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Introduction n 

1.11 Background 

Overr the years Knowledge Engineering (KE) has identified a number of problem types known as 
taskstasks such as classification, design, diagnosis, planning etc (see Puppe [71 ] for an overview). Each 
taskk covers a range of problems which can vary considerably from one another. As an example 
off  a task one can think of diagnosis. Within diagnosis there are several problem variations. For 
example,, performing abduction while assuming that there is only one fault which accounts for a 
malfunction,, is known as single fault diagnosis, whereas the absence of such an assumption is 
characteristicc of multiple fault diagnosis. 

Theree is general consensus [71, 82] about distinguishing two categories of tasks: analyti-
calcal and synthetic tasks. The first covers problem types such as classification and diagnosis, and 
involvess reasoning about an 'existing system' such as the object to be classified in the case of 
classification,, or the artefact to be diagnosed in diagnosis. In synthetic tasks the 'system' has 
too be constructed. Hence planning involves the construction of a plan, assignment involves the 
constructionn of an assignment, etc. 

Conceptualizationss of a task are usually given in the form of an ontology of the task. A task 
ontologyy provides a specification of the vocabulary of a task, which can be used to formulate 
problemss which belong to that task. For example, a task ontology for classification provides a 
specificationn for notions as "class", "observation", "explains", "attribute" etc. These task ontolo-
giess are often presented in an informal, or semi-formal way [64] and leave considerable room for 
interpretation. . 

Withh each task one can associate several methods, known as task methods [82], together with 
typicall  domain knowledge schemas or conceptualizations. In the commonKADS methodology 
[82]]  each task has been given a task template. This template can be seen as a prototypical method 
forr the task which can be taken as a starting point for the development of more specific task 
methods. . 

Ideally,, when trying to solve a knowledge intensive problem, one first determines to which task 
itt belongs. Next, one inspects the template and adapts it where needed. Finally, one instantiates 
thee method by supplying the various types of knowledge in the proper representational format. 

However,, such an ideal picture is often cumbersome in practice. Therefore a better under-
standingg of specific tasks is still needed. This thesis focuses on this subject. 

Taskss are generally described as consisting of three parts: A specification of the knowledge 
used,, the types of in- and output, and a specification of the goal to be reached. 

Thee task method describes how a goal is realized through a decomposition into substructures, 
togetherr with some flow of control. These substructures are either tasks themselves (subtasks) or 
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inferencess (primitive elements of which the functionality is in no need of further decomposition). 
AA control structure describes in what order these should be executed. 

Thee default method for a task corresponds roughly to the notion of Problem Solving Method 
(PSM)) in the literature [25, 84, 28, 11]. Examples of PSMs are generate & test , hill climbing 
andd propose & revise. The main difference is that PSMs are usually more general, and as such 
theyy are not directly linked to the application of a task. Task methods can therefore best be seen as 
instantiatedinstantiated PSMs [82]. Hence, a task method describes a general method for problems belonging 
too the task, using the vocabulary specified in the task ontology. PSMs are usually more generic and 
cann use task-independent vocabulary. In order to instantiate a PSM one has to map the vocabulary 
off  the PSM to the one of the task ontology. 

Itt should be stressed that the identification of tasks, and the description and use of the methods 
takestakes place on a high level of abstraction. They are the results of experience of designing and 
buildingg knowledge based systems, rather than the product of formal, theoretical investigations. 
Inn that sense PSMs are similar to design patterns in the field of object oriented programming [35]. 
Designn patterns are presented as program structures which have proved their value in practice and 
whichh can often be identified in complex software systems. Therefore it is worthwhile to describe 
andd classify them and make them available for future re-use. 

Similarly,, the motivation for characterizing and describing PSMs is usually based on pragmatic 
ideas.. They are not finely tuned algorithms but general methods which are expected to be adapted 
too the peculiarities of a given problem. As such they should speed up the design of complex 
knowledgee based systems. 

Formall  methods have been used to present analyses of tasks from a "top-down" perspective. 
Inn such an approach tasks are usually decomposed and then a specification for the substructures, or 
inferences,, is given together with some 'glue'. An example is the work of Aben [1], His approach 
consistss of breaking up tasks into a number of inferences first. He then presents a unified, formal 
frameworkk in which all these inferences are described in detail. 

Anotherr example of an approach which aims at presenting a single, unified description of tasks, 
iss the work on the Unified Problem Solving Language fUPML) [26]. This architecture provides 
onee general framework for the description, development and re-use of task methods. In this project 
onee has experimented with formal languages as a specification language for some of the notions 
usedd in the architecture. Related to this is the work of Fensel [25] which presents a unified view 
onn PSMs from a top-down perspective. 

Suchh a unified view on tasks is often motivated by the prospect of enhancing the development 
off  knowledge based systems. In contrast to this, one can distinguish a more theoretical approach 
whichh is concerned with the formal analysis of individual tasks. In such an approach one analyzes 
taskss individually and different tasks can be described in different formalisms. 

Ass an example of a more theoretical task-oriented approach we mention the work often Teijen 
[88]]  on diagnostic problem solving. Here some parameters for diagnostic methods are identified. 
Byy varying the instantiations of these parameters one can generate a spectrum of methods for 
diagnosis. . 

Also,, in the same work, the formalism of approximate reasoning [79] was used, and adapted 
too describe characteristics of diagnostic methods. This approach differs from the ones above since 
itt focuses on a single task only. This is an example of how an existing formalism can be employed 
too describe the general reasoning structure of a single task. However, the motivation behind this 
workk consisted of the use of the analysis for the automatic configuration of PSMs in diagnosis. 
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Anotherr task which features quite heavily as the subject of theoretical research is planning. 
Ass an example, we mention the planning-as-satisfiability approach of Kautz & Selman [52] and 
thee relation of planning with linear logic [61]. Such investigations provide insights into the task 
whichh are often missing in the pragmatic approach. However, such analyses are seldom linked 
too the methodologies of KE, and often do not make use of task ontologies and ignore problem 
variationss within the task. 

Manyy of the formal descriptions of tasks within the field of KE have a rather static nature. 
Often,, first or second order predicate logic is used to capture the functionality of the task and 
inferences.. Attempts to provide a dynamic description of knowledge modelling have been made. 
Ann example is the ML2 language [92] which provided a formal description of the KADS knowl-
edgee model. Dynamic logic was used here to describe the dynamics of the knowledge models. 
However,, in this language it is difficult to give a clear and intuitive account of the various stages 
off  the problem solving process. 

Inn this thesis we explore in what ways existing formalisms can be used to analyse tasks within 
thee framework developed by the pragmatic approach. By this we mean that we will make use of 
ontologiess and are aware of problem variations within the task. We would like to characterize the 
taskk in knowledge-level [67] terms. That is, we give a description of which knowledge is present 
before,, during and after solving a problem which belongs to a certain task. Hence, we will present 
aa static as well as a dynamic account of knowledge-level problem solving. The aim is not to 
developp new, or faster Problem Solving Methods but to acquire a better insight into the nature of 
tasks. . 

1.22 The Problem 

Inn general terms the problem statement of the thesis can be formulated as follows: 

HOWW CAN WE GIVE A KNOWLEDGE-LEVEL CHARACTERIZATION OF THE PROPER-

TIESS OF KNOWLEDGE INTENSIVE TASKS? 

Thee aim is not to develop a new logical language or formalism, but to explore how existing 
formalismss and approaches can be used to acquire new insights regarding knowledge level task 
specification. . 

Thee problem statement can be refined by introducing three related questions: 

1.. WHAT DOES A CONCEPTUALIZATION OF A TASK LOOK LIKE ? 

Byy a "conceptualization of a task" we mean a characterization of the notions involved in 
problemm description. The conceptualization of a task should include a task-ontology in 
whichh the task-specific vocabulary should be specified. In addition it should include some 
(nott necessarily all) criteria for a solution to some typical problems which belong to the 
task.. Finally, the conceptualization of a task may contain a task-template, or some gen-
erall  description of what problem solving for that task would look like. Note that a con-
ceptualizationn of the task is often done on a high level of abstraction and is very much a 
knowledge-levell  construction. 

2.. How DO WE REPRESENT THESE KNOWLEDGE-LEVEL CONCEPTUALIZATIONS IN A FOR-

MA LL WAY? 
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Thee next step is to choose an adequate formal representation of these conceptualizations in 
orderr to present a thorough characterization of a task. Such a formalism forces one to be 
precisee about the knowledge-level constructs. In addition we would like that the proper-
tiess of the formalism would tell us something about the nature of the task, and that proof 
methodss for the formalism have some relation with problem solving of the task. 

3.. HOW CAN WE USE THESE REPRESENTATIONS TO ACQUIRE A BETTER UNDERSTANDING 

OPP THE TASK? 

Ass formal specifications of knowledge-level conceptualizations force one to be more pre-
cise,, one may discover that new distinctions can be made and new variations can be formu-
lated.. For example, given some initial criteria for solutions a formal analysis may lead to a 
moree rigorous and systematic distinction between various criteria. This can lead to the sys-
tematicc generation of a spectrum of the problems which are covered by the task description. 

Anotherr point of attention is that a formalism can have several proof methods associated 
withh it. It is interesting to see whether one of these could be used, or adapted to describe 
taskk methods. 

1.33 Approach 

Inn order to answer the questions above we will focus on a limited selection of specific tasks. 
Somee tasks like diagnosis [8. 21] and planning [4] have been extensively described and analyzed 
inn the literature. We therefore focus on tasks which have been less extensively explored, like 
classificationn and assignment. We have taken care to include both an analytical task (classification) 
andd a synthetic one (assignment). The results of the explorations of these tasks will be generalized 
too some extent in order to answer the questions in the previous section. 

Wee want to stress that we want to give a knowledge-level description [67] of the task in a 
dynamic,, formal fashion. Another point to note is the way we use logic, and formal methods in 
general.. Our approach is aimed at the understanding of a knowledge-level specification of tasks, 
andd formal methods are used as means to that end, not as an end in themselves. Hence, we will be 
quitee pragmatic in the use of existing formalisms. 

Thee steps which we will take to arrive at the answers to the research questions are the follow-
ing: : 

 CONDUCT AN INFORMAL STUDY OF A KNOWLEDGE-INTENSIVE TASK AT THE KNOWL-

EDGEE LEVEL. 
Ass an introductory step, a task is selected and analyzed in detail, using the traditional semi-
formall  specification methods used in knowledge engineering. Special attention should be 
paidd in this exercise to the nature of the ontologies and Problem Solving Methods involved. 
Thiss should give adequate input to the needs for logical formalizations. 

 SHOW HOW AN ADEQUATE FORMALISM FOR A TASK IS CHOSEN. 

Thee result of the previous step will serve as input for the choice of an adequate logical 
representationn of task-specific reasoning. 

 PROVIDE A SPECIFICATION OF THE RANGE OF PROBLEMS WITHIN A TASK. 

Wee will provide a spectrum of problems for two tasks, one analytic, the other a synthetic 
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task.. This should provide a specification of how problems can vary within a task and how 
theyy can be elegantly described, classified and compared. This description of problem vari-
ationss should be done in terms of the elements of the task ontology. 

 PROVIDE A MORE GENERAL FRAMEWORK FOR THE DYNAMI C DESCRIPTION OF TASK-

SPECIFICC REASONING. 

AA more dynamic approach to the description of knowledge intensive tasks will be presented. 
Problemm solving will be described in terms of increasing knowledge about possible solu-
tions.. We will use the notions of 'knowledge state' and 'state transition' in these descrip-
tions. . 

1.44 Contents of the thesis 

Thee thesis will be divided into nine chapters. Chapters 2, 4, 5 are devoted to analytical tasks, 
whereass 7 and 8 are about synthetic tasks. Chapter 6 contains the description of a framework 
aimedd at a dynamic description of knowledge intensive tasks based on the idea of information 
flow. . 

Finally,, chapter 9 contains the conclusions and answers to the research questions formulated 
inn the current chapter. 

Chapterr  2 - Rocky II I  This chapter describes the results of research performed as part of the 
Sisyphuss III project [46]. Researchers in the knowledge engineering community were asked 
too develop a classification system for igneous rocks. Comparing the various approaches 
takenn by different researchers was the research goal of the project. This chapter presents a 
contributionn to the Sisyphus project. As part of the thesis the chapter provides an introduc-
tionn into the use of traditional specifications of ontologies and problem solving methods. 
Moree specifically the task ontology and classification methods described here, can serve as 
inputt for chapter 3. 

Chapterr  3 - Adopting tableaux for  classification In the chapter 2 a classification problem was 
lookedd at in detail. In this chapter we focus at the classification task itself and give a more 
generall  characterization. It is shown how classification problems can be represented in such 
aa way that they can be solved with (manipulated) analytic tableaux. Two problem solving 
methodss for classification are discussed: weak and strong classification. For both methods 
proceduress in terms of tableaux are presented. The similarity between strong classification 
andd abduction is highlighted. 

Chapterr  4 - A spectrum of classification methods In the previous chapters several variations 
off  classification were described. This leads to the question what other problem variations 
aree possible. This chapter describes the construction of a spectrum of classification criteria, 
builtt up from elementary building blocks which are part of the ontology of the task. 

Chapterr  5 - Using strict implication in background theories for  abductive tasks Domain 
knowledgee in abductive tasks is often represented in classical logic, using the material 
implicationn symbol '—>' in a specific way. We explore the objections against the use of 
materiall  implication (first raised by Lewis in the 1930's [56]) and see if these affect the use 
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andd intended meaning of the representation. As one of the possible alternatives we look at 
abductionn with strict implication. 

Chapterr  6 - A dynamic approach to specifying analytic tasks In this chapter we provide a 
moree general analysis of tasks in terms of knowledge about the solution. We show how 
problemss within a task can be given a knowledge level characterization in a dynamic way. 
Problemm solving is described as changing knowledge on the basis of new information and 
pro-activee behaviour. 

Chapterr  7 - Towards an ontology for  knowledge intensive assignment problems In this 
chapterr we will provide a task ontology for assignment problems. The main emphasis is on 
thee characterization of different forms of constraints and preferences. The ontology covers 
bothh assignment problems from the held of Constraint Satisfaction, and the family of Stable 
Marriagee problems [44]. 

Chapterr  8 - Formalizing group assignments We look at a subproblem of assignment known 
ass grouping. This strategy is particularly interesting in combination with the use of abstrac-
tionss in the domain knowledge. We explain in detail how abstractions and groupings can be 
treatedd as partitions of a set. 

Chapterr  9 - Conclusions This chapter contains the conclusion of the thesis and answers the 
researchh question formulated above. 
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Thiss chapter was written together with A. Th. Schreiber and B. J. Wielinga 
andd was published in the Proceedings of the Knowledge Acquisition Workshop 
(KAW)i nn 1998 [46]. 
Thiss chapter describes the results of research performed as part of the Sisy-
phuss III project. The project started by inviting researchers in the knowledge 
engineeringg community to develop a classification system for igneous rocks. 
Comparingg the various approaches taken by different researchers was the re-
searchh goal of the project. The present chapter describes the contribution of the 
author(s).. As part of the thesis the chapter provides an introduction into the use 
off  traditional specifications of ontologies and problem solving methods. More 
specificallyy the classification methods described can serve as input for the next 
chapters. . 

2.11 Context: Sisyphus-III 

Thee goal of the third Sisyphus project Rocky-Ill was to compare knowledge engineering method-
ologiess and techniques in terms of effectiveness, efficiency and scalability. Participants were pro-
videdd with knowledge acquisition material in three phases and were required to keep a log of their 
activities. . 

Inn the first phase, participants were invited to build a system that was able to classify sixteen 
typess of igneous rock. The system also had to function as a tutorial aid in this field. Knowledge 
acquisitionn material was intended to be released in stages. The first release included a detailed 
problemm specification together with a first set of acquisition material which was common to all 
participants.. Future releases were planned but never materialized, due to the limited number of 
participants. . 

AA second release of material was to become available later, together with an announced expan-
sionn of the problem set to be solved. Finally, a third stage was to announce a significant extension 
too the functionality of the system that should be incorporated if possible, fn the following text we 
stilll  expected later releases of knowledge acquisition material and anticipated on the the possible 
extensionn of the problem. 
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2.22 Approach and Scope 

Thiss chapter constitutes a progress report on the work done by the authors in Phase 1. Our work 
onn phase 1 effectively started on June 1, 1997. The central research question in this chapter is as 
follows: : 

"Cann we prove that additional work on ontology construction in the early phases 
off  a project, pays off in later phases?" 

Thee pay-off can be of different types, e.g.shorter development and/or maintenance 
time,, higher quality and/or reliability. 

Thiss research question fits well with the overall Sisyphus-III aims. Operationalizing this ques--
tionn in terms of Sisyphus-II implies that we intended to spend more time in Phase 1 on ontology 
development,, but that we expect that this extra work will pay off in phase 2 and 3. The work at 
UvAA will be somewhat biased towards the ontological aspects of the problem domain. 

Ourr practical goals in the first three months (the period on which we report here) have been 
twofold: : 

1.. To develop a demonstrator application for rock classification that meets the aims of phase 1. 

2.. To develop a number of ontologies more or less independent of the demonstrator. 

Thee basic idea is that in developing the ontologies we do not want to be biased too much by the 
currentt system. Of course, parts of the ontologies are used in the demonstrator, but actual ontology 
usagee was not a conditio sine qua non for ontology development. The scope of the ontologies in 
Sec.. 2.4 is therefore broader than the domain knowledge used by the demonstrator described in 
Sec.. 2.6. 

Thee overall knowledge engineering approach used is CommonKADS as it is documented in 
thee draft textbook about this approach [82]. This chapter is structured as follows. First, we pro-
videe data about the knowledge engineering process, in particular on the activities performed, the 
knowledge-acquisitionn material used, and the time spent. The three following sections describe 
thee actual work done. In Sec. 2.4 we discuss the different ontologies we developed. Sec. 2.5 
describess the method for classification that we used. It turned out we could use a simple pruning 
method,, but that we had to employ that method in a recursive way. Sec. 2.6 shows fragments of the 
demonstratorr application. In the final section we discuss a number of issues that came up during 
thiss work. 

2.33 Data about the Knowledge Engineering Process 

Inn this section we present an overview of the activities conducted in the context of the Sisyphus 
project.. Time is measured in days as if performed by one person. Work on the Sisyphus project 
wass done by one person most of the time. Building the ontologies and discussing them involved 
twoo or three people. All persons were also engaged in other activities not related to the Sisyphus 
project. . 
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Domainn familiarizatio n 
AA first preliminary study of the domain was started in June 1997. This consisted of studying 
thee KA material provided by the Sisyphus team and examining works like Schumann [85]. 
Thee other domain texts mentioned at the Internet site of Sisyphus and the material from the 
Openn University could not be obtained. 

Instead,, the Internet was used as an information source and Raymond [73] and McKenzie 
[59]]  were consulted. The information found on the Internet was often helpful but incom-
plete.. We did not find any ontologies or software which could be helpful in the classification 
off  rocks. We did however stumble upon a program called MINID [74], a DOS-program 
whichh assists in the identification of minerals in thin sections. We used this program as the 
basiss for the thin sections program in the demonstrator. 

Havingg no previous experience in the field of petrology the investigation into the domain of 
igneouss rocks and minerals took the largest amount of time. The study was conducted by 
onee person and took a total of 12 days of full time work. 

Buildin gg ontologies 
Ann ontology of rocks was built based on the information present in Schumann [85]. 
Thiss book describes the classification of igneous rock according to the diamond-shaped 
Streckeisen-diagram.Streckeisen-diagram. This diagram was not easy to describe in common ontology-
representationall  formalisms. The inclusion of graphical representations in ontologies is 
aa point worth discussing in more depth. 

Thee mineral ontology could be compiled from various sources. The mineral descriptions 
weree well described in Raymond [73] and could be gathered from the MINID program and 
aa good introduction of investigating minerals in thin section was given by MacKenzie [59]. 

Thee texture ontology was compiled within half a day and based on information found at the 
Internett site of the University of British Columbia (http://www.science.ubc.ca/ geol202/). 
Later,, corrections were made based on Raymond [73]. 

Thee ontologies were built by two persons and together took about 10 days of full-time work. 

Discussingg ontologies 
Thee ontologies were discussed on a regular basis. Since the rock, mineral and texture ontolo-
giess were quite straightforward, discussions centered on the construction of the classification 
ontology.. The appropriate representation of the diamond-shaped Streckeisen-diagram was 
alsoo discussed. Discussions were mainly among the three authors of this chapter and taken 
togetherr took 7 days. 

Classificationn methods survey 
AA brief survey of classification methods was conducted. At this stage both Stefik [87] and 
Wielingaa [97] proved to be very helpful. A simple prototype program for apple classifica-
tionn implementing the pruning method was built in order to explore this method in more 
detail.. Some alternatives for the attribute selection step were studied, using also ideas from 
machine-learningg algorithms. This activity took 6 days. 

Buildin gg the demo-system 
Thee demonstrator described in Sec. 2.6 was built in 7 days by one person. The thin section 

http://www.science.ubc.ca/
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partt of the program was based on the MINID program. The attributes and values of this 
programm were used and a running prototype with graphical user-interface was written within 
aa day. Part of the program-code of the demonstrator was also used in classification of other 
domains. . 

Tablee 2.1 summarizes the time spent on the five knowledge-engineering activities performed. 

KEE Activit y 
Domainn familiarization 
Buildingg ontologies 
Discussingg ontologies 
Classificationn methods survey 
Buildingg demo-system 
Total l 

Timee spent in person-days 
12 2 
10 0 
7 7 
6 6 
7 7 

42 2 

Tablee 2.1 
Timee spent in Round 1 on the knowledge-engineering activities performed. 

2.3.11 Knowledge acquisition material 

Thee analysis of the knowledge acquisition material was brief after it was discovered that informa-
tionn in the interviews was often incorrect or unreliable. An example from the first laddered grid 
fromm the Sisyphus material will illustrate this: 

.... these are sort of metamorphic ones which you're going to get a large grains in a 
fine-grainedd sort of matrix thing. 

Thiss is quite misleading. What the "expert" is referring to is a so-called porphyritic texture in 
whichh you find larger grains scattered in a matrix of finer grains. This texture is common in many 
igneouss rocks and in this context has nothing to do with metamorphic processes. 

Thee question therefore arises in what cases to use material acquired with the help of knowledge 
acquisitionn (KA) techniques and when not. Generally KA methods are a good source of informa-
tionn if one is after the cognitive aspects of expert reasoning. In complex domains where problems 
aree often computational intractable KA methods are a good way of discovering heuristics. 

Too gather information about domains where the need for heuristic methods is not immediately 
apparent,, the use of KA methods in the initial stage (such as in phase I of Sisyphus) is doubtful. 
Thee material provided by laddered grids and think-aloud protocols is not well-suited to act as as a 
firstfirst guide to a domain. 

Theree are two additional points to be made here: Firstly, it is hard to interpret the correctness 
off  the information provided by the expert if the Knowledge Engineer (KE) has no or littl e knowl-
edgee of the domain. Experts may make mistakes, or give false information. Mistakes of course 
cann be very helpful in discovering heuristics or cognitive modeling. In order to make a useful 
interpretationn of the KA material one already needs some understanding of the domain. 

Secondly,, experts may try to make clear to the Knowledge Engineer information that is well-
documentedd elsewhere. For example it does not make much sense to interview an expert chess-
playerr if one is after the rules of the game. If however one chooses to do so one has to rely heavily 
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onn the verbal capabilities of the expert. In case of misinterpretations or omissions one might end 
upp with the wrong set of rules. In this case it is far more efficient to read an introductory book on 
chesss and try to play the game self first. This seems to be true for all knowledge which is objective 
andd well-documented. 

Forr the domain of igneous rocks similar remarks can be made. The science of rocks (petrology) 
iss well-developed and inspection of the knowledge-acquisition material shows that experts at least 
tryy to classify rocks according to known classification schemes. In addition the KA material 
containss quite a few contradictions and errors. In order to get a good grasp of the domain of 
rockk classification it seems more helpful to read additional introductory material on the subject of 
petrologyy than to dive into grids and protocols. Raymond [73] offers a systematic introduction to 
thiss field and was used to acquire an understanding of the domain. Much of the information on the 
rockss themselves was derived from the Dutch edition of Schumann [85]. 

2.3.22 A note about missing rocks 

Thee rock adamellite was mentioned in neither Raymond [73], Schumann [85] nor MacKenzie 
[59].. A clear description could not be constructed from the official Sisyphus knowledge acquisi-
tionn material either. Consulting some other books on igneous rocks finally resulted into an exact 
description. . 

Thee rock Kentallenite could not be found in textbooks or on the Internet. This rock also 
puzzledd some experts as a quote from the first laddered grid of the Sisyphus material shows: 

Ke.... (Kentallenite) I can't even say the word, I've never heard of that one 

AA post on the newsgroup sci.geo.geology finally resulted in this quotation taken from Howell 
[41]. . 

...aa dark monzonite composed of approximately equal amounts of augite, olivine, 
orthoclasee and plagioclase, with biotite, apatite and opaque oxides" 

Thiss definition however is not in line with the official UIGS classification method and can 
thereforee not be classified with the help of our demonstrator. As there are several classification 
schemess in use for identifying igneous rocks by geologists, there are several rock-names which 
aree meaningful only to a few. 

2.44 Ontologies 

Wee describe several ontologies for this application domain. These ontologies can be seen as be-
longingg to two categories of ontologies: 

Application-domainn ontologies 
Thesee ontologies abstract as much as possible of the task, and are aimed at representing the 
staticc structure of a domain. In the case of igneous rocks, we expect to find descriptions of 
rockss and their elements. 

Domain-specificc ontologies, such as a rocks ontology, can also be generalized to higher-
levell  conceptualizations, such as an ontology about object types: e.g. natural inorganic 
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objects.. We have not done any work on such ontologies yet within this context: Instead 

wee have concentrated on the domain-specific ontologies that stood out as useful schematic 

descriptions. . 

Application-taskk ontologies 
AA second category of ontologies describe the way in which we conceptualize the world 
fromm the functional perspective, i.e. the task we want to perform. In a publication about the 
previouss Sisyphus project [83] we argued that it is useful to distinguish between at least two 
typess of ontology within this category: 

Task-specificc ontology is an ontology which captures the knowledge structure always 
encounteredd with a certain type of task. The ontology developed for the VT domain by 
Gruberr el al. [38] can be seen as an example of such an ontology for the configuration 
task. . 

Method-specificc ontology is an ontology that contains precisely those knowledge types 
neededd for a certain problem-solving method to work. Often, such a method-specific 
ontologyy can be represented as having a task-specific ontology as its core part to which 
aa number of method-specific extensions are added. It can be shown that this enables 
knowledge-basee reuse [76, 83], 

Inn the Rocky domain we have concentrated on the task-specific ontology for classification. 

Thiss separation between domain and task ontologies lies at the heart of the PROTEGE-II ap-
proachh [90]. We follow their view that the ontology of a particular application is in fact an amal-
gamationn of ontologies from both categories, and that it is wise to keep these explicitly separate by 
generatingg an application ontology from explicit mapping relations between the ontologies [36]. 

tas/method-spec c 

ontologies ontologies 

classificatio n n 
ontolog y y 

fic c 

method-spec , , 
extension s s 

attribute e 
ordering g 

ontology y 
mapping g 

objecl-typee |-> rock 
object-Classs |-> sub-type(X. rock) 

IFF leal-node(X) 
descriptorr |-> property (rock, X) 

ORR part-of(rock, X) 

d d Dmain-specif c c 

ontologie s s 

texture s s 

1 1 
mineral s s 

I I 
rock s s 

Figuree 2.1 
Overvieww of the ontologies developed in the context of phase 1. 

Figuree 2.1 gives a graphical overview of the types of ontologies involved in this study. In this 
sectionn we give a brief description of the domain-specific and the task-method-specific ontologies 
(depictedd in the boxes on the left and the right). We briefly mention the issues involved in the 
ontologyy mappings (the central box in Figure 2.1), but this is really a subject we have not tackled 
yett for this application. 
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2.4.11 Domain-specific ontologies 

Rockss This ontology contains a sub-type hierarchy of rock types. Figure 2.2 shows fragments 
off  this hierarchy. Each rock is characterized by a number of properties (e.g. texture, grain-size 
andd colour). A rock can have a mineral-content relation with a mineral. This relation is reified 
intoo a concept' (the dotted line starting from the solid relation line in Figure 2.2) and can be used 
too represent information about mineral-content percentages. The mineral-content-constraint is 
ann example of the use of a special CommonKADS modelling construct RULE-SCHEMA . It de-
notess a set of expressions about one or more other constructs, in this case about mineral-content. 
Thesee constraints provide us with a way of describing the Streckeisen-diagram. For example, the 
instancess of mineral-content-constraints for the rock syenite are represented as follows: 

m ine ra l - con ten t ( syen i t e,, a l k a l i - f e l d s p a r ) . p e r c e n t a ge >= 65; 
m ine ra l - con ten t ( syen i t e,, p l ag ioc l ase ) . pe rcen tage =< 35; 
m ine ra l - con ten t ( syen i t e,, qua r t z ) .pe rcen tage =< 20; 
m ine ra l - con ten t ( syen i t e,, f o ids ) .pe rcen tage =< 10; 

Thesee expressions are a textual representation of the knowledge about mineral percentages 
inn syenite represented in the Streckeisen diagram. Minerals are described in a separate ontology 
whichh is imported into the rocks ontology. 

igneous s 
rock k 

volcanic c 
rock k 

Plutonic c 

T^ T^ 

<h <h 

minerals minerals 
ontology ontology 

neso o 
silicate e 

tecto o 
silicate e 

Figuree 2.2 
Graphicall  overview of the rocks ontology. Arrows with open heads are used to denote a subsumption 
relation.. Only a few sub-classes of rock are shown in the figure. The ontology uses the "minerals" ontology. 
AA key concept is mineral-content. This can be used to indicate the amounts of minerals present in a certain 
rock.. The mineral-content-constraint is an example of the use of a special CommonKADS modelling 
constructt RULE-SCHEMA . It denotes a set of expressions about one or more other constructs, in this case 
aboutt mineral-content. These constraints provide us with a way of describing the Streckeisen-diagram. 

'Relationn reification is a powerful modelling construct in modern data-modelling. 
ASSOCIATION-CLAS SS construct in OMT [77]. 

Seee for example the 
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Mineral ss This ontology describes the minerals that may be present in igneous rocks. The at-
tributess of the mineral classes are those attributes that can be used to identify a mineral (within 
aa thin section of an igneous rock) under a microscope. In addition, the crystal structure and the 
chemicall  formula are also listed. 

Texturess In the texture ontology all features of a rock that are related to the texture of rocks are 
describedd in a hierarchic fashion. This includes grain-sizes, grain-types, crystal shapes and habits, 
fabricss and textures. From this ontology one can completely describe a rock in textural terms. A 
graphicall  overview of the texture ontology is shown in Figure 2.3. The leafs of this tree serve as 
valuess for their parent-nodes. 

2.4.22 Task/method-specific ontologies 

Ann ontology for  classification tasks We have constructed an ontology for classification tasks. 
AA graphical overview of the ontology is shown in Figure 2.4. This ontology has the status of a 
proposall  and will typically be subject of discussion and revision. 

Thee two central concepts in the classification ontology are object-type and descriptor. 
"Object-type""  represents the general category to which objects that need to be classified belong, 
e.g.. apple, rock or a rt ob ject. A descriptor provides information about instances of the 
objectt type. For example, colour and grain size are descriptors of apples. Descriptors are part 
off  a space of descriptors, termed the description-universe which consist of several dimensions. 
Eachh descriptor belongs to one dimension. These dimensions are mostly different ways of observ-
ingg an object. For example, for rocks we distinguish between a macroscopic and a microscopic 
dimension.. For apples, we could have the surface inspection and the internal inspection as two 
differentt descriptor dimensions. Each descriptor has an associated value set. The reified relation 
descriptor-valuee is used to represent a descriptor-value pair. 

Eachh object type has a number of object classes. For the moment, we did not include a hierar-
chyy of object classes, mainly because we have focused on capturing in this ontology the minimal 
conceptualizationss necessary for classification. The object-instance represents the actual objects 
beingg classified, i.e. a particular apple or a particular rock. Most of the classification knowledge 
iss represented through the rule schema class-constraint. This rule schema denotes the existence 
off  a set of logical dependencies between object classes and descriptor-value pairs. For example, 
inn the apple domain an instance of this rule schema could be the statement that a James Grieves 
applee is either green or yellow-green. 

Inn this way one can describe a domain in terms of descriptors, objects and object-classes. Such 
aa representation lies at the heart of several classification tasks, including rock classification. The 
conceptt of rock can be modeled as an object type which has several descriptors such as colour 
andd grain-size. The rock type granite is represented as an object class. For granite the value for 
thee descriptor grain-size is restricted by an instance class constraint that tells us that the value 
f i ne -g ra inedd can be excluded. 

Method-specificc extensions The classification ontology should provide the core knowledge for 
classificationn problem solvers. The specific methods used in an application will typically have 
additionall  domain-knowledge demands. As we will see in the next section, the classification 
methodss applied in our demonstrator make use of additional attribute ordering knowledge. At his 
moment,, we have not built an explicit ontology for these method-specific extensions. 
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aplitic c 

Figuree 2.3 
AA graphical (incomplete) overview of the texture ontology. The boxes marked with 
leaf-classess than there are shown here. 

referr to more 

Anotherr way of extending the classification ontology is by making use of hierarchy informa-
tionn in the domain. Currently the classification ontology does not represent such information. The 
demonstratorr too does not make use of such hierarchies present in the domain. 

2.4.33 Ontology mapping table 

Iff  one constructs and/or reuses different ontologies (e.g. a classification ontology and a rocks 
ontology)) the need arises for methods that support a systematic integration of these ontologies 
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Figuree 2.4 

AA first attempt to define an ontology that contains the conceptualizations common to classification tasks. 

suchh that they can be used in an application. One possible method is an ontology-mapping table. 
AA formal ontology mapping has not been developed at the moment, but will be a central topic 
off  interest for us in continuation of Sisyphus. The basic idea is illustrated by Figure 2.1. Every 
elementt in the classification ontology should be mapped on an element in the ontology of the 
domain,, e.g. a rock ontology. Object type should be mapped on rock. Object-classes are those 
conceptss in the rock ontology that are subsumed by the type rock and are themselves leaves in the 
subsumptionn hierarchy. Descriptors map on properties or parts of rock. 

2.55 Classification Method 

2.5.11 Method selection 

Wee selected the default classification method provided by the CommonKADS textbook [82]. The 
methodd employs a simple pruning strategy. One starts off with the full set of possible candidates, 
specifiess a feature of interest, obtains its value and "prunes away" all candidates that are inconsis-
tentt with the incoming data. This process is repeated until there is only one candidate solution. 

Thee specification of this method is shown in Figure 2.5. The first while loop generates the set 
off  candidate solutions. The second while loop prunes this set by obtaining new information. The 
methodd finishes if one of the following three conditions is true (see the condition of the second 
whilee loop): 

1.. A single candidate remains. This class becomes the solution. 

2.. The candidate set is empty. No solution is found. 
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psmm prune-candidate-set; 

can-realize:: classification; 

decomposition: : 

functions:: generate, specify, match, obtain; 

roles: : 

intermediate:: candidate, attribute, new-feature, 

current-feature-set,, truth-value; 

output:: candidate-set; 

control-structure: : 

whilee more-solutions generate(—• candidate) do 

candidate-sett : = candidate union candidate-set; 

endd while 

whilee new-solution specify((candidate-set —• attribute) 

andd length candidate-set > 1 do 

obtain(attributee —• new-feature); 

current-feature-sett : = new-feature union current-feature-set; 

for-eachh candidate in candidate-set do 

match(candidatee + current-feature-set —»• truth-value); 

i ff truth-value = false; 

thenn candidate-set:— candidate-set subtract candidate; 

endd for-each 

endd while 

endd psm prune-candidate-set; 

Figuree 2.5 
Pruningg method for classification. 

3.. No more attributes remain for which a value can be obtained. A partial solution is found in 
thee form of the remaining set of candidates. 

Figuree 2.6 shows the corresponding inference structure. Three inferences are used in this 
methodd plus a transfer function for obtaining the attribute value: 

Generatee candidate In the simplest case, this step is just a lookup in the knowledge base of the 
potentiall  candidate solutions. 

Specifyy attribut e There are several ways for realizing this inference. The simplest way is to just 
doo a random selection. This can work well, especially if the "cost" of obtaining information 
iss low. Often however, a more knowledge-intensive attribute specification is required. 

Obtainn feature Usually, one should allow the user to enter an "unknown" value. Also, some-
timess there is domain knowledge that suggests that certain attributes should always be ob-
tainedd as one group. 
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Figuree 2.6 
Inferencess structure for the pruning classification method. 

Matchh This inference should be able to handle an "unknown" value for certain attributes. The 
defaultt approach is that every candidate is consistent with an "unknown" value for a certain 
attribute. . 

2.5.22 Method customization 

Thee pruning method was customized for use in Rocky by providing three alternative strategies for 
thee attribute-selection inference. 

Randomm choice of attribute s 
AA random choice wil l work if the information is easily obtainable and the number of at-
tributess is not too large. In this case the user wil l have to supply far more values to attributes 
thann is needed. 

Orderr  attribute s 
AA more sophisticated method is to explicitly order the attributes and turn them into a deci-
sionn tree. In this case one uses domain knowledge of the form If grain-size is coarse-grained 

askask about colour. Such explicit attribute ordering information can very often be replaced by 
aa domain-independent method like: 

Findd an attribute that is present in as many of the classes that are among the 

possiblee solutions. 
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Findd most informativ e attribut e 
Anotherr way is to choose the most informative attribute. The amount of information of an 
AV-pairr reflects the measure of reduction of possible solutions. The way to calculate this 
amountt is to count the number of binary decisions needed to come to this reduction. 

Thee amount of information of an AV-pair, I(AVi) can be computed as follows: 

I(AVI(AVtt)) =2 log-—= -2\ogp(Vt) 
P\Vi) P\Vi) 

Inn order to compute the amount of information of an attribute (instead of an attribute value-
pair)) we simply compute the amount of all possible AV-pairs for this attribute and divide it 
byy the number of possible values. This is different from the entropy formula as known in 
informationn theory: 

ƒ(*)) = £>* ) .ƒ (* 

Thiss formula weighs the probabilities as chances and is useful in cases similar to flipping an 
unbalancedd coin or learning. The same idea is also used in ID3 [72]. Note that in our case 
wee take the distribution of an AV-pair as it appears in the set of candidate solutions. 

Al ll  three methods were explored and implemented in the demo-program in a domain-
independentt way. 

2.5.33 Nesting classification methods 

Thee classification of igneous rocks takes place on two levels. First, information from a macro-
scopicc level will be obtained. If this suffices to prune away all but one of the known rock classes 
theree is no need for a microscopic investigation. However a problem arises when one is not sure 
aboutt some features of the rock that are necessary for a good classification. This problem often 
occurss when classifying small-grained volcanic rocks. A few quotes from the first interview taken 
fromm the Sisyphus material illustrate this issue: 

AssumingAssuming you 've got a coarse grained rock, the mineralogy would be very easy to 
identifyidentify (..) 

AndAnd from your identification of the mineralogy you '11 be able to arrive at a basic 
chemistry chemistry 

NowNow the difference here is going to be in, you can't really identify the minerals 
very-very- easily cause they're fine grained and the minerals could be only a twentieth of a 
millimetremillimetre across in these 

That'sThat's going to be difficult to tell in hand specimen cause you can't identify the 
mineralsminerals so well. 

'Takenn from Structured Interview I - Sisyphus KA Material 
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Classificationn of minerals is a science in itself and many of the features described in the inter-
viewss and books regarding mineral classification, apply to fully developed (crystallized) minerals. 
Thee problem with identifying minerals in igneous rocks, particularly when they are small-grained, 
iss their lack of crystallization. To overcome this difficulty minerals can be identified in thin slices 
off  rock under the microscope. 

Thereforee the classification of igneous rocks involves nesting methods of classification. In-
steadd of simply obtaining a value for the selected attribute it could be decided that the value itself 
iss subject to classification. This is likely to occur when the attribute is not directly observable and 
cann only be inferred from other observables at the microscopic level. 

Wee illustrate this process with an example: 

Identificationn of the mineral quartz in igneous rocks with a coarse-grained texture is not very 
difficult .. Quartz is common in many rocks, often abundant in lightly coloured ones. It is often 
colourlesss or grey and it does not show clear-cut cleavages: it splinters when broken. 

Suchh information doesn't constitute a classification in itself. It serves more as an explanation of 
thee attribute quartz-presence. In fine-grained rocks the process is far more complicated. Individual 
grainss cannot be seen, even with the help of a small hand lens. It's here that a investigation of the 
thinn section is necessary. Of course one could also resort to the investigation of thin sections in 
casee of a rock with a coarse-grained texture. 
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identify y 
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mineral l 
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Quart z z olivin e e 

Figuree 2.7 
Nestedd classification. In order to establish a rock type it may be necessary to provide information about 
mineralss present in the rock. A recursive classification process can be employed to classify a mineral in the 
rock. . 

Figuree 2.7 depicts the nesting of classification in a graphical way. Instead of obtaining a 
valuee for an attribute, one recursively starts another classification process. The attributes that wil l 
triggerr the recursive call are typically the presence of certain minerals. In order to identify these, 
thee classification procedure wil l start from the beginning. A set of possible candidates wil l be 
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generatedd (these will all be minerals now), an attribute is specified, and so forth, until the mineral 
classs is established. 

2.66 Demonstrator 

AA demo-program has been built which can assist in classifying igneous rocks. The program makes 
usee of the pruning-strategy described earlier. It looks up all the rocks known to the system and 
pruness away those candidates which are inconsistent with the attribute information provided by 
thee user. If there is only one candidate left a picture of the rock is shown. Figure 2.8 shows a 
snapshott of the interface of the demonstrator. 
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Figuree 2.8 
Openingg window of the Rocky III demo. 

Att the top a number of text items are shown that allow selecting values for the main rock at-
tributess such as colour, texture and grain size. The left list-browser will show the list of candidates 
consistentt with the current data. The list-browser on the right will give the user a hint about the 
attributee to fill  in next. This is the result of the attribute ordering inference described in the previ-
ouss section. This ordering is dependent on the problem-solving method. The default-value for this 
optionn is "tree" (most common attribute for remaining candidates). The other options are "info" 
(usingg the most informative) and "prune" (random selection). 

Pressingg the Help button launches Netscape with a local HTML-file . Here an explanation of 
thee descriptors and classification method is given. As long as no solution has been found, Sisyphus 
himselff  is shown in full labour. 

Accordingg to the International Union of Geological Sciences (UIGS) igneous rocks are classi-
fiedfied based on the (relative) percentages of certain minerals. The user can submit this information 
too the system by making use of sliders (see Figure 2.9). 



22 2 Chapterr 2 

E T i i n n i i B B 

Attributess j Mineral % 

t->j j 

HI I 

HI I 

HI I 

HI I 

HI I 

HI I 

HI I 

1 1 
-11 J 
-11 j 

-11
 J 

-11 j 
''  J 
11 J 

-''  J 
"11 J 

Rock:: granite 

.. Q* ) 

Thinn Section) 

fluitfluit ) 

tjelpp j 

Figuree 2.9 
Snapshott of the sliders that can be used to submit percentages of minerals to the system. 

Initiall yy the values of all sliders are set to - 1, which means that the values are unknown. Be-

tweenn some sliders constraints are defined, which make it impossible for the user to enter incorrect 

orr inconsistent data. For example, setting the slider for q u a r tz to a non-zero value wil l result in a 

ff  o i d percentage of zero, because the two minerals are never found together in a rock. The reverse 

alsoo holds: presence of foids excludes the presence of quartz. 

Withinn the system every rock is represented as a class together with certain attributes and their 

possiblee values. In case of the mineral percentages a lower and upper bound is stated for each 

rock. . 

Inn case of medium or fine grained rocks it is often very difficult to determine the minerals 

containedd in the rock. For this purpose the minerals themselves are subject of classification in a 

thinn section of the rock. To start the program to classify minerals in thin section the user simply 

pushess the Thin Section button in the main program. 

Thee window for Thin Sections shows a number of attributes with each a restricted number of 

values.. In order to explain each of the attributes the user may click on the labels. This wil l result 

inn the execution of Netscape which then shows a page explaining how to obtain a value for the 

attribute. . 

Thee classification of minerals is similar to the case of igneous rocks. Inconsistent candidates 

aree pruned away. After the nature of the minerals has been determined the user may close the Thin 

Sectionn program and continue with the classification of rocks. 

Neww attributes, minerals and rocks are quite easy to add to the program. All are kept in separate 

moduless in easy to understand code. Minerals are, like rocks, represented as classes with lists of 
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Figuree 2.10 
Thee main window for classifying minerals in thin section. 

attribute-valuee pairs. Attributes are represented as a list with the range of values. Minerals and 
rockss can be added by editing the appropriate files and inserting code. Adding attributes works 
similarly.. No changes to the graphical interfaces wil l have to be implemented. The interface is 
buildd up dynamically and changes automatically as the attributes change. 

Att this moment the program does not make use of the ontologies written in CML. The repre-
sentationn of rocks and minerals is however very similar to the ones used in the rock- and mineral 
ontologiess and future versions are likely to be extended by making use of a CML-API. The pro-
gramm also does not make use of the hierarchy of igneous rocks and minerals. It uses a flat list of 
classess instead. The information in the texture ontology is incorporated as attribute information 
andd therefore less explicitly present than in the ontology. The classification ontology is not used 
att all in this demo. 

Thee system was written in SWI-Prolog and XPCE, and consequently runs on both UNIX and 
PCC (Windows) systems.3 

2.77 Discussion 

Thee first round of the Sysiphus III project certainly was a useful and interesting exercise. The 
domainn of rock classification shares many characteristics with other real world domains: it is rich, 
muchh terminology is standardized but individual experts use ideosyncratic terms, the procedures 
forr classification depend heavily on the type of information available and on the viewpoint and 
expertisee of the person who performs the classification (amateur, astronout, petreologist). As a 
consequence,, much effort in the early knowledge-acquisition phases concerned familiarization 
withh the domain, scoping of the knowledge types, studying and evaluating the source material and 
obtainingg additional information. One lesson that we learned in this KA process is that in well-
understoodd and well-documented domains a good textbook is preferrable above interviews with 

'Seee http://www.swi.psy.uva.nl/software.html for details on SWI-Prolog and XPCE. 

http://www.swi.psy.uva.nl/software.html
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expertss or other results of elicitation activities. 
Thee strategic approach that we have taken focussed on ontology construction. Problem-solving 

methodss for classification tasks are widely available and quite well understood, although their 
formall  properties are not always clear. Thus, PSM's have not been a major topic of our efforts 
sofar.. We have reused classification PSM's that were developed for other purposes [97]. The 
mainn challenge of the Sysiphus-III task for our group was to find a rich and coherently partitioned 
representationall  framework of the domain knowledge. 

Thee knowledge of rock classification was partitioned along several dimensions. A first di-
mensionn concerns the task dependency. The classification ontology that describes the structure 
off  objects, classes and their descriptions is independent of the domain of igneous rocks, but spe-
cificc for classification tasks. In fact a very similar ontological structure is used in the domain of 
classificationn of art and antiques object in the GRASP project. 

Thee second dimension is domain dependent and concerns distinctions of materials (rocks 
andd minerals) and their various attributes. Domains that involve perceptual attributes as well as 
semi-quantitativee attributes require separate ontologies for the attributes and their potential values. 
Muchh of the knowledge involved in domains like rock classification and art and antiques concerns 
thee determination of the relevant properties of the object at hand. A clear separation is required be-
tweenn properties in the various domains: phenomenological properties (colour, grainsize, texture), 
thin-sectionn properties, physical properties (hardness, specific weight) and chemical properties. 

