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Chapter 1

Introduction

Over the last decades it has become increasingly clear that the standard model of
particle physics does a fantastically good job of describing the known basic forces
in nature, apart of course from gravity which is described by the separate theory
of general relativity. However, much of this understanding is based on a perturba-
tion theory in the various coupling constants and a natural question is what happens
when some or even all of these couplings become large. This is a problem in particu-
lar in understanding the strong nuclear force, which among other things should bind
quarks into protons. The quantum field theory which describes this force, quantum
chromodynamics (QCD) is weakly coupled on small distance scales and becomes
strongly coupled when viewed on larger distance scales. The ‘large’ and ‘small’ in
the previous sentence refer to a distance scale of about the radius of a proton. This
phenomenon of weak coupling at short distance scales is called asymptotic freedom
and is of fundamental importance in describing high energy phenomena. However,
when one is interested in, for instance, how exactly quarks are bound into protons
or why never lone particles with color charge are seen, we need to know how the
theory behaves at larger distance scales where perturbation techniques are not ap-
plicable.

A possible resolution to this problem is to put the theory on a lattice which dis-
cretizes space-time and try to solve the problem by doing computer calculations.
This is however technically difficult to do in four space-time dimensions, especially
if one is interested in dynamical chiral quarks. Also, ideally one would like to have
an analytic understanding of the low energy structure of QCD. An obvious other av-
enue of attack is then the study of simplified models which are as close as possible
to the model we are interested in while being completely solvable. A spectacularly
successful class of models can be obtained by introducing supersymmetry, a symme-
try which interchanges bosons and fermions. A surprise in the study of these models
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Chapter 1. Introduction

at the low energy scales we are interested in has been that they are related in a nat-
ural way to particular classical completely integrable systems known from classical
mechanics and much-studied in mathematics. Integrable systems are multi-particle
systems in classical mechanics which in a precise sense contain so much symmetry
that they are actually in principle completely solvable, which is a very rare property
for n-body systems. This thesis is a part of the study of the interconnection of these
integrable systems and supersymmetric gauge theories at low energies.

The above paragraph gives a direct physical motivation for the study of supersym-
metric gauge theories in four dimensions: supersymmetric gauge theory as a labora-
tory or toy-model for understanding strong coupling effects in gauge theories. There
are however more reasons to study (supersymmetric) gauge theories and their re-
lation to integrable systems, which we will list in order of distance to physics (as
perceived by the author):

� Supersymmetry may have a more direct connection to the standard model of
particle physics than as a toy model: it is widely believed that the standard
model contains some form of broken supersymmetry which is restored at suf-
ficiently high energy scales, which might even be as low as a (few) TeV. If the
low energy supersymmetry scenario is realized in nature, it may be probed by
upcoming experiments.

� Supersymmetry is a one of the usual main components of string theory, both
as a symmetry of the world-sheet theory and as a symmetry of the effective
space-time theory. Historically, advances in string theory triggered advances
in the understanding of (supersymmetric) field theory and vice-versa since
four-dimensional supersymmetric field theory arises in several different con-
texts within string theory. A prime recent example of this is for instance the
Dijkgraaf-Vafa construction which was motivated from geometric engineering
in string theory. It makes use of a Hermitian matrix model to construct a po-
tential which describes the vacuum structure of N = 1 supersymmetric gauge
theory and will be discussed in the next chapter of this thesis.

� Closely related to the above point is the fact that integrable systems were
encountered in string theory in the early days of the theory where they arose
in the study of minimal models in c ≤ 1 non-critical bosonic string theory.
The integrable systems arising here are mainly integrable hierarchies of the
KP and Toda type. Interestingly, these systems are found in the double scaling
limit of certain matrix models which are closely related to the ones used in
the Dijkgraaf-Vafa construction. A natural question is then what the precise
integrable structure of that construction is.

2



1.1. QCD in the low energy limit

� There is a large mathematical interest in integrable systems which has led to
a large literature which can be mined for techniques and results to be used in
the above sketched physical contexts.

� Finally, one might be able to turn the last item around and use physical in-
tuition from the large literature on supersymmetric field theory to study the
mathematical structure of integrable systems.

Although the above motivations are also interesting, in this introduction the focus
will be on the physical motivation that was given first in this chapter: supersymmet-
ric field theory as a model. First we will review some of the expected properties of
QCD in the low energy limit and introduce one of the main tools in studying this
limit: the low energy effective action.

1.1 QCD in the low energy limit

Quantum chromodynamics is part of the standard model of particle physics. In
this section we give a very brief account of its most salient properties, see e.g. [1]
for further details. It is a gauge theory with non-Abelian gauge group SU(3) and
contains 6 flavors of quarks all of which have non-zero masses. Its classical action
can be written as

Sclass = − 1
g2

∫
d4x

1
4
F aµνF

µν
a −

∑
f

ψ̄f (i 6D −mf )ψf , (1.1)

with

F aµν = ∂µA
a
ν − ∂νAaµ + fabcA

b
µA

c
ν (1.2)

6Dψf = γµ(∂µ − iAaµta)ψf (1.3)

and ta matrices which form a unitary irreducible representation of the algebra of the
gauge group. For physical quarks this representation is the fundamental represen-
tation, while the gluons transform in the adjoint. Apart from the local SU(3) gauge
symmetry and the global Lorentz symmetry, this theory enjoys a global SU(6) ×
SU(6) non-anomalous flavor symmetry in the limit of vanishing quark masses. Equal
mass terms for different quark flavors break this symmetry to a diagonal SU(6) sub-
group and unequal mass terms break the symmetry further. The charge of the gauge
group is often referred to as color, which leads to the name chromodynamics.

The above action can be used for instance in calculations of physical quantities in
renormalized perturbation theory. Higher order effects in this perturbation famously
generate a non-trivial negative β function which indicates asymptotic freedom. The
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Chapter 1. Introduction

β function describes exactly how the coupling constant depends on the scale at
which the theory is probed. The exact value of the coupling constant must be deter-
mined by experiment and this introduces a scale into the theory. The fact that the
β function is negative indicates that the theory is weakly coupled at high energies.
The theory becomes strongly coupled and perturbation theory breaks down at small
energy scales. The scale at which the coupling constant is of order 1 in QCD is about
250 MeV.

At these scales (and lower) however quarks are bound into protons and mesons and
therefore contain very interesting physics, which is inaccessible to direct analytic
analysis through perturbation theory. A time-tested approach to physical problems
inaccessible by existing mathematical technology as these is the formulation of effec-
tive models based on physical intuition and consistency conditions in which various
expected properties of the theory and their interrelation can be studied. In the con-
text of high energy physics physical intuition usually takes the form of an analysis of
symmetry properties. The idea is to construct a Lagrangian which is invariant under
all the expected symmetry properties of the (low energy) vacuum and use this to
derive vacuum expectation values and scattering amplitudes which should be valid
in the low energy approximation.

