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3 3 

ARMA-basedd SEM when the number of t ime points T 
exceedss the number of cases N: Raw data maximum 
likelihood d 

Longitudinall  structural equation modeling (SEM) has generally addressed the t ime-
dependentt covariance structure of a relatively small number of repeated measures, 
T,, observed in a relatively large representative sample, N. Early formulations, like 
Jöreskogg (1971, 1979; see also Anderson, 1960; Humphreys, 1960), were strongly in-
fluencedd by the t ime series l i terature (e.g., Box & Jenkins, 1976). Most of these for-
mulationss focus on first order autoregressive (AR) models. These models describe the 
covariancee structure, but it is also possible to add a trend (Hanna & Lei, 1985; Mandys, 
Dolan,, & Molenaar, 1994). These models are used extensively, and SEM specifications 
havee been extended to multivariate autoregressive moving average (ARMA ) models 
(Duu Toit & Browne, 2001) and multiple indicator ARM A models (Sivo, 2001). 

Other,, more recent developments in longitudinal SEM, have concentrated on local 
descriptionss of growth curves by means of random coefficients modeling (e.g. Rovine 
&&  Molenaar, 1998; Rovine & Molenaar, 2000) and latent growth curve modeling (e.g. 
Duncan,, Duncan, Strycker, Li , & Alpert, 1999; McArdle & Epstein, 1987). In these 
modelss the focus is on describing individual trends by modeling the covariance struc-
turee as well as the means. These two methods of modeling longitudinal da ta with SEM 
havee also been integrated into the combined autoregressive latent curve model (Curran 
&&  Bollen, 2001; Rovine & Molenaar, 1998). In this model the level and shape of the 
curvee are random coefficients, whereas the residual covariance structure is modeled 
wit hh a first order AR model. 

Inn stark contrast to SEM, where it is customary for T to be small (say 6) and for N 
too be large (say 150), the l i terature on tradit ional ARMA modeling is usually directed 
att a single realization comprising many observations, i.e. N — 1, and T > 50 (e.g. 
Boxx & Jenkins, 1976, Chatfield, 1989, Harvey, 1993). The aim of this Chapter is to 
considerr the problem of ARMA-based SEM of t ime series data, in the situation that 
NN is small, T is intermediate and T > N. To the best of our knowledge, this situation 
hass received no attent ion in the SEM li terature. 

Too il lustrate such a situation, suppose one has developed a new treatment for 
patientss suffering from anorexia nervosa. To determine the effect of the t reatment, 
thee patients are weighted daily, over a period of 5 weeks, resulting in a t ime series 
wit hh T — 35. Given the data of five patients, one may want to know whether the 
t reatmentt has had any effect on the t rend and the covariance structure compared to 

Thiss Chapter has been published: Hamaker. E. L.. Dolan, C. V., and Molenaar, P. M. C. (2003) 
ARMA-basedd SEM when the number of time points X exceeds the number of cases N: Raw data 
maximumm likelihood Structural Equation Modeling, 10, 352-379. 
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thee situation before t reatment. Since the number of variables is larger than the number 
off  subjects, the covariance matr ix is singular. Therefore, it is not possible to combine 
thee data of the 5 subjects and fi t a combined autoregressive latent curve model to 
thee sample covariance matr ix (Curran & Bollen, 2001). On the other hand, if one 
wantss to fit an ARMA model with a t rend using SPSS ARIMA , this results in five 
separatee analyses. Moreover, if T — 35, the series is too short to obtain reliable ARMA 
parameterr est imates in N = 1 analyses (Box & Jenkins, 1976). 

I nn this Chapter, it is demonstrated that stat ionary ARMA models may be fitted 
readilyy when T > N, using normal theory raw maximum likelihood SEM. This Chapter 
iss organized as follows. In the first section the basics of ARMA modeling are briefly 
discussedd for N = 1 and T is large, in part icular the alternative formulations of 
thee likelihood function that can be found in the l i terature. In the second section a 
concisee overview of how SEM has been used to fi t ARMA models to longitudinal data. 
Inn the third section it is shown how raw maximum likelihood SEM can be used to 
obta inn maximum likelihood (ML ) estimates of ARMA parameters. In the fourth section 
simulationn results are presented to show that the estimates obtained with Mx and our 
ownn programs, agree with the ML estimates obtained with SPSS ARIMA , which is 
ann implementat ion of Mélard's algorithm (Mélard, 1984). Also, it is demonstrated 
howw several short series can be analyzed simultaneously in Mx. Where possible, the 
resultss are compared to alternative approaches, such as modeling the toeplitz matr ix 
(Vann Buuren, 1997) and SPSS ARIMA . In the fift h section, some il lustrations are 
givenn based on empirical data. 

3.11 A R M A mode ls and the l ikelihood function 

Thee repeated measurement of a given variable in a single subject gives rise to t ime 
series.. Characterist ic of t ime series is t hat the successive observations are usually not 
independentt of one another. This dependency becomes clear when one looks at the 
auto-covariances.. The auto-covariances of an observed series {yt} are obtained through 

T-k T-k 

wheree T is the length of the series, /J, is the mean of the series and k is the lag 
(Chatfield,, 1989). Note that if the lag is zero, this function results in the maximum 
likelihoodd est imate of the variance of the series a^. When successive observations 
aree independent, all the auto-covariances with k > 0 are zero. Contrary, when the 
observationss are dependent some of the auto-covariances differ from zero. The auto-
correlationss can be obtained through r^ = 7^/70- As with the auto-covariances, the 
auto-correlationss with k > 0 are zero when successive observations are independent. 

T imee series can be analyzed in the t ime domain or in the frequency domain (Chat-
field,, 1989). In the t ime domain ARMA models represent an important general class 
off  models (Chatfield, 1989). We wil l describe the basics of ARMA models below. A 
slightlyy more general class of models are the autoregressive integrated moving average 
modelss (ARIMA) . The integrated part is used to model the trend of a series, but we 
choosee another approach to model the trend. For now we assume that the t ime series 
containss no trend. 

Havingg introduced the basics of ARMA modeling, we wil l focuss on the estimation 
off  parameters in ARM A models by means of the likelihood function. 
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3 .1 .11 Bas ics of A R M A mode ls 

Supposee one has T observations of an univariate strictly stat ionary process, i.e. both 

thee variance and the mean of the series are the same for all t ime points. This process 

{yt}{yt}  — Hi- Hi VT is said to be an ARMA (p.q) process, if 

yytt = c+ Oipt-i H \-0pUt-p + at - 9\at-\ - 9qat-(} . (3.1) 

wheree the parameter c is a constant. The so-called innovation {at} = a\, <i2, -. ., ai is 
aa white noise sequence, with mean zero and variance a\. So contrary to the autocor-
relationss of {yt}. the autocorrelations of {at} all are zero. Because {«/ }  is Gaussian, 
soo is {yt}. 

Fromm Equation 3.1 it is clear that yt is a weighted sum of previous observations, 
goingg back to yt-p, and previous innovations, going back to at-q, and a constant c. If 
qq — 0, Equation 3.1 becomes a pure autoregressive (AR) process of order p. Similarly, 
whenn p = 0, Equation 3.1 becomes a pure moving average (MA ) process of order q. 

Onee aim of t ime series analysis in the case of ARMA models is to estimate the 
ARM AA parameters 4> and 9, and the variance of the innovations a*. To this end. 
Equationn 3.1 is often rewritten, using the so-called backward shift operator B. This 
operatorr is defined by Bsxt = Xt-S- Through moving all the terms containing the ob-
servationss {yt} to the left side of the equation, while leaving the terms with innovations 
{a{att}}  on the right side. Equation 3.1 can be rewritten as 

VtVt - <P\yt-\ 4>Pyt-P - c = at- 6iat-\ Qqat-q 

0(B)y0(B)ytt - c = 9(B)at . 

wheree o(B) is the autoregressive operator of order p defined by o{B) — 1 — 0\B — 
02B02B —  — 0pBp. and 9(B) is the moving average operator of order q, defined by 
9(B)9(B) = 1 - 9XB - 92B

2 9qB<i  (Box & Jenkins, 1976). 
Wi t hh these basics of ARMA models in place, we wil l turn to the likelihood function 

too obtain the parameter estimates. For a comprehensive introduction into t ime series 
analysiss we refer the reader to Chatfield (1989) and McDowall et al. (1980). 

