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2 2 

Onn the nature of SEM estimates of ARM A parameters 

Thee use of structural equation modeling (SEM) software to fit autoregressive moving 
averagee (ARMA ) models to the covariance matr ix of relatively short series observed in 
largee numbers of cases, has been dealt with extensively (e.g., Curran & Bollen, 2001; 
Duu Toit & Browne, 2001; Jöreskog, 1971, 1979). Only a few papers have been devoted 
too the specification of ARMA processes as structural equation models for univariate 
seriess observed in a single subject (Hershberger et al., 1996; Hershberger et al., 1995; 
Molenaar,, 1985. 1999: Van Buuren, 1997). This involves fitting the models to the 
toeplitzz matr ix of the lagged auto-covariances using programs like LISREL (Jöreskog 
kk Sorborn, 1999). 

Vann Buuren (1997) went beyond specification and investigated the nature of SEM 
estimatess obtained by minimizing the (standard normal theory) log-likelihood rat io 
function.. To this end he carried out a simulation experiment and compared the SEM 
estimatess for the ARMA parameters with maximum likelihood (ML) estimates ob-
tainedd from SPSS ARIMA , which uses Mélard's algorithm (Mélard, 1984). The results 
weree mixed. For pure autoregressive (AR) and mixed processes, the averaged param-
eterr estimates obtained from SEM were (almost exactly) the same as the averaged 
parameterr estimates obtained from SPSS ARIMA . as were the standard deviations of 
thee parameter estimates. For pure moving average (MA ) processes the SEM estimates 
weree biased in 5 to 10% of the cases, and they were less efficient then the parameter 
estimatess obtained with SPSS ARIMA . Molenaar (1999) argued that this negative 
findingfinding may be due to the absence of invertibility constraints on the MA parameters 
inn Van Buuren's simulation experiment. Despite these disappointing results for pure 
M AA processes, Van Buuren concluded that the ARMA parameter estimates obtained 
wit hh SEM software resemble true ML estimates and treated them as such. 

Givenn Van Buuren's results, the nature of ARMA parameter estimates obtained 
byy analyzing the toeplitz matr ix in SEM software, is at present unknown. The aims 
off  this Chapter are to: (a) investigate the nature of SEM estimates; (b) replicate 
Vann Buuren's simulation experiment in the light of Molenaars comment concerning 
invertibility ;; and (c) investigate the behavior of the log-likelihood ratio test. 

Thee outline of this Chapter is as follows. In the first section two methods for esti-
matingg ARMA parameters are discussed. To i l lustrate how one can specify an ARMA 
inn SEM. it is described how an ARMA (1,1) is specified in LISREL. a SEM program 
(Jöreskogg & Sorborn. 1999). In the second section the nature of the estimates obtained 

Thiss Chapter has been published: Hamaker, E. L., Dolan, C. V., and Molenaar, P. M. C. (2002) 
Onn the nature of SEM estimates of ARMA parameters. Structural Equation Modeling. 9, 1547-368. 
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wit hh LISREL using the ML-method are discussed. In the third section several simu-
lationn experiments are presented. The first simulation experiment is a replication of 
Vann Buuren's experiment in the light of Molenaar's comment concerning invertibility. 
Thee second simulation experiment is aimed at investigating the nature of parameter 
est imatess obtained with SEM software is for an ARMA (2. 1) and an ARMA (1.2). 
Thee third and fourth simulation experiments were done to investigate the behavior of 
thee log-likelihood rat io test. Litt l e is known about this behavior in the present context. 
I nn the final section the util it y of SEM software in fittin g ARMA models to t ime series 
da taa is discussed and the circumstances under which it may be used are considered. 

2 .11 E s t i m a t i o n of A R M A p a r a m e t e rs 

Lett {yt} (t = 1.2. ...,T) be an observed univariate t ime series that is stationary, with 
E[yE[ytt]]  = fi = 0. and let {at} be an unobserved purely random process, with E[at]  = 0 
andd variance a2

a. Now {yt} is generated by an ARMA (p.q) process as follows: 

VtVt ~ 0iVt-i ~  - <PPyt-P = at- diat-i - ... - 8qat-q . (2.1) 

wheree <j, (i = 1. ...p) are the autoregressive parameters, and 0, (j = 1. ...q) are the 
movingg average parameters. On the basis of the observed series {yt} there are different 
wayss to est imate the ARM A parameters 0, and 6j. We briefly discuss the unconditional 
likelihoodd function, which uses the raw data, and the univariate stochastic model 
preliminaryy estimation, which uses the auto-covariances of the observed time series 
(Boxx k Jenkins. 1976). The latter is included as below it is shown that these are in 
factt SEM est imates. 

2.1 .11 Uncond i t i onal L ike l ihoo d Funct ion 

Thee joint distr ibution function of an ARMA (p. q) process may be written as 

'rT1 1 

p(y\^e,ap(y\^e,aaa)) = ( 2 7 r aa
2 ) - T / 2 | f 2 r 1 / 2 e x p { _ y i i y }  _ ( 2 2 ) 

wheree e^fi is the T x T covariance matrix of the observed series {yt} (Box k. Jenkins. 
1976).. Box and Jenkins showed through Equation 2.2 that the likelihood function of 
ann ARMA (p, q) process can be defined as: 

L(L(00.e.a.e.aQQ\y)\y) = ( 2 ™ r r / 2 | « r 1 / 2 e x p { - ^ ^ }  (2.3) 

wheree S(0, 8) is the uncondit ional sum of squares. To obtain the unconditional sum of 
squares,, one needs to calculate the initial values {y~k} {k = 0 . 1. 2....) of the t ime series 
beforee the observations started. This is done through what is called back forecasting 
(seee Box & Jenkins. 1976. p.213-217). From these initial values for {y~k}- one can 
calculatee the initial values for {a_f e} . From these initial values and the observed t ime 
series,, one can calculate the unconditional values for at. The unconditional sum of 
squaress for an ARM A (p, q) is given by: 

TT T 

S(0^8)=S(0^8)= ] T [at\y,0.9]2~ J ] H y . < M ] 2 (2.4) 
t=-xt=-x t=-Q 



2.11 Estimation of ARMA parameters 17 

wheree Q is the point where the estimates oiy^k become essentially zero. In a pure MA 
processs this is at t — — q + 1. For a mixed process or a pure AR process, this means 
thatt the original process is replaced by a pure MA process of order Q (Box Kc Jenkins. 
1976,, p.216). 