1.1.1 Effective actions

Before the expected general properties of vacua in non-Abelian gauge theories will
be discussed, let us consider a particular class of low energy effective actions for
QCD as an introductory example (see for instance [1], chapter 19, or [2]).

Since the masses of the up and down quark are much lighter than the QCD scale,
these flavors are usually singled out and taken to be massless as a first approxima-
tion. In the limit of vanishing mass for the up and down quarks the theory has a
SU(2)× SU(2)×U(1) non-anomalous flavor symmetry. From experiment we know
that the non-diagonal (chiral) part of this symmetry is realized in the vacuum in the
Goldstone mode: the pions are the Goldstone bosons which eventually get a small
(relative to the QCD scale) mass by the explicit symmetry breaking terms in the La-
grangian. We therefore like to write down a theory which is Lorentz-invariant, is
invariant under SU(2) × SU(2) × U(1), contains scalar degrees of freedom (since
the pions are scalars) and which produces spontaneous symmetry breaking. Since
SO(4) = SU(2)× SU(2), we can start off with the SO(4) sigma-model,

L = −1
2
∂µφn∂

µφn +
m

2
(φnφn)− λ

4
(φnφn)2

, (1.4)

and take m and λ to be positive. Note that higher derivative or higher order terms
added to this Lagrangian would be irrelevant in the renormalization group sense, so
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1.1. QCD in the low energy limit

are suppressed by the UV cutoff scale which, in this case, is expected to be close to
the QCD scale. The field φ have four components which we can think of as being
analogous to a Euclidean four-vector. The vacuum φ0

n of this theory has non-zero
length. If the vacuum is chosen to be given by φ0

n = {0, 0, 0, |φ0|}, it is easy to
see that this breaks SO(4) down to SO(3) ∼ SU(2) and identifies the rotations of
the first three components as the left-over isospin symmetry group. Any isospin
transformation of the vacuum leaves it invariant, so we have a continuous space
of vacua called a moduli space. The massless excitations of the vacuum are the
Goldstone bosons and the dynamics of these degrees of freedom must be split of
from the massive excitations. To do this, note that at every point the field can
be written as an SO(4) symmetry transformation of a fixed vector, say φ̄n(x) =
{0, 0, 0, σ(x)}, so that

φn = Rnmφ̄m = Rn4σ. (1.5)

Plugging this back into (1.4) and using the relation RRT = 1 we get

L = −1
2
∂µσ∂

µσ − 1
2
σ2∂µRn4∂

µRn4 +
m

2
σ2 − λ

4
σ4, (1.6)

Note that the kinetic term for the Rn4 fields should contain the degrees of freedom
describing the pion which is understood as fluctuations of the non-trivial vacuum.
The kinetic term is proportional to the energy of the pions. Now the dynamics of the
vacuum field σ must be integrated out. Since only the effective degrees of freedom
at low energy are important in the approximation, we can expand in powers of R,
and obtain in first order an effective Lagrangian

Leff ∼ −
1
2
m

λ
∂µRn4∂

µRn4 + h.o. (1.7)

If one works out the explicit connection to the pion field by the symmetry properties
one gets an effective description of the pion field which reproduces low energy pion
scattering reasonably well. Actually, to get a good description also the small explicit
chiral symmetry breaking mass terms must be incorporated. This changes the de-
scription as shown above in the sense that an effective potential is added to system:
instead of a moduli space of vacua a preferred direction for the vacuum is chosen.
This is called vacuum alignment, an idea which will come back in the next chapter.

It is important to note that in the above example the input was formed by an analysis
of the symmetries of the problem, an analysis of the modes in which these symme-
tries were realized and a focus on the low-energy approach. Actually, in this example
one does not need to know anything about the high energy theory (QCD): the sym-
metry and input on symmetry breaking pattern constrains the problem so much it
is solvable in terms of just a few unknowns. However, this type of analysis does for
instance not explain how exactly the chiral symmetry of the problem is dynamically
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Chapter 1. Introduction

spontaneously broken. Ideally, one would like to derive the low energy effective
action directly from the QCD path integral by integrating out all the physics above a
certain cutoff scale. It is not known for pure QCD how to do this because one would
need to understand the infrared behavior of the theory.

If supersymmetry is introduced into the problem however, this constrains the theory
much more as we will see in more detail in chapter 2. Seiberg and Witten [3, 4] were
able to show that for a four-dimensional SU(2) gauge theory with the ingredients
(1) extended N = 2 supersymmetry, (2) a knowledge of the symmetries involved,
(3) a perturbative calculation and (4) some consistency conditions basically fixes
the full low energy effective action. Just as in the pion Lagrangian example, the
vacuum in this case is actually a moduli space of vacua, but the construction in
the supersymmetric case is much more involved. Since the physical interest is in a
theory with no supersymmetry, one might wonder what happens if supersymmetry
is broken. As a first step in this direction the extended supersymmetry may be
broken to N = 1 supersymmetry. A nice way of doing this is giving a mass to part
of the fields in the theory such that the remaining low energy theory only contains
N = 1 fields. It turns out that, just as for vacuum alignment in the pion effective
Lagrangian, the moduli space of vacua is lifted and a specific vacuum is chosen.
There is however in this case much more control over the vacuum itself. If the
partial supersymmetry breaking analysis is done in Seiberg-Witten theory one can
show that certain magnetic monopoles must condense, which is in agreement with
the expected properties of the theory as described in the next subsection.

1.1.2 Expected properties

QCD in the low energy limit is expected to have several distinctive qualitative prop-
erties. In the example above we already encountered one: the theory must display
spontaneous chiral symmetry breaking. Another very basic property is that it must
have a mass-gap. This is the statement that the exact spectrum of the theory must
not include any massless states. The most mediagenic property however is that of
color confinement, which states that the asymptotic states of the theory should be
singlets (colorless) under the gauge group.

Note that the above property could in principle be a consequence of the lightness of
the lightest quarks: when pulling two quarks apart it might be energetically more
favorable to pull a new quark anti-quark pair from the vacuum, creating two quark
pairs instead of ’free’ quarks. This mechanism is referred to as dynamical screening.
However, based on lattice studies and other arguments (like the aforementioned
Seiberg-Witten argument in supersymmetric gauge theories) it is expected that even
in the absence of light quark matter non-Abelian gauge theories also confine in the

6



1.2. Integrable systems

sense explained below.