3.1.22 Formula t ion s of t h e l ike l ihood funct io n of A R M A mode ls: N = 1 

Whenn collecting the observations in a T x 1 vector y = [y\. y<i J/7']', one can think 
off  this observed time series as a single draw from a multivariate normal distr ibution 
wit hh mean ji  and covariance matr ix S. Then the likelihood function can be based 
immediatelyy on the multivariate Gaussian density function 

- Q f y - ^ ' E - l f y - J i )) . (3.2) 

wheree the T x l vector fi — [p, p,..., p]' represents the mean of the series y. This 
meann is a function of the AR parameters <fi  and constant c in Equation 1, such that 
pp = c/(I — 0i 0i — 02 —  — óp). óp). The elements of S are functions of the ARMA parameters 
0,0, 9 and a\. These parameters are collected in the vector 4- and maximizing Equat ion 
3.22 with respect to the elements of £ results in ML estimates of these parameters. 

Thiss formulation of the likelihood function requires that, at each iteration, a T x T 
matr ixx be inverted. This takes a lot of computat ion and storage space, which was 

P(y|£)) = ( 2 7 r r r / 2 | £ r1 / 2 e xp 

file:///-0pUt-p
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practicallyy impossible in the past due to limited capacities of computers and costs 
off  computer t ime. For this reason, alternative formulations of the likelihood function 
weree developed that do not require the inversion of a T x T matr ix (Ansley, 1979: Box 
&&  Jenkins, 1976; Gardner et al., 1980; Mélard, 1984: Newbold, 1974; Pearlman, 1980 
Phadkee & Kedem, 1978). 

Al ll  of these alternat ive formulations of the likelihood function are based upon 
prediction-errorprediction-error decomposition. In prediction-error decomposition, each observation is 
predictedd condit ional on the preceding observations and the difference between the 
observationn and the prediction is referred to as error. This error may be interpreted 
ass the estimated innovation at. The innovations are est imated through the difference 
equations s 

fitfit  ~ yt~ E[yt\Yt-i]  (3.3) 

== l)t - C - 4>iyt-l (ppUt-p ~ # lGf-1 QqO-t-q , 

wheree Yt-i represent the observations before t ime t. In contrast to the observations 
{yt}-{yt}-  the innovations are independently distr ibuted. Thus, the density function of {at} 
iss simply the product of the density functions of the individual at's. that is. 

p{a|£)) = (27r<7a
2r r/2exp 

t-t-

(3.4) ) 

Notee that the transformation in Equation 3.3 has unit Jacobian, hence Equation 3.4 
iss also the likelihood function for {yt}. 

Fromm Equat ion 3.3. i t is clear that these difference equations need to be started 
up.. For example, to predict y\ one needs the p values y}. where j = 0. —1 — p + 1, 
andd the q values at. where / = 0 . -1 —q+1. There are different methods to start 
upp the difference equation, which result in two categories of likelihood functions: the 
condit ionall  likelihood functions, and the unconditional likelihood functions. Condi-
t ionall  likelihood is an approximation of exact likelihood estimation (Box & Jenkins, 
1976).. The term conditional refers to t he fact that the estimation is conditional on 
somee a priori choice of start ing values. One option is to set {y}} and {a,}  equal to 
theirr unconditional expectat ions. Another option is to calculate {dt} from t = p + 1 
forward,, sett ing previous a/'s equal to zero, so only T — p innovations dt are estimated. 

Uncondit ionall  or exact likelihood estimation is not based on fixing {y3} and {d%} at 
somee values prior to est imation. In the l i terature on unconditional likelihood estima-
tionn of ARMA parameters, three methods may be distinguished: (a) back forecasting, 
byy which the prior values{yj}  and {d;}  are est imated, and which is actually an ap-
proximationn of exact ML estimation (Box &; Jenkins, 1976): (b) direct use of the 
differencee equation in vector notation (Box & Jenkins, 1976; Newbold. 1974); and (c) 
Choleskyy decomposit ion of a band matrix (Ansley, 1979; Phadke & Kedem. 1978). We 
discusss the latter, as it lies at the basis of Mélard"s algorithm (Mélard, 1984), which 
iss implemented in SPSS ARIMA . 

Thee Cholesky decomposit ion of a band matr ix has great computat ional advantages. 
Whi l ee the covariance matr ix S of a pure MA process is by definition a band matr ix of 
bandd width 2q + 1. the covariance matrix of a pure AR or mixed process is not. To ob-
tainn a band matr ix in these cases, Ansley (1979) proposed the following transformation 
off  the observed series {yt}, 
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ztzt = 
yt yt ïïtïït = \,. 
(f>{B)y(f>{B)y tt iït = m+l,...,T 

(3.5) ) 

wheree m = max(p,q) in the ARMA {p,q). So for the first m time points, the trans-
formedd series {zt} equals the observed values {yt}- Since 4>(B)yt = 6{B)at, the trans-
formedd series {zt} (for t > m) is a pure MA process of order q. Therefore, the covariance 
matrixx E2 of {zt} is a band matrix with maximum bandwidth 2m + 1 for the first m 
rows,, and bandwidth 2q + 1 thereafter. 

Lett T,z = (TQQZ, and let Qz have the Cholesky decomposition ilz — LL' , where L is 
aa lower triangular band matrix, with bandwidths corresponding to those of S0. Noting 
thee transformation has unit Jacobian, the joint distribution of {yt} can be rewritten 
as s 

P(y|€)) = M - ^ L L T ^ e x p ^ 

( 27 r ) - ^ ( ^ ) - r / 2 | L | -1 e xP P 
l \ e ' e' ' 

( ) Ï Ï 

== (2f f )-^V)- r /2 |L|-1expf-(i)^ | 

== (2*r T/V«2)-r/2 IT -- exp p 
aa t=\ 

wheree e = L'~*z. This sequence e' = (ei ,e2,. .. , er) of independent normal random 
variabless has mean zero and variance o\. Because L is a lower triangular matrix, its 
determinantt is equal to the product of its diagonal elements. The rows of L and the 
solutionss et to the equations Le = z can be determined simultaneously. 

Thee log likelihood function for an ARMA (p, q) may thus be written as 

£(t)£(t) = ~\ log(2tf) - | log[^] - J2 log[/«] 
t = l l 

1 1 
2^ ! ! E«? ? (3.6) ) 

Thiss expression of the log likelihood function can be further simplified, by concentrat-
ingg o2

a out of the log likelihood function (Harvey, 1993). If one takes the derivative of 
Equationn 3.6 with respect to er̂ , sets it equal to zero and solves for er%, the following 
expressionn is obtained: 

<&£00 = ^ £ ' (3.7) ) 

wheree £*  is a vector containing the parameters 0 and 9. Equation 3.7 is the ML 
estimatee for a'  ̂conditional on a given value of £*. Inserting this expression in the log 
likelihoodd function produces the so-called concentrated log likelihood function, which 

£ ( ^)) = -| l0g(27T + l ) - | l 0 g 
11 T 

j 12.^1' ' - l o g g II' . . (3-8) ) 

Thiss function must be maximized with respect to the elements of £*. This is equivalent 
too minimizing the least squares function 
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È'«« E e ' - (3-9) 
I tt is clear that maximizing this formulation of the log likelihood does not require a 
TT x T matr ix to be inverted at each iteration. Hence, maximizing Equat ion 3.8 is 
muchh faster than maximizing Equation 3.2. Mélard (1984) uses Equation 3.9 as point 
off  departure and introduces a fast algorithm based on the Kalman filter to est imate 
thee elements in this expression, known as Mélard's algorithm. 

