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66 Constant Latent Odds-Ratios 

modelss and the Mantel-Haenszel 

nulll  hypothesis 

A b s t r a c t t 

Underr a more general model for dichotomous item scores than the one-

parameterr logistic Rasch model, it is shown that methods based on an 

observedd conditional invariance model in general and the Mantel-Haensel 

proceduree in particular can be diagnostic of measurement invariance or 

differentiall  item functioning. The assumptions of nondecreasing item 

responsee functions, local independence of the item scores conditional on 

aa unidimensional latent trait, and the additional assumption of constant 

latentt odds-ratios between all pairs of items are the fundamental as-

sumptionss of this general model. Three parametric special cases of this 

generall  model are shown to be generalizations of the Rasch model. For 

thee general model and each of its parametric special cases, the total score 

iss shown to be a sufficient statistic for the latent trait. Under the general 

model,, the manifest odds-ratios used in the Mantel-Haenszel procedure 

aree derived. The derivations of the manifest Mantel-Haenszel odds-ratios 

aree used in discussing specific hypothetical situations that can arise in a 

practicall  DIF investigation by means of the Mantel-Haenszel procedure. 

Speciall  attention is given to a so-called worst case scenario in which the 

Mantel-Haenszell  null hypothesis is satisfied while all items are DIF items 

systematicallyy in favor of one of two groups under study. 

6.11 Introduction 

Inn the construction process of a psychological or educational test, it is im-

portantt to test items for Differential Item Functioning (DIF). DIF is a 
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threatt to the validity of a test. It refers to different item response behavior 

off  equal-ability examinees from different demographic or biographic groups. 

Itemss must be tested for DIF in order to prevent the measurement of unin-

tendedd factors or variables and to guarantee fair testing of examinees from 

differentt groups. 

Fundamentall  to Item Response Theory (IRT) models for dichotomous 

itemm scores is the Item Response Function (IRF). It relates the probability 

off  a correct item score to a latent trait that is assumed to underlie perfor-

mancee on the test. Under IRT models for dichotomous item scores, DIF is 

definedd to exist for a particular item when its IRFs in at least two groups 

off  examinees are unequal. In statistical methods for the detection of DIF, 

thiss DIF definition is the alternative hypothesis against which the IRT null 

hypothesiss of measurement invariance, which in the dichotomous case is 

equivalentt to the hypothesis of equal IRFs, should be tested. 

Millsapp and Everson (1993) discussed a wide range of DIF detection 

methods.. In their overview, they made a distinction between methods that 

aree based on an Unobserved Conditional Invariance (UCI) model and meth-

odss that are based on an Observed Conditional Invariance (OCI) model. 

Underr IRT models for dichotomous item scores, UCI for one item with 

respectt to group membership is equivalent to the condition of equal IRFs 

inn different subpopulations. UCI methods for the detection of DIF nearly 

alwayss operate within parametric IRT measurement models. In these meth-

ods,, item parameters are estimated and compared between groups. A gen-

erall  problem with UCI methods is that of selecting the correct measurement 

modell  for the IRFs. Therefore, tests of UCI can be confounded with tests 

off  fit  and, moreover, they require large sample sizes. In case of dichotomous 

itemm scores, OCI for one item with respect to group membership is equiv-

alentt to the condition in which the probabilities of a correct item score are 

equall  in subpopulations at all levels of an observed matching variable used 

ass a proxy for the latent trait. An advantage of OCI methods over UCI 

methodss for the detection of DIF, is that they are easy to implement and 

cann be used in samples of moderate size. A problem with OCI methods 

concernss the adequacy of the observed matching variable as a proxy for 

thee latent trait. A central implication of the work of Meredith and Millsap 
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(1992a,, 1992b) is that OCI procedures that rely exclusively on an observed 

matchingg variable are not generally diagnostic of DIF. However, in their 

theoreticall  work they showed that the observed matching variable is ade-

quatee as a proxy for the latent trait when it is a sufficient statistic for the 

latentt trait. 

Fromm a result of Lord and Novick (1968, p. 429) for the logistic test 

model,, it follows that if dichotomous data follow the one-parameter logistic 

modell  (Rasch, 1960), then the total score (the unweighted sum of the item 

scores)) is a sufficient statistic for the latent trait. In addition, Fischer 

(1974,, p. 196) showed that if the limit of the probability of a correct score 

iss zero when the latent trait value goes to minus infinity and the limit is one 

whenn the latent trait goes to plus infinity, then the one-parameter logistic 

Raschh model is the only possible model under which the total score has 

thiss sufficiency property. In the present chapter, it is shown that there 

existt other IRT models than the Rasch model under which the total score 

iss a sufficient statistic for the latent trait when these limi t assumptions are 

relaxed.. In order to show that there exist other models with the sufficiency 

property,, it is convenient to focus on the positions of the IRFs relative 

too one another or on the interrelationships between the IRFs, instead of 

focusingg on the shape and/or the location of the IRF of each separate 

item.. A useful aid to the comparison of two IRFs is the latent odds-ratio 

forr two items (Rosenbaum, 1987). The latent odds-ratio is the ratio of 

thee odds of a correct item score between two items as a function of the 

latentt trait. If it is assumed that the latent odds-ratio for each item-pair 

iss constant and all IRFs are nondecreasing functions of the latent trait 

withoutt the previously mentioned limit restrictions, then a more general 

measurementt model than Rasch's one-parameter logistic model is obtained, 

whichh is called the Constant Latent Odds-Ratios (CLORs) model. 