Maximizationn of Equat ion 2.3 produces unconditional ML estimates, while mini-
mizingg Equation 2.4 produces what Box and Jenkins call unconditional least squares 
(LS)) estimates. These LS estimates are a good approximation of ML estimates, if the 
t imee series is sufficiently long (Box & Jenkins, 1976). 

Boxx and Jenkins describe alternatives to Equations 2.3 and 2.4, which they call 
thee conditional likelihood function and the conditional sum of squares. The term con-
ditionall  refers to the fact that these functions are conditional on the choice of initial 
values,, that is {y-k} and {a_fc} . There are several procedures to obtain suitable values 
forr the initial values. One way is to set {y~k} a nd {i-A- }  equal to their unconditional 
expectations.. For the purely random process these are zero, and given (i = 0. the ini-
tiall  values {y~k} can be fixed to equal zero too. Another procedure Box and Jenkins 
describee is to calculate the a's from ap+i onwards sett ing previous a's equal to zero. 
Inn that case only T — p a's are calculated. When there are no autoregressive terms 
thesee two procedures are equivalent. When T is moderate or large, the parameter es-
t imatess from the conditional likelihood function are sufficient approximations of those 
obtainedd through the uncondit ional likelihood function (Box & Jenkins, 1976). 

2.1.22 Un ivar ia t e S tochas t ic M o d el P re l im ina r y E s t i m a t i on 

Boxx and Jenkins (1976) also describe a procedure to find estimates for ARMA pa-
rameterss using just the auto-covariances of the time series. They call this procedure 
univariatee stochastic model preliminary estimation (USPE). These estimates may be 
consideredd as moment estimates. This procedure consists of two separate parts. In 
thee first part, the AR parameters fa are estimated using the (extended) Yule-Walker 
equations.. Est imates obtained by the Yule-Walker equations for pure AR processes 
aree known to have the same asymptotic properties as ML estimates (Box & Jenkins, 
1976.. p. 278-279). In the second part of this procedure, the MA parameters 8j and 
thee variance of the purely random process G\ are estimated by means of the Newton-
Raphsonn algorithm. In Table 2.1 the USPE expressions are given for the parameters 
off  ARMA processes in just the observed auto-covariances cm. 

2.1 .33 A R M A process in L ISREL : S EM speci f icat ion 

Forr our analyses of ARMA data in SEM software, we used LISREL (Joreskog & 
Sörbom,, 1999). Our model specification below and in the Appendix 2.A should not 
leadd to different outcomes in other SEM software. 

Lett r be the number of observed variables y. and let S be the r x r input matr ix 
wit hh observed variances and covariances. Now the measurement equation is 

yy = Ar) + e. (2.5) 

wheree A is a r x u matr ix with factor loadings, 77 is a u x 1 vector with latent variables, 
andd 6 is a r x 1 vector with measurement errors, which is uncorrected with 77. The 
structurall  equation is 
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Tabl ee 2.1. 
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Tabl ee 2 .1. USPE expressions for ARMA parameters. These were obtained by inserting values for p 
andd q in the general USPE expressions given by Box and Jenkins, (1976, p.498-500). 

T)T) = Brf + £ , (2-6) ) 

wheree B is a it x a matrix with structural coefficients of 77, and ( is a u x 1 vector 
withh residuals, which is uncorrelated with 77. Let S be the r x r structured population 
covariancee matrix, which is generated by 

EE = A(I - B p * ( I - B r 1 A + © (2.7) ) 

wheree >£ is the u x u covariance matrix of £, and © is the r x r covariance matrix 
off  e. Ordinarily the input matrix is the variance-covariance matrix of r observed vari-
ables.. The number of unique elements in this matrix is (r x (r + l))/2. To model 
ann ARMA (p, q) process in LISREL, one needs the toeplitz matrix with the lagged 
auto-covariancess of the observed series, that is. 

CO O 

C\ C\ 

C2 C2 

C\ C\ 

CO O 

c\ c\ 

C2 C2 

C\ C\ 

CO O 

 C p + q 

 *  cp+q-l 

 Cp+q-2 

__ccP+qP+q cp+q-l cp+q-2 CO O 
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wheree Co is the variance of the t ime series {yt} and cm is the auto-covariance at lag 
m.m. Because the diagonals of a toeplitz matr ix are made up by the same elements, the 
numberr of unique elements does not equal (rx(r+  l ) ) / 2 , as usual, but is in fact equal 
too the window size, that is p + q + 1. Still , LISREL treats the toeplitz matr ix as an 
ordinaryy input matrix, and therefore overestimates the number of unique elements. 

Too il lustrate how an ARMA process is specified in LISREL, we discuss the speci-
ficationn of an ARMA (1,1). The specification of other ARM A processes can be found 
inn the appendix. To model an ARMA (1,1) we need the 3 x 3 input matr ix, with the 
variancee of the time series, and the auto-covariances at lag 1 and 2. Because there 
iss no measurement error, 0 is a null matrix, so that the measurement model for an 
ARM AA (1,1) is formed by 

Thee structural model is formed by 

m m 

174 4 

1000 0 0 
00 100 0 
000 10 0 

'00000 ' ' 
00 001 0 
000 00 1 
000 00 0 
0000 0 0 

V V 
m m 
m m 
m m 
_m_ _m_ 

+ + 

ren n 
C2 2 
0 0 

Q Q 
LCaJ J 

Too start off the process, one needs several extra parameters that are est imated in the 

covariancee matr ix *J>: 

** = 

Vl. l l 
V'2.11 t'2.2 

00 0 0 
00 0 Qa'l 
00 0 0 0 

Thesee extra parameters are: v\,\, which may be interpreted as the variance of the t ime 
seriess yt: V2.2, which is the variance of the t ime series that is not accounted for by 
thee at ( that is the variance accounted for by yt-\ and <2f_i); and the covariance 1̂ 2.1 
whichh can be interpreted as the auto-covariance at lag 1. The structured population 
covariancee matr ix is formed bv 

££ = 
^1 , 1 1 

02,1 1 02.22 + K 
_0W_0W22.l.l ÓV2.2 + ( 0 + 0)<7* 0^2 .2 + {0 + Ó)r<7a + < 

Becausee the input matr ix S is a toeplitz matr ix, the structured population covariance 
matr ixx S has to be as well. Consequently, the elements on the diagonals have to be 
identical,, and the following constraints can be introduced: 

'01,11 = 02.2 + &a 

vv22..22 = (O + 0)2a2J(l-ó2 



200 On the nature of SEM estimates of ARMA parameters 

Insert ingg the expression for ^2.2 in those for tpi  ̂ and ^2,1 results in 

^1,11 =<j 2
a(e

2 + 26è + i)/{i-<p 2) 

V2,ii  = (<f>  + 6)al{(p0 + l)/(l-02) , 

Thesee constraints are not necessary in LISREL, since they do not affect the parameter 
est imates.. But they show that the unique parameters that have to be est imated are 0, 
00 and o\, and the total number of unique parameters that is estimated, is equal to the 
numberr of unique elements in the input matr ix, that is p + q + 1. The same applies to 
thee specification of other ARM A processes in LISREL. Consequently, all these models 
aree saturated despite the fact that LISREL reports several degrees of freedom for most 
off  these model specifications, and all these model specifications result in a \ 2 of zero, 
whenn the right window size is chosen to analyze a given (simulated) da ta set. 

