos in a
box’. It is the box of price rigidities which causes the dynamics to fluctuate violently
between price boundaries. Another explanation for the behavior is that the stable 5-cycle
undergoes a border-collision bifurcation as it collides with the price restrictions. Judging
from the phase plot in Figure 6.13b we have numerical evidence that the behavior is
chaotic.
Figure 6.12b shows a 2-parameter bifurcation diagram in the (λ, ν)-plane. The periodic
orbits that occur in Example 1 have the following periodicity: 1, 2, 3, 5, 8, 9, 15, 16. We
see that for small enough values of the speed of adjustment parameter λ the steady state
is stable for all 0 < ν < 0.9. For high enough adjustment speeds, λ > 1.4 a 2-cycle is
stable for all 0 < ν < 0.9.
Bifurcation scenario for Example 1
1. For ν = 0 (Cobb-Douglas) the steady state becomes unstable for a critical value
λ = λ0 , where λ0 ≈ 0.6.
2. For 0 < ν < 1 the onset of instability occurs at a lower critical value λ0 , which
defines the bifurcation curve λ0 (ν).
2

The price growth restrictions are not chosen symmetrically, i.e. 1 − r− 6= 1/(1 + r+ ), because
simulations have shown that this results in 2-cycles. This is purely an artifact of the symmetric boundaries,
cf. Weddepohl (1995).
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3. For all ν ∈ [0, 1], and for high values λ > λ1 (ν) only a 2-cycle is stable, which defines
a second bifurcation curve λ1 (ν) (where λ1 (0) ≈ 1.2).
4. The first bifurcation curve λ0 (ν) and the second bifurcation curve λ1 (ν) are both
decreasing in ν.
5. For all ν ∈ [0, 1], stable periodic cycles exist for intermediate values λ0 (ν) < λ <
λ1 (ν).
Comparison
A comparison between the credit model and the cash model can be made by comparing
the diagrams in Figure 6.12b and Figure 5.8a. They show the results for Example 1 for
the same specification of the economy. The only difference is that agents are no longer
allowed to enter into credit arrangements. For Example 3, we compare Figure 6.8 to
Figure 5.7. In particular, compare the stability regions in both figures and notice that
they are comparable in size. This means that the credit model and the cash-in-advance
model have the same qualitative stability properties. The general conclusion from these
diagrams is that the models produce different bifurcation scenarios, and hence that the
monetary institutions (credit or cash) matter for the stability of equilibrium, but that
from a qualitative point of view the models produce the same type of dynamics.
Summary
The cash-in-advance model with notional demand and end-of-period price adjustments
yields the following simulation results, see Figure 6.8:
• The cash-in-advance constraint acts as a hard correction mechanism on fluctuations
of the balance of account.
• The introduction of a cash-in-advance constraint in combination with the simultaneous adjustment of prices does not help in decreasing the amplitude of cash balance
fluctuations.
• The price rigidities play an important role in restricting the dynamics, see Figure
6.13b.
• The fluctuations increase with the elasticity of substitution.
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Convergent example, ν = −0.1: Individual money balances
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Figure 6.4: Model A3, Example 3. Parameters: λ = 1, β = 1, ν = −0.1. Time series and
phase plots for individual money balances: M 1 (tk ), M 2 (tk ) and M 3 (tk ), for k = 0, 1, 2.
Money balances at the start of every market visit, for 50 consecutive rounds (0 < n < 50).
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Non-convergent example, ν = 0.35: Individual money balances
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Figure 6.5: Model A3, Example 3. Parameters: λ = 0.5, β = 1, ν = 0.35. Time series and
phase plots for individual money balances: M 1 (tk + n), M 2 (tk + n), M 3 (tk + n), for k = 0, 1, 2.
Money balances at the start of every market visit, for 100 consecutive rounds (900 < n < 1000).
Em: M 1⋆ = (44, 256, 0), M 2⋆ = (0, 44, 256), M 3⋆ = (256, 0, 44), p = (6, 6, 6).
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Figure 6.6: Model A3, Example 3. Parameters: λ = 0.5, β = 1, ν = 0.35. Time series and
phase plots of price levels: p0 (t0 + n), p1 (t1 + n), p2 (t2 + n), and for excess demands: z0 (t0 + n),
z1 (t1 + n), z2 (t2 + n). Prices and excess demands at the start of every market visit, for 100
consecutive rounds (900 < n < 1000).
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Figure 6.7: Model A3, Example 3. (a) 1-parameter bifurcation diagram in (p0 , ν). (b-d) Nor-

malized utility levels. Parameters: λ = 0.5, 0.2 < ν < 0.4, M h (0) = 100. T=500, transient=50.
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Figure 6.8: Model A3, Example 3. 2-parameter bifurcation diagram in the (λ, ν)-plane, for
0 < λ < 0.6, 0.2 < ν < 0.4.
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Non-convergent case in Example 1: Individual money balances
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Figure 6.9: Model A3, Example 1. Parameters: λ = 0.5, β = 1, ν = 0.7420. Time series
and phase plots of individual money balances: M 1 (tk + n), M 2 (tk + n), M 3 (tk + n), for k =
0, 1, 2. Money balances at the start of every market visit, for 80 consecutive rounds (920 <
n < 1000). Em: M̄ = 300, M̄ 1⋆ = (0, 200, 100), M̄ 2⋆ = (100, 0, 200), M̄ 3⋆ = (200, 100, 0), p =
(2.07, 2.07, 2.07).
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Figure 6.10: Model A3, Example 1. Parameters: λ = 0.5, β = 1, ν = 0.742. Time series and
phase plots of price levels: p0 (t0 + n), p1 (t1 + n), p2 (t2 + n), and of excess demands: z0 (t0 + n),
z1 (t1 + n), z2 (t2 + n). Prices and excess demands at the start of every market visit, for 80
consecutive rounds (920 < n < 1000).
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Figure 6.11: Model A3, Example 1. (a) 1-parameter bifurcation diagram in (p0 , ν). (b-d)

Normalized utility levels. Parameters: λ = 0.5, 0.7 < ν < 0.82, M h (0) = 100. T=500,
transient=50.
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Figure 6.12: Model A3, Example 1. 2-parameter bifurcation diagram in the (λ, ν)-plane, for
0 < λ < 2 and 0 < ν < 0.9. Numbers denote the periodicity of orbits.
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Figure 6.13: Model A3, Example 1. Phase plots in (p1 (t), p1 (t + 1)) for ν = 0.742 and ν = 0.77.

T=5,000, transient= 500, λ = 0.5, M h (0) = 100. A period-15 cycle and a chaotic attractor,
bounded by price rigidities. The slope of the upper bound is r+ = 0.10, and the slope of the
lower bound is r− = 0.09.
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B3: Effective demand with end-of-period price updating
Effective demand problem
Given is the information set at subperiod tk : {p(t0 ), ℓ̃h (tk ), ũh (tk ), M̃ h = µh (t0 )}, consisting of prices, expected rationing constraints and the minimum cash position at the start
of the round. The solution yields the effective excess demand-vector (see (3.12))
z̃h (tk ) = ẽhk (p(tk ), ℓ̃h−k (tk ), ũh−k (tk ); M̃ h ).
In addition, the cash-in-advance constraint (6.1) is imposed on the resulting planned trade
(effective excess demand) z̃kh (tk ). This yields the buy/sell order:
ẑkh (tk ) = min{z̃kh (tk ), M h (tk )/pk (tk )}.
In the description in Figure 6.1: perform steps (1-5) for market k = 0, then steps (1-5) for
market k = 1, etc. Then perform steps (6b-7b). This means sequentially visiting the markets by performing steps (1-3) for each markets in succession. The quantity constraints
(steps 4-5) that enter into the effective demand functions are always determined sequentially, since the markets are visited sequentially. The updating of all budget constraints
(step 6b) and all price adjustments (step 7b) occur at the end of a period.
Results for Example 3
For the specification see p. 101.
Cash balance fluctuations
Figure 6.15 shows the fluctuations in the individual money balances of agents and in the
price levels. The CIA equilibrium is p⋆ = (6, 6, 6), M 1⋆ = (60, 240, 0), M 2⋆ = (0, 60, 240),
M 3⋆ = (240, 0, 60). Compare the attractors in Figure 6.15 with those in Figure 6.5, top
row. The attractors look very much the same, so the influence of the effective demand
functions on the dynamics seems negligible. In both models (with notional and effective
demand) the dynamics are quasi-periodic and the cash constraints affect the dynamics
by restricting the agents’ trades. We only show the cash balance of agent 1, since the
cash balances of the other agents fluctuate in a similar fashion. Agent 1 is experiencing a
binding cash constraint on market 2, on which he is a buyer, see Figure 6.15. Apparently,
agent 1 spends all of his proceeds from selling on markets 1 and 3 on consumption on
market 2, just before he can sell again on market 3. But since the system is not in a CIA
equilibrium, the agent is rationed by his cash constraint. The correction on his budget
constraint, by the minimum cash position µh , takes this rationing into account. But it
also leads the system to continually oscillate around the equilibrium. So the correction of
the budget constraint does not help in bringing about an equilibrium. The phase plots in
Figure 6.15 show that the behavior is quasi-periodic.
Bifurcation diagram
The bifurcation diagram in Figure 6.14a is produced from left-to-right and the diagram
in Figure 6.14b from right-to-left. In the top diagram we see signs of coexistence for
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small values of 0.2 < ν < 0.25. A steady state coexists with another attractor, which
produces the vertical ”stripes” in the bifurcation diagram. The state of the system is
intermittently in the basin of the steady state and in the basin of another attractor. In
the bottom diagram we observe that if the parameter ν is varied from right to left, a
2-cycle remains stable, i.e., the state remains inside the basin of the 2-cycle. The basins
of the other attracting sets are not being visited due to the tracing procedure used to
produce the bifurcation diagrams.
From these diagrams we conclude that there is coexistence of a steady state, a 2-cycle
and other attracting sets. As previously seen in the credit model, such coexistence of
attractors is a robust phenomenon in the model with effective demand.
Comparison
For a comparison between the effective demand model and the notional demand model
we can compare the bifurcation diagrams in Figures 6.14c and 6.8. We can also compare
the time series and phase plots in Figure 6.15 for the effective demand model and in
Figures 6.5-6.6 for the notional demand model. Roughly speaking, the stability regions in
the bifurcation diagrams are of equal size. This means that the effective demand model
shows the same bifurcation scenarios as the model with notional demand. Hence we come
to the conclusion that the inclusion of quantity constraints in the demand functions does
not result in different dynamics in the cash-in-advance model.
Summary
For the cash-in-advance model with effective demand we have the following summary of
results (see Figure 6.14):
• The same bifurcation scenarios occur in the cash-in-advance model with effective
demand as in the model with notional demand.
• The incorporation of the spill-over effects does not work as a stabilizing mechanism. See the introduction for arguments that if agents take into account more
information in their decision-making process, then this would reduce the possibility
of co-ordination failures, and hence would lead to more stable dynamics.
• The effective demand functions cannot prevent cyclical or quasi-periodic behavior.
• The cash-in-advance constraint affects the dynamics considerably, implying that
agents are rationed by the constraint since they cannot enter into credit relations.
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Figure 6.15: Model B3, Example 3. Parameters: λ = 0.56, β = 1, ν = 0.26. (a) Time series
and phase plots of the individual cash balance for agent 1 at the beginning of every market visit.
(b) Time series and phase plots of the price levels p0 (t0 + n), p1 (t1 + n), p2 (t2 + n). Data for 80
consecutive trading rounds (920 < n < 1000).
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A4: Notional demand with sequential price updating
Notional demand problem
Given is the information at subperiod tk : {p(tk ), M̃ h = µh (tk )}, consisting of prices and
the minimum cash position over the most recent trades. This results in the optimal excess
demand vector (see (3.3))
zh (tk ) = zh (p(tk ); M̃ h ).
In addition, the cash-in-advance constraint (6.1) is imposed on the resulting planned trade
(excess demand) zkh (tk ). This yields the buy/sell order
ẑkh (tk ) = min{zkh (tk ), M h (tk )/pk (tk )}.
In the description in Figure 6.1: perform steps (1-3,6a-7a) for market k = 0, then steps (13,6a-7a) for market k = 1, etc. This means sequentially visiting the markets by performing
steps (1-3) for each markets in succession. The sequential adjustment of the budget
constraints (step 6a) and the price adjustments (step 7a) are on a market-by-market
basis.
Fluctuations in the cash balance
We start by analyzing the model from the time series perspective. Figure 6.16 shows the
time series of individual money balances for each agent. Figure 6.17 shows the development of prices and excess demands on each market. The behavior can be characterized
as quasi-periodic, which implies that it never repeats exactly in the same pattern. The
variables M 1 (tk + n), M 2 (tk + n), M 3 (tk + n) in Figure 6.16 are the money balances for
each agent at the start of every market visit tk + n, for 450 consecutive trading rounds
(50 < n < 500).
The influence of the elasticity of substitution
Figure 6.18 shows the evolution of the individual money balances for a higher value of
the substitution parameter: ν = 0.4. This implies a higher elasticity of substitution of
the CES demand function: ε = 1/(1 − 0.4) = 1.66 instead of ε = 1 for the Cobb-Douglas
case. The corresponding equilibrium cash distribution has changed from {M̄ h⋆ (t0 )}h =
(60, 0, 240) to {M̄ h⋆ (t0 )}h = (40.8, 0, 259.2).
In the phase plots in Figure 6.18 we see that the cash constraints are hit more often.
Note that if the cash constraint is binding, then the cash balances move inside a bounding
box in the phase space, see Figure 6.18. This bounded movement seems to be caused by
the fact that there is only one buyer per market: the maximum cash position of a seller
on a particular market is restricted by the cash constraint of the single buyer on that
market. The only way that a seller can obtain a higher income (i.e., reach points that
lie outside of the bounding box) is when the buyer is not cash-constrained. A secondary
effect is that the prices bounce back and forth between the price boundaries.
This is what we observe in the phase plots of the price levels shown in Figure 6.19.
There are two restrictions on the levels of prices (price-rigidities), which are restricting
the price-feasibility region: there is a maximum price increase of 10% and a maximum
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price decrease of 9%. These are restrictions on the price rates, not on the price levels.
The effect of these price-rigidities is that the minimum cash position of the agents now
fluctuates between 0 and 20, as can be seen in the time series of the cash balances in
Figure 6.18. This is visible as a square box in the phase plots.
In conclusion, with a higher elasticity of substitution two rather different types of
restrictions play a role: there is the cash-in-advance constraint which becomes binding
more often and there are the price rigidities that put restrictions on the price changes.
These restrictions are strongly related: if the price fluctuations become more erratic (by
an increased price-elasticity of the demand for commodities) then also the income of the
agents will fluctuate more violently and so will the cash balances. The fluctuations in
the cash balances in turn affect the agents demand and supply decisions, which causes
fluctuations in the excess demands. These excess demand fluctuations feed back into the
price fluctuations again.
Stability analysis
The bifurcation diagram in Figure 6.20a shows a bifurcation scenario for a constant price
flexibility parameter λ = 1. The steady state is stable for ν < −0.02. Then it abruptly
becomes unstable and a stable cycle emerges. Below the bifurcation diagram we show
the normalized utility levels hU h i (see eqn. 4.17). For all agents the normalized utility
level is lower than the equilibrium level so all agents would be better off in the steady
state. A transition from the cycle to the steady state would therefore constitute a Pareto
improvement.
Bifurcation scenario
In Figure 6.21 we show a bifurcation route for λ = 0.5. As far as it can be determined by
numerical methods, the bifurcation scenario that occurs in Figure 6.21a-f is a subcritical
Hopf bifurcation of a steady state, followed by a saddle-node bifurcation of an invariant
circle, followed by a second Hopf bifurcation.
First the stable steady state becomes unstable through the subcritical Hopf bifurcation producing the sudden transition from the steady state to a stable invariant circle.
At the moment of bifurcation also an unstable invariant circle exists, but because the
bifurcation is subcritical the system jumps from the steady state immediately to the stable invariant circle, see also Figure 5.9 on p. 146 which shows such a jump for a pair
of stable and unstable fixed points. The invariant circle then undergoes a saddle-node
bifurcation producing a periodic sink and a periodic saddle of period-11, see Figure 6.21b.
The period-11 cycle loses stability through a second Hopf bifurcation which generates the
attractor shown in Figure 6.21c. This attractor consists of 11 quasi-periodic cycles around
each of the 11 saddle-sink pairs. An 11-piece attractor emerges, see Figure 6.21d, in which
the 11 pieces are being visited cyclically. The dynamics along this 11-cyclic attractor are
already chaotic. It undergoes phase-locking and this turns it into a stable period-11 cycle
in Figure 6.21e. The unstable invariant circle of Figure 6.21b undergoes a period-doubling
bifurcation, transforming it into a figure-eight shape. Figure 6.21f shows this figure-eight
shape just after the period-doubling of the (repelling) invariant circle has taken place.
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(λ, ν)-diagram
Figure 6.23 illustrates some high-order periodic cycles that occur in the model for different
parameter values. Cycles of the following periodicity occur: 1, 3, 10, 15, 19, 17, 13, 9,
14, 5, 6, 2. In the NW corner of the bifurcation diagram in Figure 6.23 there are signs
of co-existence of attractors for ν ∈ [0, 0.3] and λ ∈ [1.2, 1.6]. In this region a 2-cycle
appears to be stable, but it is not globally stable. Periodic orbits of a higher periodicity
(5, 17, 13, 9 and 14) occur in this region as well, depending on the initial conditions. The
basins of attraction for these periodic cycles are plotted in Figure 6.22, at the parameter
values λ = 1.2, ν = 0.2. The basin of the period 2-cycle (indicated in the plot by ‘2’) is
larger than the basin of any of the other cycles, which explains the fact that we see the
2-cycle occurring in the two-parameter bifurcation diagram in Figure 6.23, instead of any
of the other cycles.
What we observe in the basin plot in Figure 6.22 is that different cycles are stable
at the same parameter combination (λ, ν), but for different initial conditions. The coexistence of attractors (multi-stability) implies that the bifurcation scenario cannot be
uniquely determined, since it depends on the initial conditions. The basins of the cycles
are scattered across the space of initial conditions. This means that arbitrarily close to
any initial condition which ends up on a particular cycle there is another initial condition
which ends up on a different cycle.
Comparison
Compare Figure 5.20 to Figure 6.23 and consider the stability regions. The stability region
of the steady state – the Walrasian or CIA equilibrium – is larger for the model with the
cash-in-advance constraint than for the model without, i.e., the credit model. This has
some important policy implications, since it implies that the addition of a cash-in-advance
constraint works stabilizing in an otherwise unstable credit model. But Figure 6.23 also
shows that this result does not hold globally for all parameter values. For a high elasticity
of substitution (high ν) or high levels of the price flexibility (high λ) the cash-in-advance
model also shows periodic or quasi-periodic behavior.
For another comparison, compare Figure 6.23 to Figure 6.8 corresponding respectively
to the simultaneous model and the sequential model. Considering the case of CobbDouglas utility (ν = 0), we observe that in the simultaneous model (Fig. 6.8) the steady
state loses stability at λ = 0.325 while in the sequential model (Fig. 6.23) stability is lost
at λ = 0.5. Therefore the stability region of the steady state in the sequential cash-inadvance model is larger than the stability region of the steady state in the simultaneous
cash-in-advance model. The sequential updating procedure thus seems to work stabilizing
in the cash-in-advance model.
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Summary
The cash-in-advance model with sequential price adjustments yields the following simulation results, see Figure 6.23:
• The cash constraint acts as a ‘hard’ correction mechanism on the fluctuations in the
balance of account, putting further restrictions on the dynamics.
• High periodic cycles can occur in this model, just as in the credit model with sequential price adjustments.
• For some parameter regions there is co-existence of attractors.
• The cash-in-advance constraint does not prevent cycles and it causes the agents to
be rationed because they are not allowed to enter into credit arrangements.
• The erratic dynamics are likely to be caused by border-collisions between a trajectory and the price rigidities, which causes quasi-periodic behavior.
• The sequential updating rule for the price adjustments and the correction of budget
constraints works stabilizing for low price flexibilities (low λ), but destabilizing for
high price flexibilities (high λ).
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Non-convergence in Example 3, ν = 0: Individual money balances
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Figure 6.16: Model A4, Example 3. Parameters: λ = 1.0, β = 1, ν = 0. Time series and
phase plots for individual money balances: M 1 (tk + n), M 2 (tk + n), M 3 (tk + n), for k = 0, 1, 2
for 450 consecutive rounds (50 < n < 500). Em: p = (6, 6, 6), M 1⋆ = (60, 240, 0), M 2⋆ =
(0, 60, 240), M 3⋆ = (240, 0, 60).
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Figure 6.17: Model A4, Example 3. Parameters: λ = 1.0, β = 1, ν = 0. Time series and
phase plots of price levels: p0 (t0 + n), p1 (t1 + n), p2 (t2 + n), and for excess demands: z0 (t0 + n),
z1 (t1 + n), z2 (t2 + n). Prices and excess demands at the start of every market visit, for 25
consecutive rounds (475 < n < 500).
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Figure 6.18: Model A4, Example 3. Parameters: λ = 1.0, β = 1, ν = 0.40. Time series and
phase plots for individual money balances: M 1 (tk + n), M 2 (tk + n), M 3 (tk + n), for k = 0, 1, 2.
Money balances at the start of every market visit, for 450 consecutive rounds (50 < n < 500).
Em: p = (6, 6, 6), M 1⋆ = (40.8, 259.2, 0), M 2⋆ = (0, 40.8, 259.2), M 3⋆ = (259.2, 0, 40.8).
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Figure 6.19: Model A4, Example 3. Parameters: λ = 1.0, β = 1, ν = 0.40. Time series and
phase plots of price levels: p0 (t0 + n), p1 (t1 + n), p2 (t2 + n), and for excess demands: z0 (t0 + n),
z1 (t1 + n), z2 (t2 + n). Prices and excess demands at the start of every market visit, for 25
consecutive rounds (475 < n < 500).
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Figure 6.20: Model A4, Example 3. (a) 1-parameter bifurcation diagram in (p0 , ν). (b-d) Nor-