Onee of the standard OCI procedures for the detection of DIF in di-

chotomouss item scores is the Mantel-Haenszel (MH) procedure (Mantel & 

Haenszel,, 1959; Holland & Thayer, 1988). In the MH procedure, a chi-

squaree test statistic with one degree of freedom is used to test the hypoth-

esiss whether the odds of giving a correct response to a so-called "studied 

item'' are equal in two different groups at each level of a selected matching 
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criterion.. It is important to keep in mind that this MH null hypothesis is 

nott equivalent to the IRT hypothesis of equal IRFs in general, because in 

thee MH procedure examinees are matched on an observed criterion, instead 

off  the latent trait. However. Holland and Thayer (1988) showed that this 

MHH null hypothesis is equal to the IRT null hypothesis of no DIF under the 

followingg conditions: (1) the data follow the one-parameter logistic Rasch 

model,, (2) the criterion for matching includes the studied item, (3) none 

off  the items in the criterion for matching, except for possibly the studied 

item,, is a DIF item, and (4) the data of the two groups are random sam-

pless from the corresponding populations. Under the CLORs model, the 

manifestt odds-ratios used in the MH procedure are derived in which the 

CLORss of item-pairs are included. The manifest odds-ratios used in the 

MHH procedure written in terms of CLORs show under which circumstances 

thee MH null hypothesis is met and under which circumstances it is equal 

too the IRT null hypothesis of no DIF. The manifest odds-ratios in terms 

off  CLORs also shed light on conditions under which DIF is present for the 

studiedd item and the MH null hypothesis of equal group-odds at all levels 

off  the matching variable is satisfied. 

First,, in the next section, the model with CLORs for all item-pairs is 

discussed.. It is proved that under this model the total score is a sufficient 

statisticc for the latent trait. In addition, three parametric IRT models 

aree discussed, which are special cases of the general CLORs model, but 

nott equal to the Rasch model. In the section that follows, the manifest 

odds-ratioss used in the MH procedure are derived in terms of CLORs. 

Underr the CLORs model, it is discussed how the MH null hypothesis is 

relatedd to the IRT null hypothesis of no DIF. This section is followed by an 

examplee in which it is shown that the MH null hypothesis can be satisfied 

whenn DIF is present for all items. Furthermore, it is discussed what the 

consequencess can be in practice when there are no true ability distribution 

differencess between the two groups under study while all items are DIF 

itemss systematically in favor of one of the two groups. 
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6.22 Models with CLORs 

6.2.11 Model assumptions 

Thee general model that is discussed, is a model for dichotomous items that 

aree assumed to measure the same unidimensional latent trait. Let T be a 

testt consisting of K dichotomous items. The item score variable of item i 

iss denoted by Xt and 

{ 1,, if the response to item i is correct or positive 

0,, if the response to item i is incorrect or negative, 

forr i = 1, . .. ,K. The vector of item score variables is denoted by X — 

{X\,...{X\,... ,XK)- The vector of item score realizations is denoted by x = 

(#1, . ... ,XK). Let P(X = x) denote the joint probability function of re-

sponsee pattern x in population C if tested by test X. By letting x range 

overr its 2K possible values, the set {P(X = x)}  is formed, that constitutes 

thee manifest probabilities for the test T in population C. Then 

P(XX = x ) > 0 and ^ P ( X = x) = l. 
X X 

Unidimensionall  IRT models specify a functional form for the manifest prob-

abilitiess by assuming that there is a unidimensional latent trait or ability 

99 and that P(X = x) has the representation: 

K K 

P(XP(X = x) = / HPiiOr'QiW^dFie), (6.2) 
JJ i=l 

wheree Pi{0) is the IRF for item z, Ql{6) = 1 - ^ ( 0 ), and F{0) is the cumu-

lativee distribution function of the latent trait 6 over the population C. The 

structuree in Equation 6.2 includes the assumption of Local Independence 

(LI) ,, defined as 

K K 

P(XP(X = x | 6) = YlPl(0)^Ql(e)1-^. (6.3) 
t = i i 

LII  means that conditional on the latent trait the distributions of the item 

scoress are all independent of each other (Lord & Novick, 1968, p. 362). 
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Thee structure in Equation 6.2 with the assumption of LI does not place 

anyy testable restrictions on the observable data and is therefore only a 

representationn rather than a measurement model (Rosenbaum, 1987). An 

additionall  minimal assumption imposed on the IRF that yields an ordinal 

measurementt model from which testable restrictions on the observable data 

follow,, is the assumption of monotonicity (Mokken, 1971; Mokken & Lewis, 

1982);; that is, for two arbitrarily chosen fixed values 9a and 6b, 

Pi(OPi(Oaa)) < Pi(0b), whenever 6a < 06, (6.4) 

forr all i = 1,...,K. Furthermore, it is assumed that the probability of 

givingg a correct response to each item conditional on the latent trait is 

neverr equal to zero or one; that is, 0 < Pl(6) < 1 for all i. At this point, it 

iss stressed that under the general model to be discussed in the first place 

nonee of the IRFs is restricted to the assumptions 

limm Pi(0) = 0 and lim P*(0) = 1, 
0^>0^> — OC 9—H5C 

whichh hold for each IRF under the one-parameter logistic Rasch model. So 

underr the general model, each IRF is allowed to have a lower asymptote 

greaterr than zero and an upper asymptote smaller than one. 