Thee coupling of the various ontologies in the demo application requires a mapping. This 
mappingg can be viewed as an ontology in itself. Mapping ontologies are a powerful tool to reuse 
existingg knowledge bases and ontologies, but are poorly understood sofar. More work has to be 
donee to understand the mapping knowledge at a generic level. 

Inn summary, we have focussed on the groundwork for the future phases of the Sysiphys-III 
projectt rather than on an application for Round-I. However, a demo system could be built in a 
shortt period of time using parts of the ontologies and existing implementations of Problem Solving 
Methodss for classification. 

Acknowledgementss We are grateful to Nigel Shadbolt and his collegues at the University of 
Nottinghamm for the work they put in setting up the Sisyphus-III experiment. We also acknowledge 
thee contributions of Arno Stam and Mark Verkerk in discussions we had on the Rocky domain. 
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Adaptingg tableaux for classification 

Thiss chapter was published in the Proceedings of EKAW2000 [45]. 
Abstract t 
Wee present an approach for studying logical properties of problem-solving 
methodss (PSMs) for knowledge-intensive tasks. It is based on semantic 
tableauxx (a deduction-style theorem-proving technique). We show how tableaux 
cann be manipulated in a methodical way to formalize non-deductive style PSMs. 

3.11 Introductio n 

Knowledge-engineeringg research has delivered an abundance of problem-solving methods (PSMs) 
forr classes of tasks, such as classification, diagnosis, and configuration (see e.g. Benjamins, [9]). 
Thesee PSMs are used in practical knowledge systems. To get a better understanding of the different 
PSMss work has been done on the formalization of PSMs, [27, 93, 97]. In this chapter we describe 
anotherr approach, in which we adapt semantic tableaux to formalize PSMs. We show that this 
providess us with a technique for studying the logical properties of PSMs. In particular, we show 
thatt this approach allows us to model non-deductive style reasoning. This was a problem with 
previouss formalizations based on first-order logic. We use the classification task as an example. 

3.22 Characterizing Classification 

Wee can characterize a knowledge-intensive task by defining three aspects: (1) the goal of the task, 
(2)) the ontological commitments, and (3) the solution criteria. 

Goal l 

Thee goal is typically an informal description of what the task attempts to achieve. In the case of 
classification,, the goal is to identify to which class a certain object belongs. Example classification 
taskss are apple classification, rock classification, and art-object classification. 

Ontologicall  commitments 

Ontologicall  commitments describe our assumptions on the representation of the task domain. 
Theyy provide us with a vocabulary. We can use this vocabulary to define what we mean with 
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classification.. Together, the ontological commitments form an ontology for a task. An example of 
suchh a task ontology is the configuration-design ontology [38]. For classification we base the task 
ontologyy on the descriptions of classification given by Stefik [87] and Schreiber [82]. 

Wee define six basic ontological types, namely attribute , object, value, class, feature, and 
observation.. A is a (finite) set of attributes, each of which is associated with a list of possible 
values.. A feature is an admissible attribute-value pair. Objects that need to be classified are 
describedd by a finite number of attribute-value (AV) pairs. These AV-pairs are called observations. 
Thee set of observations for a particular object is called Obs. 

Byy definition, we assume that an attribute can have only one value at the time. So, if colour 
iss an attribute and {red. yellow, blue} is its list of possible values, then an object description can 
neverr contain the AV-pairs colour — red and colour = yellow simultaneously. Every attribute 
withh more than two values can be transformed into several attributes which all have binary values. 
Thiss transformation is performed as follows: For every such AV-pair we take a new attribute with 
possiblee values true and false. The new attribute has the value true if the original AV-pair holds, 
andd false otherwise. 

Notee that after having applied such a transformation the exclusion of multiple values for an 
attributee is no longer guaranteed. In order to maintain this principle every new attribute has the 
originall  attribute as it's type. Now we can say that exclusion of multiple values holds for binary 
AV-pairss of the same type. If one binary attribute has the value true, then all other attributes of the 
samee type have the value false. In this way, each multi-valued attribute can be represented as a set 
off  atomic propositions. 

Classess can now be represented as follows: 

c^>c^> ( «! V ... V a „ ) A ... A (6i V ... V bn) 

Thee class name is represented by the proposition c and implies its features (i.e. AV-pairs). 
Featuress are here represented as atomic propositions with an index for ease of representation. a\ 
representss the feature where a designates the attribute and the index i a certain value. 

Domainn knowledge can be represented by assigning meaningful names to the atomic proposi-
tionss occurring in such a sentence. For example: 

blackbirdblackbird —» 
(plumage(plumage — black V plumage — brown) A (hill  — yellow) 

Thee domain theory DT consists of a conjunction of class definitions. 

Solutionn criteri a 

Theree are several alternative criteria one can formulate with respect to the goal of the classification 
process.. We define two criteria:1 

Weakk classification In weak classification (WC) a candidate solution must be a class c which 
iss consistent with the domain theory DT and the observations Obs made thus far. Formally, 
thiss set of candidate solutions S can be expressed by: 

SS =

'inn Sec. 3.4.3 we introduce a third form of classification, namely composite-solution classification. 
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Strongg classification In strong classification (SC) a class c is a member of the set of candidate 
solutionss S iff the domain theory together with c explains all observations. That is, we 
wantt candidate solutions to be classes which actually possess the properties that have been 
observed.. Formally, the criterion for SC is: 

S={c\DTu{c}S={c\DTu{c} \=Obs) 

Thee criterion of strong classification is stronger in a logical sense than weak classification. 
Iff  a class is a candidate solution according to SC it is also according to WC. This follows as 
SCC can be formulated as an extension of WC. 

3.33 Tableaux 

Semanticc tableaux were developed in the 50's by Beth [10] and Hintikka [40]. Like resolution 
theyy form a refutation system. In a tableau proof a tree is constructed where nodes are labeled 
withh formulae.2 

Inn order to test whether a certain formula <p follows from a set of premises 0 a tableau 
treee is constructed for 0 U {-'V'} - Constructing such a binary tree can be seen as checking for 
(inconsistencyy of the theory. It is build using reduction rules which determine how the tree is 
branched.. If in any branch, a formula and its negation appear the branch is said to be closed. If all 
branchess close the theory is inconsistent. 

c? c? 

Tablee 3.1 
Ruless for the tableau trees. 

Tablee 3.1 shows the rules for constructing the tableau tree. The first rule indicates that double 
negationss are redundant. All propositional formulas containing binary connectives can be divided 
ass belonging to two types: True conjunctive formulas (a-type) and true disjunctive formulas (/?-
type).. For example p  q can be rewritten to ->p V q and so is a /3-formula. The rule for a-type 
formulass indicates that the conjuncts have to be placed on the same branch of the tree. The /2-rule 
howeverr indicates a branching of the tree. 

Too see how this works we give an example. Let 0 be {p —» q] and p = q. We will check 
whetherr 0 f= p. The resulting tableau is depicted in Fig. 3.1. Since the tableau is open p> does not 
followw from 0. Note that the open branch corresponds to a counterexample for 0 |= p>. 

3.44 Tableaux for  classification 

Thee general method to use propositional semantic tableaux as a proof procedure for classification 
proceedss as follows. The solution criterion for the classification task is translated into a consis-
tencyy formula. Subsequently that formula is expanded into a semantic tableau. If the tableau 

2Wee limit ourselves here to the description of propositional tableaux since this seems sufficient for the description 
off  classification. We follow Fitting [30] in this description. 
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eu{-v} } 

Figuree 3.1 
Examplee tableau. 

cann be closed or remains partially open, a conclusion can be derived about the solutions of the 
classificationn problem. The precise nature of the conclusion depends on the nature of the solution 
criterion. . 

Thee closing rule for tableaux for classification can be specialized on the basis of the ontolog-
icall  commitments described in Sec. 3.2. Since all features that occur in the domain theory are 
consideredd to be typed propositions and since two distinct propositions of the same type exclude 
eachh other, any branch that contains two different propositions of the same type can be closed. 
Thiss is equivalent to the addition of formulae of the following type to the domain theory for each 
feature: : 

a\a\ —> (^a2 A . .. A ->a„) 

Buildingg this ontological commitment into the proof procedure retains all properties of the 
generall  procedure such as soundness and completeness, but is more efficient. 

3.4.11 Weak classification 

Inn weak classification we assume that the domain theory and the observations together are con-
sistent.. This assumption is implicit in the way knowledge is represented and can be viewed as an 
additionall  ontological commitment. 

Becausee of this consistency a semantic tableau for DTuObs will have open branches. Fig. 3.2 
showss a tableau for the domain theory {cj - t o iA d.2, c  ̂—> (12 A c/3}  and the observation d.j. The 
observationn is added to the leaves of the tree for the domain theory. 

Now,, in order to check which classes are consistent with the observations made up to this 
point,, each class must be individually added to the tableau. If the tree closes the resulting theory is 
inconsistentt and the class is not a candidate. If a new observation is made it must be added to the 
treee and a check for all remaining candidates has to be made again. Fig. 3.2 shows class ci to be 
inconsistentt with the domain theory together with the observation d3( as its addition to the tableau 
wouldd close the tree. 

Thee trouble with this representation is that it leads to a rapidly expanding tree. Notice that 
sincee class definitions are 8—formulae each class definition leads to branching of the tree. In 
classification,, observations are typically added incrementally. This means that classes that at some 
pointt are proven to be inconsistent will remain part of the tree. This can be be remedied by putting 
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DTDT U Obs 

dd33 d3 -i c2 a3 

dd33 d3 

Figuree 3.2 
Initiall  tableau for weak classification. 

thee observations at the root, instead of adding them to the leaves of the tableau for the domain 
theory.. The result is a much smaller tree. Subsequent observations can also be added to the root 
insteadd of the leaves. This proof strategy is depicted in Fig. 3.3. The example shows a general 
propertyy of tableau proofs: the length of a proof typically depends on the order of application of 
thee expansion rules. 

DTDT U Obs 

Figuree 3.3 
Alternativee tableau for weak classification. 

Thiss procedure for weak classification with semantic tableaux can be summarized as follows: 

Proceduree WC-1: 
1.. Construct a tableau for the observations 

andd the domain theory (in this order) 
2.. FOR each possible candidate class c DO 

IFF c (and c alone) is added to the tableau 



30 0 Chapterr 3 

ANDD the tableau closes 
THENN c is not a possible candidate 
ELSEE c remains a possible candidate 

3.. When new observations are made: 

a.. add observation(s) to top of the tableau 
b.. redo step 2 

Itt is interesting to view weak classification in terms of what is actually deduced during the 
process.. In order to prove that a formula follows from a theory with the help of semantic tableaux 
onee has to prove the inconsistency of the negation of the formula together with the theory. In the 
casee of weak classification the aim is to prove the inconsistency of a class together with the domain 
theoryy and observations. In terms of consequence this means proving the negation of a class from 
thee domain theory and observations. More formally: 

DTDT U Obs U {c}  DT U Obs h -.c 

Inn other words: weak classification only provides negative information about classes. The 
methodd is actually more about ruling out candidates than looking for candidates which can explain 
thee observations. This is left to the stronger criterion of strong classification. 

Thee procedure WC-1 is still inefficient since it generates the tableau for the entire domain 
theory.. The ontological commitments about the structure of the knowledge base, i.e. that class 
definitionss are conjunctions of disjunctive feature sets, allow us to specialize the procedure even 
more.. A branch in the tableau tree that contains no literals involving classes, can never be closed 
byy adding other parts of the domain theory that do not concern the class under investigation. This 
leadss to the following procedure: 

Proceduree WC-2 : 
1.. Construct a tableau for the observations 
2.. FOR each possible candidate class c DO 

2a.. add the formulae that concern c from 
DTT to the tableaux 
2b.. IF c {and c alone) is added to tableau 

ANDD the tableau closes 
THENN c is not a possible candidate 
ELSEE c remains a possible candidate 

3.. When new observations are made: 
a.. add observation(s) to top of the tableau 
b.. redo step 2 for those classes that were 

possiblee candidates 

Thiss procedure is much more efficient than WC-1, but given the ontological commitments still 
soundd and complete. In fact, this proof procedure explains why the "test" part in implemented 
problemm solving methods can remain so simple. It is also clear from this procedure that generate-
and-testt methods that do not test for all classes are sound, but not complete. In step 3b we make 
usee of the fact that addition of new observations will not make classes that have been ruled out on 
thee basis of earlier observations, candidates again. 
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3.4.22 Strong classification 

Wee now proceed to describe a procedure for testing whether a candidate class fulfill s the SC 
requirement.. If it can be shown for a certain class c that DTU{c}U{-iO i V... ~^on} is inconsistent, 
thee criterion of SC is met with respect to c. In order to show this, first a tableau for DT and the 
disjunctionn of negated observations is build. Since this theory is consistent the tree will have open 
branches.. If c is added to the tree and closes the tableau, c is a SC candidate, otherwise it is not. 
Heree we make use of the ontological assumption that DTu{c} is consistent. An example is given 
inn Fig. 3.4. 

DTDT U Obs 

Figuree 3.4 
Tableauu for strong classification. 

Thiss procedure for SC can be summarized as follows: 

Proceduree SC-1: 
1.. Construct a tableau for the domain theory 
2.. Add the disjunction of the negation of each 

elementt of Obs to the leaves of the tableau 
forr the domain theory 

3.. FOR each possible candidate class c DO 
IFF c (and c alone) is added to the tableau 

ANDD the tableau closes 
THENN c remains a possible candidate 
ELSEE c is not a possible candidate 

4.. IF new observations become available 
THENN redo step 2 and 3 

SCC is in general more complex to compute than WC. To infer the observations from the domain 
theoryy and a candidate class, the disjunction of all negated observations should be added to the 
tableau.. In contrast to WC, each observation will give rise to a branching of the tree. 

Thee same specializations of the proof procedure that we have described for WC apply to SC. 
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3.4.33 Classification and abduction 

Thee procedure SC-1 is identical to the way abduction is performed with tableaux as described by 
Aliseda-Lleraa [3]. This is intentional. As defined above, comes down to an abductive method. 
Abductionn is often linked to a style of reasoning which produces causal explanations for observa-
tions.. Classification is rarely, if ever, considered to be an abductive task. Still the criterion of SC 
iss formally in line with the definition of abduction, as for example put forward by Kakas et. al. 
[50]. . 

Aliseda-Lleraa [3] defines five different styles of abductive reasoning. Given 0 (a theory) and 
^  ̂ (a sentence), a is an abductive explanation (abducible) if: 

•• Plain: 0 . n \= <p 

•• Consistent: 0 . a \= y and 0 . o is consistent. 

•• Explanatory: 0 . o t= ^ and 0 ¥  ̂ and a ¥ ^ 

 Minimal: 0 , a 1= <p and a is the weakest such explanation. 

•• Preferential: 0 . a N ^ and n is the best explanation according to some given preferential 
ordering. . 

Interestinglyy enough, SC displays four of these properties of abduction. The "plain" property 
followss directly from the solution criterion. Classification is a restricted form of abduction: the 
onlyy abducibles allowed are atomic class propositions. Since it is an ontological assumption that 
classs definitions are individually consistent with the domain theory (i.e., DT U c is consistent), it 
followss that solutions found by the SC-1 method are consistent. SC is minimal since we restrict 
thee form of abducibles to single classes (atomic propositions) only. 

Weakk classification does not exhibit any of the properties of abduction, since no formula (^) 
iss assumed to be entailed by the theory (0) and the abducibles (a). Intuitively, WC generates a 
formulaa and tests if it is consistent with the current domain theory and observables, but it does not 
tryy to explain anything. This makes WC a very different task from SC. This is in line with our 
earlierearlier observation that WC is a ruling-out task rather than an explanation task. From a logical 
pointt of view, one could argue that the two forms of classification are rather different ways of 
reasoning,, even though procedurally they are very similar. One could even go as far as considering 
WCC not as a classification task, but as a refutation task. 

Forr the property of minimality, there is a difference between abduction and strong classifica
tion.. If we decide to allow not only single classes as abducibles but conjunctions of classes as well 
wee end up with a different style of classification. In that case we would get a form of classification 
inn which more than one class explains the observations and counts as a solution. Thus, a conjunc
tionn of classes can act as a solution candidate. This is known as composite-solution classification 
(CSC)) [87]. 

Thee solution predicate can be formulated as follows: 

SS = {a A... Ac„|DTU{ci A... Ac,,} |= Obs} 

Notee however that we can no longer assume the property of consistency (DTu{c] A... Ac,,}), 
ass the simultaneous addition of two or more classes (e.g., a black bird and a white bird) to the 
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tableauu of the domain theory may lead to inconsistency. Therefore, the procedure will have to 
testt explicitly for consistency. For example, if DT = {ci —> a\, c2 —• a2}, adding the composite 
solutionn {ci A C2} makes the theory inconsistent, since a\ and «2 a r e regarded as exclusive. 

Iff one allows composite solutions, one could still prefer single solutions. In this case CSC is 
definedd as preferential abduction in the above sense. 

3.55 Discussion 

Evenn though classification is one of the simplest knowledge-intensive tasks in the knowledge-
engineeringg domain, it has been quite hard to prove that certain computational methods satisfy 
logicall competence theories. Similarly, it has been difficult to transform logical competence re
quirementss into an operational method. Problems encountered include: the abductive nature of 
classificationn reasoning, the incremental nature of observation gathering and the mapping of logi
call theories onto different computational strategies in classification methods [97], In this chapter 
wee have presented some steps forward towards solving these problems. 

AA first insight is that strong classification is a special case of abduction. The solution of a 
classificationn problem is considered as an abducible of some domain theory and the observed 
facts.. Theories of abduction provide several types of abduction that can be mapped onto different 
variantss of the classification task. However, classification is more specific than abduction in the 
sensee that it restricts the vocabulary of abducibles to a predefined set of classes and that it assumes 
aa particular structure of the domain theory. 

Second,, it appears that the semantic tableau proof method has some features that makes it 
suitablee to model various forms of classification reasoning. Tableaux provide a natural way of 
handlingg incrementally growing theories as they often occur in knowledge-based systems, where 
neww facts are incrementally obtained from a user. In classical logical approaches that attempt to 
formalizee classification reasoning, this problem is not easily solved [97]. Tableaux also provide 
aa way of thinking about the search space of possible inferences in a formal context. As we have 
shown,, the ontological commitments of the task restrict the possible expansions and closures of 
thee tableaux. These restrictions can be translated into the proof procedure itself, thus reducing the 
spacee of formulae to be processed. This is precisely where knowledge-based systems derive their 
powerr from, when compared to general theorem-proving approaches. It can be proven that the 
specializedd proof procedures are equivalent to the normal proof procedure when the ontological 
commitmentss are added as axioms to the domain theory. 

Thee third result of our investigation is that PSMs for classification that have been published (by 
Stefikk [87] and Wielinga [97]) can be mapped onto proof procedures. For example, procedure WC-
11 and WC-2 formalize the "pruning" method, which can therefore be characterized as both sound 
andd complete. WC-1 is a "pure" logical method, but computationally not very efficient. In tableau 
terminologyy it generates a much larger tableau than WC-2. WC-2 is an optimized method which 
iss in fact close to operational methods used in classification systems. Procedure SC formalizes a 
generate-and-testt method for classification. Here, we can see from the formalization that if the 
methodd would terminate after having found one solution (which is often the case in operational 
methods),, the method is sound, but not complete. In short, this type of mapping of PSMs used 
inn knowledge-based systems onto specific tableau proof procedures provides a powerful way of 
establishingg the competence of these methods in logical terms. 





4 4 

AA Spectrum of Classification Methods 

77tiss chapter is submitted for publication. 
Wee present a systematic survey of criteria for knowledge intensive classification 
problems.. Criteria are build up from some simple definitions and combined into 
moree complex ones. Orderings wil l allow the description of some basic pref-
erentiall  criteria. By relaxing some fundamental constraints other preferential 
criteriaa are obtained. It wil l be shown that all such criteria are interrelated and 
cann be ordered by set-inclusion of their solution sets. 
Suchh a systematic overview may be helpful as an indexing scheme for Problem 
Solvingg methods (PSMs) for classification. It can facilitate finding a criterion 
onn the basis of a goal description. 

4.11 Introductio n 

Thee goal of a classification task is to identify an object as belonging to a certain class. The object 
iss described in terms of a (possible incomplete) set of observations. Identifying a bird, flower, rock 
orr an object of art on the basis of some (possible incomplete) set of observations are all examples 
off  classification problems. 

Ann overview of several classification criteria and associated methods is given by Stefik [87]. 
Byy a classification criteria we mean a predicate which is true of a class when the class is a so-
lutionn to the problem at hand, and false otherwise. The choice of a Problem Solving Method 
(PSM)) depends on the criteria one chooses, and these may differ between different instances of 
classificationn problems. With each criterion one can associate a set of classes which are regarded 
ass solutions. These can be ordered by set-inclusion. The resulting ordering makes it possible to 
comparee criteria and the functionality of their associated PSMs. 

Recently,, attempts have been made to capture PSMs in libraries and facilitate their automatic 
retrievall  on the basis of a problem specification [9] [65]. As a test-case classification was chosen 
ass a task to be made operational. We feel that a systematic description of criteria which we offer 
here,, may add to the construction of such libraries. 

Inn this chapter we present a systematic overview of possible criteria for classification problems. 
Wee do this by describing simple criteria from basic definitions and use these in the construction of 
moree complex ones. 

AA similar overview of criteria for diagnostic criteria was given by Console and Tarasso [21], 
andd TenTeije and van Harmelen [89]. At least intuitively there seems to be a relation, and even a 
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possiblee overlap between diagnosis and some forms of classification. However, classification tasks 
aree often regarded as much easier to define, and making use of much less sophisticated methods 
off  problem solving. 

4.22 Classification in terms of attributes 

Inn classification tasks classes as well as observations are typically described in terms of attribute-
valuee pairs (av-pairs). 

Definitionn 4.1 : Let A be a finite set l of attributes. Each attribute a € .4 has a .ser V„ 
(a(a domain) of possible values associated to it. An attribute-value pair is an ordered ordered pair (a. v) 
wherewhere a <E A is an attribute and r a value from its associated domain Vu. 

Observationss form a set of av-pairs and they represent an object that should be classified. 
Eachh av-pair in the set of observations will be referred to as an observation. Classes are here also 
representedd as non-empty, finite sets of av- pairs, where the name of a set represents the name of 
thee class. An alternative definition, used in the previous chapter and encountered in the literature 
(seee e.g. Wielinga [97]) is that a class-name implies the conjunction of av-pairs. The relation 
betweenn such a representation and the one used here is quite straightforward. 

Withinn each class and within the set of observations each attribute can have only a single value. 
Whenn this is the case then the class, or the observations are said to be internall y consistent. In 
thee following internal consistency is assumed for all classes and the set of observations. 

Nott all attributes have to occur as part of some av-pair in a class or the observations. If an 
attributee does not occur in a class or the observations it is called missing (with respect to the class 
orr observations). 

Insteadd of allowing attributes to be missing, an alternative representation [87] is to give the 
valuee unknown to an attribute. In this case all attributes have to be mentioned in all class defini-
tionss and the observations. 

Inn order to check whether the object, which is described by the observations falls under a 
particularr class, the class must be compared to the observations. It is assumed here that in both the 
descriptionss of observations and classes the same attributes and values are being used. However, 
thiss assumption may easily be given up. A match between two attributes can be defined as: 

Definitionn 4.2 : Two attributes (one from a class and one from the set of observations) 
matchmatch if there is a predefined mapping between the two values. 

Matchingg two av-pairs can be as simple as a test for syntactical identity. Class and observation 
attributess may be distinct and a mapping might be needed to compare their values. Another option 
iss the use of an interval as a value for an attribute. Hence, there is a certain degree of freedom in 
thee implementation of matching. 

Thee important notion of consistency between an av-pair from a class and one from the 
observationss can be defined as follows: 

Definitionn 4.3 : An attribute or of a class c is consistent with the observation o iff it does 
notnot occur in o or it matches an attribute in o. This relation is symmetric in the following sense: an 

Inn what follows all sets are finite. 
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attributeattribute a0 of an observation is consistent with a class c iff it does not occur in c or it matches an 
attributeattribute in c. 

Onee could also allow disjunctions of attribute-value pairs. For example one could state that the 
valuee for the attribute colour for the class blackbird is either brown or black . In a representation 
inn terms of sets of av-pairs this would mean that some attributes will have multiple values, which 
shouldd be interpreted as disjunctions. This means that the notion of internal consistency of a set 
off  attribute value-pairs can no longer be computed. 

Notee that the notion of consistency between class and observation attributes is in line with the 
usee of disjunctive attributes. 

4.2.11 The attribut e level 

Givenn a set of observations (as a set of av-pairs) we must determine which class can be regarded 
ass a solution. In order to formulate a criterion we explore what possibilities arise when an av-
pairr belonging to a class is compared to one belonging to the observations. We limit our focus to 
thee attribute level and focus on attributes without considering their values. There are four basic 
options: : 

1.. The attribute occurs in both the class and the observation. 

2.. The attribute does not occur in the class but does in the observation. 

3.. The attribute occurs in the class but not in the observation. 

4.. The attribute occurs in neither the class nor the observation. 

Next,, we consider each of the above options and take the values of the attributes into consid-
erationn when needed. In the first case, when an attribute occurs in both the class and observations, 
theree are two possibilities: 

1.. The two values of the attribute do not match. In that case the two av-pairs are inconsistent. 
(Forr short we say that the attribute itself (with respect to the class and observations) is 
inconsistent.) ) 

2.. The two values of the attribute match. Then the av-pair in the observation is said to be 
explainedd by the matching av-pair in the class. Similarly, the av-pair in the class is said to 
explainn the matching av-pair in the observation. 

Inn the second case the attribute is present in the observation but not in the class. In this case 
theree is no inconsistency, but there is no matching and the attribute in the observation is said to be 
unexplained. . 

Inn the third case, the attribute present in the class is said to be an absent explanation of the 
absentt attribute in the observation. Figure 4.1 illustrates these terms. 

Thee fourth case represents an empty statement. The attribute is neither observed nor mentioned 
inn the class-definition. 
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clas ss observation s clas s observation s 

OO 0 0 

o o 

oo o o 

absentt explanation unexplained ' 

Figuree 4.1 
Picturingg the notion of unexplained attributes and absent explanations. 

4.2.22 Universal criteri a for  classification 

Thesee options on the attribute level can be generalized to class-level by universally quantifying 
overr av-pairs. Referring to this quantification we call the resulting criteria universal criteria for 
classification.. The well-known criteria for weak and strong classification are among them [87], 

Definitionn 4.4 : Weak classification: A class c is a weak solution for an observation o iff 
allall  the av-pairs in o are consistent with all the av-pairs in c. 

Notee that this definition merely involves a generalization of the attribute level criterion of 
consistencyy to class-level. 

Definitionn 4.5 : Strong classification: A class c is a strong solution for an observation o iff 
allall  the av-pairs in o are explained by all the av-pairs in c. 

Weakk and strong classification are perhaps the best known criteria. However, they are not the 
onlyy ones. Following up on the notions described earlier, another criterion would be: 

Definitionn 4.6 : Explanative classification: A class c is an explanative solution for an 
observationobservation o iff all the av-pairs in c are explanations for all the av-pairs in o. 

Inn addition, the last two criteria can be combined by the use of conjunction: 
Definitionn 4.7 : Strong explanative classification: A class c is a strong explanative 

solutionsolution for an observation o iff all the av-pairs in o are explained by all the av-pairs in c, and all 
thethe av-pairs in c are explanations of an av-pair in o. 

Likewisee disjunction can be used to produce yet another criterion: 
Definitionn 4.8 : Covered classification: A class c is a covered2 solution for an observation o 

iffiff  all the av-pairs in o are explained by all the av-pairs in c, or all the av-pairs in c are explanations 
ofof an av-pair in o. 

Thiss last criterion does not add anything extra as far as individual classes are concerned, since 
aa class which is a covered solution is either a strong or an explanative solution. However the 
criterionn is relevant when we associate with each criterion a set of solutions: 
WEAKWEAK = {c | c is a weak solution} 
STRONGSTRONG = {c | c is a strong solution} 
EXEX PL = {c | c is an explanative solution} 

2Thee name covered is chosen because either all attributes in the class or in the observation are explanations or 

explainedd respectively. 

o o 

0 0 

o o 
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COVEREDCOVERED = { c | c is an explanative or a strong solution} 
STR-EXPLSTR-EXPL = { c | c is a strong explanative solution} 

Thesee sets can be partially ordered by set-inclusion as is shown in figure 4.2. 

WEAK K 

COVERED D 

STRONGG EXPL 

STR-EXPL L 

Figuree 4.2 
Thee ordering of classification criteria by set-inclusion. An upward line represents set inclusion: e.g. STR-
EXPLL C STRONG. 

Fromm this partial order it follows that every strong explanative solution is also a strong solution. 
Everyy strong solution is also a weak solution. And both explanative and strong solutions are 
coveredd solutions. Every strong explanative solution is also an explanative solution, which in turn 
iss also a weak solution. 

4.2.33 An analysis in terms of attribut e sets 

Thee ordering of classification criteria can be further analyzed by looking at the attributes occurring 
inn class and observations. Again, we do not consider the values of the attributes. 

Definitio nn 4.9 : Let c be a class and Ac be the set containing all attributes having a value in 
c:c: Ac = {a\{a,v) 6 c} . 

SimilarlySimilarly let A0 be the set containing all attributes having a value in the observation o: 
AA00 = {a\(a,v) e o}. 
Whenn these two sets are compared the following cases may occur: 

1.. Ac = A0 

2.. A0 c Ac 

3.. Ac c A0 

4.. AonAc = 0 

5.. A0nAc  0 (This subsumes 1-3). 

Thesee possible relations between the attributes in the observation and class can be used to get 
somee insight into the nature of the above mentioned criteria. 
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Theoremm 4.1 : Suppose Ac — A0 for some class c and some set of observations o. Then 
thethe five criteria coincide for c: If. and only ifc is a solution according to one of the criteria, it is a 
solutionsolution according to all others. 

Examplee 4.1 : The following (simplified) class definition was taken from a system built to 
classifyclassify igneous rocks [46], 
granitegranite = {{  Grain size, Coarse grained } , ( Colour,Light ) , ( Quartz, 20 ), {  Quartz, 80 )} . 
TheThe attribute Quartz is an interval attribute. Any observation of Quartz with a value within the 
intervalinterval 20 — 80 matches it. 

TheThe set A(jr(unle contains all attributes occurring in the class granite : Agrfinitf = {Grain size, 
Colour,Colour, Quartz } . If the set of observations defines values for all (and no more) of these attributes, 
thanthan granite is either a solution according to all the criteria defined thus far, or to none at all. 

Theoremm 4.2 : If for a class c A0 c Ac holds, then the notions of weak and strong 
classificationclassification coincide for c. In addition, c cannot be an explanative solution and hence not a 
strongstrong explanative solution either. 

Theoremm 4.3 : Suppose that for a class c Ac C A(, holds, then the notions of explanative 
andand weak classification coincide for c. Also, c cannot be a strong solution and hence not a strong 
explanativeexplanative solution either. 

Theoremm 4.4 : Suppose A() n Ar = 0 holds for class c. This means that the class c and the 
observationsobservations have no attributes in common, c is a weak solution with respect to o but evidently 
notnot a covered, strong, explanative or strong explanative solution. 

Uponn closer inspection we can define the aforementioned criteria, shown in figure 4.2, in terms 
off  the attribute sets A„  and Ar. By doing this it becomes clear why the above theorems are true. 

Considerr a class c which is regarded as a solution according to weak classification. When 
AA00 n Ac  ̂ 0 holds, then all attributes which the class and observations have in common should 
match,, otherwise an inconsistency occurs. Attributes which are missing in either A0 or Ar are 
allowed:: they do not disturb consistency. Even if the class and the observations have no attributes 
inn common (A0 n Ac = 0) is c a consistent solution with respect to o. 

Formallyy we can express this as: 
cc is a weak solution  Vo : (a e Aö n Ac A match {a)) V (a$A0 n Ac) 

Thee other criteria can be defined by a set of attributes as follows: We define a set of attributes 
whosee elements are required to match. This set is constructed by taking the intersection of the set 
off  attributes Ac occurring in the class c which is regarded as a solution, and the set of attributes 
occurringg in the observations AQ. 

1.. Strong classification requires that a class c is regarded as a solution when A0 C Ac holds, 
andd all elements of the intersection Ar D A0 = A0 match. 

2.. Explanative classification requires that Ac C A0 holds and all elements of the intersection 
AAcc n A0 = Ac match. 
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3.. Strong-explanative classification requires that A0 = Ac holds and that all elements in the 
intersectionn ( either A„  or Ac) match. 

4.. Covered classification requires that either A0 C Ac or Ac C AQ holds and that all attributes 
inn the subsumed set match. 

Inn between covered and weak classification another criterion can be defined. To the definition 
off  weak classification we can add the constraint that A0 n Ac  ̂ 0 holds. We call this criterion 
fortifie dd classification. It excludes the possibility that a class is solution if it has no attributes in 
commonn with the observations. This possibility can be seen as an (albeit absurd) criterion on its 
ownn and we refer to as NIL. It states that a class c is a solution if Ac n A0 = 0, and it's use is 
obviouslyy futile. 

Thee partial ordering of universal criteria can be extended by these two criteria in the way 
depictedd in figure 4.3. 

WEAK K 
AAoonAnAcĉ 0^0 YA0 n Ac = 0 

FORTIFIED D 
AoAo n Ac

COVERED D 
AA00CACACC\/A\/ACCCACA0 0 

AAoonAnAcc = 0 

STRONG G 
AAnnCA, CA, 

STR-EXPL L 
AcAc  == -An 

Figuree 4.3 
Thee extended ordering for universal classification criteria. 

Fromm this ordering the aforementioned theorems are easily validated. For example the first 
theoremm that the criteria (except NIL) coincide when A0 = Ac can be easily proved as follows: 
supposee o is a set of observations and c a candidate solution. In addition assume that c and o have 
thee same attributes, so A„  = Ac. If all attributes match, then c is a strong-explanative solution. All 
otherr criteria (except NIL) subsume strong-explanative classification, so c is a solution according 
too these as well. If not all attributes match there is an inconsistency and c is not a solution according 
too any of the criteria. In a similar way the other theorems can be proven. 
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4.2.44 Preferential criteri a 

Thee ordering by set-inclusion of universal classification criteria can also be seen as a preferential 
structuree for possible solutions. Instead of selecting a criterion for a particular classification prob-
lem,, one could determine for each class the strongest criterion which it satisfies. Some classes 
mayy be only weak solutions, others strong (and hence weak) but not strong-explanative etc. All 
classess will then be partially ordered along the several criteria and the most preferred can then be 
selected.. The result is a universal preferential criterion for classification. 

Notee that the decision of what to consider as the most preferred class can still be a matter of 
choice.. Whether to prefer strong to explanative solutions, or vice versa is not determined by the 
ordering. . 

Suchh preferential criteria for classification can be extended further. One could allow some 
attributess to be inconsistent and prefer the class(es) with the least inconsistencies as a solution. Or 
onee could count the number of explained attributes and give a preference to the class which has the 
most.. Such criteria are not universal: they are existential, in the sense that they can be described 
withh the help of an existential quantifier ranging over the attributes. 

4.33 Relaxing constraints 

Thee universal criteria defined above impose constraints on all attributes which occur in class and 
observations.. There are situations in which one would like to relax these constraints. This can be 
donee in two ways: One could relax the constraint concerning the presence of attributes, and one 
couldd allow (some) inconsistencies. We first discuss the latter option. 

4.3.11 Allowing inconsistencies 

Considerr a case where all classes fail the constraint that all their attributes match the observations. 
Inn this case one could still prefer the class with the least inconsistencies. 

Allowingg inconsistencies seems particular useful in preferential criteria: the class with the 
leastt inconsistencies is to be preferred. By relaxing the consistency constraint for each universal 
criterionn a preferential structure emerges. To illustrate this construction we show this for strong-
explanativee classification. 

Strong-explanativee (SE) classification is the strongest criteria in the sense that it puts the most 
constraintss on the set of attributes that should match. Notice that if a class is a solution according 
too the strong-explanative criterion there are no absent explanations or unexplained attributes and 
hencee A„  — Ac holds for any solution class c with respect to the observations o. All attributes in 
eitherr of these sets are required to match, and hence no inconsistencies are allowed. 

Byy gradually relaxing this last constraint we can construct a preferential structure for SE. 
Meanwhilee we do not weaken the constraint that no absent explanations and unexplained attributes 
aree allowed. Therefore we demand that A0 — Ac holds as before, and relax the constraint that all 
thee elements from one of these sets should match. 

Lett A0 — {ai ... an }  be the set of attributes whose elements have a definite value in a given 
observationn set O = {a\ — Vj... au — v„}.  For a class c we define the set of attributes whose 
elementselements each match an av-pair in the observation set O: Mc — {a \ matche.s(a) and a £ A0). 
Wee call such a set the matching-attribut e set of class c. 
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Wee assume that attributes occurring in the observations and the class are the same (their values 
mayy be different). Note that under this assumption a matching attribute set is always a subset 
off  A0. Therefore all possible matching-attribute sets (for all possible classes c are given by the 
powersett of A0. We can order all these sets by set-inclusion. The result is a lattice. An example 
latticee is shown in figure 4.4. 

{ o i . . . a „ - l }}  ••• {o2.. -an} 

Figuree 4.4 
Thee lattice of possible matching attributes sets. The figure shows all possible subsets of the set \a\ ... an]  ordered by 
set-inclusion.. An upward line indicates subset inclusion. Not all subsets are shown. Dashed lines and dots indicate the 
presencee of sets not shown. 

Thiss lattice can be interpreted in two ways. First, as a preferential structure: for each class 
CiCi the set of matching attributes MCi can be computed (given an observation) and its place in the 
latticee be determined. To decide which class contains the fewest inconsistent attributes, can now 
bee decided by an answer to the question whose class's matching-attribute set is closest to the top of 
thee lattice. At the top of the lattice is the set A0 = {a\ ... an). If a class has Aa as it's matching-
attributee set then there are no inconsistencies. On the other hand if it's attribute-matching set is 
00 then there are n inconsistencies. All other possible matching attribute sets are in between these 
extremes. . 

Anotherr view on the same structure is to see every node in the lattice as a demand that the 
mentionedd attributes are required to match. For example, the node {a\ . . . a,} can be interpreted 
ass follows: c is a solution if (and only if) all the attributes in {ai .. .a;} match. Then the lat
ticee is no longer viewed as a preferential structure. Every node represents an absolute criterion 
andd the lattice as a whole represents the space of possible criteria relative to strong-explanative 
classification. . 

4.3.22 Absolute criteri a 

Thee lattice of matching attributes under the assumption that the attribute-sets of class and observa
tionss are the same, can be seen in two ways. First, as a preference structure for strong-explanative 
classificationn with possible inconsistencies. Given an observation with attributes A0 we can deter
minee for each class c with attributes Ac and Ac = A0 the subset of attributes Mc, whose elements 
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eachh match an attribute occurring in the observations. The place in the lattice of the matching-
attributee set determines the preference order of the class. 

Second,, with each node of this lattice we can also associate a new absolute criterion for clas-
sification.. Each set of attributes Mj C A0 can be taken as a constraint saying that these attributes 
shouldshould match. For example the set at the top of the lattice contains all attributes by definition. 
Demandingg that these attributes should match is equal to the criterion of strong-explanative clas-
sification. . 

Thee set Mc = {«i . .. an-\}  then corresponds to the criterion in which all the attributes ex-
ceptt ari should match. In this case the attribute a„  is given a special status: it is regarded as 
unnecessary. . 

Similarr to the construction of the universal criteria, we can define a set of classes which are 
coveredd by these new criteria. (Remember we have assumed Ac — A0). With each node of the 
latticee of matching-attribute sets we associate a set of classes. Each class c is a member of the 
associatedd set if its matching-attribute set Mc is equal to the set mentioned at the node: 
Lett \>{A0) — {A0. A\ ,4„. 0}  be the powerset of A0. 

£-().Sff = STR-EXP = {c | Mr = A0} 

ElElff,e,e = {c\Mr = Al} 

EnEnsese = {c | Mc = A„  } 

E0seE0se = {c\ Mr = 0} 

Hencee with every node in the lattice in figure 4.4 we associate a set Eise which contains the 
classess whose matching attribute sets are equal to the set which forms the node. As said before 
eachh node can be interpreted as a criterion that the given list of attributes should match, and the 
associatedd set of classes contains classes which satisfy this criterion. Moving up the lattice (by 
followingg the lines) means moving to stronger criteria. The classes associated with each node also 
satisfyy the criteria with lower, subsumed nodes. 

Thesee sets of classes, or criteria are closed under conjunction. For example, when one wants 
thee set of classes who match attributes a, . . .Oj and a  ̂, .. aj then the answer can be found as 
follows.. Identify the nodes corresponding to both sets and follow lines upward in the lattice to the 
firstfirst node at which they meet. The result is the union a*... aj U a  ̂... a/. This set is part of the 
latticee and so is the associated set of classes. 

However,, the disjunction of criteria is not yet defined. In fact the matching attribute lattice 
iss defined on the attribute level, and when generalizing to sets of classes the disjunctive closure 
shouldd be added. For example, consider the criterion where at most one inconsistent attribute 
iss allowed. This can be defined by a disjunction of all the criteria which allow one particular 
elementt to be inconsistent. This criterion is not an element of the sets of classes defined in the 
abovee construction. 

Byy adding all sets associated with the disjunctions of criteria, the disjunctive closure of all 
thee criteria in the matching attribute lattice is obtained. This results in a structure which is closed 
underr conjunction and disjunction. Again this forms a lattice of criteria whose elements are all 
variantss of strong-explanative classification. 
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Wee refer to these criteria as existential criteria because they allow for some attributes to be 
inconsistent.. Universal strong-explanative classification can now be extended by a lattice of exis-
tentiall  strong-explanative criteria, of which the universal criterion is the bottom element. 

4.3.33 Comparing existential criteri a 

Thee same construction which produced new existential criteria for strong-explanative classification 
cann be used to relax the other universal classification criteria. 

Too summarize the construction procedure: for each universal criterion list all the possible sets 
off  attributes which are required to match the observations. In fact, all these possible sets are given 
byy the powerset of the attribute set defined by the universal criterion. Ordering all elements of 
thiss powerset by set-inclusion results in a lattice. The top element of this lattice will allow no 
inconsistenciess (it's the universal criterion itself), the bottom element will allow all elements to 
bee inconsistent (the empty set), and all the other sets express that some particular elements are 
allowedd to be inconsistent. 

Next,, associate with each node a set of classes in such a way that the matching attributes of 
eachh class are exactly those in the node. Of all these sets take the disjunctive closure. All these 
setss of classes are now closed under disjunction and conjunction and form another lattice. This 
latticee is the inverse of the one it is constructed from. The top element contains all classes that may 
havee no consistent attributes, the bottom element is the universal criterion that one has chosen at 
thee beginning of the construction process. 

Hence,, instead of strong-explanative classification we can relax the criterion of strong classi-
ficationfication by assuming A0 C Ac instead of A0 = Ac. The line of reasoning is completely similar 
too the above construction. The only difference between all the existential strong criteria, as op-
posedd to the existential strong-explanative criteria is that the former allows some attributes in the 
classs to be absent explanations, which is expressed by A0 c Ac. Under all strong classification 
criteria,, whether we allow inconsistencies or not, the difference of the sets Ac and A0 (written as 
AAcc — A0) is the set of absent explanations. Note that there are no unexplained attributes under 
alll  strong classification criteria. Similarly, all explanative criteria allow unexplained attributes, 
characterizedd by the set A0 ^ Ac. There are no absent explanations. 

Thiss means that if we allow inconsistencies, we can still order criteria on the basis of ex-
planativee attributes and explanations. If we relax weak and fortified classification by allowing 
inconsistencies,, similar lattices are obtained. The only difference between all the pairs of new 
criteriaa is that the fortified ones drop the possibility that A0 = Ac. 

Hence,, every universal criterion can be extended by a lattice of existential criteria of which it is 
thee bottom element. Furthermore, every existential criterion which allows an attribute to be incon-
sistentt is related to the other existential criteria which expresses the same fact, but differs under the 
assumptionn of the relation between Aa and Ac. For example: Strong classification which allows 
attributee a\ to be inconsistent subsumes strong-explanative classification which allows a\ to be in-
consistent.. This existential strong-explanative criterion is still stronger than its strong counterpart 
inn that it does not allow attributes failing to be explanations. All these inter-relationships lead to 
thee ordering of the criteria by set-inclusion shown in figure 4.5. 
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STR-EXPL L 

Figur ee 4.5 
Partt of the ordering by set-inclusion of all classification criteria defined thus far. Note that every universal criterion is 
extendedd by a lattice of existential criteria represented by dots and dashed lines. Every node in such a sublattice should 
bee connected to a corresponding node in the other lattices. Only connections for the top and bottom nodes are shown 
inn the picture. 

4.44 Allowin g missing attribute s 

Insteadd of relaxing the constraint that all attributes from a certain set should match by allowing 
somee of them to be inconsistent, one could also allow certain attributes to be missing from either 
thee class or set of observations. 

Forr each universal criterion a similar construction procedure as was used for allowing incon-
sistenciess can be used to allow missing attributes. Instead of listing the possible sets of allowed 
inconsistentt attributes for each criterion, we list the sets of allowed missing attributes. 

Forr example, for strong classification enumerating all possible sets of attributes which are 
allowedd to be missing in the observation, can be done as follows. Again, let A0 be the set of 
attributess in the observations: A0 = {a,i...an}. Let p{A0) = {0, A\,..., Am, A0} be the 
powersett of A0. Ac denotes the set of attributes occurring in the class c. For strong classification 
AA00 C Ac holds and hence A0 n Ac = A0. We enumerate all subsets of the powerset of this set. 

A.A.00 M  Ac
 = A0 

AA00~~ {ai }  n Ac = A0 ~ {a,} 

AA00 ~ {a\ .. .en} n Ac = A0 ~ {a] . ..at) (0 < i < n) 

AAn n AA00 n Ac i „ « 0 n i i 0 0 

Thee same can be done for explanative criteria. Here we Ac C AQ holds and hence A0 C\ Ac = Ac. 
Hence,, by reading A0 for Ac and vice versa in the above enumeration, one obtains the possible 
setss of missing attributes for explanative classification. For strong-explanative criteria a similar 
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constructionn A0 — Ac holds and the following enumeration can be performed: 

AA00 ~ 0 = A0 

AA00~~ {ai } 

AA00 ~ {Q Ï . . . O „ }  = 0 

Similarr to the construction of inconsistent criteria, with each of these sets a set of classes which 
fulfil ll  the associated constraints can be associated. Each set of classes then represents a criterion. 
Iff  we take the disjunctive closure of these criteria, we end up with all possible criteria for missing 
attributes. . 

Theree are a few things to note here. Allowing all attributes to be missing, comes down to the 
universall  criterion NIL, as defined in section 2. Allowing no attributes missing in either the class 
orr observations is of course universal strong-explanative classification. 

Allowingg no unexplained attributes equals strong classification, demanding all attributes to 
bee explanation equals covered classification. Expressing that at most two attributes may be un-
explained,, comes down to the disjunction of all the constraints which mention two particular 
attributesattributes to be unexplained. 

Thesee missing-attribute criteria do form a lattice with as top the criterion NIL. This is not in 
linee with the ordering of universal criteria. For example, we can relax the constraint of strong 
classificationn that each attribute in A0 n Ac should match, further and further until AQ n Ac = 0, 
whichh is the criterion NIL. However, in the definition of the universal criteria this option was 
explicitlyy forbidden, and NIL does therefore not subsume any universal criterion. 

4.55 Combining inconsistencies and missing attribute s 

Thee last type of criteria we discuss are those that allow a combination of missing and inconsistent 
attributes.. If the attributes that are allowed to be missing according to one criterion are disjoint 
fromm those of the one which allows them to be missing, the criteria can be combined by both 
conjunctionn and disjunction. 