Soo far we have presented the method of ML estimation of ARMA parameters as 
implementedd in programs like SPSS. Note that ML estimation is a raw data likelihood 
problem,, both in the formulation given in Equation 3.2, which is the mult ivariate 
normall  distr ibution, and in the formulation given in Equat ion 3.8, which is a form of 
prediction-errorr decomposition. In the next section we consider the approaches that 
havee been taken to ARM A modeling in the SEM literature. 

3 .22 T h e u se of S EM t o fit  A R M A m o d e ls 

Usingg SEM to fi t ARM A models to t ime series data, has the advantage that, if one 
iss familiar with SEM, it is relatively easy to apply. Moreover, ARM A models in SEM 
cann be extended to mult i-variate models (see Du Toit & Browne, 2001), and/or mul-
t ipl ee indicator models (see Sivo, 2001), in a straight forward way. I t also includes the 
possibilityy to introduce covariates or check for a seasonal effect (Van Buuren, 1997). 

Inn this section, we start by briefly discussing the basics of SEM. Then we discuss 
thee ways in which SEM has been used to fit ARMA models to t ime series data. 

3.2.11 Bas i cs of S EM 

SEMM software such as LISREL (Jöreskog & Sörbom, 1999) and Mx (Neale, Boker, Xie, 
&&  Maes, 1999) have been developed to analyze the means and covariance structure of 
data.. This means that instead of minimizing the difference between the observed and 
predictedd individual values, as is done in prediction-error decomposition, the difference 
betweenn the observed covariance matrix S and the covariance matr ix predicted by 
thee model ]£ is minimized. When no da ta are missing, the data are multi-normally 
distr ibuted,, and N is large, the summary statistics of means and covariance matrices 
aree sufficient statist ics to obtain ML estimates of the parameters in the model. 

Lett w be the number of observed variables y, and let S be the w x w input matr ix 
wit hh observed variances and covariances and m the w x l vector with observed means. 
Noww the measurement equation is 

yy = r + Ar/ + £. (3.10) 

wheree r is a w x 1 vector with constant intercepts, A is a w x v matr ix with factor 
loadings,, rj  is a v x 1 vector with latent factors, and e is a w x 1 vector with measurement 
errors.. The structural equation is 

r}r}  = a + Bri  + C, (3-11) 

wheree a is a v x 1 vector with constant intercepts, B is a v x v matr ix with structural 
coefficientss of 77, and £ is v x 1 vector with residuals. Let £ be the w x w structured 
populat ionn covariance matr ix, which is generated by 
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££ = A ( I - B ) - 1 * ( I - B ) - 1 ' A ' + 0 . (3.12) 

wheree *f? is the covarianee matr ix of £, and © is the covariance matr ix of e. Let /J, be 
thee vector with structured population means, which is generated by 

(x(x — T + A E ( J 7) 

== r + A ( I - B ) _ 1 a . (3.13) 

Iff  yi is the it' x 1 vector with observations of subject i. with / = 1 N. the raw data 
logg likelihood function can be defined as 

N N 

CC = ^ log(2ir) - y log | S| - i £ ( y < - p / E " ^ ~ n)  (3.14) 

Notee that this expression is equivalent, to taking the log of Equation 3.2. when N = 
11 and the number of variables it» is the number of t ime points T. If the data are 
multivariatee normally distr ibuted and the observed vectors y^ are independent of each 
other,, the observed covariance matr ix S and the observed means m are sufficient 
statistics,, and the log likelihood function can be reduced to (Bollen. 1989: Jöreskog & 
Sörbom,, 1999), 

F=F= ll-- [log |E| + t r f S E "1 ) - log |Sj - u'] + l- [ (m - ^ " V - M ) ] . (3.15) 

Whenn no means are modeled, the second term of Equation 3.15 is dropped. 
Whenn several independent samples are available, one can use the multi-group option 

whichh optimizes the fit function 

**multi-group**multi-group — / ^ 
N N 

F f l ( S5 . E f l ) .. (3.16) 

wheree F3 ( Sa . Sg ) is as defined in Equation 3.15. with g as the group index (Bollen. 
1989).. The total number of observations is given by N. whereas Ng refers to the 
numberr of subjects in group g. 

3.2.22 W a ys in wh ich S EM has b e en used t o fit  A R M A m o d e ls 

Theree are several ways in which SEM has been used to fit  ARMA models to t ime series 
data.. The first application is used when T is small, usually smaller than 10. and N is, 
say,, larger than 100 (see for model specification Du Toit & Browne, 2001; Jöreskog, 
1971).. In this case, one uses the standard covariance matr ix as the input matr ix and 
minimizingg Equation 3.15 produces ML estimates of the ARMA parameters on a group 
level. . 

AA second application of SEM was introduced to analyze ARMA data when only one 
seriess (Ar = 1) is observed, as in s tandard ARMA modeling. Here, as a rule of thumb. 
TT has to be at least 50. The analysis of such data in SEM is done by modeling the 
toeplitzz matr ix (Hamaker. Dolan, & Molenaar. 2002: Van Buuren. 1997). This method 
cann easily be extended to a multi-subject method, using the multi-group option, where 
eachh group represents a single observed series. The disadvantage of this method is that 
itt does not produce ML estimates, but moment estimates (Hamaker et al., 2002; see 
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Tabl ee 3 .1. 

1 1 

TT < 10 
TT 20 < T < 50 (SPSS) 

TT > 50 SPSS 

N N 
NN < T 

RM M 
(RM) ) 

>> 100 

SEM M 
(SEM) ) 
(SEM) ) 

Tabl ee 3 .1. Methods for fitting ARM A models to time series data. SPSS refers to SPSS ARIMA ; RM 
referss to raw maximum likelihood (e.g., Mx); and SEM refers to standard SEM analyses (e.g., LISREL). 
Methodss between brackets are possible in theory, but not recommendable from a computational or 
statisticall  point of view. The actual numbers (apart from Ar = 1) should be viewed as a rough rule of 
thumb. . 

alsoo Chapter 2). For AR parameters, the estimates are asymptotically distributed as 
MLL estimates, but for MA parameters the estimates are biased and less efficient than 
truee ML estimates. Also. MA analyses often fail in SEM (Hamaker et al.. 2002: see 
alsoo Chapter 2). 

Inn the next section we introduce a method to obtain ML estimates for ARMA 
parameterss through SEM when 1 < TV < T. 

3.33 Raw max imum l ikel ihood in M x 

Soo far, three methods to fit ARMA models to time series data have been discussed: 
onee raw data method, and two SEM methods. The first method, Melard's algorithm 
whichh is implemented in SPSS ARIMA , is appropriate when TV = 1 and say T > 50. 
Inn contrast, the standard SEM method is recommendable if say TV < 10 and T > 100. 
Finallyy when 1 < TV and T > TV the (multi-subject) toeplitz method in SEM could be 
used,, but this results in moment estimates. In Table 3.1 we summarized the relations 
betweenn T and TV, and the method that could be used to fit  ARMA models to such 
data. . 

Forr the RML method, any SEM program that allows raw data likelihood modeling 
cann be used. Raw data likelihood modeling in addition to modeling the covariance 
matrix,, is relatively new and is aimed at modeling incomplete data. One such program 
thatt allows raw data likelihood modeling, is Mx, which is a non-commercial SEM 
packagee that can be downloaded from the internet (Neale et al., 1999). In this section 
wee show the equivalence between the fit function in Mx when raw data likelihood 
modelingg is used, and the likelihood function of an ARMA process given in Equation 
3.2.. Also, we provide SEM model specifications for an ARMA (1,0), (2,0), (0,1), (0, 2) 
andd (1,1). 