malized utility levels. Parameters: λ = 1, −0.1 < ν < 0.6, M h (0) = 100. T=500, transient=50.
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Bifurcation scenario
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Figure 6.21: Model A4, Example 3. Phase plots in the price phase-space (p1 (t), p1 (t + 1)) for

ν ∈ [0.67, 0.69], T=10,000, transient= 1,000. λ = 0.5, M h (0) = 100. (a) An invariant circle
becomes unstable and (b) undergoes a period-doubling. (c) An invariant torus is created (d)
the torus breaks up into an 11-piece attractor (e) a stable 11-cycle is created due to resonance.
(f) The torus gets a figure eight-shape.

Figure 6.22: Model A4, Example 3. Basins of attraction at λ = 1.2, ν = 0.2. The basin of a
2-cycle is larger than the basin of the other cycles.
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Figure 6.23: Model A4, Example 3. 2-parameter bifurcation diagram in the (λ, ν)-plane for
0 < λ < 2, 0 < ν < 0.9. Numbers denote the periodicity of orbits.
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B4: Effective demand with sequential price updating
Effective demand problem
Given is the information set at subperiod tk : {p(tk ), ℓ̃h (tk ), ũh (tk ), M̃ h = µh (tk )}, consisting of prices, expected rationing constraints and the minimum cash position over the
most recent trades. The solution yields the effective excess demand-vector (see (3.12))
z̃h (tk ) = ẽhk (p(tk ), ℓ̃h−k (tk ), ũh−k (tk ); M̃ h ).
In addition, the cash-in-advance constraint (6.1) is imposed on the resulting planned trade
(effective excess demand) z̃kh (tk ). This yields the buy/sell order:
ẑkh (tk ) = min{z̃kh (tk ), M h (tk )/pk (tk )}.
In the description in Figure 6.1: perform steps (1-7a) for market k = 0, then steps (1-7a)
for market k = 1, etc. This means sequentially visiting the markets by performing steps
(1-3) for each markets in succession. The quantity constraints (steps 4-5) that enter into
the effective demand functions are always determined sequentially, since the markets are
visited sequentially. The sequential adjustment of the budget constraints (step 6a) and
the adjustments of prices (step 7a) are on a market-by-market basis.
Comparison
The bifurcation diagram in Figure 6.24 can be compared to the diagram in Figure 6.20a
for the model with notional demand. The bifurcation diagrams look roughly the same,
therefore the inclusion of the quantity signals does not alter the dynamic behavior of the
model. This is related to the remarks we made in the introduction about the informational
content of the quantity signals. There we argued that the quantity signals provide the
agents with important information about the disequilibrium state of the economy. This
information should be used by the agents when they are formulating their demand or
supply decisions. The intuition for using the effective demand functions is then that
agents using more information in their decision-making procedures are better able to coordinate on equilibrium allocations. But we have shown by means of a numerical analysis
that the inclusion of these quantity signals does not lead to more stability of the dynamics.
So as a normative rule it does not work. The only reason which remains for including the
quantity signals into the agents decision-making is as a behavioral postulate: real agents
simply do take into account the possibility that they are being rationed.
Another normative argument why agents should use the quantity signals is that the
spill-over effects from rationing may work as a stabilizing mechanism. But this is of course
only true if the spill-over effects point in the direction of an equilibrium, and the dynamics
do not overshoot, which turns out not always to be the case. As we have shown in the
simulations, it is often the case that the correction mechanisms do overshoot their initial
targets and hence they produce instability rather than diminishing it. This is true for the
price rigidities and to some extent also for the cash-in-advance constraint. Without the
cash-in-advance constraint the dynamics of the credit model can sometimes converge to a
stable steady state, while the cash model shows stable fluctuations around the equilibrium.
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Figure 6.24: Model B4, Example 3. 1-parameter bifurcation diagram in (p0 , ν), λ = 0.75,
0.6 < ν < 0.9.

This is the case if the price flexibility is high. However if the price flexibility is low, then
the cash-in-advance constraint can act as a stabilizing mechanism, compare Figure 5.20
to Figure 6.23 and consider the stability regions in both cases. The stability region of
the steady state is larger in the model with a cash-in-advance constraint than in the
one without the constraint. However the credit model (without cash-in-advance) shows a
stable steady state also for high values of the price flexibility λ.
Summary
For the cash-in-advance model with effective demand and sequential price adjustments
we have the following summary of results:
• The use of effective demand functions does not lead to more stable dynamics than
the use of notional demand functions.
• The spill-over effects from the quantity constraints do not work as a stabilizing
mechanism.
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Conclusions

For the cash-in-advance model we have the following conclusions:
1. The cash-in-advance constraint acts as a ‘hard’ correction mechanism on fluctuations
of the balance of account.
2. The cash-in-advance constraint causes agents to become rationed because they are
not allowed to enter into credit arrangements.
3. The fluctuations in the cash balance increase with the elasticity of substitution.
4. The price rigidities — ceilings and floors on the price growth rates — can play an
important role in restricting the dynamics, as can be seen in Figure 6.13b. The
erratic dynamics are likely to be caused by a border-collision between the trajectory
and one of the price boundaries, causing quasi-periodic behavior that can be called
‘chaos in a box’.
5. The spill-over effects from quantity rationing do not always work as a stabilizing
mechanism.
6. The use of effective demand functions in the cash-in-advance model does not lead
to more stable dynamics than in the notional demand models. Even if agents take
into account that they are being rationed by incorporating the quantity constraints
into their decisions, this does not reduce the potential for fluctuating dynamics.
7. There is co-existence of attractors for some parameter ranges in the cash-in-advance
model.
8. The sequential updating mechanism works stabilizing for low values of the price
flexibility parameter (low λ).
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Summary and main results for the credit and
cash-in-advance models

We have described in relative detail a model with disequilibrium trading and a number of
different feedback mechanisms. Trade takes place on markets sequentially and quantityrationing is needed to clear the markets. The agents use different trading strategies,
depending on whether they take into account the quantity constraints in their decisionmaking process or not. We have distinguished between credit exchange and cash exchange
and have shown that the monetary institutions matter for the stability of the equilibrium.
We studied several questions surrounding the robustness of the trading process when the
precise specifications are subject to small perturbations in the trading protocols:
(1) What is the effect of different decision-making routines? (effective vs. notional
demand)
(2) What is the effect of different price adjustment mechanisms? (simultaneous vs.
sequential price updates)
(3) What is the effect of different means of exchange? (credit vs. cash-in-advance)
A general observation from simulating the models is that different market mechanisms
lead to different bifurcation routes. Given that the dynamic behavior differs qualitatively
across the different models, one conclusion must be that the results are not robust against
changes in the model structure. It makes a considerable difference whether the agents
are allowed to enter into credit arrangements and hold a negative cash balance until the
end of a trading round or whether they are not allowed to make any debts at all, as in
the cash-in-advance model. It does not come as a surprise that changing the exchange
mechanism also affects the dynamics.
A number of different feedback mechanisms are built into the model. First, there is the
effect from quantity rationing on the agents’ cash balance, through the expected quantity
constraints. An agent who has experienced rationing expects to be rationed again, and
this expectation influences his trading plan for the markets to be visited in the near future,
due to spill-over effects. As buyers shift demand from one market on which they were
rationed to another market on which they do not expect to be rationed, sellers on the
first (demand-constrained) market may now find themselves rationed on supply, while the
sellers on the unconstrained market will be able to supply more. This means that the
perceived trading possibilities of one group of agents influences the trading possibilities
of another group of agents, through their strategic market interactions. This may lead
to a cascade of co-ordination failures which makes economic disequilibrium a persistent
phenomenon, rather than a transition phenomenon.
The second feedback mechanism is that agents’ cash balances are tracked over time
by keeping account of the unanticipated debts and claims. This plays an important role
in the dynamics of the model. All transactions take place by transferring credit from the
buyer’s account to the sellers account and agents can be in debt (have a negative balance
of account) or have claims (a positive balance of account). Below we discuss the results
for both the credit model and the cash model.
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Results for the credit model
The credit mechanism can be said to act as a ‘soft’ correction mechanism on the fluctuations in the balance of account, because agents are allowed to enter into credit arrangements. The credit model shows large fluctuations in the credit balances before it
converges to an equilibrium. If the process does not converge then agents continue to
accumulate debts and claims over time, despite the corrections of their budget constraint.
If agents use effective demand functions, i.e., by taking into account the rationing
constraints, this does not change the qualitative features of the dynamics. The bifurcations may however occur at different bifurcation points, i.e., different parameter values.
Compare Figure 5.8 for the model with notional demand to Figure 5.13 for the model
with effective demand. Both figures have been produced for the same model and at the
same parameter values.
The sequential price updating mechanism does result in a different bifurcation scenario than the simultaneous updating mechanism. To see this, compare the bifurcation
diagrams in Figure 5.8 and Figure 5.18.
Concerning the effect of optimistic or pessimistic expectations about the quantity
constraints, these expectations do not seem to affect the dynamics in any qualitative way,
but the quantitative details may differ. The same type of bifurcation scenarios occur for
different expectation parameters.
Finally, in the credit model we have observed that there is a co-existence of attractors
for high values of the elasticity of substitution and that the hysteresis phenomenon is a
robust phenomenon for the model with effective demand.
Results for the cash model
The cash-in-advance constraint acts as a ‘hard’ correction mechanism on fluctuations in
the balance of account, because the agents are not allowed to enter into credit arrangements. In combination with the corrections on the budget constraint, the cash-in-advance
constraint drives the economy back towards an equilibrium if the disequilibrium becomes
too large.
The cash-in-advance process may converge to the neighborhood of a CIA equilibrium.
If it converges the process shows small fluctuations around the steady state before it
converges and the convergence takes place without the occurrence of debts and claims
along the adjustment path, as was the case in the credit model.
The fluctuations in the cash balance increase with the elasticity of substitution. However, for large values of the elasticity parameter ν, the process may not converge to a
steady state, but to periodic or quasi-periodic orbits around the CIA equilibrium.
Due to the fact that agents are not allowed to make any debts along the adjustment
path, the cash-in-advance constraint causes the agents to become rationed. The constraint does not help to dampen the amplitude of fluctuations or to prevent cycles from
occurring, because the correction mechanism can overshoot. When this occurs there are
large fluctuations in prices which cause the cash balances to fluctuate as well, since the
transactions have to be paid at the fluctuating price levels. For the pure credit model
with a zero money stock the fluctuations in the credit balance were less pronounced than
in the cash model because the cash-in-advance constraint was absent. The fluctuations
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are exacerbated by the cash-in-advance constraint. On the other hand, without the cashin-advance constraint the process takes longer to converge to a steady state, because the
agents are allowed to make debts along the way.
Also the price rigidities can play an important role in restricting the dynamics. The
erratic dynamics in the cash-in-advance model are likely to be caused by border-collision
bifurcations between a trajectory and one of the price rigidities, which causes quasiperiodic behavior.
Even if agents take into account more information by incorporating more observable
market signals into their decision-making process, this still does not ensure that the cashin-advance process converges to a CIA equilibrium. The use of effective demand functions
does not lead to more stable dynamics than in the notional demand model. Consequently,
it does not matter whether the agents take into account the quantity constraints when
they are planning their optimal demand.
The co-existence of attractors is one of the possible dynamic phenomena that can be
observed. It is not only a multiplicity of equilibria that can occur but also the multiplicity
of (quasi-) periodic cycles.
The hysteresis effect, or ‘system memory’, is an effect that occurs if one of the model’s
parameters is changed and later reset to its original value. The asymptotic behavior
before and after the parameter change is not the same, but also if the parameter is reset
the asymptotic behavior after the reset is not the same as before the change. We found
that the hysteresis effect is a robust phenomenon that occurs in many examples of the
model with effective demand, but not in the model with notional demand.
The hysteresis phenomenon can be related to changes in the basins of attraction, which
may be given an economic interpretation. In models with multiple equilibria there can
be a transition from one equilibrium to another resulting from a structural change in the
model. Similarly, in models with multiple attractors there can be a structural change in
the basins of attraction, called basin-metamorphosis, as a result of a parameter change. A
shift (expansion or contraction) of the basin boundaries causes a certain initial condition
which was previously found to be in the basin of one attractor now to be translocated in
the basin of another attractor. However, it is not a change in the state of the system but
a change in the structure of the system , i.e., the structure of the basins, which causes this
phenomenon.
The economic interpretation of such a structural change is of a Schumpeterian nature.
It is the changes in the economic structure and the economy’s development over time
which drive the economy from one equilibrium to the next, and it is the transition path
which causes the system to undergo its structural change. It takes a particular structure
and a particular set of parameters to support a particular equilibrium. This leads to
the distinction between slow variables, which are the ‘parameters’ or the exogenously
determined variables, and fast variables which are endogenously determined. Any changes
in the exogenous variables result in the endogenous variables to accommodate the change.
For the dynamics to be stable it seems necessary that the correction mechanisms are
not updating too fast, since this may exacerbate the fluctuations in the prices and cash balances. This hints at a more general conjecture that it is perhaps the market mechanisms
and the market structure that are of greater importance than whether agents are in fact
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using optimal trading strategies by taking into account all of the relevant market signals.
This is related to the results by Gode and Sunder (1997) who consider zero-intelligence,
random traders under different market mechanisms in a double auction market and study
the question what makes markets allocationally efficient. The main message of our simulation exercise is that even if agents take all of the relevant market signals into account,
the occurrence of erratic dynamics cannot be dismissed by introducing more sophisticated
correction mechanisms or trading strategies.