However,, the situation is different for those criteria which share attributes. First, note that an 
attributee cannot be missing and inconsistent at the same time. We will show that inconsistency is 
thee stronger notion of the two. 

Intuitively,, if a class is allowed to have one particular attribute inconsistent then it should also 
bee allowed to have this attribute missing. Missing criteria seem to subsume inconsistent ones, 
definedd for the same attributes. 

Onee could argue one step further: if an attribute is missing in either the observations or the 
class,, we do not know its value. This means that it could be inconsistent. If we allow a class with 
onee particular attribute to be missing, we also allow the possibility that it is inconsistent. Therefore 
iff  a class c with one particular attribute missing is regarded as a solution, so must a class c' with 
thee same inconsistent attribute. This view would entail that inconsistent and missing attributes 
amountt to the same. We do not agree with this view and argue against it: 
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Itt may be true that if we allow a class with one particular attribute to be missing, we also allow 
thee possibility that it is inconsistent. But we only disqualify a class as a solution if we are certain 
off  an inconsistency. So if a class is allowed to have an attribute missing, we trust it will not be 
inconsistent. . 

Hence,, missing criteria subsume inconsistent ones {for the same attributes), but not vice versa. 
Thiss means that instead of saying that the set of classes which satisfy the constraint that an attribute 
iss allowed to be inconsistent or missing, equals the set of classes which satisfy the constraint that 
itt is allowed to be inconsistent, which is the stronger notion. 

Inn summary, combining missing and inconsistent criteria for the same attributes can only be 
performedd by disjunction and yields the inconsistent ones. If attributes of both criteria overlap, the 
oness who are allowed to be missing should be retained. The other attributes can be combined by 
disjunctionn and conjunction into new criteria. 

4.66 Discussion 

Thee previous treatment of classification criteria is not meant to be an exhaustive description of the 
task.. The abstraction of features, the hierarchical ordering of classes and the refinement of solu-
tions,, have not been treated here. Also, we have not indicated how to solve any of the classification 
problemss associated with a criterion. 

Wee have shown how classification criteria can be described and be compared to each other in 
aa systematic way. Starting with some simple criteria, one could build up more complex ones by 
simplee constructions and weakening constraints. Any partial ordering of criteria can be viewed as 
aa preference structure which in itself can be used as another classification criterion. 

Describingg a task like classification this way may facilitate the construction of libraries of 
problemm solving methods for the task. Attempts are being made for the automated selection of a 
problemm solving method after some initial goal specification by a user [7]. In order to select such a 
methodd one has to have some systematic account of how to describe the competence of the PSMs 
andd their relationships. 

Describingg criteria for a task also allows for more complex ways of problem solving. Instead 
off  identifying a criterion and try to establish a solution accordingly, one could go one step further. 
Iff  some idea of what a solution may look like is available, one may search for the criterion which 
approachess this idea in an optimal way. This involves moving through the ordering of criteria, 
untill  the constraints for a solution set are optimally realized. 

Ass an example, consider classification criteria which produce too many, or too few solutions. 
Strengthening,, or weakening may lead to a more appropriate solution set. Other examples involve 
thee search for criteria that should at least produce certain predefined classes as solutions, or should 
meett some predefined constraints. It is this kind of 'meta problem solving1 which is also involved 
inn the selection of a PSM on the basis of a goal description. 

Anotherr point for discussion involves the representation of the ontological elements like 
classes,, attributes, values etc. We have chosen here for a set-based representation instead of one in 
(predicate)Iogic.. Although one could easily translate one of these representations into the other, 
thee logical one seems to be an interesting candidate for linking criteria to PSMs. 

Ann an example we mention the criteria for classification with the least number of inconsistent 
attributes.. At least intuitively there seems some correspondence between these criteria and the 
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'approximatee reasoning' logic of Schaerf and Cadoli [79]. Ten Teije [88] uses this logic to describe 
diagnosticc criteria. 

Thiss is an example of how one can associate with each criterion a consequence relation. Prob-
lemm solving can then be described as performing deduction or abduction according to this conse-
quencee relation. The relation between criteria and different styles of logical reasoning will be a 
topicc of future research. 
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Usingg strict implication in background theories for 
abductivee tasks 

Thiss chapter was published in the workshop on abduction at IJCAI-2001 [47]. 
Abductionn is usually defined in terms of classical logical consequence. In this 
paperr we substitute this 'inferential parameter' by the notion of strict implica-
tion.tion. By doing so we hope to put more of the intended meaning of the abductive 
explanativee relation into the background theory. 
Byy using strict rather than material implication static domain knowledge for 
abductivee tasks can deal with some limitations of the truthfunctional nature of 
materiall  implication. It can be proved that by using strict instead of material im-
plicationn the same explanations can be computed according to a strict version 
off  abduction. 

5.11 Introductio n 

Inn knowledge engineering it is common practice to separate the representation of static ' domain 
knowledgee from the procedural method for solving a knowledge intensive task. The reason for this 
iss that such separation facilitates the reuse of the domain knowledge. When constructing domain 
modelss one has to realize that they might also be looked at outside the scope of the task they were 
designedd for. 

Inn abductive tasks the static domain knowledge is usually represented as a logical theory, called 
thee background theory. Abduction itself is often defined in terms of logical consequence and can 
thereforee be considered a meta-logical notion. This meta-logical construct is not directly available 
att the object-level on which the background theory is formulated. As a result the background the-
oryy can be interpreted in two ways. First, since it is a classical logical theory it can be interpreted 
inn the standard truth-functional way. Second, since it is input to an abductive procedure it has an 
'explanative'' interpretation. There is a discrepancy between the two interpretations. 

Whenn a domain model for an abductive task is written in propositional logic, the intended 
interpretationn of this logical theory is the one in terms of possible explanations and observations. 
Whenn the same theory is looked at outside the scope of the abductive task is has a standard truth-
functionall  meaning. 

Byy 'static knowledge' is meant knowledge that wil l remain invariant during the problem solving process. 
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Object-levell  characterizations of abduction do exist [19] and show that the semantics of back-
groundd theories is really that of completed theories, (in the sense of Clark-completion [18]). 

Ourr approach is to leave the meta-logical nature of abductive inference intact, and instead to 
attemptt to put more of the intended meaning on the object-level by changing the inferential param-
eterr which occurs in the definition of abduction. By doing so we hope to solve some problems that 
mayy hamper the interpretation of domain theories outside the scope of the task. As an example 
off  a different inferential parameter we will look at strict implication and define a notion of strict 
abductionn accordingly. 

Thiss paper is structured as follows. First abduction is defined in general terms and the problems 
regardingg the semantics of the domain knowledge are explained. The following section mentions 
aa number of issues regarding the use of material implication that are at odds with the intended 
meaningg of the representation. Next we introduce the notion of strict implication and define strict 
abductionn in terms of it. It will be shown how strict implication deals with the aforementioned 
issues.. A method for computing strict abduction is given in terms of analytical tableaux for the 
modall  language T. Although this method is more complicated than that of a tableau method for 
classicall  abduction, for some theories the results are equivalent. Finally, a summary and general 
commentss on our approach are given in the form of a discussion. 

5.22 Abduction and representation 

Abductionn can be generally defined as follows [3]: 
Definitionn 5.1 : Given a logical theory 0 (a background theory) and a formula 3 (an 

observation),observation), a is an abductive explanation for 3 iff the following properties hold: 

Implication ::  8. a => 3 

Consistency::  0. a => 3 and 0. a is consistent. 

Explanation::  0. a => 3 and 0 =f>  3 and a 3> 3 

Minimality ::  0. a => 3 and a is the weakest such explanation. 
(a(a is the weakest explanation /'ƒ 0. a => 3 and for all other formulas o such that 0. o => 3. 
QQ —> o.) 

Heree => is a meta-logical symbol denoting an 'inferential parameter' [2] which relates the 
backgroundd theory and explanation to the observations. This can be classical consequence or any 
otherr consequence relation, or any other "implicative' relation. In the case that by the inferen-
tiall  parameter is meant classical consequence we will refer to the abductive variant as classical 
abduction. abduction. 

Itt is important to note that this definition of abductive explanation is a meta-logical one. In fact, 
thee relation abductive explanation itself can be seen as a consequence relation, see for example 
Flachh [32]. 

Inn an abductive task, domain knowledge should somehow link explanations to observations. 
Thiss static domain knowledge is represented in the background theory, which is part of the object-
levell  language. The abductive explanation relation itself is not directly available at this level. 

AA consequence relation (for a logic L) is a meta-logical notion as well but it can be expressed 
onn the object-level as implication, if the deduction theorem holds in L: 
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Ass a result the domain knowledge necessary to link explanations to observations can be rep-
resentedd by the implication symbol of L. As a result, when compiling knowledge for background 
theoriess it is tempting to treat the implication symbol as the actual abductive explanative relation 
itself. . 

Inn the process of representing domain knowledge for an abductive task the use of implications 
iss often taken to represent the meta-logical abductive explanative relation. But when we look at 
classicall  abduction the semantics of material implication does not reflect the intended meaning 
off  its use. In fact there is a discrepancy between the meta-logical notion of abduction and the 
semanticss of the object-level language. 

5.33 Pragmatic issues 

Inn order to illustrate that there is divergence between the object-level representation of the domain 
knowledgee and the meta-logical construct of abductive explanation we will take a closer took at 
somee issues regarding classical abduction and material implication. 

Thesee are inspired by pragmatic considerations about the representation of static domain 
knowledge.. These issues also reflect the wish to put more of the intended meaning in the se-
manticss of the object-level representation. 

Inn the following subsections by 'abduction' 'classical abduction' is meant, by 'implication', 
'materiall  implication' and by 'consequence', 'classical consequence'. 

5.3.11 Negation 

Byy the above definition of abduction a is not an explanation if one of the mentioned properties 
failss to hold. For example, suppose for some a it is the case that a, 0 Y- 0. To express this 
explicitlyy in the background theory cannot be done by simply negating the implication a —> 3. 
Thee reason for this that n ( a ^ / j ) | - aA ->0, which is clearly not what is intended. 

However,, one could view the background theory as a closed world in the sense that a is not 
ann explanation for [3 if it can not be proved that a is an explanation of 0. In such theories every 
abduciblee is either an explanation of an observed phenomenon or not. 

Formallyy we can define this as follows: 
Definitionn 5.2 : Completeness assumption for background theories: Given 0 (a background 

theory)theory) and 0 (an observation), a is not an abductive explanation for 0 iff 0, a ¥ 0 
andand Qua is consistent. 

Thee idea that a is not an explanation of 0 by failure to proof that it is, might seem over-
constrained.. For many explanative models this completion assumption seems to be too strong. 
Consolee et al. [20] circumvented this objection by the use of incompleteness-assumption symbols. 
Lett A be such a symbol, then A —> 0 expresses that A is an unknown explanation of 0. This 
constructionn leaves room for explicitly stating that the logically completed theory is not complete 
inn a pragmatic sense. 
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5.3.22 Problems with conditionals 

Theree are a number of problems regarding the use of material implication in conditionals which 

aree well documented (for an overview see Veltman [94]). The main issue that concerns us here is 

thatt the truth-functional meaning of conditional statements may lead to confusion when they are 
usedd to represent background knowledge for abductive tasks. 

Anyy (material) conditional statement a —» i can be reformulated as ->a V i. This last formu-
lationn makes an interpretation of the implication as explains cumbersome. 

Thee conditional problems with material implication are perhaps best illustrated by what are 
knownn as the 'paradoxes' of material implication: Consider the following two sentences, both 

theoremss of propositional calculus (PC): 

(1)) p - (q  ̂ p) 

( 2 )) -,p -+ (p -+ g) 

Thee first one can be said to mean that if a proposition is true any proposition implies it. The 

sensee of the second is that anything is implied by a proposition which is false. From these the 

followingg tautology can be derived: 

(3)) (p - • q) V (g — p) 

Callingg this a paradox might suggest that this is a fallacy, but it is not. The above sentences 
merelyy reflect the truth-functional meaning of material implication. 

Fromm these it follows that the semantics of material implication is indeed different from that 
off abductive explanation. For example theorem (3) would say that for every two phenomena one 
iss the explanation of the other. The contrary, that two phenomena are each not to be considered 
ass an explanation of the other, can therefore not be expressed. Clearly, this is not in line with the 
definitionn of abductive explanation. 

5.3.33 Necessity and possibility 

Inn more complex domains often expressions are needed which express the necessity or possibility 
off explanative relations. Classical logic offers no standard way of modelling constructs like A 

possiblypossibly causes B and A necessarily causes B. Several solutions using classical logic have been 
proposedd though. 

Poolee [69] advocates an approach where possible and necessary causal implications are rep

resentedd by two different sets. One, named H, contains general or open hypotheses and the other 
F,, closed formula or facts. The interpretation is that H contains implications which should be 

interpretedd as possible, whereas elements of F should be interpreted as necessary implications. 
Anotherr approach is the above described use of assumption symbols in Console etal[20]. Here 

thee fact that A MAY cause B is represented as A V a —> B where Q stands for an hypothetical 

assumptionn the truth of which is first assumed but which may be rejected if their evaluation gives 
risee to unwanted results. 

However,, the modalities possibility and necessity are not directly available at the object-level. 
Usingg a modal instead of a truth-functional semantics would solve this issue. 
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5.3.44 Non-deterministic explanation 

Byy an non-deterministic explanation is meant here that some phenomenon a can explain observa-
tionss j3 or 7. As a occurs (3 or 7 will result but it isn't known which one. The non-deterministic 
aspectt indicates a choice between Q and 7. 

Whenn representing knowledge for an abductive task, one could make use of a conditional of 
thee form: 

Howeverr it is not clear what such a conditional should mean. If we take the viewpoint that 
implicationn is interpreted as an explanative relation its intended meaning would be something like: 
aa explains Q or 7. 

Howeverr when performing abduction and j3 is observed this conditional will not lead to the 
conclusionn that a is an explanation. 

aa —• 8 V 7. a h B V 7 

Andd 3 V 7 does not imply f3. 
Thiss problem occurs frequently in classification tasks. Consider the following representation 

off the fact that a blackbird is either black or brown: 
blackbirdblackbird —> (colour — brown V coulour — black) 
Thee attribute colour has as possible values {black, brown}. Observations are represented as 
attribute-valuee pairs where only one value per attribute is allowed. Therefore if the observation 
colourcolour — black is made, it follows that colour 7̂  brown. 

Att first sight blackbird seems to explain this observation, but closer inspection learns that it 
doess not. Though the observation is consistent with blackbird, it is not implied by it. 

5.44 An alternative approach 

Thee issues raisedd in the previous section were meant to draw attention to the fact that the semantics 
off the object-level language in which the background theory is formulated does not reflect the 
intendedd meaning of the abductive explanative relation. 

Onee solution is to approach the notion of abductive explanation as an object-level notion itself. 
Thiss has been described by Console et ai [19] andKonolige[54]. From the first [19] it has become 
clearr that for cycle-free background theories which contain only definite clauses, their semantics 
inn an abductive setting is really that of completed theories. 

Thee problems raised in the previous section can be dealt with in this manner. For example, it 
becomess clear that to express explicitly in a background theory that some a is not to be regarded 
ass an explanation, has a strong resemblance to negation as failure. Possibility can be expressed in 
completedd theories as well, see Console et al[2Q]. 

Heree we take a different approach. Instead of bringing the notion of abduction to the object-
levell we try to bridge the gap between observation and explanation by looking at another logical 
system.. So instead of substituting classical consequence for the inferential parameter in the general 
definitionn of abduction given above, others can be tried. 

Theree is however one potential drawback to this approach. A decision procedure for an in
ferentiall parameter => can be adapted in order to compute abduction with. (An example method 
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inn the form of analytical tableaux wil l be described later.) Another notion of logical consequence 
inn the definition of abduction, wil l generally lead to a different method to compute abductive 
explanations.. In order to avoid complicating this procedure care must be taken when choosing 
ann inferential parameter. If the resulting logic has no or an arduous decision procedure this wil l 
complicatee the abduction procedure considerably. 

Heree we wil l describe one alternative inferential parameter: a system for strict implication, 
(strictt implication wil l be denoted by the symbol -3). It is important to note that if in a prepo-
sitionall  logic we replace every occurrence of —> by -3 the result is a weaker logic, in the sense 
thatt every theorem of the latter is also one of the former (but not vice versa). Strict implication 
iss certainly not the only candidate. Another option would be to use intuitionistic logic, which we 
wil ll  leave for future research. 

5.55 Strict implication 

Thee notion of strict implication was first put forward in modern times by Lewis, [56]. The intention 
wass to come up with a different notion of implication which would not lead to the paradoxes of 

materia!materia! implication, mentioned above. 

Thee intuitive meaning of strict implication can be formulated as follows: A sentence of the 

formm n-3,1 is true in a given situation s iff there is no possible situation s' such that a is true in 

s's' and 3 is false in ,s'. Lewis' distinction between strict (or necessary) and material implication 
markedd the birth of the development of modern modal logic. 

Inn modern notation strict implication (-3) can be defined as 
D(aa —• ;i)  , or alternatively - iO(a A -itf). 2 

Thee modal operators • (necessity) and its dual O (possibility) now facilitate to express directly 
thee distinctions between three kinds of propositions: The tautologies or necessary true propositions 

(representedd by • » ) , the contradictions or impossible propositions (represented by either CHa. or 
—iO—if*)) and the contingencies which are neither contradictions nor tautologies (represented by 

eitherr prepositional variables or Oct. 

Thee weakest system to capture these ideas is the modal logic T -* Stronger systems like S4 
andd S5 could be used but these are extensions of T. Furthermore the decision procedure for a logic 

cann often be adapted in order to perform abduction with. For example Aliseda Llera [3] uses 
semanticc tableaux. Modal tableaux procedures for T and S4 exist [31, 37] but not for S5. Not 

surprisinglyy the procedure for S4 is more complicated than the one for T. This general tradeoff 

betweenn complexity and expressiveness is the main motivation to opt for a weak alternative for 
classicall abduction. 

However,, as said above just replacing material by strict implication yields a weaker preposi
tionall logic, whereas T is stronger than classical prepositional logic: it contains PC. The reason 

forr choosing T in preference to the weaker strict implication logics, is that the latter do not come 

withh a decision procedure, and so computing abduction in them is not evident. 
Syntacticallyy T contains PC and in addition has the following two axioms: 

zzOaOa can be defined as - I O - I Q . Similarly O can be defined in terms of O. 
•'Lewiss originally came up with weaker systems SI and S2. These do not make use of the modalities of necessity 

andd possibility. T is the weakest normal system. For a discussion of Lewis' systems and the appropriateness of T. the 
interestedd reader is referred to Hughes & Creswell [43], 
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(K)) D ( Q - • / ? ) - > ( D Q -> U0) 

(T)) D a ^ o 

andd the following extra rule: 

(Necessitation)) If a is a theorem of T so is DQ. 

Notee that the deduction theorem, mentioned above, holds for T. The semantics of the modal 
logicc T can be characterized by two key notions: possible worlds and accessibility relation. A 
Kripke-modell  is built up from several possible worlds, representing as many possible states of 
affairs.. In these models truth-values are always connected to possible worlds rather than formulas. 
Inn determining the truth-value of a purely propositional formula in a world other worlds play no 
role.. Only if D occurs may it be necessary to involve other worlds. 

Possiblee worlds are connected by means of an accessibility relation which together constitute a 
frame.. Worlds may be accessible from or visible for each other. A formula DQ is true in world w if 
aa is true in all worlds w' accessible from w. A formula is valid if it is true under any interpretation 
inn every world. 

Thee semantics of T differs from that of other modal systems in that its frames (characterized 
byy the T-axiom) are reflexive. For a more formal treatment of modal logic semantics the reader is 
referredd to Hughes and Creswell [43]. 

Thee notion of strict implication makes use of the modality necessity. Hence, using strict impli-
cationn instead of material implication means making use of a modal instead of a truth-functional 
semantics. . 

5.66 Strict abduction 

Thee purpose of this exercise is to see if we can use strict instead of material implication in ab-
ductivee background theories. In order to do this we define the notion of strict abduction. This 
comess down to substituting strict implication for the inferential parameter in the general definition 
off  abduction described in section 2. In addition it should be clear that all reasoning should be done 
inn the system T. 

Definitionn 5.3 : Given 0 (a background theory) and 3 (an observation), a is a strict abduc-
tivetive explanation for 0 in the system T iff: 

Implication:: 0 h T D ( Q —* 3) 

TheThe rest of the properties can be defined in a similar way. 
Notee that strict abduction is not the same as abduction in T. T contains PC and performing 

abductionn in it would lead to a more complicated procedure for computing abductive explana-
tions.. Just replacing strict for material implication in a background theory does not lead to a more 
complicatedd procedure, as will be shown below. 

Lett 0 be a purely propositional (consistent) background theory consisting of purely proposi-
tionall  implications of the form a —* 3. a is here an abducible atom, a disjunction or conjunction 
off  atoms. 
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Lett Q0 be the set 4 where each material implication in 6 has been replaced by a strict impli-
cation.. Furthermore let 3 be an observation. Now the following holds: 

Propositionn 1 a is a classic abductive explanation for 3 according to 9 iff a is a strict abductive 
explanationn for 3 according to • © . 

Proof::  It suffices to show that 
hh (-) — (Q - * 3) ö h T ) — 0(a — A) 

{=>-)) Since T contains PC: Hj (-)  (a —<• J ) then by necessitation and the K-axiom it follows 
tha th 77 DG -> D ( Q -^ .3). 

{<=)) This proof depends on the fact that each thesis of T has a PC-transform which is valid 
inn PC. The PC-transform of a formula a is formed by rewriting it in a form containing 
onlyy - i , A, V and • and then removing every occurrence of • . For the proof see Hughes 
andd Creswell [42]. It can be verified that the PC-transform of DB —• D ( Q —• ij)  is 
00 — (a - ,3). 

Thiss means that there is no difference between strict and classic abduction if the only difference 
betweenn the domain theories is that the strict one contains strict implications where the classic one 
containss material implications. 

Inn fact it also shows that in background theories for classical abductive tasks the implications 
whichh occur in the background theory can be safely interpreted as strict implications. They can 
alsoo be interpreted as possible implications. 

Whenn it is clear that the implications in the background theory should be interpreted as neces
saryy implications there is no need for a special procedure for strict abduction. 

However,, when combining the necessary and possible explanations such a procedure is 
needed.. In the next section we describe such a method in terms of analytical tableaux in T. As 
ann introduction to these ideas we first give a quick introduction into the method of analytical 
tableauxx for propositional logic, and prepositional classical abduction. Those familiar with the 
tableauu method can skip the next section. 

5.77 Analytical tableaux for abduction 

Decisionn procedures for classical logic like resolution and analytical tableaux can be used in a 
'reversee manner' for abductive reasoning. To illustrate the ideas presented in this paper analytical 
tableauxx will be used. The choice over other methods is purely a pragmatic one. Tableaux are 
aa quite popular method in automated theorem proving [30] and their application in the field of 
abductionn is well-documented [3] [62]. 

Inn a tableau proof a set of formulae is transformed into binaryy tree by means of reduction rules. 
Thesee rules are depicted in table I. 

Thee first rule indicates that double negations are redundant. The second and third rule deal 
withh the atomic constants T and _L All propositional formulas containing binary connectives 
cann be divided as belonging to two types: True conjuctive formulas (a-type) and true disjunctive 

44 Ahhough the domain theories are defined as sets, they are sometimes used as a conjunction of their elements. Note 
thatt • can be distributed over conjunctions: D(a A J) => QQ A G l 
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formulass (/3-type) [30]. The rule for ct-type formulas indicates that the conjuncts have to be placed 
onn the same branch of the tree. The /?-rule however indicates a branching of the tree. 

Iff  at any branch a formula and its negation appear, the branch is said to be closed. If all 
branchess close, the tree is said to be closed. A tableau tree T(0) for a theory 0 has the following 
twoo general logical properties: Every open branch in a tableau T(0) corresponds to a verifying 
model.. If 7"(0) is closed, 0 is inconsistent. 

Inn order to test whether a certain formula a follows from a set of premisses © a tableau tree is 
constructedd for 0 U {->a}. Only if the constructed tableau closes does a follow from 0. 

Thee procedure for performing plain abduction with tableaux is as follows: The tableaux T(0U 
{->/?})) is generated. Assuming that j3 does not follow from 0 alone, this results in an open tableau. 
Anyy formula a which closes the tableau when added to it is an explanation. 

Thee various styles of abduction can then be described as follows: Let 0 be the domain theory, 
/3/3 the observation, then a is an explanation if: 

Plain::  T((0 U {-./?}) U {a}  is closed 

Consistent::  Plain + 
T(0U{a} )) is open. 

Explanatory::  Plain + 
T(QT(Q U {-./?}) is open and T{a U {-.#} ) is open. 

Minimal ::  Plain + 
aa is minimal. 

Inn addition abducibles should be part of the vocabulary of the domain theory and the obser-
vation,, and be either literals or conjunctions or disjunctions of literals. For minimal abduction 
literalss should be checked first. If none of these close the tableau conjunctions of literals should 
bee checked for, etc. 

5.88 Strict implication in T 

Tableauxx in T (or T-tableaux) can be constructed with the help of the reduction rules for PC and 
twoo additional rules for the modal operators, shown in table 2. 5 

Wheree DE is a set of boxed formulae, Ei a set of non-boxed formulae and a. E. Ei is short t 
f o r {a }USUEi . . 

Thee interpretation of these rules is different from those for PC. After application the formulae 
onn the top side of the line must be deleted from the current branch. The reason for this is that the 

SAA more elaborate description of tableaux for modal systems can be found in [31] and [37]. 

ZZ _L " T " o 1 " ~JL j JF~ 
aa2 2 

Tablee 5.1 
Ruless for the tableau trees. 
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twoo modal rules mimic the transition to another world. Boxed formulae are then stripped from a 
boxx and unboxed formulae disappear, as they are local with respect to the world they occur in. 

Withh the help of semantic tableaux for T strict abduction can now be performed. Let 0 be the 
domain-theory,, 3 the observation and o an explanation. The goal is to derive • ( « —> 3) in T for 
somee formula a. Using tableaux this can be done as follows: 
Generatee the T-tableau T(Q U a — ,?)}) Then check which formulae when substituted for 
aa result in closure of T. 

Apartt from the fact that T-tableaux instead of PC-tableaux are used, a procedure for strict 
abductionn differs in two ways from a normal abductive procedure. First, not the negation of the 
observationn is added to the tableau of the domain theory, but instead the negated strict implication 
fromm explanation to observation. Second, explanations are not those formulae which close the 
tableauu when added to it. but when substituted for n. 

5.99 Issues revisited 

Iff instead of material implication strict implication is used, the issues mentioned before can be 
treatedd directly in the language of the background theory. 

Negation.. To express that a does not explain 3 can be expressed by -iü(a —• 3). In fact the 
semanticss of this statement compared to the material conditional ->(a —• 3) is much closer 
too the intended meaning. As the last conditional means a and not 3, the strict version has 
thee meaning that it is possible that o and not 3. 

Notee that if -iD(o —> 3) is contained in the background theory a is indeed not an expla
nationn for 3 since the implication property in the definition of strict abduction does not 
hold. . 

Conditionall  problems. The notion of strict implication was developed out of dissatisfaction 
withh the paradoxes of material implication. These do not hold for strict implication. In that 
sensee strict implication is to be preferred over material implication. However, strict impli
cationn is not the ideal candidate for solving all problems concerning conditional statements. 

Likee material implication -3 is still a connective and does not really express the connection 
betweenn explanation and observation. This objection can be put in the form of 'paradoxes 
off strict implication': 

•• -/, - (p-3q) 
aagg -^ (p -39) 

Q-.rt.ai;.Sii D Q , S 
->a.££ Ü Q . O . E 

Tablee 5.2 
Additionall rules for T-tableaux.. 

http://Q-.rt.ai
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Alll  these sentences are theorems of T. The meaning of each of them can be expressed re-
spectivelyy as follows: a contradiction strictly implies everything. Every proposition strictly 
impliess a tautology. Every impossible proposition strictly implies everything. When a 
propositionn is necessary it is strictly implied by everything. Similar to the paradoxes of 
materiall  implication these sentences may give rise to unwanted interpretations. 

Possibilityy and necessity The modal semantics of T now facilitates expressing possibility and 
necessityy directly in the object-level language. However, this would mean that the notion of 
abductionn should be adapted in order to make the distinction between possible and necessary 
(strict)) explanations. 

Inn fact possible abduction can easily be defined as strict implication, except that each occur-
rencee of G is replaced by O. For possible abduction a similar result as that of proposition 1 
cann be proved. 

Propositionn 2 a is a classic abductive explanation for j3 according to Ö iff a is a possible 
abductivee explanation for f3 according to O0. 

(=>)) O -» (a -> (3) holds in PC and therefore in T. So: 
HTT -.(a -• (3) -> ^ 0 o 
hTT D^0 - • D ^ ( Q - • / ? ) « • 
hTT ^ D ^ ( Q -> / ? ) - • ->D^B 4» 
hhTT0(a^0(a  ̂ [3) - > O 0 6 

(<^)) Since O can be defined as -••-', the PC-transform is the same as that of the boxed version. 

Thiss result shows that material implication can be interpreted in two ways: As possible or 
necessaryy explanation. Using both at the same time would mean performing strict abduction in T. 
Thiss would lead to the more complicated abductive procedure (described above) than the standard 
case. . 

Non-determinismm and abduction Suppose a explains either (3 or 7. If [3 is observed will an 
abductivee procedure produce a as an explanation? 

Thee answer partly depends on the representation of the explanative rule. Just using material 
implicationn would give us a —> (13 V 7). Then clearly a does not imply [3. However one 
couldd opt for a weak variant of abduction where a is an explanation only if it is consistent 
withh the observation. Although this would give the desired result, this procedure will often 
leadd to numerous unwanted explanations as well. 

Anotherr problem with such a weak variant of abduction is that the relevance of the explana
tionn for the observation is still lower than for classic abduction. 

Strictt implication does not provide for an ideal solution to this problem, a is not a strict 
explanationn for (3 if the explanative rule is represented as • ( « —> (j3 V 7)). 

Howeverr making a distinction between possible and necessary causal relations does offer 
aa solution. Non-determinism expresses a choice, or possibility, between alternatives. The 
non-deterministicc causal rule could thus better be represented as: O(Q —• f3)AO(a —> 7). 

6Notee that O can be distributed over conjunctions: <0(Q A3)=> OQ A 03. 
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Usingg this representation o is not a strict but a possible explanation for 3. 

Howeverr this solution still does not completely explain some cases. Consider the example 
wheree one disease has as symptoms red skin and another either skin-rash or fever. Observing 
skin-rashh would mean the first disease to be a necessary, the second a possible explanation. 
Sincee possibility is the weaker notion this suggests that the the necessary one is to be pre-
ferred.. The question remains if this is really the desired result. 

5.100 Discussion 

Byy using strict implication and defining abduction in terms of it, the semantics of the object-level 
representationn changes from a truth-functional to a modal one. Still the same explanations can 
bee computed on a strict background theory compared to the classical case. The interpretation of 
backgroundd theories in terms of strict implication has a number of advantages in that it deals with 
somee pragmatic issues regarding the intended meaning of the knowledge representation. 

Wee do not claim that strict implication is the only notion that could be used to solve problems 
likee the ones discussed. In fact intuitionistic logic seems to be a good candidate as well. The 
semanticss of this logic can be formulated in terms of information states, which is interesting from 
ann abductive point of view. Furthermore this logic is weaker than classical logic. 

Thee discrepancy between the semantics of the representation of static domain knowledge and 
meta-levell  construct is of interest for the field of knowledge representation. Abduction can be seen 
ass a (general) problem solving method operating upon static knowledge representations. As such 
itt interprets the domain knowledge in a partial way. As a result this 'procedural semantics' of the 
domainn knowledge differs from the semantics of the representation language itself. 
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AA dynamic account of knowledge level tasks 

Wee present a framework for describing problem solving for knowledge inten-
sivee tasks in terms of dynamic change of knowledge. The aim is to provide a 
knowledgee level description of what an agent knows before, during and after 
problemm solving. Knowledge is taken here as a semantic notion related to the 
information-theoreticc analysis of Dretske [23]. The formal layer of our repre-
sentationn is formed by update semantics [95]. We use (and interpret) this for-
malismm to represent knowledge about possible solutions by means of knowledge 
states.states. Problem solving is described in terms of knowledge states, updates and 
epistemicc tests. We distinguish between reactive and proactive updates, the use 
off  memory and the specification of problem solving steps. Finally, we provide 
ann example of how three classification criteria can be represented and compared 
withinn this framework. 

6.11 Introductio n 

Knowledgee intensive problems can often be classified as belonging to a certain type or task. Al-
ternatively,, some problems first have to be decomposed into several subproblems which each can 
bee classified. The different tasks found in the literature [71, 87, 82] have surfaced over the years 
inn knowledge engineering research. 

Withh each task a set of Problem Solving Methods (PSMs) can be associated. Like tasks, PSMs 
aree pragmatic rather than formal constructs. They can be seen as generalized methods of problem 
solvingg for a range of problems, belonging to the same task. Building knowledge intensive systems 
cann benefit considerably from using available PSMs after the problem type has been established. 

Sincee PSMs are generalized methods they often have to be adapted to the peculiarities of the 
problemm at hand. From a formal point of view this pragmatic nature of PSMs and tasks leaves 
considerablee room for vagueness. Logical properties of different problem types are often ignored. 
Thiss becomes an issue when one tries to specify PSMs in a more precise way. For example, 
attemptss have been made, and are still under development [7] to systematically compile the precise 
descriptionss of problems that are covered by a task description. The aim of those endeavours is to 
categorizee problem solving methods into libraries and make them available for large-scale reuse. 

Bothh the goal of a task and its PSMs are usually described using vocabulary defined in a task 
ontology.. The methods of a task operate on domain knowledge which is defined in a separate 
domainn ontology. In addition a method has a typical control structure which defines its data flow. 
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Figuree 6.1 
AA partial mapping between problem solving methods and epistemic change is shown. Problem solving 
methodss will be described in terms of epistemic change. Knowledge states will capture both the dynamic 
andd static knowledge of an agent. The flow of knowledge will be described in terms of updates and tests on 
thesee knowledge states. 

Thee description of tasks in our framework wil l assume the existence of both task and domain 
ontologies.. The task ontology wil l consist of formal definitions of the concepts used in the de-
scriptionss of the task. The domain ontology should do likewise for the domain knowledge. To this 
wee add the distinction that some knowledge remains invariant or static during problem solving, 
whereass some wil l be subject to change and is dynamic. The main focus wil l be on the dynamic 
characterizationn of the knowledge flow. 

Problemm solving wil l be treated as an attempt to acquire knowledge about possible solutions. 
Ourr view on knowledge is in line with the information theoretic notion as described in Dretske 
[23].. It is also similar to the one described in Fagin et. al [24] for multi-agent systems. 

Thee information theoretic account of knowledge links the amount of knowledge to the number 
off  possible states of affairs. A knowledge-level agent has no knowledge if all possibilities are 
open.. His knowledge increases when the number of possibilities decreases. We present a semantic 
frameworkk of epistemic change, based on an information theoretic view on knowledge, and use it 
too describe problem solving behaviour. 

Thee formal heart of our framework is formed by update semantics as described by Veltman 
[95].. It allows for standard as well as non-standard reasoning to be cast in terms of information 
states,, updates and epistemic tests. However, we present a particular interpretation of update 
semantics.. We wil l use information states as knowledge or solution states. They should capture 
thee knowledge an agent has during each stage of the problem solving process. State transition 
takess place by processing new information in the form of updates. Epistemic tests enable one to 
verifyy properties of a state without state change. 

Hence,, we use update semantics to describe changing knowledge during problem solving. For 
thiss purpose we introduce the distinction between reactive and. proactive updates. Reactive updates 
describee changes in knowledge of the agent induced by the environment. Proactive updates reflect 
decisionss made by the agent itself and make use of a memory. Problem solving can then be 
describedd as a series of updates and tests on successive knowledge states. This flow of knowledge 
wil ll  be illustrated by diagrams. 

Thee focus of our description wil l not be on the specification of efficient methods, or on the 
complexityy of problems, but rather on a description of what knowledge an agent has before, dur-
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ingg and after solving a problem. Specifications will be given in terms of knowledge-level [67] 
constructs,, such as knowledge state and knowledge update. 

Thee framework presented here provides a semantic description of tasks in terms of epistemic 
change.. We take a "model-based" approach in our characterization of an agent's knowledge about 
thee solution of a problem. Model-based approaches to reasoning have been proposed by several 
peoplee [49,51, 53]. 

AA knowledge base (KB) is here presented in terms of models. In its most elementary form we 
thinkk of a KB as the set of all models under which it is true. Computationally this set is usually too 
large.. However, computational inviability is not inherent to a model-based approach. Research 
hass been directed to keep the set of models of a KB as small as possible. We refer to Khardon 
andd Roth [53] for a detailed description of this. Their approach will be briefly described in section 
6.5.1. . 

6.22 The dynamics of tasks 

Thee framework presented here will be model-based in the sense that the search for a solution 
wil ll  somehow be linked to finding one or several models which pass some epistemic test. This 
epistemicc test is the criterion of the problem, which describes when a solution has been found. 

Thee knowledge of an agent is related to the possibilities it considers at a given moment in time. 
Problemm solving can be described in terms of increasing knowledge about candidate solutions. 
Thee amount of knowledge an agent has about the solution is inversely proportional to the number 
off  candidate solutions it considers. As the number of possible solutions decreases the amount 
off  knowledge about solutions increases. In this light problem solving is a process of acquiring 
knowledgee about possible solutions. This means that one could ask at any stage during the problem 
solvingg process of an agent: what does the agent know about the solution of the problem? The 
answerr will be a characterization of which solutions will be possible and which are not. 

6.2.11 Problem solving in terms of changing knowledge 

Ann example taken from van Benthem [91] may clarify what kind of problem solving we have in 
mind. . 

Examplee 6.1 : Consider a game of Master Mind where the purpose of the game is to guess 
thethe positions of coloured pegs. 

Guess Guess 
START T 
red,, orange,white 
white,, orange, blue 
blue,, orange, red 

Answer Answer 

mm o 
•• o 
OO 0 

OpenOpen options 
24 4 
6 6 
2 2 
1 1 

Tablee 6.1 
AA game of Master Mind.. 

InIn each round the player is allowed one guess, after which he gets feedback by way of a 
numbernumber of open or closed dots. An open dot indicates a right colour at a wrong position, a 
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closedclosed one a right colour at a right position. Table 6.1 shows a game with three pegs and 4 
colourscolours (red, white, blue and orange). The arrangement to be guessed is (red, white, blue). The 
columncolumn on the right shows the number of open options after each round. This style of reasoning 
cancan be described as an interplay of incoming information and changing knowledge about solutions. 

AA knowledge level description of a problem and the process of solving it, involves a charac-
terizationn of what the player knows before, during and after having solved the problem. In general 
wee give an account of the problem solving process of a knowledge-level agent, in the sense used 
byy Newell [67]. 

Inn case of the Master Mind game, before the start of the problem solving process the player, 
orr agent, knows a number of things: he (assuming the player is male) knows the rules of the 
game,, the possible colours of the pegs etc. Also the player knows that only one configuration can 
bee a solution, and that there is no sense in considering the conjunction of several configurations. 
Al ll  such knowledge wil l remain invariant during the problem solving process; it is not subject to 
changee during the problem solving process. 

Thee dynamic or variant knowledge the player has is mainly about the solution of the prob-
lemm he faces. It is safe to say that before problem solving the player has no knowledge about 
thee solution. In other words: before problem solving any configuration of the pegs could be a 
solution.. After having solved the problem this situation is changed and the player knows which 
configurationn is the solution. During problem solving the number of possible configurations has 
steadilyy decreased, as is evident from table 6.1. In other words his knowledge about the solution 
hass increased. 

Thiss view on knowledge is elaborately explained and refined by Dretske in his book Knowl-
edgeedge and the Flow of Information [23], In this view knowledge and information are related notions 
andd are strongly linked to the reduction of possible states of affairs. We adapt and use this theory 
heree in order to present a knowledge level account of problem solving. 

6.2.22 Knowledge and Information : states and updates 

Wee describe problem solving in terms of knowledge in a dynamic way. By this we mean that we 
givee an account of how knowledge changes while the problem is being solved. In order to do 
thiss we introduce knowledge states and state transitions. A more formal account of the notions 
introducedd here wil l be given later. 

AA  knowledge state is intended to capture what an agent knows. However, as we wil l see, 
nott everything which would qualify as knowledge wil l be represented in a knowledge state. For 
example,, procedural knowledge wil l not be part of an agent's knowledge state. 

Whenn some sentence is accepted in a certain knowledge state then the agent knows the sen-
tence.. By "accepting" we mean that the knowledge state does not contain anything which refutes 
thee sentence. A more formal definition will be given later. 

AA knowledge state consists of two types of knowledge: the domain knowledge which wil l 
remainn invariant during problem solving, and knowledge regarding the possible solutions to the 
problem.. Hence a knowledge state wil l have a static and a dynamic part. 

Ass remarked above, knowledge is strongly linked to possibilities. Logically, possibilities wil l 
laterr be described as models. From this perspective there are two knowledge states which are of 
speciall  interest. The first one is the state in which everything is possible. This one is called the 
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minimall  knowledge state because if everything is possible then nothing is known. The other 
knowledgee state is the one in which nothing is possible, it is empty or logically inconsistent. This 
statee is known as the absurd state. 

Thee domain knowledge associated with a problem will be part of any state during the problem 
process.. However, the dynamic part of the state changes. Since we use the dynamic part of the 
knowledgee state to keep track of the possible solutions to the problem, we will refer to it as the 
solutionn state. 

AA state transition gives an account of how one state may change into another one. This will 
bee done by means of updates. We distinguish two types of updates: reactive or informational 
updatess (called 'updates' for short), and proactive updates. The first ones intend to capture passive 
statee transitions on the basis of incoming information. For example, knowledge in diagnostic 
problemm solving may change after observations have been made. These observations can be seen as 
containingg new information which affects the knowledge of the agent about possible malfunctions 
off  the artefact to be diagnosed. In other words: the knowledge state is updated with new, observed 
information. . 

Thee reason why we call such updates 'passive' is that we will only deal with expanding knowl-
edgee states, not with revisions. Any knew knowledge state which is the result of a state transition 
wil ll  contain at least as much knowledge as its predecessor. (In terms of possibilities the states 
contractcontract rather than expand, since increase of knowledge means decrease of possibilities.) In the 
belieff  revision literature [34] belief state revisions are described when incoming information is 
inconsistentt with beliefs held by the agent. In this case some beliefs should be given up or adapted 
too conserve consistency of the belief state. 

Ourr framework will be limited in that we only deal with states of expanding knowledge and 
nott with revisions. When information is inconsistent with the knowledge of a state this will lead 
too the transition to the absurd state. Informational updates are passive because they give rise to 
purelyy deterministic changes of knowledge states. 

Wee also make use of proactive updates. These updates reflect the rational capabilities of an 
agent,, they often involve the selection of a certain element, a guess or a move. Proactive updates 
aree state transitions which are initiated by the agent itself, rather than a deterministic reaction to 
informationn from the environment. 

Proactivee updates are indetermtnistic and therefore it is often necessary to return to previous 
states.. In other words: the agent needs some kind of memory to backtrack on the choices it made. 
Likee informational updates we restrict proactive updates by only allowing that a state will have as s 
leastt as much knowledge as its predecessor. 

Inn the Master Mind game example the guesss of the agent at each round can be represented as 
aa proactive update. By guessing a configuration the player ignores all other candidate solutions 
andd changes to a solution state where only this guess is a solution. It's important to note that this 
movee is done on the initiative of the agent itself, and is therefore proactive. The indeterministic 
aspectt of proactive updates is given by the fact that a guess can be right or wrong. When the guess 
iss wrong the agent can, by using it's memory, move back to his previous state. When his guess is 
affirmedd to be correct a solution has been reached. 
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6.2.33 Epistemic test and criteri a 

Similarr to updates are epistemic tests [95]. Epistemic tests (or 'tests' for short) do not lead to 
statee transition. Instead they are hypothetical updates which are used to test which effect an update 
wouldwould have on the current knowledge state, 

Ass an example (which will be treated in detail later) consider the question whether a given 
expressionn is consistent with a certain knowledge state. The answer to this question is either 'yes' 
orr 'no' and there is no need for a transition to a new state. This test for consistency is an example 
off  an epistemic test. 

Anotherr example is the test for acceptance of some expression with respect to a given state. 
(Wee will present a formal meaning of this notion later.) By this we mean the question whether the 
expressionn can be derived from the given knowledge state. Here again we get a boolean answer 
(yes/no)) as output of the epistemic test. 

Ann important use of epistemic tests in our framework is as a specification of a final state, i.e. 
aa state wherein a solution to the problem has been reached. This is done by defining the criterion 
off  the problem as an epistemic test. As mentioned in chapter 4 the criterion of the problem is an 
expressionn which states when a candidate solution is in fact a solution. 

Inn the case of the Master Mind game the criterion is that a solution should match the target 
configuration.. This can be formulated as an epistemic test as follows: The test succeeds for a 
givenn solution state if it contains only one configuration which matches the target configuration. 
Otherwisee it fails. 

Epistemicc tests are also used here as boolean constructs in the description of control flow. 
Problemm solving is described as a series of tests and updates together with some flow of control. 
Thee flow of control describes the order of updates and test together with possible iterations. 

Ass an example we will give a description of the Master Mind game in terms of a diagram. 
Inn figure 6.2 a pictorial representation is given in a flow-chart notation. States are depicted as 
rectangles,, updates and epistemic tests as ovals. The tests are followed by a choice symbol. The 
diagramm should be read from left to right, top to bottom, which can be emphasized by numbered 
arrows. . 

Thee player begins with an initial knowledge state in which all configurations of pegs are pos-
sible.. We have already remarked that the player will only consider single solutions. Hence the 
solutionn state which contains all possible single configurations will be the initial state of a Master 
Mindd player. The player then starts with guessing a configuration. This is modelled as a proactive 
update,, as was explained above. We have not indicated how the player comes to his guess. 

Thee result of the update is a solution state in which only this guessed solution is present. 
Thee other candidate configurations are, at least for the moment, disregarded and the transition 
too a solution state with only the guessed configuration has taken place. The proactive update is 
recordedd into memory for backtracking purposes. This is not shown in the figure. Next, it is tested 
whetherr the new state, containing the guessed configuration, meets the criterion. The result of the 
testt is a boolean value and a choice what to do next for each value is given. If the test for this 
guessedd solution succeeds this selection embodies his knowledge about the solution. The problem 
iss solved. 

Iff  the test fails the agent has to return to all other candidate configurations. The memory 
associatedd with proactive updates, is used to return to the previous state. In addition, the negative 
feedbackk has resulted in some new information about the solution. First, the player received the 



AA dynamic account of knowledge level tasks 69 9 

# >> slat e 

Figuree 6.2 
AA pictorial representation of the reasoning involved in solving Master Mind game. Numbering is provided 
too prevent ambiguous reading. 

informationn that the guessed configuration can safely be discarded. Second, the open and closed 
dotss contain information about which colours should, or should not be at certain positions. Hence, 
otherr possible solutions can be discarded as well. This line of reasoning is typical of informational 
updates.. The solution state contracts after processing the information given by the feedback, in 
thee sense that it contains less possible solutions. It is then tested whether this new solution state is 
nott empty. If it is and contains no possible solutions then the procedure stops. 

Iff  there are still possible solutions to be considered then the procedure repeats itself until a 
solutionn has been found. Hence, knowledge states move progressively to more knowledge about 
solutionss and only backtracking to previous states is provided for proactive updates. 