One way of putting the problem is that it must be explained why the low energy
vacuum of a non-Abelian gauge theory does not want to admit flux-lines running
through it. It so happens that there is a nice analogy between this problem and the
Meissner effect in superconductors: when a superconducting material is placed in
a magnetic field, the resulting constant current is such that the induced magnetic
field exactly cancels the applied magnetic field. There is therefore no net magnetic
field inside the conductor. If the magnetic field is increased, at some point the
magnetic field will be forced into the superconductor. It turns out to be energetically
favorable for the magnetic field to enter the superconductor in flux tubes: only such
flux configurations are allowed that a electron transported around a flux tube will
pick up an extra unobservable phase factor of 2π. Theoretically, superconductivity is
the result of electric degrees of freedom condensing which is well described by the
Abelian Higgs model. The endpoints of a finite flux tube in a superconductor would
be describing a pair of Dirac magnetic monopoles, but since the flux is confined to
a tube this would involve a linear potential between these monopoles. ’t Hooft took
this condensed matter analogy as a model for the confinement of electric (color)
flux: if magnetic degrees of freedom (magnetic monopoles) would condense this
would cause the electric degrees of freedom (the gluonic field) to confine. This
conjectured picture of color confinement is referred to as the dual Meissner effect.
Non-Abelian gauge theory is expected to have confinement of color flux as a dual
Meissner effect. As noted before this picture is reinforced through lattice studies and
model calculations in, for instance, supersymmetric field theory.

1.2 Integrable systems

The formulation of an effective action for mesons in QCD is a nice illustration of
yet another general principle: this effective action predicts results by calculating
its classical minima. In short, given an effective action we are doing classical field
theory to get quantum answers. The meson effective action also describes the pions
as the excitations of certain coordinates on the moduli space of the vacuum. If we
would consider these coordinates to be the coordinate of a classical particle, we
would obtain an effective action for classical (relativistic) particles coupled through
some non-linear (higher order) terms.

Classical non-relativistic multi-particle systems are usually very hard to solve. An
illustrative example is the three body problem in Newtonian gravity. The solution
of the two-body problem was a triumph for classical mechanics and goes back to
Newton. In contrast, the three body problem has proven to be unsolvable in the
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Chapter 1. Introduction

general case. It can be approached through numerical analysis for instance and
displays some surprising possible periodic solutions like three bodies chasing each
other around a figure eight. One of the main differences between the two and
three body problem is the existence of a symmetry in the two body problem, which
allows it to be reduced to an effective one body problem. By Noethers theorem
symmetry translates in the existence of conserved charges, functions of the phase
space variables which Poisson commute with the Hamiltonian. Two special classes
of multi-body problems which are solvable by the existence of enough symmetry
can now be formulated. Suppose the phase space of a certain classical system is 2n
dimensional.

� the classical system is integrable if it admits n independent conserved charges

� the classical system is completely integrable if it admits n independent con-
served charges which Poisson commute amongst themselves

Note that the need for the extra condition in complete integrability has a nice quan-
tum mechanical analogue in the theory of angular momentum: although the entire
angular momentum vector is conserved, the maximal commuting subset of this vec-
tor is two dimensional: one can for instance only measure the overall size and one
component of angular momentum simultaneously. In this thesis integrable will al-
ways mean completely integrable.

In principle completely integrable systems can be solved through quadrature (alge-
braic manipulations and integrations), although in practice this may be very difficult.
Note that, since there is a commuting set of conserved charges, time evolution can be
generated by any of these charges which are therefore also known as Hamiltonians.
It is expected that for every (real) periodic completely integrable system there is a
coordinate system for the phase space in which the time evolution generated by any
Hamiltonian is linear. Since the evolution is periodic these coordinates are referred
to as action-angle variables; loosely speaking, the action variables correspond to the
conserved quantities while the angle variables parametrize the positions. Solving an
integrable system amounts in some sense to finding the ‘right’ action-angle variables.

There is a neat trick due to Lax [5] to write an integrable system such that its con-
served charges (action variables) at least are obvious. The trick is to find finite di-
mensional matrices M(qi, pi) and Kj(qi, pi) such that the time evolution equations
can be written as a matrix commutator

∂oi
∂tj

= {oi,Hj} ←→ ∂M

∂tj
= [M,Kj ] , (1.8)

since in that case traces of powers of M are automatically conserved. In the above
equation oi stands for all phase space variables. Traces of powers of M are com-
pletely symmetric functions of the eigenvalues of the finite matrix M , so these pro-
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1.2. Integrable systems

vide a basis for the Hamiltonians. However, the existence of a Lax representation
is in general not guaranteed and there may be several Lax representations (with
different matrix sizes for instance!) for the same system. Furthermore, finding the
corresponding angle variables may still be (and generally will be) difficult.

A particularly nice example of a completely integrable system which will play a
major role in this thesis is the periodic Toda chain1. This system can be viewed
as a system of N particles on a circle interacting through an exponential nearest
neighbor interaction. Its Hamiltonian u2 is given as

u2 =
1
2

N∑
i=1

p2
i + Λ2eq1−q2 + . . .+ Λ2eqN−1−qN + Λ2eqN−q1 . (1.9)

This system is completely integrable [6]. The Lax matrix of the periodic Toda chain
is given as

M =


p1 Λ2eq1−q2 0 . . . z

1 p2 Λ2eq2−q3 . . . 0
0 1 p3 . . . 0
. . . . . . Λ2eqN−1−qN

eqN−q1z−1 . . 1 pN

 ,

z is a so-called spectral parameter which is complex. As will be further elabo-
rated upon in chapter 3 the chain admits N independent conserved quantities uk =
1
kTrMk which generate time Hamiltonian flows by a matrix commutator just as in
equation (1.8),

∂M

∂tk
= [M,L(Mk−1)], (1.10)

where L is a certain map. Viewed in this way the Hamiltonian (1.9), which is
equal to 1

2TrM2, is just one of N independent Hamiltonians which all generate
independent time flows.

The properties of the Lax matrix can be studied by calculating its eigenvalues. The
characteristic equation of the Lax matrix is also called the spectral curve for a Lax
matrix associated to a periodic system. The spectral curve associated to the Lax
matrix M of the periodic Toda chain is

det(x−M) ≡ PN (x) + (−1)N (z + Λ2Nz−1) = 0, (1.11)

which describes, when viewed as a manifold in C2 ∪ {∞}, a compact Riemann
surface and will be identified with the so-called Seiberg-Witten curve of a four-
dimensional N = 2 gauge theory. Note that the coefficients in the polynomial P

1In this introduction the periodic Toda chain associated to (the fundamental representation of) the
affine Lie algebra A1

N is studied. There is a natural generalization to other affine Lie algebras and a
natural reduction to the semi-simple Lie algebras, see for instance [6, 7]
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Chapter 1. Introduction

are completely symmetric functions of the eigenvalues. The trace of powers the Lax
matrix are also symmetric functions of the eigenvalues, but in a different basis. This
shows that the spectral curve of the Lax matrix is itself a conserved quantity.