6.7

Extensions

There are some important extensions to the sequential market model which could be
considered as subjects for further research.
1. Multiple market visiting orders.
We have assumed (for simplicity) that all agents have the same market visiting order.
In principle, every permutation of the market index k ∈ M = {0, ..., m} is a possible
market order. Every agent could be given a choice from the power set 2M , which
contains all these permutations. This leads to more flexibility and consequently
to more agent types, who are now identified not only by their endowments and
preferences but also by their market visiting order. If N is the number of agents
and M the number of markets, then the total agent population will now be of size
M !N . With many different market orders, the sequential market model becomes
an approximation to a simultaneous market model in which all markets are open at
the same time, but different agents meet on different markets.
2. Mixed populations.
A mixed population is a population in which some agents use notional demand and
other agents use effective demand. This can be reduced to switching between an
expectations parameter β = +∞ (notional demand) and β = 1 (effective demand).
It should then also be possible to introduce the switching behavior endogenously.
The choice that agents are making is whether to use the quantity constraints in
their decision-making or not. So agents can ‘choose’ their demand functions, i.e.,
they can choose their trading strategies.
3. Heterogeneity in the elasticity of substitution.
We have considered several variations (examples) of the endowments and preference
parameters of the agents. Heterogeneity of preferences is essential for the model to
function, since otherwise no trade would occur. However in all our examples the
elasticity of substitution ε was considered the same for all agents. The ε-parameter
could be made heterogeneous as well.
4. Heterogeneity in the expectations.
Similar to the remark above about the elasticity of substitution, also the β-parameter
could be made heterogeneous. In the theoretical framework we already took this
into account by specifying the β-parameter as an agent specific parameter βhk . In
the simulations we have abstracted from this possibility.
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5. Learning behavior in the expectations.
Another possibility is to make β endogenous, such that it is adapted over time.
One can think of a parameter βhkt which is derived by the agents from a time
series analysis of past observations that they make during the market visits. For
instance, agents could be using a simple moving average rule or a weighted sum
of past expectations to determine the parameter βhkt . The question could then be
posed whether the dynamics converge to correct expectations.
6. Durable commodities.
We have assumed throughout that the commodities are non-durable consumables.
As soon as we abandon this assumption the problem of physical stocks arises. This
should be supplemented by a micro-theoretic analysis of the strategic behavior regarding the deliberate accumulation or de-accumulation of stocks. Issues such as
speculation or strategic short-selling come into consideration. Agents may want to
buy commodities which they themselves do not wish to consume, but which they
can hold on to and sell at a profit in order to be able consume more at a later stage.
7. Production.
Adding production to the sequential framework is certainly not trivial. It would
transform the study to a Neo-Austrian framework, in which different production
processes are started up at different times and the production processes take time,
so not all output is sold simultaneously on the markets. Issues of timing and expectations play a much more crucial role in the problem of production than in the
simple exchange economy which we have studied. We have left these issues for future
research because the problems that are encountered just seem too confounding.

Chapter 7
Temporary fixed-price equilibrium
models
In this chapter we take a closer look at the fixed-price process and the transitions between
temporary K-equilibria under the process described in Benassy (1974). We also discuss
the short-run transitions between QE-equilibria under pessimistic and optimistic quantity
expectations. The reader is referred to Definition 3.10 in Chapter 3 for the definition of
the FP process (p. 80) and to Definition 3.11 for the QE process with (non-naive) quantity
expectations (p. 83). We also refer to the discussion at the end of Chapter 3 in which
we commented on the fundamental critique of Drazen (1980) on Benassy’s process. The
position we take in this discussion is that the critique is in fact misguided by the incorrect
supposition that the process which Benassy described is a tâtonnement process. It is not.
It is a non-tâtonnement process with trade outside equilibrium, and monetary effects play
a decisive role for the stability of the process.
We will use the terms ‘fixed-price equilibrium’ (f.p.e.) and ‘K-equilibrium’ interchangeably since they are equivalent. The term ‘K-equilibrium’ will be used to denote only those
f.p.e.s that are non-Walrasian. For Walrasian K-equilibria (where none of the quantity
constraints are binding) we will simply use the term Walrasian equilibrium.

7.1

The fixed-price process

We are now returning to the questions posed in Section 3.8 about the stability of fixed-price
equilibria under the FP process and the influence of monetary effects on the dynamics of
the non-tâtonnement process:
1. Does the Fixed-Price process have a tendency to converge towards a fixed point or
does it enter self-reinforcing cycles that are perpetuated by the endogenous rationing
process?
2. Can the system be prevented from entering such self-reinforcing cycles if the expectations about rationing constraints become slightly optimistic? Is pessimism to
blame for non-convergence?
3. Do the effects from trade have a distortionary effect on the stability of the process?
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Recall that in the definition of a K-equilibrium the effective demand is determined simultaneously for all markets, and this implies solving multiple optimization problems at
once for each agent. However, in the tâtonnement process that lies at the foundation of
this definition, the effective demand is determined sequentially.1 As described in Section
3.9, the fixed-price process consists of a ‘virtual’ tâtonnement process in quantity constraints, with the goal of reaching a fixed-price equilibrium called by Benassy a temporary
K-equilibrium. This process is sequential in the sense that the quantity constraints are
updated sequentially over time.
We also recall our discussion at the end of Chapter 3 in which we mentioned the
fundamental critique of Drazen (1980) on Benassy’s process. One of the main points of
that critique was that the process is formulated as a tâtonnement process, instead of as
a non-tâtonnement process. This implies that the quantity-tâtonnement process does not
provide an adequate description of how the economy moves from one equilibrium to the
next. We take this point seriously in the discussion below, where we will consider explicitly
the intermediate process required to reach a temporary K-equilibrium by a disequilibrium
process. During this process we assume that rationing is allowed on all markets, such that
a priori there does not exist one commodity which is kept unconstrained. The aim of
modelling an intermediate process is to provide a causal link between successive equilibria
which can explain how equilibria are reached in an ongoing economy.

7.1.1

Description of the FP process

We should first test whether the FP process converges to a temporary K-equilibrium.
Let us start by recalling some definitions and by defining the process under study. The
fixed-price process, see also (3.50), consists of a composed mapping from constraints via
effective demands to new constraints:
E

F

G

F P : (ℓ, u) −→ z̃ −→ z̄ −→ (ℓ′ , u′ ).

(7.1)

The FP process is a sequential quantity tâtonnement process without price updates,
consisting of the following steps (see also page 80):2
1. Determine the budget constraint.
2. Determine the effective demand z̃kh for market k (function E, cf. (3.12)).
3. Determine the rationed demand and supply z̄kh on market k that would support
disequilibrium transactions (function F, cf. (3.13)).
4. Determine the corresponding quantity constraints (ℓ, u) on market k (function G,
cf. (3.22)).
5. Determine the quantity expectations (ℓ̃, ũ) for the next round on market k (function
H, cf. (3.51)).
1

See Benassy 1974, 519-522.
This process is similar in spirit to the sequential tâtonnement process S described on p. 4.2, but with
effective demand and all prices fixed. The price flexibility is set to zero: λ = 0.
2
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6. Determine the transactions Rkh = pk z̄kh on market k, update the actual credit balance
Mkh , cf. (5.4), and update the budget constraint, cf. (5.8).
The fixed-price, tâtonnement process (steps 1-5) is a process with only quantity adjustments. The fixed-price, non-tâtonnement process (steps 1-6) is a process with trade along
the way. The adjustments continue until the process reaches a fixed-price equilibrium.
So a steady state of the FP process is reached if the constraints remain unadjusted for
two consecutive periods. Such a steady state is called a (temporary) K-equilibrium. The
stopping criterion to determine whether the FP process has converged to a temporary
K-equilibrium is that all the constraints (and trading plans) are updated by no more
than ǫ-small deviations from the previous values. This means that the individual effective
excess demands should remain constant in a steady state.
The steps (1-4) are performed sequentially on a market-by-market basis. The markets
are visited sequentially. Step (5) – the determination of the quantity expectations – is
only used if we want to investigate the influence of the quantity expectations parameter
β. Strictly speaking, the process with β 6= 1 is not the FP process, but the QE process as
discussed in Section 3.8 (p. 81). The temporary equilibrium is a ‘Quantity Expectations
Equilibrium’ (QEE), which should be distinguished from a K-equilibrium. Step (6) is only
used if the process is considered as a non-tâtonnement process in which the transactions
are non-reversible and there are updates of the agents’ money holdings. If the transactions
are reversible then the process is a pure recontracting/tâtonnement process and step (6)
is not used outside equilibrium.
Once the FP-tâtonnement process has reached a temporary K-equilibrium then transactions can take place (as in the original treatment of the K-equilibrium sequence considered by Benassy). In equilibrium the application of step (6) does not have any monetary
consequences since the budget constraints are satisfied and no claims or debts occur.
Hence agents’ money holdings do not change in equilibrium, and the process is the same
as a pure tâtonnement process in which no transactions occur at all.
FP/QE tâtonnement process
The tâtonnement-version of the Fixed-Price process is described by the algorithm in
Figure 7.1. The initial correction is set to M̃ h = 0. Given are the initial conditions:
p(0) = p0 , ℓhk (0) = −∞, uhk (0) = +∞.
FP/QE non-tâtonnement process
The non-tâtonnement version of the Fixed-Price process is a trading process in which
there is always trade and all transactions are paid by credit transfers. Given are the initial
conditions: p(0) = p0 , ℓhk (0) = −∞, uhk (0) = +∞, M h (0) = 0, M̃ h (0) = 0, ∆M h (0) = 0.
The non-tâtonnement process is described by the algorithm in Figure 7.2.
Note that in step (1) we have used the credit model which has been described in Chapter 5. The correction for the unanticipated debts and claims M̃kh = M h (t0 ) + ∆Mkh has
been included in the effective demand functions in step (2). Steps (3-5) are the transaction
mechanism, the formation of quantity constraints and the quantity expectations. Step (6)
is the sequential updating mechanism for the credit balance and the budget constraints.
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FP tâtonnement process.
Initial conditions: p(0) = p0 , ℓhk (0) = −∞, uhk (0) = +∞ for all k ∈ M.
For Round n = 0, ..., T do
For Market k = 0, ..., m do for every agent h ∈ N:
1. M̃kh = 0
2. z̃kh := Ehk (p, ℓ̃h−k , ũh−k , M̃kh )
h
h
dhk := max{0,
z̃kh }
P h z̃k }, sk :=Pmin{0,
h
Dk := h dk , Sk := − h sk

3. z̄kh := Fhk (z̃k1 , ..., z̃kN )

4. (ℓhk , uhk ) := Ghk (z̃kh , z̄kh )
5. (ℓ̃hk , ũhk ) := Hhk (ℓhk , uhk ) = β · (ℓhk , uhk )
end
end.
Figure 7.1: Pseudo code for the fixed-price tâtonnement processes.

7.1.2

Stability of the FP process

Since we cannot exclude a priori that the ‘Keynesian tâtonnement process’ is capable of
producing cycles, we need to check that the FP process actually converges to an f.p.e. for
all initial systems of constraints (ℓ, u).
To test whether the FP process has converged to an f.p.e., it is sufficient to check that
the individual effective demand before rationing does not change:
∀h∀k : z̃kh (t) − z̃kh (t − 1) = 0.

(7.2)

In other words, a steady state has been reached if all the plans remain the same for two
consecutive periods. Eqn. 7.2 implies that the aggregate effective excess demand remains
constant as well (but the reverse does not hold):
X
X
z̃h (t) −
z̃h (t − 1) = 0M .
(7.3)
h

h

Alternatively, it can be checked that there is a steady state in the transactions ex post
rationing:
∀h∀k : z̄kh (t) − z̄kh (t − 1) = 0.
(7.4)
A necessary and sufficient condition for an f.p.e. to be a Walrasian equilibrium is that
the plans do not change and that the aggregate effective excess demand is zero for two
consecutive periods (implying that the effective demand is equivalent to the notional
demand and that all markets clear):
X
X
z̃h (t) =
z̃h (t − 1) = 0M .
(7.5)
h

h
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FP non-tâtonnement process.
Notation: M̃kh = M h (tk + n) and ∆Mkh = ∆M h (tk + n) where n ∈ N.
Initial conditions: p(0) = p0 , ℓhk (0) = −∞, uhk (0) = +∞ for all k ∈ M,
M h (0) = 0, M̃ h (0) = 0, ∆M h (0) = 0.
For Round n = 0, ..., T do
For Market k = 0, ..., m do for every agent h ∈ N:
1. M̃kh := M h (t0 + n) + ∆Mkh
2. z̃kh := Ehk (p, ℓ̃h−k , ũh−k ; M̃kh )
h
h
z̃kh }
dhk := max{0,
P h z̃k }, sk :=Pmin{0,
Dk := h dk , Sk := − h shk

3. z̄kh := Fhk (z̃k1 , ..., z̃kN )

4. (ℓhk , uhk ) := Ghk (z̃kh , z̄kh )
5. (ℓ̃hk , ũhk ) := Hhk (ℓhk , uhk ) = β · (ℓhk , uhk )
6. Rh (tk + n) := −pk z̄kh
M h (tk+1 + n) := M h (tk + n) + Rh (tk + n)
h
∆Mk+1
:= M h (tk + n) − M h (tk + n − 1)
end
end.
Figure 7.2: Pseudo code for the fixed-price non-tâtonnement processes.
We can interpret the fixed-price process as a single-period analysis in the sense of the
Stockholm School (see Chapter 2). The average time to converge is defined as the number
of periods it takes to reach a fixed-price equilibrium. This average time to converge can
then be defined as the ‘single period’, which can be of arbitrary length.
A stopping criterion is needed to determine whether the FP process has converged to
a fixed-price equilibrium. An obvious choice for such a stopping criterion is to use the
revision of plans (see also (7.2)):
L1 (t) = kz̃(t) − z̃(t − 1)k,

z̃ ∈ RN ×L .