Iff  the IRF of an item is a nondecreasing function of the latent trait, then 

soo is its latent odds function, defined as Vt{6) = Q\1 . Here, IRT models 

aree considered in which the ratio of the latent odds functions of each of the 

( 2)) possible combinations of two items i and j , is a constant function of 

thee latent trait; that is, 

^ # )) = T77ZV = Qü> f o r a11 ^3- (6-5) 

Iff  there are K items, then there are K2 constant latent odds-ratios. There 

iss however much redundancy of information in the total set of K2 constant 

latentt odds-ratios. Only K — 1 constant latent odds-ratios are needed to 

describee the relationships between all IRFs. First, note that there are K 

constantt latent odds-ratios, an = 1 (i = 1, . . . ,K), that are irrelevant. 

Thee remaining K(K — 1) constant latent odds-ratios contain (2) double 

counts,, because for all i ^ j , we have al3 = —. The (2) constant latent 
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odds-ratioss left are not independent of one another. Each constant latent 

odds-ratioo can be obtained by two other constant latent odds-ratios, for 

example,, 0:13 = 012023 This set of dependent constant latent odds-ratios 

cann be reduced to a minimal set of (^) - ( ^ 1 ) = K — I constant latent 

odds-ratioss containing all information. One way to obtain such a set is to 

expresss the latent odds function of each item i (^ j) in terms of the latent 

oddss function of an arbitrary selected, fixed reference item j ; that is, 

VVii(B)=a(B)=aijij VVjj(e)(e)11 for al ii ^ j , (6.6) 

whichh will be used in the following sections. Rewriting this equation in 

termss of the IRFs, yields (Rosenbaum, 1987) 

PiV)=,+PiV)=,+ ((
QijPj{QijPj{ !L!L (/i(/iVV fcralH^, (6-7) 

11 + (aij - l)Pj{6) 
whichh will also be used in a later section. 

6.2.22 Sufficiency of the total score for the latent trait 

Inn this subsection, it is proved that under the general IRT model with 

CLORss for all item-pairs, the total score is a sufficient statistic for the 

latentt trait. The total score is the unweighted sum of the item scores, and 

iss defined as X+ — JZiLi ^ '- With the inclusion of the total score, the 

generall  mathematical model of a test in which all item scores depend on 

onlyy one latent trait can be rewritten as (Lord & Novick, 1968, p. 428) 

PP{{xx = x\x+ = x+,e) = f£zx
xl%y (6-8) 

Iff  the total score X+ is a sufficient statistic for the latent trait #, then the 

right-handd side of this equation must be equal to P(X = x | X+ = x+), 

whichh does not depend on 9. The probability function conditional on 6 

underr the test model for dichotomous item scores can be written as 

KK K 

P(XP(X = x I 9) = l[Qi(9) I ] Vi(6)Xi. (6.9) 
i = ll i = l 

Underr a test model with CLORs between all item-pairs, for all i  ̂ j , 

Vi{9)Vi{9) is substituted by ctijVj(9) (Equation 6.6), which yields the following 
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expressionn for the conditional probability function: 

KK K 

KK K K 

i=li=l  i^j i=1 

KK K 

==  Vj(or-i[Qmll^j-  (6-io) 
i=ll  i^j 

Forr the set Rx+ of all response patterns for which X+ — x+; that is, 

RRx+x+ = {x ; Yli=i  xi  = x+}->  it follows that 

KK K 

p(x+p(x+ = x+\o) = v^er* f] QiW) E Haïr (6-n: 
i=ll  üx + z^j' 

Substitutingg both Equation 6.10 and 6.11 into Equation 6.8 yields 

P (XX = x | X+ =  x+,d) = ^ l¥lK
tJ

 T,, (6.12) 
nj \\ X, 

whichh is independent of 9 and equal to P(X = x | X+ = x+). Therefore, 

underr the general CLORs model the total score X+ is a sufficient statistic 

forr 9. 

6.2.33 Parametric special cases of the CLORs model 

Underr the assumptions of increasing IRFs, LI of the item scores and 

l im^ -aoo Pt{9) = 0 and l i m ^ ^ ƒ>(#) = 1 for all i, Fischer (1974, p. 196) 

showedd that the one-parameter logistic Rasch model is the only possible 

modell  for which X+ is a sufficient statistic for 9. In this subsection, a new 

classs of parametric CLORs models is introduced for which X+ is also a 

sufficientt statistic for 9. The new class of models is shown to be a special 

classs of models within the class of IRT models defined by the four-parameter 

logisticc IRF (McDonald, 1967), which is given by 

P(X,P(X, = l\0) = Pm= %l%  (6.13) 
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wheree bi is the location parameter of item i, i = 1 , . . .. K, and a\ is the 

slopee or scale parameter of item i1 i = 1,.... K: which must satisfy ai > 0, 

forr all i. The item parameters Q and gi must satisfy the restrictions 0 < 

CiCi < gt < 1, for all i, and then C{ = l i m ^ . ^ Pz(#) is the lower asymptote 

off  item i, i = 1 , . . ., K, and gi — l i m ^ ^ Pi(0) is the upper asymptote of 

itemm i, i = 1 , . . ., K. 