Besides systems in classical mechanics with a finite dimensional phase space there
are systems with an infinite dimensional phase space. This corresponds to replacing
the integer index i in equation (1.8) by a continuous one

oi → o(x). (1.12)

As is shown in [8], if one takes for instance the following Poisson bracket for a phase
space of functions o(x) (with summation replaced by integration)

{o(x), o(y)} =
∂

∂x
δ(x− y). (1.13)

Then studying a Hamiltonian of the form

H[o] =
∫ ∞
−∞

dx
o(x)3

3!
− 1

2

(
∂o(x)
∂x

)2

(1.14)

will generate the ubiquitous KdV equation when combined with the usual rules of
functional derivation. It can be shown [8] that this system admits an infinite number
of Poisson commuting Hamiltonians and can therefore at least naively be classified
as completely integrable in the above described sense. Infinite dimensional phase
space integrable systems are usually referred to as integrable hierarchies and can be
formulated in a bewildering variety of ways (see for instance the introduction of [9]
for a quick overview of some approaches).

1.3 Integrability in low energy effective supersym-
metric gauge theory

As noted before, the low energy effective action for any quantum field theory will
be some classical field theory which is in general not integrable (solvable). It is
therefore a remarkable fact that the solutions for low energy effective theories as
constructed by Seiberg and Witten are directly related to known periodic integrable
multi-particle systems. In this relation, the coordinates which parametrize the mod-
uli space of vacua in the Seiberg-Witten analysis are identified with the conserved
quantities in the integrable system. This connection relates these integrable sys-
tems to gauge theories with extended supersymmetry. A natural question is then
how this relationship develops if that extended supersymmetry is broken down to
simple supersymmetry since in that case, as was touched upon in this introduction,
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1.3. Integrability in low energy effective supersymmetric gauge theory

there is interesting physics on the gauge theory side such as confinement and chiral
symmetry breaking.

Before this question can be answered, we will find that to make the link between
gauge theory and integrable system as strong as possible we will have to compactify
one spatial direction in the theory on a circle. The moduli space of vacua of N = 2
supersymmetric field theories in four dimensions get modified once the theory is
compactified on a circle. Surprisingly, it has been proven that there are coordinates
on the new moduli space which are actually independent of the radius of that circle
for theories.

In this thesis the breaking of extended N = 2 supersymmetry to N = 1 in a four
dimensional gauge theory compactified on R3×S1 is studied from the perspective of
the underlying integrable system. The breaking of supersymmetry will be induced
by turning on a classical polynomial superpotential. The goal is to construct the
exact quantum potential for these particular gauge theories and it is conjectured
that this exact potential can be constructed naturally from the integrable system.

When expressed in the coordinates on the moduli space which are independent of
the radius of the circle, the sought exact quantum potential also does not depend
on the circle radius. This implies that the minima of this conjectured exact potential
can be interpreted as both three and four dimensional vacua. For gauge theories
with U(N) gauge symmetry and various amounts of matter in the fundamental rep-
resentation the conjectured potentials are analyzed in this thesis and it is shown
that they consistently reproduce known results in four dimensional physics and also
yield some new technical results. In the final chapter we will comment on how these
results might be embedded in a deeper mathematical structure which is related to
other approaches to four dimensional supersymmetric gauge theory. The results
presented in this thesis show that the link between integrable systems and super-
symmetric gauge theory is even stronger than was known before and might provide
a natural structure to understand supersymmetric low energy effective gauge theory.
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Chapter 2

Field Theory Background

This chapter describes the main field theory background for the research presented
in this thesis. It starts off by introducing supersymmetric gauge theory in four di-
mensions, followed by a brief discussion on the construction of low energy effective
actions in Seiberg-Witten theory and low energy effective superpotentials through
the Dijkgraaf-Vafa construction. This chapter begins with material which can be
found in the literature (see e.g. the reviews [10], [11]) and leads to the formulation
of the general conjecture first posed in this form in [12]. We will follow the standard
supersymmetry conventions of [13], to which the reader is also referred for general
background material on supersymmetry.

2.1 Supersymmetric gauge theories in four dimen-
sions

The starting point of the analysis is the definition of the field theories we will be deal-
ing with: a supersymmetric version of the QCD Lagrangian (1.1) is needed. Super-
symmetry is an essentially unique extension of the usual symmetries of Minkowski
space and since we will not be considering gravity in this thesis all space time sym-
metries are taken to be global. The most striking non-trivial part of the symmetry
algebra is given by anti-commutation relations for the supersymmetry generators,
which are Weyl-spinors

{QIα, Q̄α̇J} = σµαα̇Pµδ
I
J (2.1)

{QIα, QJβ} = 2εαβZIJ . (2.2)
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Chapter 2. Field Theory Background

Here P is the momentum vector, the antisymmetric matrix Z is called the central
charge matrix (which commutes with everything), σµ = {1, σi} with σi the Pauli
matrices, and finally

ε =
(

0 −1
1 0

)
.

We have allowed for extended supersymmetry indexed by the integers I, J . The
minimal amount of supersymmetry is obtained by considering just one Weyl spinor,
which contains four real components known as supercharges. For extended super-
symmetry, the total number of supercharges in a given theory must be an integer
multiple of four. This integer number is denoted by N . More generally, the total
number of supercharges in a supersymmetric theory in d dimensions is N times the
minimal dimension of a spinor in d dimensions. For three dimensions for instance,
the minimal dimension of a spinor is 2. The supersymmetry algebra has an SU(N )
internal symmetry which acts on the I, J indices and is called R-symmetry. In addi-
tion it has a chiral U(1)R global phase rotation symmetry if the central charges are
zero.

Because the supersymmetry generators are fermionic they transform a bosonic state
in a fermionic one. A careful analysis of what states are allowed in a supersymmetric
theory gives that there is a class of states which transform non-trivially only under
half the supersymmetry algebra. These states are called chiral or anti-chiral, de-
pending on which half (in the chiral sense, hence the name) of the supersymmetry
algebra these states transform non-trivially. This phenomenon is in essence a direct
extension of the usual difference between massless and massive representations of
the Poincare algebra. The main difference is that in supersymmetric theories there
is an extra parameter, the central charge Zij . When that central charge matrix is
‘diagonalized’ by the internal R symmetry rotations to

Z = Diag{Z1ε, Z2ε, . . .}, (2.4)

the chiral states are those whose mass M saturates the so-called BPS-bound,

∃i |M = Zi. (2.5)

States which satisfy this bound form special, smaller than usual representations of
the supersymmetry group, just as massless fields do in a usual Lorentz invariant
theory. In supersymmetric field theory the central charges are usually topological
charges, so at first we will set them to zero.