3.3.11 Fi t function of RM option in M x 

Thee fit function that is optimized when the raw data likelihood modeling, called the 
RMM option in Mx is used, is 

N N 

RMLL - Y, -wi-wi log(27r) + log |Si| + (y; - At i )'
S

l ^y» - Pi) (3.17) ) 
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Whenn observations are missing, the vectors y, may differ in length, and the appropriate 

meann vector and covariance matr ix are automatical ly created by Mx for each vector 

Yi--
Sincee the first term in both Equations 3.17 and 3.14 is a constant, it does not 

influencee the parameter estimation. Now it is obvious that minimizing Equation 3.17 is 
thee same as maximizing Equation 3.14. Note that if N = 1, Equation 3.14 is equivalent 
too taking the log of Equation 3.2, which is the likelihood function of a single univariate 
t imee series, where the number of observed variables w is equal to the length of the 
seriess T. Hence, the RM option in Mx can be used to find ML estimates of ARMA 
parameterss and this fit  function is actually equivalent to the original expression of the 
likelihoodd function of an ARMA process. 

3.3.22 M o d el speci f icat ion for  R M L m e t h od in M x 

Theree are equivalent ways for specifying the same ARMA processes in SEM. Sometimes 
thee specifications we provide here, differ from earlier model specification used by Van 
Buurenn (1997), Du Toit and Browne (2001) and Hamaker et al. (2002; see also Chapter 
2),, but they are essentially the same. Since the models do not include measurement 
error,, 0 is always a null matrix. 

Forr pure MA models, we use the model £ — A * A ' . We use T 4- q latent variables 
thatt represent the innovations from t ime point 1 — q to T, For an ARMA (0.1) we 
needd the T x (T + 1) matr ix A 

0ii  1 0. 
00 #i 1 . 

andd the (T + 1) x (T + 1) matr ix * = d i a g o n a l ^ ,a \ , 
Forr an ARMA (0,2) we need the T x ( r + 2) matr ix A 

022 01 1 
00 02 01 

022 01 1 

andd the (T + 2) x (T + 2) matr ix * = d i a g ^, a*,..., a*]. 

Too start up a pure AR model, we need extra parameters. The number of latent 
variabless is equal to T, and A is a T x T identity matr ix. Hence the model we use is: 
££ = (I - B ) _ 1 * ( I - B ) - 1 ' . For an ARMA (1,0) the T xT matr ix B is 

BB = 

00 0 0 
011 0 0 
00 4>x 0 

0' ' 
0 0 
0 0 

0ii  o 

Thee T x T matr ix * — diagfcr^ô  <7„] contains the extra parameter a2 to start 
upp the process. This extra parameter can be interpreted as the variance of the series, 
andd should be constrained so that a* = &%/(! — 4>\). 
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Thiss constraint is of vital importance when N is small: If this parameter is not 
constrained,, it is est imated based on the first N observations. When Ar is small, this 
est imatee is very sensitive for sample fluctuations. Given the assumption of ergodicity. 
i.e... sample moments of an observed series converge to the corresponding population 
momentss as T —  oc (Chatfield, 1989). one would expect the variance of the N series 
att t ime point t to be (asymptotically) equal to the variance at t ime point r (where 
f / r ) .. Through introducing this constraint, this assumption is taken into account. 

Strictlyy speaking, one could introduce this constraint also in the situation that 
NN is large and T is small, and one fits an ARMA (1.0) with SEM to the standard 
covariancee matr ix, or to the residuals of a level and shape model (Curran hz Bollen. 
2001;; Hamaker, in press; see also Chapter 4). In these cases however, the variance 
iss based on a far larger number of observations (say N > 100). and is therefore less 
sensitivee to sample fluctuations. 

Forr an ARM A (2.0) the T xT matrix B is 

00 0 0 . 
00 0 0 . 

022 01 U

.. 0 

.. 0 

.. 0 

0202 ©I  0̂  

Thee T x T symmetr ic matr ix \I> contains 2 extra parameters to start up the process 

** = 
711 °\ 
oo o oi 

0 0 Oai Oai 

Again,, the parameter a* represents the variance of the series, and in addit ion the 
covariancee 71 represents the auto-covariance at lag 1. Given ergodicity, both param-
eterss should be constrained, so that a\ = (02 — \)o\K and -)i = &\G2

aK. where 

KK = (oi + 6\ + 02o\ - oi - i r 1

Forr an ARM A (1,1), we need the full model £ = A( I - B ) _ 1 * ( I - B ) ^ ' A ' . Here 
2T2T latent variables are needed. The first T x T elements of A form an identity matr ix, 
whereass the second T x T elements are all zero. The 2T x 2T matr ix B is then 

BB = 

00 0 0 . .. 0 1 0 0 . .. 0' 
<pi<pi  0 0 . .. O0i 1 0 . .. 0 
00 oi 0 . .. 0 0 0j 1 . .. 0 

0 0 (px(px 0 0 0.. 1 

Soo the first T latent variables represent the observed time series, whereas the last 
TT latent variables represent the innovations, that are identically and independently 
distr ibuted.. Hence, the last T diagonal elements of * are all a\. The process needs to 
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hee started up with one extra parameter in * , that is the first element a*, which can be 
interpretedd as the variance of the observed series, minus the variance of the innovation. 
Thus,, * is a IT x TT diagonal matr ix of the form diag[cr .̂ 0 . .. ., 0, a\ a^]. Again. 

thiss extra parameter must be constrained, so that a'* — —a^(6i + 0 i )2(0j — 1 )_ 1. 
Inn Appendix 3.A we included the model specifications in Mx for an ARM A (2,0) 

andd (1.1). As can be seen, the model matrices are constructed using the Mx script 
language.. This has the advantage that one does not have to type the T x T or 2T x 2T 
matrices,, and the jobs are relatively short. 

3 .44 S i m u l a t i o n s 

Noww that the equivalence between the fit function of the RM option in Mx and the 
likelihoodd function in of an ARMA process is clear, and the model specification we use 
iss presented, we demonstrate the use of the RM option of Mx with two simulations. In 
ourr first simulation we analyze N — 1 series with Mx and compared the results with 
SPSSS ARIMA , which is known to produce ML estimates. In addit ion we used our own 
programm called ARMALIS , which also is a raw data likelihood optimizer. 

Inn the second simulation we demonstrate how Mx can be used to fit  ARMA models 
too univariate t ime series data, where N — 5 and T = 35. We use ARMALI S as a check 
andd compare the results with multi-group toeplitz analyses. 

3.4.11 S imu la t ion 1: N = 1 and T - 100. 

Whenn a single univariate t ime series of T — 100 is observed, it is nonsensical to use Mx 
too analyse these data, as it is much simpler and faster to use SPSS ARIMA . Still, the 
pointt of this i l lustration is to demonstrate that the estimates of ARMA parameters 
obtainedd with the RM option in Mx arc equal to those obtained with SPSS ARIMA , 
andd therefore are in fact ML estimates. 

Forr each of the five ARMA processes, i.e. (1.0). (2.0), (0.1), (0.2). and (1.1). 
wee generated one series with T = 100. using our own MATLA B programs (Fowley 
kk Horton, 1995). These programs product1 T + 20 data points, of which the first 20 
observationss are discarded to avoid the effects, if any, of start ing up the simulated 
sequence.. We analyzed these series with SPSS ARIMA . which is an implementation 
off  Mélard's algorithm and the RM option in Mx. As Mx computes 95% confidence 
intervalss based on the likelihood profile, whereas SPSS ARIM A produces standard 
errors,, we included our own program ARMALIS , which computes standard errors. 

Wee did not obtain confidence intervals for the ARMA (2,0). because Mx had trouble 
invertingg the matr ix (I - B ) . The results are given in Table 3.2. 