Thee four-parameter logistic model in itself has received littl e attention 

inn the psychometric literature, and seems to be of less practical value than 

itss following three special cases: (1) the three-parameter logistic model 

wheree gi — 1, for all i (Birnbaum, 1968); (2) the two-parameter logistic 

modell  where gi = 1 and Q = 0, for all i (Birnbaum, 1968); and (3) the 

one-parameterr logistic model where gi = 1, ct = 0, and â  = a, for all i 

(Rasch,, 1960). Under the latter model it is common practice to set a — 1. 

Now,, it can be shown that if a reference item j has a four-parameter 

logisticc IRF, for which the restrictions 0 < cj < gj < 1 hold, and that if the 

IRFss of all other items i / j are obtained from it by means of Equation 6.7, 

thatt this already defines a parametric IRT model for which all pairs of IRFs 

havee CLORs, and that this parametric model is not equivalent to the one-

parameterr logistic Rasch model. However, the new parametric IRT model 

introducedd in this chapter, or actually, the new class of parametric IRT 

models,, is defined by the IRF 

«« = ii-^,+e»r foralH (ai4) 

wheree bi is again the location parameter of item i, i = l , . . . , i \ \ The two 

parameterss 6 and 7 are common to all items, and hence, do not have an 

itemm index. These parameters belong to the entire set of K items or to the 

totall  test T, and will be explained below. Now, rewriting the IRF as 

(l-ie(l-iebbi)Si)S b. ( l - 7ebQ Q 

Pi(0)Pi(0) = ——, a , for all z, (6.15) 
e°e°ii + eu 

showss that the model is also a special case of the four-parameter logistic 

modell  (Equation 6.13) with the additional restrictions that a{ = a = 1, 

CiCi =  (1Zle\J>i , anc*  &  = tt-Si) ' ^or a^ *  From the restrictions that 
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OO < et < gt < 1. for all i. it follows that 0 < ö < ebj and 0 < 7 < e~ht. 

forr all i. Consequently, lnd < bi < —In7, for all i, which means that the 

rangee of possible 6-parameter values is restricted when S ^ 0 and/or 7 ^ 0. 

Iff  S = 0 and/or 7 = 0. then one of the two range restrictions or both are 

relaxed,, because then In6 or —In7 or both are not defined. The values of 

bothh <5 and 7 must be positive and close to zero. For example, if S = .3 and 

77 = .4, then the range of possible 6-parameter values is equal to the open 

intervall  ( — 1.20.0.92). In Table 6.1, for a number of S = 7 = u values close 

too zero, the corresponding  In u values are given. 

Tablee 6.1: (5 = 7 = it)-parameter values and lower or upper bounds  In it 

55 - 7 = u ÖÖÏ ÖÖ3 ÖÖ5 OÖ7 ÖÖ9 0.11 

ww 1 1 0 6 1 1 

Somee algebra shows that 6 - ^-ebl and 7 = M ~ ^ \ e ~b t . for all i. from 

whichh it follows that £7 = ?'( ~f\ for all i. So the product ^7 is equal 
VV ^ ci )9i 

too the odds-ratio of the lower and upper asymptote, which has the same 

constantt value for all i. 

I nn Table 6.2, a selected number of b-parameter values and the corre-

spondingg c- and ^-parameter values are given for a set of nine items under 

thee model in Equat ion 6.14, with S = .05 and 7 = .03. Graphical represen-

tat ionss of the nine IRFs from Table 6.2 are shown in Figure 6.1. 

Tablee 6.2: The 6-, c- and ^-parameter values of nine IRFs 

itemm 1 2 3 4 5 6 7 8 9 

bibi -2 .0 -1 .5 -1.0 -0.5 0.0 0.5 1.0 1.5 2.0 

dd 0.36 0.22 0.13 0.08 0.05 0.03 0.02 0.01 0.01 

g,g, 1.00 0.99 0.99 0.98 0.97 0.95 0.92 0.87 0.78 

Byy setting 7 = 0 and/or 6 = 0. three special cases of the model in 

Equat ionn 6.14 are obtained. The IRF of the first special case where 7 = 0, 

iss given by 

cc ft 

p.(0)) = _ for a l i i . (6.16) 

Fromm 7 = 0, it follows that c\ = 6e~bt and gi = 1, for all i. In this case the 
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-66 -5 -4 -3 -2 -1 0 

Figuree 6.1: Nine IRFs under the model in Equation 6.14 

rangee of possible 6-parameter values is only restricted by its innmum value 

off  In 5. If bz — 0, then Cj = S, which shows that under this model the value 

off  S is the value of the lower asymptote of the IRF with bi = 0. 

Inn Table 6.3, a selection of 6-parameter values and the corresponding 

c-parameterr values are given for a set of nine items under the model in 

Equationn 6.16, with ö — .05. Graphical representations of the nine IRFs 

fromm Table 6.3 are shown in Figure 6.2. 