(7.6)

L1 (t) measures the revision of plans during period t. In a steady state (f.p.e. or WE)
the plans will not be revised: L1 (t) = 0. As long as there is a disequilibrium there will
be a revision of plans. This is the reason why an f.p.e. should be called an equilibrium
situation and not a disequilibrium situation since the plans remain unchanged. If all the
plans remain the same, then also the outcome of the rationing mechanism is the same.
The excess demand is repeated over time and the FP process is in a steady state.
To measure the degree of disequilibrium we measure the Euclidean norm of the aggre-
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gate effective excess demand vector:
L2 (t) = k

X

z̃h (t)k.

(7.7)

h

L2 (t) makes it possible to distinguish between two types of steady states. If the process
converges to a Walrasian equilibrium then L2 (t) = 0. If it converges to a non-Walrasian
steady state then L2 (t) > 0. Therefore the norm L2 can be interpreted as the degree of
disequilibrium.
Research questions
We are interested in two main questions concerning the fixed-price process:
• What is the average time to converge to an f.p.e. in the FP process?
• If the process converges, what is the degree of disequilibrium?
Average time to converge
The first question is answered in Figure 7.3 which shows a time series plot of the aggregate
effective excess demand z̃0 (t) for 20 periods. The average time to converge to a fixed-price
equilibrium is approximately 5 periods.
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Figure 7.3: Convergence to a fixed-price equilibrium in the FP non-tâtonnement process, Example 2. Timeseries of the aggregate effective excess demand z̃k for k = 0, 1, 2.
Parameters: ν = 0, β = 1, λ = 0. Periods: 0 < t < 20.
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Equilibrium manifold
The second question is answered by the following method. Figure 7.4 shows the set of
fixed-price equilibria as a function of the parameters (ν, β) ∈ [0, 0.9] × [0, 2]. Plotted is
the degree of market disequilibrium L2 (ν, β) as a function of the parameters ν and β.
The figure shows how the QEEs vary with the parameters. We have chosen a fixed price
system close to the market clearing price system: p = (1.01, 0.98, 1). For β = 0 this
results in a no trade-equilibrium: the expected quantity constraints are always ℓ̃ = 0N ×L
and ũ = 0N ×L , so agents expect not to be able to trade. The no-trade equilibrium z̃h = 0
is a consistent solution and has a zero degree of disequilibrium (L2 = 0, and all markets
are in equilibrium). It is however not a Walrasian equilibrium.
How does the degree of disequilibrium of the QEEs depend on the parameters?
The left panel in Figure 7.4 shows that the norm L2 is an increasing function of the
parameter ν: the equilibrium relation is first convex and increasing, then concave and
increasing. The degree of disequilibrium is therefore increasing in the parameter ν. The
right panel shows the same relation, but rotated by 90 degrees so that the right-hand side
now faces forward. The equilibrium relation is concave and increasing in β, so the degree
of disequilibrium is also increasing in the parameter β. This leads to the following results
on the effects of the quantity expectations:
1. If agents are pessimistic (0 < β < 1), then making expectations slightly more
optimistic results in an increase in the degree of disequilibrium of the QEE.
2. If agents are optimistic (1 < β < 2) then making the expectations slightly more optimistic does not affect the degree of disequilibrium of the QEE: it is approximately
the same as in the case β = 1.
3. Under pessimistic expectations (0 < β < 1) the effect of making the expectations
slightly more optimistic is much larger than under optimistic expectations (due to
the concave relationship in the β-parameter).
4. The effect of making pessimistic expectations slightly more optimistic is much larger
if the elasticity of substitution is higher (due to the concavity in the relation of the
β-parameter).
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Figure 7.4: Equilibrium manifold of the FP process, given the fixed-price system p =
(1.01, 0.98, 1). Shown is the norm L2 (the degree of disequilibrium) as a function of the
two parameters ν and β. Parameters: ν ∈ [0, 0.90], β ∈ [0, 2], λ = 0. Stopping criterion:
L1 (t) < 10−3 .
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The K-equilibrium sequence

The long-run process consists of an equilibrium sequence, i.e., it is a continuation analysis
consisting of a sequence of temporary K-equilibria.
Once a temporary K-equilibrium has been reached by the FP process there is an intermediate price adjustment
step on all markets on the basis of the aggregate effective excess
P
demand vector h z̃h⋆ . A new ‘temporary K-equilibrium’ associated to the adjusted price
vector becomes the next target. The Benassy process is constructed by a composed mapping from K-equilibrium to K-equilibrium, via the intermediate FP process and the price
adjustment step:
FP
Φ
FP
BP : p −→ (ℓ, u)⋆ −→ p′ −→ (ℓ′ , u′ )⋆ .
(7.8)
We call this sequence the ‘Benassy process’. The Bennasy process leads by construction
to a sequence of temporary K-equilibria, linked by the quantity adjustments of the intermediate FP process. But it is still to be determined whether this sequence will finally
converge to a steady state or whether it produces (quasi-) periodic or chaotic dynamics.

7.2.1

Description of the Benassy process

The stopping criterion for convergence of the FP process to a fixed-price equilibrium is:
L1 (t) < 10−3 . This means that the revision of trading plans (individual effective excess
demand) should be small enough (to within 0.001% of the total amount available, which
is 100 units). The Benassy process consists of the following steps:
• Set λ = 0, β = 1 (alternatively: β 6= 1 for the QEE process).
• Run the FP/QE process until it converges according to the stopping criterion.
• Set λ > 0 and adjust the prices according to the price adjustment rule DS, cf. (4.9).
• Re-run the FP/QE process starting from the new (fixed) price system and the
quantity constraints that were obtained at the end of the previous run.
We can start the Benassy process from an arbitrary initial price system and check whether
it converges to a steady state or whether it produces cycles. We always initiate the process
from a set of non-binding constraints: ℓhk (0) = −∞, uhk (0) = +∞. But once we have
obtained an equilibrium the obtained quantity constraints are used as the new initial
conditions. So the process is a continuation from the previous state.
By continuing with the last obtained quantity constraints we find a new fixed-price
equilibrium which is ‘close’ (in some sense) to the equilibrium that was obtained in the
previous run. If the price adjustment speed λ is chosen sufficiently small, then we can
‘trace’ the set of (K or QE) equilibria for as long as it remains stable.
The Benassy process inherently suffers from a halting problem if the FP process does
not converge to a temporary K-equilibrium but instead enters a cycle. Therefore we add
the halting condition t < T which consists of an upper bound on the number of iterations.
However, this upper bound was never reached in any of the simulations that we have ran
since the FP process always converged.
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Benassy tâtonnement process
The tâtonnement version of the Benassy/QEE process is a process without transactions.
It is described by the following algorithm (see also the FP process defined in Section
7.1.1).
Benassy tâtonnement process.
Initial conditions: p(0) = p0 , ℓhk (0) = −∞, uhk (0) = +∞ for all k ∈ M.
For Round n = 0, ..., T do
For Market k = 0, ..., m do for every agent h ∈ N:
1. M̃kh = 0
2. z̃kh := Ehk (p, ℓ̃h−k , ũh−k , M̃kh )
h
h
dhk := max{0,
z̃kh }
P h z̃k }, sk :=Pmin{0,
Dk := h dk , Sk := − h shk

3. z̄kh := Fhk (z̃k1 , ..., z̃kN )

4. (ℓhk , uhk ) := Ghk (z̃kh , z̄kh )
5. (ℓ̃hk , ũhk ) := Hhk (ℓhk , uhk ) = β · (ℓhk , uhk )
end
6. If: L1 (t) < 10−3
−

end.

pk := max{(1 − r )pk , min{pk
P
p := (m + 1) · p/ j pj

³

Dk
Sk

´λ

, (1 + r+ )pk }}, for k ∈ M

The Benassy tâtonnement process consists of applying steps (1-4) for each market in
succession until an FP equilibrium is reached. Step (5) is only used in the version with
pessimistic or optimistic quantity expectations. Then the single price adjustment step (6)
is performed on all markets. The QEE tâtonnement process consists of applying steps
(1-5) in succession until a QE equilibrium is reached. Then the single price adjustment
step (6) is performed.
P After every change of the price vector there is a normalization on
the price simplex j pj = (m + 1).

Benassy non-tâtonnement process

The non-tâtonnement version of the Benassy/QEE process is a process in which the
transactions are paid by credit transfers. The difference between the tâtonnement and
the non-tâtonnement version of the Benassy process is that we include the unanticipated
h
debts and claims ∆Mk+1
and use the correction M̃kh in the effective demand function. Note
that in step (1) we have used the credit model (see Chapter 5) for the correction of the
budget constraint. Just as in the credit model of Chapter 5 we have to initialize the process
h
h
with a ‘history’ of correction terms {∆M0h (0), ..., ∆Mm
(0)} and {M̃0h (0), ..., M̃m
(0)}.
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Step (6) is the sequential updating mechanism for the balance of account. In the price
adjustment step (7) the price changes are restricted by upward and downward restrictions
on the growth rates. InPstep (7) all prices and the balance of account are normalized by
the normalization rule j pj = (m + 1).
Note also how this process differs from the disequilibrium process described in Figure
5.2: in the Benassy non-tâtonnement process the price adjustments occur only if an
equilibrium has been reached, while in the disequilibrium process of Chapter 5 the price
adjustments occur at the end of every subperiod, regardless of whether an equilibrium
has been reached.
Benassy non-tâtonnement process.
Notation: M̃kh = M̃ h (tk + n) and ∆Mkh = ∆M h (tk + n) where n ∈ N.
Initial conditions: p(0) = p0 , ℓhk (0) = −∞, uhk (0) = +∞ for all k ∈ M,
M h (0) = 0, M̃ h (0) = 0, ∆M h (0) = 0.
For Round n = 0, ..., T do
For Market k = 0, ..., m do for every agent h ∈ N:
1. M̃kh := M h (t0 + n) + ∆Mkh
2. z̃kh := Ehk (p, ℓ̃h−k , ũh−k , M̃kh )
h
h
dhk := max{0,
z̃kh }
P h z̃k }, sk :=Pmin{0,
Dk := h dk , Sk := − h shk

3. z̄kh := Fhk (z̃k1 , ..., z̃kN )

4. (ℓhk , uhk ) := Ghk (z̃kh , z̄kh )
5. (ℓ̃hk , ũhk ) := Hhk (ℓhk , uhk ) = β · (ℓhk , uhk )
6. Rh (tk + n) := −pk z̄kh
M h (tk+1 + n) := M h (tk + n) + Rh (tk + n)
h
∆Mk+1
:= M h (tk + n) − M h (tk + n − 1)
end
7. If: L1 (t) < 10−3

end.

³ ´λ
k
, (1 + r+ )pk }}, for k ∈ M
pk := max{(1 − r− )pk , min{pk D
Sk
P
p := (m + 1) · p/ j pj
P
M h (t0 + n + 1) := (m + 1) · (M h (t0 + n + 1)/ j pj )
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Stability of the Benassy process

Note that we can use the same type of process for the ‘short-run’ as for the ‘long-run’.
This means that if the ‘short-run’ process is a tâtonnement process (no trade) then also
the ‘long-run’ process is run as tâtonnement process. And if the ‘short-run’ process
is a non-tâtonnement (trade along the way) then also the ‘long-run’ process is run as
non-tâtonnement. But there is also an intermediate interpetation, in which the Benassy
process is a mixed tâtonnement/non-tâtonnement process.
Mixed tâtonnement/non-tâtonnement process
We can interpret the Benassy process in three different ways:
(B1) as pure tâtonnement (incorporating the FP process as tâtonnement)
(B2) as non-tâtonnement (incorporating the ‘short-run’ FP process as tâtonnement)
(B3) as non-tâtonnement (incorporating the ‘short-run’ FP process as non-tâtonnement).
Similarly, the QEE process with the sequence of QEEs (β 6= 1) can be interpreted in
three ways:
(Q1) as pure tâtonnement (incorporating the QE process as tâtonnement)
(Q2) as non-tâtonnement (incorporating the ‘short-run’ QE process as tâtonnement)
(Q3) as non-tâtonnement (incorporating the ‘short-run’ QE process as non-tâtonnement).
In process (2) where we mix the tâtonnement and non-tâtonnement versions there is only
trade in the K-equilibria or QE equilibria. These are equilibrium trading processes in
which trade only takes place in equilibrium.
Note further that with respect to the price dynamics and the quantity dynamics, the
mixed process (2) is equivalent to the pure tâtonnement process (1). In process (1) the
balance of account does not play any role in the dynamics. This is also true for process
(2). The reason is that if all transactions occur only at K-equilibria, then there are no
unanticipated debts or claims. This is due to the equivalence between K-equilibria and
Constrained equilibria: the rationed demand z̄ h is equal to the constrained demand ẑ h
(see the proof at the end of Chapter 3). Since constrained demand satisfies the budget
constraint, the agents do not make any unanticipated debts or claims along the Benassy
process (2). The same holds for the process in terms of Quantity Expectations Equilibria,
since also there the transactions occur only in equilibrium, and hence none of the agents
makes a debt.
This means that in order to study the price and quantity dynamics of process (2) we
can simply replace this process with the much simpler tâtonnement process (1). But for
the monetary dynamics this is not possible. If we want to compare the dynamics of the
pure non-tâtonnement process (3) with process (2), then we will have to consider the
monetary dynamics explicitly.
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Below we first consider the Benassy process run as a tâtonnement process. This is
the process in which all transactions are deferred until an equilibrium has been reached,
as in Walrasian tâtonnement. The transactions take place only if the process reaches a
fixed-price equilibrium.
Tâtonnement process
Figure 7.5 shows a time series plot of the aggregate effective excess demand z̃0 (t) =
P
h
h z̃0 (t) and the price p0 (t) along the Benassy process. Note that if the price is above
(below) the equilibrium level then the excess demand is negative (positive).
If we look closely at the time series in Figure 7.5 we see horizontal lines in the pricetime series and asymptotic convergence in the excess demand-time series when the process is adjusting towards a fixed-price equilibrium. The excess demands are continuously
adjusting towards some equilibrium level: the trading process is chasing a moving equilibrium, which is being displaced by the intermediate price adjustments. The K-equilibrium
sequence does not settle down to a steady state within T = 1, 000 periods.
Figure 7.7 shows phase plots in terms of the price level p0 (t) for substitution parameters
ν = 0 (Cobb-Douglas case) and ν = 0.25. The points on the diagonal p0 (t − 1) = p0 (t)
are periods where the price system remains fixed and the process is adjusting towards an
f.p.e. The off-diagonal points are periods in which an f.p.e. has just been reached and a
price change has occurred. After every price change the adjusted price is projected onto
the diagonal and the FP process takes over again, until the next f.p.e. is reached.
Since the process spends most of its time adjusting towards new f.p.e.s and spends
only one period in any particular f.p.e., the off-diagonal points are fewer in number than
the diagonal points (the diagonal points are repeated more often). By increasing the
substitution parameter ν, which corresponds to a higher elasticity of substitution ε =
1/(1 − ν), the process leads to a different dynamic, as shown in Figure 7.7b.
The amplitude of the cycles are governed by the price rigidities. These have been
fixed exogenously to π + = 1.10 and π − = 0.91 (r+ = 0.10 and r− = −0.09), which
means that there is an upward price rigidity of 10% and a downward price rigidity of 9%.3
The asymmetry in the price rigidities is deliberate, to prevent the price dynamics from
bouncing back and forth between the ceilings and floors. We see in the phase plot that
the prices stay within 6% of the equilibrium price level pk = 1.