Thee general line of reasoning in this example is a select-and-test method augmented with a ca-
pacityy for pruning. The feedback the player receives enables him to disregard candidate solutions. 
Iff  we keep this feedback to a minimum and only inform the player whether his guess was right or 
wrongg (without given him information in the form of open and closed dots) the result would be a 
select-and-testt method Figure 6.2 can therefore be seen as a general knowledge-level description 
off  select-and-test. Note, that the figure is an informal, high-level description of problem solving 
andd is not intended to be complete. 
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6.33 Tasks and models 

Thee approach we take in this chapter associates a solution to a problem with one or more mod-
els.. This "model-based" approach is intuitively very suited for tasks in which a set of candidate 
solutionss is given at the start of problem solving. Other problems, like those of tasks in which 
thee solution should be constructed rather than selected from a predefined list, are more difficult to 
represent. . 

Thee distinction between selecting and constructing solutions is reminiscent, but not identical, 
too the distinction between analytic and synthetic tasks [82]. 

•• Analytic tasks are those tasks in which the artefact or "system" one reasons about is given 
andd the goal of the task is to identify the solution(s) which meet some criterion. Examples 
off analytic tasks are classification and diagnosis. 

•• In synthetic tasks a "system" or artefact has to be constructed from more primitive elements. 
Planningg and assignment are examples of synthetic tasks. In planning one constructs a plan, 
inn assignment problems an assignment. 

Inn analytic tasks like classification and diagnosis one is given a set of candidate solutions, 
fromm which one (or several) must be selected which meets a given criterion. In synthetic tasks 
likee planning one constructs a plan as a series of actions to reach a given goal. However, it 
iss sometimes possible (and even feasible) to construct all possible solutions first, and then to 
selectt the best "constructed" solution. Hence a constructive problem can sometimes be solved by 
methodss typical for analytical tasks. 

Inn the framework we describe the solution is associated with one or more models, and states 
representt which possible solutions an agent considers at a given time. Incoming information and 
pro-activee behaviour induce state change and eliminate possibilities. Finally the agent reaches a 
statee in which a criterion is met, and the problem has been solved. This final knowledge state then 
containss a solution to the problem. 

Intuitively,, this approach suits tasks, in which the solution is primitive, very well. We will 
givee an example of how several classification criteria can be described later in this chapter. Such 
ann example for synthetic tasks will not be given here. A brief description of an update system for 
groupingg problems is given in chapter 8. 

However,, model-based approaches have been used for planning. As an example we mention 
Kautzz et al. [52]. They describe a formal model for planning problems based on the notion 
off satisfiability rather than deduction. As a consequence they identify a solution to a planning 
problemm (a plan) with a model. In addition the representation of domain knowledge is done in 
suchh a way that any model of the domain theory corresponds to a given plan. This is similar to the 
approachh we take here and a description of planning in our framework would closely follow the 
onee given by Kautz et al.. 

Ourr approach can be seen as an extension or generalisation of such a model-based approach. 
Thee differences are two-fold. First, we use update semantics as the underlying formalism. This 
allowss for a dynamic description of the model-finding process. We also make use of the distinc
tionn between passive and pro-active updates to characterize state changes. This enables us to 
characterizee state change based on the nature of the information an agent receives. 

Second,, our representation is not limited to sets of models. As we will see, states can be 
structuredd in many ways, and hence one can make use of preferential, or minimal reasoning. As 
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aa consequence our approach is not limited to satisfiability. In fact, satisfiability is one example of 
thee more general notion of epistemic test. 

Inn addition to these formal differences, our motivation also differs from those of Kautz et 
al.al. One of the main motivations for the "planning-as-satisfiability approach" is to be able to 
constructt fast and efficient methods for planning problems. Here, however we look merely at the 
functionalityy of methods, and their description in terms of knowledge-level constructs. Having 
saidd that, the results of computational model-based approaches, as described by Kautz et al. [51] 
andd Khardon et al. [53], can be used to make our approach computationally viable. We will 
describee this after having explained the underlying formalism of update semantics. 

6.44 Logical Dynamics 

Wee will proceed by formalizing the ideas explained above. We do this by first explaining an update 
systemm described by Veltman [95]. ' The main idea behind this system is that it gives a semantic 
andd dynamic account of reasoning with states and updates. We will extend and adapt this system 
laterr for our purposes of describing knowledge level tasks, and now proceed with the treatment of 
thee logical aspects. 

Inn logic the dynamics of information flow has attracted considerable attention. Various for-
malismss have been developed which can be characterized as evolving around the notion of infor-
mationn rather than that of truth. For an overview and discussion of this subject we refer to van 
Benthem[91]. . 

Thee central idea behind update semantics [95] is the following. Whereas according to the 
classicall  view, the meaning of a sentence is given by the conditions under which it is true, in the 
dynamicc account the meaning of a sentence is given by the change it induces to an information 
state. state. 

Thiss view on meaning is more attractive from a 'cognitive' perspective. One can think of an 
agent,, possessing a state, dealing with incoming information and making changes accordingly. 
However,, from a formal point of view this change of perspective may not necessarily offer some-
thingg new. Classical logic can be given a dynamic interpretation quite easily, as will now be 
shown. . 

6.4.11 Propositional logic dynamified 

Considerr a propositional language L with propositional letters p,q,r ... and the usual connectives. 
Wee associate with L the powerset W of atomic sentences. An information state a is defined as 
follows: : 

Definitionn 6.1 : Let W be the powerset of the set A of atomic sentences in a language L. 
AnAn information state a is any subset ofW. In symbols: o C p(A). The elements of a state, being 
setssets of atomic formulas, are called (possible) worlds. 

Thee definition of an information state may change when one describes richer update systems. 
Thee notion of knowledge state will be used as a higher level concept. We use it to express the 
knowledgee an agent has at a given moment in time. The notion of information state will be used 
inn a more rigourous, logical sense. 

'Readerss familiar with Veltman's work can skip all but the latest subsection of this section. 
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Iff  (j is a state and $ a sentence we write 'c[$]' to denote the update of a with $. Here [ ] is a 
functionn which assigns to each sentence $ an update operation [<£>]. 

Forr each sentence the update function can be defined as follows ~: 

atoms:: a\p] — a n {w € W\p <E W} 
-,:: <T[-I$] = a — a[$] 

A:: cr[<ï> A * ] = cr[$] n <r[*] 

V:: CT[$ V * ] = er[#] Ua[*j 

AA sentence $ is acceptable in state <r iff <T[<Ï>] / 0 . A sentence $ is accepted in state a iff 
rr[&]rr[&]  = a. If $ is accepted by a we write a lh <3>. When $ is accepted in every state, we write 
lhh $. An update is informativ e if a[o]  ̂ a. 

Itt is not difficult to discern the classical semantics of prepositional logic in this formalism. A 
statee is a set, whose elements, or worlds, are sets of atomic propositions. Each world corresponds 
too a valuation in the following way: atomic propositions occurring in the world are given the truth 
valuee 'true', those which are absent 'false'. Hence, a state can be seen as a collection of valuations 
orr models, and W as the collection of all models of L. v(A) is denoted by 0 and is called the 
minimall  state. 0 is called the absurd state and is denoted by 1. Note that all formulas are 
acceptedd in the absurd state, hence the name. Logically, 0 and 1 can be thought of as the symbols 
TT and  respectively. 

Examplee 6.2 : Consider a language L with three propositional atoms p. q. r. The powerset 
\Y\Y = p({p,q.r}) is given by {{p,q,r}.{p,q}.{p,r},{q. r}, {p}. {q}. { r } .0} . The elements of 
thethe set are called worlds, which can be interpreted as models. The set \V is itself an information 
state,state, called the minimal state 0, containing all models over L. 

UpdatingUpdating the minimal state 0 = tp{ {p. q. r})  with p gives us a new state which we call a: 
aa = 0[p) = {{p.q.r}.{p.q}.{p.r}.{p}}. 

InIn this new state p is accepted (a lh p) because p occurs in every world of a. 

Iff  we start with the powerset W as our initial state than updating sentences to this state is 
equivalentt to adding them to a set of hypotheses. So \V[p] lh p is the same as p \= p in classical, 
propositionall  logic. And the truth of a sentence o is equivalent to o being accepted in W. In this 
sensee the dynamic variant does not offer anything extra compared to the classical, static, truth-
functionall  logic. 

Insteadd of O[0] we will sometimes write ||o||. Propositional sentences can now be given a 
staticc meaning as follows: 

HPIII  = {w e W\pe w} 
lho||| = i r - | M I 

\\o\\o A r || = ||Ó|| n ||t'|| 
l lóvti ' l ll  = \\d>\\ u 1|V'|| 
Wee will say that \\é\\ is the set of worlds in which the proposition ö holds. When one thinks 

off  worlds as models {truth assignments of the atomic formula), ||<p|| is the set of all models which 

2~-- denotes the difference between the sets. 
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makee 0 true. For example, the static meaning of an atomic formula p (written as ||pj|) is equal to 
thee set of worlds in which p occurs. 

Hence,, such an update system is no different from a truth-functional propositional logic. How-
ever,, this parallel between dynamic semantics in terms of states and updates with static, truth-
functionall  semantics changes when the dynamic language is extended. The framework of update 
semanticss facilitates the definition of other operators. For example the language can be enriched 
withh an operator for an 'epistemic test'. 

6.4.22 Epistemic tests 

Thee propositional system described above can be extended by introducing an epistemic test. As 
wee remarked above, unlike updates, tests do not lead to state change. Instead updates are done 
hypotheticallyy to see if the desired result would occur. In fact, acceptance (lh) is an epistemic test 
ass well. 

Wee enrich the system described above with a test for consistency. The propositional language 
iss extended with an operator 0, 3 so that propositions like 00 can be formed. Informally its 
meaningg is as follows. If an update with 0 to the state a does not lead to the absurd state 1 then 
thee test 00 succeeds, otherwise it fails. Its dynamic semantics can be defined as follows: 

0:0: a[04>]  = aifa[(p] / 0 
aa[00][00] = 0 otherwise 

Hencee the epistemic test 00 consists of the hypothetical update of 0 to a state a. If the result 
iss absurd, then in truth-functional terms 0 is inconsistent with the information contained in a, 
otherwisee it is consistent with it. 

Ann alternative formulation would be: 

0:: cr[O0] = <y if there is a non-empty state a' such that a' C a and a[cp] — a' 
cr[O0]]  = 0 otherwise 

Fromm this it follows that a sentence of the form 00 is accepted in a knowledge state a, a lh 00, 
ifff  its update with 0 would not result in the absurd state 1. 

Itt is clear that by introducing 0 the parallel between acceptance and the classical notion of 
truthtruth is disturbed. A sentence like Op can be accepted but will not be true in the classical sense. 
Too see this, consider a state where Op is accepted, then update it with ->p. In the resulting state Op 
iss no longer accepted. Hence acceptance is no longer monotonie. 

Nott mentioned by Veltman is the fact that adding this epistemic test for consistency to a propo-
sitionall  update system, results in a system which is equivalent to the modal logic S5. This logic is 
oftenn used for knowledge representation. For example, in Fagin et al. [24] it is used to represent 
problemm solving in a multi-agent setting. 

S55 is defined as the modal system in which all propositional tautologies hold together with the 
followingg axioms: 

•• D(0 ->ij;)  -> (D0 -> D^) 

•• D 0 ^ 0 

11 Veltman uses might instead of 0-
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•• Oo -+ DO© 

Inn addition the following rule, called necessitation, holds: If \- o then h Do. 

DD is defined as the dual of 0- So Do is equivalent to -^O^O. Van Benthem [48] mentions how 
thee update system described above can be seen in relation to S5. Alternatively, one could prove 
thatt the S5 axioms and the necessitation rule hold in the above update system. 

Wee regard it as a nice feature of update semantics that by extending one system with an extra 
operator,, one can move from one logic to another quite naturally. Adding an epistemic test for 
consistencyy to a propositional update system allows one to go from propositional logic to S5. Note 
thatt the semantics of the two systems are very similar. Compare this to the "standard" semantics 
off  propositional logic (truth-values) and S5 (possible worlds), which are much harder to compare. 
Furtherr extensions and changes are possible as we will now show. 

6.4.33 Preferential reasoning 

Thee update system presented here can be further extended. Various non-classical ways of reason-
ingg can be modelled. Veltman in [95] describes a default system in terms of the operators normally 
andd presumably. Adding such operators also involves a change to the definition of information 
state. . 

Thee idea of incorporating defaults can be put as follows. Sentences like normally o can be 
usedd to express what normally is the case. In [95] they are called default rules. Suppose that an 
agentt has a set of sentences P of default rules. Every world in the agents knowledge state could 
bee a model for some of these sentences. Worlds in a state a can be ordered with respect to the set 
PP as follows. We describe the order < between worlds v and w from o as follows: w < v if w is 
aa model for all the sentences from P which hold in v and maybe some more. 

Too explain this in other words: The set P contains sentences which describe what the agent 
knowss normally to be the case. A world (seen as a truth-functional model) in which every sentence 
inn P holds represents the situation in which everything is normal to the agent. The world in which 
noo sentence of P holds represents the situation in which nothing is normal. 

Eachh world can be seen as a description of a possible state of affairs. Some worlds are more 
normall  than others and hence worlds can be ordered along the relation 'more-normal-than' with 
respectt to the set P of sentences which are to be regarded normally to be the case. A state then 
becomess an ordered set of worlds. 

Thiss means that the notion of information state is extended with a partial ordering on worlds. 
Thiss ordering can then be used as a preference structure. Updates with sentences of the form 
normallynormally © to a state a affect the ordering of the worlds in a. A new epistemic test in the form of 
presumablypresumably o can now be defined to see whether o holds in the most preferred, or optimal world, 
beingg the one highest in the ordering. Other updates work exactly as before and may eliminate 
worlds,, leaving the remaining ordering intact. 

Suchh an example shows that the notion of information state can be changed in the framework of 
updatee semantics to allow the description of preference structures and non-monotonic reasoning. 
Furthermoree it allows the description of changing preference structures during reasoning. 
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6.4.44 Formalizing defaults 

Considerr a propositional language L which we extend to V with operators n and p such that if <j) 

iss formula in L then n(<p) and p(</>) are formulas in L'. 4 

Byy W we denote the powerset of the set of atomic propositions A. The elements of W are 
denotedd by w, v... and are called worlds. An expectation pattern e = (W, <) is a partially ordered 
sett (poset) on W, If w < v and ! J < r o we write w = v, for worlds w, v. 

Thee use of expectation patterns is as follows. The agent has some knowledge of state of affairs 
whichh it expects normally to be the case. This is represented in the form of sentences of the form 
n(0 i)) ... n(</>n). The set of all sentences which the agent considers normally to be the case is 
denotedd by P. (w, v) is an element of the expectation pattern e iff every proposition in P which 
holdss in v, also holds in w. (We say that the sentence <p holds in world w if w £ \\ej>\\. That is, if w 

cann be interpreted as a model for <j>.) 

Hencee all the worlds are partially ordered relative to the set P of sentences which are normally 
too be the case. The world w such that w < v for all v £ W, is called a normal world. Hence, 
ww is a world in which everything considered normally to be the case, does actually hold. In the 
followingg we assume that at least one such a world exists for states. In truth-functional terms this 
meanss that the set of sentences that express what is normal, is consistent. 

Ann information state for an update system with default rules can now be defined as a pair 
aa = (e, s) where e is a pattern on W and s captures the knowledge of the agent, s C W. The 
minimall  state is given by (W x W, W), the absurd state by {{{w, w)\w e W}, 0 ). 

Ass an example of how this all works consider figure 6.3 . The figure contains a graph of a state 
aa = (e, s) for a language of three atoms. The eight worlds are denoted by WQ  wy. 

Figuree 6.3 
AA knowledge state with eight ordered worlds. If w < v then there is a path to the left from world w to world u. If 
ww = vw and v are placed in the same oval (taken from Veltman [95]). 

Worldss are placed in the same oval if they belong to the same equivalence class defined by =. 
Iff  for worlds w, v we have w < v, then there is a rightward path from the oval containing w to the 
onee containing v. In such a case w is more normal than v. 

pp can be read as presumably* n as normally, as Veltman does. However we prefer this more abstract notation. 
AA more abstract reading of these operators is to view n as a default rule, p can be read as the test whether the default 
holdss in a state. 
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Inn this situation depicted in figure 6.3 there are two normal worlds: ICQ and w~,. The set s 
capturess the knowledge the agent has about the world. It is pictured as a triangle and contains 
we.we. u-':i and «,'4. Hence, the agent knows that the other worlds are no longer possible. Since both 
normall  worlds u'5 and it'o do not belong to s, the agent knows that not everything is normal. 
Howeverr it may have a preference for worlds in s that are 'as normal as possible'. 

Suchh worlds are called optimal in the following sense: w is optimal in (E. S) iff w G s and 
theree is no v G s such that v < w. In figure 6.3 both u'3 and uy, are optimal in the pictured state. 

Optimall  states play an important role when knowledge is incomplete. The expectation pattern 
orderss worlds along the agent's knowledge of what is normal. The set s captures the knowledge of 
whatt is, and what is not, possible. An optimal world then captures the knowledge of what is to be 
expectedd given the knowledge of what is still possible. Optimal worlds wil l come into play when 
onee considers sentences of the form p(o). Such a sentence is accepted if o is true in all optimal 
worlds. . 

Threee kinds of updates (or tests) can now be distinguished. 

•• Propositional updates: updates of sentences not containing p or n. These work exactly as in 
thee propositional update system, and affect ,s, while leaving the pattern E untouched. 

•• If o is of the formp(V) then a[o) is given as: 
Lett m be the set of optimal worlds in a, then a[<p]  = a iff <j[y] = m. Otherwise a\<p] = 1. 
Inn words: p (v ) is accepted in a if and only if y holds at all optimal worlds in rx. 

mm If o is of the form n (y ) then an update will result in a change of the pattern e, on the 
conditionn that there is at least one normal world in which y is true. If there is no such 

normall world a[é] = 1. 

Otherwisee the pattern s is refined. A pattern E' is a refinement of E if e' C E. And a pattern 
ee is a refinement with the proposition e, E O e 5 iff e o e = {(w. v)\ if w G e then v Ge .} 

Thee update of o-[n(y)] can now be defined as being equal to (E O | | i ' | | . .<,). 

Notee that an update with a sentence of the form p(o) is actually an epistemic test: it does not 
changee the information state. 

Ass an example of how this update system works, consider figure 6.4. Here four worlds are 
represented.. W — {»'0 . w\. w2. u\-}}, and w0 = 0 . «'1 = {/>}. ic? = {<?} and u'3 — {p. q). 

Thee figure starts with the minimal state given by (W x IV', W). Hence at this point the agent 
hass no knowledge of what is normally the case. Then this state is updated with np. This induces 
ann ordering, and puts worlds containing p to the left of those which do not contain it. Notice that 
thee knowledge of which worlds the agent considers possible, given by s, has not changed by this 
update. . 

Itt is quite easy to establish that p(p} holds in this new state. Updating this state with the 
propositionn q eliminates two worlds (irn and w\) from s. it'3 is both optimal and normal in this 
state.. It can be readily verified that in addition to p(p), p(<?) now also holds. 

Ann alternative to the last update is shown by the vertical arrow. Here the second state is 
updatedd with nq, affecting the ordering of the worlds. U'3 has become the only normal world in 

""Heree the proposition e is the set of worlds in which the sentence expressed by the proposition holds. So if <p is the 
sentence.. \\4>\\ is the proposition expressed by the sentence. 
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Figuree 6.4 
Ann example series of updates concerning four worlds, depicted by numbers. Patterns are pictured similar 
too the previous figure. The set s of possible worlds is shown as a dashed rectangle. Updates are shown as 
arrowss with their respective formulas. 

thiss state. It is eliminated from s by the update of ->{p A q). Hence in the new state u,'i and W2 are 

bothh optimal. 

6.4.55 Another  epistemic test 

Thee above preferential system was described by Veltman in [95]. We add a new epistemic test to 

itt which wil l be used later on in the description of classification criteria. 

Firstt we look at the test pep which we used above. It can be defined as follows: 

Lett W0 be the set of all the optimal worlds in a state a. 

p.p. <rlp(0] = <7iffW on|M|=Wo. 
Otherwisee <r[p(0)] = 0 

Inn words: p((p) holds in a if it holds in the state formed by all optimal worlds in a. Veltman 

usess this as to express presumably. A sentence presumably <j>  is accepted in a state a when it holds 

inn all those worlds which are considered normal in a. 

Itt is easy to think of a weaker version of this test. It is a test for consistency in the state formed 

byy all optimal worlds in a. 

Heree follows its definition: 

Op:: o-[Op(0)] = <r iff W0n \\4>\\?e>. 
Otherwisee a[0p(4>)} = 0 

Notee that 0p(4>) c an a ' s o be defined as - ip(- i^) . In order to make use of this operator the 
languagee L' has to be extended to allow sentences of the form ()p{<j>). 
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6.55 Representing knowledge dynamically 

Thee idea of an information state as it occurs in update semantics will here be used to capture 
thee knowledge an agent has at a given moment. When used in this sense we will use the term 
knowledgeknowledge state. If an agent starts with the minimal state 0 as its initial state, this represents the 
factt that the agent has no knowledge at all, (hence the notion of minimal state). After successive 
updates,, the knowledge of the agent will increase as its state will contract. The state will expand 
inn terms of knowledge. The amount of knowledge and worlds in a state are each others duals. 

6.5.11 Models, methods and tableaux 

Beforee we apply the logics to our framework we would like to emphasize the semantic nature of 
thiss exploration. Update semantics can not be seen as a computational viable method for reasoning. 
Buildingg a propositional theorem prover which begins with a powerset of all atoms is not a good 
idea. . 

Thee analysis presented here is not aimed to be a computational analysis, targeted at the de-
velopmentt of fast or new PSMs. Instead we provide a functional, knowledge-level, rather than a 
computationall  efficient, symbol-level description of task reasoning. We claim that knowledge is 
muchh more a semantic than a syntactic notion and therefore a semantic account is worthwhile. 

However,, there are ways of turning the framework presented here into a computational effec-
tivee way of solving problems. One approach is to represent information states not as sets of all 
modelss (worlds) but to limit this set to a number of characteristic models. This is described in 
detaill  by Kautz et. al [51] and Khardon et. al [53]. Kautz et ah describe their approach for propo-
sitionall  Hom theories. Briefly, the idea is as follows: given the set of all models of some theory 
E,, this set can be represented by a subset of models, called the characteristic models of E. These 
characteristicc models can be seen as a minimal "basis" for all models of E, in the sense that one 
cann generate all models by taking the conjunctive closure of the set of characteristic models. (For 
detailss we refer to Kautz et. ah [51].) As a result a model-based approach to knowledge intensive 
reasoningg becomes computationally very efficient. For example, in the same paper, Kautz et. al 
showw that abduction can be performed in polynomial time. 

Characteristicc models can be used in the representation of information states of update seman-
tics.. Instead of defining a state as a set of worlds one uses only the characteristic worlds of that 
state.. How to work out all details, particularly for the case of ordered worlds and default rules, 
remainss a interesting topic for further research. 

Anotherr approach of making update semantics a computationally efficient way of describing 
problemm solving is to relate it to theorem proving techniques. An interesting option is to use 
analyticc (or "semantic") tableaux. Tableaux have been used in chapter 3. They are particulary 
interestingg because of their 'semantic properties'. Except being used as a classical proof method, 
tableauxx can be used for other purposes, like model finding, minimal entailment [68] and abductive 
reasoningg [62, 3]. Tableaux have the nice property that they combine syntactical and semantic 
ideas.. They can be considered as purely syntactical structures with rules for their manipulation. On 
thee other hand they can be interpreted semantically in the sense that each open branch corresponds 
too a model of the represented theory. 

Thee propositional update system with tests for consistency and acceptance can very well 
bee translated into a computational more attractive format. We will show how to use analytical 
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tableauxx for such an update system. 
Theree is a straightforward relation between tableaux and the (non-preferential) propositional 

informationn states introduced so far. Let r{4>) be the tableau for the formula <fi.  Two tableaux T\ 
andd T2 can be joined into a tree T3 by adding the root of one of the two trees to all the branches of 
thee other. We use the notation T\+T2 = TS for the operation where the root of T2 is added to the 
branchess of r\. We denote the tableau of a knowledge state a by T(<r). Its meaning is as follows: 

•• The minimal state: T(W) = r(T) (The empty tree). 

•• The absurd state: T(0) = r(J_) (Any closed tree). 

•• Update: T(cr[0]) = T(CT) + r{<f>)). 

 Consistency test: T(cr [00]): 
Iff T(<T) + T{4>) closes then T(a[04>\) =  T(J_) , else T(a[0$) = T(<r). 

•• Acceptance: a lh <fc : The tableaux T(cr) + r{—>4>)  closes. 

Thee minimal state corresponds to the tableau for T: all possibilities are open and no branches 
havee been closed. The absurd state corresponds to the absence of possibilities, and hence all 
branchess have been closed. 

Thee tableau of an update a\4>] is defined recursively. First construct the tableau for a which 
cann be seen as series of updates of the minimal state. Then add the root of the tableau for <f>. 

Thee consistency and acceptance tests are pretty straightforward. To test a formula for consis
tencyy with a theory one checks whether adding the tableau of the formula to the theory does not 
leadd to closure of the resulting tableau. The same is done in terms of states. Acceptance tests 
whetherr a formula follows from the theory/state. One adds the negation of the formula to the 
tableauu of the the theory/state and checks for closure. 

Inn order to get from a tableau T of a theory E to an information state a we make use if the fact 
thatt each open branch of T represents a model. More specifically an open branch corresponds to 
onee or more worlds. Note that a tableau of a theory only contains those atoms which occur in the 
theory,, whereas worlds refer to all atoms in the language. Therefore there can be more than one 
worldd corresponding to an open branch. 

Too find the worlds corresponding to a branch we look at the positive and negative literals. 6 

Wee then select all worlds which contain all positive literals and do not contain the duals of the 
negativee literals. If we repeat this for every branch we end up with the set of worlds which forms 
thee corresponding state. 

Examplee 6.3 : Consider a language with three propositional atoms p, q, r. The minimal 
knowledgeknowledge state is then formed by taking the powerset p({p, q, r}). The tableau of this state 
T(p({p,T(p({p, q, r})) is the tableau T. Updating the minimal state with ->r  removes from the powerset 
allall  sets in which r occurs. The associated tableau of this state is the tableau of->r (which is just 
thethe leaf '->r') added to T which results in the one leaf tableau ->r. 

CheckingChecking consistency of r in terms of tableaux is done by adding r to the tableau just built 
andand checking for open branches. In this case consistency obviously fails, since the new tableau 

66 A literal is an atom or its negation. Positive literals are atoms, negative literals their negations. The dual of a 
negativee literal is the atom without negation. 
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closes.closes. Acceptance of->r succeeds since adding r to the tableau of->r results in closure. 

Noticee that where reasoning with knowledge states involves the reduction of possibilities after 
updates,, tableaux do just the opposite. One starts with an empty tableau and expands it as updates 
aree being made. This has the obvious advantage that not all models are being represented, whereas 
knowledgee states contain all possible models explicitly. 

Wee will not present tableaux for update systems with preferential operators like p and n. 
Wee will leave this subject for further study. We note that tableaux are frequently used in non-
monotonicc reasoning and minimal entailment [68]. 

6.5.22 Knowledge and solution states 

Wee will use, extend and adapt the above formalism to describe knowledge level problem solving. 
Inn update semantics an information state was defined as a subset of the powerset of the atoms of 
thee language. We will use the information states of update semantics as a representation of our 
knowledgee states. However, we add some structure to knowledge states which reflects different 
typess of knowledge. 

Ass described above, the knowledge an agent has can be divided into two categories: a static 
partt and a dynamic part. The static knowledge remains invariant during problem solving, while 
thee dynamic part is subject to change. Hence, when we talk about knowledge states we are mostly 
concernedd with the dynamic part, taking the static part for granted. 

Inn the representation of tasks, domain knowledge, common-sense knowledge and some as-
sumptionss do usually make up the static part of a knowledge state. When new information be-
comess available the agent will be able to make new deductions. Of course, these new deductions 
aree made possible by applying the static knowledge to the new information. 

Dynamicc knowledge is subject to change. However, not every dynamic sentence of a knowl-
edgee state is relevant to the problem solving process. As new information comes in, many useless 
sentencess can be derived. All these qualify in principle as dynamic knowledge. 

Thiss problem of which information is relevant can be solved pragmatically. Only knowledge 
thatt is related to the possible solutions of the problem is important. We therefore often equate 
dynamicc knowledge with the solution space. 

Too see how this affects the representation of knowledge states consider the domain knowledge 
off  some problem, formulated in a language. The minimal information state of this language is 
formedd by taking the powerset of the atoms of the language. Next we update this state with every 
sentencee representing domain knowledge. The resulting state then contains the domain knowledge. 

Fromm a semantic point of view the worlds of this state represents all the models of the domain 
knowledge.. Since the domain knowledge will remain invariant a model of the solution to the 
problemm will be among the worlds in this state. 

Sincee we are interested mainly in knowledge about possible solutions we want to be able 
too talk about the candidate solutions which are present in the state which contains the domain 
knowledge.. Therefore we abstract a knowledge state by ignoring all information that is not about 
possiblee solutions. 

Knowledgee states can be abstracted to solution spaces (or solution states as we will call them) 
inn the following way: 
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Definitionn 6.2 : Let S be the set of possible solutions. A solution state us is a subset of the 
powersetpowerset of solutions p(S). 

AA solution state <JS is a representative of state a iff the following holds: 
aass = {ws \ws c wyw e a,ws e p{S)}. 

Hence,, a solution state is a representative of a knowledge state a if it can be produced by 
removingg all elements not in S from its worlds. Note that several knowledge states can be repre-
sentedd by a single solution state. 

Thee role of the notion of solution state is to see which possible solutions are considered by the 
agentt with respect to a given state. The abstraction allows us to hide details about knowledge and 
updatess which do not affect the solution space. 

Onee can describe two kinds of updates in terms of solution states. The first are updates with 
sentencess of which the atoms are all candidate solutions. For these it is immaterial whether one 
updatess the underlying knowledge state or the solution state itself, since such sentences will only 
affectt the candidate solutions. 

Otherr updates that can be described in terms of solution states instead of knowledge states are 
thosee in which one wishes to hide the details of all changes of knowledge, except those related 
too the possible solutions. This use is pragmatically motivated. For example, if a knowledge state 
containss the knowledge that a blackbird is black and we update this state with the observation of a 
whitee bird, then a description of the update in terms of solution state will just show the elimination 
off  blackbird as a candidate solution. The logical justification of this elimination is of course given 
byy the description of the update to the underlying knowledge state. The solution state description 
presentss a less detailed and more abstract account in which trivial steps do not have to be spelled 
out.. Hence, updates to solution states can be used where one assumes that their effect needs no 
furtherr elaborate description. 

Itt is not always necessaryy to think of solution states as subsets of the powerset of all solutions. 
Inn many problems one looks for a single solution to a problem. In diagnosis this is called the single 
faultfault assumption and similarly in classification one usually assumes that a single class should 
accountt for the observations. In such cases this information reduces solution sets immediately 
too singleton solution states (those containing one solution only). We regard such single solution 
assumptionn as part of the invariant part of the agents knowledge. 

Onee should be careful how to interpret solution states. Every world of such a state contains 
zeroo or more solutions, and can be said to express that it is possible that its elements are solutions. 
Everyy world expresses a possible state of affairs. Whether an element really is a solution depends 
onn the criterion of the problem at hand. For example: the criterion of weak explanation expresses 
thatt a class is a solution if and only if it occurs in some world. The criterion of strong classification 
demandss that solutions should be necessary, or occur in all worlds of the solution state. 

6.5.33 Updates 

Updatess give rise to changes in knowledge states. As we described above, from a knowledge level 
perspectivee there are two kind of updates: reactive and proactive updates. 

Formallyy speaking there is no difference between reactive and proactive updates. The dif-
ferencee lies in the interpretation of what an update means. From a knowledge level perspective 
reactivee updates reflect state changes resulting from processing new information coming from the 
environment.. For example, in diagnosis and classification tasks observations play a key role. The 
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agentt reacts to new information contained in these observations by updating it into his current 
knowledgee state. 

Inn more detail an observation can be represented as a formula <p which is updated to the agent's 
currentt knowledge state. Depending on the content of the observation the knowledge of the agent 
thenn changes state. 

Onn the other hand, an agent may also make decisions, guesses or explore possibilities within 
hiss own knowledge state. These decisions are represented as proactive updates which reduce the 
knowledgee state to fewer worlds. As an example consider the Master Mind game where the player 
makess a guess. We can describe this as a state change of the players solution state in such a way 
thatt the new state only contains this guess. 

Inn detail this can be described as follows. Let as be the player's solution state, containing 
thosee Master Mind configurations which he judges to be possible solutions. If he makes a guess g 
thenn the result is the new state cr's which only contains g as possible solution. We can describe the 
proactivee selection of one of the possible solutions from a solution state as the result of the update 
withh that choice. Continuing the example, a's is the result of updating as with g. 

Hence,, "selecting some worlds from a state" and "proactively updating" are two sides of the 
samee coin. To select from a state a (in a prepositional update system) all worlds which contain 
p,p, one simply updates a with p. In this way every selection of worlds from a corresponds to a 
sentencee which after updating to a results in a state containing the desired selection. 

AA guess is an example of a proactive update. In the Master Mind game it is a selection of 
onee configuration. This selection is proactive because the agent himself takes the initiative for it. 
However,, it should be clear what choices the agent can make and which not. Proactive updates 
shouldd reflect rational capabilities of an agent which are strongly related to the structure of the 
knowledgee state. In the case of the Master Mind player the choice of g was a random selection of 
thee solutions contained in as. The player then could have chosen another configuration but only 
amongg those which were among the candidate solutions in as. 

AA proactive update then reflects a capability of the agent to use the structure of its knowledge 
statee to initiate state change. These capabilities can be described in terms of pre- and postcondi-
tionss which involve quantifications over epistemic tests. 

Thee precondition describes in terms of epistemic tests whether a proactive update is applicable 
orr not. The postcondition is a description of the state resulting after the proactive update. 

Considerr a state where some solutions are consistent and others have been ruled out, as 
inn the case of the Master Mind player. In addition assume that solutions exclude each other. 
Supposee the agent has the capability to proactively update its solution state a.s to any sub-state 7 

consistingg only of one of these solutions. This capability can be expressed in terms of pre- and 
postconditionss as follows. 

PreconditionPrecondition : There is a solution s such that Qs holds in the solution state as. 
PostconditionPostcondition : cr's = as[s\. 

Heree os is the solution state before the update and a's the solution state immediately after. 
Anotherr example involves an agent who can produce a solution which is consistent with all 
optimall  worlds of its state as. 

Byy a substate a' of a state a we mean a state which consists of a subset of worlds of a and preserve the order of a 
iff  there is one. 
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PreconditionPrecondition : There is a solution s such that Op(s) holds in the state as. 
PostconditionPostcondition : a's — os[s}. 

Theree is a choice of how to represent the capabilities of an agent's knowledge. One could opt 
forr a structured knowledge state with few (or no) proactive updates. Alternatively, one could keep 
thee knowledge state simple and put more emphasis on the definition of the proactive updates. 

Forr example, suppose a Master Mind player when making a guess has a strong preference 
forr making guesses in which red pegs occur. We consider two ways of representing this. First, 
wee could order the worlds in the solution state, giving preference to those containing red-pegged 
configurations.. The proactive update can then be described as the (random) selection of one of the 
preferredd worlds. 

Anotherr solution is to keep the knowledge state unstructured and impose no orderings on the 
differentt solution. Instead we define the precondition for a proactive update as a test for a solution 
whichh contains red pegs. In addition we must also provide a proactive update for the eventuality 
thatt there are no more red pegged solutions in the current state. This can be described in the form 
off  a simple random selection of a solution, since the player had no preferences when there are no 
red-peggedd candidate solutions to be chosen. 

Anotherr capability that we want to assign to a knowledge-level agent is related to reactive 
ratherr than proactive updates. Reactive updates deal with processing incoming information. How-
ever,, we want to enable the agent to order, to ignore and to select the incoming information. For 
example,, in classification problems many observations are being made. The agent must have the 
capabilityy to process these observations in a certain order. In addition it must also be able to ignore 
somee observations and select others as more important. 

Again,, a preferential representation, by means of ordered knowledge states, can be used in 
suchh cases. However, there is one principle, which is implicit in the use of information states, 
whichh can be used to describe the selection of new information. In general an agent will have a 
preferencee for a high information value. A sentence Q has a higher information value than the 
sentencee ip, relative to an information state a, if the update of (p to a leads to a smaller state than 
thee update of ip to a. 

Inn diagnosis one observation might lead to a bigger reduction of possible solutions than the 
otherr and hence has a higher information value. This principle of information value can be seen as 
ann introspective capability of the agent. In chapter 2 it was used to order the observation attributes 
inn rock classification. The system would ask for the value of the attribute with the highest average 
informationn value. 

Finally,, as proactive updates are concerned with making choices, there is always the possibility 
thatt a wrong choice will be made. Therefore the agent needs some means of backtracking to 
previouss choice points. 

6.5.44 Memory 

Proactivee updates are strongly linked to a memory. An agent is always allowed to retract its 
proactivee updates. Again the master mind game may serve as an example. When a guess fails to 
bee a solution, the player has to return to its former state. Therefore, to describe proactive updates 
aa knowledge state must be extended with a memory. 

Thiss can be done by giving the agent complete recall [24]. We will do this as follows: The 
agentt remembers the initial state and keeps a stack of all updated formulas. Any previous state can 
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thenn be retrieved by removing the unwanted updates from the stack and updating the initial state 
withh the formulas still on the stack. 

Definitionn 6.3 : A knowledge state with complete recall is a tuple (<r, M), where a is a 
knowledgeknowledge state as defined before, and M a memory. 
AA memory M is a tuple {at. L) where a, is the initial knowledge state and L a list of sentences. 

Twoo operations, adding and deleting are defined on the memory. Adding involves inserting a 
sentencee to the end of the list L. As we will use memory to trace the updates made, we have to 
recordd both proactively and reactively updated sentences. 

Too return to a previous state <r p we look for the sentence ó in the memory that was proactively 
updatedd to ov. We then remove o from the memory list and all sentences that come afterwards. 
Thee initial state, kept in memory is then updated with all sentences in the new memory list. In 
addition,, it may be necessary to update the state with the negation of o in order to prevent it from 
beingg chosen again. 

Wee will not elaborate further on the formal aspects of the use of memory in the representation 
off  knowledge states, here, we would like to draw attention to the fact that a memory is needed for 
proactivee behaviour and that its use can be described in a straightforward manner. 

6.5.55 Criteri a and requirements 

Knowledgee states change when updates are made. State change ends when a solution has been 
found.. We represent this is as follows: A state can be considered to be a final state when it accepts 
aa given epistemic test. A knowledge state is final when all the candidate solutions in its associated 
solutionn state meet the criterion of the problem. A criterion describes when a candidate solution 
iss regarded a solution to the problem. 

Forr example, in the Master Mind game the criterion is given by three closed dots, indicating 
thatt all pegs have the right colours and are on the right position. Acceptance of this criterion in a 
solutionn state means that all solutions of the state are solutions of the problem. When more than 
onee solution is required, quantification over the criterion becomes necessary. 

Proactivee updates are choices which are made in an attempt to reach a state which fulfill s the 
criterion.. Hence, the agent's proactive behaviour is goal-oriented. The criterion can be seen as the 
specificationn of a goal state, very much like a postcondition in the specification of programs. 

Wee also use the notion of requirements to specify certain aspects of a solution. A requirement 
cann thus be seen as a partial specification of the criterion. They can be useful in the representation 
off  problems where the solution has to be constructed. 

Forr example, in assignment problems one is looking for an assignment which satisfies certain 
constraintss and is maximal with respect to a number of given preferences. Each constraint and 
preferencee can be seen as a different requirement, and the criterion is the expression which de-
scribess that an an assignment is a solution only if it satisfies all constraints, and is most preferred. 
Likee the criterion, requirements can be represented as epistemic tests and the agent's pro-active 
behaviourr is aimed at reaching a state such that all these tests succeed. 

Inn general, the framework we describe, stresses a distinction between knowledge about the 
solutionn and the specification of a solution. When solving the problem the two gradually move 
towardss each other, and finally meet. 
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6.66 Describing problem solving 

Problemm solving can be described as a series of updates (both reactive and proactive) and epistemic 
tests,, together with some flow of control. An agents starts problem solving with an initial solution 
state,, containing all possible solutions and by successive state changes ends in a state in which 
thee criterion of the problem is accepted. In the description of a problem solving method for the 
problemm one can use the criterion to come up with a method. We will give some examples of how 
thiss works in the next section. A criterion is an epistemic test and may give hints how to reach a 
statee which satisfies it. 

6.6.11 Example: three classification criteri a 

Inn order to illustrate the notions explained above for a knowledge intensive task, we will describe 
threee types of classification problems. It will be shown how an update system can be tailored to 
meett the requirements of each classification criterion. This will enable one to make systematic 
comparisonss between them. 

Forr each problem a simple method will be given. These methods will emerge quite naturally 
fromm the description of the criterion in an update system. Since updates and tests already provide 
somee basic problem solving behaviour one often only needs to identify some iterations. For these 
proactivee updates can be used. It will be shown that the nature of these proactive updates will 
differr among criteria. 

Preliminaries s 

Thee goal of classification is to identify an object which is described by observations, as belonging 
too a certain class. The task ontology describes the vocabulary in which classification problems can 
bee formulated. A detailed description of this vocabulary was given in chapter 4. 

Next,, we choose a simple propositional representation. Observations are atomic propositions 
off  the form attribute=value . The knowledge which expresses that an attribute can have only one 
valuee is left implicit. The same representation for classification was used in chapter 3. 

Classs definitions are sentences in which a class implies conjunctions of attributes and value 
pairs.. As an example consider the following class definition: 
granitee —> grainsize=large A origin=plutonic 
Observationss will be represented as attribute-value pairs, for example grainsize=small . The 
agent'ss domain knowledge consists of all class definitions. This knowledge will remain invariant 
duringg problem solving and is therefore a static part of the agents knowledge state. The dynamic 
partt of the agent,s knowledge state, its solution space, is built from the set of classes. 

Iff  C is the set of all classes then its powerset p(C) generates all possible sets of classes. As in 
updatee semantics these sets will serve as models. The dynamic knowledge forms the variant part 
off  the knowledge state. The solution space will be used to keep track of changes over states. 

Thee minimal knowledge state is given by the powerset of all atomic sentences of the language. . 
Thiss has to be updated with the domain theory , to arrive at the initial state. Let DT be the domain 
theoryy and W the minimal knowledge state. Then the state which captures the domain theory is 
givenn by W[DT}. 



86 6 Chapterr 6 

Thee solution state of the minimal state W is given by p(C). If the domain theory DT contains 
knowledgee which excludes certain combinations of solutions then these are not part of the solution 
statee associated with W[DT] . 

Ass an example, consider a domain theory DT with three very simple class definitions in the 
domainn of igneous rocks . 
granitee —• grainsize=large A origin=plutonic 
basaltt —> grainsize=small A origin=volcanic 
dioritee —> grainsize=medium A origin=plutonic 

Thesee are part of the static part of the agent's knowledge state. The state also contains addi
tionall (static) knowledge expressing that identical attributes with different values are contradictory. 

Thee dynamic knowledge is formed by possible solutions, and is represented as a solution state. 
Thee type of solutions is a class. In this example there are only three: granite, basalt and diorite 
whichh we abbreviate as g, b, and d. The minimal solution state, associated with the minimal state 
W,W, is simply the powerset of all classes: 
p{g.p{g. 6, d) = {{g, 6, d}, {g, 6}, {g. d}. {b. d}, {g}. {b}. {d}, 0}. 

Thee world {g, b. d] d] expresses the possibility that granite, basalt and diorite are solutions simul
taneously.. In this example the domain theory, together with the constraint that identical attributes 
mayy have no different values, excludes some of these worlds. 

Thee solution state with respect to the the initial knowledge state a — W[DT] then becomes: 

^  ̂ = {{gh{b},{d},0} 

Inn words this solution state tells us that either granite, basalt or diorite may form a solution, 
orr that there is none. Observations are represented like the av-pairs which occur in the class 
definitions.. Every observation enters the knowledge state as an update. Consider the observation 
origin=plutonic.. As we update the solution state as with this observation, we get cr,,[origin=plutonic 

]] = {{f l} ,{d},0}-
Thee update has eliminated one possible world, being {basalt} . It is eliminated because ori-

gin=volcanicc , occurring in the class definition, is contradicting the observation. 

Weakk classification 

Thee criterion of weak classification can be stated as: a class is a solution if and only if it is 
consistentt with the observations. 

AA class is consistent with an attribute when either one of the following two options hold: 

1.. The attribute as given by the observation does not have a value in the class definition. 

2.. The attribute value pair matches that of the class definition. 

Inn order to deal with the first option an 'undefined' value has to be given to attributes which 
doo not have a value in classes. The reason for introducing such a value has to do with the maximal 
consistencyy of the worlds that form a knowledge state: absence of an atomic proposition in a world 
iss interpreted as its negation. 

Theree are several ways to deal with undefined attributes. One is to incorporate it into the 
domainn knowledge and state that its occurrence implies the disjunction of all other values of the 
attribute. . 
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Anotherr way is to check for undefined attributes in the method itself. When we update an 
observationn to a knowledge state we lose the classes which are undefined for the attribute in the 
observation.. In order to prevent this we update with the disjunction of the observation and its 
undefinedd variant. Notice that this mirrors the two options listed above. 

Lett a=v be an observation, c a class and o the knowledge state containing the class definitions. 
Beloww we state three equivalent formulations of the criterion for weak classification: 

cr[a=vv V a=undefined ] [c] ^ 0 o (1) 
aa Ih 0(cA (a=v V a=undefined )) o (2) 
er[a=vv V a=undefined ] Ih Oc (3) 

Thee first formulation (1) states that a class c is a solution if we update a with the observation 
(inn disjunction with the undefined value) followed by an update of c then the result should not 
leadd to the absurd state. The second formulation (2) puts this in the form of an epistemic test 0-
Thee test is accepted (succeeds) when the conjunction of c and the observation passes the test with 
respectt to a. The final equivalent way of putting this (3) chooses to update the observation and 
testt the class c for consistency. 

Rememberr that solution states contain possible worlds of classes. A class (an atomic propo-
sition)) is consistent with respect to a state iff it is in at least one world. Hence, after having 
updatedd the observations the union of all worlds of the resulting state contains all classes which 
aree consistent. 

Formulationn (1) suggest to update the observation (with the disjunction of an undefined alter-
native)) followed by a proactive update of a class. When this last update succeeds the class selected 
inn the proactive update is a solution. The second formulation (2) does not mention updates. It de-
finesfines the criterion entirely as a test for consistency. The third (3) suggests to update the observation 
andd test a particular class. 

Observationss are seen here as providing information to the agent about the outside world and 
thereforee they lead to reactive updates. Hence, when choosing one of the three formulations we 
preferr formulations (1) and (3) rather than (2), because in (2) the observations are not updated. 
Inn addition, we let the agent select a class which it will test for being a solution proactively. 
Formulationn (3) expresses this most clearly. 

Thee three formulations of the criterion are logically equivalent but can also be interpreted as 
havingg a distinct procedural meaning. One can look at such formulations as a high-level, initial 
descriptionn of a method. Viewing formulation (3) as a high-level specification of a method, it turns 
outt to be a variant of the select-and-test method, presented earlier in the Master Mind example. 
Heree the test part takes the shape of a test for consistency of the selected class. 

However,, note that no matter which class is selected proactively, all will pass the test. Since 
everyy proactive update is consistent the test becomes redundant. Observations will reduce the 
solutionn state, removing inconsistent classes with every update. Hence, weak classification can 
bee seen as a purely informational or reactive method, where no decisions have to be made by the 
agent.. When only one solution must be produced the agent may choose one proactively. Still, the 
criterionn of weak classification allows any choice from the solutions found so far. 