Tablee 6.3: The b- and c-parameter values of nine IRFs 
item m 

bi bi 

Ci Ci 

1 1 

-2.0 0 

0.36 6 

2 2 

-1.5 5 

0.27 7 

3 3 

-1.0 0 

0.14 4 

4 4 

-0.5 5 

0.08 8 

5 5 

0.0 0 

0.05 5 

6 6 

0.5 5 

0.03 3 

7 7 

1.0 0 

0.02 2 

8 8 

1.5 5 

0.01 1 

9 9 

2.0 0 

0.01 1 

Thee IRF of the second special case of the model in Equation 6.14 where 

55 = 0, is given by 

Pi(0) Pi(0) 
; i - 7 e

f t t 

g0ll  _j_ gft 
forr all i. (6.17) ) 

Fromm S = 0, it follows that Cj = 0 and <?j = 1 — 7eb% for all i. In this case 

thee range of possible 6-parameter values is only restricted by its supremum 

valuee of —In7. If bz = 0, then gi = 1 — 7, which shows that under this 

modell  1 — 7 gives the value of the upper asymptote of the IRF with bi = 0. 
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-66 -5 -4 -3 -2 -1 ü 1 2 3 4 5 6 

Figuree 6.2: Nine IRFs under the model in Equation 6.16 

Inn Table 6.4, a selection of 6-parameter values and the corresponding 

g-parameterr values are given for a set of nine items under the model in 

Equat ionn 6.17, with 7 = .03. Graphical representations of the nine IRFs 

fromm Table 6.4 are shown in Figure 6.3. 

Tablee 6.4: The b- and (/-parameter values of nine IRFs 

itemm 1 2 3 4 5 6 7 8 9 

bbtt -2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0 1.5 2.0 

g,g, 1.00 0.99 0.99 0.98 0.97 0.95 0.92 0.87 0.78 

-66 -5 -4 - 3 - 2 - 1 0 1 2 3 4 5 6 

Figuree 6.3: Nine IRFs under the model in Equation 6.17 
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Thee third special case of the model in Equation 6.14 where 7 = 0 and 

55 = 0, is equal to the one-parameter logistic Rasch model, for which the 

IRFF is given by 

eee e 

ppi(°)i(°)  = -T-r-B > f o r a11 L (6-18) 

Sincee both 7 and S are equal to zero, this model is also a special case of each 

off  the models in Equations 6.16 and 6.17. Now, both range restrictions of 

possiblee 6-parameter values are relaxed, and the range goes from — oc to 

0 0 . . 

Inn order to show that the class of models defined in Equation 6.14 is a 

speciall  class of models of the general CLORs model, it is sufficient to show 

thatt the ratio of the odds for a correct response for any pair of items is the 

samee for all latent trait values. The ratio of the odds for a correct item 

scoree for any two items i and j (i ^ j) as a function of 0 is equal to 

Vj(fl )) = Pi{9){l  - P3(B)} = ( l - 7 e6 < ) ( ^ ~£) 

Vj{0)Vj{0) {1 - PmyPjW (e*  - S)(l - 7 ^ ) uuij(e)ij(e) = ^LL=  ;;  n„~,\zi = :_h~ J: Z\- ^-^) 

Thee right-hand side is independent of 6, and therefore, the new class of 

parametricc IRT models is a special class of models of the general CLORs 

model.. This also proves indirectly that the total score X+ is a sufficient 

statisticc for the latent trait 9 under the new class of parametric IRT models. 

Provingg this directly is done by deriving Equation 6.8 from the model in 

Equationn 6.14, which yields 

P(XX = x I X+ = * + ; 0 , M , 7 ) = /)!"  t,v (6-20) 

wheree b = (b\,... , bx)- Since the right-hand side of Equation 6.20 is 

independentt of 6, the total score X+ is a sufficient statistic for the latent 

traitt 6 under the model in Equation 6.14. 

Too conclude this section, under the general CLORs model or one of 

itss parametric special cases, the total score captures all information in 

thee latent trait that is relevant to a specific item score. Therefore, under 

eachh of these CLORs models, for OCI methods in general and for the MH 
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proceduree in particular, conditions can be derived in which these methods 

aree diagnostic of DIF. For the MH procedure under the general CLORs 

model,, these conditions are studied in the next section. 

6.33 CLORs and the MH procedure 

Inn the MH procedure, the null hypothesis is tested whether the manifest 

between-groupss odds-ratios for a studied item k are equal to one at all total 

scoree levels. These two groups of examinees are usually called the reference 

groupp (majority) and the focal group (minority). If the reference group 

iss denoted by G = 1 and the focal group by G = 2. then this MH null 

hypothesiss is formulated as 

P(XP(Xkk = l\X+=x+.G=l) 
P(XP(Xkk=0\X=0\X++ =x+,G=l)=x+,G=l)  _ qAfH _ 1 f ,, / f on 

^ 00  P(Xk = l\X+=x+~^=Z) ~ & ~ 1, tor a i i x+. (b.ZL) 
P(XA . =0 |X+ =x+ ,G=2) ) 

Thee MH null hypothesis is tested against the alternative hypothesis of a 

constantt manifest odds-ratio unequal to one at all total score levels: that 

is, , 

H,H, : j3%IH / 1, for all x+. (6.22) 

Inn this section, the manifest MH odds-ratios conditional on the total score 

aree rewritten in terms of CLORs. The purpose is to determine conditions 

underr a CLORs model, in which the MH procedure is diagnostic of DIF 

andd in which it is not. 