3

We have not considered the possibility of type I commodities with fully flexible prices and type II
commodities with rigid prices as in Drèze (1997). But recall that the price rigidities which we are using
are in terms of the price growth rates and not in terms of the nominal price levels.
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Figure 7.5: The Benassy-tâtonnement process, Example 2. Timeseries of excess demand
z̃0 (t) and price level p0 (t). Points are connected. Parameters: ν = 0.25, β = 1, λ = 1.5.
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Figure 7.6: Timeseries of individual credit balances Mkh (t) in the Benassy-tâtonnement process.
Parameters ν = 0.25, λ = 1.5, β = 1.
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Non-tâtonnement process
Now we consider the Benassy process run as a non-tâtonnement process. In this process
there is continuous trading outside of equilibrium (not just at the fixed-price equilibria but
also during the adjustment process towards fixed-price equilibria) and the transactions
are paid for by credit. This is according to the description of the sequential credit model
with effective demand, model B1 described in Section 5.4 on page 161.
The dynamics of this process are shown in Figures 7.8-7.10. Figure 7.8 shows the
individual credit balances of the agents along the process, for the substitution parameter
ν = 0.25. Note that the vertical range is different for the plots in every row. We show the
credit balance separately at the start of every market visit, because otherwise it would
not be possible to distinguish an equilibrium sequence from a non-equilibrium sequence.
Recall that in equilibrium the sequence of credit payments is fluctuating since the markets
are visited sequentially.
In the tâtonnement process we have seen that it is impossible to let transactions take
place at all, since along the process this would cause long wave fluctuations in the credit
balances, as shown in Figure 7.6. Agent 2 is constantly in debt at the start of market 2
and agent 3 is almost always in debt. Agent 1 on the other hand has a positive credit
balance most of the time. This refutes that the effects from out-of-equilibrium trading
would be negligible and that the tâtonnement process with transactions along the way
would eventually converge to a Walrasian equilibrium. Notice that in the Benassy nontâtonnement process, see Figure 7.8, these long wave fluctuations have disappeared, due
to the corrections on the credit balance.
The Figures 7.9 and 7.10 show the dynamics in prices and excess demands, respectively.
The non-tâtonnement version of the Benassy process does not settle down to a steady
state, but the problem of accumulating debts and claims has been resolved by using credit
as a means of payment and as a store of value.
As Figures 7.7b and 7.9a show, the tâtonnement version and the non-tâtonnement
version of the Benassy process have a considerably different type of dynamics. Both
figures are for the same parameter values: β = 1, ν = 0.25 and λ = 1.5. The difference
can of course be explained by the fact that trade has now been turned on, and agents are
held accountable for the debts and claims they are making along the adjustment process.
These numerical examples have shown that, in general, it is not true that the sequence
of temporary K-equilibria converges to a Walrasian equilibrium (a steady state).
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Figure 7.8: Timeseries of individual credit balances Mkh (t) for the Benassy process as a nontâtonnement process with credit. Parameters ν = 0.25, λ = 1.5, β = 1.
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The influence of pessimism

In the examples above we have consistently used β = 1, reflecting that agents have naive
expectations about the quantity constraints. They believe that the rationing will remain
the same as in the previous round. Now we consider the same process but for different
values of β. Strictly speaking, the process with β 6= 1 is not the Benassy process, but a
process consisting of a sequence of Quantity Expectations Equilibria (QEEs), as discussed
and defined in Section 3.8 (see Definition 3.12 on p. 84).
The effect of slightly more optimistic or pessimistic expectations is shown in Figure
7.11. It shows an example with optimistic expectations β = 1.10 and pessimistic expectations β = 0.50. From the phase plots it is clear that the attractors for β = 1 and
β = 0.50 are almost the same. This means that pessimistic quantity expectations cause
the dynamics to traverse the same type of attractor as naive quantity expectations. For
the case of optimistic expectations β = 1.10 the process does not converge to a steady
state but moves along an attracting set that consists of two price-levels.The attractor is a
14-cycle. We observe that as we increase the β-parameter the number of cycles per unit of
time, and hence the frequency, decreases. We conclude that more pessimistic expectations
lead to an increase in the frequency of fluctuations.
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Figure 7.11: The influence of quantity expectations in the Benassy non-tâtonnement
process. Timeseries and phase plots of p0 (t) for: (a) β = 0.50, pessimistic expectations,
(b) β = 1, naive expectations, (c) β = 1.10, optimistic expectations. Other parameters
ν = 0.25, λ = 1.5.
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Comparison of the Benassy and disequilibrium
processes

In the sense of the ‘proper ’ dynamic methods of the Stockholm School (see Chapter 2)
the Benassy process is an equilibrium sequence analysis, while the disequilibrium process
studied in Chapter 5 is a disequilibrium sequence analysis. The first studies a sequence of
temporary equilibria, while the second is studying a sequence of disequilibrium states. A
comparison can now be made between these two processes and their stability properties.
In Figure 7.12a we show the bifurcation diagram of the dynamics of the disequilibrium
process and Figure 7.12b shows a bifurcation diagram of the dynamics of the Benassy
process. Both processes are run with credit transactions outside of equilibrium.
For the same set of parameter values β = 1, λ = 1, the disequilibrium process becomes
unstable at a substitution parameter ν = −0.2 and the Benassy process becomes unstable
at ν = 0.3. So the Benassy process seems to be a ‘more stable’ process, since it remains
stable for higher elasticities of substitution. Despite this quantitative difference, the
bifurcation diagrams appear to have roughly the same bifurcations. In particular the first
bifurcation, which is a transition from the steady state to high periodic orbits, looks similar
in both diagrams. The fact that the same bifurcation scenarios occur in both models is
an indication that the Benassy process is an approximation to the disequilibrium process
with effective demand.
Why would the comparison between the Benassy process and the disequilibrium process be of any interest? It can be questioned whether the Benassy process makes any sense
at all if prices are flexible. Why wait with price adjustments until the process converges
to a fixed-price equilibrium if prices can also be updated along the adjustment path? Two
explanations, one institutional the other behavioral, can be provided why prices are fixed.
Institutions may exist that do not allow prices to be freely adjusted: price regulations
have been agreed upon in advance and the market participants cannot change these arrangements without incurring a cost. For example, there may be price rigidities in the
form of ceilings and floors on the price changes or on the absolute levels due to political
choice, such as minimum wages, maximum wage increases, or collective wage negotiations.
These explanations are all institutional, but behavioral explanations can be given as well.
Concerning strategic behavior, the behavioral explanation is strongly connected with
monopolistic competition: agents who have an incentive to change prices do not have the
power to do so, and agents who do have the power to do so do not have any incentive.
Agents who (presumably) have some price setting power may not wish to exercise this
power immediately. Consider for instance the assumption by Lindahl (see Section 2.1.4)
that sellers do not immediately adjust prices when they observe there is excess demand on
the market (in the actual economy sellers observe this by declining inventories). They first
want to accumulate more information before they adjust prices, because price adjustments
may be costly. In such circumstances it may be more worthwhile to first learn more about
the market situation than to set new prices immediately.
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Figure 7.12: Example 2 (see p. 100). (a) Bifurcation diagram for the disequilibrium process with effective demand (credit model B1, see p. 5.4). (b) Bifurcation diagram for the
Benassy process as tâtonnement. (c) Bifurcation diagram for the Benassy
as nonP process
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β = 1, λ = 1, −0.5 < ν < 0.9.
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Conclusions

We have considered the dynamic stability properties of several disequilibrium processes:
1. FP process with fixed-prices (λ = 0) and naive quantity expectations (β = 1):
a. as tâtonnement without trading;
b. as non-tâtonnement with credit transactions.
2. QE process with pessimistic or optimistic expectations (β 6= 1):
a. as tâtonnement without trading;
b. as non-tâtonnement with credit transactions.
3. Benassy process as a sequence of f.p.e.s (β = 1):
a. as tâtonnement (incorporating the FP process as tâtonnement)
b. as non-tâtonnement (incorporating the FP process as non-tâtonnement)
c. as non-tâtonnement (incorporating the FP process as tâtonnement)
4. QEE process as a sequence of QEEs (β 6= 1):
a. as tâtonnement (incorporating the QE process as tâtonnement)
b. as non-tâtonnement (incorporating the QE process as non-tâtonnement)
c. as non-tâtonnement (incorporating the QE process as tâtonnement)
For these processes we have studied the following two hypotheses. The first hypothesis is
whether the FP process converges to a fixed-price equilibrium (f.p.e.). If it converges in
relatively short time, then it could be considered as a tâtonnement process. But if it does
not converge then it should be considered as a non-tâtonnement process, with irreversible
transactions along the way.
The second hypothesis is whether the long-run equilibrium sequence, the Benassy
process, settles down to a steady state. If the short-run process does not converge then
the long-run process defined in terms of the sequence of temporary K-equilibria has no
meaning and cannot be studied as a topic in dynamics, since the sequence has to be
constructed by computing for every given price system the associated K-equilibrium.
This algorithmic/computional approach is devoid of any causal link that explains how
the sequence moves from one K-equilibrium to the next. It is a temporary equilibrium
approach which reduces the study of the equilibrium sequence from a topic in dynamics to
a topic in comparative statics, by comparing different static equilibria instead of studying
their development over time.
Therefore we study two long-run processes which do incorporate such causal links between the equilibria. The Benassy process is studied both in the context of a tâtonnement
model and in the context of a non-tâtonnement model with money or credit transactions.
The difference is that the tâtonnement process is a process with costless recontracting,
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while the non-tâtonnement process is a process with irreversible transactions and monetary effects matter. For the non-tâtonnement process all transactions are based on credit
transfers, as explained in the credit model of Chapter 5.
The second long-run process is a process with optimistic and pessimistic quantity
expectations (the QE process). In the Benassy process all agents have naive expectations
about the quantity constraints: they expect the same constraints as in the previous period.
In the QE process this assumption has been relaxed and the dynamics are defined in terms
of a sequence of quantity expectations equilibria (QEE ‘s). These equilibria can differ from
the K-equilibria in the Benassy process since expectations can be incorrect.
The results shown in this chapter have the following implications for the two hypotheses. The first hypothesis – the convergence of the fixed-price process to an f.p.e. – cannot
be rejected. In none of the simulations that we have performed did the FP process converge to stable cyclical behavior. The examples further show that the fixed-price process
converges to an f.p.e. or QEE relatively quickly, i.e., within 5 periods, although it does
depend on the parameters of the model. The fixed-price process could therefore be interpreted as a tâtonnement process, since the adjustments towards an equilibrium do not
take too long to defer trading.
The second hypothesis – the universal convergence of the Benassy process to a steady
state – is rejected. By changing the price restrictions (on growth rates, not levels) we can
control the amplitude of such cycles, but it seems impossible to eliminate them entirely.
In case of low price flexibility (low λ) the Benassy process converges to a Walrasian
equilibrium. However, in case of high price flexibility the Benassy process does not settle
down to a steady state. Instead the sequence of f.p.e.s which is reached along the process
cycles around a Walrasian equilibrium, as shown in the phase plots in Figures 7.9-7.10.

Chapter 8
Summary
Economic phenomena are inherently dynamic. In order to explain how equilibria are
reached in a decentralized economy we thus require a process perspective instead of an
equilibrium perspective. Economic theory needs a theory of dynamics to explain how
equilibria can be reached by a process which takes place out-of-equilibrium. This also
requires solving one of the central problems in economic theory, namely the question of
economic stability and the convergence towards equilibrium.
In this thesis we study several simple, nonlinear dynamic models of an exchange economy with a sequential market structure and out-of-equilibrium trade. We use a combination of modelling methods from general equilibrium theory and the theory on nonlinear
dynamical systems. We are interested in the dynamic effects of different market structures
and different trading mechanisms, and focuss on the following research questions:
(1) What is the effect of different decision-making procedures?
(2) What is the effect of different price adjustment mechanisms?
(3) What is the effect of different exchange methods?
(4) How should decision-making be modelled over time?
(5) How should expectation formation be modelled over time?
Since we are mainly interested in micro-economic phenomena, we have to deal with highdimensional economic systems consisting of many interacting elements. Such models are
often analytically intractable which makes a numerical analysis by computational means
indispensable as a tool to ascertain the global dynamic properties of a model, for instance
the stability of equilibria or the existence of cycles. Physicists and meteorologists have long
ago admitted to this ‘fact of life’, using supercomputers since the 1960s to perform largescale simulations, but the reality of the problem is slow to sink in with economists. The
next problem that economists will have to deal with is the computational intractability
of such models, but this does not yet seem to be a main concern.
The results which follow from a numerical analysis are not formal proofs of mathematical theorems. But the inferences which can be drawn from a computational model
can be very helpful for a better understanding of the underlying economic mechanisms
and for the further development of economic theory on disequilibrium dynamics.
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Micro-economic dynamics
For the description of the decision-making process we stay close to neo-classical consumer
theory. The consumers use utility maximization, but with two important provisos.
The first assumption we make is that the agents do not posses the mental capacity to
plan ahead for an infinite time-horizon. They are myopic utility maximizers, only able
to plan ahead for a few trading steps. Because the trading environment is continuously
changing, this leads to the incompatibility of the trading plans and subsequently to the
revision of plans subject to new information. An equilibrium is then characterized by the
situation in which the environment no longer changes, all plans remain the same, and the
same consumption pattern repeats over time.
The second assumption we make is that the agents take into account the fact that
they are being rationed. This leads to the concept of effective demand in which the
expectations about future rationing constraints play a role. These expectations enter as
additional variables into the demand functions.
Sequential market structure
Aside from the mental capacities of the agents we also assume that the structure of
the economy and the market mechanisms play an important role for the dynamics. We
assume that markets are visited sequentially. This means that trade occurs sequentially
on a market-by-market basis. This deviates from the standard Arrow-Debreu general
equilibrium model in which all markets are open simultaneously and all commodities can
be traded during the initial period. An important theoretical question is whether the
dynamics of such a sequential process differs in any essential respect from the one-shot
contingent market solution of general equilibrium theory.
The Keynesian concept of effective demand has been related to a sequential decisionmaking procedure by Clower (1965) in his ‘Dual-Decision Hypothesis’ (DDH).1 An important aspect of the DDH is that it distinguishes between notional demand (without
quantity constraints) and effective demand (with quantity constraints). However, since
the DDH does not focus on the market structure, it should be interpreted as a behavioral
hypothesis, i.e., it refers to the notion that agents do not plan to spend more than their
budget constraint allows them to, and therefore sequentially re-optimize in order to take
the quantity constraints into account.
The sequential market structure that we have used is closely related to the ‘trading
posts’-interpretation of the DDH, due to Benassy (1975). This interpretation states that
a markets can be seen as a ‘trading post’ at which only a single commodity can be
traded. The agents visit the trading posts in a given market order and re-optimize their
consumption plans between the market visits.
Although the individual market orders need not be the same for every agent, for
simplicity we have assumed that this is the case. Trading takes time, so the agents
have to move from one market to the next because they cannot be in separate places
at the same time. Due to the sequential structure also the trading plans need to be
1

The notion that all consumption decisions are taken simultaneously, including all present and future
commodities, Clower called the ‘unified-decision hypothesis’. This hypothesis is based on the supposed
simultaneity of the decisions. If on the other hand the consumption decisions are taken sequentially then
this is called the ‘dual-decision hypothesis’.