Becausee the point estimates from Mx are identical to those from ARMALIS . we 
doo not include the latter. From Table 3.2 it is clear that Mx produces (almost) the 
samee point estimates for the ARMA parameters <p and 0 as SPSS ARIMA . Thus the 
conclusionn is just, that Mx and ARMALI S can be used to obtain ML estimates of 
ARM AA parameters for single subject t ime series data. Also, the standard errors from 
ARMALI SS are (almost) the same as those from SPSS ARIMA . Because Mx does not 
producee standard errors, but instead computes 95% confidence intervals, we used the 
standardd errors from ARMALI S to obtain 95% confidence intervals to compare the 
resultss from Mx with. These results are in agreement. 
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Tabl ee 3.2. 

p.q q 

1,0 0 

c c 
2,0 0 

c c 
0,1 1 

c c 
0,2 2 

£ £ 

1,1 1 

£ £ 

xx true 

e>> .70 
alal 1.00 

cc .00 
(df) ) 

0ii  1.50 
^22 --80 
alal 1.00 

cc .00 

(df) ) 

ee .70 
<ĵ ^ 1.00 

cc .00 
(df) ) 

0ii  1.50 
022 -.80 
c^^ 1.00 

cc .00 
(df) ) 

00 .50 
00 -.30 

alal 1.00 
cc .00 

(df) ) 

SPSS S 
X X 

.5512 2 
.861 1 

.1330 0 
-133.61 1 

1.4953 3 
-.8078 8 
.8854 4 
.1933 3 

-135.92 2 

.7265 5 
1.0246 6 
-.0032 2 

-142.48 8 

1.4847 7 
-.7756 6 
1.0507 7 
.0027 7 

-144.36 6 

.5298 8 
-.1668 8 
.9973 3 
.1283 3 

-140.51 1 

(SE) ) 

.084) ) 

.204) ) 
(98) ) 

.057) ) 

.057) ) 

.302) ) 
(97) ) 

.071) ) 

.029) ) 
(98) ) 

.067) ) 

.069) ) 

.030) ) 
(97) ) 

.134) ) 

.157) ) 

(.245) ) 
(97) ) 

X X 

.5512 2 

.8442 2 

.1330 0 
-133.61 1 

1.4952 2 
-.8078 8 
.8588 8 
.1933 3 

-135.92 2 

.7265 5 
1.0041 1 
-.0032 2 

-142.48 8 

1.4851 1 
-.7766 6 
1.0191 1 
.0027 7 

-144.37 7 

.5298 8 
-.1667 7 
.9674 4 
.1283 3 

140.50 0 

Mx x 
(interval) ) 

(.3855 to .716) 
(.6488 to 1.130) 
(-.2933 to .565) 

(97)) -1 

_ _ 
--
--
--

(96)) -1 

(.5622 to .839) 
(.7700 to 1.344) 
(-.0644 to .060) 

(97)) -] 

1.3355 to 1.604) 
(-.9411 to-.611) 
(.7811 to 1.365) 
(-.0577 to .063) 

(96)) -1 

(.2166 to .760) 
(-.4666 to .138) 
(.7422 to 1.295) 
(-.3866 to .648) ( 

(96)) -1 

ARMALI S S 
(SE) ) 

(.084) ) 
(.120) ) 
(.202) ) 
33.61 1 

(.059) ) 
(.059) ) 
(.122) ) 
(.298) ) 
35.92 2 

(.070) ) 
(.142) ) 
(.028) ) 
42.47 7 

(.062)) ( 
(.079) ) 
(.144) ) 
(.029) ) 
44.36 6 

(.136) ) 
(.161) ) 
(.137) ) 
2410) ) 
40.50 0 

) ) 

(.3866 to .717) 
(.6100 to 1.079) 
(-.2644 to .530) 

(97) ) 

(96) ) 

(.5900 to .839) 
(.7255 to 1.283) 
(-.0599 to .052) 

(97) ) 

1.3633 to 1.608) 
(-.9322 to -.621) 
(.7366 to 1.302) 
(-.0555 to .061) 

(96) ) 

(.2622 to .798) 
(-.4666 to .150) 
(.6999 to 1.24) 

(-.3455 to .602) 
(96) ) 

Tabl ee 3.2. Simulation 1. For each ARMA (p,q) process one series of length 100 was generated, i.e. 
NN — 1 and T = 100. Each series was analyzed using SPSS ARIMA , RM option in Mx and ARMALIS . 
Thee point estimates of Mx and ARMALI S are identical. 

SPSSS ARIM A makes use of the concentrated log likelihood as defined in Equation 
3.8:: The variance of the innovation <j 2

a is concentrated out of the likelihood function 
andd so this parameter is not estimated. Therefore, SPSS always reports one degree 
off  freedom more than Mx. The reported <J\ from SPSS ARIM A in Table 3.2 is the 
so-calledd variance of the residuals. It differs from the estimates of <J\ obtained with 
Mx ,, but this difference is solved when one calculates [<J\  *  rf/)/100, with the a2 and 
dfdf from SPSS ARIMA . 

3.4 .22 S imu la t i on 2: N = 5 and T = 35. 

Noww that it is clear that the estimates obtained with the RM option in Mx are in fact 
MLL estimates, we turn our attention to the situation where 1 < N < T. Wi t h the 
threee existing methods described above, i.e. Mélard's algorithm, standard SEM, and 
modelingg the toeplitz matr ix in SEM, i t is not possible to analyze such data simulta-
neouslyy and obtain ML estimates. However, the RM option in Mx makes it possible 
too analyse mult iple series simultaneously when N < T, and obtain ML estimates. 
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Forr each of the ARMA models we simulated 5 independent series with the same 
parameterr values. Then we analyzed these 5 series simultaneously with Mx and AR-
MALIS .. For comparison we analyzed the same da ta also with the multi-subject toeplitz 
matr ixx method (Van Buuren, 1997; Hamaker et al., 2002). The results are given in 
Tablee 3.3. 

Becausee Mx and ARMALI S produced the same point estimates, we did not include 
thee latter. Again, the 95% confidence intervals from Mx are much like the confidence 
intervalss we computed with the standard error from ARMALIS . The log likelihoods 
fromm these programs are identical. As expected, the point estimates obtained with the 
multi-subjectt toeplitz matr ix method are not ML estimates. Also, the standard errors 
fromm the toeplitz method differ from those obtained with ARMALIS , especially for 
puree MA models. 

Becausee T was only 35, these Mx analyses took considerably less time than the 
analysess reported in simulation 1. and we encountered no computat ional problems. 

Tabl ee 3.3. 

Mxx ARMALI S toeplitz 
p,qq x true i (interval) (SE) (x  1.9645*SE) j ; (SE) 

1.00 Ó 

al al 
c c 

£(df) ) 
2,00 0i 

<*2 2 

°l °l 
C C 

££ (df) 
o.ii e 

°l °l 
c c 

£(df) ) 
0.22 0i 

02 02 

o'l o'l 
c c 

£(df) ) 
1,11 0 

9 9 

°l °l 
c c 

£(df) ) 

.70 0 
1.00 0 

.00 0 

1.50 0 

-.80 0 

1.00 0 

.00 0 

.70 0 
1.00 0 

.00 0 

1.50 0 

-.80 0 

1.00 0 

.00 0 

.50 0 
-.30 0 

1.00 0 

.00 0 

.6315 5 

1.0010 0 

.1781 1 

-249.68 8 

1.4914 4 

-.7848 8 

.9978 8 

-.3136 6 

-255.91 1 

.7559 9 

1.0172 2 

-.0023 3 

-251.92 2 

1.4727 7 

-.7088 8 

(.5188 to .743) 

(.8177 to 1.245} 

(-.2288 to .580) 

(172) ) 

1.4044 to 1.575) 

(-.8677 to -.696) 

(.8144 to 1.242} 

(-.8300 to .210} 

(171) ) 

(.058) ) 

(.107) ) 

(.196) ) 

-249.67 7 

(.042) ) 

(.043) ) 

(.107) ) 

(.260) ) 

-255.90 0 

(.6544 to .830) (.0442) 

(.8300 to 1.265) 

(-.0455 to .040} 

(172) ) 

1.3444 to 1.577) 