Note,, that in the depiction of the method in figure 6.5 a few assumptions are made. First, it is 
assumedd that updating the observations never leads to the absurd state - i.e. a contradiction. This 
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solutionn stale 

Figuree 6.5 
AA schematic representation of weak classification, producing one solution. 

iss a fair assumption and should be part of a classification task ontology. A second assumption is 
thatt after updating the observations a state is reached with at least one candidate solution. If this 
assumptionn is dropped the method should halt whenever this occurs. 

6.6.22 Weak classification with preferred solutions 

Thee criterion of weak classification defines a solution to a classification problem as a class which 
iss consistent with the observations. The problem can be strengthened somewhat by adding knowl-
edgee of preferred solutions in combination with observations. This knowledge wil l be of the form: 
(fobs(fobs is observed then class will  be preferred. 

Wee wil l show how this can be modelled in the update system just described. We consider 

againn the example knowledge base of class definitions: 

granitee -» grainsize=large A origin=plutonic 
basaltt —» grainsize=small A origin=volcanic 
dioritee —> grainsize=medium A origin=plutonic 

Inn addition we add knowledge about preferred solutions. We like to express that when some 
observationss are made some classes are preferred to others. For example: if the origin is plutonic 
wee prefer granite to diorite (and other plutonic rocks). This can be represented by using the n 
operatorr from section 6.4.3. The resulting expression then becomes: n(origin=plutonic —> granite 

)
Too see what the knowledge states look like for this type of classification, consider the knowl-

edgee state containing the class definitions and this one sentence. 
origin=plutonicc —> granite is equivalent to -i origin=plutonic v granite . Hence all worlds 

containingg granite or lacking origin=plutonic are optimal in the new state. When no observations 
aree made we want all classes to be equally preferred. When origin=plutonic is observed and 
updatedd to the state we want granite to be the most preferred class. 

Logically,, as a result of the update with origin=plutonic , all optimal worlds of the new state 
wil ll  contain granite . Notice also that when origin=volcanic is observed (and updated) instead, 
thenn by using the class definitions all worlds containing granite are removed from the knowledge 
state,, just as in weak classification. This is because the same attributes with different values are 
definedd as being inconsistent. 

Thee most preferred class in a given state a can be described as the one which occurs in all 
optimall  worlds of a. This can be tested by making use of the operator p. Remember that the test 
p(4>)p(4>) succeeds with respect to a state a when <j>  occurs in all optimal worlds in o. If after updating 
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Figuree 6.6 
AA method for weak classification with preferential knowledge. 

thee knowledge state with the observations p(c) is accepted for some class c then this class is both 
consistentt and most preferred. 

Thee criterion for classification with preferred solutions can then be put as follows: 

orr equivalently: 
<x[a=vv Va=undefined ] lh p(c) 

<r[a=vv Va=undefined ][p(c)] = a 

Fromm this criterion we can again formulate a method. A method description is given in figure 
6.6.. It starts off similar to the one for weak classification, updating observations as they are 
made.. However, notice that here the worlds in each knowledge state are ordered by the preferential 
knowledgee and that we are working in a different update system. Updating observations removes 
somee solutions, exactly like in weak classification. Next, a proactive update is made to a state 
containingg all optimal worlds. This reflects the part in the criterion which mentions the p operator. 

Thiss update is labelled proactive in figure 6.6. Selecting all optimal worlds is not an indeter-
ministicc operation in the logical sense but what counts as an optimal world is a non-monotonic in 
thee following sense: if W\ ... wn are optimal worlds of a then they are not necessarily optimal in 
aa state a' = a{4>]  where a[4>]  is an informative update. 

Forr example, consider an agent making all observations first and then proactively selecting 
alll  optimal worlds of the current state. For example, in the case of medical diagnosis a physician 
mayy select a number of most preferred diagnoses on the basis of a number of observations. When 
neww information comes in after this selection has been made, the agent has to backtrack to the 
previouss state, update the new information and select the optimal worlds again. This possibility of 
backtrackingg is not shown in the figure. It is assumed here that all observations have been made. 

AA class is a solution if it occurs in all worlds of this new state. The next move is then to 
choosee a single class from a world and use it as a proactive update. The new state contains a single 
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solutionn class and satisfies the criterion. 

6.6.33 Classification with inconsistent observations 

AA third classification criterion which will be described here, deals with handling inconsistent ob-
servationss with respect to class definitions. In classification problems it frequently occurs that no 
classs is consistent with all observations. In such situations it could be desirable to return the class 
whichh has the least number of inconsistent attributes relative to the observations made. 

Severall  variations on such criteria exist. These are described in chapter 4. For example, one 
couldd demand that some av-pairs should always be consistent whereas others are allowed to be 
inconsistentt with respect to the observations. We will not go into the details of such alternative 
criteriaa here. However, we would like to make clear that they can be described in an update system 
veryy similar to the one explained above. 

Thee first point to note is that the criterion which describes the class with the least inconsistent 
attributess as the solution, defines another preference structure. One can partially order all classes 
inn such a way that classes with more inconsistent attributes are more minimal than those which 
havee less. Finding a solution means to return the minimal element in this preferential ordering. 

Thee second point is that this preference structure is dynamic and changes as more observations 
aree updated to the state. This is different from the preferential structure in the previous classifica-
tionn criterion we discussed. There the preference structure was given by preferences in the domain 
knowledgee and remained static during problem solving. 

AA crude method for finding a class which has the least inconsistent attributes can be described 
ass follows: 
Iff  Obs — obs\ ., . obsn are the observations than first a class c is looked for such that {r }  U 
{obs{{obs{ . .. obsn}  is consistent. If there is one, c is a solution. If not it is checked whether there is 
aa v for which {c} U Obs ~ {o6.s,}(for some observation obs ( ) < / '< n) is consistent. If still a 
solutionn has not been found {c} U Obs ~ {obs,.obsj}(0 < i.j < n and i  ̂ j) etc. 

Ass we have seen above, in update semantics one can describe a system in which the worlds are 
ordered.. The update system with the operators Op, n and n can be used to describe this method. 

Too do this we represent the class definitions simply as implications. When an observation is 
madee it is updated to the knowledge state. However when obs is an observation and a a state then 
wee update obs to a as a[n(obs)]. The n-operator results in an ordering of worlds within the state 
suchh that those worlds in which obs occurs are preferred to those which do not contain obs. A 
classs is consistent with all observations made in this manner if it is consistent in the state formed 
byy all optimal worlds (which are also normal worlds at this stage). 

Iff  there is no such class, the state should be updated in such a way that all optimal worlds are 
removedd from the state. Again it is checked whether a class is consistent in the optimal worlds. If 
nott the process repeats itself. 

Ass an example consider again the definitions of igneous rocks: 
granitee -*  grainsize=large A origin=plutonic 
basaltt —» grainsize=small A origin=volcanic 
dioritee — grainsize=medium A origin=plutonic 

Iff  n(origin=plutonic ) is updated then a preference for worlds containing origin=plutonic is 
realized.. This does not mean that for example, granite is true in all optimal worlds. However it 
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doess mean that are some optimal worlds in which granite occurs. The same is true for diorite but 
nott for basalt. 

Too test whether a class occurs in an optimal worlds one can make use of the operator Op(c), 
definedd in section 6.4.3. Now, suppose the observation grainsize=tiny is made. This is updated as 
n(grainsize=tiny).. At this stage none of the three rocks occur in any of the optimal worlds. 

Forr example, granite implies grainsize=large which is contradictory to grainsize=tiny which 
iss true in all optimal worlds. However, both granite and diorite are still preferable to basalt since 
theyy are consistent in worlds higher up in the ordering. 

Thee criterion for this problem variation can be expressed by using the p operator which is used 
too test whether classes occur in some optimal worlds. cr[a=v Va=undefined ] Ih Op(c) 
orr equivalently: 

<r[a=vv Va=undefined ][p(c)] / 0 

Note,, that this is criterion is similar to the previous classification criterion: classification with 
preferredd solutions. Where we used p previously we now use the weaker Op. In words: instead 
off  checking whether a class occurs in all optimal worlds we now look for a class which occurs in 
somee optimal worlds. 
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Figuree 6.7 
Classificationn for classes with least consistent attributes. 

Thee method is depicted in figure 6.7. The knowledge state gets ordered by observations which 
aree all prefixed with the n operator. The result is an ordered state. Then it is checked whether there 
aree classes such that Op(c) holds. This is shown as a test with as input the criterion. If this test 
succeedss then state is proactively updated such that the solution is produced. 

Iff  no class is present in an optimal world then the test fails and backtracking takes place. 
Optimall  worlds are now removed and the same procedure is repeated for the next optimal worlds 
etc.. until a solution has been found. 
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6.77 Classification criteria compared 

Thee last three simple examples are meant to show that problem solving behaviour follows quite 
naturallyy from the specification of the task in terms of the vocabulary of the framework. It also 
allowss for a systematic comparison between these tasks, as we wil l now show. 

Weakk classification can be described in a intuitive manner by a propositional update system 
withh an epistemic test for consistency. The static domain knowledge can be represented as is 
commonn in classification systems. The representation of a knowledge state consists of worlds 
withoutt preferential structure. The criterion of weak classification is formed by the epistemic test 
forr consistency, and updates take the role of observations. 

Solvingg a problem of weak classification can be described without any reference to proactive 
behaviourr of the agent. Al l that is needed is an update of observations to the agent's knowledge 
state.. This alone wil ! prune inconsistent classes from the solution state. Stating that weak classi-
ficationfication can be described purely reactive also means that from a knowledge level perspective the 
taskk is purely deterministic. 

Extendingg weak classification with knowledge about preferential solutions changes the repre-
sentationn of the static domain knowledge. The logically machinery changes as well and we move 
too another update system. We have shown how the p and n operators were used in the representa-
tionn of preferential domain knowledge. 

Thiss preferential structure remains static during problem solving. Observations are represented 
ass propositional updates, exactly like in weak classification. Their role is again the pruning of 
classess from the solution states. The criterion is now formed by the epistemic test for acceptance 
inn optimal worlds, p. 

Thiss system is clearly different from the one used for the normal, weak variant. Its main char-
acterizingg feature is the use of a preference ordering. This leads to changes in domain knowledge 
andd criterion. 

Thee third criterion for classification: preference for classes with least inconsistent attributes, 
alsoo makes use of a preference structure. Hence, the knowledge state is ordered here as well. But 
noo adaptations to the static domain knowledge are needed here, as compared to weak classification. 
Thee updates of observations take a different role and are no longer propositional. The criterion is 
describedd by the epistemic test Op-

Thee two last problem variations differ in the representation of the knowledge state. In "classi-
ficationfication with preferred solutions" the preference structure is static and part of the domain knowl-
edge.. In "classification with inconsistent observations", the preference structure is given by means 
off  observations and changes dynamically. 

Problem m 
WC C 
WCP P 
WCI I 

Staticc knowledge 
Classs defs. 

Classs defs. + n-prefs. 
Classs defs 

Knowledgee state 
Propositional l 

Staticallyy ordered 
Dynamicallyy ordered 

Updates s 
Obss - atoms 
Obss - atoms 
Obss - n(o) 

Criterion n 
0(c) ) 
P(c) ) 

0p(c) ) 

Tablee 6.2 
AA comparison of the example classification problem descriptions. 

Tablee 6.2 summarizes a comparison between the three classification variations. The descrip-
tionn of these examples allows one to compare different task configurations in a systematic way. 
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Eachh may require a different representation of domain knowledge, observations or criterion. And 
eachh may require a particular logic to express it. 

Inn table 6.2 weak classification is abbreviated as WC. The static part of the knowledge states 
iss formed by the definition of the classes. The formal representation of the worlds of a knowledge 
statee is by means of sets. There is no relation ordering these worlds and the underlying update 
systemm is propositional. The updates are observations and are atomic propositions. Finally the 
criterionn whether a class c is a solution is given by the epistemic test <}(c) for consistency. 

Inn this way one can compare problem variations in a systematic way. Problem descriptions 
varyy in the structure of the domain knowledge, the nature of the updates and knowledge states and 
off  course the criterion. By modifying one of these "parameters" one can describe other problem 
variationss quite easily. For example, one can provide "strong" versions of the above criteria as 
follows.. For weak classification one has to replace the test Oc with Dc, which means that c should 
bee an explanation for the observations. To see this remember that acceptance of Oc means that 
cc is present in all worlds, whereas acceptance of Oc means that c occurs in some worlds. This 
differencee can be used to express weak {consistent with the observation) and strong (implying the 
observations)) classification. 

Inn the third criteria a similar change is needed, replace Op(c) with p(c). The second criterion 
involvess a change in the static domain knowledge. In fact, one has to make sure that the preferential 
knowledgee of a class c is expressed as: 
n(a!=V!!  A . .. A aj=v, —> c) provided that the class definition of c is c —> ai=Vi A . .. A al=vl . 
Thiss "completion" is necessary to make sure that c will imply all observations when selected as a 
solution.. This is required for "strong classification" criteria, as explained in chapter 4. 

6.88 Discussion 

Thee framework presented here enables one to describe tasks and problem solving in terms of 
whatt an agent knows about problem solving. We view knowledge as a semantic notion and have 
chosenn a semantic framework for its representation. For a description of the logical machinery we 
havee made heavy use of Veltman's update semantics and adapted it in order to be able to account 
forr problem solving behaviour of a knowledge level agent. We introduced such knowledge level 
constructss as proactive updates and memory. 

Thee semantic point of view allows us lo abstract to knowledge level descriptions. To summa-
rizerize the approach we have taken, consider the following template of actions. First, when given a 
problemm we identify the type of a solution. For classification this is a class. (Its definition is part 
off  the task ontology.) Next we identify the static domain knowledge, the updates and the criterion 
off  the problem. 

Wee have shown how the specification of classification problems can lead to a description of 
problemm solving behaviour in terms of changing knowledge states. The nature of the static domain 
knowledge,, the formal structure of the knowledge states, the nature of updates and the criterion 
cann be seen as key properties in the description of a problem. With a slight abuse of vocabulary 
wee refer to such a description as "the semantics of the problem". 

Differentt requirements on a solution will lead to different tests, updates and different struc-
turedd knowledge states. We have illustrated this by looking at three classification criteria. Other 
classificationn criteria (see chapter 4) can be described in a similar way. 
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Thee framework described takes a model-based approach. In practice this means that we begin 
byy making a know ledge-level analysis of the problem, identifying the static and dynamic knowl-
edgee an agent has access to. This results in an idea of what the structure of the knowledge states 
shouldd look like. One can then choose or define update operations and describe problem solving 
inn an update system. Formally, an update system can be seen as the semantics of some logical 
language.. We have seen three illustrations of this in section 6.4.3. 

Hence,, where knowledge representation usually begins by selecting a proper representation 
language,, we start with the identification of the structure and end up with a semantic description 
off  a representation language. 

Thee framework presented here has focussed on the knowledge-level description and function-
alityy of methods. Means of making a representation of knowledge states computationally attractive 
aree topics for further study. As we have indicated, characteristic models and the use of tableaux 
aree two promising ways of pursuing this. 
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Towardss a task ontology for knowledge-intensive 
assignmentt problems 

Thiss chapter is aimed at providing a better understanding of how various 
knowledge-intensivee assignment problems can be characterized. After having 
treatedd analytical problem solving in the previous chapters, assignment prob-
lemss are examples of a synthetic problem type. In this chapter we provide some 
basicc vocabulary which can be used in the modelling of assignment problems. 

7.11 Introductio n 

Inn recent years much of the research in knowledge engineering has focussed on the construction of 
variouss ontologies. These should provide a specification of the vocabulary used in the formulation 
off  several related problems, or domains. In particular, a task-ontology comprises the specification 
off  vocabulary used to describe different problems which al belong to the same task, or problem 

type--
Buildingg a task-ontology involves an understanding of the similarities as well as the differences 

amongg problem instances within a task. Comparing and ordering various problem formulations 
shouldd be facilitated by a task-ontology. Methods for solving problem instances are themselves 
nott part of a task-ontology. However, having a good classification of problems within the task, 
onee could associate with each class a Problem Solving Method (PSM). In this way ontologies can 
bee seen as the specification of a library of PSMs. 

Inn the CommonKADS methodology [82] a distinction is made between synthetic and analytic 
tasks.. In analytic tasks the "system" the tasks operates on, exists, whereas in synthetic tasks the 
systemm is constructed [82, 71]. Diagnosis is an example of an analytic task, where the system is 
thee artefact to be diagnosed. Planning, scheduling and assignment are instances of synthetic tasks. 
Thee goal is to construct a plan, a schedule and an assignment, respectively. In this chapter we will 
presentt an ontology for assignment problems. 

Inn knowledge engineering, problems where individuals have to be assigned to locations or re-
sourcess are known as assignment problems [71]. Typically, the goal of assignment problems is 
too find a mapping (or matching) between the elements of two sets, one called subjects or compo-
nents,nents, the other resources. However, there are assignment problems in which the goal is to find a 
matchingg of individuals all belonging to a single set. In such a case there is no distinction between 
subjectssubjects and resources. 
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Thee individuals to be matched are usually described in terms of predicates and relations. Their 
descriptionn forms the bulk of the domain knowledge of the problem. Both constraints and prefer-
encess are often formulated in terms of abstract properties and types of the individuals, mentioned 
inn the domain knowledge. 

Becausee of the divers nature of knowledge-intensive assignment problems, having some un-
derstandingg in what ways they can vary can be helpful in constructing general representational 
models.. Since in knowledge-intensive assignment problems several preferences of different com-
plexityy may appear, it is worthwhile to be able to recognize the different types, and having prob-
lemm solving methods (PSMs) associated with them. A good understanding and survey of different 
typess of (subjproblems can facilitate building and maintenance of large systems. The task ontology 
wee are about to present should be helpful in recognizing different subproblems in a knowledge-
intensivee assignment problem. 

7.22 A basic task ontology for assignment problems 

Inn order to present a basic task ontology for assignment problems we make a distinction between 
thee input, the output and the invariant domain knowledge of the problem type. The input part 
off  the ontology provides a specification of the vocabulary for denoting the input structures of an 
assignmentt problem. The output consists of the type of output plus a specification of the goal. 
Thee goal is a general post-condition for the problem type. The domain knowledge consists of 
knowledgee which is specific for the domain of the problem and remains invariant during problem 
solving.. Domain knowledge plays a role in the general description of constraints, preferences, 
subjectss and resources. 

7.2.11 INPUT 

Wee call the elements which are involved in an assignment problem individuals. In many 
knowledge-intensivee assignment problems this set is partitioned in two blocks (disjoint subsets) 
andd the goal of the problem is to match elements of one subset to the other. In some problems the 
sett of individuals I is partitioned in two sets S and R such that I = S U R and S D R = 0. These 
problemss are called bipartit e matching problems. (The definition of a matching follows below.) 
AA  bipartitio n of a set S involves splitting this set into two disjoint subsets whose union results in 
5'. . 

Thee two subsets S and R of a bipartition of individuals I are usually called subjects or some-
timess components, and resources respectively. In general, one can view subjects as the elements 
whichh have to be matched, whereas resources are those elements to which subjects are matched. 
Forr instance, when employees are matched to offices [57], the employees are subjects and the 
officess are resources. 

Nott all assignment problems are bipartite. Those which are not, are called non-bipartit e 
assignmentt problems. As an example, consider a problem where one has to find pairs of persons 
whoo would like to share rooms with each other. In such a problem one cannot partition the set of 
personss in two. Every person can be assigned to another person within the set of persons (except 
him-/herself).. In general, when each individual can in principal be assigned to any other individual 
(exceptt itself) the problem is called a single set assignment problem. 
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Wee will also use some terminology reminiscent of constraint satisfaction (CS). If at some stage 
wee consider some individuals as candidates for assignment to individual x, we will refer to these 
ass the values of x. When describing a constraint, values are possible resources for a subject. The 
possiblee values of x will sometimes be referred to as the domain of x. Clearly, in a CS context 
onee could read 'variable' where we use 'subject'. 

Thee difference between the use of 'subjects' and 'resources' is often pragmatic. One usually 
talkss of assigning subjects to resources, and not the other way round. This would suggest that the 
underlyingg graph of the problem is a directed graph but this is not necessarily so. 

Thee use of resource can be misleading as it used in a different way in the description of a 
differentt task, namely scheduling. In assignment problems resources are the entities to which 
subjectss are assigned to. They can be organized into types, which may have a capacity for holding 
moree than one subject. However, this capacity is fixed and each subject will make the same 
demandd on a resource type. In scheduling problems activities are assigned to resources. But 
differentt activities may set different demands on resources, and the capacity of resources may 
changee during the problem solving process. 

Anotherr difference between assignment and scheduling problems is the notion of time. In 
schedulingg problems "resources provide a time range in which units (activities) can be occupied 
too satisfy their demands" [82]. In assignment problems time usually plays no role. However, 
thiss distinction between the two tasks can become rather vague. After all, the linear ordering of 
activitiess can be seen as just another constraint in an assignment problem. When the capacity of 
resourcess is fixed, scheduling problems can be seen as a specific type of assignment problems. 

Inn addition to subjects and resources, constraints and preferences are (invariant) parts of the 
inputt for an assignment problem. We provide some elementary, informal definitions. Later we 
wil ll  present a more elaborate definition. 

Definitionn 7.1 : A constraint is a relation between one or more individuals which needs to 
bebe satisfied. In particular a constraint limits the number of matchings between individuals. A set 
ofof constraints is called consistent when there is at least one matching which satisfies at least one 
constraintconstraint in the set. Otherwise it is inconsistent. 

Definitionn 7.2 : A preference provides a partial ordering of candidate solutions. 

Constraintss are usually represented as expressions in some formal or informal language. Their 
meaningg can be formulated as a partition of solutions in two groups: those which are acceptable 
andd those which are not. 

Ass mentioned above, the domain of an individual is a list of legal values for that individual. 
Thee same information can be represented as a constraint. However, often domains are restricted 
withoutt the use of constraints. The knowledge is then part of the domain knowledge. 

Processingg constraints may affect the domain of an individual. In the CS framework, problem 
solvingg prunes domains when processing constraints. When all constraints are processed one is 
leftt with only legal values in the domains of the variables. Every assignment of the variables to 
onee of it's legal values then constitutes a solution. Our use of 'domain' differs from the CS one in 
thatt by 'domain' we only refer to the set of legal values prior to any processing of constraints. 



98 8 Chapterr 7 

7.2.22 OUTPUT 

Itt  can be helpful to view a matching problem in terms of a graph G = {V.E). For bipartite 
assignmentt problems the set of points V' of the graph is the union of subjects S and resources R: 
VV — S U R. The lines in E connect elements from V. A matching can then be defined as follows: 

Definitio nn 7.3 : A (maximal) matching in a graph G is a (maximal) set of lines ofG in 
suchsuch a way that no two lines have a point in common. ' 

Informallyy a matching is an assignment where no two individuals can be assigned the same 
value,, and no individual can have more than one value. Of course one wants to assign as many 
individualss as possible, hence one looks for a maximal matching. The assignment of one individual 
too another is referred to as a match. A match is an element of a matching and can be treated as an 
orderedd pair. 

Inn many problem formulations resources are described as having a capacity for being matched 
too more than one subject. For example, one can assign more than one person to a room, or several 
planess to a hangar. This would conflict with the definition of a matching. However, one can always 
reformulatee such a case by replacing each resource with a capacity of ??, with n new resources each 
withh a capacity of one. In our basic ontology rooms are types of resources. Resources themselves 
cann not have a capacity of more than one. 

Thee goal of an assignment problem is to find a matching which satisfies the constraints and is 
optimall  with respect to preferences. This is a very general statement. When dealing with several 
preferences,, one needs to have a criterio n which describes which solution is ultimately preferred. 
Thee same is true for inconsistent sets of constraints. In such cases, one may want to find the 
bestt non-solution to the problem. A criterion is an expression which describes when a candidate 
solutionn is a solution for instances of the problem type. 

7.2.33 DOMAI N KNOWLEDG E 

Thee entities involved in matching usually have certain properties and relationships between 
them.. For example, when matching passengers to airplane seats, passengers smoke or not, have a 
certainn age etc. Seats are in business or economy class, near windows or not etc. 

Thiss domain knowledge can be quite extensive and is used in the formulation of constraints 
andd preferences. Subjects and resources can be classified on the basis of their properties and be 
organizedd in a hierarchy of types. 

AA type is an abstraction of individuals on the basis of one or more properties. The set of 
individualss which are of the same type is called the type's extension. By an instance of a type we 
meann a specific element of the extension of that type. 

Wee make a distinction between two sort of types: aggregations and generalizations. Ag-
gregationss are abstractions based on a 'part-of' relationship, e.g. 'room' is an aggregation of 
placess in a room. Generalizations are abstractions based on 'is-a' relationships, e.g. 'smoker' is a 
generalizationn of employees who smoke. 

Aggregationss of resources have a capacity. Typically, a capacity indicates how many resources 
aree covered by the aggregation . For example, 'room' is an aggregation of a number of places. 
Thiss number is its capacity. However, a capacity can also be a more complex expression about 
thee number of subjects which a resource type can hold. As an example, consider a large room to 

11 In the following, when we use 'matching' we mean "maximal matching'. The definition comes from Lovasz [58], 
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whichh either two researchers or one head of staff can be assigned. Such expressions refer to the 
capacityy of the resource type. We call them capacity expressions. 

Iff  one wants to talk about assigning persons to rooms, one has to deal with the capacity of the 
rooms.. Hence, a capacity of an aggregation type refers to the number of individuals in it's exten-
sion.. We assume that the administration for computing the remaining capacity of an aggregation 
typee during problem solving is part of the domain knowledge. 

Theree can be more than one way to organize individuals in a hierarchy of types. For example, 
employeess can be classified according to the role they have in an organization, or according to the 
skillss and experiences they have. A classification is therefore dependent on a viewpoint. 

Inn many cases one can think of a type as an abstract data type. Individuals are often instances 
off  such types. The exception is formed by the aggregation types. 

Al ll  constructs for modelling domain knowledge used by Schreiber et al. [82] can in principle 
bee used to describe the domain knowledge of assignment problems. Individuals can have proper-
tiess and relations among them. Constraints and preferences often make extensive use of abstracted 
types,, rather than specific individuals. 

Typess are often used to define domains for individuals. For example, a type like colour may 
containn all values (colours). The definition of a domain for an individual is also part of the domain 
knowledge.. (Notice that 'domain' in 'domain of an individual' and 'domain knowledge' has two 
differentt meanings.) 

7.2.44 A note on methods 

Inn the ontology presented here, we will not discuss problem solving methods or algorithms. The 
descriptionn of methods is not a part of a task-ontology, which is limited to a specification of the 
vocabularyy for the task description. 

Inn general, when describing methods for solving knowledge-intensive problems one usually 
makess a distinction between weak and strong methods. Strong methods are tightly linked to the 
initiall  problem formulation and are almost tailor-made for the problem instance at hand. On 
thee other hand, weak methods are more general and one often needs to cast the problem into a 
particularr representational mould first. Weak and strong methods can be viewed as two extremes 
off  a continuum. Hence, methods can be compared to each other according to their 'strength', or 
placee in this continuum. 

Thee specification of a Problem Solving Method (PSM) is usually described (roughly) in terms 
off  input, output, domain knowledge and an inference structure. The inference structure should 
specifyy some basic flow control and can be seen a template for a problem solving method of the 
task. . 

Thee ontology presented in this chapter will sometimes be similar to the representations used 
inn Constrain Satisfaction (CS) [63, 12, 33, 96]. We regard CS as a powerful, (weak) method for 
solvingg many constraint-based assignment problems. We will focus on the representational aspect 
off  such problems, instead of how to specify the different methods for solving them. 

Inn the literature, the CS framework has been extended to partial constraint satisfaction [33] 
andd Generalized Constraints [16]. We will treat these, particularly the last one, extensively below. 

Anotherr class of methods (or algorithms) can be found in the literature for Stable Marriage 
Problems.. (The best reference is Gusfield & Irving [39] which describes the history of the problem, 
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andd provides algorithms and a formal analysis of many variations of the problem.) We wil l treat 

Stablee Marriage Problems here, but algorithms for solving them are out of the scope of this chapter. 
Methodss for Stable Marriage Problems can be considered strong, rather than weak. The rep-

resentationn of the problem is tightly coupled to the algorithms used to solve them. 

7.33 A basic classif ication of assignment problems 

Onn the basis of the ontology represented above, one can begin to make some distinctions regarding 
thee nature of some assignment problems. First, we present a formal definition of an assignment 
problem. . 

Definitio nn 7.4 : An assignment problem is a tuple (I. C. P. D), where I is a set of individ-
uals,uals, C us set of constraints, P a set of preferences and D the domain knowledge. The goal of the 
problemproblem is to find a matching M such that it is a maximal matching on I, satisfies all constraints 
CC and is most preferred according to the preferences in P. Note that the constraints in C and 
preferencespreferences in P may refer to knowledge in the domain knowledge D, 

AA first classification of assignment problems is based on the nature of the matching, and is the 
onee between bipartite and non-bipartite problems. A second distinction, to be described here, is 
basedd on the nature on the set of preferences and is the one between one- and two-sided problems. 
Wee now describe these two problem classes in detail. 

•• Bipartite and non-bipartite problems. 

Ass remarked above for some problems the set of individuals can be partitioned into two 
subsetss S (subjects) and R (resources) and matchings consists of pairs (s. r), s 6 S. r £ R. 
Suchh problems are called bipartit e assignment problems. When we consider an assign
mentt problem, and ignore the constraints and preferences, then a problem is completely 
bipartitee if every element from S can be assigned to any element from R and to no others. 
However,, often the candidate matches for an element .s are constrained to a subset dom of 
R.R. In that case dom is the domain of the element s. 

Non-bipartit ee assignment problems are those problems for which the matching is not nec
essarilyy across a bipartition of the individuals. In the ideal case every individual can be 
matchedd to any other individual, except itself. Such problems are called single-set assign-
mentt  problems. Here the domain of any individual is the set of all individuals minus itself. 
Hence,, every individual is part of all domains except its own. With some abuse of vocab
ularyy we can say that in a non-bipartite assignment problem, all individuals play both the 
roless of subjects and resources. 

Likee the ideal bipartite case, one can strengthen single set problems by introducing more 
restrictivee domains. In that case the domain of individuals can be restricted to a subset of 

thee set of individuals. 

Inn knowledge-intensive settings single-set assignment problems often occur as subproblems. 
Forr example, consider a problem where students have to be assigned to rooms. Each rooms 
cann contain two students. Assume there are several constraints and preferences that have 
too be met. Instead of assigning students to rooms one could also form pairs of students. 
Whenn pairs are formed in accordance with the constraints and preferences, these can then 
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bee assigned in random order to rooms. This subproblem of finding groups (in this case pairs) 
iss known as grouping. Grouping involves finding a matching within one set of individuals. 

•• One and two-sided problems. 

Anotherr general distinction is based on the nature of the set of preferences. Assignment 
problemss can be divided into two categories: one-sided and two-sided problems. 

Inn two-sided problems individuals express preferences for each other. For example, when 
assigningg males to females for a dating service, both males can have preferences for females, 
andd females for males. In a sense the preferences go in two directions: from males to females 
andd vice versa. 

Inn one-sided problems preferences go in one direction. Some individuals have preferences 
forr others, whilst the ones which are subject of a preference are completely indifferent . An 
individuall x is indifferent towards other individuals y\ ... yn when there is no preference 
whichh expresses any yt as a preferred match above the others. By 'completely indifferent1 

wee mean that no value of the domain of x is preferred above the other. 

Thee distinction does not hold for constraints. They declare some matches to be unaccept-
able.able. It is easy to see that a two-sided constraint problem can be reformulated into a one
sidedd one. Consider a two-sided constraint problem with an individual x with acceptable 
matchess a. b. c. Because of the two-sided nature of the problem a, b and c may also declare 
whetherr x is acceptable to them or not. Suppose that a does not find x acceptable. Then we 
cann reformulate this as a one-sided problem with a constraint which declares that a is not 
acceptablee to x. Hence, it does not make much sense to speak about two-sided constraint 
problems. . 

Thee distinction between one- and two-sided preferential problems can best be seen when 
thee preferences are personal. A personal preference of an individual x is one which can 
bee expressed as an ordered list of the domain of x. The order of the list then is interpreted 
ass the preference of a match for x. For example, males can express their preference for a 
matchh with a female, by supplying an ordered list of females. And females can do the same 
forr men. 

Onn the basis of these two general distinctions one can categorize assignment problems into 
fourr categories: (1) bipartite and one-sided, (2) bipartite and two-sided, (3) non-bipartite and two-
sided,, and (4) non-bipartite and one-sided. We will give examples of problems for each of these 
categories. . 

1.. As a typical example of bipartite, one-sided problems we will take the office assignment 
problemm of the Sisyphus I experiment [57]. (We will treat this example in detail in sec
tionn 7.9.) Here employees had to be assigned to offices. Hence, the set of individuals is 
bi-partitionedd into a set of subjects (employees) and resources (places in offices). The pref
erencess mentioned in this example are all one-sided. 

Inn bipartite, one-sided problems preferences are often introduced as a way of dealing with 
inconsistencyy or overconstrained problems. Preferences are often attempts to maximize an 
unsatisfiablee constraint. When they appear in problems, preferences are often not wishes of 
individuals,, but orderings of candidate solutions. 
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AA textbook example of a bi-partite. two-sided problem, is the Stable Marriage Problem [39]. 
Inn the standard case the set of individuals is bi-partitioned in n males and n females. Each 
malee and each female express their preferences for a partner in a preference list. 

Thesee lists are complete, in the sense that each male ranks all females in his list, and each 
femalee ranks all males in her list. Matches (male/female pairs) have to be formed in such a 
mannerr that all matches are stable. The standard notion of stability says that a matching is 
stablestable when no two pairs which are not partners prefer each other to their current match. In 
otherr words, a couple a. b is not stable when the potential partners which a prefers to b, do 
preferr a to their current partner. (The same reasoning applies to b.) So a marriage is stable 
whenn neither male or female can persuade another partner to break up and and form a better 
marriage. . 

Ass an example consider the following preference lists for males M = {a. b. c} and females 
F=F=  {A.B.C}. 

a: : 
b: : 

c: : 

ABC C 
ABC C 
BCA A 

A: : 
B: : 
C: : 

bac c 
acb b 
abc c 

Malee a prefers female .4 to D and C. Female A prefers b. The matching {aC. !>B. cA} is 
nott stable because a and B prefer each other to their current matches C and b. The matching 
{aB.bA.t-C}{aB.bA.t-C} is stable. 

Ann example of a two-sided, non bipartite assignment problem is the Stable Roommate Prob-
lemm (SRP) [39]. In fact, this is a generalization of the Stable Marriage Problem (SMP) and 
thee representation of both problems is very similar. 

Inn the Stable Roommate Problem the goal is to form pairs of persons (roommates) in such a 
wayy that the pairs are stable. Pairs are stable in the same sense as marriages are in the SMP. 
AA matching is stable when no two persons prefer each other to their current roommate. 

Thee difference with SMPs is that in SRPs each person has a preference list which ranks all 
otherr persons in order of preference. In other words: there is no bipartition of individuals, 
likee males and females. As an example consider the following SRP: There are four persons 
a.a. b. c. d with the following preference lists. 

a: : 
b: : 
c: : 
d: : 

c c 
a a 
b b 

a a 

b b 
c c 
a a 

b b 

d d 
d d 
d d 

c c 

Thee goal is to find stable pairs of roommates such that every person is part of a pair. This 
problemm is an example of a single-set problem since every individual (person) can in prin-
cipall  be assigned to any other individual except itself. 

SRPss are clearly similar to SMPs. In both types of problems preferences are personal and 
two-sided.. SMPs are bi-partite problems, whereas SRPs are non-bipartite, and single set. 
SMPss can be formulated as Stable Roommate Problems (SRPs), but they form a clearly 
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distinguishedd class. For SMPs algorithms exist which always produce a stable matching. 
Thiss is not guaranteed for SRPs. In fact, the problem instance presented above has no 
solution.. Hence, all SMPs have a solution, whereas some SRPs have not [39]. 

4.. An example of a one-sided SRP can be given by allowing only a single person to a have 
aa preference list. This makes the problem trivial. However, since the problem is a single 
sett problem there can be no other person with a preference list without given up the one-
sidednesss of the problem. This is so, because in a single set problem a persons preference 
listt contains all persons except him-/herself. And when two persons have a preference list 
theyy both are owners of a preference list and are part of one. This makes the problem a 
two-sidedd problem. 

One-sidedd SRPs (and SMPs) make not much sense anyway, since the stability criterion is 
basedd on two-sidedness. In general, problems which are both one-sided and non-bipartite 
aree either trivial or collapse into bipartite problems. Problems with only a single person 
allowedd to have a preference list are trivial. 

Iff  one restricts preference lists to range over a subset of all individuals, more than one 
personn can have a list, but then the problem becomes bipartite. The reason for this is that 
one-sidednesss imposes a bipartition itself. One-sidedness of preferences involves a partition 
off  the set of individuals into those which have a preference and those which are subject of 
preference.. It is clear that matches will always be made between elements of both these sets, 
andd hence the problem is bipartite. 

Itt may also happen that in a one-sided problem there are individuals which are neither sub-
jectt of a preference or object of a preference, and therefore fall into a third subset. These 
individualss can, trivially, be assigned to each other. 

7.44 Constraints and preferences 

Thee above classification was based on general characteristics of assignment problems. Next, we 
wil ll  proceed by focussing on the nature of constraints and preferences themselves. We will show 
thatt preferences can be seen as generalizations of constraints. In this section we first present the 
ideass put forward by Brewka et al [16]. In the next section we will show how this can be linked to 
thee ontology described above. 

7.4.11 Overconstrained problems 

Considerr assignment problems in which one is given a set of constraints and the criterion that a 
matchingg is a solution when it satisfies all the constraints. In this case it can very well happen that 
theree are no solutions to the problem. In other words: a solution which satisfies all constraints for 
aa given problem might not exist. In that case the problem is said to be overconstrained, and the 
sett of constraints inconsistent. 

Inn general, there are two approaches for dealing with this. One is to look for the best non-
solution,solution, the other is to redefine, or extend the definition of a constraint. Basically, these ap-
proachess amount to the same, but lead to different terminology. We will first show how one can 
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deall  with overconstrained problems by picking the best non-solution. Then we change the defini-
tionn of constraint accordingly, namely in such a way that it includes preferences. 

Onee approach for solving overconstrained problems is to make a distinction between those 
constraintss which have to be satisfied and those which should preferably but not necessarily be 
satisfied.. The first category usually contains so-called hard constraints, the second soft con-
straints.. The use of this distinction is strongly connected with the criterion that one wants a 
solutionn which satisfies all hard constraints and as many soft constraints as possible. 

Inn fact, distinguishing between hard and soft constraints is an instance of the general approach 
off  ordering all maximal consistent subsets of the set of all constraints. A set of constraints is 
maximall  consistent, iff it is consistent and can not be extended by adding another constraint 
withoutt given up consistency. 

Definitionn 7.5 : (Approximate solution I) Let C be a set of constraints. Let < be a strict 
partialpartial ordering on the maximal consistent subsets C\ ... Cn ofC. The most preferred solution 
ss is the one which satisfies the set of constraints which for the minimal element of this ordering 
[16]. [16]. 

Thee distinction between hard and soft constraints imposes an ordering < by demanding that 
everyy subset contains the hard constraints, and d < Cj when d contains more soft constrains 
thann Cj. 

Inn case a problem is overconstrained the hard-soft distinction allows one to deal with trouble-
somee constraints. They can be declared as 'soft' and will be pruned when they lead to unsatisfia-
bility .. However, this approach has important limitations. All soft constraints are treated with equal 
status.. There is no room to declare that some constraints are more important than others. 

Thiss can be remedied by distinguishing more than just the hard and soft categories. The set 
off  constraints C can be partitioned in a number of blocks C\ ... Cn each with an own level of 
importance.. A solution to the problem is then defined as a solution which satisfies a maximal 
consistentt subset of C\, augmented with a maximal consistent subset of C<i etc. 

Thiss approach is similar to the preferred subtheories approach of Brewka [15] in the field of 
defaultt reasoning. The main difference is that with preferred subtheories one deals with a logical 
theory,, instead of a set of constraints. In the case of preferred subtheories, the logical theory is 
partitionedd into subtheories which all represent a different degree of reliability. 

Thee approaches for dealing with overconstrained problems are described on the level of all 
availablee constraints. One picks the best non-solution after having made a distinction between 
moree and less important constraints. 

However,, this approach does not suffice for all overconstrained problems. Often one is looking 
forr the most optimal solution to a single constraint. One popular way of doing this is by count-
ingg the number of constraint violations of candidate solutions and prefer the one with the lowest 
number.. This technique is employed in partial constraint satisfaction, see Freuder [33] for details. 

Ass an example consider a constraint like "all employees should be assigned a room in de-
partmentt A". Suppose this constraint is unsatisfiable and not all employees can be assigned to 
departmentt A. In that case, one might settle for as many employees as possible, instead of all. 
Hence,, instead of disregarding a constraint like this one would like to replace it by a weaker con-
straintt of the form "As many employees as possible should assigned a room in department A" and 
preferr the solution with the largest number of employees on the department. 

Hence,, in such cases one does not order the constraints, but the solutions (matchings) them-
selves. . 



Towardss a task ontology for knowledge-intensive assignment problems 105 5 

Definitionn 7.6 : (Approximate solution 2) Let C be a set of constraints and < an ordering 
ofof the solutions of all maximal consistent subsets of C. s is an approximate solution if it is a 
<-minimal<-minimal element of this ordering. 

However,, there is still something lacking in this solution. A solution is still defined in terms 
off  maximal consistent subsets of constraints. Consider a problem where there is a choice between 
"heavily""  violating a few constraints, or "weakly" violating a superset of these. One may very 
welll  opt for violating more weaker, than fewer heavier constraints. Remedying this problem lead 
Brewkaa et al. to a new notion of constraint networks. 

7.4.22 Generalized Constraint Networks 

Brewkaa et al [16] present a generalized notion of constraint problems which defines classical 
constraintss as a limited case of a general preferential structure. By doing this, all of the ways of 
dealingg with relaxing constraints, as discussed above, can be captured in an uniform way. 

Onee has to note that the framework proposed by Brewka et al. is a generalization of the 
Constraintt Satisfaction (CS) framework. The terminology reflects this. In CS one looks for a 
valuee assignment of the elements of a set of variables. Associated with each variable is a domain 
off  values, its domain. A constraint in the CS framework can be seen as a function which maps 
eachh value assignment to true or false. The CS framework is generalized by the definition of a 
Generalizedd Constraint Network. 

Definitionn 7.7 : A Generalized Constraint Network (GCN) [16] consists of the following 
items: items: 

 V — {v\ ... vn} is a set of variables. 

 D — Ui<i<n Di ,s a s et s u c^ ^at Di is the domain oft'i 

 C — {c\... Ck} a set of generalized constraints where each generalized constraint is a strict 
partialpartial order on value assignments. 

 Comb is a combination function which, given C produces a single partial order on value 
assignments. assignments. 

Definitionn 7.8 : (Solution) Let CN = (C, V, D, Comb) be a constraint network. A value 
assignmentassignment val is a solution ofCN iff val is a minimal element of the partial order Comb(C). 

Intuitively,, this can be explained as follows: each constraint (or preference) is a judge with 
hiss own preferences for value assignments. A committee of judges will decide which of the value 
assignmentss is ultimately to be preferred above the other. This is done in accordance with a 
combinationn rule. 

Inn the classical, CS case the judges only describe their preferences as being either acceptable 
orr unacceptable. The combination rule in this case is the veto-rule: All judges have to agree a 
valuee assignment is acceptable if it is to be a solution. 

Off  course more complicated examples are possible. The combination function may take many 
forms.. One can think of assigning numerical weights to some value assignments or count the 
numberr of times a constraint is violated by a particular value assignment. Such techniques are 
usedd in partial constraint satisfaction [33]. 
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7.55 Using GCNs in the assignment ontology 

Ass remarked above, the GCN framework is a generalization of the standard Constraint Satisfaction 

approach.. Here, we want to incorporate it into the ontology for assignment problems. For this 
purposee we translate the terminology of GCNs into the vocabulary of the ontology used so far. 

Inn the GCN framework, solutions are value assignments. In assignment problems the solutions 

aree matchings. Value assignments are assignments of variables to values, and are not necessarily 
matchings,, since two variables may well have the same value. Matchings therefore correspond to 

valuee assignments with a constraint of difference, stating that all variables must have different 

values,, (The relation of constraints of difference, matchings and value assignments is used by 
Regin,, in the description of an improved CSP algorithm [75].) 

Inn CSPs the set of values and variables are distinct and hence value assignments seem only to 
referr to bi-partite matchings. We wil l come to this problem in the following subsection. 

Thee main motivation for incorporating the GCN approach in our framework is the notion of 

generalizedd constraints as orderings of value assignments. Generalized Constraints correspond to 
preferencespreferences in our ontology. We wil l use the GCN framework to provide a formal definition of the 

notionn of preference. 

Inn the following we wil l use preference as a generalization of constraint. A constraint distin-
guishess two sorts of matchings: those which are acceptable, and those which are not. This can 

bee expressed as an ordering on matchings but can also be expressed simply as a set (as is done in 
CS),, where the complement contains the unacceptable matchings. 

Thee combination function Comb in GCNs resembles the notion of criterion from the basic 

ontology.. The combination function specifies how to combine all the preferences into one prefer-
entiall  structure. In this ordering the minimal element is the preferred solution. The criterion of an 

assignmentt problem can be seen as the specification of such a function. 

7.5.11 Adjustments to the GCN framework 

Ass a generalization of the CS framework, GCNs can be used to describe bipartite, one-sided 
assignmentt problems. A bipartite, one-sided assignment problem can be represented as a GCN 
ass follows. The set of individuals is bipartitioned into subjects and resources. The subjects are 
representedd as variables, the subjects as values. A matching is a value assignment with a constraint 
off  difference. If constraints and preferences are one-sided they do not pose any problems to this 
representation.. They express which value assignments are acceptable, or preferable. 

However,, it is not immediately clear how two-sided, or non-bipartite problems can be de-

scribedd as GCNs. As an example of the problems concerning two-sided preferences, consider a 
SMP.. A set of males AI has to be matched to a set of females F and each male and female have a 
listt of individuals of the other sex in order of preference. 

Inn a GCN the preferences are orderings of value assignments (matchings, in this case). Hence, 

whenn dealing with SMPs, the preference list of each male and female must be translated in an 
orderingg of matchings. This is not difficult. Suppose a person x (male or female) has the preference 

listt a. b. c. Then x prefers all matchings where x is matched to a, to all matchings where x is 

matchedd to b. And all matchings where x is matched to b are preferred to all matchings where x is 
preferredd to c. In general, an individual x prefers matching M to M' if x prefers his match in M 
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too his match in M'. Preference lists in a SMP can therefore safely be interpreted as orderings of 
matchingss and therefore are in accordance with the GCN approach. 

However,, the GCN framework requires that the problem is represented in terms of variables 
andd values. When one tries to describe an SMP this way, one faces the choice which individuals to 
representt as variables and which as values. If males are represented as variables, then the females 
aree the values. But alternatively, one may choose to represent females as the variables and males 
ass the values. 

Theree is no clean solution to this, although one can come up with a patch: We represent 
eachh male and each female by a value and an individual. Then the following condition (or meta-
constraint)) should hold for all individuals x. If x is assigned the value d then the individual 
denotingg the same male/female as d, let's say y should be assigned the value d' which denotes the 
samee female/male as x. 

Wee can adapt the definition of GCN and make it suitable for two-sided problems like SMPs as 
follows: : 

Definitionn 7.9 : An Adapted GCN for SMPs consists of the following items: 

 A set of individuals I = {e\ .. .en} bipartioned into two equal subsets M, F. 