First,, for an arbitrary population of examinees the manifest probabili-

tiess of a correct response and that of an incorrect response, both conditional 

onn the total score, are derived from the manifest probability given in Equa-

tionn 6.2. Since Pl{0)x>Ql(0)1-x> = Vi{0)XiQi{9), the manifest probability in 

Equationn 6.2, can be rewritten as (Cressie & Holland, 1983) 

ff K K 

P(XX = x) = / J] Vi(e)Xi [J Qi(9)dF(d). (6.23) 
JJ i=i  i=i 

Settingg in Equation 6.23 the latent odds function of the arbitrary reference 

itemm j aside from the total product of latent odds functions of the remaining 
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items,, yields 

KK K 

P(XX = x) = ƒ Vj(Bp f[ Vi(e)Xi f[  Ql{0)dF{6). (6.24) 
i^ji^j  i=i 

Next,, if for all i  ̂ j , Vi{6) is replaced with otijVj(9), then the manifest 

probabilityy of a possible response pattern under the CLORs model becomes 

KK K 

P(XX = x) = j VjieriYl^V^rJlQ^dFiO) 
i+3i+3  i=l 

KK K K 

VjW>VjW> I I  a§ IIVi-W Xi Y[QiWdF(e) 

KK „  K K 

I I 
== 11^] Jv3(orflvJ(erf[Qt(e)dF(e) 

KK r K 

Again,, let i?x+ be the set of all response patterns for which X+ = x+; 

thatt is, Rx+ = {x ; J2i=i  xi — x+)->  a nd ^et Sx+-i be the set of all response 

patternss for which Yli^k^i = x+ — 1; that is, Sx+-\ = {x ; J ^ fc xi = 

xx++  — 1}. Then the manifest probability of giving a correct response to item 

kk conditional on the total score is 

P(XP(Xkk = l,X+ = x+) 
P(XP(Xkk = l\X+ = x+) = 

P(XP(X++  = x+) 

*kj*kj  E ^ . , n£;.*  «3 ƒ vmx+  n£i Qi{e)dF(s) 

KK Xi 
E ^ I l i / j " " 

(6.26) ) 

Similarly,, if Sx+ is the set of all response patterns for which Yln^k ^i = £+; 

thatt is, Sx+ = {^',^2i^kxi  = x+}i  then the manifest probability of an 

incorrectt response to item k conditional on the total score is 

E && , n K K 
OLi OLi i£j,ki£j,k ij 

P{XP{Xkk = 0\X+ = x+)= * "  ; r (6.27) 
L,RL,RXX.. 1 l i / j  aij 
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Next,, it follows that the odds for a correct response on item k conditional 

onn the total score is equal to 

p(xp(xkk = i\x+ =  x+) ^ E s ,+ - , n , ^Qg 
P(X»» = 0 | X + = x + ) E ^ n r , , , a3  [  } 

Finally,, dividing the odds of a correct response in the reference group (G = 

1)) by the odds of a correct response in the focal group (G = 2) yields the 

manifestt between-groups MH odds-ratios under the general CLORs model; 

thatt is. 

forr all x+. 

Inn what follows, four practical situations or cases are discussed in which 

ann item is tested for DIF by means of the MH procedure. 

Casee 1: All K items are free of DIF 

Iff all items are free of DIF; that is, if 

PPnn(0)(0) = Pl2{0) = Pi(0), for all 0 and all i, (6.30) 

thenn all (K — 1) latent odds-ratios between the reference item j and any of 

thee remaining items (including the studied item k) are invariant between 

groups:: that is. 

Pii(0)QM8)Pii(0)QM8) Pi2mQM0) PiWQjW t „ , , „ . , . , . , ,„ 

QimPM»)QimPM»)==  omPW)= omwr ' *3' (6'31) 

Sincee under a CLORs model, the latent odds-ratios in Equation 6.31 are 

alll  constant and independent of 9. invariance of the IRFs between the two 

groups,, given in Equation 6.30, implies 

aijiaiji  = alj2 = aij, for all i / j . (6.32) 

Substitutingg a î and alj2 by a  ̂ for all i ^ j in Equation 6.29 yields a 

manifestt MH odds-ratio equal to one at each total score level; that is, 

0%0%IHIH = 1, for all x+. (6.33) 
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Thiss is a 'true-negative' case, in which a right decision is made with respect 

too a non-DIF item (the studied item k). So when the MH chi-square test 

statisticc is used to investigate item k for DIF in a practical situation in 

whichh all items, including item k, are free of DIF, then the actual level of 

significancee will be asymptotically equal to the nominal level of significance. 

Casee 2: Al l K i tems are DIF i tems 

Notee that j3^IH — 1, for all x+, can also be true without invariance of 

thee IRFs between the two groups for any item in the matching criterion, 

becausee a î = atj2 = otij for all i  ̂ j does not imply Pn(0) = Pi2{9) for 

alll  9 and all i. For example, if 

n^ffln^ffl =  a  ̂  ̂ for all 0 and alH, (6.34) 

thenn all items are DIF items. From this it follows for any pair of items i 

andd j that 

Pa(B)Qi2(9)Pa(B)Qi2(9) = Pji(e)Qj2(e) 
QQïïi(e)pi(e)pl2l2(e)(e) Qji{0)pj2(ey { ' } 

whichh is equivalent to 

PnWQjiiO)PnWQjiiO) _ Pl2(O)Qj2(0) 
(6.36) ) 

Qii{0)Pji(0)Qii{0)Pji(0)  Qi2(0)Pj2(dy 

andd under a CLORs model this means for any pair of items i and j that 

atijiatiji  = aij2. (6.37) 

Consequently,, f3£IH — 1, for all x+, in Equation 6.29. This is a 'false-

negative'' case in which a wrong decision is made with respect to a DIF 

item.. When these conditions are true in a practical DIF testing situation, 

thee MH procedure is incapable of detecting DIF, which is actually present 

forr all items. This situation will be explained in more detail in the example 

afterr this section. 
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Casee 3: Only the studied item is free of DIF 

Iff  the CLOR between the studied item k and the arbitrary reference item 

jj  does not have the same value in the two groups, and if all other CLORs 

aree invariant between the groups: that is. 