Onee could increase the window size of the input matr ix, in order to gain degrees of 
freedomm and therefore have the opportunity to test the fi t of the model. We investigated 
thee effect of window size on the parameter estimates. For pure AR models, larger input 
matricess produce exactly the same estimates, but for pure MA models and mixed 
modelss the parameter est imates change when the window size of the input matr ix is 
altered.. The standard error of the parameter estimates decrease when the window size 
off  the input mat r ix is increased. Throughout this Chapter, the chosen window size is 
minimal,, that is, p + q + 1. 

2.22 What are LISRE L  es t ima tes? 

Vann Buuren examined the correlation between the parameter estimates obtained with 
SEMM software and SPSS ARIMA , which uses Mélard's method and yields true ML 
estimates.. This correlation varied from .77 to .99 for pure AR processes, and from 
.622 to .97 for mixed processes. For pure MA processes the correlations varied from 
zeroo to .81. Although these disappointing results for MA processes may be in part 
duee to the absence of invertibility constraints in Van Buuren's simulation experiment 
(Molenaar,, 1999), it is striking that the correlations for the parameter estimates never 
reachedd LOO. If the parameter estimates obtained with SEM software actually are ML 
estimates,, it would be reasonable to expect the correlations to be 1.00 (or slightly 
deviatee from 1.00 due to rounding off differences in the programs). Since this is not 
thee case, i t must be concluded that ML estimation using SEM software does not yield 
t ruee ML est imation. 

Thiss also becomes clear from a numerical example. We simulated an ARMA (1,1) 
processs of length T = 1000, with 0 = .80, 6 = - . 20, and a2

a = 1.00. When analyzed 
wi t hh LISREL, the parameter estimates are: 0 — .7891, 9 — —.2169, and a2 = .9840. 
I nn contrast, the true ML estimates are: ^ = .7979, 9 = - .1846, and a2, = .9886. 

Noww that it is clear that LISREL does not produce true ML estimates, we want to 
examinee the nature of LISREL estimates. To this end we consider the log likelihood 
rat ioo function that is minimized in LISREL. Let S be the observed covariance matr ix 
andd let £ be the structured population covariance matrix, as defined above. Then the 
functionn that is minimized in LISREL is 

FF = l o g | S| - l og lSI + t r J s i T1 ] - r . (2.8) 
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Thee associated \2-stat is t ie is calculated as \2(df) = (n — l)F, where n is the number 
off  observations. This X2(df) is asymptotically central ^ -d i s t r i bu ted w n e n the t rue 
modell  is fitted, and it is non-central distr ibuted when a false model is fitted. 

Too get analytic expressions for the parameter estimates of LISREL, we used 
MAPL EE (Heck, 1997). First, we obtained analytic expressions for the structured pop-
ulationn covariance matrices, and then found the expressions for F. Then we took the 
derivativess of this function directly to the parameters, set them equal to zero, and 
solvedd for the parameters. For the ARM A processes (1,0), (2,0), (0,1) and (1,1) this 
resultss in expressions that are identical to the USPE-expressions in Table 2.1. 

Forr an ARMA (0. 2) we encountered computat ional problems due to the limited ca-
pacityy of MAPLE. Therefore we entered the expressions from USPE in the derivatives 
off  the ML function. This resulted in complicated expressions in auto-covariances that 
MAPL EE could not simplify, but should be zero. Entering the following exact values for 
thee observed auto-covariances resulted in zero as expected for each of the derivatives: 
Coo = YÖÖÖ- C] = ~~ 5- an<^ c'2 ~ ~JÖ  ̂ Hence, we concluded that the parameter estimates 
obtainedd with SEM are in fact USPE estimates. For more complex models like an 
ARM AA (1,2) and ARMA (2,1) it quickly became analytically intractable even using 
MAPL EE to show that SEM estimates and USPE estimates are identical. We therefore 
carriedd out a simulation experiment which is described below. 

2.33 Simulation 

Inn this section we present the results of several simulation experiments. The first 
experimentt was aimed at replicating Van Buuren's simulation experiment in the light 
off  Molenaar's comment concerning the invertibility constraints. The second experiment 
wass designed to show that SEM estimates are USPE estimates for more complex 
modelss like an ARMA (2,1) and an ARMA (1,2), where we did not establish this 
analytically.. The third and forth experiment were done to examine the behavior of the 
likelihoodd rat io produced by SEM software using the ML-method. 

Too carry out these simulations, we used our own FORTRAN programs. We used the 
thee IMSL STATLIB routine RNARM to simulate data. This routine produces T+ 10 
dataa points, of which the first 10 observations are discarded to avoid the effects, if any, 
off  start ing up the simulated sequence. ML estimates were obtained with NPARMA, 
whichh uses Mélard's routine (Mélard. 1984). Mélard's routine calculates the exact 
log-likelihoodd function of any ARMA process (see also Harvey, 1996. p. 124). given 
thee data and parameter values. The quasi-Newton optimization routine NPSOL (Gill , 
Murray,, Saunders. Ik Wright. 1986) was used in conjuction with Mélard's routine to 
maximizee the log-likelihood function (Mélard. 1984). 