(-.8344 to -.561) 

1.27833 (1.043 to 1.591) 

-.0244 4 

-276.69 9 

.3377 7 

-.4619 9 

1.0569 9 

-.0710 0 

-254.78 8 

(-.0666 to .017) 

(171) ) 

(.1244 to .537) 

(-.6333 to -.237) 

(.8633 to 1.314) 

(-.4099 to .271) 

(171) ) 

(.109) ) 

(.021) ) 

-251.92 2 

(.059) ) 

(.069) ) 

(.137) ) 

(.020) ) 

-276.69 9 

(.105) ) 

(.099) ) 

(.113) ) 

(.168) ) 

-254.78 8 

(.5188 to .745 

(.7911 to 1.211 

(-.2077 to .563 

(172 2 

(1.4099 to 1.574 

(-.8688 to -.701 

(.7877 to 1.209 

(-.8244 to -.402 

(171 1 

(.6699 to .843 

(.8044 to 1.231 

(-.0433 to .038 

(172 2 

(1.3566 to 1.589 

(-.8444 to -.574 

(1.0088 to 1.548 

(-.0655 to .016 

(171 1 

(.1322 to .544 

(-.6577 to-.267 

(.8355 to 1.279 

(-.4000 to .258 

(171 1 

.5976 6 

.9968 8 

--

1.358 8 

-.6747 7 

1.6604 4 

--

.8720 0 

.9544 4 

--

1.4943 3 

-.9490 0 

1.2511 1 

--

.3296 6 

.3864 4 

1.1304 4 

--

(.062) ) 

(.108) ) 

--

(.057) ) 

(.057) ) 

(.180) ) 

--

(.748) ) 

(.675) ) 

--

(1.339) ) 

(1.840) ) 

(2.196) ) 

--

(.114) ) 

(.162) ) 

(.147) ) 

--

Tabl ee 3 .3. Simulation 2. For each ARMA (p,q) process 5 series of length 35 were .simulated, i.e. 
NN = 5 and T — 35. Al l 5 series were analyzed simultaneously with the RM option in Mx and with 
ARMALIS ,, resulting in the same point estimates. For comparison we included the results of the 
multi-groupp toeplitz method. 
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3 .55 I l l u s t r a t i o n s 

Inn this section we provide some illustrations with real data. These il lustrations are 
meantt mainly as demonstrat ions of the kind of hypotheses that can be tested when 
M xx is used in this way. 

Inn contrast to the simulations above, where the mean of the series was zero, these 
reall  series contain a trend. This can be represented as 

j - ,, ^c + f^t + fai2 +yt (3.18) 

ljlj tt = QlVt-l H 1- OpjJt-p + (h ~ Q\at-\ ~ Oqdt-q . (3.19) 

wheree c is a constant, 3\ is the linear trend and fa 'lti the quadratic trend. So Xt is 
thee observed series, containing a deterministic trend, and an ARM A process yt, that 
describess the variance around this trend. Although it is often recommended in the 
ARM AA l i terature to detrend first, i.e. est imate the trend and fit an ARMA to the 
residualss in a separate analysis, Harvey (1989) strongly opposes to this practice. Not 
onlyy can the forecasts based on an inappropriate deterministic trend be misleading, but 
thee eovariance structure of the residuals is affected by the detrending procedure. This 
cann lead to spurious inferences about the nature of the underlying process. In Mx it is 
ratherr simple to est imate a deterministic trend and an ARMA process simultaneously, 
ass can be seen below. 

3.5 .11 I l lus t ra t io n 1: Concent ra t ion of lu te in iz in g ho rmone. 

Thee data we use in this i l lustration are published in Diggle (1990). We analyze two 
series,, each of length T — 48. of the levels of luteinizing hormone in blood samples 
takenn from a healthy woman at ten-minute intervals during the late follicular phase 
off  two successive menstruat ion cycles. We want to test if these series are comparable 
wit hh respect to the eovariance structure. The data are presented in Figure 3.1. 

Throughh preliminary analyses with our own MATLA B programs, we concluded 
thatt there was a linear trend, but no higher order polynomial or cyclical component. 
Thenn we fitted an ARMA (1.0). (2.0). (0.1). (0.2) and (1,1) with SPSS ARIM A to 
thee series separately, and compared the information criteria AI C and SBC. and the 
parameterr est imates and their standard errors. WTe concluded that an ARMA (2,0) 
andd constant plus a linear trend was the best model to describe both series. 

Wee carry out two analyses in Mx using the raw data (i.e.. not the detrended data). 
Inn our first analysis, we fit an ARMA (2,0) and a constant plus linear trend simultane-
ouslyy on bo th series, without any constraints on the parameters over the series. In the 
secondd analysis, we fit the same model, but here we constrain the ARMA parameters 
0 i .. Oi and d\ to be equal over the series, while estimating the constant plus linear 
t rendd in each series separately. We chose to let the latter two parameters differ, be-
causee the first analysis showed that the trend in the first series was decreasing, while 
inn the second series it was increasing. This could be due to a slow cyclical trend, that, 
cann not be est imated, since only a part of a cycle is observed. The results are given in 
Tablee 3.4. 

Althoughh the power is likely to be low. we use the statistic — 2(£c — Cu). where c 
s tandss for constrained and u for unconstrained model, to test if the constrained model 
providess an adequate description compared to the unconstrained model. This statistic 
shouldd be x2-distr ibuted with dfc-dfu degrees of freedom. Using the log likelihoods and 
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Firstt and second cycle 

Fig.. 3 .1. Concentration of luteinizing hormone in blood samples taken from a healthy woman at 
ten-minutee intervals during the late follicular phase of two successive menstruation cycles. Straight 
liness represent the fitted linear trends. 

Tabl ee 3.4. 

Noo constraints ARMA parameters constrained 
firstt series second series first series second series 

<j>i<j>i  .40 (.13 to .68) .27 (.01 to .54) .33 (.12 to .52) 
022 -.45 (-.71 to-.17) -.37 (-.62 to- .10) -.39 (-.58 to-.21) 
cc 5.25 (4.96 to 5.54) 4.41 (4.08 to 4.73) 5.25 (4.95 to 5.55) 4.41 (4.11 to 4.71) 
33 -.01 (-.02 to -.00) .02 (.00 to .03) -.01 (-.02 to .00) .02 (.01 to .03) 
£(df)) -73.90 (86) -74.91 (89) 

Tabl ee 3.4. Illustration 1. Fitting an ARMA (2.0) and linear trend with Mx to levels of luteinizing 
hormonee in blood samples of a healthy woman during to successive late follicular phases. Data were 
publishedd by Diggle (1990). Parameter estimates are shown with 95% confidence intervals between 
brackets.. First analysis was done without constraints, while in the second analysis the ARMA param-
eterss were constrained over the series, while the constant c and the linear trend parameter 0 was not. 
Att the bottom the log likelihood is given with the degrees of freedom between brackets. 

degreess of freedom from Table 3.4, this statistic equals 2.02 with 3 degrees of freedom 
(p=.57).. Hence we conclude that the covariance structure of the series of luteinizing 
hormonee levels obtained from the same phase of two successive cycles are comparable. 

3.5.22 Illustratio n 2: Employment /population rati o for  4 different groups 

Inn this illustration we used data from the Catalog for Economic Report of the Presi-
dent,, by the University of California.1 The data are the percentages of people employed 
withinn a population per year from 1972 to 1998 (T = 26), for four different groups 
(N(N = 4): white males (WM), white females (WF). black males (BM). and black females 
(BF).. The data are represented in Figure 3.2. 

Dataa were obtained from: http://www.gpo.ucop.edu/catalog/erp99appenb.html 

http://www.gpo.ucop.edu/catalog/erp99appenb.html
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Employmentt percentages 
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Fig.. 3.2. Percentages of people employed in 4 populations. Irregular lines represent the data, whereas 
thee smooth lines represent the fitted trends. Dotted lines at top represent white males, solid lines in 
thee middle represent black males, dotted lines at bottom represent white females, solid lines at bottom 
representt black females. 