An important building block for a supersymmetric field theory is of course fields
which carry a representation of the symmetry algebra (2.2). First we will construct
theories with N = 1 and later N = 2 supersymmetry. In standard field theory,
fields are functions defined on space and since supersymmetry is an extension of

14



2.1. Supersymmetric gauge theories in four dimensions

space-time symmetry it is useful to look for a ”supersymmetric space”or superspace
first. The supersymmetry generators are themselves fermionic, so it is natural to
expect that the extra coordinates we need are fermionic as well. In order to make
this more precise the connection between regular coordinates and the underlying
symmetry algebra is needed. Regular space-time can be described by the a group
coset construction: a point in space can be represented as an element of the Poincare
group identified under the action of the Lorentz group. The Lorentz group indepen-
dent part of a general element of the supersymmetric space-time symmetry group is
given by

P = ei(−x·P+θQ+θ̄Q̄). (2.6)

In this expression one recognizes the θ and θ̄ as extra fermionic coordinates and we
have adopted the Wess and Bagger [13] conventions for the definition of products
of Weyl fermions,

θQ = θαQα θ̄Q̄ = θ̄α̇Q̄
α̇. (2.7)

In this expression indices are raised and lowered using the matrix ε (2.3). If we act
on (2.6) with a general would-be supersymmetry transformation from the right

ei(ξQ+ξ̄Q̄)ei(−x·P+θQ+θ̄Q̄), (2.8)

an explicit expression for the supersymmetry generator is obtained by using the
Baker-Campbell-Hausdorff formula and the supersymmetry algebra. This is com-
pletely analogous to how one usually derives the representation of the momentum
operator on fields as Pµ = −i ∂

∂xµ . Their explicit expression will not be needed here
and can be found in the literature. Now one introduces a general superfield on
this extended space as κ(x, θ, θ̄), which has a natural expansion in terms of complex
space-time fields. This expansion will be restricted to fields with spin ≤ 1,

κ(x, θ, θ̄) = φ(x) + θξ(x) + θ̄ ¯ξ(x) + θθm(x) + θ̄θ̄n(x) + θσµθ̄vµ (2.9)

+θθθ̄λ̄(x) + θ̄θ̄θψ(x) + θθθ̄θ̄d(x). (2.10)

In this expression σµ equals {I2×2, σ
i} with σi the Dirac matrices. The supersym-

metry transformation of this field can be worked out by applying the constructed
supersymmetry generators to it and comparing to the expression for a general su-
perfield. The component of this field which has the most θ’s transforms as a total
derivative under supersymmetry transformations and a supersymmetric action can
therefore easily be constructed by integrating this component over all of space. This
component is called the top component. Because integration over fermionic coordi-
nates is defined such that

∫
dθ2θθ = 1 and

∫
dθ̄2θ̄θ̄ = 1, the top component can be

isolated by integrating the superfield as

κ(x, θ, θ̄)bD-term=
∫
dθ2dθ̄2κ(x, θ, θ̄). (2.11)
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Chapter 2. Field Theory Background

Since the product and sum of general superfields is, again, a general superfield a
large class of supersymmetric Lagrangians can be written down as the integral over
the top component of a function of the general superfield. It is a useful fact that in
such a construction the top component of the superfield itself, called the D-term, will
never appear with a derivative acting on it. Therefore the D-term is not a dynamical,
but an auxiliary field and may be integrated out by imposing its field equation as a
constraint on the other component fields in the superfield.

In the general expression displayed above the superfield κ is complex and has in total
16 (complex) degrees of freedom which is overly unrestrictive for the construction of
gauge field theories. More useful building blocks are obtained by imposing various
constraints on this field. For this purpose introduce the superspace derivatives D, D̄

Dα =
∂

∂θα
+ iσµαα̇θ̄

α̇∂µ (2.12)

D̄α̇ = − ∂

∂θ̄α̇
− iθασµαα̇∂µ, (2.13)

which obey schematically

{D̄,Q} = 0, {D̄, Q̄} = 0. (2.14)

Because of these anti-commutation relations, a condition like D̄α̇κchiral = 0 yields
a consistent supersymmetric reduction of the general superfield. When written in
coordinates yµ = xµ + iθσµθ̄ the superfield κchiral has a superfield expansion,

κchiral(y, θ) = κchiral(y) + θψ(y) + θ2F (y), (2.15)

where we have introduced the notational convention of denoting chiral superfields
and their scalar components by the same variable. Which of the two interpreta-
tions is meant is clear from the context. The expansion shows that the field content
of the chiral superfield consists of a complex scalar field κchiral, a Weyl fermion ψ

and another complex scalar field F. Note that κchiral does not depend on half of the
fermionic superspace coordinates. Given chiral fields it is easy to construct new chi-
ral fields by multiplication and addition and they therefore form a ring. In particular
any holomorphic function of a chiral superfield is again a chiral superfield. Working
out the supersymmetry transformations shows that the top component (known as
F-term) of chiral or anti-chiral fields transform as a total derivative under supersym-
metry transformations. Supersymmetric actions can therefore easily be constructed
by integrating the F-term of a holomorphic function of a chiral field over space. The
F-term of any superfield can be isolated by fermionic integration as

κchiral(x, θ)bF-term=
∫
dθ2κchiral(x, θ). (2.16)
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2.1. Supersymmetric gauge theories in four dimensions

Analogous to the case of the general superfield, it turns out that a general Lagrangian
constructed as an analytic function of a chiral superfield will not contain kinetic
terms for the top component of this superfield. The top component may therefore
be integrated out. Completely analogous to chiral fields one can also define anti-
chiral fields by imposing Dακ̄anti-chiral = 0

Another constraint one can impose on the general superfield (2.9) is a reality con-
straint κ† = κ. This field contains a (real) vector, leading to the name vector or
gauge multiplet, denoted below by V . A particularly simple example of a real super-
field is the sum of a chiral and an anti-chiral superfield, which in particular contains
the derivative of a scalar function as a vector field. This is the motivation to define
gauge transformations of a vectorfield V as

V → V + κchiral + κ̄anti-chiral. (2.17)

A particular gauge (known as Wess-Zumino gauge) can be chosen in which the low-
est components of the vector superfield are set to zero, which is computationally
useful since then only a finite number of powers of V are non-zero. This gauge will
be used implicitly in the following. One can now use the gauge transformations in
superspace and study the formulation of a supersymmetric gauge theory. For this
purpose the following multiplets are constructed

Wα = −1
4
D̄D̄e−VDαe

V (2.18)

W̄α̇ = −1
4
DDe−V D̄α̇e

V . (2.19)