241
revised sequentially, given the new information that is being generated by the trading
process. This sequential market structure therefore gives a choice-theoretic rationale for
the Keynesian concept of effective demand.
Note however that in a large-scale, sequential market model with a very large population of agents (each having its own market visiting order), trade is taking place on
all markets simultaneously, but different agents meet on different markets. It may then
turn out that the simultaneous market model — in which all markets are open and all
agents trade on all markets at the same time — is a good approximation for the much
more complex sequential market model. But the answer to this theoretically important
question will require further research in the future.
A Walrasian Tâtonnement Model
In Chapter 4 we study the model in its most basic form as a tâtonnement process. We
maintain that the tâtonnement process does not provide an adequate description of the
price-setting mechanism outside of equilibrium, since it leads to unanticipated debts and
claims along the adjustment path if trade is allowed at disequilibrium prices. Or, if
disequilibrium trade is not allowed, then it also provides an inadequate representation
of the process of decentralized exchange since not many real-world commodity markets
are run in this fashion. So either way, with or without trade, it is a flawed model to
explain how equilibria can be reached in a decentralized market economy. Nevertheless,
the tâtonnement process is an important benchmark, since it is a very simple process
of price adjustment. However, a truly dynamic model of the price mechanism should
take into account that there is constant trading also outside of an equilibrium, that
transactions may be irreversible, and that not all spot markets may be open at the same
time. Therefore transactions should take place sequentially, which is also the original
interpretation of the tâtonnement process as given by Walras (cf. Negishi, 1962, p. 646).
A Wicksellian Pure Credit Model
In Chapter 5 we study a model with credit as the only means of exchange. All transactions
are paid by credit which is transferred from the bank account of the buyer to that of the
seller. Outside of equilibrium there are unanticipated debts and claims which arise due to
trading at disequilibrium prices. The debts have to be repaid during the next sequence of
trades. The equilibrium price level remains indeterminate in the credit model, since credit
as a means of payment is not a monetary unit. The equilibrium can therefore still only
be defined in terms of relative prices. The pure credit model is simulated under different
specifications of the price-setting mechanism, the rationing mechanism, and the agents’
resources and utility functions, which are CES utility functions.
The stability properties of the credit model depend in particular on two structural
parameters: the price flexibility (which is the same for all markets) and the elasticity
of substitution of the demand functions (which is the same for all agents). If the price
flexibility is low and the elasticity of substitution is also low, then the credit model is
stable and the dynamics converge to an equilibrium. If the price flexibility is high, then
there exists a critical value for the elasticity of substitution at which the dynamics undergo
a bifurcation from a stable equilibrium to stable cycles. The bifurcation point depends
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on the exact model specifications, but the existence of such a critical value is a universal
characteristic of all models. If both the price flexibility and the elasticity of substitution
are high, then the equilibrium is unstable and there can be coexistence of attractors. Also
a hysteresis phenomenon can occur, which means that a structural change in one of the
system parameters cannot be undone by resetting the parameter to its original value.
This is a form of ‘system memory’ which causes the dynamics to lock-in into a certain
basin of attraction. The system then remains inside of this basin until another large shock
occurs.
A Clowerian Cash-in-Advance Model
In Chapter 6 we study a model in which money is the means of exchange. Money is
introduced to overcome the problem of indeterminacy of equilibrium. The equilibrium
price level is now determined by the total money stock through a quantity equation. But
the problem of stability still remains. To prevent the occurrence of unintentional debts and
claims ‘along the way’ towards an equilibrium we introduce the cash-in-advance constraint
(see Clower, 1965). The equilibrium concept is a Cash-in-Advance equilibrium(henceforth
CIA equilibrium), which requires positive money holdings by all agents at all times. The
balance of account can now be interpreted as a cash balance to bridge the gap between
buying and selling, i.e., between receiving an income and expenditure on consumption.
In such a model the transactions motive is the only motive for holding positive money
balances.
Starting from an arbitrary initial price vector, the dynamics quickly converge towards
the correct, determinate price level that is associated to the CIA equilibrium. But the CIA
equilibrium is not always stable under the associated dynamics. The stability properties of
the model depend on the monetary needs of the agents to perform transactions. If agents
are not allowed to enter into credit arrangements then the cash-in-advance constraint will
restrict their trading possibilities and the agents will be rationed. As a result, no debts
can occur and this might dampen some of the fluctuations which are otherwise caused
by the bank’s possibility to freely create and destroy credit. However, it can also be
shown that this type of restriction on the agents’ ability to trade does not always work
as a stabilizing force. It turns out that the cash-in-advance constraint acts as a hard
correction mechanism which can also work overly restrictive and then the dynamics can
become erratic nonetheless.
Temporary Fixed-price Disequilibrium Models
In Chapter 7 we construct a temporary disequilibrium process in which prices are temporarily fixed in the short-run, but can adjust — within certain price growth rigidities —
in the intermediate run. We call this process the ‘Benassy Process’, because it is based
on Benassy’s concept of ‘temporary Keynesian equilibrium’ (Benassy 1975). The Benassy Process is defined as a sequence of temporary K-equilibria. The short-run quantity
adjustment process at fixed prices leads to a temporary Keynesian equilibrium, and it alternates with the intermediate-run price adjustment process. Once the fixed-price process
has reached an equilibrium all prices are updated and the process continues to the next
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temporary K-equilibrium. We investigate the hypothesis that such a short-run/mediumrun process eventually converges in the long-run to a steady state (Walrasian) equilibrium.
We find examples to the contrary.
At the end of Chapter 7 we also make a comparison between this so called ‘equilibrium
sequence’ -process and the ‘disequilibrium sequence’ -process studied in Chapter 5 . It
appears that there are few qualitative differences in the quantity dynamics, although of
course the dynamics of prices does differ. The qualitative bifurcation scenarios that occur
in both processes are roughly the same, which means that the Benassy Process in Chapter
7 could be viewed as an approximation to the Disequilibrium Process in Chapter 5.
Results
The results can be summarized by three statements.
(1) There does not appear to be a qualitative difference between the notional and
effective demand models.
For the dynamics of the disequilibrium process (Chapters 5 and 6), it does not appear
to make much of a difference whether the agents take into account more information
by incorporating the quantity constraints into their decision-making process. The use
of effective demand does not lead to a better co-ordination of trading activities (faster
convergence to an equilibrium). This is not only true for the tâtonnement models, but
also for the models with credit and cash-in-advance.
(2) There appears to be a qualitative difference between the model with perfectly flexible prices (i.e., the sequential price adjustment method) and the model with temporarily
fixed prices (i.e., the end-of-period price adjustment method).
The frequency of the price-setting mechanism leads to different bifurcation scenarios
and hence to different global stability properties. This shows that the price flexibility and
the timing of adjustments is an important structural characteristic of the disequilibrium
process. In Chapter 7 we show that if prices remain fixed for a longer duration, i.e.,
until a temporary Keynesian equilibrium is reached, the dynamics shows almost the same
properties as the end-of-period process. The Benassy Process studied in Chapter 7 is
however constructed as a sequence of equilibria, while the processes in Chapters 5 and 6
are constructed as sequences of disequilibrium states.
(3) The credit model and the cash-in-advance model appear to have different dynamic
properties and therefore it matters whether we use credit or cash as the medium of
exchange.
We have shown that the monetary institutions (or ‘the rules of the game’) matter for
the local and global stability of equilibria under the associated disequilibrium exchange
process. In the credit exchange model (Chapter 5) the credit mechanism can be said to
act as a ‘soft’ correction mechanism on the fluctuations of the balance of account. This
is because agents are allowed to enter into credit arrangements. The credit model shows
large fluctuations in the credit balances before it converges to an equilibrium and if the
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process does not converge then the agents continue to accumulate debts and claims over
time, despite the corrections on their budget constraint.
In the cash exchange model (Chapter 6) on the other hand, the cash-in-advance constraint acts as a ‘hard’ correction mechanism on the fluctuations in the balance of account.
This is because the agents are not allowed to enter into credit arrangements. In combination with the corrections on the budget constraint, the cash-in-advance constraint drives
the economy back towards an equilibrium if the disequilibrium in the trade balances becomes too large. Due to the fact that agents are not allowed to make any debts along the
adjustment path, the cash-in-advance constraint causes the agents to become rationed.
The constraint however does not help to dampenen the amplitude of fluctuations or to
prevent cycles from occurring, because the correction mechanism can overshoot.
In general, for the dynamics to be stable it seems necessary that the correction mechanisms are not updating too fast or working too stringently, since this may exacerbate
the fluctuations by amplifying them rather than work as a correction mechanism. This
hints at a more general conjecture that the market mechanisms and the market institutions play a much greater role for the stability of the exchange process than the question
whether agents are in fact using optimal trading strategies by taking into account all of
the relevant and observable market signals. This conjecture can be called the Market
Micro-structure Hypothesis and it can be related to the work of Gode and Sunder (1993,
1997) on the allocational efficiency of market mechanisms. The role of the market mechanisms and the monetary institutions is at least as important as the trading strategies
that are employed by the agents. We have shown that even if the market participants
take into account all of the market signals — consisting of price, quantity and monetary
variables — then the occurrence of erratic dynamics cannot be dismissed by introducing
more sophisticated trading strategies.
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Samenvatting (Summary in Dutch)

Economische fenomenen zijn inherent dynamisch. Dit vereist een beschrijving van de
economische processen die ten grondslag liggen aan een eventueel lange-termijn evenwicht.
De economische theorie heeft dus behoefte aan een dynamische theorie. Dit vereist tevens
een antwoord op één van de centrale problemen binnen de economische theorie, namelijk
de economische stabiliteit en convergentie naar een evenwicht.
In dit proefschrift bekijken we een aantal eenvoudige niet-lineaire dynamische modellen van een ruileconomie met een sequentiële marktstructuur en handel buiten evenwicht.
In het onderzoek wordt gebruik gemaakt van methoden uit de algemeenevenwichtstheorie
en de wiskundige theorie van de niet-lineaire dynamica. We onderzoeken de dynamische
eigenschappen van de modellen en maken onderscheid tussen de economische structuur
van de markt en de gedragsregels van de individuele marktdeelnemers. De volgende
onderzoeksvragen komen daarbij aan de orde:
(1) Wat is het effect van verschillende beslissingsregels?
(2) Wat is het effect van verschillende prijsaanpassingsregels?
(3) Wat is het effect van verschillende transactiemethoden?
(4) Hoe moeten beslissingen over de tijd worden geformuleerd?
(5) Hoe moeten verwachtingen worden gemodelleerd?
We zijn met name geı̈nteresseerd in de micro-economische fenomenen, wat ertoe leidt dat
de modellen al snel hoog-dimensionale dynamische systemen zijn. Zulke hoog-dimensionale
modellen zijn vaak moeilijk analytisch hanteerbaar, en dit maakt een numerieke analyse
van het model door middel van computersimulaties noodzakelijk. Dit gegeven is al veel
langer bekend bij natuurkundigen en meteorologen, die al sinds de jaren ’60 gebruik maken
van supercomputers om grote simulatiemodellen door te rekenen, maar in de economische
wetenschap lijkt dit verschijnsel nog maar net te zijn ontdekt. Het volgende probleem dat
economen onder ogen zullen moeten zien is de computationele hanteerbaarheid van zulke
modellen, maar vooralsnog lijkt dit niet als een groot probleem te worden gezien.
De resultaten die volgen uit zo’n numerieke analyse vormen nog geen bewijs van een
wiskundige stelling. Maar de inferenties van een simulatiemodel kunnen ertoe leiden dat
er een beter begrip ontstaat van het economische model, en van de onderliggende theorie.
Micro-economische dynamica
Het micro-economische element houdt in dat we ons concentreren op de beslissingen van
individuele consumenten (of huishoudens) en de processen die aan deze beslissingen ten
grondslag liggen. Bij het beschrijven van de beslissingsprocessen blijven we dicht bij de
economisch theorie van de consument. De consumenten gebruiken nutsmaximalisatie,
maar met een tweetal belangrijke afwijkingen daarop.
De eerste veronderstelling is dat de consumenten niet beschikken over de mentale
vermogens om ver vooruit te kunnen plannen. Ze dienen zich te behelpen met een zekere
mate van kortzichtigheid, wat betekent dat ze slechts enkele stappen vooruit kunnen
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denken. Omdat de omstandigheden continu veranderen dienen ook de plannen continu te
worden herzien, in het licht van nieuwe informatie. Een evenwicht in algemene zin wordt
dan gekarakteriseerd door de situatie waarin de omstandigheden niet meer wijzigen, en
er dus ook geen rede meer is om de plannen aan te passen. In evenwicht herhaalt het
consumptiepatroon zich dus telkens op dezelfde wijze.
De tweede veronderstelling is dat de consumenten rekening houden met de mogelijkheid dat ze gerantsoeneerd zullen worden op de markt. Dit leidt tot het concept van
effectieve vraag, waarin de verwachtingen omtrent toekomstige rantsoeneringen een rol
spelen. Deze verwachtingen komen als extra variabelen voor in de vraagfuncties van de
consumenten.
Sequentiële marktstructuur
Afgezien van de mentale vermogens van de consumenten spelen ook de economische structuur en de marktmechanismen een belangrijke rol voor het dynamisch proces.
We maken de veronderstelling dat markten niet tegelijkertijd open zijn, maar sequentieel worden bezocht. Dit betekent dat handel niet simultaan, maar sequentieel
plaatsvindt markt-voor-markt. Dit wijkt af van het standaard Arrow-Debreu algemeenevenwichtsmodel waarin op alle markten tegelijkertijd gehandeld kan worden in de initiële
periode. Een belangwekkende theoretische onderzoeksvraag is dan of de dynamica van
zo’n sequentieel handelsproces op essentiële punten verschilt van de veel eenvoudigere
simultane marktoplossing van de algemeenevenwichtstheorie.
Het Keynesiaanse concept van effectieve vraag is door Clower (1965) gerelateerd aan
een sequentiële beslissingsstructuur in de zogeheten ‘Dual-Decision Hypothesis’ (DDH).2
Deze theoretische onderbouwing is echter niet geënt op de structuur van de markt maar
moet eerder worden gezien als een gedragshypothese. Een belangrijk aspect van de DDH
is dat er onderscheid wordt gemaakt tussen vraagfuncties zonder hoeveelheidsrestricties
(de notionele vraag) en vraagfuncties als rekening wordt gehouden met de rantsoeneringen
die daadwerkelijk op de markt zijn opgetreden (de effectieve vraag).
Het sequentiële marktmodel hangt ook nauw samen met de ‘handelspost’-interpretatie
van Benassy (1975). Deze interpretatie luidt dat markten gezien kunnen worden als
‘handelspost’ waar per markt slechts één goed verhandeld wordt. De handelsposten worden door iedere consument afzonderlijk bezocht in een bepaalde marktvolgorde. Hoewel de
individuele marktvolgorden niet hetzelfde hoeven te zijn hebben we eenvoudigheidshalve
aangenomen dat dit wel het geval is. Handelen kost nu eenmaal tijd, dus de consumenten
moeten zich van de ene naar de andere markt verplaatsen omdat ze niet op twee plaatsen
tegelijkertijd kunnen zijn. Door deze sequentiële marktstructuur dienen ook de plannen
sequentieel te worden herzien, gegeven de nieuwe informatie die door het handelsproces
wordt gegenereerd. Deze sequentiële marktstructuur geeft een keuze-theoretische onderbouwing voor het Keynesiaanse concept van effectieve vraag.
Overigens moet wel worden opgemerkt dat in een grootschalig sequentieel model met
een grote populatie agenten (ieder met hun eigen marktvolgorde), er simultane handel
2

Het idee dat alle beslissingen voortkomen uit één groot beslissingsprobleem, met daarin alle goederen
voor heden en toekomst, werd door Clower ook wel de ‘unified-decision hypothesis’ genoemd. Deze
hypothese is gebaseerd op de veronderstelling dat alle beslissingen tegelijkertijd genomen kunnen worden.
Daartegenover staat de hypothese dat de beslissingen niet simultaan maar sequentieel genomen worden:
de ‘dual-decision hypothesis’.
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plaatsvindt op alle markten, maar door verschillende consumenten die elkaar achtereenvolgens op verschillende markten ontmoeten. Het zou dan wellicht kunnen blijken dat
het simultane-markt model — waarin alle markten tegelijkertijd open zijn en alle consumenten op alle markten gelijktijdig handelen — een eenvoudige benadering is van het
veel complexere sequentiële marktmodel. Maar het beantwoorden van deze vanuit theoretisch oogpunt zeer interessante vraag zal verder onderzoek vereisen in de toekomst.

Appendix A

249

250

A.1

APPENDIX A. APPENDIX

Notation
Table A.1: Sets.