 A set of domains D = [Jl<i<n Di such that the domain Dj C M if ei £ F, otherwise 
DiDi  C F. Di is the domain of the individual ej. 

•• An ordering on each domain D{. 

 A combination function Comb which given the individuals and their ordered domains pro-
ducesduces an strict partial ordering on matchings. 

Thee set of individuals is partitioned into two equal sized subsets, M and F. With every 
individuall we associate an ordered domain, such that if the individual is in M (F) the domain 
iss a subset of F (M). The combination function then translates these ordered domains to an 
orderingg of matchings. 

Thiss adapted GCN is stronger than the original. We have shown how each ordered domain 
cann be seen as an ordering of matchings. But not all orderings of matchings can be represented as 
orderedd domains of individuals. (We will discuss this in the next section.) Also, every individual 
iss both represented as a domain and as a possible value. 

Thee situation for one-sided problems, like SRPs, is not very different. As we have seen these 
problemss can be safely assumed to be two-sided, and each individual will therefore have to be 
representedd both as a value and a variable. The GCN for SMPs can be made suitable for SRPs by 
givingg up the demand that the set of individuals must be bipartitioned and allowing the domains 
too be a subset of the set of individuals, excluding the owner of the domain. 

7.5.22 Preferences as ordered partition s 

Inn the ontology presented here, preferences can thus be seen as a strict partial order on matchings. 
Thiss ordering can be seen as the formalization of the preference relation. A strict partial order 
<< is an irreflexive, and transitive relation. (It is also antisymmetric which means that whenever 
xx < y and y < x then x = y.) Given a partial order, we introduce another relation ~. If < is 
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aa strict partial order then the relation ~ is defined as follows: m, ~ m3 if neither m, < rtij  nor 
m.jm.j < m, [29]. 

Wee use strict partial orders to express preference relations, like a is preferred to b. In order 
too express that a is as much preferred as b we make use of the relation ~. However, we must 
bee careful here. Obviously, x is as preferred as y is an equivalence relation (which is reflexive, 
transitivee and symmetric) but ~ does not need to be transitive as it was defined above. 

Too illustrate this point we first distinguish three types of strict partial orders. These are illus-
tratedd in figure 7.1. 

bb d f 

Figuree 7.1 
Thee partial order on the left, shows four elements linearly ordered. The middle one, shows a weak order, the right one 
aa tree. The order should be read from left to right: if (and only if) x < y then there is left-to-right path from x to y. 
xx ~ y holds when there is no left-to-right or right-to-left path between nodes x and y . 

Thesee three types are based on the nature of the relation ~. The order on the left shows 
fourr elements linearly or strictiy ordered. The relation ~ here, takes the meaning of the identity 
relation.. That is: if neither x < y nor y < x then x = y. This is not the case in the order shown 
inn the middle. Here, all six elements are connected by a line and ~ is transitive. Important for our 
purposess is that in this case we can safely interpret ~ as as preferred as y. As an example, one 
cann look at the elements a and b in figure 7.1. Clearly a ~ b holds, for there is no left-to-right or 
right-to-leftt path connecting them. Both are less preferred than all elements on the left and more 
thann those on the right. 

Thee order on the right shows a tree and here ~ can have a different meaning. In this case ~ 
iss not transitive, and therefore no equivalence relation. For example, for nodes c and d we have 
cc ~ d but also d ~ e. If ~ would be transitive we should have c ~ e but this is not the case: c and 
ee are joined by a line. Hence, in this last order we cannot interpret ~ as as preferred as but instead 
havee to resort to is incomparable with. 

Orderss for which ~ is not transitive can represent preferential relations of which knowledge 
iss only partial. For example, one may lack the knowledge whether a should be preferred to b. b 
too a or if they are equally preferred. In such a case one may decide to declare them incomparable 
[60].. Another option is to try to fill  in the absent knowledge and so force ~ to become transitive. 
Forr example, in figure 7.1 c, d and e are incomparable. If one assumes that d is preferred to e then 
thee graph becomes equivalent to the middle one. One may also make different assumptions: for 
examplee that d is preferred to ƒ and equally preferred to e. 

Inn this way every preferential ordering based on partial knowledge has an 'extension' in which 
preferentiall  knowledge is complete and all elements can be compared to each other. 
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Inn the remainder of this section we will focus on preferential orders based on complete knowl-
edgee only. In other words, we will assume that all two different matchings are either equally 
preferredd or one is preferred to the other. The types of strict partial orders for which this holds 
aree known in the literature as weak orders, and strict (or linear) orders. (Notice that there is a dif-
ferencee between strict orders, and strict partial orders. All orders discussed here are strict partial 
orders.) ) 

Definitionn 7.10 : If A is a set and < a strict partial order, and ~ is transitive, then (A, < ,) 
isis called a weak order. 

AA strict or linear order is a weak order for which ~ is the identity relation. 
Noticee that both in the case of a weak and strict order, we can safely interpret ~ as as preferred 

as.as. In the linear case, ~ is actually the identity relation and hence there are no different elements 
equallyy preferred. 

Whenn {A <) is a weak order, then we can partition A in subsets of elements which are equally 
preferred.. For example, nodes a and b in figure 7.1 are equally preferred and form a subset of the 
sett of all nodes of the graph. Hence, ~ defines a partition on the set of matchings in such a way 
thatt when x ~ y holds, x and y are in the same block (or equivalence class) of the partition. These 
blockss themselves are linearly ordered by preference [29]. When ordering matchings we will call 
thesee equivalent classes, i.e. sets of matchings which are equally preferred, categories. 

Forr strict orders the situation is simple, there are just as many categories as there are elements. 
Thiss is so because no two different elements are equally preferred in a strict order. 

Onee may characterize preferences based on the number of categories they have. Suppose that 
forr an assignment problem there are n possible matchings. As we have seen, for each classical 
constraintt there are only two categories: acceptable and unacceptable. The set of matchings for 
aa given problem is bi-partitioned in this case, and the number of categories equals two. All n 
matchingss are distributed over these and there can be at most n matchings in one of the categories. 
Iff  we consider a preference which orders all matchings in a linear fashion then the number of 
categoriess is n, each of which contains exactly one matching. 

Inn general, if we consider a preference c which imposes a weak ordering < on value as-
signments,, then the associated relation ~ gives us a partition on value assignments. The blocks 
(categories)) contain matchings which are equally preferred and the blocks themselves are linearly 
orderedd by preference. This is illustrated in figure 7.2. 

M i i 
Mi Mi Ms Ms Mi Mi 

MM 5 5 

MM 6 6 

Figuree 7.2 
Thee picture shows matchings Mi to M 6 weakly ordered. A matching is preferred to another if there is a left-to-right 
pathh from one to the other. For example Mi is preferred to M3 and Mi etc. and no matching is more preferred than 
M\M\ and A ƒ2. Equally preferred matchings, which form a category, are shown in boxes. The categories themselves are 
linearlylinearly ordered. 

Thee trick being performed here is that we transform a weak ordering of matchings to a linear 
orderingg of categories. For linear orderings of matchings no such trick is needed. In this case the 
categoriess each contain a single matching. We can thus view weak and linear ordered preferences 
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ass linear orderings of categories. 
Inn order to compare these orderings of categories we make use of the fact that categories 

aree blocks in a partition. In general, partitions of a set can be ordered by a refinement relation. 
Intuitively,, a partition P is a refinement of the partition Q (P Q Q) if P divides the set S along 
thee same lines as Q and maybe some more. 

Similarly,, one could define one preference to be a refinement of another. In that case, one has 
too take care that the order imposed on the blocks is not disturbed. 

Definitionn 7.11 : Consider two preferences p\ and P2, which weakly order the set of 
matchingsmatchings M by <i and <2 respectively. The relations ~i and ~2 express equally preferred 
matchingsmatchings for p\ and />2 respectively. The partition ~i imposes on ftl is P\, the partition ~2 
imposesimposes on ftl is P2. Preference p\ is a refinement ofp2 iff the following conditions hold: 

11 Partition P\ is a refinement of Pi: Pi Q Pi 

22 p\ preserves theorderofp2 : For each pair of matchings m. » e il ƒ if in <2 n then m <i n. 

Hencee the refinement of preferences is equal to the refinement of their associated partitions 
pluss the preservation of order. An example will illustrate this: 

Examplee 7.1 : Suppose that persons have to be assigned to departments. There is a con-
straintstraint C\ which weakly orders all matchings of persons to departments in such a way that all 
matchingsmatchings which assign 50 people or more to department A are preferred to all other matchings. 
C[C[  distinguishes two categories of matchings: 

(1)(1) Those matchings in which at least 50 people are assigned to department A. 

(2)(2) All other matchings. 

AA preference C2 distinguishes three categories of matchings, presented in preferential order: 

(1(1')') Tfto.se matchings in which at least 50 people are assigned to department A. 

(2')(2') Those matchings in which between 40 to 50 people are assigned to department A. 

(3')(3') All other matchings . 

C-2C-2 is a refinement ofC\. It partitions category (2) ofC\ into two blocks (2') and (3'). There-
forefore the two partitions are refinements. Also, if a matching M is preferred to another matching 
ftft I' according to C\ then this is also the case according to C-2-

NoticeNotice that if we define a preference C3 as: 

(2")(2") Those matchings in which between 40 to 50 people are assigned to department A. 

(I")(I")  Those matchings in which at least50people are assigned to department A. 

(3")(3") All other matchings. 

thenthen C,i is a refinement of C\, (but not of C2). Hence there are several ways of refining a 
preference. preference. 

http://Tfto.se
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Inn this manner preferences can be seen as refinements of constraints. Constraints bipartition 
thee set of matchings and distinguish acceptable the unacceptable matchings. Preferences can be 
seenn as refinements of constraints, when they respect this order but introduce new preferential 
orderingss in the acceptable and/or unacceptable categories. 

Inn practical problems the refining of preferences often occurs, not only in assignment prob-
lems.. One may start problem solving with an initial set of constraints or preferences. Afterwards 
itt may happen that too many solutions have been found. In that case one can refine the preferences 
inn such a way that one orders the solutions found thus far. Refining preferences comes down to 
'zoomingg in' on one or more categories. Matchings which are equally preferred may change status 
afterr refining, and one can become more preferred than another. The opposite, or 'zooming out', 
meanss putting categories together in such a manner that the order is not disturbed. This can be 
usefull  when too few solutions to a problem have been found. 

Inn fact, this exercise shows that one can make use of the formal aspects of the ontology to 
comee up with new classifications. Formalizing an ontology not only leads to a more precise 
understandingg of the notions involved, it also allows for new classifications on the basis of formal 
properties. . 

7.66 Representing preferences 

Inn the previous section we have discussed preferences (and constraints) as orderings of matchings. 
However,, in problem formulations preferences usually occur as expressions and in Stable Marriage 
orr Roommate Problems they occur as preference lists of individuals. 

Thee way preferences are represented differs among problems. It is therefore helpful to un-
derstandd how a formulation of constraints is related to its 'semantics' in terms of an ordering of 
matchings. . 

Wee will first discuss the preference lists of SMPs and SRPs. It will be shown which prefer-
ences,, i.e. partial orderings of matchings, can and which cannot be represented as preference lists. 
Next,, we will use this characterization to come to a notion of dependency between individuals, 
expressedd by a preference. 

7.6.11 Preference lists 

Ass was shown above, SMPs and SRPs present preferences as preference lists of individuals. In the 
standardd Stable Marriage Problem a preference list is a strict order and is complete in the sense 
thatt it mentions every individual of the opposite sex. In the standard Stable Roommate problem 
preferencee lists contain all individuals except the owner of the list. 

Variationss of these problems allow the relaxation of these requirements. By allowing partial 
listss individuals can express the unacceptance of partners by excluding them from their Hst. Using 
weakweak instead of strict ordered lists makes it possible to express ties: some potential partners are 
equallyy preferred. When two or more partners are equally preferred to an individual he or she 
iss said to be indifferent towards them. Indifference allows one to weaken a bi-partitioned, two-
sidedd problem to a bi-partitioned,, one-sided problem by declaring one side completely indifferent 
towardss the other. For example, if in the standard SMP all females are indifferent towards the men 
(butt the men not towards the women), then the resulting problem is one-sided. 
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Whenn preference lists are complete and strictly ordered then the number of categories the 

preferencee distinguishes is equal to the number of elements in the list. If the list is partial the 
numberr of categories is equal to the length of the list plus one, (because the unacceptable partners 

aree not in the list). When ties are possible one has to count the categories in the preference 

themselves:: the number of sets of partners which are equally preferred. 

Ass mentioned before, a preference list can be interpreted as an ordering of matchings: an 

individuall  x prefers matching M to M' if x prefers his/her partner in M to the one x has in M'. 

Butt not all orderings of matchings can be expressed as the preference list of an individual. 

Thosee which can be expressed this way form a special class, as we shall now show. 

Supposee we have an ordering of matchings (M. <}  and all matchings from M' C M in which 
xx is matched to a are preferred to all matchings from M" c M in which x is matched to b. In 

thatt case x prefers a to b. 

Hence,, if (and only if) we have an ordering of matchings (M. <}  and the categories of the 
preferencee can be described in terms of representative elements of assignments of x, then the 
preferencee can be represented as preference list of x. More precisely, there must be a one-to-one, 
orr isomorphic mapping between elements in the preference list and categories in the matchings 
ordering. . 

Examplee 7.2 : Consider a problem where there are two subjects x, y. x can be assigned 
toto resources a. b. c. c. d and y to a, b. Suppose there is a preferential ordering of six matchings 
MiMi  ... M6. These matchings are given in the table below. Suppose the preferential ordering is as 
follows:follows: Mi < M-2 < (Ms ~ M4) < (M5 ~ M6). Here, M:i and M4 are equally preferred and 
formform a category, so do A/5 and MQ. 

MiMi  : (x.a).(y.b) 
MM22:(x.b).(y,a) :(x.b).(y,a) 
M33 : (x.c), (y.a) 
MM44::  (x,c),(y.b) 
M-M-aa:(x,d),(y,b) :(x,d),(y,b) 
MM66 : (x. d): (y,a) 

(Here(Here (x.a) expresses that x is matched to a.) 

ThereThere are four categories in this preference order; two containing one matching and two con-
tainingtaining two matchings. They can be characterized by assignments of x, because x is assigned a 
differentdifferent value in each different category, and the same value in matchings of the same category. 
Hence,Hence, each category contains a distinct assignment of x. The strict ordered preference list of x 
denotingdenoting this ordering of matchings is a,b, c, d. 

Itt is clear that not all orderings of matchings can be described by an individuals preference 
list.. An ordering of matchings {M. <) can onlyy be represented as a strict preference list ai ... an 

off  x if each match (x. at) (1 < i < n) occurs in exactly one category of (M. <) and preserves the 
orderr of the categories. 

Theree is another way of looking at these preference lists. They can also be be characterized 
ass ordered assignments of single individuals. The preference of x only expresses what x prefers, 
withoutt consideration to the preferences of any other individual: x is indifferent about any match 
whichh does not involve x. The preferences of x are thus unrelated, or independent with respect to 
anyy other individuals preferences. 
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Thosee constraints which can be expressed as "preference" lists for individuals are exactly 
thosee which limit the domain of a single individual. Constraints order matchings in two categories 
byy definition. If in all acceptable matchings x is assigned one of the values a.b.c and in all 
unacceptablee matchings other values, then this constraint just limits the assignments of x to a, b, c. 
22 In CS terms these constraints are unary since they range over a single individual. Likewise, we 
wil ll  call preferences, which can be expressed as a preference list of one individual, unary, since 
thee entries in the preference list are independent of other individuals. 

7.6.22 Dependency in preferences 

AA  binary constraint with individuals x and y expresses that there is a dependency between x and 
y.y. This means that if we assign x some resource then this affects the choice of an assignment for 
y.y. Notice, that a dependency is not symmetric: it can happen that x is dependent on y, but y not 
onn x. 

Inn general a n-ary constraint involves the dependency of n individuals. Clearly, unary con-
straintss only involve one individual. Our aim is to generalize this notion of dependency, which is 
commonn in the CS literature, to preference lists of individuals. We propose the following defini-
tion: : 

Definitionn 7.12 : A preference list of'x is dependent on y if the occurrence of some entry in 
thethe preference list ofx depends on some assignment ofy. 

Thiss definition states that the preferences of an individual can depend on the assignment of 
anotherr individual. Strictly speaking, the fact that one searches for a matching does already express 
aa dependency. Since, a matching can be seen as a value assignment with a constraint of difference, 
assigningg one individual affects the possible assignments of others. 

Apartt from this constraint of difference, which we regard as implicit in the definition of match-
ing,, dependency does not occur in preference lists in the standard SMPs or SRPs. However, there 
iss one variation of SMPs in which mutual preference lists for two persons are used [39]. This prob-
lemm is called the hospital-residents problem with couples, and typically involves the assignment 
off  a number of residents to a (not necessarily equal) number of hospitals. The problem comes 
withh an adapted stability criterion, which we will not present here (see Gusfield and Irving [39] 
forr details). 

Thee problem is bipartite and two-sided. Both residents and hospitals express preferences for 
eachh other. Hospitals have a capacity for housing more than one resident. The interesting element 
heree is that residents may form couples and present a joint preference list. If residents x and y 
formm a couple then there is obviously a dependency between them. 

Examplee 7.3 : Consider two persons x and y and hospitals h.k, each capable of taking two 
persons.persons. In general, the joint preference list of a couple is an ordered list of ordered pairs. In this 
casecase thelistofx andy is : (h,h), (k, fc), (h,k), (k,h). A pair (h.k) represents the assignments of 
xx to h and y to k. So x and y prefer the joint assignment to h to the joint assignment to k. 

Clearly,Clearly, there is a dependency between x and y. If we assign x tok then y prefers k to h. But 
ifif  we assign x to h, then y prefers h to k. Hence y's preference for hospitals is dependent of the 

"Thee list is partial and only contains tied entries. It is the new domain of the individual x. 
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assignmentassignment of x. Similarly, x is dependent on y. 

Wee regard joint preference lists as an example of binary preferences, because they express 
thee dependency between two individuals. Also note that all the entries of an individual in a joint 
preferencee list are dependent on the assignment of another individual. In that sense the dependency 
cann be said to be total. Furthermore, if x and y have joint preference lists then x is dependent on 
yy and y on x. In that case we call the dependency between x and y mutual, or interdependent. 

Nott every preference list with a binary preference is a joint preference list. One could think of 
lists,, which are not total, in which only some entries are dependent on the assignment of another 
individual.. Such dependent entries do not have to be mutually dependent. One can think of entries 
as:: if ,r is assigned to h, y prefers k to h. Such 'conditional' preference lists are not described in 
thee SMP literature. However, they would still qualify as binary preferences in our framework. 

Inn the previous section it was shown that standard preference lists are equivalent to an ordering 
off  matchings where there is a one-to-one mapping between categories and entries in the preference 
list,, with the preservation of the order. For joint preference list a similar equivalence holds: there 
mustt be a one-to-one mapping between elements in the preference list and assignments of the 
ownerss of that list in the categories of the corresponding ordering of matchings. 

Forr the joint preference list in the above example, it means that in the corresponding ordering 
off  matchings there are four categories: one in which x and y are both matched to h, one in 
whichh they are both matched to k etc. The order of the categories should be equal to the order of 
thee entries in the preference list. It is clear that preferences are now described in terms of pairs 
becausee of the dependency between individuals. 

Finally,, we use the notion of scheme to express the dependency of a preference. (A similar 
notionn of 'scheme' for constraints is used by Dechter [22].) The scheme of a preference is a set of 
tuples,, each of the form (xi . .. J"n) such that xl is dependent on .r,-+i... .;•„. Hence, in the above 
resident-hospitall problem the scheme of the joint preference list is {(x. y), (y. .r)}. 

7.77 Combining preferences: criteri a and combination functions 

Wee have remarked that constraints order the set of matchings for a problem into two categories: 
thosee which are acceptable and those which are unacceptable. However, not all preferences which 
orderr all matchings into two categories are constraints. 

Ass an example, consider my preference for a window seat in an aeroplane. A window seat 
mayy be available and I will be most pleased, but if no such seat is available I will accept another 
one.. Hence my preference bi-partitions the set of matchings: those in which I am given a window 
seat,, and those in which I am denied one, but neither of the two contain unacceptable matchings. 

Thee interpretation that a category of matchings of a preference is unacceptable is part of the 
criterion.. The notion of criterion is used to describe when a matching is a solution. However, we 
usee it also to interpret the status of categories of preferences. 

Inn the GCN framework the combination function is defined as a function which produces a 
finalfinal strict partial ordering on matchings based on the input of all preferences. A solution then was 
definedd as a minimal element in this ordering. Strictly speaking, to arrive at a conclusion it is not 
necessaryy that the combination function produces the entire ordering, just the minimal elements, 
(orr one of them) would suffice. 
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Onee may wonder what use the other, non-minimal categories of this final ordering of matchings 
couldd have. But they can be of use when preferences are added to the problem at a later time. New 
informationn may prune all solutions found thus far, and one may use the ordering produced by the 
combinationn function to incorporate new knowledge. 

Anotherr reason why non-minimal categories (which contain sub-optimal solutions), can be 
useful,, is that some preferential knowledge is not included into the representation of the problem. 
Somee preferential knowledge may be too difficult or too expensive to capture in a formal or semi-
formall  way, and one may choose to browse the optimal as well as the sub-optimal solutions in the 
orderr presented by the combination function. 

Ass mentioned above, Brewka [16] illustrated the functionality of the combination function 
byy the simile of a system of votes. We would like to elaborate this simile and illustrate how 
preferencess can be combined. 

Firstt of all, all preferences will be represented by a judge which is given the right to object 
too a matching. The strongest objection a judge can raise is to veto the matching, and declare it 
unacceptable.. Every judge will object to matchings according to the categories of the preference 
hee represents: he will raise stronger objections when the preference of matchings decreases. 

Forr example, a constraint has two categories and it's judge will veto all matchings in the second 
category.. My preference for a window seat also has two categories, but none of the matchings is 
vetoed.. In this case the objection against a matching in which I am given a window seat is less 
thann all others. 

Howw strong the objections of a judge are for each category depends on the criterion. One can 
assignn weights to each category for each preference, representing the strength of the objection the 
judgee will raise. The combination function will then compute an ordering of matchings based on 
thesee weights. 

Onee could think of many different ways of combining preferences this way. However, there 
aree two invariants. First, judges will raise stronger objections to matchings when they appear in 
decreasingg order in the preference they represent. Second, judges will object equally strong to 
matchingss within the same category of the preference they represent. 

Whatt remains variant is the distance between categories. I may prefer Bach to Stravinsky and 
Stravinskyy to Mozart, but the difference,, or preferential distance, between my preference for Bach 
andd Beethoven is much smaller than for Beethoven and Mozart. In other words: I like Bach and 
Stravinsky,, but dislike Mozart. 

Basedd on this simile of voting judges it is not difficult to come up with a general form of 
thee combination function which should suffice for many one-sided assignment problems. All 
categoriess of each preferences are assigned numerical weights expressing the strength of objection, 
inn such a way that the two invariants hold. The combination function then simply puts every 
matchingg to the vote and adds the weighed objections. It then produces an ordering in such a way 
thatt a matching is more preferred when its objection number is smaller. 

Anotherr example of a combination function captures the criterion of stability in standard 
SMPs.. For these problems the judges representing the preference are the owners of the prefer-
encee list. A matching M is stable when no two judges which are not partners in M both object 
lesss to a match in which they are partners. In this instance no numerical weights are necessary. 
Inn fact, the majority of algorithms which solve SMPs and related problems, do not make use of 
numericall  weights. 

Weighedd combination functions have been proposed many times in the literature [12]. Usually 
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onee assigns weights to preferences instead of the categories of preferences. The reason behind this 
iss that one looks for solutions which satisfy a maximum number of constraints. Weighing systems 
likee the ones used in Partial Constraint Satisfaction [33] are exceptions to this. Here one counts the 
numberr of times a constraint is violated, and opts for the solution with the less violations. These 
violationss can be weighed and the result is a system which is similar to the one described here. 

Note,, that we have assumed here that all preferences are either weak or strict orders. In other 
wordss all matchings can be compared to each other in all preferences. When one has incomplete 
knowledgee about the preference of two matchings (if they are incomparable) then no exact weight 
cann be assigned to some categories. There are several options in this case. One could assign 
weightss with a measure of uncertainty. Alternatively, one could assign intervals of weights when 
att least the lowest and highest weight of a category is known. 

7.88 Abstract ions in preferences 

Inn initial problem formulations preferences (and constraints) are usually given as expressions rang-
ingg over individuals. In knowledge-intensive assignment problems individuals are often referred 

too in terms of their properties, relations or types. 

Inn general, two sort of types can be distinguished: aggregations and generalizations. Aggre-

gationn types involve the use of a has-part relationship, whereas generalization types make use of 
thee is-a relation. 

Forr a given domain, every type has a set of instances associated with it. This set is called the 
extensionn of the type. For example the extension of the generalization type smoker contains all 

individualss that smoke. 

Individualss and types can also have relations between them. The extension of an »-ary relation 

iss the set of n-tuples of individuals for which the relation holds. Relations can sometimes have 
propertiess as well. As an example, consider the distance between two rooms. The floor-plan can 

bee represented as a graph where the room types form the nodes and there is an edge from one 

nodee to the other if the rooms are next to each other. The length of a path from one room to the 
other,, is the distance between the rooms. In modelling terms distance is a property of a relation 

betweenn room types. With the help of the distance between rooms one can decide whether a room 
iss centrally located, or not. 

Propertiess (or features) are usually represented as attribute-value pairs. One can convert prop-

ertiess to types by defining its extension as containing all individuals which have the property. For 
example,, one can use the attribute smoker with the value true to indicate that an individual is a 

smoker.. Similarly, one can introduce a type smoker and put all smokers in its extension. 
Byy using types this way one abstracts over individuals. Abstractions are usually seen as parti-

tionss on the set of individuals. Binary properties, like smoke/non-smoke, bipartition this set. 

Preferencess can be entirely formulated in types. As an example consider the constraint "smok-

erss and non-smokers are not allowed to share a room". The types use here are smokers, non-

smokerssmokers (generalizations) and rooms (aggregation). (The reason that room is an aggregation is 

thatt it can host more than one individual.) 

Inn such preferences the use of types declares an indifference towards the assignment of in-

dividualss in the extensions. In the above constraint one does not distinguish between individual 
smokers,, non-smokers and places in the rooms. 
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Thiss property can be used to assign chunks of types, or groups instead of individuals. In the 
abovee example, when each room has two seats, then one can first form pairs of smokers and non-
smokerss and assign these. The assignment of individual persons to specific seats is irrelevant. 
Suchh grouping problems will be the subject of chapter 8. 

Inn preferences with types and dependencies the scheme of the preference can sometimes be 
expressedd in terms of types as well. Consider again the smoker/non-smoker constraint: "Smokers 
andd non-smokers are not allowed to share rooms." 

Iff  a non-smoker is assigned a place in a room then this affects the possible assignments of 
alll  other smokers. Hence every non-smoker is dependent on every smoker. And by reasoning 
similarly,, every smoker is also dependent on every non-smoker. The scheme of the preference 
thenn contains all possible pairs of smokers and non-smokers. In terms of types the scheme can be 
givenn much more elegantly as the set {(smoker, non-smoker), (non-smoker, smoker)}. 

Thiss illustrates the fact that the use of abstractions in the formulation of preferences facilitates 
ann easy and intuitive representation. 

7.99 Case study: Sisyphus I 

Inn the Sisyphus I project [57] researchers from the Knowledge Engineering community were 
invitedd to build a system which could solve an office-assignment problem according to some 
givenn criteria. Goal of the project was to compare different approaches, employed by different 
researchers,, to a knowledge-intensive problem. The results, together with the original problem 
statement,, were published in 1994 [57]. We will analyze the problem here as an example of the 
applicationn of our ontology. 

Thee problem presented was to assign a number of researchers to offices, in such a way that 
certainn constraints and preferences were respected. The official Sisyphus problem statement can 
bee seen as consisting of two parts. The first part which provides the explicit domain knowledge 
concerningg researchers and offices. Second, constraints and preferences are given implicitly in the 
formm of a think-aloud protocol by an expert. In order to formulate the constraints and preferences 
onee has to interpret the protocol. The original problem statement, including the protocol can be 
foundd in appendix A. 

7.9.11 Explicit knowledge in the Sisyphus domain 

Inn the office assignment problem of Sisyphus I, researchers have to be assigned to offices. There 
aree 15 researchers and 10 offices. Offices are represented in a floor-plan, see figure 7.3. 

Thee offices to which researchers can be assigned to, are all on one floor. The grey coloured 
roomss C5-118, C5142, C5-144 and C5-143 (see floor-plan) are not available for the assignments 
off  employees. 

Thee offices C5-117, C5-119, C5-120, C5-121, C5-122, C5-123 are large offices and can host 
twoo researchers. The others are small offices which can host only a single researcher. A large 
officee can also be used to host one head of group. 

Researcherss have a number of features and there are relations between them. As an instance 
considerr the following representation of an employee, which was part of the original problem 
description: : 



118 8 Chapterr 7 

C5-123 3 C5-122 2 C5-121 1 C5-120 0 

C5142 2 
C5-144 4 

C5-143 3 

C5-114 4 C5-115 5 C5-116 6 C5-117 7 

Figuree 7.3 
Thee floor-plan of the office assignment problem. The grey coloured offices (C5-118. C5142, C5-144 and 
C5-143)) are on a different floor and cannot be used for assigning researchers. 

Namee Werner L. 
Role=Researcher r 
Project=RESPECT T 
Smoker=NO O 
Hacker=YES S 
Works-with== Angi W, Marc M. 

Similarr representations were given for all subjects in the problem. Note that the attribute-value 
representationn is a standard way of representing domain knowledge. In fact, the subjects can be 
modelledd as instances of an abstract data type. 

Inn the Sisyphus problem statement the resources (offices) have less attributes than the subjects. 
Apartt from their capacity (capable of hosting one or two persons), information about offices is 
givenn by the floor-plan. 

Thee employees are part of a hierarchical, organizational structure. In the original problem 
statementt all the persons fulfillin g the roles in this structure are mentioned by name. One person 
iss head of the group, there is one manager and there are two secretaries. There are three large 
projectss on which multiple persons work. In addition, there are two individual projects. There are 
threee heads of projects, but only one of these projects is mentioned in the problem statement. 

Apartt from the capacity of the rooms, there are no explicit constraints or preferences in the 
problemm statement. Instead, a think aloud protocol of a wizard solving the problem is given. The 
goall  of the Sisyphus project was to build a system which could mimic this line of reasoning. There-
foree the constraints and preferences should be extracted from the protocol. In fact this knowledge 
acquisitionn process is an important step in modelling the problem. We will give an analysis of the 
protocoll  here. 
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7.9.22 Implici t knowledge: constraints and preferences 

Thee wizard starts with the assignment of the head of the group to a large central office. The 
protocoll  states: "The head of group needs a central office, so that he/she is as close as possible to 
alll  the members of the group. This should be a large office." 

Att face value this can be interpreted as the description of a preference: "The head of group 
shouldd be placed as close as possible to all the other members of the group". However, it can 
alsoo be interpreted as a much simpler constraint: "The head of group should have a large central 
office." " 

Accordingg to the wizard the assignment of the head of group is performed first because it 
restrictss the possibilities of other assignments. However, it seems that the importance of the head 
off  group is not totally irrelevant, and one could argue that the wizard performs assignments in an 
orderr which mirrors the importance of the people in the organization. 

Wee interpret this statement in the protocol first as a constraint:"The head of group should have 
aa large central office." When this appears too strong an assumption, we can refine the constraint 
too a preference, containing more than two categories. As for now, we describe the constraint as 
havingg two categories. The first one contains the matchings in which the head of the group is given 
aa central office, the other one contains all other matchings. This is illustrated in the upper half (a) 
off  figure 7.4. The bottom half (b) shows a possible refinement into more than one category. The 
"all-other-matchings""  category should be interpreted as unacceptable. 

C5-117 7 
C5-119 9 

Alll  other 
matchings s 

(a) ) 

C5-117 7 
C5-119 9 

C5-120 0 

(b) ) 

Figuree 7.4 
Thee figure shows two interpretations of the preference that the head of group (HOG) should have a large office, (a) has 
twoo categories: the preferred, left one contains matchings assigning the HOG to C5-117 or C5-117. (b) is a possible 
refinementt of (a). After C5-117 and C5-119 the preferences for assigning the HOG are C5-120 and C5-121. 

Wee have interpreted the floor-plan in figure 1 in such a way that C5-117 and C5-119 are seen 
ass large central offices. Supporting this interpretation is the fact that the wizard assigns the head of 
thee group to C5-117. Looking at the floor-plan, C5-119 seems to be a reasonable alternative. We 
notee that this constraint is unary, and hence does not involve a dependency on other individuals. 

Next,, the secretaries are assigned a room close to the head of group and the wizard remarks: 
"Bothh secretaries should work together in one large office". We interpret this as the combination 
off  a constraint (together in a large office) and a preference (close to the head of group). 

Thee constraint which states that the secretaries should work together in a large office is binary. 
Theree is an interdependency between the two secretaries and one can express this constraint as 
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aa joint preference list. However, there only two categories: large offices and small offices. The 
smalll  offices are unacceptable. It would be more interesting if the secretaries would have joint, 
personall  preferences for an office. But this knowledge is not part of the problem statement. 

Thee preference that the secretaries should be closee to the head of the group (HOG), expresses 
aa dependency between the secretaries and the head of the group. This dependency could be a 
reasonn for assigning the secretaries an office, immediately after the head of group, but this is not 
mentionedd in the protocol. 

Thee minimal number of categories of this preference is two. The set of matchings is bi-
partitionedd into those which assign the secretaries next to the head of group, and those which do 
not.. In fact, this minimal interpretation will result in a correct assignment. Another, possibility is 
too refine this constraint and distinguish categories along a measure of distance relative to the two 
centrall  offices. 

Thee first two categories of such a refined preference are shown in figure 7.5. 

HOGinC5-1177 ->C5-119 
HOGinC5-119-»C5-117 7 
HOGinC5-119^C5-120 0 

HOGG in C5-119 ^ C5-121 
HOGG in C5-1 17 ^C5-120 etc. . 

Figuree 7.5 
Thee figure shows two categories regarding the assignment of the secretaries. Their joint assignment is dependent on the 
HOG.. as is shown by a conditional statement. So. when the HOG is assigned C5-117 the secretaries will be assigned 
C5-119etc. . 

Thee first, most preferred category contains the matching in which the HOG is assigned to C5-
1177 and the secretaries C5-119. Also part of this category are the two matchings, both in which 
thee HOG is assigned to C5-119 and the secretaries to C5-117, and C5-120. The second category 
cann be described as follows: if the HOG is in C5-119 then the secretaries go to C5-121 and if the 
HOGG is in C5-117 then they go to C5-120. 

Forr the sake of simplicity, figure 7.5 only shows the dependency of the secretaries to assign-
mentss of the HOG with regard to the previous preference. If we would treat this preference in 
isolationn we would have to take into account every possible assignment of the HOG. Now we have 
limitedd its assignments to just C-l 17 andC5-l 19. 

Thee next entry in the protocol assigns the manager an office. "She must have maximal access 
too the head of group and to the secretariat. (...) she should have a centrally located office. A 
smalll  office will do." Strictly speaking, this preference is dependent on both the assignments of 
thee head of group and the secretaries. The remark in the protocol "this is the earliest point where 
thiss decision can be taken" can be interpreted as referring to the dependency of the preference. 
Sincee the assignment of the manager is dependent on the assignments of the secretaries and head 
off  group, but not vice versa, it is highly recommended to assign the manager after them. 

However,, the same expression can be interpreted in a more simple way as "The manager 
shouldd have a small central office". There are only four small offices and a minimal interpretation 
wouldd be to accept only C5-116 and reject all others. 
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Next,, the three heads of large projects are assigned a small office. It is remarked that: "The 
headss of large projects should be close to the head of group and secretariat." Again, this preference 
iss dependent on the assignments of the head of group and the secretaries. The fact that the heads 
off  large projects are assigned after the manager could be an indication that, in case of conflict, the 
managerr should be closer to the head of group and secretaries than the heads of projects. This 
wouldd mean that the manager preference has a higher weight than the heads of projects preference 
inn the final ordering of solutions, as defined by the criterion. 

Theree is no preference for assigning the heads of projects individually. No personal prefer-
encess of any of them are given. They are assigned to C5-113, C5-114 and C5-115. 

Finally,, the last eight researchers are assigned in pairs to large rooms. It is remarked that "there 
aree really no criteria for the sequence of these twin-assignments". This is typical of a grouping 
strategy,, see section 7.3 and chapter 8. Individuals are no longer assigned to a room, but pairs 
aree assigned to large rooms. The order of individual assignments is therefore immaterial. The 
contributionn of Schreiber [80] is the only one which makes use of this strategy. 

Thee assignment of these researchers to the rooms still available, is a good example of a sub-
problem.. All other individuals already have been assigned an office and the assignment of the 
researcherss is not allowed to change them. Hence, there is no longer any dependency between 
thesee researchers and any other individual, and vice versa. 

Itt is remarked that smokers and non-smokers can not share a room ("the smoker/non-smoker 
conflictt is a severe one"). We interpret this as a constraint: all matchings assigning a smoker and 
non-smokerr to a room are unacceptable, all others are acceptable. 

Alsoo it is mentioned that researchers are not eligible for a single room. This is a simple unary 
constraintt which limits the domain of all researchers to large rooms. In addition, "members of the 
samee project should not share offices. Sharing with members of other projects enhances synergy 
(...)".. The enhancement of synergy is also given as a reason for putting together researchers with 
differentt types of work. But the information about the kind of work of researchers in the problem 
statementt is limited to a works-with relation and the name of a project. 

Thiss preference for enhancement of synergy can be represented as preferring minimal viola-
tionss of a state of "perfect synergy", see figure 7.6. Such a preference is a nice example of the use 
off  Partial Constraint Satisfaction [33]. One counts the number of violations of the ideal solution 
andd prefers the matching with the smallest number. 

Inn all large rooms 
twoo projects 

Inn all large rooms 
exceptt one 

twoo projects 

Inn all large rooms 
exceptt two 

twoo projects 

Figuree 7.6 
Thee left, most preferred, category contains those matchings in which all large rooms host researchers who work on 
differentt projects. The next preferred category contains matchings to which there is one exception to this. Matchings 
withh two exceptions are in the third category etc. 

Inn order to combine the preferences we can make use of the general combination function 
describedd in section 7.7. Numerical weights can be assigned to categories for preferences, each 
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weightt expressing the strength of objection. The combination function adds all weights for each 
matchingg and orders them. The least objected matchings are solutions. 

Inn this case some categories of preferences have precedence above categories of other ones. 
Forr example, the most preferred offices for the head of group are regarded as more important than 
thee most preferred offices for researchers. This should be reflected in the distribution of weights. 
Theree is no need to assign weights to categories of constraints. This is so, because one category 
iss (by definition) labelled unacceptable, therefore the interpretation of the matchings in the other 
categoryy is always the same. 

Forr the Sisyphus problem, there are several ways to assign weights. The problem with this 
examplee is that one should build a problem solving model based on one instance of solving a 
singlesingle problem configuration. This comes down to performing induction on the basis of a single 
example.. In the Sisyphus case this can lead to a very simple problem solving model. As we 
havee seen, one can safely interpret some preferences in a minimal way and represent them as 
constraints.. In fact, the solution produced by the wizard is an element of every most preferred 
categoryy of all the preferences. In this case there is no need to assign weights and an intersection 
off  all the first categories of the preferences will produce the solution. 

Inn general, one can state that the more categories the preferences have, the harder it is to 
comee up with a nice distribution of weights. For the problem presented here, one may choose to 
representt the preferences as having just a few categories and still come up with a working model. 

7.9.33 Genera] characteristics 

Somee general characteristics of the Sisyphus office assignment problem have been summarized in 
tablee 7.1. The problem is a one-sided, bi-partite assignment problem. The subjects and resources 
aree the employees and places in offices, respectively. There are several types of researchers, mainly 
basedbased on their role in the organizational structure. This structure can be pictured as a hierarchy. 

Thee order of the assignments by the wizard in the protocol, follows the organizational struc-
ture.. The top of the hierarchy (head of group) is assigned first, the bottom (common researchers) 
last.. It seems likely that preferences regarding the top of the organizational structure have prece-
dencee above those regarding lower personnel. But this is not explicitly formulated. 

Bothh subjects and resources have attributes. Those of the subjects are explicitly given, while 
thosee of the resources (offices) must be inferred from the floor-plan. The offices (small and large) 
formm a simple hierarchy. They have either a single or double capacity for holding subjects. How-
ever,, the capacity depends on the role of the subjects in the organizational structure. Higher placed 
personnell  should be given a large room for their own use. 

Tablee 7.1 only lists the smoker/non-smoker requirement as a constraint. As we have seen, other 
preferencess can be represented as a constraint too. However, we interpret the protocol in such a 
wayy that the smoker/non-smoker one is the only one that cannot be refined. Other preferences can 
bee relaxed when needed, this one cannot. 

Theree are dependencies in the preferences, as we have already discussed. The presence of a 
subproblemm (the assignment of 8 researchers to 4 large rooms) has also been treated above. 

Finally,, the criterion can be described in terms of the simile of objecting judges. In that case 
onee would prefer the least objected matching as a solution. This criterion may use numerical 
weights,, but as we have seen, this is not strictly necessary. Of course, other criteria and combina-
tionn functions are possible for this problem. 
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Property y 
Bipartite: : 
One-sided: : 
Subjects: : 
Resources: : 
Typess of subjects: 
Hierarchyy in subject types: 
Attributess of subjects: 
Attributess of resources: 
Typess of resources: 
Hierarchyy in resource types: 
Capacityy of resource types: 
Constraints: : 
Preferences: : 
Personall  preferences of subjects: 
Dependenciess in preferences: 
Subproblem: : 
Criterion: : 
Combinationn function: 

Value e 
yes s 
yes s 
researchers s 
placess in rooms. 
researcher,, head of group, head of staff, secretary. 
yes. . 
name,, role, project, smoker, hacker, works-with. 
locationn on floor. 
offices,, small offices, large offices. 
yes. . 
dependentt on type of subject and resource. 
smoker/non-smoker r 
centrall  offices, synergy, putting different projects together. 
none. . 
onee binary, two trinary (see text). 
groupingg (see text). 
Leastt objected solution . 
Assignedd numerical weights to categories 

Tablee 7.1 
Somee general characteristics of the Sisyphus office assignment problem. 

Inspectingg the protocol, the wizard solving the problem, does not backtrack. One could see 
thiss as an indication that the problem is not as difficult as is claimed in the problem description 
[66],, which states that the wizard is the only one who ever managed to solve the problem. 

Anotherr dubious claim in the problem description is the statement that all employees "have 
theirr personal preferences (...) that had better be observed" [57]. However, as we have seen, 
preferencess are entirely based on the organizational role of the employees, not on any personal 
wish,, as is used in SMPs. Inspecting the preferences it seems unlikely that any of them would 
changee with another set of employees, provided the organizational structure and type hierarchy is 
preserved. . 

Inn this way elements from the ontology presented above can be used to analyze an assignment 
problem.. It provides a way of structuring and representing a problem description and although 
wee have not presented problem solving methods, solving the Sisyphus problem has become quite 
easy. . 

7.100 Discussion 

Inn this chapter we have presented an ontology for assignment problems that can be used to structure 
problemm descriptions of knowledge intensive assignment problems. The ontology provides insight 
regardingg the nature of assignment problems and in what respects they can differ. 

Wee have tried to capture the notions used in the description of CSPs and related problems, as 
welll  as in those used in SMPs and their variants. Central to the ontology is the idea of preference 
ass an ordering of matchings. We have generalized this idea of Brewka et al. to characterize 
preferencee lists, and the use of categories. 

Thee notion of preferential orderings does not apply to assignment problems only. In fact, many 
knowledgee intensive problems make use of preferential reasoning. Preferences occur explicitly in 
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thee knowledge representation of tasks like scheduling and design. From a formal point of view 
manyy types of non-monotonic reasoning can be seen as a form of preferential entailment, [86]. 
Therefore,, some of the things claimed here, especially those regarding weak and strict orders, 
couldd be used in other problem types as well. 

Wee did not discuss Problem Solving Methods (PSMs) for any of the problems treated here. A 
naturall  next step would be to classify known PSMs in accordance with our ontology. In this way, 
aa task ontology can be used to organize and compare methods which can be used within the range 
off  the given problem type. 

Ass an illustration of how the ontology can be used to get some grip on a problem which 
shouldd qualify as a knowledge intensive assignment problem, we have analyzed the Sisyphus 
II  experiment. The use of the ontology certainly differs from the contributions to the Sisyphus 
experimentt [57]. One of the main differences is that we started to give a formal interpretation of 
thee notions involved in the ontology. 

Wee do not claim that the ontology presented here is complete, and covers all variations of 
assignmentt problems. The ontology provides a clear analysis of assignment problems as identified 
byy Puppe [71]. A next step would be the inclusion of an ontology of methods for assignment 
problemm solving. 
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Formalizingg group assignments 

Insteadd of solving a knowledge intensive assignment problem by allocating in-
dividuall  subjects to resources, one could first group these individuals together 
andd allocate the groups to resources of the same type. Such a method seems par-
ticularlyy useful when constraints are being used that can be expressed entirely 
inn terms of equivalence relations. We show that such grouping problems can 
bee described as the search for a particular partition of the set of subjects. Con-
straintss can be divided into four basic types, each imposing particular conditions 
onn this partition. 

8.11 Introductio n 

Ann assignment task can be characterized by the goal of assigning a fixed number of elements 
(calledd subjects or components) to an equal or larger number of so-called resources [82, 71]. 
Exampless of assignment problems are assigning persons to seats in rooms, airplanes to gates, 
passengerss to seats etc. In each assignment problem the mappings from subjects to resources are 
subjectt to one or more constraints. Tn addition, solutions should be optimal with respect to a given 
numberr of preferences. 

Onn a general level there are two strategies for solving assignment problems. The first is find-
ingg the required assignments by allocating individual subjects to individual resources. The other 
involvess first forming groups of subjects, such that each group can be simultaneously assigned to 
resources.. This grouping strategy will be the focus of this chapter. 

Inn knowledge intensive assignment problems constraints often have the form of conditionals 
like:: If subjects a and b (do not) both have property C then they should (not) be assigned to a 
resourceresource of type D. Such constraints make use of abstractions (e.g. properties and types) of both 
subjectss and resources. 

Thesee constraints can be characterized in terms of equivalence relations. In this chapter we 
wil ll  give a formalization of the method of grouping subjects when constraints of this kind are used. 

Thiss chapter is structured as follows. First, we introduce grouping as a combinatorial advan-
tageouss method. This is followed by a description of abstractions in Knowledge Engineering. We 
thenn provide a formalization of abstraction in terms of partitions and equivalence relations. Next 
wee introduce four basic types of constraints that make use of abstractions, and show how they 
reducee finding a grouping to the search for a particular partition. The final section provides some 
pointss for discussion. 
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8.22 Grouping 

Knowledge-intensivee assignment problems are often formulated in terms of types or features of 
subjectss and resources. Similarly, constraints may contain general predicates over both subjects 
andd resources, which can be characterized as abstractions. 

Groupingg is the method where the assignments themselves are done in terms of these general 
constructs,, instead of individual subjects and resources. An example should clarify this process. 

Iff  persons are to be assigned to seats in rooms, then, instead of assigning each person to a seat 
individually,, grouping proceeds as follows. Rooms contain one or more seats where persons can 
bee assigned to. One can form groups of persons, similar to the distribution of seats over rooms. 
Whenn this has been done, each group can be assigned to a room of the same size. 