Tabl ee 3 .5. 
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Tabl ee 3.5. Illustration 2. Fitt ing an ARMA (2.0) and a constant plus linear and quadratic curve to 
thee percentages of employed people in different populations with an increasing number of constraints. 
Thee data consist of four series: white males, white females, black males, and black females. 

Preliminaryy analyses in MATLA B and SPSS showed that each series was best 
describedd by an ARMA (2,0) and a constant plus linear and quadratic trend. The 
femalee trends were increasing, whereas the male trends were decreasing. We tested if 
thee ARMA parameters for the four series were equal. The results are given in Table 
3.5. . 

Inn our first model, we refer to as the unconstrained model (UCM), there are no 
constraintss over the series. In the second model, the partly constrained model (PCM), 
thee AR parameters <j>\  and 4>2 are constrained over the series, while the variance of 
thee innovation a\ and the trend parameters are not. We chose not to constrain the 
variancee of the innovation, because from the UCM it was clear that these variances 
differedd substantially over the series. The x2-difference between the PCM and the UCM 
iss 1.34 with 6 degrees of freedom, so clearly, the AR parameters may be constrained 
overr the series. 

Inn the fully constrained model (FCM) the variance of the innovation is constrained 
ass well. The x2-difference for this model and the PCM is 32.12 with 3 degrees of 
freedom.. Hence, the variances of the innovations are not the same for the four series. 
Thee variances of the innovation from the PCM are .52 for WM, .14 for WF, 1.48 for 
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BM,, and .63 for BF. This implies that the employment/population ratio for black 
maless is influenced the most by (random) circumstances, while that of white females 
iss the least sensitive for circumstances of all four groups. 

Thee point estimates of the constrained ARMA parameters are .95 for (pi and -.54 
forr fo. The trend parameters for the 4 groups are: for WM the constant is 76.09, the 
linearr trend is -.42, and the quadratic trend is .01; for WF the constant is 39.06, the 
linearr trend is 1.06 and the quadratic trend is -.01; for BM the constant is 65.92, the 
linearr trend is -.79 and the quadratic trend is .03; and for BF the constant is 42.01, 
thee linear trend is .27 and the quadratic trend is .01. 

3.5.33 Illustratio n 3: Perceptual speed in a schizophrenic patient 

Thee data we used in this illustration were published by McCleary et al. (1980). The 
dataa represent 120 daily scores of perceptual speed in a single schizophrenic patient. 
Fromm the 61st day on, the patient is given chlorpromazine. which is a radical tranquil-
izer.. Therefore, the perceptual speed is expected to drop after the 61st day. The data 
aree represented in Figure 3.3. 

McClearyy et al. (1980) tested if this drop was abrupt, or if the impact was more 
gradual.. To this end, they used a transfer model, which contains an autoregressive 
integratedd moving average (ARIMA ) part, and a part to model the level. The level 
waswas set to be constant over the first 60 observation and was then allowed to transfer to 
aa new level after medication is started. They concluded that the impact was gradual, 
andd that 6 days after medication started 98% of the asymptotic change in the level 
hadd taken place. 

Wee take a different approach. We want to test if the covariance structure of the 
seriess prior to medication is generated by the same process as after medication started. 
Whenn looking at the data, we expected an increasing trend during the first 60 days, 
probablyy due to a learning effect. After medication is started, the perceptual speed 

Perceptuall speed scores of schizophrenic patient 
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Fig.. 3 .3. Daily perceptual speed scores of schizophrenic patient. At day 61 the patient is given 
chlorpromazine,, which is expected to slow down perceptual speed. Smooth lines are fitted trends for 
firstfirst 60 days and last 50 days. 
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decreases.. To make sure that we are not obtaining artificial effects due to the gradual 
impactt of medication, we do not use the first 10 observations after medication started. 

Prel iminaryy analyses showed an increasing linear trend plus white noise for the first 
600 observations, while the last 50 observations were best described by an ARMA (1.1) 
andd a decreasing linear trend. This implies two things. First, the maximum impact of 
medicationn on perceptual speed is not reached after 10 days, but the impact is more 
graduall  and the speed continues to drop after 10 days of medication. Second, the auto-
covariancee structure of perceptual speed is different prior to medication compared to 
thee structure during medication. 

Too test whether this is true, we carried out the following analyses. We fitted 3 
modelss containing a constant and linear trend and an ARMA (1,1). These models are 
increasinglyy more constrained. The unconstrained model (UCM) can be writ ten as: 

J"MM  = c\ + iht + ytA 

Vt.,1Vt.,1 =Oy\yt-\.\ -8y\£t-\ + f f (t ~iV(0.erf
2) 

•rt.2•rt.2 = c2 + 32t + ijt.2 

Vt.2Vt.2 = éy2Vt-\,2 - 0y2(it-i + at at ~ N{i),al) . 

wheree xt,\ are the first 60 observations, i.e. prior to medication (t — 1.2 60). 

containingg a deterministic trend and an ARMA (1,1) process in the form of yt,\- The 
lastt 50 observations are represented as xt.2- with t = 1. 2 50. Again this contains a 
determinist icc trend and an ARM A (1,1) process yi$. Both the trend parameters, c and 
3.3. and the ARM A parameters, <t>, 0 and <r2, are estimated for each series separately. 

Thee second model we call the partly constrained model (PCM). The trend param-
eterss are est imated for the series separately, so the expressions for x,t.\ and Xt,2 remain 
thee same as in the UCM, but the ARMA parameters 0 and 6 are constrained over the 
series,, so that the expressions for yt\ and yts can be writ ten as: 

yt.iyt.i = <!>yt-1,1 ~ fet-i + Q ft ~ N(0, cr2) 

Vt.2Vt.2 = Oyt-1.2 ~ 0at-\ + at at ~ A r(0.cr2) . 

Notee that the variance of the innovation is not constrained over the series in this 
model.. Again, we chose this part ly constrained ARMA model, because we wanted to 
takee into account the possibility that these variances differ between the series. In the 
full yy constrained model (FCM) we also constrained the variance of the innovation. 
Thee results of these models are given in Table 3.6. 

Thee x2_difference between the UCM and the PCM is 5.76 with 2 degrees of freedom. 
Hence,, the conclusion is just that the ARM A parameter é and 9 are the same prior 
too medication as after medication is started. These point estimates are Q\ = .85 and 
6\6\ = —.67. The trend parameters are est imated separately for the series. Prior to 
medicationn the constant is 55.78 and the linear t rend is .51. After medication has 
star tedd the constant is 47.20 and the linear trend is -.39. 

Thee ^-di f ference between the PCM and the FCM is 5.06 with one degree of free-
dom,, so the variance of innovation is not equal in these series, and the PCM is the 
modell  that describes the da ta best. In the series prior to medication, the variance of 
thee innovations is 89.48, while this variance during medication is 47.48. 

Wee tested an alternative model (AM) , where the first series is described by a 
linearr trend with white noise. Put differently, the ARMA parameters (py\ and Qyi are 
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Tabl ee 3.6. 

modell  C (df) constrained parameters nesting 

UCMM -384.71 (100) 
PCMM -387.59 (102) <j>vl = <j>y2 a nd 6yl = 8y2 UCM 
FCMM -390.12 (103) <j>yl = <t>y2, 9yï = 0y2 and trf

2 = ol UCM, PCM 
AMM -384.78 (102) <j>yl = 0 and 0tf l = 0 UCM 

Tabl ee 3.6. Illustration 3: Fitt ing an ARMA (1,1) and a constant plus linear curve to the perceptual 
speedd scores of a schizophrenic patient with an increasing number of constraints. The data consist of 
twoo series: one series {yt.i} of 60 observations prior to medication and a second series {yt;i} of 50 
observationss after medication started. 

constrainedd to equal zero. Hence, this model is nested under the UCM, with a y2-
differencee of .14 and 2 degrees of freedom. As the AM and PCM are not nested, we 
cannott test which model fits best. Still , both models have the same degrees of freedom. 
Becausee the AM has a smaller log likelihood, this model should be preferred from a 
statisticall  point of view. This would imply that prior to medication, the perceptual 
speedd scores are best described by a constant plus a linear trend and white noise, 
whilee after ten days of medication the perceptual speed continues to drop, while the 
variancee around this decreasing trend can be described by an ARMA (1,1). Of course, 
onee has to take into consideration the interpretabil i ty of these models from a brain 
functioningg perspective as well, before choosing one model over the other. 