Inn fittin g ARMA models using SEM, we used the LISREL 8 program (Jöreskog 
&&  Sörbom. 1999) in preliminary analyses and in checking model specification. In the 
actuall  simulations, we used MLISV 1 which is an adapted version of our own LISREL-
typee routines to fit ARMA using SEM (Dolan & Molenaar, 1993). In this adapted pro-
gramm we minimize the log-likelihood rat io function by means of Koval's quasi-Newton 
routinee called VARMET (Koval, 1997). Standard errors are based on a central finite 
differencee approximation of the Hessian using exact gradients. This approximation 
iss known to be excellent (Dolan & Molenaar. 1991). Koval's optimizer and Mélard's 
exactt ML ARMA routine were downloaded from ht tp : / / l ib .s ta t .cmu.edu/apsta t /. 

http://lib.stat.cmu.edu/apstat/
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Prel iminaryy estimates were obtained by means of the IMSL STATLIB routine 
NSPE.. The routine NSPE is based on the USPE algorithm described in Box and 

Jenkinss (1976). 

2 .3 .11 E x p e r i m e nt 1 

I nn his simulation experiment. Van Buuren (1997) found that the parameter estimates 
obtainedd with SEM software were very good when compared to ML estimates for 
puree AR and mixed processes, but were biased and much less efficient for pure MA 
processes.. Molenaar (1999) argued that this negative finding for pure MA processes 
mayy be due to the absence of invertibility constraints on the MA parameters. To 
investigatee the effect of invertibility constraints on the estimates of MA parameter, we 
replicatedd and extended Van Buuren's simulation experiment. 

Forr each ARM A process 100 replications were simulated with length T — 50. and 
parameterr est imates were obtained with the three different programs described above. 
Inn Table 2.2 the averaged estimates for the parameters from the different programs 
aree shown, with the standard deviation of these estimates. MLISV 1 also produces 
standardd errors of the estimates. The averaged standard errors are displayed in Table 
2.22 as well. 

Inn the third column the number of valid cases is shown. Cases were considered 
invalidd if one or more of the following occurred: (a) NSPE failed to converge; (b) 
NPARMAA reported an error due to the fact that the parameter estimates were outside 
orr at the specified boundaries; (c) manual checks showed that one or more of the 
programss gave parameter solutions that were outside the boundaries of invertibility 
and /orr stationarity. 

Forr an ARMA (0, 1) the invertibility constraint is |0| < 1 (Box & Jenkins, 1976). 
Forr the first two ARMA (0,1) processes that are shown in Table 2.2 we used the same 
parameterr values that Van Buuren used. The other four ARMA (0.1) processes were 
simulatedd with parameter values further away from the invertibility boundaries. It is 
clearr that the closer the true parameter value is to one of the boundaries, the more 
invalidd cases are produced. 

Forr an ARM A (0. 2) the invertibility constraints are 6\ + 92 < 1- —#i +62 < I, and 
10211 < 1 (Box & Jenkins, 1976). Here, it is less obvious when chosen parameter values 
aree close to the boundaries. Again the first two ARMA (0, 2) processes have the same 
parameterr values as Van Buuren used, while the other two have different parameter 
values. . 

Whenn we compare our results to those obtained by Van Buuren, we find that the 
resultss for pure AR and mixed processes are quite similar. For pure MA processes, our 
M LL estimates obtained with NPARMA seem to be more accurate and efficient, than 
thee ML est imates Van Buuren obtained with SPSS ARIMA . In contrast, our SEM 
est imates,, obtained with MLISV 1 are a lot less accurate than the SEM estimates Van 
Buurenn obtained. For example, in the first two ARMA (0,1) processes we simulated, 
ourr averaged estimates for the MA parameter are closer to zero than the averaged 
parameterr est imates Van Buuren reports. This discrepancy seems to be due to the fact 
thatt we only retained the valid cases. In the first MA (1) we simulated, 50 cases were 
consideredd invalid, while in the second M A (1), 42 cases were considered invalid. When 
thee average parameter est imate was calculated over all 100 replications (including the 
invalidd cases), the MLISV 1 estimates approximated the SEM estimates Van Buuren 
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.144 -.21 

.199 .99 

.100 1.11 

.100 -.73 

.222 1.21 

.100 .54 

.166 1.11 

.100 -.53 

.177 1.13 

.133 .47 

.199 .98 

.144 -.42 

.211 1.00 

.155 .25 

.199 .94 

.188 -.17 

.200 .96 

.166 .76 

.177 -.25 

.188 .93 

.088 1.12 

.111 -.57 

.200 1.12 

.144 .45 

.155 .10 

.244 1.00 

.155 .94 

.155 -.41 

.188 .94 

.199 .70 

.233 .12 

.233 .99 

.122 .72 

.166 -.23 

.200 1.03 

.10 0 

.23 3 

.10 0 

.23 3 

.13 3 

.14 4 

.20 0 

.11 1 

.10 0 

.32 2 

.17 7 

.25 5 

.17 7 

.25 5 

.15 5 

.22 2 

.17 7 

.25 5 

.15 5 

.19 9 

.16 6 

.21 1 

.16 6 

.21 1 

.20 0 

.17 7 

.17 7 

.30 0 

.15 5 

.15 5 

.26 6 

.17 7 

.20 0 

.20 0 

.16 6 

.19 9 

.24 4 

.11 1 

.16 6 

.24 4 

a{x) a{x) 

.10 0 

.21 1 

.09 9 

.21 1 

.14 4 

.14 4 

.20 0 

NSPE E 
X X 

.72 2 
1.04 4 
-.74 4 
1.03 3 

.74 4 
-.21 1 
.99 9 

.100 1.11 

.10 0 -.73 3 

.244 1.21 

.39 9 .54 4 

.355 1.11 

.41 1 -.53 3 

.388 1.13 

.29 9 

.24 4 

.25 5 

.21 1 

.18 8 

.15 5 

.16 6 

.14 4 

.48 8 

.41 1 

.36 6 

.47 7 

.98 8 
-.42 2 
1.00 0 
.25 5 
.94 4 

-.17 7 
.96 6 

.76 6 
-.25 5 
.93 3 

.744 1.12 

.62 2 -.57 7 

.866 1.12 

.22 2 

.20 0 

.21 1 
1.10 0 
.57 7 
.91 1 

.18 8 

.25 5 

.21 1 

.11 1 

.22 2 

.45 5 

.10 0 
1.00 0 
.94 4 

-.41 1 
.94 4 

.70 0 

.12 2 

.99 9 

.72 2 
-.23 3 

.233 1.03 

a{x) a{x) 