Fromm a combinatorial point of view grouping is more advantageous than trying to assign each 
subjectt individually. Suppose that X is a collection of n distinct objects which have to be allocated 
too k locations, such that location ? gets n, objects (1 < i < k), where n\ + 77.2 + . .. + nk —
Thee total number of ways of allocating these objects is given by: 

n! ! 

(»i ! ) (»2!)" -- K ! ) 

However,, the number of ways of partitioning a set of cardinality n consisting of p, subsets, 
eachh of cardinality n, (1 < i < k) where no two of the numbers n,- is equal is given by: 

(P i ! ) ( » i ! ) p , ( / >2 ! ) (»2 ! )P 2- - -- </*!)(»*!)" * 

Thee following example, taken from Balakrishnan [5], illustrates these formulas. 

Examplee 8.1 : The number of ways of allocating 43 persons into 7 different rooms such that 
thethe first two get 5 persons each, the next three get 6 persons each, the sixth room gets 7 persons,and 
thethe seventh 8 is: 

43! ! 
(5!)(5!}(6!)(6!)(6!)(7!)(8! ) ) 

WhenWhen 43 persons have to be divided info 7 groups such that there are 5 persons in each of 2 
groups.groups. 6 persons in each of 3 groups, 7 persons in one group and 8 in one group, the number of 
waysways is: 

43! ! 
(2!)(5!)(5!).(3!)(6!)(6!)(6!)-(7!)-(8!) ) 

Itt is clear that grouping is advantageous when there are many groups of the same size. The 
reasonn for this lies in the fact that the assignment of individual subjects within a group are immate-
rial.. This combinatorial advantage might be one of the reasons why human experts in assignment 
sometimess turn to a grouping method. For example, the think-aloud protocol of a human ex-
pertt for the persons-to-rooms assignment task in the Sisyphus I experiment suggests the use of 
groupingg [57]. In the contribution of Schreiber [81] to this experiment grouping is described and 
implemented. . 
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8.33 Abstraction 

Abstractionn is an inference which is often mentioned in the description of problem solving meth-

ods.. Clancey [17] distinguishes three types of data abstraction: 

Definitionall  abstraction Definitional abstraction involves abstraction based on "necessary fea-

turess of a concept". 

Qualitativ ee abstraction Qualitative abstraction involves the abstraction of quantitative data to 

somee qualitative category. 

Generalizationn Generalization associates a general concept out of a concept-hierarchy with the 

abstractionn data. 

Inn Clancey's description of the heuristic classification method abstraction plays a key role. In 
heuristicc classification data is first abstracted. The abstracted concepts are heuristically linked by 
domainn knowledge to other abstract concepts. As these concepts are part of a different conceptual 
hierarchy,, refinement to more specific concepts can take place. This process is shown in figure 
8.1. . 

Figuree 8.1 
Heuristicc classification. Data is abstracted (indicated by the upward pointing arrow), heuristically linked 
(indicatedd by the horizontal arrow) and subsequently refined (downward pointing arrow). 

Onee of the important features of heuristic classification is that reasoning takes place in terms 
off  abstract constructs rather then individual entities. Protocols of human problem solving often 
showw this feature. 

Groupingg can be seen in a similar way. Constraints are not formulated in terms of individuals 
butt mention abstractions like types and properties. Groups of subjects are then allocated to groups 
off  resources. A group mapping can be refined to one out of several possible mappings of individual 
subjectss to individual resources. 

8.44 Formalizing abstraction 

Althoughh abstraction plays an important role in Knowledge Engineering in general, and Problem 
Solvingg Methods in particular, its formulation has not been without controversy. As an example, 
considerr the following characterization of abstraction [14]: 
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Formally,, in abstraction the relation between the input concept and the output concept 
iss that the latter contains less attributes than the former: "irrelevant" attributes are 
abstracted.. What is relevant and what is irrelevant depends on a point of view." 

Abenn [1] has used this description to give a formalization of abstraction. He also notes that 
nott all forms of abstraction can be seen as a removal of attributes of a concept. In heuristic 
classification,, for example, abstraction is used to abstract observations. These are usually not 
representedd as concepts. 

Aben'ss formalization is in line with the idea that abstraction involves the removal of irrelevant 
attributes.. In fact, this approach is very reminiscent of pre-fregean, 19th century ideas of abstrac-
tion.. However, since the time of Frege [6] relational accounts of abstraction have evolved, instead 
off  those in terms of the ancient subject-predicate distinction. 

Onee of the major problems with seeing abstraction as the procedure of removing irrelevant 
attributess is how to decide which attributes should be removed and which not. The notion of 
'pointt of view' in the above quote summarizes this problem to a certain extent. However, it falls 
shortt of explaining the basic ideas behind abstraction. 

AA modern interpretation interprets abstractions in terms of equivalence relations and parti-
tions.. An equivalence relation ^ is a transitive, symmetric and reflexive, binary relation. When 
elementss in a set are connected by an equivalence relation they are said to be part of the same 
equivalencee class. The equivalence class of an element a, under equivalence relation « is written 
ass [o]« and is the set which contains all elements x such that a « x. If b m a, then a and b are in 
thee same equivalence class and [a]~ is the same set as [b]~. 

Equivalencee relations can also be seen as partitions of a set A. A set of subsets of A is called 
aa partitio n of A if the subsets, called blocks do not overlap and their union results in the set A. 

Thee correspondence between equivalence relations and partitions is illustrated in figure 8.2. 
Blockss of a partition correspond to equivalence classes, since equivalence classes do not overlap 
andd their union results in the complete set. If KS is an equivalence relation over the elements of set 
S,, and P is a partition of S, and each block of P corresponds to an equivalence class given by ss 
thenn ss is said to characterize the partition P of S. 

dd e f 

a b c c 

Figuree 8.2 
Thee correspondence between the equivalence classes, defined by an equivalence relation on elements (on the left) and 
blockss of a partition of the same set (on the right). The depicted equivalence relation characterizes the shown partition. 
Picturee taken from Landman [55]. 

Thee correspondence between partitions and equivalence relations is the key to understanding 
whatt abstraction is about. As an example consider the sentences in table 8.1. The sentences on the 
left-handd side make use of equivalence relations, like 'as tall as', 'as heavy as', etc. The sentences 
onn the right-hand side are identity statements which compare abstractions, like 'length', 'weight' 
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etc.. Both types of sentences are interchangeable, in the sense that they have the same meaning. 
Thee meaning of an abstraction is given by an equivalence relation over elements of a set. 

Johnn is as tall as James the length of John = the length of James 
Johnn is as heavy as James the weight of John = the weight of James 
Thee set A has as many elements as the set B the number of A's = the number of B's 

Tablee 8.1 
Sentencess on the left make use of equivalence relations. On the right abstract properties are compared.. 

Ass an example consider a set P of persons with an equivalence relation m which we will 
interprett as X is as tall as Y. The meaning of 'the length of a' is defined as the equivalence class 
off  a under «, which is [a]~. In other words, the meaning of the length of a consists of the set of 
alll  persons which are as tall as a. 

Notee that this modern notion of abstraction involves adding things together, rather than remov-
ingg them. Abstracting means considering the equivalence classes of a set, rather than its elements. 

Clancey'ss notion of qualitative abstraction can now be illustrated as follows: 
Examplee 8.2 : Consider the set of temperature values {36,3 7,38,39,40,41}. One may choose 

toto partition this set into three blocks: high fever: {40,41}, fever;{38,39}, no fever.{36,37}. 
TheThe relation x is as high a fever as y is the corresponding equivalence relation. The qualitative 
abstractionsabstractions fever, high fever and no fever are the equivalence classes. Abstract reasoning would 
involveinvolve taking the equivalence classes, fever, high fever and no fever, as entities rather than the 
temperaturetemperature values itself. 

Other,, more elaborated examples can be given, but the idea is always the same. Abstract 
classess or concepts are not formed by removing entities. Instead, the meaning of an abstract class 
iss associated with its extension. As the temperature example makes clear, this description is much 
clearerr than the idea of imposing a criterion for removing attributes. 

Hence,, every abstract property defines a partition of a set. Partitions will be quite important 
inn the pages to come and therefore we will first present some formal preliminaries on partitions in 
general. . 

8.55 Partition s as formal structures 

Inn this section we provide some basic, formal definitions. Readers familiar with the mathematics 
off  partitions can skip this section. 

Wee will first give a formal definition of a partition of a set: 
Definitionn 8.1 : A set -K — {A\.. .An} of non-empty subsets Ai C A is a partition of the 

setset A iff 

•• UlLi Ai = A (the Ai are a covering of A) 

•• Aj Pi Aj = 0 for all Ai, Aj (they are mutually disjoint) 

TheThe subsets Ai are called the blocks of the partition -K of A. 
Whenn we consider two different partitions of the same set then we can order them by a refine-

mentt  relation. 
Definitionn 8.2 : Let P and Q be partitions of the same set S. 

PP is a refinement ofQ, P C Q, iffVX € P, 3Y e Q : X C Y. Intuitively, if P and Q art 
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partitionss of set A and P is a refinement of Q then P divides the set A along the same lines as 
Q,Q, and maybe some more. As an example consider the partition with only one block, namely A 
itself.. Every other partition of A is a refinement of it. On the other extreme, consider the partition 
inn which every element of A is put in a different block. Hence, the blocks of this partition form 
singletonn subsets. It is easy to see that this partition is a refinement of every partition of A. 

Whenn P is a refinement of Q (P Q Q) then we will call Q a generalization of P. 

Twoo operations on partitions are intersection and union. Intersection is the easiest to define: 
Definitionn 8.3 : The intersection of partitions P and Q on set A is given by: 

PP n Q = {X n Y : X G P and Y G Q and X n Y ^ 0} 
Note,Note, that the intersection Pr\Q is a refinement of P and Q. Intuitively, the intersection of two 
partitionss P and Q on the same set, is the partition where each block is a non-empty intersection 
off  blocks of P and Q. One could also think of the intersection in terms of equivalence relations. 
Thee intersection of two partitions corresponds to the conjunction of the corresponding equivalence 
relations,, which is itself an equivalence relation. If a is as tall as b but both are not as tall as c, and 
bb smokes as much as c, but not as much as a, then the conjunction smokes as much and is as tall 
asas results in three different equivalence classes for a, b and c. 

Inn a similar way as the intersection, one could define the union of two partitions as the dis-
junctionn of the two corresponding equivalence relations. Unfortunately, the disjunction of two 
equivalencee relations is often not an equivalence relation. For example, suppose a is as long as 6, 
andd b smokes as much as c. Then this does not imply that a is as long as c or smokes as much as c. 
Inn other words the disjunction of two equivalence relations lacks transitivity, and therefore is not 
ann equivalence relation. The solution is as simple as it is effective: one takes the transitive closure 
off  the disjunction of the two equivalence relation [70]. The transitive closure T(R) of a relation 
RR is the set which includes all elements of R and whenever (a, b ) and (6, c) e T(R) then also 
(a.c)(a.c) eT(R). 

AA different but equivalent definition is formulated entirely in terms of blocks: 

Definitionn 8.4 : The union of P and Q (P U Q ) can be obtained as follows: Z is the 
unificationn of non-empty set of blocks X ofP and Y ofQ iff Z = UX — L)Y. All unifications of 
PP and Q can be ordered by set inclusion. The union of P and Q is the set of minimal unifications 
ofof both. Both P and Q are refinements of this partition. See Landman [55] for details and an 
introductoryintroductory example. 

Intuitively,, the union of two partitions P and Q is the minimal way of removing lines from P 
andd Q such that they are both refinements of the resulting partition. 

Thee intersection and union operations, l~l, U, can be used to combine abstract properties. For 
example,, the property of smoking and working on the same project defines a partition of a set of 
personss which is defined by the intersection of the partition for smoking and the one for working 
onn the same project. The disjunction of the properties may cause problems as we have shown 
above.. The union operation will result in the transitive closure of the properties which may not 
correspondd with the intended meaning. In that case the disjunction of the properties does not lead 
too an equivalence relation and can no longer be considered as an abstract property. In other words, 
thee union of two abstract partitions is only applicable if the disjunction of the two abstractions is 
itselff  an abstraction. 

Definitionn 8.5 : Let P be a partition of the set S\, and Q a partition of the set £2- The 
functionfunction h : Si —• S2 is an isomorphism between P and Q iff: 
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•• h is bijective (or one-on-one). 

•• For all s^Sj e Si: tfsx and s3 are together in a block ofP then h(si) and h{sj) are together 
inin a block in Q. 

 For all S{, Sj e Si: Ifh(s{) and h(s3) are together in a block in Q then s, and Sj are together 
inin a block in P. 

Inn general an isomorphism is a bijective function between two structures such that the relations 
andd operations are preserved and anti-preserved. In the case of isomorphic partitions this means 
thatt the equivalence relation is preserved and anti-preserved. 

Ass we have seen, the blocks of a partition correspond to equivalence classes under a certain 
equivalencee relation. An isomorphism on partitions can then also be seen as a one-to-one mapping 
whichh preserves (second item in the definition) and anti-preserves (third item in the definition) this 
relation. . 

Itt is not difficult to see that when two partitions are isomorphic they have the same number of 
blockss and each block from one can be mapped to an equal sized block from the other. The reverse 
iss also true: If every block from one partition can be mapped to a block of another partition with 
thee same size, the two are isomorphic. In the pages to come we will refer to isomorphic partitions 
ass sharing the same form. By the form of a partition we mean the number of blocks and the block 
sizes.. Note, that this notion is not found in the literature, since it is our own. 

8.5.11 A partitio n lattice 

Whenn discussing grouping we will make use of the fact that all partitions of a set, ordered by the 
refinementt relation, form a lattice. We will define and explain this notion here. Readers familiar 
withh lattices can safely skip this section. 

Lett A be a set and < be a partial order (a transitive, reflexive and antisymmetric relation). The 
structuree A = {A, <) is called a partial ordered set, or poset for short. If A has an element O such 
thatt O < x, for all x € A then O is called the null element or bottom element. Dually, if A has 
ann element / such that x < I, for all x e A then I is called the universal element or top element. 

Iff x and y are elements of A then an element u is called a least upper  bound (lub) if: 

(a)) u > x and u > y (u is an upper bound of x and y) 

(b)) w > x and w > y =» w > u 

Dually,, we can define the greatest lower  bound (gib) as an element v such that: 

(a)) v < x and v < y (v is a lower bound of x and y) 

(b)) w < x and w < y => w < v 

Bothh the lub and gib of a pair x and y are unique if they exist. Therefore one can define two 
operationss + and • as follows: lub(x, y) — x + y and glb(x, y) = x  y. 

Definitionn 8.6 : (First Definition) A lattice L is a poset L = {L, <) in which every element 
xx and y has a lub and a gib. 

Ass an example of a lattice consider the powerset p(A) of some set A. (p(A), C) (where C is 
thee set inclusion relation) is a lattice. The intersection n corresponds to the • operation and union 
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UU to the + operation. This lattice has a bottom and a top element, namely 0 and A. It is clear that 
00 C x and .;; C A for all x e p(.4). 

Anotherr example of a lattice is the set of all partitions of a set, ordered by the refinement 
relationn C. If A is a finite set and n is the set of all the partitions on A then (II , Q is a lattice. The 
lubb and gib operations are U and n respectively. The top and bottom element have been introduced 
above:: Every partition is a refinement of A (the top) and the singleton block partition (the bottom) 
iss a refinement of all partitions on A. 

AA lattice can be conveniently pictured as a graph. The elements of the lattice form the nodes 
andd a downward path from x to y denotes x < y. As an example consider Figure 8.3 in which the 
partitionn lattice of the set {a. b, c, d} is shown. 

Figuree 8.3 
Thee lattice of partitions on the set {a. b, c, d} ordered by the refinement relation C. P C Q is depicted by a downward 
linee from P to Q. 

Thee top element I is shown at the top of the picture, and contains as it's only block the set 
{a,, 6, c, d} itself. We will use the following notation for partitions: We write elements in the same 
blockk as a string (in which the order is immaterial) and use spaces to separate blocks. Hence the I 
partitionn is written as abed. The bottom element O is shown at the bottom and consists of the four 
blockss abed. 

Too find the union of the two partitions one locates them in the figure and follows a line upward 
too the node where they first meet. For example, the union of ab cd and ac bd (depicted on the 
extremee left and right in figure 8.3, respectively) is the I partition. To find the intersection of 
twoo partitions one follows a downward line. Hence, ab cd n ac bd = O. Notice that when 
twoo partitions, like a b cd and ab cd, are both on a downward (or upward) path, then one is a 
refinementt of the other (a b cd C ab cd). 
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Ann alternative, but equivalent definition of a lattice is to view the structure as an algebra. We 
wil ll  not prove that the two definitions are equivalent, see for example Rutherford [78] for a proof. 

Definitionn 8.7 : (Second definition) A lattice is a triple (A,+,-), where A is a set and 
++ and  are two binary operations such that the L-laws in table 8.5.1 are valid for elements 
x,y,zx,y,z .. . E A. 

LLvv:x-y:x-y = y-x L\+ : x + y = y + x 
LL22.. : x • (y • z) = (x • y)  z L2+  : x + (y + z) = (x + y) + z 
L3.L3. : x  (x + y) — x L$+ : x + (x  y) = x 
DD : x  (y + z) = x  y + x  z 

Tablee 8.2 
Thee commutative (first row), associative (second row) and absorptive laws which are valid in any lattice. The law D 
(distributivity)) is not valid in all lattices. 

Hence,, the powerset lattice mentioned above denotes an algebra (p{A), U, n) and the partition 
latticee the algebra {II, U, n). In all lattices the following three conditions are equivalent: 

xx + V — V x  y — x x < y 

Andd so in particular for partitions x, y: 

xUyy = y x n y — x xQy 

Thee reader can verify that the L laws hold for the U and n operations on partitions, where 
insteadd of + one reads U and instead of • one reads l~l. 

However,, not all lattices have the same properties. For example, all powerset lattices are 
distributivee which means that the law D in table 8.5.1 is valid. 

Partitionn lattices are not distributive (which we will not prove). This is important because it 
meanss that the corresponding algebra does not have a complement operation. 

Definitionn 8.8 : If a lattice (A, +, •} has a top I and bottom element O than x is a comple-
mentment ofy (and y ofx) iffx  y — O andx + y — I (for x, y £ A). 

Inn a powerset lattice {p(A),U, n) with finite A, the complement of a set x 6 p(A) is the set 
differencedd ~ x. So, if A — {1,2,3,4} andx = {1,2} the complement y of x is {3,4}. Here, as 
inn any distributive lattice, the complement ofx is an unique element y, and therefore corresponds 
too an operation (set-difference). Because a partition lattice lacks distributivity the complement of a 
partitionn is not necessarily unique, and therefore does not correspond to an operation (a function). 
Wee will see examples of how a partition can have more than one complement later on. 

8.66 Constraints and abstractions 

Thee subject of this chapter is the application of the mathematics of partitions to the use of abstrac
tionss in constraints in assignment problems. We will show how a grouping problem can be seen as 
searchingg the partition lattice. In particular we will limit ourselves to the analysis of four general 
constraintss which make use of abstractions. 

Inn the following we assume that the number of resources and subjects are equal. We will 
considerr four elementary formulations of such constraints. As an introductory example, consider 
thee following constraints: 
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•• People working on the same project must share rooms. 

•• Smokers and non-smokers are not allowed to share the same room. 

•• People working on the same project are not allowed to share a room. 

•• People working on different projects must share rooms. 

Thesee constraints make use of equivalence relations such as "sharing the same room", "work
ingg on the same project". They define partitions on subjects and resources. For example, the 
"room"-partitionn partitions all places into blocks, where each block corresponds to a room. In the 
samee way calling every individual a smoker or a non-smoker partitions the set of subjects (per
sons)) in two. The corresponding equivalence relation could be formulated as: "x is as much a 
smokerr as y". 

Also,, these constraints demand that all subjects which share or differ in some abstract prop
ertyy should be assigned a resource with the same/different abstract property. The four example 
constraintss above, can be seen as representing four basic types of constraints. 

Lett x. y be different subjects which should be assigned to resources. Let f(x) and f(y) be 
thee resources assigned to x and y under the assignment ƒ. The constraints we are considering 
alll mention a partition of subjects and one on resources. Let «5 be the equivalence relation on 
subjects,, which corresponds to the partition of subjects mentioned in the constraint, and ~ ^ the 
equivalencee relation corresponding to the partition of resources, also mentioned in the constraint. 
Thee basic types of constraint can then be formulated as follows (for all subjects x. y): 

(C.)) [.r]*,. = [yks. =>  [f(x)UN = [f(y)UR 

(C-2)(C-2) [xUs Ï [yUs => [f(x)UH ? [f(y)UR 

(C,)(C,) [xUs = [y]*,  =• [f{x)UH + [f(y)UR 

(C,)(C,) [.,-]«, ^ [yk , =• [ƒ(*)]*„ = [f(y)]* H 

Notee that [.r]- = [y]^ is equivalent to saying that x and y are in the same block of the partition 
underr the equivalence relation ss, i.e. they belong to the same abstract class, or share the same 
abstractt property. 

Groupingg is the method where the goal is to find a partition (or grouping) of subjects which has 
thee same form as the partition of resources. In other words: Grouping involves finding a partition 
off subjects which is isomorphic to the partition of resources. 

Whenn we have a found such a grouping, which has the same number of blocks, each of the 
samee size as a block of resources, then any block of subjects can be easily assigned to a block of 
resources.. This assignment of blocks of subjects to blocks of resources is simple: For a block of 
subjectss find a block of resources of the same size. 

Thee four elementary constraint types C\... C4, can be reformulated for grouping. Instead 
off [/(j')]=fl — [f{y))~H ' n t n e a r j o v e formulation of the above constraint types, we can read 
[x]~f,, = [y]^c- Here ^c is the equivalence relation of the wanted grouping on subjects, which 
iss isomorphic to the equivalence relation on resources ~# . 

Thee four constraints types can now entirely be formulated in terms of partitions on the set of 
subjectss S. 
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(COO [*]«„  = [yUs =• [xUc = [y]«c 

<C2)) [*]*., # [y]ass => [x]^ . ^ [j,]^ . 

(Cs)(Cs) [xUs = [yUs =» [*]*<, ^ [!,]«„ 

(C4)) [*]*.„ ^ [ y ] ^ =• [J:]%C = [yUc 

Wee will call constraints of type C\ together—'together constraints. It states that if x and y are 
togetherr in a block of the partition P ŝ ( characterized by ms) on the set of subjects S, then they 
shouldd also be together in the grouping P~G (the partition of S characterized by &c)-

Constraintss of type C2 state the reverse of C\ and will be called not-together->not-together 
constraints.. Together-^not-together constraints are of type C3. C3 expresses that subjects x and y 
whichh occur in one block should be separate in the grouping partition. 

Finally,, the not-together-^together constraints are the ones described by C4. It states that all 
subjectss which are separated must be put together in the grouping. Notice that this last constraint 
iss not very meaningful. If there are subjects in different blocks, it can (only) be satisfied by putting 
alll subjects together in one block. One might object that the natural language formulation, given 
att the start of this section, is wrongly translated into formal language. In that case, one will find 
thatt the wanted formalization is among the other three. We will provide a more thorough account 
inn section 8.9.4. 

Thee constraint types C\ ... C4 can be equivalently formulated as follows: 

(Ci)) P ŝ E P â. 

{CD{CD P Ĝ c Pvs. 

(C3)) P*s n P ĉ = O. 

(C4)) P*s = ƒ or PX(, = I. 

(Inn C3 O is the partition with singleton sets as blocks, the bottom element of the partition 
lattice.. In C4 I is the top element and is the partition with one block.) 

Wee will show that these formulations are indeed equivalent to the previous formulations of C\ 
too C\. To see the validity of C\ and C2 we will prove the following: 

Theoremm 8.1 : Consider two partitions P and Q on the same set S and the following holds: 
Ifx,yIfx,y are together in a block of P then they are together in a block ofQ. We claim that in that 
casecase P is a refinement ofQ,PC.Q. 
Proof::  Suppose not, then there must be a block B in P which is not a subset of any block in 
Q.Q. This block B must contain more than one element. Then there must be elements b\ and 62 

togetherr in B which are not together in a block in Q. Contradiction. 

Fromm this we can see that C\ can be expressed as P~ s C P~c. Regarding C2, notice that 
ii xxUsUs ^ [vUs =* k K ; ï ivUc is equivalent to: [x]~c = [y]~G =• [x]~.s - [y}~s. This proves 
thee validity of the above formulation of C2. 

Cj,Cj, is equivalent to the requirement that the result of the intersection of the two partitions on 
subjectss is a partition where each block contains exactly one element, and the disjunction of the 
twoo partitions yields the partition with one block: the set of subjects itself. We will prove the 
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followingg theorem. 

Theoremm 8.2 : Let S be a finite set and O the singleton block partition of S, Let the 
equivalenceequivalence relations %s and «c both define partitions on S, denoted by P ŝ and P~f . 
respectively. respectively. 
[*Us[*Us  = [yUs - [*UG Ï \VUG for different x.y e S O P ,, n P Ĝ = O 

Proof::  (=>) By contraposition, suppose [x]^s = [y}^s —> [x}^ c / [y]^G holds, and there is a 
blockk in the intersection of P~s and P~G. with more than one element. We denote two (different) 
elementss of this block by a and b. Hence a and b have the same equivalence class in both P»*., 
andd in P (̂:, otherwise they would not appear in the same block in the intersection. And hence 
[r/]~s.. = [£»]~s and by assumption [a]~a / [b]^ tt. Contradiction. 

(<=):(<=):  Suppose P~s, n Pte(7 yields a partition with only blocks of exactly one element. Assume 
byy contraposition, for some different x.y [x]^ s = [y}^s and [x]^ G = [y]^ G-

[,r]-s.. contains x by reflexivity. [j']^ s contains at least a second element y because 
[x]~s.. = [y]^ . and x -£ y. The same reasoning for [x]~G and [y]«G. yields that x.y are also 
twoo different elements in these blocks. Hence x.y € [x}^s n [j]s:f.. So there is a block in the 
intersectionn of P ŝ and P~G with more than one element. Contradiction. 

8.77 The nature of grouping 

Inn summary, the constraints we have described are all of the form: 
Iff  subjects x and y are (not) together in a block in partition P then they should be assigned to a 
blockk such that they are (not) together in partition Q. 

Thee original partition of subjects (P in the above formulation) is given. In addition the form of 
thee grouping partition is also known. It is equal to the partition of the assignments (Q in the above 
formulation).. Finally, the relation between the partition of subjects and the grouping is given by 
thee constraints, as presented in the previous section. The grouping partition (on subjects) itself, is 
unknown. . 

Forr example, a together^together constraint presents us with a partition of subjects S, P~s, 
ann unknown grouping (partition of S) P~G of which we only know the number of blocks and the 
blockk sizes, and the relation P ŝ C P Ĝ. The problem is to find a grouping (partition) of the 
properr form which satisfies the relation. 

Wee can formulate this problem in a partition algebra (11(5). U. n) (where ïl(S) denotes all 
thee partitions on 5). Remember that P-s C P7=(, is equivalent to P~s. n P~a — P~5. Hence the 
problemm is to find P â of which we know the number and sizes of blocks such that P~s. n P~G = 
P~~ s. holds for a given P -s . 

Ass a simple example consider four people a.b.c.dof which a and b work on the same project 
andd c and d each on a different project. Working on the same project then imposes a partition, 
namelyy ab c d on the set of four persons. Suppose that we have a together^together constraint 
whichh states that persons working on the same project should share the same room. The rooms, 
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andd the places in them, provide us with the form of the wanted grouping. In this example there are 
twoo rooms, each with two places. 

Too satisfy the constraint we should look for a partition with two blocks of size two, of which 
abab c d is a refinement. Inspecting Figure 8.3 one quickly sees that there is only one such partition, 
namelyy ab cd. This grouping satisfies the constraint. 

Hence,, we can make use of the partition lattice as a search space. We are given a node in the 
graph,, a specification (form) of another and a relation (the constraint type) between the two which 
shouldd be satisfied. 

Anotherr view is to look at the partition lattice as an algebraic structure which is used in a 
'reverse'' way. The standard, or 'forward' manner of using an algebra is to perform operations 
onn certain, given elements. In the case of a partition algebra one performs intersection and union 
operationss on given partitions. 

However,, in this case one is given only one partition (of subjects) and the form (a partition of 
resources)) of another. The objective here is to fil l in the unknown partition by applying operations 
inn a restricted way. Hence, in a sense, one uses the algebraic structure in a 'reverse' manner. 

Thiss situation is reminiscent of performing abduction in logic. Formally, in abductive logic 
onee has a formula (3, called the observation, and a theory 0 and one looks for a formula a, called 
ann explanation, such that 0, a f= Q. So, instead of using 'forward' deduction, one tries to reason 
backwardss from the conclusion to the hypothesis. 

Deductivee reasoning in logic involves the application of operations on the formulas in the 
theoryy in order to arrive at a conclusion. When performing abducting one starts with the conclusion 
andd tries to find a missing formula. Similarly, instead of performing straight, 'forward' reasoning 
inn the partition algebra, the reasoning is 'backward', and one searches for the identity of a partition 
whichh satisfies the statement. 

8.88 Merging and splittin g blocks 

Whenn one looks at a partition lattice like for example the one in Figure 8.3 one sees that the number 
off  blocks are the same for all partitions at each level of the lattice. By the level of the lattice, we 
meann all nodes in the graph with an equal distance from the top/bottom. 

Thee number of blocks of the top element of the lattice I is one. And the number of blocks of 
thee bottom element O equals the number of elements in the set S, written as \S\. 

Inn Figure 8.3 O has four blocks, I one and their difference in size is 4 - 1 = 3. This number 
alsoo indicates the distance between the two nodes in the graph. As another example, consider the 
partitionn ab cd which has two blocks and is at a distance of one from I and two from O. 

Inn general, if we start at a certain node in a partition lattice then moving down one node in the 
graphh increases the number of blocks by one. Going up decreases the number of blocks. There are 
somee useful properties between the number of blocks of partitions and their refinement relation. 
First,, if P Q Q then P has more blocks than Q. Second, if P has n blocks and Q m and P C Q, 
suchh that n > m, then P can be reached from Q by a n — m length downward path in the lattice. 

Whenn one partition P is a refinement of another partition Q, then Q can be constructed from 
PP as follows: Choose two blocks from P and merge them together into a single block (which is 
theirr union). Continue to merge blocks either chosen from P or obtained by successive merges 
untill  Q is obtained. Note, that in order to obtain Q from P one has to make the right choices of 
whichh blocks to merge. 
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Also,, P can be constructed from Q by the successive splitting of blocks from Q. By splitting 
aa block we mean splitting it in two. Obviously, for blocks with more than two elements, there are 
severall  ways of doing this. 

Movingg down the lattice one level deeper involves the splitting of a block in two. We call this 
proceduree refining the partition. Moving up one level involves merging two blocks and we speak 
off  generalizing the partition. So, by generalizing and refining one can move through the lattice. 
Thee search for a particular grouping as specified by the constraints which we have defined thus 
far,, can thus be viewed as a search through the lattice. This search is limited by the distance of the 
twoo partitions, which can be computed if the number of blocks is known. 

Thesee observations can be used in the search for a grouping partition. In the following section 
wee wil l treat the constraint types separately and provide examples. 

8.99 Finding groupings for the constraints 

Wee wil l treat the three constraint types separately now. Providing examples, we wil l show how 
thee partition lattice serves as a search space for the problem of finding the grouping. The formal 
structuree of the problem can be used to control the search. 

8.9.11 Together--^together constraints 

Ass we have seen, together ^together constraints express that the given partition of subjects 
shouldd be a refinement of the wanted grouping, of which only the form is known (P~G). This 
propertyy can help us to find the desired partition in instances of assignment problems. Here, we 
cann make use of the fact that when P. Q are partitions and P Q Q, then Q can be obtained from 
PP by merging blocks from P. 

Examplee 8.3 : Six persons C = {a.b.c.d.e. f} have to be assigned to six places. All 
personspersons work on projects {pi. pi. p% }  . Person a works on project p\, b on pi and p%, c on p2, d 
onon p\, c and ƒ on p%. Notice that the equivalence relation on the set of subjects S '\r works on 
thethe same projects as y" partitions the set of persons into four blocks: P~s. — ad. b. c. cf. This is 
depicteddepicted on the left side of figure 8.4. 

TheThe following constraint must hold: all persons who work on the same project(s) must share 
thethe same room. Consider a situation where there are 4 rooms with 1 seat and I room with 2 ((a) in 
figurefigure 8.4). This problem has no solution. The form of the desired grouping partition of persons 
P~P~(;(; is the same as the given room partition. We denote this form by X. X, X. X. XX where each 
XX is an (yet unknown) element of S and each sequence of X 's a block (see (a) in figure 8.4). The 
numbernumber of blocks of this form is 5. The projects partition P ~s must be a refinement of P~(;, and 
thereforetherefore should have more blocks. ButP~s has 4 blocks. Hence, the problem can not be solved. 

ConsiderConsider another situation where there are 3 rooms with 2 places each ((b) in figure 8.4). This 
partitionpartition has 3 blocks and hence the problem is solvable. By merging blocks ofP~s we can obtain 
thethe desired form. This can be done by 4 - 3 = 1 merges. merges. It is easy to see that this merge involves 
thethe single element blocks {b} and {c}. 

Findingg a grouping which wil l solve a together^together constraint can thus be formulated 
ass trying to construct a partition Pt e (. of a certain form (sizes and number of blocks), by the 
successivee merging of blocks, starting with P~s. If the number of blocks of the grouping P~(. is 
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Pi i 

P2P3 3 

I>2 I>2 

P.; P.; 

P*P* ss P«o(a) P«G(b) 
Figuree 8.4 
Thee partition F s , must be a refinement of the goal partition Paa- The figure shows two problems ((a) and (b)). In (a) 
thee elements together in a block in P ^s must be assigned such that they end up together in a block of P ĉ{a)- The 
problemm (b) uses P&G(b) instead of P ĉ(a)-

mm and that of P~s, the partition on subjects, is n then P~(, can be constructed from P~s 'mn — m 
merges. . 

Assumingg n > m, a greedy algorithm can be used to find the wanted grouping. Let PXs = 
{bi..{bi.. . bn}, with block sizes \b\ \... \bn\. Let x\ ... xm be the sizes of the blocks in the wanted 
partitionn P~G. Starting with the largest number X{ we try to find blocks bj . .. b*  such that xt = 
\bj\\bj\ 4- ... + |ifc|. If this fails the algorithm ends with no solution. Else we merge the blocks, 
obtainingg the first block of the wanted grouping P«0. The total number of blocks merged so far 
shouldd not exceed n — m. Next, the blocks bj .. . bk are marked as used so that they will not be 
usedd again. This procedure can be repeated for every Xi in decreasing order, using only unmarked 
blockss from Pas. 

Thatt this algorithm is correct follows from the analysis of partitions presented so far. The 
algorithmm is greedy [13] because we can start with the largest block size of the grouping and try 
too fill  it by one or more blocks of PKc. That we can do this follows from the fact that we can only 
mergee blocks. Hence in order to fill  the largest block of the grouping it must consist of merged 
blockss of P~G. 

Thee marking of blocks prevents the blocks of being used more than once in a merge. This has 
too be prevented otherwise elements could end up in the grouping more than once. 

8.9.22 Not-together—>not-together 

Not-together^not-togetherNot-together^not-together constraints express that if x and y have different abstract properties 
theyy should be assigned to resources of a different type. This states that the goal partition of sub-
jectss P~a should be a refinement of the given partition of subjects P ŝ: Paa Q -P«s- This is sim-
ilarr to together^together constraints, except that the partitions on both sides of C are switched. 
Similarr to the together—together constraints this property can help us find the desired grouping. 
Insteadd of moving up the lattice, starting from P«s, the search proceeds downwards. 

a a d d 

b b 

c c 

e e f f 
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Thee grouping can be obtained by refining the partition of subjects f~G. Refining a partition 
meanss splitting one or more of the blocks. Here we make use of the fact that if P and Q are 
partitionss and P C Q then P can be obtained from Q by successive splitting of blocks, starting 
withh the ones in Q. 

Iff  the partition on subjects P~s does have more blocks than the grouping PXG, the problem 
iss unsolvable, for blocks of P~s should be split to arrive at P«G. The greedy algorithm to find 
thee wanted grouping as presented for together^together constraints can be adapted for the not-
together-^not-togethertogether-^not-together case, by just switching the roles for P~a and P~s. 

Ass above, let P~s = {61 .. . bn } , with block sizes |&i|... |6n|, and x\... xm be the sizes of 
thee blocks in the wanted partition PKG-

Startingg with the largest block bt we try to find numbers Xj ... Xk such that |6j| = x3-, + .. .+Xk-
Iff  this fails the algorithm ends with no solution. Else we split the block b, in such a way that we 
obtainn blocks with sizes Xj ... x^. Every extra block counts as a split, and the total number should 
nott exceed m — n, where m is the block size of P=G, and n of P«s. The procedure proceeds 
exactlyy as in the together—^together case. 

8.9.33 Together mot-together 

Together-^not-togetherTogether-^not-together constraints express that the intersection of P~s. and P~c yields the 
bottomm partition O of which each block contains exactly one element: P~s n PXG = O. 

Moree directly, as the name indicates a together^not-together constraint states that when two 
elementss are in a block of the given partition they should not be together in a group. We will 
describee a procedure which will take as input a partition P and produce as output a partition Q 
suchh that every two elements which are together in a block in P are not together in a block in Q. 
Wee will call this procedure distribution , and the result Q a distribution of P. Figure 8.5 shows 
ann example of a simple distribution from one partition to another. 

Figuree 8.5 
AA partition P of 5 elements in two blocks, is distributed over a partition of three blocks. Notice that each two elements 
whichh are together in a block of P, end up in a different block in the distribution. 

Fromm the input partition P we take the largest block. All elements of the largest block in P 
mustt be in a different block in the resulting partition Q. Hence, the distribution Q will have as 
muchh blocks as the largest block size of P. The elements of the other blocks in P can likewise 
bee distributed over the blocks in Q. After all elements have been distributed this way all elements 
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thatt were together in a block in P are not together in any block of Q. Hence, the distribution Q of 
PP satisfies the together—mot-together constraint. 

Thee distribution Q of a partition F is a complement of P. Remember that saying that Q is the 
complementt of P is equivalent to saying that P\lQ — O and P U Q = I (where O is the bottom, 
II  the top of the partition lattice). 

Inn the distribution Q of a partition P, elements are apart which were originally together in a 
blockk in P. Hence PnQ — O holds when Q is a distribution of P. Proving P U Q — ƒ involves 
showingg that all elements are either together in a block of P or of Q, or are in the transitive closure 
off  this disjunction. Note that the number of blocks of Q is equal to the largest block size in P. Let 
thee largest block of P be B. Then in Q every element is either together in a block with an element 
fromm B or is itself an element of B. From this it follows that the union of P and Q results in the 
singlee block partition. 

Thee distribution procedure is clearly indeterministic. There can be various ways to distribute 
thee elements of a partition and equivalently there can be more than one complement of a partition. 
Thiss fact hampers the search of a solution for a together-^not-together constraint. 

Afterr distribution of a partition P, in the result Q all the elements which were together in a 
blockk in P are not together in a block in Q. Note however that together^* not-together does not 
expresss that P~G should be a complement of P~s. Instead it says that P~G should be a refinement 
ofof a complement of P«G. 

Soo when Q is the result of a distribution of Q we can safely split some blocks from Q with-
outt having to fear that elements which were together in a block in P will end up together in a 
blockk again. Hence, a distribution of P Ĝ can safely be refined without disturbing together^not-
together,together, however we can not merge any blocks in it. Merging blocks would mean putting elements 
togetherr which should be separated, whilst splitting blocks will leave the constraint intact. In sum-
maryy we can say that together^>not-together constraints express that P~c should be a refinement 
(nott necessarily a proper refinement) of a complement of P~s,. 

Thee form of P~G is given. We can again use properties of the form to check whether the 
problemm is solvable or not. The minimal number of blocks in the distribution equals the maximum 
blockk size of the given partition. This leads to the following result: 

Theoremm 8.3 : A together—mot-together constraint is unsolvable if (and only if) the 
numbernumber of blocks ofP~G is less than the largest block size in P ŝ. 

Proof:(=>)) By contraposition. Suppose a together—mot-together constraint is solvable, then 
P«GG is a refinement of the complement of P~9. Any complement of P ŝ has n blocks, where n 
iss the number of the largest block size in P~s. P~f ; is a refinement of a complement of P~5 and 
soo as at least as many blocks. 

(<*=)) By contraposition. Suppose a together-^not-together constraint is unsolvable but 
thee number of blocks of P~G is equal or greater than the largest block size in P=s<,.. The 
together^not-togethertogether^not-together constraint is unsolvable so P~G is not a refinement of a complement of 
P«G.. However, the number of blocks of P~G is equal or greater than the largest block size in 
Pt e s,, and so we can form a distribution of P ŝ and take 0 or more steps to refine it to arrive at the 
formm of P=sf;. Hence the together^not-together constraint is solvable. 

Thee following algorithm can be used for together^not-together constraints: First, check 
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whetherr the problem is solvable, using the result established above. Then, take the largest block 
withh size m from P~s. and distribute its elements over m different groups. Distribute the elements 
off  the other blocks over these groups in such a way that that no two elements of a block end up in 
thee same group. Obviously there are several ways of doing this, and any of them will do. Next, 
refinee the obtained partition using the greedy algorithm for the together^together constraints, 
untill  the wanted form is established. 

Examplee 8.4 : We consider again the situation described in the example for the previous 
constraint:constraint: person a works on project p\,b on p? and p^, c on p-i, d onpi, e and ƒ on p^. This 
projectproject partition of subjects (persons) is shown on the left of figure 8.6. The resource partition is 
againagain formed by rooms: there are 4 rooms with 1 seat and 1 room with 2. This time we demand that 
allall  people working on the same projects must not share rooms. Hence, the form of the grouping 
wewe look for is X, X, X, X, XX, shown in the middle of figure 8.6. 

a a 

c c 

e e 

b b 

d d 

f f 

P~SP~S P~G O 

Figur ee 8.6 
Thee goal is to find a partition P&G (of which only the form is known) such that the intersection with P ŝ results in a 
partitionn O where each block contains a single component. 

BecauseBecause we are dealing with a together^not-together the intersection of the partition 
ad,ad, b, c, e f and the wanted grouping PX(. must be equal to the partition O where each block 
hashas a single element: a.b.c. d. e. ƒ (on the right of figure 8.6). In order to find such a grouping 
wewe will  first produce a distribution (complement) of the partition ad. b, c. e f and, when necessary, 
refinerefine it till  it has the proper form (X, X. X, X, XX). 

InIn order to distribute the partition ad. b, c, e ƒ, we note that the largest block size of ad, b, c, e f 
isis two. Hence, the distribution has two blocks and we can distribute the elements over them as 
follows:follows: abce. df (other distributions are possible). P~(. must be of the form X. X. X. X. XX, 
andand hence the obtained two-blocked partition needs refinement. A solution can now be obtained 
byby splitting blocks of this distribution repeatedly: a.d. e. f, be is one of the results which can be 
obtainedobtained in three splits. 

Ann alternative algorithm is to directly "distribute" the elements of each block of P~s into the 
formm of the grouping, when possible. By "distributing" here we mean that all elements of the 
samee block are distributed over different blocks in the target partition. In the above example this 
meanss that the elements of the blocks of ad. b. c. e f can directly be distributed over the blocks of 
X.X. X. X. X, XX to get a.d.e. ƒ. be. 

Pi Pi 

P2P3 P2P3 

P2 2 

Mi i 

a a d d 

b b 

c c 

e e f f 
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8.9.44 Not-together ^together 

Wee have already remarked that constraints of this type are not meaningful. Either the partition 
P^P ŝs or the wanted grouping is equal (or both) to the top partition I which has one block. We will 
provee this by means of the following theorem: 

Theoremm 8.4 : Suppose P~s is a partition of a set C with more than one block. I is the 
partitionpartition with C as it's only block. Let [x]~s and [y]^ s be blocks of P~s and x, y elements ofC. 
Vx,, y E C: [xUs Ï [y}~s =>  [x]~G = [y]«G , «• P ĉ = I. 

Proof::  (=>)  We assume P~s has more than one block and [x]~5  ̂ [y]=5 =>• [x]^ G — [y]«a- By 
contrapositionn suppose that P~G has more than one block. Then there are two elements a, b such 
thatt [a]ssG T̂  [&]R=G- Then by assumption [a]~s = [b]^s. Ps=s has more than one block, hence 
theree is an element c in a different block from a and b in P ŝ. But then c must be in the same 
blockk as a and b in P Ĝ, and hence [a]«G = [b]«G = P ĉ-

(<HH Trivial. If P ĉ = I then [x]~G = [y]«G for all x, y E C, 
Clearly,, putting all subjects into the same group is often not a very useful constraint. Subjects 

cann only be put into different groups if the partition of subjects is equal to the unpartitioned set of 
subjects.. An example may clarify this. Suppose we demand that for all (different) people x and y: 
iff x and y work on different projects then they must be placed in the same room. We also assume 
thatt there is more than one project. If there are people working on different projects then everybody 
endss up in the same room. To see this, suppose you work in a room together with another person. 
Supposee there is another room next door, then the persons occupying this room should work on 
thee same projects as you and your roommate. Otherwise they should be in your room. However, 
wee have assumed more than one project so somewhere there must be sitting someone who works 
onn a different project than you. He or she must be in your room! But then this roommate of yours 
willl also work on different projects from the people next door. Hence he/she must also be in their 
roomm and everybody ends up in a single room. Only if all people work on the same projects can 
theyy be assigned to different rooms. 

Thee form of this constraint can be quite confusing. One can argue that the natural language 
statement:: "If people work on different projects they must share a room" can mean something like 
"roomss should not contain people working on the same projects". If one agrees with this, then the 
statementt "If people work on different projects they must share a room" cannot be translated to 
thee universally quantified statement "x and y work on different projects => x and y share a room", 
butt rather to "x and y share a room =$> x and y work on different projects". This last formulation 
iss a together^not-together constraint. 

8.100 Combining constraints 

AA grouping problem often consists of more than one of the constraints discussed above. If these are 
off the same type they can be rewritten to one constraint of that type. For example two constraints 
off the same type can be rewritten to one constraint of that type by taking the intersection of the 
twoo partitions of subjects, and the intersection of the two partition of resources. The resulting 
constraintt then defines a relation between these intersections. 
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Notee that the intersection of partitions is equivalent to the conjunction of abstract properties. 
AA small example might explain the idea intuitively: Suppose a number people, each working 
onn certain projects are assigned to offices. Some persons are married to each other. Here, we 
havee two partitions on persons: a projects partition and a marriage partition. Two constraints of 
thee same type like, for example: "people working on the same projects must share rooms", and 
"peoplee married to each other should share a room", can be rewritten into one constraint: "People 
workingg on the same projects and who are married to each other, must share a room". Clearly the 
conjunctionn corresponds to the intersection of the projects and marriage partitions. 

8.10.11 Combining constraints of different types 

Whenn multiple constraints of different types have to be satisfied, finding groupings for each con-
straintt wil l not suffice. Satisfying a single constraint can be done, as we have seen, by finding 
aa grouping which is isomorphic to the partition of resources, i.e. has the same form. To satisfy 
moree than one constraint requires the same isomorphism for all the groupings which satisfy the 
individuall  constraints. 

Problemss with more than one constraint of the types described above, can mention different 
partitionss on subjects and resources. For example, consider a constraint stating that all smokers 
andd non-smokers are not allowed to share a room, and a another constraint stating that all people 
workingg on project X should be given a desk close to a window. The first constraint mentions 
"smoker/non-smoker""  as the subjects partition and "rooms" as resource partition. The second 
distinguishess "workers on project X" (and those who do not work on project X) as a bipartite 
partitionn of subjects. The partition of resources is here given a by "window seats/non-window 
seats".. In such cases one must find a grouping which satisfies both constraints. It is clear that 
multiplee constraints constrain each others solutions further. 