If we now define

L =
1
2
Re

(
τ

∫
dθ2Tr (WαWα)

)
, (2.20)

with the complexified gauge coupling constant τ = 2
g2 +i θ

2π2 and with the trace over
the gauge indices, this can be shown to yield

L = − 1
4g2

FµνF
µν − θ

16π2
FµνF̃

µν + fermions. (2.21)

This is the (bosonic part of the) N = 1 supersymmetric gauge theory Lagrangian.
Matter can also be coupled in a manifestly supersymmetric way to the gauge field as
described in the literature. This gives extra terms in the Lagrangian of the form

Lmatter ∼
∫
dθ2dθ̄2Q̃e−2VQ. (2.22)
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Chapter 2. Field Theory Background

2.1.1 Quantum effects

Up to this point we have basically described the structure of classical supersymmetric
gauge theories. However, supersymmetry restricts the form of any quantum effective
action. The simple observation is that in chiral integrals of the type appearing in,
for instance, equation (2.20) the integrand should be an analytic (holomorphic)
function: it should only depend on the chiral fields, not the anti-chiral fields. This
fact, together with symmetry and decoupling arguments, constrains the theory so
much it becomes exactly solvable in some cases. Arguments of this type go by the
general name of ’holomorphy’ or ’Seibergology’ in honor of its inventor [14].

An example of how these arguments work is the β function in N = 1 pure SU(N)
super-Yang-Mills1: the gauge coupling appears in equation (2.20) is a parameter
in a chiral part of the Lagrangian. In particular, it can be viewed as the vacuum
expectation value of an infinitely heavy chiral field, since all constants r are chiral
(and anti-chiral) fields because Dαr = 0 (D̄α̇r = 0). If the gauge coupling is defined
in a gauge theory with a UV cutoff at M , then it can be evaluated in a theory with a
different UV cutoff M ′ keeping low energy physics fixed, by using the gauge theory
beta function. The couplings must be related through

τ ′(M ′) = τ(M) + f

(
τ, log

(
M

M ′

))
, (2.23)

where f is an analytic function of τ . Since shifting τ by 2πi should not change
physics (since this corresponds to shifts in the θ angle), f should be a periodic

function of τ . Now we can expand the beta function, defined by a derivative of τ
with respect to t = log

(
M
M ′

)
, as a Fourier series

d

dt
τ = β(τ) =

∑
n∈Z

cne
τn, (2.24)

where the last equality simply follows from periodicity and analyticity. Note that
this particular expansion does not have a weak-coupling limit (τ →∞) if n is larger
than zero, so we restrict the sum over n to n ≤ 0. It follows that the form of the
contributions to this beta function is a constant c0 and a sum over non-perturbative
(instanton) effects, since τ ∼ 1

g2 . The constant c0 is determined at one loop. The
N = 1 theory has furthermore an anomalous U(1)R-symmetry. Since the gauge
coupling is considered to be a background field and can therefore be assigned trans-
formation properties, this symmetry can be restored by assigning an appropriate
transformation law to τ which shifts it by an arbitrary imaginary constant. Since
this should be a symmetry of the theory, the beta function should be invariant under

1the argument as presented here can be found in [15].
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2.1. Supersymmetric gauge theories in four dimensions

a shift of its argument by an imaginary number. Since the right-hand side of (2.24)
should be an analytic function, this is impossible unless cn is zero for all n > 0.
Therefore the only non-zero coefficient is c0. This coefficient can be calculated by
a one-loop computation. Especially the latter argument about the absence of non-
perturbative corrections is prone to false conclusions however. If a beta function is
defined as the (logarithmic) change in coupling constant if the scale at which this
coupling constant is defined is varied, instead of the scale of the UV-cutoff as above,
this latter scale is not the scale which brakes U(1)R, so this symmetry can not be
restored by assigning transformation properties.

There are a number of comments to make about an analysis along the above lines.
First of all, in computations of the above sort the implicit assumption is made there
is a regularization of the theory which preserves supersymmetry and any symmetries
used in deriving results. Furthermore, arguments of the above type require a specific
choice of regularization scheme: if one redefines the real vector fields in order to
obtain canonical kinetic terms for the gauge fields then an anomaly in the measure
contributes to the β function of the redefined gauge theory couplings [15]. This
shows that in practice, even disregarding minor details like the exact mechanism
of complete supersymmetry breaking, it might be difficult to relate results based on
holomorphy arguments to, for instance, the QCD scale quantitatively. However, this
is the same type of problem as relating the effective scale introduced in, for instance,
dimensional regularization to measured quantities like the coupling constant at a
certain scale. Qualitatively, the above argument illustrates the fact that the structure
of the full quantum theory is much more under control using supersymmetry.

2.1.2 Supersymmetric low energy effective actions

In this thesis the focus is on the low energy effective dynamics of a supersymmetric
gauge theory. For that purpose we would like to calculate a low energy effective ac-
tion of the same type displayed in the introduction. In principle this effective action
should be calculable from an exact description of the full quantum theory. Lacking
that description, the main tool is the use of holomorphy arguments to constrain the
low energy effective quantum theory. First of all we assume that supersymmetry is
unbroken. Furthermore, terms in the Lagrangian with more derivatives than two are
assumed to be suppressed by an effective scale, which is reasonable by dimensional
analysis. It turns out [13] that for chiral fields the most general N = 1 supersym-
metric gauge invariant Lagrangian with at most two derivatives is described by a
non-linear sigma model: the chiral fields κi can be interpreted as coordinates on a
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manifold. This Lagrangian takes the form

L ∼
∫
dθ2dθ̄2K(κi, κ

†
j) +Re

(∫
dθ2w(κi) + τ(κi)TrWW

)
, (2.25)

where w and τ in general are holomorphic functions of the indicated arguments
and K is a so-called Kähler potential. w is called the superpotential. Only the
holomorphic data w, τ is expected to have special properties in the quantum theory
by holomorphy arguments, the Kähler potential can not be determined by these
arguments for a general N = 1 theory since it is not holomorphic. Below a method
is introduced to be able to apply holomorphy arguments to the Kähler potential as
well.

Suppose we start with a U(N) gauge theory coupled to a scalar field Φ which trans-
forms in the adjoint. For a generic large vev of Φ the gauge theory is completely
realized in the Higgs-phase and the gauge group is broken as U(N)→ U(1)N . This
is the regime in which perturbation theory is reliable since the effective coupling
constant stops running at a very high scale, where the theory is weakly coupled.
The question is then what the theory looks like for small values of <Φ>. For this
type of argument to work nicely, the scalar field and the gauge field must be part
of the same supersymmetry multiplet. On-shell, this can only be done if the theory
enjoys N = 2 supersymmetry, so we want to construct the most general N = 2
supersymmetric gauge theory Lagrangian with a U(1)N gauge symmetry.