.10 0 

.23 3 

.10 0 

.23 3 

.13 3 

.14 4 

.20 0 

.11 1 

.10 0 

.32 2 

.17 7 

.25 5 

.17 7 

.25 5 

.15 5 

.22 2 

.17 7 

.25 5 

.15 5 

correlations s 
r\ r\ 

.96 6 

.97 7 

.95 5 

.95 5 

.96 6 

.98 8 

.98 8 

.85 5 

.87 7 

.80 0 

.18 8 

.83 3 

.07 7 

.82 2 

.29 9 

.90 0 

.43 3 

.94 4 

.84 4 
.199 1.00 
.16 6 
.21 1 

.16 6 

.21 1 

.20 0 

.17 7 

.17 7 

.30 0 

.15 5 

.15 5 

.26 6 

.17 7 

.20 0 

.20 0 

.16 6 

.19 9 

.24 4 

.11 1 

.16 6 

.24 4 

.89 9 

.89 9 

.69 9 

.65 5 

.88 8 

.17 7 

.01 1 

.80 0 

.76 6 

.75 5 

.97 7 

.67 7 

.54 4 

.86 6 

.86 6 

.77 7 

.99 9 

.87 7 

.63 3 

.89 9 

r 2 2 

1.00 0 
1.00 0 
1.00 0 
1.00 0 

1.00 0 
1.00 0 
1.00 0 
1.00 0 
1.00 0 
1.00 0 

1.00 0 
1.00 0 
1.00 0 
1.00 0 
1.00 0 
1.00 0 
1.00 0 
1.00 0 
1.00 0 
1.00 0 
1.00 0 
1.00 0 

1.00 0 
1.00 0 
1.00 0 
1.00 0 
1.00 0 
1.00 0 
1.00 0 
1.00 0 
1.00 0 
1.00 0 
1.00 0 
1.00 0 

1.00 0 
1.00 0 
1.00 0 
1.00 0 
1.00 0 
1.00 0 

Tabl ee 2.2. Simulation results (100 replications, T=50) of fitting ARMA (p,q) models by NPARMA, 
MLISV 11 and NSPE. The columns "valid n" shows the number of replications that were successfully 
analyzedd with the three methods. For each method, averaged estimates x and the standard deviations 
a(x)a(x) of these estimates are given. For MLISV1 estimates also the averaged standard errors a(x) are 
given.. The column n shows the correlation between the estimates from NPARMA and MLISV1, while 
thee column T-2 shows the correlations between the estimates from MLISV1 and NSPE. 
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reportedd for these processes. In the last section of this Chapter we will return to this 
topicc and explain why there were so many invalid cases in these simulations, and why 
thee number of invalid cases decreases as 9 is further away from the boundaries of 
invertibility. . 

Inn the last two columns the correlation r\ between the MLISV1 estimates and 
thee NPARMA estimates, and the correlation r~i between the MLISV1 estimates and 
thee NSPE estimates, are shown. As expected, the correlation between the estimates 
obtainedd with NSPE and with MLISV1 is always 1.00, while the correlation between 
thee NPARMA estimates and MLISV1 estimates is not. 

Anotherr apparent result in Table 2.2 is the discrepancy between the standard de-
viationn of the parameter estimates and the averaged standard error from MLISV1 in 
puree MA processes. Whenever there is a large discrepancy, the averaged standard error 
iss larger than the standard deviation. In Figure 2.1 the standard errors are plotted 
againstt the parameter estimates for the first ARMA (0.1) in Table 2.2. 

I tt is clear there is an increasing exponential function between the MA-parameter es-
timate,, and the standard error: The closer the point estimate comes to the invertibility 
boundary,, the larger the reported standard error is. This same relation is true for an 
ARMAA (0. 2). although here it is less obvious, because of the more complex invertibil-
ityy constraints. The standard error of ML estimates of the MA parameter of an ARMA 
(0.1)) equals: ^/(l - 6'2)/T (see Harvey. 1993, p.63). From this expression it is clear that 
whenn the estimate of 9 increases, the standard error decreases. It can be shown that 
thee standard error from MLISV1 for 0 equals ^(tf4 + 92 + l)2/{94 - 292 + 1)(T - 1). 
Therefore,, it must be concluded that the standard errors MLISV1 reports for the MA 
parameterss in pure MA processes are incorrect. 

e e 

F ig.. 2 .1. Standard errors plotted against estimated 6 for an ARMA (0,1) with T = 50. The dotted 
linee represents the standard errors from MLISV1. The solid line shows the values of the standard error 
whenn true ML estimation is used. 
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Tabl ee 2.3. 

pp q valid n 

22 1 98 

100 0 

11 2 99 

100 0 

PAR R 

01 1 

02 02 

e e 
< < 
èi èi 

Ö2 2 

9 9 

°l °l 
o o 

01 1 

02 2 

oi oi 
o o 

0i i 

02 2 

^ ^ 

NPARMA A 
truee x 

.500 .50 
-.200 -.19 
-.200 -.21 
1.000 1.00 
1.200 1.20 
-.800 -.80 
.300 .30 

1.000 1.00 

.200 .17 

.400 .38 
-.200 -.20 
1.000 .99 
.800 .80 
.500 .50 

-.300 -.30 
1.000 1.00 

a(x) a(x) 

.09 9 

.06 6 

.09 9 

.04 4 

.03 3 

.02 2 

.04 4 

.04 4 

.16 6 

.16 6 

.04 4 

.04 4 

.03 3 
..04 4 
.03 3 

MLISV V 
X X 

.48 8 
-.19 9 
-.22 2 
1.00 0 
1.19 9 
-.80 0 
.29 9 

1.01 1 

.24 4 

.45 5 
-.21 1 
.98 8 
.80 0 
.50 0 

-.30 0 
.044 1.00 

T(X )) tr,r) 

.10 0 

.07 7 

.11 1 

.04 4 

.03 3 

.02 2 

.04 4 

.04 4 

.28 8 

.28 8 

.06 6 

.05 5 

.04 4 

.05 5 

.06 6 

.04 4 

.11 1 

.06 6 

.11 1 

NSPE E 
X X 

.48 8 
-.19 9 
-.22 2 

.033 1.00 

.03 3 

.02 2 

.05 5 

.03 3 

.24 4 

.26 6 

.06 6 

.05 5 

.03 3 

.04 4 

.05 5 

1.19 9 
-.80 0 
.29 9 

1.01 1 

.24 4 

.45 5 
-.21 1 
.98 8 
.80 0 
.50 0 

-.30 0 
.044 1.00 

T(X ) ) 