Sets
S
Xh
Zh
R
Bh (p; M̃ h )
B̄hk (p, ℓh−k , uh−k ; M̃ h )
B̄hk (p, ℓh , uh ; M̃ h )

state space, (p, ℓ, u) ∈ S
consumption set of agent h
trade set of agent h
set of quantity constraints, (ℓ, u) ∈ R
notional budget set for agent h
partially constrained budget set for agent h, on market k
constrained budget set for agent h

Table A.2: Model parameters.
Parameters
αkh
ν
ε
βkh
λk
r+ , r−
πk− , πk+

preference parameters (for settings see p. 100)
substitution parameter
constant elasticity of substitution, ε = 1/(1 − ν)
quantity expectations parameter of agent h, βkh = β
price flexibility parameter, λk = λ
price growth factors, r+ = 1.10, r− = 0.91
maximum price growth rates for market k

Table A.3: Transition functions.
Functions
U h (xh )
Ũ h (z) = U (zh + wh )
Dhk (p, pwh + M̃ h )
zhk (p, M̃ h )
ẽhk (p, ℓh−k , uh−k ; M̃ h )
Ehk = ẽhk,k (p, ℓh−k , uh−k ; M̃ h )
Eh (p, ℓh , uh ; M̃ h )
gh (p, ℓh , uh ; M̃ h )
Fhk
Ghk
Hhk
Φk

utility function in notional demand terms (4.1)
utility function in excess demand terms
notional demand (3.2)
notional excess demand (3.3)
effective excess demand solution for market k (3.11)
effective excess demand for market k (3.12)
complete effective excess demand function (3.12)
constrained excess demand function (3.28)
quantity rationing function (3.13)
perceived constraint function (3.22)
expected constraint function (3.51)
price adjustment function (4.9)
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Table A.4: State variables.
Variables
p = (p0 , ..., pm )
h
wh = (w0h , ..., wm
)
h
h
h
z = (z0 , ..., zm )
h
z̃h = (z̃0h , ..., z̃m
)
h
h
ẑk = min{zk , Mkh /pk }
z̄kh
shk = min{0, z̃kh } ≤ 0
dhk = max{0, z̃kh } ≥ 0
s̄hk = min{0, z̄kh } ≤ 0
h
d¯hk = max{0,
P hz̄k } ≥ 0
Sk = −
P hhsk ≥ 0
Dk = h dk ≥ 0
rk = (Dk /Sk )
γk = min{(Dk /Sk ), (Sk /Dk )}
ℓhk
uhk
ℓ̃hk
ũhk
Rkh = −pk zkh
Mh
∆Mkh = M h (tk ) − M h (tk − 1)
µh
pwh + M̃ h
M̃ h = M h (t0 ) + ∆M h (tk )
M̃ h = µh (tk )

prices
initial endowments of agent h
notional excess demand (3.3)
effective excess demand (3.11)
buy or sell signals after cash-in-advance constraint (6.2)
rationed demand (realized transactions) (3.13)
planned supply for market k by agent h
planned demand for market k by agent h
realized supply on market k by agent h (3.21)
realized demand on market k by agent h (3.21)
market supply on market k
market demand on market k
degree of disequilibrium (3.17)
rationing proportion (3.20)
lower bounds, supply constraint (Section 3.3.4)
upper bounds, demand constraint (Section 3.3.4)
expected supply constraints (3.51)
expected demand constraints (3.51)
net revenues of agent h on market k (5.1)
realized balance of account (credit or cash balance) (5.3)
sum of net revenues over the previous trading round (5.6)
minimum cash position over the previous trading round (6.5)
corrected budget constraint of agent h (3.2)
unanticipated trade deficit or surplus in the credit model (5.8)
unanticipated trade surplus in the cash model (6.5)

Table A.5: Computation times. All simulations were performed on a Windows XP machine with an AMD Athlon XP 2200 CPU of 1.8GHz with 256MB of RAM.
Orbit
Resolution Computation time
Notional demand
- Bifurcation diagram (1D) T=1,000 1, 000
40min
- Bifurcation diagram (2D) T=200
100 × 100 10h
Effective demand
- Bifurcation diagram (1D) T=500
500
5h
- Bifurcation diagram (2D) T=200
50 × 50
12h
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Bifurcation diagrams

For readers who are not familiar with the concept of a bifurcation diagram we give a
short exposition below of its main function in a dynamic stability analysis. A bifurcation
diagram shows the long run behavior of a dynamic model by plotting a trajectory of the
dynamics in the vertical direction and a bifurcation parameter in the horizontal direction.
The bifurcation diagram thus shows how the long run behavior changes as the bifurcation
parameter is varied. Because we are mainly interested in the long run behavior of the
system, i.e. in the attractors of the dynamics, we discard the first 10% of an orbit as a
transient period.
The one-parameter bifurcation diagrams are produced by dividing the horizontal axis
in 1, 000 parameter values and producing an orbit for T = 1, 000 iterations for each
parameter value. Every orbit is plotted vertically (see Figure 4.7a on p. 109 for an
example).
If the dynamics converges to a fixed-point then only a single point (the steady state
value) is plotted. In the bifurcation diagram we then observe a horizontal line. If it
converges to an period-n cycle, then n points are plotted. Since typically a cycle depends
in a continuous way on the parameters, in the bifurcation diagram we observe n curves
which show how the period-n cycle changes as a function of the bifurcation parameter.
The two-parameter bifurcation diagrams are produced similarly, except that we now
consider parameter combinations (λ, ν). The bifurcation diagram is produced by dividing
the 2-dimensional parameter-plane into a 200 × 200 grid and then an orbit of T = 200
iterations is simulated for each combination of the parameters. This trajectory is shorter
than the trajectories for the 1-parameter bifurcation diagrams (T = 1, 000), since otherwise the computations would become too time-consuming (see Table A.5 on p. 251 for
an overview of computation times). The periodicity of the orbit is numerically computed
and is assigned a grayscale. This produces the two-parameter bifurcation diagrams in the
(λ, ν)-plane (see Figure 4.7b on p. 109 for an example).
A bifurcation diagram that is produced from left-to-right may have a different appearance than a bifurcation diagram that is produced from right-to-left. This holds for
1-parameter bifurcation diagrams with only a single bifurcation parameter, but also for
2-parameter bifurcation diagrams in which there are two bifurcation parameters. In fact
in many examples we have seen that there was a hysteresis effect which is caused by
the co-existence of attractors (i.e. multi-stability or multiplicity of attractors). A clear
example in which the left/right distinction matters is given in Figure 4.10 on p. 113. The
hysteresis effect was illustrated in the model with effective demand, in Figure 5.13 on p.
152.
For every new parameter value the final state of the previous orbit is taken as the new
initial condition. This means that we ‘trace’ an attractor as long as it remains stable.
But the hysteresis phenomenon implies that if we trace the attractor from left-to-right or
from right-to-left, it makes a difference. The final state of each simulation run is slightly
perturbed and then taken as the new initial condition for the next parameter value,
to prevent the bifurcation diagram from ”locking into” an attractor which has become
unstable. This would for example occur if the dynamics has converged to a steady state,
and when it becomes unstable the dynamics stays at the steady state. But it is just as
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true for stable cycles, stable quasi-periodic orbits, or stable chaotic attractors.

A.3

Computation times

In this section we report the computation times for the bifurcation diagrams. It is important to report these computation times since it yields information about the pragmatic
trade-off between analytical and computational methods. If a computational analysis already shows that the steady state is unstable for most parameter combinations, then the
added value of analytically deriving the stability regions in the parameter plane does not
pass a cost-benefit analysis. Table A.5 gives computation times for models with notional
and effective demand.
The reason why models with effective demand take longer to compute is that at every
step of the process an online optimization algorithm has to solve the optimization problem
at given parameters. This algorithm takes some time to converge.1 For the models with
notional demand this is not a problem because a closed-form solution of the demand
function exists, at least for the type of demand functions we have used (CES demand).
No such closed-form solutions exist for the effective demand functions.
For the one-parameter bifurcation diagrams we take 1, 000 iterations, of which the
first 10% is discarded as a transient period. The first 100 iterates are usually sufficient to
converge towards an attractor. The remaining T = 900 iterations are used to detect the
periodicity of an orbit.
For the two-parameter bifurcation diagrams we take only 200 iterations, and discard
the first 40. The remaining T = 160 iterations are then used to detect the periodicity of
an orbit. This is long enough for the process to converge to a steady state or a cycle, but
for quasi-periodic and chaotic attractors it is a bit on the low side.
The periodicity of an orbit is computed using the ”M-Best” algorithm, see Sethares
and Staley (1999). This method is similar to a Fourier spectrum analysis. The M-Best
algorithm selects the M best periodicities from a given range, where M is a parameter of
the algorithm. The maximum periodicity to detect we have set to M max = 20. We use
this algorithm to detect the M = 4 best periodicities in the range [1, 20]. The periodicity
with the highest power in the power spectrum is then selected as the most probable
periodicity of the signal.
It is often difficult to discern quasi-periodic behavior from highly periodic behavior.
Nonetheless the M-Best algorithm always assigns some periodicity number to every orbit.
This means that if an orbit is quasi-periodic rather that periodic, then the periodicity
indicates the rotation frequency along the quasi-periodic orbit. It measures how long it
takes to traverse one quasi-periodic cycle. This could be given an economic interpretation
in the sense that economic cycles never repeat exactly, and are therefore quasi-periodic.
The rotation frequency then has an important economic meaning: it is the number of
periods it takes on average to complete a full cycle.

1

The initial condition for the effective demand algorithm is the notional demand solution.
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A.4

The Envelope theorem for constrained problems

As a prerequisite we require the following two standard theorems from the theory of
Variational Calculus.
Theorem A.1 Theorem of the maximum (or Berge’s theorem, see Berge 1959)
Assume:
1. A ⊆ Rk and Y ⊆ Rk .
2. f : A × Y → R is a continuous function.
3. Γ : A → Y is a non-empty, compact and continuous correspondence.
Then:
1. The optimal value function φ : A → R defined by
φ(a) = max f (a, y)
y∈Γ(a)

is continuous.
2. The optimal policy correspondence G : A → Y defined by
G(a) = {y ∈ Γ(a) : f (a, y) = φ(a)}
is non-empty, compact-valued and upper hemi-continuous.
3. If G is single-valued then it is a continuous function.
For the proof we refer to Berge (1959), p.122. The single-valuedness of the optimizer G(a)
follows from optimizing a strictly quasi-concave function f over a convex set Γ(a). Or,
alternatively, from optimizing a quasi-concave function f over a strictly convex set Γ(a).
Berge’s theorem gives the sufficient conditions for the optimizer (the policy function) to
be continuous. For differentiability more is required however. The next theorem states
that the total derivative of the objective function f with respect to the parameters a ∈ A
equals the partial derivative of the Lagrange function with respect to these parameters.
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Theorem A.2 Envelope theorem
Let A ⊂ Rk be a nonempty set, and let X ⊂ Rn be a non-empty compact convex set. Let
f, h1 , ..., hk : X × A → R be C 1 functions. Consider the maximization problem for fixed
parameters a ∈ A
φ(a) = max{f (x; a)|hi (x; a) ≤ 0, i = 1, ..., k}.
x∈X

(A.1)

and the corresponding Lagrange function
L(x, µ; a) = f (x; a) +

X

µi hi (x; a).

(A.2)

i

For the given parameters a ∈ A, let x⋆ (a) = (x⋆1 (a), ..., x⋆n (a)) denote a single-valued
solution on the constraint set
{h1 (x; a) = 0, ..., hk (x; a) = 0}.

(A.3)

Assume:
1. x⋆ (a) is a C 1 function.
2. The Lagrange multipliers µ1 (a), ..., µk (a) are C 1 functions.
3. (h1 , ..., hk ) satisfy a regularity condition at x⋆ (a): the rank of the matrix Dh(x⋆ ) = k.
Then:
1. The optimal value function φ : A → R defined by φ(a) = f (x⋆ (a); a) is a C 1 function.
2. For i = 1, ..., k:
d
d
∂
φ(a) =
f (x⋆ (a); a) =
L(x⋆ (a), µ(a); a).
dai
dai
∂ai

(A.4)

For the proof, see Theorem 19.4 and 19.5 in Simon and Blume, pp. 453-456. The optimal
value function φ(a) is now a C 1 function instead of a C 0 function, as was the case in the
previous theorem. The derivatives of the optimizer can be determined by applying the
Implicit Function Theorem to the Lagrange function. This result will be used below by
applying it to the effective demand functions.
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A.5

Effective demand

In this appendix we use properties that are analogues to the standard theorems in consumer theory on the continuity and differentiability of demand functions (see e.g. Samuelson, 1947 and Arrow and Hahn, 1971). However we use them here in the context of
effective demand functions instead of notional demand functions. The aim is to derive
sufficient conditions for differentiability of the effective demand functions.2
The stability of fixed-price equilibria under tâtonnement processes with effective demand has received some attention in the fixed-price literature of the 1970s. The main
articles are those by Veendorp (1975) and Laroque (1978).
Veendorp (1975) considers a price-tâtonnement process similar to the process being
used by Arrow and Hurwicz (1958), in which price adjustments are proportional to the
aggregate excess demand function: ṗj = λzj (p). Under the assumption that all goods
are gross substitutes they could then show that competitive equilibria are locally stable
under the continuous-time price adjustment process.
Veendorp uses effective demand functions instead of notional demand functions in an
attempt to generalize these stability results. The idea was to extend the condition of gross
substitutability by a similar condition for the effective excess demand functions, and that
this would lead to theorems on the stability of non-Walrasian equilibria.
Just as Arrow and Hurwicz, Veendorp assumes gross substitutability of goods in a two
agent, three good exchange economy. Because there are only two agents, they need to be
on different sides of the market to exclude uninteresting no-trade equilibria and for any
trade to occur. Therefore properties of the individual effective excess demand functions
carry over directly to the market excess effective demand functions, since there is only
one buyer and one seller. Only one agent can be rationed on a particular market since
the agents are on different sides, and for every commodity there is maximally one agent
being rationed. This simplifies the stability analysis of the effective demand tâtonnement
process considerably, since the spill-over effects can be derived from the individual spillover effects, which is impossible if there are multiple agents on both sides of the market.
The effective demand tâtonnement process is reduced and defined only in terms of
prices, since Veendorp considers fixed-price equilibria in which the price system is supported by an equilibrium rationing scheme. So the price-tâtonnement process consists
of a sequence of fixed-price equilibria. The price space is partitioned into regimes that
represent the state of each market at the fixed-price equilibrium. Prices are adjusted on
the basis of the aggregate effective excess demand.
It is important to remark that the theorem and proof by Veendorp only hold for an
economy with three commodities and two agents. Veendorp shows that for the case with
three markets the sign pattern of the spill-over matrix can be used to derive the stability
properties of the competitive equilibrium under the continuous-time tâtonnement process
with effective demand.
This example with only two agents and three markets is a somewhat degenerate case,
and the main problem was to generalize the results to examples with three or more agents,
and to more than three markets. Laroque (1978b) shows that for a general n-market case
2

See Polemarchakis (1981) for a similar treatment of the constrained excess demand functions.
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no general results on the stability of fixed-price equilibria can be obtained. Therefore an
extension of the results of Arrow and Hurwicz (1958) was not possible.
More importantly, the spill-over matrix has to be defined for each individual agent,
together with the individual sign-pattern, instead of as an aggregate spill-over matrix for
the whole economy. For the general case with an arbitrary number of markets the sign
pattern of the aggregate spill-over matrix is arbitrary and can not be derived from the
individual characteristics. From that moment on the interest in the stability problem
of fixed-price equilibria essentially halted. There appeared to be no conditions on the
structure of the economy, and in particular on the individual characteristics of the agents
(i.e. the preferences and the endowments), to provide necessary and sufficient conditions
for stability.
Assumptions on the structure of the economy
For convenience, we repeat here the assumptions that were made at the beginning of
Section 3.3 about the structure of the exchange economy:
Assumption A.10 For every household the consumption set is a closed and convex subset of RL+ , i.e. ∀h : X h ⊆ RL+ .
Assumption A.11 For every household the utility function U is a twice continuously
differentiable, strictly quasi-concave and monotone function on X. Further, ∇U 6= 0 for
all x ∈ X.
Assumption A.12 For every household the vector of initial endowments belongs to the
interior of the consumption set: ∀h : wh ∈ Int(X h ).
Assumption A.10 ensures existence of an optimizer and Assumption A.11 ensures its
uniqueness.
In addition, we need a technical condition on the non-degeneracy of the bordered
Hessian matrix of the utility function.
Assumption A.13
¯µ
¶¯
¯
¯
−∇U
H
U
x
¯
¯=
⊤
¯ −∇U
¯6 0
0

for all x ∈ X.