The Lagrangian (2.25) is N = 1 supersymmetric. Since N = 2 supersymmetry is
a special case of this class of theories, the N = 2 low energy effective Lagrangian
can be obtained by studying (2.25) for a U(1)N gauge group coupled to a scalar
field Φ which transforms in the adjoint of the gauge group. For special values of
the coupling constants the resulting Lagrangian is N = 2 supersymmetric. It can be
shown (see e.g. [11]) that the Lagrangian of the full theory thus obtained is specified
by one holomorphic function of N variables F(zi), called the prepotential2.

L = Re τij(zk)F iµνF
jµν + Im τij(zk)F iµνF̃

jµν + Im∂µzDj∂µz
j + fermions, (2.26)

with

τij =
∂2

∂zi∂zj
F(z) (2.27)

zDj =
∂

∂zj
F(z). (2.28)

As part of the analysis, the superpotential w is required to vanish (for theories with
no matter in the fundamental) in order to obtain N = 2 supersymmetry. In other

2This is more clear in the unconstrained N = 2 superspace formulation [11], which also directly
shows the extended supersymmetry.
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words, adding it will break the extended supersymmetry to N = 1. A second thing
to note is that the coupling constants of the effective U(1)N gauge theory are given
by the second derivative of the prepotential. A final remark concerns the Kähler
potential: here it is related by N = 2 supersymmetry to the holomorphic sector of
the theory and therefore holomorphy arguments now also determine this part of the
theory.

2.2 Seiberg-Witten theory

In complex analysis holomorphic functions are highly constrained by their behavior
on the boundary of a connected coordinate patch, so one might hope that in the
supersymmetric field theory holomorphy might work out the same: as indicated
before, in the limit of large vevs for Φ, some quantities can be calculated which is
knowledge of a boundary region of the moduli space. This hope is justified, as was
shown by Seiberg and Witten [3, 4]. Although below we will continue to consider
for definiteness a pure N = 2 U(N) gauge theory, the reasoning employed is much
more widely applicable. Useful general reviews on Seiberg-Witten theory include,
but are not limited to [2, 11].

Classically, the microscopic theory is governed by a vacuum where the scalar poten-
tial (which stems from integrating out auxiliary (D-term) fields) vanishes,

[Φ,Φ†] = 0, (2.29)

which implies that the complex scalar can be diagonalized by gauge rotations. This
gives

< Φ >cl=
∑

aiH
i (2.30)

with Hi the generators of the Cartan subalgebra, extended with HN = IN×N for
the overall U(1) gauge field. The N complex parameters ai parametrize a man-
ifold of vacua. However, they are not really good coordinates since they are not
invariant under Weyl reflections (which interchange the different Cartan generators
Hi amongst each other). Better coordinates are symmetric polynomials of the ai,
for which there are two natural choices defined through the following generating
functionals:

det(x− φcl) =
N∑
i=0

si(acl)xN−i (2.31)

−Tr log(1− φclx) =
N∑
i=1

ui(acl)xi + h.o. (2.32)
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Chapter 2. Field Theory Background

Here we have neglected the higher order terms for the ui polynomials since they do
not generate new independent polynomials. These different sets of polynomials are
related through the Newton-Girard formulas, which can be derived by considering
the identity

eTrA = det eA, (2.33)

for matrices A = log(x− Φ), which yields

Tr log(x− Φ) = log(det(x− Φ)). (2.34)

These expressions can both be expanded as formal power series in 1/x, from which
formulas relating ui and si can be read of. The derivative with respect to x of the
left hand side of this equation, Tr

(
1

x−Φ

)
, is called the resolvent of Φ because it is a

generating functional for traces of powers of Φ. Either the set ui or si provide a set
of Weyl-invariant coordinates for the classical moduli of the gauge theory, although
in practice one works with the coordinates ai since they are most directly linked to
the physics of the theory; they provide for instance the most direct picture of the
gauge symmetry breaking.

For generic values of the ai the gauge symmetry is classically completely broken
U(N)→ U(1)N . If the symmetry breaking scale is large enough3, the quantum low
energy effective action is calculable in this case in perturbation theory (just as it is for
the weak sector in the standard model), where it can be shown to only receive 1 loop
contributions. In addition to the perturbative contributions, the prepotential will
receive contributions from instantons. Since the generic form of these contributions
is known and the prepotential itself must be a holomorphic (possibly multi-valued)
function of the ai and the effective N = 2 scale Λ, the prepotential as a function of
the low energy effective field a can be shown [16] to take the form

F(ai) = τ
N∑
i=1

(ai)
2− 1

8πi

N∑
i,j=1

(ai − aj)2 log

(
(ai − aj)2

Λ2

)
+
∞∑
i=0

Fk(ai)Λ2Nk. (2.35)

Note that the coordinate
∑
i ai is completely decoupled from the slightly compli-

cated renormalization effects. This is because this is the coordinate of the overall
U(1) gauge theory. Since instanton contributions are accompanied by powers of
Λ2N , the expansion in the last term is referred to as the instanton expansion. There
are two known ways of obtaining the precise form of the above prepotential (the
unknown coefficients in the instanton expansion). One is by simply calculating the
instanton contributions directly. This is a hard calculation in general and was only
done recently by Nekrasov by employing high-powered mathematics [17]. His result
will be used in chapter 5. The original answer of Seiberg and Witten was derived

3More precisely if |ai − aj | � Λ ∀i 6= j.
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2.2. Seiberg-Witten theory

−

+

Figure 2.1: Pieces of “plumbing” which connect the cuts on two sheets of solutions to equation
(2.38).

by clever consistency arguments, symmetry considerations and holomorphy. Their
answer is that the prepotential can be obtained by calculating period integrals on an
auxiliary Riemann curve which is fibered over the vacuum moduli space. This takes
the following form for U(N)

ai({sj}) =
∮
αi

λsw

∂F({sj})
∂aj

=
∮
βj

λsw

λsw({sj}) = xd log
(
P (x) +

√
P (x)2 − 4Λ2N

)
. (2.36)

Where λsw is a meromorphic differential on the surface which is such that the deriva-
tive with respect to any of the sj is a holomorphic differential and αi, βj are canoni-
cally intersecting cycles on the surface. The polynomial P is given in terms of the sj
coordinates on the moduli space by

P (x) = det(x− Φcl). (2.37)

Note that the polynomial P is of order N . The Riemann surface is given as a vector
(x, z) ∈ C2 constrained as

y2 = P (x)2 − 4Λ2N . (2.38)

The solutions to this equation can be represented pictorially in the following way
(see also figure 2.2): y is either plus or minus the square root of the polynomial
on the right-hand side. These can be represented by two sheets of paper. The
polynomial has in general 2N single, paired roots. The branch cut of the logarithm
will be chosen such that the roots will be connected by a branch cut: if x moves
across the branch cut, y jumps y(x)→ −y(x). Note that the length of the branch cut
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Chapter 2. Field Theory Background

is set by the scale Λ. Hence we can imagine the two sheets of paper being connected
by pieces of plumbing, which connect the corresponding cuts on both sheets. Adding
points at ±∞ now gives a complete, compact, complex Riemann surface. Something
special happens if two roots of the polynomial P (x)2−4Λ2N collide, since then there
is one less piece of plumbing needed to built the full space of solutions. This means
that the effective genus of the surface decreases.