.10 0 

.07 7 

.11 1 

corre e 

.89 9 

.93 3 

.88 8 
.044 1.00 
.03 3 
.02 2 
.04 4 
.04 4 

.26 6 

.28 8 

.06 6 

.05 5 

.04 4 

.05 5 

.06 6 

.04 4 

.93 3 

.96 6 

.80 0 

.98 8 

.74 4 

.74 4 

.85 5 

.96 6 

.76 6 

.88 8 

.52 2 

.93 3 

att ions 

r-i r-i 

1.00 0 
1.00 0 
1.00 0 
1.00 0 
1.00 0 
1.00 0 
1.00 0 
1.00 0 

1.00 0 
1.00 0 
1.00 0 
1.00 0 
1.00 0 
1.00 0 
1.00 0 
1.00 0 

Tabl ee 2.3. Simulation results (100 replications. T=1000) of Btting ARMA(2. 1) and ARMA(1,2) by 
NPARMA,, ML1SV1 and NSPE. The columns "valid n" shows the number of replications that were 
successfullyy analyzed with the three methods. For each method, averaged estimates and the standard 
deviationss of these averaged estimates are given. For MLISV1 estimates also the averaged standard 
errorss are given. The column n shows the correlation between the estimates from NPARMA and 
MLISV1.. while the column r2 shows the correlations between the estimates from MLISYT and NSPE. 

2.3.22 Expe r iment 2 

Too show that the estimates of MLISV l in more complex ARMA processes are USPE 
estimates,, we simulated two ARMA (2.1) and two ARMA (1.2) processes. The pa-
rameterr values were chosen to minimize the computat ional problems, such as problems 
associatedd with invertibility. For this same reason, T was set at 1000 in this simulation 
experiment.. The results are given in Table 2.3. 

Againn the correlation r~2 between the estimates from NPSE and MLISYT is always 
1.00,, while the correlation r\ between NPARMA estimates and MLISV l est imates 
iss not. Although we did not show analytically that the estimates obtained with SEM 
softwaree are the same as USPE estimates for these more complex models, these results 
aree a clear indication that SEM software does not produce ML estimates, but in fact 
producess USPE estimates. 

2.3.33 Expe r iment 3 

Severall  authors have used the \2 goodness-of-fit indices and the difference in \ 2 of 
nestedd models, to determine which ARMA model best described their t ime series da ta 
(Hershbergerr et al., 1995; Hershberger et al., 1996: Van Buuren, 1997). We investigated 
thee behavior of the \ 2 goodness-of-fit index. To this end we simulated several ARMA 
processess a 1000 times with T = 500. and estimated the parameters in NPARMA 
andd MLISV l several times. The first t ime we est imated all the parameters without 
restrictions,, which resulted in a log-likelihood for NPARMA which we wil l call logl\, 
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Tabl ee 2.4. 

NPARMAA MLISV1 

^'[x2l l 

1.00 0 
2.00 0 

1.00 0 
2.00 0 

1.00 0 
2.00 0 
3.00 0 

E\a\ E\a\ 

1.41 1 
2.00 0 

1.41 1 
2.00 0 

1.41 1 
2.00 0 
2.45 5 

X22 o% 

.988 1.38 
2.044 1.98 

1.077 1.43 
2.022 1.88 

1.033 1.43 
2.000 1.95 
3.000 2.43 

rejected d 

4.3 3 
5.2 2 

6.0 0 
4.7 7 

4.6 6 
4.3 3 
4.7 7 

XX22 a% 

.966 1.37 
2.033 1.96 

1.600 2.27 
2.800 2.99 

.988 1.29 
2.700 2.67 
4.200 3.52 

rejected d 

4.1 1 
4.6 6 

12.2* * 
12.0* * 

4.3 3 
10.5* * 
12.2* * 

**  p < 0.001 given n - 0.05 

Tabl ee 2.4. Results from fixing parameters at their real value. The first two columns show the process 
that,, was simulated. The third column shows the number of degrees of freedom which is equal to the 
numberr of parameters that was fixed. In the forth column the expected value of \2 for this number 
off  degrees of freedom is shown and in the fift h column the standard error of this \2 is printed. In 
columnss six through eight the results from NPARMA are printed, while in columns nine to eleven the 
resultss from MLISV 1 are shown. 

andd a \2 of zero in MLISV1. Then we fixed an increasing number of the ARMA 
parameterss to their t rue values, which resulted in a second log-likelihood for NPARMA, 
whichh we wil l denote as logh- and a \ 2 > 0 for MLISV1. Now the following should be 
t rue:: -2(logl2 - logh) ~ \2(df). where df is the number of parameters that is fixed 
inn the restricted model. For MLISV 1 we used the reported x2 of the restricted model, 
andd tested if it was ^ -d i s t r i bu ted with the number of fixed parameters as degrees of 
freedom. . 

Inn Table 2.4 the number of AR- and MA-parameters of the simulated model are 
shownn in the first two columns. The third column shows the number of degrees of 
freedomm (which equals the number of fixed parameters). Columns four and five display 
thee expected value for \ 2 and the standard deviation of this x2- I " columns six through 
eightt the results from NPARMA are shown, with in column eight the percentage of 
casess in which the model with fixed parameter(s) would have been rejected. As we 
adoptt an Q = .05. this should be about 5%. In columns nine through eleven the same 
resultss for MLISV 1 are shown. From the results in Table 2.4 it is clear that the \ 2 

fromm MLISV 1 for pure AR process is reliable, but this is not the case for pure MA 
andd mixed processes. 

2.3 .44 E x p e r i m e nt 4 

Finally,, to further investigate the behavior of the likelihood ratio from MLISV1, we 
simulatedd ARM A processes and then fitted an underspecified model. Until now the 
inputt matrices we used always had the smallest possible window size, that isp + q+1. 
Unfortunately,, when these model specifications are used, the models are not nested. 
Too be able to compare the fi t of different models to the same data set. we chose the 
minimall  window size associated with the larger (true) model. 

Thee results are given in Table 2.5. In the first two columns the order of the ARMA 
processs that was simulated is shown. The next two columns show the model that was 
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Tabl ee 2.5. 