(A.5)

We will show that Assumption A.13 is a sufficient condition for the following condition
to hold on the bordered Hessian matrix of the Lagrange function that is associated to the
constrained utility maximization problem:
¯µ
¶¯
¯
Hx L −∇h ¯¯
¯
for all x ∈ X.
(A.6)
¯ 6= 0
¯ −∇h⊤
0
Here h is the set of binding constraints in the utility maximization problem: h(x) =
{hi (x) = 0}. This condition needs to hold for all non-degenerated critical points of the
Lagrange function, in order to prove the differentiability of the effective demand functions.
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If a constraint is binding, and thus generates a rationing of demand or supply, then a
small change of the constraint will affect the optimizer by spill-over effects. The spill-over
effects are defined as changes in the optimizer as a result of infinitesimal changes in the
binding constraints. If a constraint is non-binding then there is no spill-over effect. This
implies that there is a discontinuity in the spill-over effect if a certain constraint switches
from binding to non-binding, or vice versa.
Since the spill-over effects can be defined as derivatives, the discontinuity of the
spill-over effect implies the non-differentiability of the demand functions. For all nondegenerated (i.e. non-singular) critical points of the Lagrange function, the spill-over
effects of the effective demand function are well-defined and can be solved from a system
of equations which is similar to the Slutsky matrix for the notional demand functions,
as in classical demand analysis. The non-degeneracy is required for applying the implicit
function theorem, and it leads to the condition that the same set of constraints should
remain binding. This means that the derivatives of the individual effective demand functions are well-defined only for an open set of constraints, since this is one of the conditions
in the implicit function theorem.
The line of the argument will be the following. First we show that the effective demand
functions are continuous. Then we show that they are also differentiable under certain
conditions. Finally, we show that the derivatives of the effective demand function with
respect to the binding quantity constraints (the spill-over effects) can be derived as the
solution to a system of total differential equations.

Continuity
The variables represent endowments w ∈ Rm+1
, consumption bundles x ∈ Rm+1
, prices
+
+
m+1
m+1
m+1
h
h
p ∈ R++ , supply constraints ℓ ∈ R− and demand constraints u ∈ R+ . For fixed
parameters (here: the prices and the quantity constraints) the effective demand function
for agent h on market i is the i-th component of the vector-solution to the following
program:
max U h (x0 , ..., xm )
subject to the constraint set
h1 (x) = p(xh − wh ) ≤ 0,
(A.7)
h2,j (x) = xhj − wjh − uhj ≤ 0,
j 6= i (xhj − wjh ≤ uhj )
h3,j (x) = −(xhj − wjh − ℓhj ) ≤ 0, j 6= i (xhj − wjh ≥ ℓhj )
∀j
(xj ≥ 0).
h4,j (x) = −xhj ≤ 0,
The problem in (A.7) is a convex problem since the utility function is strictly quasiconcave and the constrained budget set B̄hi = {x ∈ Rm+1 : h(x) ≤ 0} is convex. The
maximiser is therefore unique. From the Maximum Theorem A.1 it follows that the
maximiser depends continuously on the prices p and the quantity constraints (ℓhj , uhj ) for
all j 6= i. The effective demand function for (p, ℓh−i , uh−i ) is defined as the maximiser3
Eh (p, ℓh−i , uh−i ) = arg maxzh {U h (zh + wh )|zh ∈ B̄hi (p, ℓh−i , uh−i ; 0)}.
3

(A.8)

Recall that the vectors of constraints without the constraints on market i are denoted by ℓh−i =
and uh−i = (uh0 , ..., uhi−1 , +∞, uhi+1 , ..., uhm ).

(ℓh0 , ..., ℓhi−1 , −∞, ℓhi+1 , ..., ℓhm )
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The i-th element of the vector-valued function Eh is z̃ih = Ehi (p, ℓh−i , uh−i ), which is the
effective demand for agent h on market i. We are only interested in this i-th element,
since the total effective demand function is constructed from these separate elements.
Theorem A.3 Continuity of effective demand
Under the Assumptions A.10-A.12 the function Eh is continuous on the parameter space
A.
Proof. Choose parameters by setting a := (a0 , aℓ , au ) ≡ (p, ℓ, u). Let x⋆ (a) = Eh (p, ℓ−i , u−i )
be the maximiser of U restricted to B̄hi as a function of the exogenously given variables
in a. Under Assumption A.11 and the fact that the budget set B̄ is convex it follows that
x⋆ (a) exists for all a ∈ A and that x⋆ (a) is unique for every a ∈ A. From the Maximum
Theorem A.1 it then follows that x⋆ (a) is a continuous function.
The first-order conditions ∇U (x⋆ (a)) − µ∇h(x⋆ (a), a) = 0 hold for all a ∈ A, µ 6= 0.
Because ∇h has full row rank µ = µ⋆ (a) can be solved as a C 1 function as long as the
same set of constraints remains binding.

Differentiability
We are interested in the differentiability of the i-th effective demand function z̃ih =
Ehi (p, ℓ−i , u−i ), since this will imply that the total effective demand function is differentiable as well. The Langrange function corresponding to problem (A.7) is the function4
Lhi (xh , p, ℓh−i , uh−i ; µ0 , µℓ−i , µu−i ) = P
U h (xh ) − µ0 · p(xh − wh )
− {j:j6=i} µuj (xhj − wjh − uhj )
P
− {j:j6=i} µℓj (−xhj + wjh + ℓhj )

(A.9)

where the consumption bundle xh ∈ Rm+1
, the prices p ∈ Rm+1
+
++ the quantity constraints
h
h
m+1
ℓ−i , u−i ∈ R
and the Lagrange multipliers µ0 ∈ R1 , µℓ−i , µu−i ∈ Rm+1 . The Hessian
matrix of the Lagrange function is given by
2
Dx,µ
L

=

µ

Hx L −Dh
−Dh⊤
0

¶

.

(A.10)

Note that for the second-order derivatives, Hx L = Hx U , since all the constraints in the
utility optimization problem are linear (the budget constraint is linear and so are all the
quantity constraints). For differentiability of the effective demand functions the Hessian
matrix Hx L needs to be nonsingular at the critical points (x⋆ (a), µ⋆ (a); a). This property
carries over to the Hessian matrix of the utility function Hx U , and hence, Assumption
2
A.13 is a sufficient condition for the invertibility of Dx,µ
L. Note that strictly concave
functions which are twice differentiable satisfy Assumption A.13.
4

Recall the notation ℓ−i = (ℓ0 , ..., ℓi−1 , −∞, ℓi+1 , ..., ℓm ), in which the i-th element is a non-binding
restriction.
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First-order conditions
From the function in (A.9) we derive the system of first-order conditions
½
Dx L = ∇U (x) − µ∇h(x) = 0
Dµ L = h(x) = 0.
This can be written as
∂L
(x)
∂xi
∂L
(x)
∂xj
∂L
µ0
∂µ0
∂L
µuj u
∂µj
∂L
µℓj ℓ
∂µj
Then
2

D L=

µ

∂U
(x) − µ0 pi = 0
∂xi
∂U
=
(x) − µ0 pj − µuj + µℓj = 0,
∂xj
=

(A.12)
j 6= i

(A.13)

= µ0 p(x − w) = 0

(A.14)

= µuj (xj − wj − uj ) = 0

(xj ≤ wj + uj )

= µℓj (−xj + wj + ℓj ) = 0
Hx U − µHx h −∇h
−∇h⊤
0

(A.11)

¶

=

(A.15)

(xj ≥ wj + ℓj ).
µ

Hx U −∇h
−∇h⊤
0

¶

(A.16)

.

(A.17)

The righthand side follows since the constraints are linear, hence Hx h = 0. Under Assumption A.13 det[Hx U ] 6= 0, so D2 L is non-singular.
Given Assumptions A.11 and A.13 the functions x⋆ (a) and µ⋆ (a) can be solved locally
C 1 as functions of the parameters a = (p, ℓ, u). This follows from applying the Implicit
Function Theorem to the equation system DL = 0. The application of the IFT is allowed
because of the non-degeneracy of D2 L. Differentiability of the effective demand functions
now follows from the assumptions.
Theorem A.4 Differentiability of effective demand
Under Assumptions A.10-A.13, the effective demand function z̃ih = Ehi (p, ℓh−i , uh−i ) is differentiable.
Theorem A.4 holds for non-degenerate critical points of the Lagrange function, excluding a measure zero set of points where the critical points are degenerate and D2 L is a
singular matrix. This set of points has been excluded by Assumption A.13. Such degenerate critical points can occur on the boundary of two regimes, where the bordered Hessian
of the Lagrange function becomes singular and the set of binding constraints changes.
The proof, stated on the next two pages, requires some additional notation. It holds
for an open set of prices and constraints in the state space (p, ℓ, u) ∈ S. This means that
in the neighbourhood of a point (p, ℓ, u) ∈ S the same set of constraints remains binding.
In other words, when a constraint is ‘just binding’, then the effective demand function is
non-differentiable. The set of points for which this happens has measure zero in the state
space S (it is the closure of an open set). In the neighborhood of such a state there are
some states for which the constraint is binding and some states where the constraint is
non-binding. The effective demand function then has a kink at such a regime boundary.
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Spill-over effects
In this section we derive the spill-over effects from the individual quantity constraints and
show that they can be derived as the solution of a system of total derivatives. The spillover effects are the derivatives of the individual effective demand function with respect to
the individual constraints.
Notation
Define the vectors of total derivatives dx = (dx0 , ..., dxm ), dp = (dp0 , ..., dpm ),
dw = (dw0 , ..., dwm ), du = (du0 , ..., dum ) and dℓ = (dℓ0 , ..., dℓm ). Further, we write for
the vectors of Lagrange parameters: µℓ = (µ(ℓ0 ), ..., µ(ℓm )), µu = (µ(u0 ), ..., µ(um )), with
total derivatives dµℓ = (dµ(ℓ0 ), ..., dµ(ℓm )) and dµu = (dµ(u0 ), ..., dµ(um )). The
Lagrange parameter µ(ℓj ) is the shadow price of the constraint ℓj . We will use the
following shorthand notation for the spill-over matrices:
dx/du = (dxi /duk )ik
dx/dℓ = (dxi /dℓk )ik .

(A.18)

The derivatives dxi /duk and dxi /dℓk for i 6= k can be interpreted as the spill-over effects.
They give the change in the optimizer as a result of infinitesimal changes in the
constraints ℓk or uk (ceteris paribus).
We now define the diagonal matrices B ℓ and B u to denote the constraints which are
binding for agent h:
½
1, if ℓj binding
ℓ
Bjj =
(A.19)
0, if ℓj non-binding
½
1, if uj binding
u
Bjj =
(A.20)
0, if uj non-binding.
u
ℓ
If Bjj
= 1, Bjj
= 0 then xj = uj + wj is a binding upper constraint and the lower
u
ℓ
constraint xj > ℓj + wj is non-binding. Similarly, if Bjj
= 0, Bjj
= 1 then xj = ℓj + wj is
a binding lower constraint and the upper constraint xj < wj + uj is non-binding.
However, the matrices B ℓ and B u should only contain binding constraints. Therefore we
define new matrices C ℓ and C u as follows:
ℓ
- If ℓj is a non-binding constraint: eliminate the j-th row and j-th column from Bjj
,
ℓ
and eliminate the j-th entry from dµj and dℓj .
u
- If uj is a non-binding constraint: eliminate the j-th row and j-th column from Bjj
,
u
and eliminate the j-th entry from dµj and duj .

After eliminating all the non-binding constraints, we are left with a system of the
following dimensions (here |A| denotes the dimension of matrix A):
|C ℓ | = |dµℓ | = |dℓ| = nℓ ,
|C u | = |dµu | = |du| = nu .

(A.21)
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where nℓ is the number of binding lower constraints and nu is the number of binding
upper constraints. The total number of independent variables is:
(dp, dw, du, dℓ) : n + n + nu + nℓ .

(A.22)

The total number of dependent variables is:
(dx, dµ0 , dµu , dµℓ ) : n + 1 + nu + nℓ .

(A.23)

From the system of first-order conditions (A.12-A.16) and taking the total derivative on
both sides of that system, we can now derive a system of equations in terms of the
derivatives (dx, dp, dw, du, dℓ, dµ0 , dµu , dµℓ ):
D2 U dx −µ0 dp
p · dx +x · dp −p · dw
C u dx
−C u dw −C u du
−C ℓ dx
+C ℓ dw
+C ℓ dℓ
This is equivalent to the system
 2

dx
D U p −C u C ℓ

  −dµ0
p
0
0
0


 Cu 0
0 0   dµu
dµℓ
−C ℓ 0
0 0



+p(−dµ0 ) −C u dµu +C ℓ dµℓ = 0
=0
=0
=0
(A.24)




0
0
−µ0
0
dp
  x
  dw
−p
0
0
+

  0 −C u −C u 0   du
dℓ
0
Cℓ
0
Cℓ

We can rewrite the system (A.25) as

dx
 −dµ0
A·
 dµu
dµℓ






dp



 + B ·  dw  = 0.

 du 
dℓ




 = 0.


(A.25)

(A.26)

The dependent variables (dx, dµ0 , dµu , dµℓ ) can then be solved from the equations in
(A.26), as a function of the independent variables (dp, dw, du, dℓ) by computing the
product −A−1 B. The invertibility of the matrix A and the continuous dependence of its
inverse on (p, ℓ, u) are sufficient to guarantee that the effective demand function is
continuously differentiable. From the solution it is then possible to derive the spill-over
effects dx/dℓ and dx/du. QED
The system (A.26) is well-defined and has a solution for an open set of binding
constraints and prices, since we have eliminated all the non-binding constraints. The
discontinuity in the derivative of the effective demand function is due to the fact that
either:
- a non-binding constraint becomes binding and is added to the open set of binding
constraints;
- a binding constraint becomes non-binding and is eliminated from the open set of
binding constraints.
In either case, the dimensions of system (A.26) are changed. Thus we have shown that
Theorem A.4 holds for an open set of binding constraints and prices.
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Notional demand
Note that if there are no binding constraints at all, then B ℓ = 0m+1 , B u = 0m+1 and
C ℓ = Ø and C u = Ø. The effective demand function then reduces to the notional
demand function, which is differentiable. The system (A.25) reduces to the much
smaller subsystem:
¶
¶ µ
¶ µ
¶ µ
µ 2
dp
−µ0 0
dx
D U p
= 0.
(A.27)
·
+
·
dw
x −p
−dµ0
p
0
The first matrix is simply the bordered Hessian of the utility function since, evaluated in
a utility optimum, ∇U = −µ0 p and hence:
¶
¶ µ
µ 2
D2 U
−(∇U )t /µ0
D U p
.
(A.28)
=
−∇U/µ0
0
p
0
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as tâtonnement, 89, 218
Giro system, 20
Hicksian Week, 39–43
Hysteresis effect, 146–147, 153, 163, 212
Intertemporal equilibrium, 36
Keynesian
equilibrium, 53, 65, 80, 84–86, 242
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von Böhm-Bawerk, Eugene, 35
Clower, Robert, 17–18, 53, 66, 82
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Uitnodiging
Microeconomic Disequilibrium Dynamics

Although economics uses equilibrium models to study markets, market
phenomena are often inherently dynamic. Therefore economic theory
requires a process perspective instead of an equilibrium perspective, in
order to explain how equilibria can be reached by a dynamic process.
This thesis combines methods from general equilibrium theory and the
theory on nonlinear dynamical systems to investigate the microeconomic
dynamics of models with a sequential market structure. Three central
themes are covered: methodology, mathematical modelling and
computational analysis.
In Part 1 we give methodological arguments for studying microeconomics
from a non-equilibrium point of view. In Part 2 we build on these arguments
to develop a theoretical disequilibrium framework. In Part 3 the framework
is extended to include dynamics.
Several computational models are investigated to study the effects of
different monetary institutions, different price adjustment mechanisms
and different behavioral rules of the individual agents. The models have
a sequential market structure, in which markets are visited consecutively
and trade takes place at disequilibrium prices. The results show that market
mechanisms play an important role for the stability of economic equilibrium.
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How do different market institutions affect economic stability? This question
is of particular concern if the economy is viewed as a dynamical system.
Is the economy fundamentally stable, or do economic processes produce
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