<*kji<*kji  ¥" akj2, and ctiji  = Qy2, for all i  ̂ k.j, (6.38) 

whichh implies that akn ^ akl2. for all i  ̂ k,j: then under the general 

CLORss model, the manifest MH odds-ratio is 

Vu(fl ) ) 
RRMHMH akj\ Vji{6) 
PPkk =—-=y^ë), for all x+. (6.39) 

33 Vj2(9) 

Iff  in this case the studied item k is free of DIF, but the reference item j is 

nott free of DIF (which in this case means that only the studied item k is 

freee of DIF), then Vkl{9) = Vk2{9) and Vji(0)  ̂ V]2{9). Consequently, the 

manifestt MH odds-ratio of the studied non-DIF item k is equal to 

Vjti(Ö ) ) 

PkPk = = ., ,m =  Jr ,,,, =7^—,m _. / m = — 7^ 1, lor all x+, (6.40) 
c*kj2c*kj2 ^ g j . VJi(0) Qj2{B)Pjl(6) aj  ̂ + > v ; 

whichh does not reflect a constant amount of DIF in item k, but the common 

amountt of DIF actually present for each of the remaining items in the total 

score,, that are represented by the reference item j . This is a 'false-positive' 

casee in which a wrong decision is made with respect to a non-DIF item. 

Casee 4: Only the studied item is a DIF item 

Inn the situation in which the reference item j is free of DIF and the studied 

itemm k is a DIF item, we have Vn(6) = Vj2{9) and Vk\{0)  ̂ Vk2{9). If at 

thee same time all CLORs are invariant between groups except the CLOR 

betweenn the studied item k and the reference item j , then except for the 

studiedd item k all other items in the total score are free of DIF. In this 

situationn it follows that the manifest MH odds-ratio is equal to 

Vfci(fl ) ) 
aMHaMH =

 akjl  = V,-i(fl ) Vfcl(fl ) Pkl(0)Qk2{0) , , , 
PkPk akj2 VpEL Vk2{9) Qk,(9)Pk2(9)-ak^ X' ( b ' 4 i J 
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att each total score level. This is a 'true-positive' case in which a right de-

cisionn is made with respect to a DIF item. 

Iff  the conditions of Case 4 hold under the CLORs model, then it follows 

thatt the studied item k can only be a uniform DIF item (see Chapter 2). 

Sincee a^ji and Qkj2 are constants and otkji ¥" akj2i ak is also a constant 

unequall  to one and independent of 0, which is the definition of uniform 

DIFF (Hanson, 1998). In constrast to the Rasch model, however, under the 

generall  CLORs model uniform DIF does not imply parallel DIF, defined as 

Pn{Q)Pn{Q) — Pi2(6 + e) f° r all 0 and e ^ 0. Since under the latter model lower 

and/orr upper asymptotes can differ between the IRFs of the two groups, 

thesee IRFs can not always be horizontal translations of each other. 

Thus,, it can be concluded that only when the IRFs of the reference item 

jj  in the two groups are equal and the CLORs between item j and all the 

otherr items except for the studied item k are equal in the two groups, then 

thee manifest MH odds-ratios can be used to test the IRT null hypothesis 

off  no-DIF for the studied item k. 

Off  the four cases discussed, the so-called 'false-positive' and 'false-

negative'' cases are the undesirable situations. Since in practice the 'false-

positive'' case can lead to the 'false-negative' one through the deletion of the 

non-DIFF item that is flagged as a DIF item, the 'false-negative' case can be 

seenn as the worst case scenario of the four situations discussed. The 'false-

negative'' case is especially adverse, because in this case it will be tempting, 

afterr the items are all investigated for DIF, to draw the conclusion that 

nonee of the items are DIF items while in fact they all are. 

Situationss under the CLORs model in which two or more CLORs are 

differentt for the two groups are more complex and difficult to discuss. 

6.44 Worst case scenario example 

Inn the worst case scenario, DIF exists for all items but the CLORs between 

alll  item-pairs in the two groups are equal. Consequently, in this situation 

thee MH null hypothesis is satisfied, which is illustrated in the following 

numericall  example. 
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Supposee a test consisting of three dichotomous items, and that, for 

computationall  convenience, within each of the two groups under study the 

Raschh model holds, which is a special case of the general CLORs model. In 

bothh groups, the common discrimination parameter is equal to 1. Item 3 is 

arbitrarilyy taken as the reference item. In both groups the constant latent 

odds-ratioo between item 1 and item 3 is equal to a  ̂ = ebs~bl = 3, and 

betweenn item 2 and item 3. a23 = eb3~b2 = 5. So for each item the value 

off  the manifest MH odds-ratio is equal to Q^1H = 1 at each total score 

level.. If in group 1 the item difficulty parameter value of the third item is 

bb33 = 2, then in this group bi = 2 - In 3 = 0.901 and b2 = 2 - In 5 = 0.391. 

Whenn in group 2 (denoted by an asterisk) the difficulty parameter value 

forr the third item is 63 = 1, then in this group 6*  — 1 — In 3 = —0.099 and 

622 = 1 — In 5 = —0.609. This means that for each item the Signed Area 

(SAi)(SAi) (Raju, 1988) has the value 1 (SA3 = b3 - b% = 2 - 1 = 1; SA2 = 

bb22-b*-b* 22==  0.391 - (-0.609) = 1; and SAX = bA-b\ = 0.901 - (-0.099) - 1). 