Pop p 

pp q 

22 0 
00 2 
22 1 

Fitted d 

PP q 

11 0 
00 1 
11 1 

df f 

1 1 
1 1 
1 1 

N C ^ ^ 

22.3 3 
19.7 7 
5.8 8 

NPARMA A 
NCPP A % rejected NC \ 2 

21.3 3 
18.7 7 
4.8 8 

99.7 7 
99.4 4 
58.7 7 

22.0 0 
13.6 6 
6.4 4 

MLISV 1 1 
NCC X

2-di % 

21.0 0 
12.6 6 
5.4 4 

rejected d 

99.7 7 
91.5 5 
58.2 2 

Tabl ee 2.5. Results from fitting a misspecified model. In the first two columns the order of the 
simulatedd ARMA process is printed. In the next two columns the order of the fitted model is printed. 
Inn the fifth column the number of degrees of freedom is printed. 

fitted.fitted. In the fift h column the number of degrees of freedom is printed. Columns six 
throughh eight show the results from NPARMA. The noncentral (NC) \ 2 is obtained by 
—2{logl2—2{logl2 — logl\), where logl\ is the log-likelihood from the t rue model, and loglï is the 
likelihoodd from the underspecified model. The noncentral parameter (NCP) A equals 
NCC x - df. The next column shows the percentage of cases in which the misspecified 
modell  would be rejected. The last three columns show the results from MLISV1. Since 
fittingfitting the right model results in \ 2 = 0, the NC \ 2 1S equal to the x2 of the misspecified 
model.. The next column shows the value that is obtained by distracting the number 
off  freedoms from this \2'• The last column shows the percentage of cases in which the 
misspecifiedd model would be rejected in MLISV1. 

Againn it is clear t ha t the log-likelihood statistic from MLISV1 for pure MA pro
cessess is not reliable. The percentage of rejected underspecified models in MLISV1 is 
obviouslyy smaller than in NPARMA. For pure AR and mixed processes the results 
fromm MLISV1 are the same as from NPARMA. 

2.44 Conclusion 

Whenn window size is chosen to be minimal, SEM estimates of ARMA parameters 
aree USPE estimates. When the window size is increased, the parameter estimates for 
thee AR parameters stay the same, but the estimates of the MA parameters and the 
variancee of the purely random process {at} changes. The reported s tandard errors 
decreasee as the window size increases. 

Thee parameter estimates from SEM software for pure AR processes are similar to 
t ruee ML estimates. This is no surprise as the parameter estimates from SEM software 
aree the estimates obtained from the Yule-Walker equations. The Yule-Walker equations 
aree known to produce estimates with the same asymptotic distribution as t rue ML 
estimatess (Box & Jenkins, 1976). 

Thee results for mixed ARMA processes are good in general. The parameter esti
matess from SEM software seem to be asymptotically the same as t rue ML estimates 
(seee Table 2.3). But fixing an increasing number of parameters in an ARMA (2,1) did 
nott result in the expected central x2-distr ibuted statistic (see Table 2.4). 

Thee SEM estimates for pure MA processes are biased and reported standard er
rorss are incorrect. Implementation of Molenaar's comment concerning the invertibility 
constraintss did not result in bet ter averaged parameter estimates compared to those 
obtainedd by Van Buuren. Actually, the averaged parameter estimates were more biased 
inn our simulation experiment compared to Van Buuren. 
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Too understand why the averaged estimates obtained with MLISV 1 for pure MA 
processess are biased, we took a closer look at the invalid cases of the first ARMA 
(0,, 1) in Table 2.2 (with 9 = .80 and a2

a = 1.00). For this process, 50 cases of the 
1000 replications were marked invalid. Of these 50 cases, 37 cases failed to converge in 
NSPE,, 15 cases were at the specified boundaries in NPARMA (of which 4 cases failed 
inn bo th programs), and an additional two cases had estimates for 9 from MLISV 1 that 
weree larger than 1, and differed from the estimates obtained with NSPE. 

Thiss discrepancy between the results from MLISV 1 and NSPE can be explained 
byy the fact that for the auto-covariance structure of an ARMA (0,1) there are two 
equivalentt solutions: one within the boundaries, and one outside the boundaries of 
invertibility .. Using the expression from Table 1 for 9 in an ARMA (0,1), it can be 
shownn that the auto-correlat ion at lag 1 is equal to (see also Chatfield. 1989, p.34): 

Coo 1 + v£ 

Fromm this expression it is clear that for any value of 6, 1/9 produces the same auto-
correlationn structure (and therefore the same auto-covariance structure). This means 
thatt if one finds an est imate for 9 that lies outside the boundaries of invertibility, 
onee can use the corresponding 1/9. which lies within the boundaries. In the two cases 
mentionedd above, where MLISV 1 produced estimates for 9 that were larger than 1 and 
deviatedd from the est imates obtained with NSPE, this discrepancy vanished after the 
inversee of the est imates from MLISV1 were taken. This did not change the averaged 
est imatee for 6 and the standard deviation. 

AA similar analysis may be carried out of the failures to fit an ARMA (0, 2). Molenaar 
(1999)) has shown that for the covariance structure of an ARM A (0, 2) four equivalent 
solutionss exist. However this is much more involved due to the greater complexity of 
thee invertibility constraints. As with an ARM A (0,1), only one of the solutions for the 
99 parameters obeys the invertibility constraints. 

I nn the 37 cases NSPE failed to give a solution in the first ARMA (0,1) processes in 
Tablee 2.2, the auto-correlation at lag 1 was smaller than -.50. In these cases MLISV 1 
producedd a 9 of exactly 1, which is outside the boundaries of invertibility and obviously 
thee corresponding 1/9 doesn't change this. To understand why NSPE and MLISV 1 
cannott produce a solution in these cases, we have to look at the USPE expressions 
forr 9 and o\ for an ARM A (0,1). Both expressions contain the term y/cfr - Ac\ (see 
Tablee 2.1). To obtain a real valued solution for these expressions, (cjj — Ac\) > 0. This 
meanss that CQ > 4cf. Thus \ > ( ^ ) 2 and as a result - \ < ( ^ ) < \. This means that 
iff  one wants to fi t an ARM A (0,1) to a set of data with an auto-correlation at lag 1 
thatt is larger than .5 or smaller than - .5, this can not be done with SEM software. 

Usingg Equat ion 2.9, the expected auto-correlation at lag 1 for an ARMA (0,1) 
processs with 9 = .80 is -.49. For 9 — .50 the expected auto-correlation at lag 1 is -.40, 
whilee for 9 = .20 it is -.19. So the further away the value of 9 is from the boundaries 
off  invertibility, the further away the expected auto-correlation at lag 1 is from the 
boundariess that limi t the space of real valued solutions for 9 and a\. Thus the reason 
thatt the number of invalid cases increases as the value of 9 approaches the boundaries 
off  invertibility, is that the number of cases increases where the absolute value of the 
auto-correlationn at lag 1 exceeds the limi t of .5. 