Wee consider the problem of finding a grouping which satisfies two constraints, C\ and C?. 
C\C\ mentions a partition of subjects P ^i and its solution is a partition (a grouping) P=f ; i with 
thee same form as a partition on resources P^,<\. (the same holds for C? using similar partitions, 
suffixedd with 2 instead of 1.) 

Supposee we find two groupings P Ĝ\ and P=f .2 which each satisfy the two constraints C\ 
andd C-2 respectively. In order to find a single grouping which satisfies both constraints at the same 
timee we must make sure that the intersection of these two groupings is of the same form as the 
intersectionn of the resource partitions of the two constraints. 

Wee make use of the following theorem. 

Theoremm 8.5 : Let P (̂;\ be a grouping with the same form as P l̂t\, satisfying a constraint 

C\C\ . Let Psx(;2 t>e a grouping with the same form as P=H2> satisfying a constraint C2 . 

TheThe grouping P=sc;i n P Ĝi is a solution to both C\ and C-i iff it has the same form as 

/ \ „ ,np^ 2 . . 
Wee prove this as follows: 

Proof:(=^)Proof:(=^)  Suppose P ĉ;\ n Pf t ( ; 2 is a solution to both C\ and C2 then we can map each block of 

itit  to a similar block of P R̂i and P=„2, because P Ĝ\ has the form of P=;Ri and P ^ .2 of P~,R2, 

andand hence to their intersection. 

(<=)) Suppose P;sf ;i n P f̂ ; 2 bas the form of P~R\ n P R̂2 then it satisfies C\ and C2- This is 

trivialtrivial  since P~( , 1 and P Ĝ2 both have the same form as Pi and R2, respectively, and hence their 
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intersectionintersection is a solution to both C\ and C2. 

Intuitively,, the conjunction of two abstract properties stands for the intersection of the associ-
atedd partitions. Formally, if the intersection of the two groupings is isomorphic to the intersection 
off  the resource partitions then the two groupings can be mapped to their respective resource parti-
tionss under the same isomorphism. 

8.10.22 Using the partitio n lattice for  problem solving 

Ann initial method for solving multiple grouping constraints C\,., Cn can now be formulated as 
follows:: Solve C\ and C2 and check whether the form of their intersection matches that of the 
intersectionss of the respective forms of the resource partitions. If not, start backtracking, else 
checkk the given grouping with the following constraint C3 etc. 

However,, this is a very naive approach. In some cases it is not difficult to come up with better 
methods.. The basic idea that we would like to emphasize is that one can use the partition lattice to 
conductt the search. Constraints provide information about where the solution should be located. 
Onee can make use of this when developing methods. We will give an example of how multiple 
constraintss can make use of the partition lattice. 

Examplee 8.5 : The set {a, b. c, d, e, ƒ}  of persons is to be assigned to three rooms, each of 
twotwo places each. Only b and c smoke. Person a works on project p\,b on P2 and ps, c on P2, d on 
P\,P\, e and ƒ onpz. There are two constraints, on the assignment of persons to places, c\ and C2. 

C\C\ : All people working on the same projects must share rooms. 

C2C2 •' Smokers are not allowed to share a room with non-smokers. 

ConstraintConstraint C\ is a together— -̂together constraint, C2 a not-together—>not-together constraint. 
BothBoth constraints mention the same partition of resources, namely rooms. Hence, P R̂\ = P R̂2-
LetLet P~si be the projects partition of subjects, P ŝ2 the smoke partition. Let P~a\ be the wanted 
groupinggrouping forC\, and P Ĝ2 forC2- Obviously P=Gi has the form ofP~R\, P Ĝ2 of P R̂2- Hence 
thethe constraints C\ and C2 can be written as: 

C\:C\: -P=si E P ĉi 

CC22::  P*G2 E P« s 2 

SinceSince both constraints mention the same resource partition (rooms), P R̂i = PKR2 the group-
ingsings must have the same form. Since we look for one grouping satisfying both constraints we have 
-P«Gii — P Ĝ2 and hence the two constraints are equivalent to: P ŝi E P Ĝ\ E P ŝ2-

NoticeNotice that this implies that P ŝ\ E P»s2- If we check this in our example, we find that this 
isis indeed the case: the projects partition is a refinement of the smokers partition. If this were not 
so,so, (for example 'a' and 'c ' would be the smokers) then the problem would have no solution. 

SinceSince G\ — G2, they occupy the same place on the lattice which is on a downward path from 
P2P2 to P\, see figure 8.7. 

TheThe wanted grouping can be found by splitting blocks from Pi in such a way that elements 
togethertogether in P\ are not separated by the splits. This will  result in a grouping which is a refinement 



146 6 Chapterr 8 

P2 2 

split t 

G1=G2 2 

merge e 
P1 1 

Figuree 8.7 
Partt of the partition lattice on subjects. PKsi is a refinement of P«0i = P«G2. which is a refinement of 
•P«s2--

off  P2, and which can be refined towards Pi. Actually, one split is all that is needed, since G\ has 
toto have 3, and Pj has 2 blocks. P2 = be adef, splitting be makes no sense because it will  not lead 
toto the preferred form, a and d can't be split because they are together in a block of Pi. This is also 
truetrue for e and ƒ, hence the result is bc ad e ƒ. 

NoticeNotice that we can have a similar method by going upward in the lattice, starting from P\ and 
mergingmerging blocks. In that case only merges are allowed which do not bring together elements which 
areare separated in P2. 

Thiss example shows how combining constraints of types together-^together and not-
together^togethertogether^together which share the same partition of resources can be solved. It serves to show 
howw one can make use of formal properties in the formulation of methods to solve problems with 
multiplee constraints. 

Otherr combinations can be more difficult. From the properties of the individual types one can 
deducee that constraint sets which include C3 types are harder to solve than others. The reason lies 
inn the absence of a unique complement. Whereas in C\ and C2 the problem is given by refinement, 
C33 involves the refinement of a complement. Since complements are not unique backtracking 
seemss hard to circumvent. 

Wee will not list all possible combinations of the three constraint types here. We will leave their 
analysiss to some other time. Note however, that every constraint starts at a partition in the lattice 
andd knows the form, and hence the level of the partition where the solution can be found. Combin-
ingg constraints involves bringing two starting points together. Dependent on these positions one 
cann exclude certain parts of the lattice, or come up with efficient methods for searching a solution. 

8.111 An update system for grouping 

Wee will show how grouping can be represented as an update system along the lines of chapter 6. 
Inn a propositional update logic the minimal state is formed by the powerset of the propositional 
atoms.. When ordered by set inclusion the elements of this powerset form a lattice. Updates are 
operationss on this lattice. 

Inn a similar way the partition lattice (containing all partitions on the set of subjects) can be used 
ass a minimal state of an update system for grouping. The objective is to find the right grouping 
withinn this lattice. Knowledge provided in the form of constraints is used to progress from the 
minimall  state to a solution. 
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Wee briefly describe update operations for the three main constraint types: together—'together, 
not-together—mot-togethernot-together—mot-together and together-^not-together. 

Lett 5 be the set of subjects, and 11(5) the set of all partitions of subjects. This last set, ordered 
byy refinement gives us the partition lattice. The minimal knowledge state 0 is defined as 11(5). 
Thee absurd knowledge state 1 as 0. 

Wee introduce four basic update operations: 

a[generalisation(P))\a[generalisation(P))\ This operation results in a knowledge state which only contains par-
titionss which are in a and of which P is a refinement. Formally: 
a[generalisation{P)]a[generalisation{P)] = a n {Q \ P C Q, Q £ 11(5)}. 

a[refinement(P)]:a[refinement(P)]: Here, F is a partition on subjects. This operation results in a knowledge 
statee which contains only refinements of P which are also in a. Formally: 
a[refinement(P)]a[refinement(P)] = a n {Q | Q C P^Q e 11(5)}. 

o[refined-distribution(P)]:o[refined-distribution(P)]: This operation results in the knowledge state which contains 
alll  refinements of all complements of the partition P, and are in a. 
a[refined-distribution(P)]a[refined-distribution(P)] = a f\ {Q \Qn P = I, Q e 11(5)}. 

a[form(X,a[form(X, L)\: Here X is an integer representing the number of blocks and L is a list of 
integerss representing the size of each block. The update operation then results in a state 
whichh contains all partitions of the form specified by X and L provided they are in a. 
a[form(X,a[form(X, L)) = a n {Q | Q has the form given by X and L, Q e 11(5)}. 

Withh these basic update operations we can describe how the three types of constraints can be 
used.. An agent knowledge state is formed by all those partitions which he regards as possible 
solutions.. Initially these wil l include all partitions. Satisfying the available constraints wil l be the 
criterionn of the problem. 

Eachh constraint can be formulated as an epistemic test. The test is passed by a state which sat-
isfiess the constraint. In more detail we can specify the steps to arrive at such a state by making use 
off  the formal properties of each constraint. This process is similar to the alternative formulations 
off  the classification criteria in chapter 6. In order to come to a state which satisfies the constraint, 
aa number of updates is needed. For example, an update of an instance of a together-^together 
wil ll  proceed as follows. The constraint mentions a partition on subjects P and the form of the 
grouping.. We know by the type of the constraint that P should be a refinement of the grouping. 
Wee therefore update the initial state 11(5) with generalisation(P). This results in the state a 
containingg all those partitions of which P is a refinement. Next, we update the form of the group-
ingg form(X, L) to a. This leaves us with a new state containing all the partitions which satisfy 
thee constraint. 

Forr not-together^not-together constraints a similar procedure is followed, except that one 
usess refinement(P) instead of generalisation(P). Together-^not-together constraints are 
dealtt with using the refined-distribution update. This update operation together with an update of 
thee proper form results in a state containing all partitions which satisfy the constraints. 

Thesee update operations are not intended as computationally viable methods. For example, an 
updatee with refinement(P) returns a state with all refinements of P. This is often too much and 
onee may prefer finding one refinement and backtrack to another one when necessary. These update 
operationss should be seen as abstract steps in the description of the competence of the method. 
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8.122 Discussion 

Inn the pages above, we have tried to show how a grouping problem can be formulated and solved 
inn terms of partitions. Grouping can then be seen as the restricted search for a partition in a given 
partitionn lattice. This search is restricted by the number of steps (splits/merges) needed to arrive at 
aa partition of suitable form, and criteria for the (un)solvability of the individual constraint types. 

Givenn the proper partition algebra, and its lattice the solution space is given by those elements 
inn the lattice which satisfy the constraints. Each constraint was defined as a condition in the 
partitionn lattice between the grouping and a known partition. Similar to the semantics of a sentence 
inn logic, a problem is now translated to an algebraic representation. 

Theree is a parallel between the structure of an update system, as presented in chapter 6 and the 
orderingg of all lattices of a set by the refinement relation. The powerset of a propositional language 
L,L, as used in update semantics, also forms a lattice when ordered by set inclusion: (p{L). C). In 
contrastt to a partition lattice this one is distributive and the associated algebra is a boolean algebra. 

Hencee the basic structures of update semantics and grouping problems are similar: they are 
bothh lattices. The last section showed how this similarity can be exploited to define update actions 
forr a partition lattice. Trying to satisfy a constraint of a certain type means to find a particular 
partitionn in the lattice. One starts with a known partition and the form of the grouping. This 
informationn alone leads to a substantial reduction of the number of solutions. 

Thee update operations provided at the end of this chapter are too general to be computationally 
viable.. However, when describing the types of grouping constraints we did provide algorithmic 
proceduress for each of them. These procedures make use of the formal properties of each con-
straintt formulation and consist of relatively simple combinatorial operations. In addition, we also 
providedd effective procedures for recognizing unsolvable problems of each constraint type. Fur-
thermore,, we have shown how by combining constraints of different types one can use the structure 
off  the lattice to produce an efficient search algorithm. 

Thee 'semantics' of the problem is given here, not in terms of a boolean algebra but in terms of 
aa partition algebra. Hence, by analyzing the mathematical structure of the problem first, we have 
shownn that the problem can be described and solved within a language with limited expressive 
power. . 
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Conclusions s 

Thiss concluding chapter wil l provide answers to the research question formu-
latedd in chapter 1. The results of the previous chapters wil l be reviewed and put 
intoo perspective. 

9.11 A review of the previous chapters 

Inn the first chapter we have formulated the main research question as follows: 

Howw can we give a knowledge-level characterization of the properties of knowledge 
intensivee tasks? 

Thiss question was then refined into three research questions: 

1.. What does a conceptualization of a task look like? 

2.. How do we represent these knowledge-level conceptualizations in a formal way? 

3.. How can we use these representations to acquire a better understanding of the task? 

Inn this section we will answer these questions on the basis of the results of the previous chap-
ters.. As a whole the chapters of the thesis can be seen as a series of explorations, aimed at 
answeringg the main research question, each of these can be matched to one of the three research 
questions.. Three types of explorations can be distinguished: 

1.. Explorations regarding the nature of the conceptualizations of the task. (Chapters 2, 3 and 
7.) ) 

2.. Explorations regarding the nature of the representation for the conceptualizations. (Chapters 
6,, 7 and 8.) 

3.. Explorations regarding the use of task ontologies and representations to specific problems 
andd problem criteria. (Chapters 2, 4, 5 and 7.) 



150 0 Chapterr 9 

9.1.11 What does a conceptualization of a task look like? 

AA first analysis of a conceptualization of a task has been presented in chapter 2. The participation 
inn the Sisyphus experiment can be seen as a 'pre-formal' study of the classification task. The 
approachh taken was to focus on ontology construction rather than solving the problem instance 
itself. . 

Severall  domain ontologies were presented, as well as a task ontology for classification. The 
constructionn of such a task ontology proved to be an important step in the process of capturing the 
naturee of the task. In addition a criterion and a task method (pruning) were identified. Hence, all 
elementselements of a knowledge-level conceptualization of a task were presented. 

Thee task ontology for classification in chapter 2 differs from the one presented in chapter 3 
(Adaptingg tableaux for classification). The first ontology gives a more detailed account of the 
conceptualizationss of the classification task. The ontology in chapter 3 focuses on essential con-
ceptualizationss of the task and is therefore less detailed. 

Thee main reason for this difference is that in chapter 3 the aim was to describe the problem 
solvingg process (or rather the development of knowledge in that process) of weak and strong clas-
sification.. Hence, the task ontology here only plays the role of providing initial conceptualizations 
off  the task. 

AA third set of conceptualizations for classification was presented in chapter 4, where a spec-
trumm of classification criteria was identified. Again there are differences between the conceptu-
alizationss described here and the previous ontologies for classification. In this chapter the aim is 
nott to describe a problem solving process but to identify the different solution criteria for the task. 
Thiss change of viewpoint leads to a refinement of certain ontological elements, particularly those 
concerningg the matching relation. 

Thee ontology in chapter 2 is rich and detailed but informal and serves as input for the other 
chapters.. The two following chapters focus in more detail on different aspects of the task and for 
thatt reason focus on essential elements in the ontology, which are then more accurately described. 

AA similar process takes place for the assignment ontologies in chapters 7 and 8. The ontol-
ogyy presented in the latter is very short, since it only focusses on grouping problems, which are 
identifiedd as subproblems of assignment. 

Inn chapter 7 the conceptualizations of the task are presented first in an informal way and are 
thenn refined into a formal representation of the task. There is much emphasis on the different 
problemm variations within the task itself. Here we try to identify those ontological elements which 
aree judged essential in describing the various problems which are covered by the task. The ontol-
ogyy presented in chapter 8 is very short, since it only focusses on grouping problems, which are 
identifiedd as subproblems of assignment. 

Hence,, when describing task ontologies we have first selected those elements which are used 
extensivelyy in the description of some aspect of the task. Then those elements were more refined 
andd given a more detailed representation. As a consequence our ontologies for the same task differ 
fromm chapter to chapter as they are used to describe different aspects of the task. 
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9.22 How do we represent these knowledge-level conceptualizations in a formal 
way? ? 

Inn this thesis we have used a variety of representations to formalize conceptualizations. The ra-
tionalee behind this is that the choice of representation depends to a large extent on the intended 
usee of the analysis of the task. For example, the choice of formal representation of classifica-
tionn in chapter 3 (Adapting tableaux for classification) was motivated by its intended use in the 
descriptionn of weak and strong classification problem solving. Propositional logic was chosen 
too show how analytic tableaux can be used to mimic problem solving behaviour of several task 
methods.. The use of tableaux offered some insights into the nature of the problem solving for the 
task.. One of the results was that the task method for strong classification can be described as an 
abductiveabductive method. In addition weak classification can be seen as a check for consistency which 
cann be elegantly represented by analytical tableaux. 

Thesee results prompted some reflections about the adequacy of propositional representations 
inn abductive background theories in chapter 5. The result was an investigation whether strict im-
plicationn instead of material implication could be used. We presented a form of "strict abduction" 
ass a possible alternative. 

Thee representations in chapters 4 and 7 are also influenced by problem-solving aspects, namely 
thee description of classification and assignment problems respectively. The aim of both these 
chapterss was to give an overview of the different problem variations within the task. The choice of 
aa representational formalism was here inspired by the analysis of those ontological elements which 
featuree prominently in different problem descriptions. Hence the notions of "matching" (chapter 
4)) and "preferences" (chapter 7) are given formal interpretations in such a way that they can be 
usedd to describe a wide variety of classification problems and assignment problems respectively. 

Thee choice of formalism in chapter 8 is an illustration of the same principle, as it was inspired 
byy the use of abstractions in grouping, a subproblem in many knowledge-intensive assignment 
problems.. Since abstractions can be associated with equivalence relations and partitions, one can 
representt the problem terms of a partition algebra. Hence, in this case the choice of the formal 
representationn was motivated by a general characteristic of an ontological notion: i.e. abstraction. 

Att this point one may ask whether one can somehow generalize the task-specific represen-
tationn developed in chapter 3, 4, 7 and 8. The answer given in 6 is affirmative. The key point 
underlyingg this chapter is that all problem/solution formalizations involve a notion of knowledge 
state.state. The use of this notion was inspired by the approach taken in chapter 3, where with the help 
off  tableaux it is shown how knowledge about the solution changes during the execution of weak 
andd strong classification. This insight prompted the development of a more general description of 
knowledge-levell  problem solving in terms of knowledge states and state transitions. As explained 
inn chapter 6 the representational framework was motivated by ideas on information and knowledge 
ass presented by Dretske [23], and the update semantics of Veltman [95]. This choice of formalism 
wass meant to unify the several chapters into one general framework. Both the use of tableaux for 
classificationn and the use of partitions in grouping can be described in it. It should be noted that 
thee framework does not provide a syntactic unification of the representations. Its purpose is solely 
too provide a semantic account of knowledge-level conceptualizations. 
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9.33 How can we use these representations to acquire a better understanding of the 
task? ? 

Generallyy speaking the various formal representations were used in two ways: statically and dy-
namically.. The static way of using the various representation involved a description of the problem 
variationss within the task. This is most clearly illustrated in chapter 4 in which a spectrum of clas-
sificationn criteria is systematically generated on the basis of some elementary conceptualizations. 
Thee approach here is similar to spectra for diagnosis criteria in the literature [21, 89]. 

Similarly,, chapter 7 offers an overview of different assignment problems. No such spectrum as 
inn the case of classification criteria was presented due to the greater complexity of the task. Still, 
onee gets a good idea of what different problems fall within the range of the task of assignment. 

Inn summary, the static use of the ontological representation consists of the description of prob-
lemm variations within a task. The dynamic use consists of the description of changing knowledge 
duringg problem solving. 

Thee dynamic use of the representations was illustrated by various descriptions of problem 
solving.. In chapter 3 propositional analytical tableaux (a decision method for propositional logic) 
weree used for classification. The manipulation of these tableaux can be interpreted as modelling 
thee dynamics of the problem solving process. The 'semantic' nature of tableaux illustrates that 
classificationn problem solving can be described as the search for a right model. This approach was 
madee more explicit and taken a step further in chapter 6. The correspondence between tableaux 
andd knowledge states was explained here in more detail. 

Inn chapter 8 the partition lattice was used to formulate methods for grouping problems. It was 
shownn that formal properties of this structure can be used in the description of methods to solve 
groupingg problems. Here again the dynamics of problem solving can be seen as the manipulation 
off  a formal structure, in this case the partition lattice. 

Ass a unifying framework (not as a representational language) we presented a description of 
problemm solving in terms of states and updates. This framework presented in chapter 6 is also 
aimedd at a dynamic description of problem solving. In this case the underlying representational 
languagee (update semantics) is itself dynamically motivated. The framework is an attempt to 
capturee the dynamics of knowledge-level reasoning and offers a particular view on knowledge. 
Problemm solving for some tasks can be described as increasing knowledge about possible solutions. 

9.44 Synthesis and discussion 

Thee results of the thesis can be summed up in the form of an answer to the main research question: 
Howw can we give a knowledge-level characterization of the properties of knowledge intensive 
tasks? ? 

1.. By a good and extensive specification of the ontology of the task. 

2.. By a characterization of the type and criterion of a solution to problem instances of the task. 

3.. By the construction of a spectrum of solution criteria for the problem. 

4.. By a characterization of the solution space. 
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5.. By identifying a solution with a model in some logical system and the search for a solution 
ass the identification of that model. 

6.. By giving a knowledge level account of the reasoning of the task in terms of acquiring 
knowledgee about possible solutions, and moving through the solution space. 

Identificationn of the vocabulary of the task, some criteria for solutions and an initial high-level 
descriptionn of a task-template make up an initial description of a task. The vocabulary of the task is 
usuallyy captured in a task ontology. Its construction can be seen as a prerequisite to task analysis. 

Thee main contribution of the thesis in this respect is the fact that we presented a more rigorous 
specificationn of task ontologies than is usual in KE. Often ontologies give a specification on a 
higherr level of abstraction and leave notions implicit which we have explicitly formulated. For 
example,, comparing the classification ontology in chapter 4, with ones presented by Motta in 
[65]]  or Wielinga el al. [97], our spectrum of criteria describes much more criteria, which are all 
generatedd on the basis of a few ontological notions. The main difference in approach between 
thosee ontologies and the one compared here is that we focussed much more on the systematic 
generationn of alternative classification criteria. 

AA point which features heavily in this thesis is the description of problem variation. Systematic 
descriptionss of variations within a task have not been presented very often. As mentioned above, 
thee construction of a spectrum of diagnostic criteria has been presented in the literature by Console 
etet al. [21] and TenTeije et al. [89]. Since classification is similar to diagnosis, an interesting topic 
forr further study would be to investigate in which respects these spectra can be compared to each 
other.. One could also ask the question whether the systematic approach of chapter 4, when applied 
too diagnosis, would reveal more criteria than hitherto described. 

Thee task ontology for assignment also provided a detailed account of the conceptualizations 
usedd in the description of assignment problems. In KE the task of assignment has been relatively 
ignoredd and no good task ontology seems to be available in the literature. The proposed ontology 
cann be regarded as a first step to fil l this gap. However, providing a spectrum of criteria for 
assignmentt is not that easy. Assignment problems have much more variations compared with 
diagnosticc and classification problem types. Furthermore the preconditions and assumptions on the 
representationn of domain knowledge can vary much more, and it is hard to generate all possibilities 
inn a systematic way. However we have shown how one can compare and order different problems, 
forr example by refining constraints and preferences. This goes well beyond the description of 
assignmentt problems as given by Puppe [71]. 

Thee principle goal of describing a spectrum of criteria is to be able to compare and structure 
differentt problems which fall within the range of the task. Another way of looking at a spectrum of 
criteriaa is to see it as the description of all post- and preconditions of the problems of the task. In 
thatt sense a spectrum can be seen as a functional characterization of the task. However, this only 
describess the static nature of the task. In addition one would also like a dynamic characterization 
off  the individual problems and the associated problem solving processes. 

Thereforee a next step is to use the conceptualizations in such a way that the underlying formal 
structuree of a typical problem becomes visible. We identified this structure every time with the 
solutionn space. As an example consider the use of partitions in chapter 8. Here the partition 
latticee consists of an ordering of possible solutions (partitions) in which problem solving can be 
described.. Also when describing tableaux for classification (chapter 3) the solution space can be 
identifiedd as the set of classes which are still considered viable. 
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Hence,, where a spectrum of criteria offers a description of what a solution consists of, for 
differentt problem variations, the underlying structure of problems is given by the set of possible 
solutionss - the solution space. It is this space which is reduced during problem solving as it 
becomess known which candidates do, or do not qualify any longer as possible solutions. 

Inn chapters 3, 5 and 8 solutions were identified quite explicitly with logical models and the 
problemm space with a formal structure. For grouping (chapter 8) we identified a partition lattice as 
thee solution space, and a partition as a model of a candidate solution. 

Thiss adaptation of the use of tableaux in chapter 3 should not be seen as an attempt to describe 
new,, better or faster methods for classification with analytical tableaux. In fact, our use of tableaux 
hass been quite elementary. Analytic tableaux offer a nice example of how semantics and syntax 
cann be combined. Seen as syntactic structures tableaux can be used to build effective theorem 
proverss [30]. Inspecting the branches of tableaux one finds that they correspond to models of the 
representedd theory. Hence, one can interpret our use of analytic tableaux as an attempt to bridge 
thee gap between a symbol-level and knowledge-level description. The symbol-level being the 
syntacticc operations on the tableaux, and the knowledge-level roughly corresponds to the semantic 
interpretationn of the models depicted in the tableau. 

Inn the chapters were we used tableaux, solutions were associated with formal models. This 
"model-based""  approach was made explicit in chapter 6. This approach of starting the analysis of 
aa problem, or task, with the identification of a semantic structure differs from more traditional ap-
proachess in KE. Usually one starts with the choice of some, often rich, representational formalism 
andd then represents the domain theory in it. Then problem solving is performed with the help of 
somee accompanying inference engine. 

Thee approach taken here, differs from this tradition in that it is "model-based". By analysing 
thee problem in terms of searching for a model, the semantic structure can be identified. When this 
hass been done an appropriate language can be selected which is not overly expressive and in which 
thee problem can be accurately and intuitively described. Hence, our approach can be summarized 
byy the slogan "semantics first, syntax later". 

Ass a consequence this thesis does not present "yet another representational language". No 
"universall  problem solving language" or a "one-fits-all" representation was chosen or developed. 
Insteadd every task was given a formalization which seemed to match it on the basis of a formal-
izationn of the ontology and the typical reasoning of a task method. 

AA dynamic, model-based approach was explicitly formulated in chapter 6. Problem solving 
iss described as acquiring knowledge about solutions, and knowledge in this respect is strongly 
linkedd to the reduction of possibilities. We think that a model-based representation of knowledge 
intensivee problems and tasks is a good way of providing a knowledge-level understanding of them. 

Inn summary, we have used the conceptualizations in two ways. First, to construct a static 
structuree aimed at the description of problem variations and a spectrum of solution criteria. The 
systematicc description of problem variations allows one to order and compare different problems. 
Thiss can be very beneficial for the development of knowledge based systems. This approach is, at 
leastt in spirit, similar to the one advocated by ten Teije [88]. In this work parameters for diagnosis 
weree identified which could be varied in the description of several problem variations. In that way 
variouss diagnostic problems could be systematically generated. 

Second,, the conceptualizations were used to construct a structure of possible solutions which 
wass used in the dynamic description of problem solving on the knowledge-level. This has been 
describedd in chapter 6 where problem solving behaviour was described in terms of changing states 
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off  knowledge about possible solutions. 
Thiss dynamic, semantic account of problem solving for knowledge intensive tasks has some 

importantt advantages. It allows for the easy extensions to other, non-classical forms of reasoning 
andd it provides a good illustration of our view of knowledge. 

Knowledgee in our view is a semantic concept and therefore a semantic account of knowledge-
levell  reasoning is called for. Hence, instead of focussing on the development of knowledge based 
systems,, or problem solving methods, we have given an analysis of task-oriented problem solving 
andd representation. We feel that an analysis of knowledge intensive tasks should start with an 
accountt of what knowledge is required and how it changes during the problem solving process. 
Thee explorations presented in this thesis are means to that end. 
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Problemm statement for Sisyphus: models of 
problemm solving 

Thiss appendix contains a substantia] part of the original problem statement of 
thee Sisyphus I project as published by Linster [57] in 1994. It describes the 
officee assignment problem treated in chapter 7. The text starts with a description 
off  the goal of the Sisyphus project. 

Wee devised the Sisyphus problem to compare different approaches to the modelling of 
problem-solvingg processes in knowledge-based systems and the influence of the models on the 
knowledgee acquisition activities. To this purpose we give a short description of a sample problem 
concernedd with office assignment in a research environment. 

Afterr a brief description of the settings in which the problem occurs, we describe the organi-
zationall  structure of the research group and that group's facilities. We will then render a sample 
annotatedd protocol of the local expert Siggi D. solving the office assignment problem. 

(...) ) 

II  Statement of the sample problem 

Thee members of the research group YQT of the HNE laboratory are moved to a new floor of their 
chateauu {...). Due to the severe cuts in funding they only get a very limited number of offices (...). 
Itt will be quite a problem to cram them all in. To complicate matters even further some will have to 
sharee an office. After several vain attempts - ech ending as nightmares that would have impressed 
Freddyy - the management of HNE is desperate. Sisyphus is their last hope. HNF implores the 
Sisyphuss teams to provide knowledgeable systems that are up to the task. 

Itt is important that the systems' way to solve the problem follow the shining example of the 
wizardd Siggi D., the only one who ever managed to solve the problem. The system developers 
shouldd be aware of the fact that YQT's members are used to being pampered. They all have their 
personall  preferences and professional peculiarities that had better be observed, as the dungeons of 
thee BABYLON tower are deep and lonely. 

I II  Data on people and offices 

DescriptionDescription of the members of YQT 
Nott all members of YQT can profit from this new office space in the chateau: about half of the 
groupp stay in their old offices. Those that are concerned by the new assignment are: 
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C5142 2 
C5-144 4 

C5-143 3 

Figuree 1 

Thee floor-plan of the chteau. 

(Thee tower) 

Wernerr L. 
Role=Researcher r 
Project=RESPECT T 
Smoker=No o 
Hacker=Yes s 
Works-with=Angii  W., Marc M. 

Jurgenn L. 
Role=Researcher r 
Project=EULISP P 
Smoker=No o 
Hacker=Yes s 
Works-with=Harryy C, Thomas D. 

Marcc M. 
Role=Researcher r 
Project=KRITON N 
Smoker=No o 
Hacker=Yes s 
Works-with=Angii  W., Werner L. 

Angii  W. 
Role=Researcher r 
Project=RESPECT T 
Smoker=No o 
Hacker=No o 
Works-with=Marcc M., Werner L. 

Andyy L. 
Role=Researcher r 
Project=TUTOR2000 0 
Smoker=Yes s 
Hacker=No o 
Works-with= = 

Michaell  T. 
Role=Researcher r 
Project=BABYLONN product 
Smoker=No o 
Hacker=Yes s 
Works-with=Marcc M., Werner L. 

Harryy C. 
Role=Researcher r 

UweT. . 
Role=Researcher r 
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Project=EULISP P 
Smoker=No o 
Hacker=Yes s 
Works-with=Jurgenn L., Thomas D. 

Thomass D. 
Role=Researcher r 
Project=EULISP P 
Smoker=No o 
Hacker=No o 
Works-with=Jurgenn L., Harry C 

Ulrikee U. 
Role=Secretary y 
Project=none e 
Smoker=No o 
Hacker=No o 
Works-with=Thomass D, Monica X, 
Eval. . 

Project=Autonomouss Systems 
Smoker=Yes s 
Hacker=Yes s 
Works-with= = 

Monicaa X. 
Role=Secretary y 
Project=none e 
Smoker=No o 
Hacker=No o 
Works-with=Thomass D., Ulrike U., Eva I. 

Hanss W. 
Role=Secretary y 
Project=BABYLONN product 
Smoker=Yes s 
Hacker=No o 

Works-with=Michaell  I. 

Evaa I. Joachim I. 
Role=Managerr Role=Researcher 
Project=nonee Project=ASERTI 
Smoker=Noo Smoker=No 
Hacker=Noo Hacker=No 
Works-with=Thomass D, Monica X, Ul-
rikee U. Works-with= 

Katharinaa N. 
Role=Secretary y 
Project=MLT T 
Smoker=Yes s 
Hacker=Yes s 
Works-with= = 

HierarchicalHierarchical structures within YQT 
Withinn the subset of members of YQT we have the following organizational structure: Thomas 

D.. is the head of the group YQT; Monika X. and Ulrike U, are the secretaries; Werener L. and Angi 
W.. work together in the RESPECT project; Harry C, Jurgen L. and Thomas D. work in the EULISP 
project;; Michael M. and Hans W. work in the Babylon project; Hans W. is the head of this large 
project;; Marc m, Uwe T. and Andy L. pursue individual projects; Katharina N. and Joachim I. are 
thee heads of larger projects that are not considered in this problem. 

TheThe offices on YQT's floor of the chateau 
C5-123,, C5-122, C5-12I, C5-120, C5 119 and C5-117 are large rooms that can host two 

researchers.. Large rooms can be assigned to heads of groups too. C5-113, C5-114, C5-115 and 
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C5-1166 are single rooms. [The shaded rooms in figure 1 are not available as office space - MGJ.] 

1 1 
1 1 

2 2 

3 3 

4 4 

5 5 

6 6 

7 7 

Actionn by the expert 

Putt Thomas D. into 
officee C5-117 

Monikaa X. and Ulrike 
U.. into office C5-119. 

Evaa I. into C5-116 

Joachimm I. into 
C5-115. . 

Hanss W. into C5-114. 

Katharinaa N. into 
C5-113. . 

Andyy and Uwe T. 
intoo C5-120. 

l a a 

lb b 

2a a 

3a a 

3b b 

4a a 

5a a 

6a a 

7a a 

Self-reportt  transcrip t (stylized) 

Thee head of group needs a central 

officee so that s/he is as close as 

possible.too all the members of the 

groupp . This should be a large office. 

Thiss assignment is defined first, as the 

locationn of the office of the head of 

groupp restricts the possibilities of the 

subsequentt assignments. 

Thee secretaries' office should be 
locatedd close to the head of group. 
Bothh secretaries should work together 
inn one large office. This assignment is 
executedd as soon as possible, as its 
possiblee choices are extremely 
constrained. . 

Thee manager must have maximum 
accesss to the head of group and to the 
secretariat.. At the same time he/she 
shouldd have a centrally located office. 
AA small office wil l do. 

Thiss is the earliest point at which this 
decisionn can be taken. 

Thee heads of large projects should be 
closee to the head of group and the 
secretariat.. There really is no reason 
forr the sequence of assignments of 
Joachim,, Hans, and Katharina. 

Thee heads of large projects should be 
closee to the head of group and the 
secretariat. . 

Thee heads of large projects should be 
closee to the head of group and the 
secretariat. . 

Bothh smoke. To avoid conflicts with 
nonsmokerss they share an office. 
Neitherr of them is eligible for a single 
office.. This is the first twin-room 
assignmentt as the smoker/nonsmoker 
conflictt is a severe one. 
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8 8 

9 9 

10 0 

Actionn by the expert 

Wernerr L. and Jiirgen 
L.. into office C5-123. 

Marcc M. and Angi W. 
intoo office C5122. 

Harryy C. and Michael 
T.. into office C5-121. 

8a a 

8b b 

9a a 

10a a 

Self-reportt  transcript (stylized) 

Theyy are both implementing systems, 
bothh nonsmokers. They do not work 
onn the same project, but they work on 
relatedd subjects. Members of the same 
projectss should not share offices. 
Sharingg with members of other 
projectss enhances synergy effects 
withinn the research group. 

Theree are really no criteria for the 
sequencee of twin-room assignments. 
Marcc is implementing systems; Angi 
isn't.. This should not be a problem. 
Puttingg them together would ensure 
goodd cooperation between the 
RESPECTT and the KRITON projects. 
Theyy are both implementing systems. 
Harryy develops object systems. 
Michaell  uses them. This should create 
synergy. . 

NoteNote 1 
Ourr wizard Siggi D. seems to pursue a general strategy of assigning the head of group and 

thee staff personnel first, followed by the heads of large projects, who through their seniority are 
eligiblee to single offices {...). The offices of the head of group and the staff should be close to each 
other.. Heads of projects should, if possible, be allocated offices close to the head of group's office. 

NoteNote 2 
Twinn offices are assigned to the members of the research projects, under the consideration that 

synergyy among projects is boosted. This means that researchers who work on the same project 
are,, if possible not sharing an office. Co-workers who work on related subjects can share an office. 
Itt is important not to put smokers and non-smokers together into twin offices. 

(...) ) 
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KnowledgeKnowledge Engineering is het vakgebied dat zich bezig houdt met het ontwerpen, bouwen 
enn onderhouden van systemen die op één of andere wijze gebruik maken van grote hoeveelheden 
kennis.. Als voorbeeld kan men denken aan systemen die medische diagnoses kunnen uitvoeren of 
systemenn die aangeven op welke plaatsen olie kan worden gevonden. 

Dee verschillende kennis-intensieve problemen die in de loop van de jaren zijn bestudeerd kun-
nenn worden ingedeeld in een aantal verschillende probleem-typen, ook wel taken genaamd. Zo is 
hett stellen van een medische diagnose een voorbeeld van een probleem dat valt onder een diagnos-
tischee taak. Het vinden van een mankement in een niet werkende PC is dat ook. Naast diagnose 
wordenn o.a. ook planning, classificatie, ontwerp en toewijzing (assignment) als verschillende 
probleemtypenn gezien. 

Takenn zijn analytisch of synthetisch van aard. Onder analytische taken vallen problemen die 
betrekkingg hebben op een bestaand 'systeem', terwijl bij synthetische problemen een 'systeem' 
geconstrueerdd dient te worden. Zo is bijvoorbeeld het classificeren van gesteenten een probleem 
datt valt onder de analytische taak classificatie. Het doel van het probleem is te bepalen tot welke 
klassee een bepaald object (een gegeven gesteente) behoort. Een toewijzingsprobleem daarentegen 
behoortt tot een synthetische taak omdat de toewijzing (assignment) in zekere zin geconstrueerd 
dientt te worden. 

Hett onderverdelen van problemen in taken heeft grote voordelen voor het ontwerpen, bouwen 
enn onderhouden van kennis-systemen. Allereerst brengt het onderscheiden van taken met zich mee 
datt men de domein-kennis scheidt van de meer procedurele kant van het probleem- oplossingspro-
ces.. Zo heeft een arts een grote hoeveelheid medische domein-kennis, terwijl een auto-monteur 
kenniss heeft van auto's. Beide personen kunnen problemen oplossen die tot een diagnostische taak 
behorenn (een arts stelt een medische diagnose m.b.t. een patient, een monteur een mechanische 
diagnosee m.b.t. een auto), en ondanks hun verschillende domeinen wel degelijk iets gemeenschap-
pelijkss hebben. 

Eenn ander groot voordeel is dat met elke taak één of meer taak-methoden kunnen worden 
verbonden.. Een taak-methode kan men opvatten als een prototypische methode die gebruikt kan 
wordenn als startpunt voor de ontwikkeling van een meer specifieke methode die het betreffende 
probleemm kan oplossen. 

Ookk kan men met een taak een typische beschrijving van kennis-representatie verbinden. Bij 
dee beschrijving van een taak horen zogenaamde representatie schema's die op een prototypische 
manierr aangeven hoe kennis kan worden representeerd. 

Bijj  het ontwerp van een kennissysteem kan men gebruik maken van deze indeling in taken door 
dee problemen die het systeem dient te kunnen oplossen, te classificeren en gebruik te maken van 
proceduress en typische representatie schema's. Zo hoeft de ontwerper een groot aantal beslissin-
genn zelf niet meer te nemen. 

Dee begrippen die gebruikt worden in de beschrijving van een taak worden vastgelegd in een 
zogenaamdee ontologie van de taak. Een taak-ontologie bevat een verzameling definities van be-
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grippenn die gebruikt kunnen worden in beschrijving van problemen die onder de taak vallen. Zo 
bevatt een taak-ontologie voor classificatie, definities voor begrippen als "object", "observatie", 
"attribuut""  etc. Dergelijke definities zijn vaak informeel. 

Ditt proefschrift beschrijft hoe bestaande formalismen kunnen worden gebruikt in de beschrij-
vingg en karakterisering van individuele taken. Aan de hand van twee taken, een analytische (clas-
sificatie)) en een synthetische (assignment), illustreren we hoe de conceptualisatie van een taak er 
uitziet.. Vervolgens laten we zien hoe men dergelijke conceptualisaties formeel kan representeren. 
Dee formalisatie wordt hierbij steeds zo gekozen dat de formele eigenschappen van de representatie 
onss iets leren over de taak. Een derde aspect dat aan de orde komt, is hoe deze representaties te 
gebruikenn om inzicht te krijgen in eigenschappen van de taak in kwestie. 

Hett proefschrift bevat een aantal exploraties die elk één van bovenstaande punten behandelen. 
Hoofdstukk 2 beschrijft een verslag van deelname aan het Sisyphus III experiment. Onderzoek-
erss binnen de Knowledge Engineering werden uitgenodigd een systeem te bouwen dat diverse 
stollingsgesteentenn zou moeten kunnen classificeren. Hiervoor was kennis-acquisitie materiaal, 
(o.a.. in de vorm van interviews met experts) beschikbaar gesteld. Deelnemers werden geacht 
hunn activiteiten bij te houden in een logboek, zodat na afloop de aanpak van verschillende deel-
nemerss systematisch met elkaar konden worden vergeleken. Onze bijdrage aan dit experiment 
beslaatt hoofdstuk 2. In dit proefschrift vervult het de rol van een exploratie die laat zien hoe 
hett modelleren van kennis doorgaans plaats vindt. De aanpak is nog informeel en gericht op het 
construerenn van diverse ontologiën. Dit hoofdstuk vormt input voor volgende hoofdstukken waar 
verschillendee aspecten van de classificatie-taak formeel nader worden uitgewerkt. Hoofdstuk 4 
bevatt een uitgebreide ontologie voor classificatie problemen. 

Ookk hoofdstuk 7 gaat in op de conceptualisatie van een taak. Ditmaal staat de taak assign-
mentment (toewijzing) centraal. Een voorbeeld van een toewijzingsprobleem is het toewijzen van per-
soneell  aan werkruimte (kamers). Hierbij dient men rekening te houden met een aantal gegeven 
eisenn (constraints) en wensen (preferences). De meest ideale toewijzing is de oplossing van een 
dergelijkk probleem. In hoofdstuk 7 wordt uitgebreid beschreven welke begrippen van belang zijn 
bijj  het beschrijven van toewijzingsproblemen. 

Dee keuze voor een bepaalde formele representatie van een taak is in dit proefschrift steeds 
afhankelijkk van het toekomstige gebruik van de taak-analyse. Zo is in hoofdstuk 3 gekozen voor 
eenn propositioneel logische benadering om het gebruik van tableaux voor probleemoplossen te 
illustreren.. In hoofdstuk 4 is gekozen voor een andere representatie van classificatie omdat hier de 
variëteitt van problemen binnen de classificatie-taak beschreven wordt. 

Inn hoofdstuk 5 wordt nader ingegaan op de keuze van een propositioneel logische represen-
tatiee voor abductieve theorieën. Zoals in hoofdstuk 2 wordt aangetoond kan sterke classificatie 
wordenn gezien als een vorm van abductie. Men kan echter vragen stellen bij de juiste interpretatie 
vann de formele representatie van de domein-kennis. Hoofdstuk 5 beschrijft de problemen van de 
materiëlemateriële implicatie binnen een abductieve context. Als een mogelijk alternatief wordt abductie 
mett strikte implicatie beschreven. 

Dee verschillende formele representaties van taken kunnen worden gebruikt om een beter 
inzichtt te krijgen in wat een taak nu precies is. We kunnen een onderscheid maken tussen een 
statischstatisch en dynamisch gebruik van deze representaties. 

Hett statisch gebruik is het meest duidelijk in hoofdstuk 4. Hier wordt een spectrum beschreven 
vann allerlei mogelijke classificatie-criteria. Een criterium is een bewering die beschrijft wanneer 
eenn bepaalde oplossing is bereikt. Het is dus niet moeilijk criteria te verbinden met problemen. 
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Hett beschreven spectrum beschrijft dan ook problemen die allemaal behoren tot de taak classifi-
catie.. We laten zien hoe door een aantal basisbegrippen te combineren steeds gecompliceerdere 
classificatie-criteriaa kunnen worden beschreven. 

Inn hoofdstuk 7 wordt een overzicht gegeven van verschillende toewijzingsproblemen. Hier 
wordtt dieper ingegaan op de analyse van constraints en preferenties. De analyse wordt vervolgens 
toegepastt in de beschrijving van een probleem waarbij werknemers moeten worden toegewezen 
aann een aantal werkplaatsen op een afdeling. 

Hett dynamisch gebruik heeft betrekking op het probleem-oplossen binnen de taak. Hoofd-
stukk 3 gaat nader in op een aantal probleem oplosmethoden voor classificatie. Met behulp van 
analytischee (of semantische) tableaux laten we zien hoe de methoden van 'sterke' en 'zwakke' 
classificatiee kunnen worden gerepresenteerd. Semantische Tableaux vormen een beslissingsmeth-
odee binnen de klassieke logica. Met behulp van tableaux kan men o.a. de geldigheid van bepaalde 
beweringenn nagaan. In dit hoofdstuk worden tableaux gemanipuleerd, waarbij afgeweken wordt 
vann de standaard regels voor het gebruik. Op deze manier kan worden aangetoond dat sterke 
classificatiee overeenkomt met abductie, een manier van redeneren waarbij men verklaringen zoekt 
voorr waargenomen fenomenen. 

Hoofdstukk 8 gaat in op een deelprobleem van veel assignment-problcmen, namelijk 
gegroepeerdd toewijzen (ook bekend als grouping). Bijvoorbeeld, het toewijzen van 8 mensen 
aann 4 kamers met elk 2 plaatsen kan men uitvoeren door elke persoon individueel aan een plaats 
toee te wijzen. Men kan echter eerst ook groepjes van twee vormen en deze groepjes aan een kamer 
toewijzen.. Deze strategie wordt uitgebreid en formeel geanalyseerd in hoofdstuk 8. 

Inn hoofdstuk 6 wordt een meer algemene aanpak voor een dynamische beschrijving van 
kennis-intensieff  probleem-oplossen voorgesteld. Deze aanpak, of raamwerk, bestaat uit een 
beschrijvingg van probleem-oplossen in termen van welke kennis beschikbaar is voor, tijdens en 
naa het oplossen van het probleem. De formele beschrijving hiervan maakt gebruik van begrip-
penn als 'kennis-toestanden' en 'toestandsovergangen' die zijn ontleent aan update semantiek. Het 
oplossenn van een probleem wordt beschreven als een reeks toestandsovergangen. Men begint met 
eenn toestand met weinig of geen kennis m.b.t. de mogelijke oplossing. Gaandeweg neemt kennis 
overr de oplossing toe totdat een toestand wordt bereikt waarin een oplossing gevonden is. Deze 
toestandd wordt gekenmerkt door de acceptatie van het criterium van het probleem. 

Ditt proefschrift levert door middel van deze exploraties een bijdrage aan een beter begrip van 
watt een taak nu eigenlijk inhoudt. De formele aanpak resulteert in een precieze beschrijving van 
dee begrippen die gebruikt worden in beschrijvingen van de taak. De gebruikte taak-ontologiën 
zijnn dan ook formeler en meer gedetailleerd dan doorgaans het geval is. De uitgebreide beschrij-
vingenn en karakterisering van probleem-variaties stelt men in staat om verschillende problemen 
mett elkaar te vergelijken en te classificeren. Tenslotte, stelt het raamwerk van kennis-toestanden 
enn -overgangen men in staat een beschrijving te geven van de dynamische aspecten van kennis-
intensievee taken. 
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