Thiss value indicates a large difference between the corresponding difficulty 

parameterr values in the two groups for each item. So, for each item in this 

examplee the MH null hypothesis is satisfied while each item has a large 

amountt of DIF. 

Forr the situation in which the Rasch model fits the data of each of the 

twoo groups separately, but it does not fit the data of the combined group 

off  all examinees, it can be shown that when the CLORs between all item-

pairss are invariant between the two groups, in addition to the difficulty 

parameterss values, the common discrimination parameter values in the two 

groupss are not restricted to be equal. Thus, even in this situation the MH 

nulll  hypothesis is satisfied. 

6.55 Discussion 

Inn the present chapter, it has been shown that the assumptions of LI, 

nondecreasingg IRFs and CLORs for all pairs of items alone do not imply 

thee one-parameter logistic Rasch model. These three assumptions define 

aa larger class of dichotomous IRT models, which has been called the class 

off  CLORs models. The conditions of LI and CLORs for all pairs of items 
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implyy sufficiency of the total score for the latent trait. The sufficiency of 

thee total score for the latent trait is a particularly appealing measurement 

property,, because if this property holds, then a given pattern of item scores 

containss no further information about the latent trait beyond that of the 

unweightedd sum of the given pattern of item scores. For DIF detection, this 

meanss that the total score captures all relevant information in the latent 

traitt for the studied item, and that the total score can be used as matching 

variablee in an observed score based DIF detection procedure (Millsap & 

Meredith,, 1992). 

Checkingg the data for LI and CLORs for all pairs of items is equal to 

checkingg for sufficiency of the total score for the latent trait. Rosenbaum 

(1984)) showed that when the IRFs are nondecreasing, LI of the item scores 

givenn the latent trait implies nonnegative conditional covariances between 

alll  pairs of item scores conditional on any function of the remaining item 

scores.. He proposed tests of LI that can be applied without first specifying 

aa parametric form of the IRFs. Rosenbaum (1987) also showed that the 

simplee assumption of a CLOR for a single pair of items, in his terminology 

calledd proportional latent odds, places testable restrictions on the observ-

ablee distribution of the item scores. The chi-square test of independence he 

proposedd for checking whether a pair of items has a CLOR is easy to imple-

ment,, and probably works well with samples of moderate size. Moreover, 

hee developed and demonstrated a method for checking whether a CLOR 

betweenn a single pair of items is invariant between groups. 

Thee models that are parametric special cases of the general CLORs 

modell  were discussed in the first place, to show that there exist other models 

thann the Rasch model for which total score X+ is a sufficient statistic for the 

latentt trait 9. The practical value of these models, methods for assessing 

thee goodness-of-fit and the estimation of the parameters under these models 

aree topics for future research. Just like the Rasch model these models are 

quitee restrictive to the data. In the models with lower asymptotes, the 

relationn between the c-parameter and the location parameter does not seem 

too be unrealistic for cognitive tests when they are interpreted as a guessing 

parameterr and a difficulty parameter, respectively. It is plausible that the 

probabilityy of guessing the right answer is lower when an item is more 
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difficult .. For example, in case of multiple-choice items with one correct 

answerr and a fixed number of incorrect answer categories, the guessing 

parameterr values should in theory be equal for all items. However, in 

practice,, they are often not equal for all items. An explanation for this 

iss the varying attractiveness of the incorrect answer categories between 

items.. When an item has attractive incorrect answer categories that are 

almostt correct, then the item wil l be more difficul t and the probability of 

guessingg the right answer wil l be smaller than in case of incorrect answer 

categoriess that are obviously wrong. For other tests, such as dichotomously 

scoredd personality questionnaires or other psychological tests, for which the 

positivelyy keyed answer is indicative for more of a certain opinion, att i tude, 

emotionall  state, and so on. the lower asymptote can not be interpreted 

ass a guessing probability. However, there is no a priori reason why the 

IRFss of such items should have lower asymptotes equal to zero and upper 

asymptotess equal to one. Since the three parametric special cases of the 

generall  CLORs model are all generalizations of the Rasch model, they 

alwayss fi t equally well or better to the data than the Rasch model. However, 

forr certain values of the parameters each of them is almost equal to the 

Raschh model. Only fittin g these models to empirical data can give a definite 

answerr about their practical value. 

Iff  the general CLORs model or one of its parametric special cases, 

includingg the Rasch model, fits the data, then OCI methods in general 

andd the IVIH procedure in particular can be diagnostic of measurement 

invariancee or DIF. because under these models the total score is an adequate 

matchingg criterion. In practice, these methods should still be applied with 

caution,, because of the 'false-negative' and 'false-positive' cases discussed 

inn one of the previous sections. The worst case scenario deserves special 

attent ion.. When under one of the CLORs models all items are DIF items 

inn favor of the reference group while the reference and the focal groups 

havee the same true mean latent ability value, then the total score mean in 

thee reference group wil l be higher than the total score mean in the focal 

group.. So in that situation there are no true between-group differences, 

whilee it might be concluded on the basis of the observed scores that there 

are.. The groups only differ with respect to something else that is also 

systematicallyy measured by the test in addition to the intended latent trait. 
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Thiss is a general validity problem which can not be solved by statistical 

methods.. Therefore, the contents of the items should always be thoroughly 

investigated. . 