I nn an ARM A (0,2) there are again certain restrictions placed on the observed auto-
correlationss to ensure a real valued solution when USPE is used (see Table 1). Through 
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thee MA parameters in mixed processes there are also restrictions placed on the auto-
correlationn structure to obtain real valued solutions of the parameters. However, these 
restrictionss are much more complex than for an ARMA (0, 1). Still the point remains 
thee same: Not all t ime series data that are generated by pure MA or mixed processes 
cann be analyzed as such on the basis of the observed auto-covariances. 

Overall,, the toeplitz method should not be used to obtain estimates for ARMA 
parameterss when the t ime series is short, or when a pure MA process is expected. For 
puree AR processes the estimates obtained with the toeplitz method have the same 
asymptot icc distribution as ML estimates, although they can differ appreciable from 
unconditionall  ML estimates in some situations (Box & Jenkins, 1976), For mixed pro-
cessess the results were contradictory. Hence, in these cases estimates obtained with the 
toeplitzz method should be handled with caution. Although SEM can be useful for ex-
tensionss to multi-group, multi-indicator and multivariate analyses, the Kalman Filter 
implementationn is preferable (Harvey, 1993). In the following Chapter an alternative 
SEMM approach to t ime series analysis is presented, which results in actual maximum 
likelihoodd estimates (see also Hamaker. Dolan. k Molenaar. 2003). 

2.55 Append ix 2.A 

LISRELL specifications for ARMA processes. 
A R M A ( 1 , 0 )) 0 = .8, a2

a = 1.0 
daa no=100 n i=2 ma=cm 
cmm sy 

2.7393333 2.181159 2.739333 
moo ny=2 ne=2 ly=i d ps=sy,fi be=fu.fi te=ze 
frr ps (1,1) ps(2.2) be(2.1) 
on n 

A R M A ( 2 , 0 )) ói = .8, 4>2 = - . 2, a2
a = 1.0 

daa no=100 n i=3 ma=cm 
cmm sy 
1.9006122 1.282996 1.900612 0.659540 1.282996 1.900612 
moo ny=3 ne=3 ly=i d ps=sy.fi be=fu.fi te=ze 
frr ps ( l . l) ps(2.1) ps(2.2) ps(3.3) be(3.2) be(3.1) 
eqq ps (L l) ps{2,2) 
ou u 
A R M A ( 0 , 1 )) 9 = - . 8, a2

a = 1.0 
daa no= 100 n i=2 ma=cm 
cmm sy 
1.6496500 0.800754 1.649650 
moo ny=2 ne=3 ly=fu.fi ps=sy.fi te=ze 

frr ly ( l , l ) ly(2,2) ps ( l , l) ps(2,2) ps(3,3) 
vaa 1 ly(1.2) ly(2,3) 
eqq l y (L l ) ly(2.2) 
e q p s ( l , l ) p s ( 2 , 2 ) p s ( 3 , 3) ) 
ou u 

A R M A ( 0 , 2 )) Öi = .5, 02 = -2, o'l = 1.0 
daa no=100 n i=3 ma=cm 
cmm sy 



300 On the nature of SEM estimates of ARMA parameters 

1.2871022 -0.396891 1.287102 -0.205974 -0.396891 1.287102 

moo ny=3 ne=5 ly=fu.f i ps=di,fr te=ze 
vaa 1 ly(1.3) ly(2,4) ly(3.5) 
frr l y ( l , l ) ly( l ,2) ly(2,2) ly(2,3) ly(3,3) ly(3,4) 

eqq l y (L l ) ly(2,2) ly(3,3) 
eqq ly(1.2) ly(2.3) ly(3.4) 
eqq ps( l) ps(2) ps(3) ps(4) ps(5) 
ou u 

A R M A ( 1 , 1 )) 4> = -8 e = - . 2, a\ = 1.0 
daa no—100 n i =3 m a = cm 
cmm sy 
3.7485099 3.192107 3.748509 2.548409 3.192107 3.748509 
moo ny=3 ne=5 ly=fu,f i ps=sy,fi be=fu.fi te=ze 
vaa 1 ly ( l , l ) ly(2,2) ly(3,3) he(2,4) be(3,5) 
frr be(3,2) be(3,4) ps ( l , l) ps(2, l) ps(2,2) ps(4,4) ps(5.5) 
eqq ps(4.4) ps(5.5) 
ou u 

A R M A ( 2 , 1 )) 0\ = -5, 02 = - - 2, 6 = .2, a\ = 1.0 
daa uo=100 n i=4 m a = cm 
cmm sy 
1.0705688 0.188178 1.070568 -0.124879 0.188178 1.070568 
-0.0919466 -0.124879 0.188178 1.070568 
moo ny=4 ne=7 ly=fu,f i ps=sy,fi be=fu,fi te=ze 
vaa 1 ly ( l , l ) ly(2,2) ly(3,3) ly(4,4) be(2,5) be(3,6) be(4,7) 
frr be(3.1) be(3.2) be(3.5) be(4,2) be(4.3) be(4.6) 
frr p s ( l j ) ps(2, l) ps(2.2) ps(5,5) ps(6.6) ps(7.7) 
eqq be(3.1) be(4.2) 
eqq be(3,2) be(4,3) 
eqq be(3,5) be(4,6) 
eqq ps(5,5) ps(6,6) ps(7,7) 
ou u 
A R M A ( 1 , 2 )) 0 = .4, 9i = .4, $2 = .2, a\ = 1.0 
daa no=100 n i=4 ma—cm 
cmm sy 
1.0431311 0.025493 1.043131 -0.193530 0.025493 1.043131 
-0.0747199 -0.193530 0.025493 1.043131 
moo ny=4 ne—10 ly=fu.f i ps=di.fi be=fu,fi te=ze 

vaa 1 ly ( l , l ) Iy{2,2) ly(3,3) ly{4,4) be(l,5) be(2,6) be(3,7) be(4,8) 
frr be( l ,2) be( l ,6) be( l ,7) be(2,3) be(2,7) be(2,8) 
frr be(3,4) be(3.8) be(3,9) be(4,9) be(4.10) 
eqq be{1.2) be(2,3) be(3,4) 

eqq be(1.6) be(2,7) be(3,8) 

eqq be(l ,7) be(2,8) fr ps(5,5) ps(6:6) ps(7,7) ps(8,8) 
eqq ps(5) ps(6) ps(7) ps(8) 
vaa 1 ps(9) ps(10) 

ou u 