3.66 Conclusion 

Inn this Chapter we have shown the equivalence between Mélard's algorithm which is 
implementedd in SPSS ARIMA , and raw maximum likelihood in Mx for N — 1 data. 
Thee point estimates and the log likelihood are the same for both approaches and 
thee confidence intervals obtained with Mx agree with those based on the standard 
errors.. We have also shown that the ARMA models in Mx can be readily extended to 
multi-subjectt models, and therefore can be used to analyze data where 1 < N < T. 
Moreover,, it is easy to model a deterministic trend and an ARMA process to describe 
thee variance around that trend simultaneously in Mx. An addit ional advantage of the 
RMM option is that the t ime series may differ in length, as can be seen in Il lustration 
3. . 

Sincee the RM option in Mx was introduced to analyze data with missing obser-
vations,, we also used Mx to analyze incomplete t ime series. We compared the point 
estimatess and the log likelihood for an incomplete series, where 5 % of the observations 
weree missing, analyzed in Mx with those obtained with SPSS ARIMA . These were the 
same,, so we conclude that Mx can be used to fit  ARMA models to incomplete t ime 
seriess as well. 

Whenn T is larger than say 50, the RM method in Mx becomes rather time consum-
ing,, especially when an ARMA (1, 1) is fitted, because then a 2T x 2T matr ix has to 
bee inverted at each iteration. For this reason, we had to adjust the workspace of Mx 
forr an ARMA (1,1) in our first simulation where we used N — 1 and T = 100. Also, 
thee computat ion of confidence intervals in Mx is t ime consuming. The reason for this 
iss that Mx is a matr ix interpreter plus a derivative free optimalisator. 
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I nn our i l lustrations with real data, we tested if the ARMA parameters could be 
constrainedd over the series, while the deterministic t rends were estimated for the series 
separately.. In two of the il lustrations, we found that, al though the ARMA parameters 0 
andd 9 could be constrained, the variance of the innovation was not equal for the series. 
Thiss is a form of heterogeneity that can easily be investigated in Mx, as we have 
shownn in our i l lustrations. Such heterogeneity in ARMA parameters is a deviation 
fromm ergodicity. Ergodicity refers, amongst other things, to the fact that the auto-
covariancess within one observed series, equal (asymptotically) the auto-covariances at 
thee same lag in different series belonging to the same populat ion (Chatfield, 1989). 
Iff  one finds heterogeneity in the ARMA parameters, each series separately may still 
bee ergodic, but it indicates that the series do not belong to the same population of 
t imee series. This s tands in stark contrast to fittin g ARM A models to the standard 
covariancee matr ix (i.e., T is small and N is large): In such SEM analyses it is not 
possiblee to introduce heterogeneity in the ARMA parameters. Thus, it is assumed 
thatt the series are all taken from the same populat ion of t ime series. Nesselroade and 
Molenaarr (1999) suggest an a l te rna t ie approach to the investigation of heterogeneity 
basedd on the comparison of the lagged covariance, or toeplitz matrices. This approach 
hass the advantage that it does not require the prior specification of a model (e.g., an 
ARM AA  (p,q)). In addit ion, it may be readily applied to vector valued t ime series. 

Thee focus of the present Chapter has been on the analysis of t ime series using Mx. 
A nn alternative approach to the analysis of t ime series given I < N < T is to use 
thee Kalman filter or Kalman smoother (Durbin & Koopman, 2001; Harvey, 1989). 
Thiss approach has in fact close links with SEM, as demonstrated by MacCallum and 
Ashbyy (1986). A great advantage of using Mx however, is that the model specification 
iss familiar to most SEM users, and Mx has many features, including the facility to 
handlee incomplete data. 

3.77 Append ix 3 .A 

M xx specification of ARM A models using raw maximum likelihood. 

p s = * ,, b e = B, id=I , l y = A in Equation 3.12. 

T i t l ee ARMA(2,0) with a constant plus a linear and a quadrat ic trend, T=27, N = l 

daa n o =l n i=27 ng=2 
recc f i le=datl 
beginn matrices; 
aa full 1 1 free !phil 

bb full 1 1 free !phi2 
cc full 1 1 free !var. innovation 
dd full 1 3 free [constant + linear trend +quadrat ic t rend 

tt id 27 27 fi !id 
uu full 3 27 !for constant + linear trend 
vv sym 2 2 free !for start ing parameters in ps 

ww id 25 25 fi !for rest of ps 

xx zero 25 1 fi  Izeros for ps and be 
yy izero 25 26 fi !for be 

zz zero 2 27 fi !top of be 
endd matrices; 
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matr ixx u 
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 11 1 

11 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 
11 4 9 16 25 36 49 64 81 100 121 144 169 196 225 256 289 324 361 400 441 
4844 529 576 625 676 729 

eqq v 1 1 v 2 2 
beginn algebra: 
e=zz _ ((x | a@y) + (b@y | x ) ) / Imatrix be 
f=(vv | (x' _ x')) _ ((x | x) | (c@w))/ Imatrix ps 
g=(t-e)) / Ünverted id-be 
endd algebra; 

covv g*f*g ' / 
meanss d*u/ 
end d 
tit l ee constraint 
constraint t 
beginn matrices: 
aa full 1 1 = a ( l) 
bb full 1 1 = b ( l) 
cc full 1 1 = c( l) 
vv sym 2 2 = v( l ) 
qq unit 1 1 
endd matrices; 
beginn algebra; 
oo = (-q)*(a*c)*(a*a+b*b+b+a*a*b-b*b*b-q) / 
pp = (b-q)*c*(a*a+b*b+b+a*a*b-b*b*b-q) / 
endd algebra; 
constraintt \vec (v)= \vec ((p | o) _ (o | p ) )/ 
end d 

Tit l ee A R M A ( I J ) with a constant plus linear trend. T=30 N = l 
daa n o =l ni=30 ng=2 
recc file=dat 
beginn matrices: 
aa full 1 1 free !phi 

bb full 1 1 free Itheta 
cc full 1 1 free !variance of innovation 
dd full 1 2 free Iconstant + linear trend 
ee full 1 1 free !variance not due to innovation 
ss full 2 30 !for constant and trend 
tt zero 29 29 fi !for ps 
uu zero 1 29 fi !for ps 
vv iden 60 60 fi !id 
ww zero 1 30 fi !for be 
xx izero 29 30 fi !for be 
yy zero 30 30 fi !for ly ps and be 
zz iden 30 30 fi [identity matr ix for ly ps and be 
endd matrices; 
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matr ixx s 
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 11 1 

11 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 
beginn algebra: 

ff  = z | y / ! lamb da 
gg = ((w _ (a@x)) | (z+(w . b@x))) . (y | y ) / Ibeta 

hh = (v-g) / ünverted id-be 
ii  = (((e | u) . (u- | t)) | y) _ (y | c@z)/ !psy 
endd algebra: 

cavcav f*h*i*h"*f / 
meanss d*s / 
end d 
t i t l ee constraint 
beginn matrices; 
aa full 1 1 = a ( l) 
bb full 1 1 = b ( l ) 
cc full 1 1 = c ( l) 
ee full 1 1 = e( l) 
qq unit. 1 1 
endd matrices; 
constraintt e = (-q)*(a+b)*(a+b)*c*(a*a-q) / 
end d 