The equations (2.36) for the prepotential can be used to express the first derivative
of the prepotential with respect to the various ai in the aj itself. This can then be
integrated to give the full prepotential. The coupling constant matrix (τij = ∂2F

∂ai∂aj
)

of the effective U(1)N gauge theory obeys

∂2F({sj})
∂ai∂aj

=
∑
k

(
∂aj
∂sk

)−1
∂

∂sk

∂F({sj})
∂aj

=
∫
βj

ωi. (2.39)

The last quantity is then identified as the period matrix of the Riemann surface since
it is the β period integral over the normalized one-forms. The coupling constant
matrix also naturally appears in a geometrical construct associated to any Riemann
surface. These surfaces have a so-called Jacobian J which is a complex torus N − 1
dimensional torus with period matrix τij =

∫
βi
ωj , where ωj is a normalized 4 basis

of holomorphic differentials on the surface. More explicitly for coordinates ~ψ on the
torus,

ψj ∼ ψj + nj + τjimi ∀mi, ni ∈ Z. (2.40)

In addition to the N − 1 dimensional torus there is a separate complex circle related
to the overall U(1) gauge group. This extra circle is understood to be included if we
refer to the Jacobian of a U(N) gauge theory below.

An important aspect of the Seiberg-Witten analysis is the realization that there are
special points (submanifolds) on the moduli space of vacua for which the descrip-
tion in equations (2.36) becomes singular: one or more of the α cycles collapse. The
interpretation of this is that there are extra degrees of freedom in the theory which
have become massless. For each degree of freedom becoming massless the moduli
space is restricted to a submanifold of co-dimension 1. In order to identify exactly
what the degrees of freedom are which become massless at the degeneration lo-
cus, one can compute how the combination of

(
~a
~aD

)
transforms when circling close

around the locus where the effective theory breaks down. This gives an idea how
a and aD behave near the singularity. Comparing these calculations to the known
exact mass formula for (regular) BPS ’t Hooft-Polyakov monopoles dyons one can
see that these are precisely the degrees of freedom becoming massless. In order to
obtain the full low-energy effective description of the gauge theory at these points

4the integrals over the α cycles is
∫
αi
ωj = δij

24



2.2. Seiberg-Witten theory

in the moduli space, the extra massless degrees of freedom have to be added to the
Lagrangian at these points. Based on the gauge theory lore described in the intro-
duction one would very much like these degrees of freedom to condense in some
clear-cut way, providing a nice and clean picture of confinement. This can be shown
to happen by breaking the supersymmetry to N = 1 by turning on a superpotential.

Before we study supersymmetry breaking there are some general remarks to make.
In general, if one would like to analyze the low energy effective description of a
certain N = 2 supersymmetric gauge theory, all that has to be done is the iden-
tification of a Riemann surface and a certain differential on it. This identification
can be tricky in general but has been done for large classes of gauge theories, even
for higher dimensional ones by interpreting them as four dimensional field theories
with an infinite number of fields. This provides a large “phenomenology” of N = 2
theories to work with.

2.2.1 Breaking N = 2 to N = 1

As mentioned before, turning on a microscopic polynomial superpotential for the
adjoint scalar (actually for the N = 1 chiral multiplet of which this is the scalar
component),

W =
n+1∑
k=1

gk
k

Tr Φk, (2.41)

will classically break N = 2 to N = 1. Theories with a high order superpotential
are not renormalizable in 4 dimensions, but this is not a problem if we are only
considering effective theories in the sense that this superpotential can be interpreted
as being derived from a theory which lives at even higher scales for which this is the
effective theory at some intermediate scale. This is exactly the point of view taken
in this thesis. This form of supersymmetry breaking is called soft supersymmetry
breaking.

Classically, the equation

W ′(Φ) ≡ gn+1(Φ− w1)(Φ− w2) . . . (Φ− wn) = 0, (2.42)

must hold and therefore each of the eigenvalues ai of Φ in equation (2.30) needs to
be equal to one of the stationary point of the superpotential, wj . The moduli space
is reduced to a finite set of points, where at least a U(1)N gauge symmetry remains
unbroken. More precisely, if wi is occupied Ni times, in other words Ni of the aj are
equal to wi, then the gauge symmetry is broken classically to

U(N) −→ U(N1)× . . .× U(Nn). (2.43)
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Chapter 2. Field Theory Background

The different U(Ni) gauge theories are expected to confine in the infrared in a full
quantum analysis.

Generically the superpotential will also lift the entire quantum moduli space, but
care has to be taken on those subspaces where dyons become massless. On these
points the relevant N = 1 chiral superfields are

uk, ai,m, m̃. (2.44)

Here uk are the chiral superfields for which <uk>= 1
kTr <Φk> and ai is the chiral

superfield part of the different U(1) N = 2 gauge multiplets. These operators were
already there in the N = 2 case. New are m and m̃ which are the chiral multiplets
for the dyons. Combining symmetry arguments, non-renormalization theorems, the
existence of decoupling limits and taking into account the new degrees of freedom
in the superpotential one can show that [18]

W =
√

2
l−r∑
i=1

m̃iaimi +
n+1∑
k=1

gkuk. (2.45)

is actually an exact superpotential5. The bosonic part of this superpotential must
now be minimized to find the correct N = 1 vacua. Note that both ai (as the
bosonic part of ai) and uk (as the bosonic part of uk) should be functions of the
vacuum moduli space variables si in equation (2.31). For ai this relation is given
by (2.36), but for uk care has to be taken in how to define the relation properly.
This involves a choice in the gauge theory. In this thesis the natural definition by the
gauge theory resolvent is used,

1
k

Tr <Φk>=
1
k

1
2πi

∮
∞
dxxk−1λsw, (2.46)

where the loop runs counterclockwise. This has the correct classical limit (rela-
tionship between si and ui as in 2.34) for operators with k ≤ 2N , since for these
operators the right-hand side of the above equation is exactly equal to (2.34). Note
that the Seiberg-Witten form also contains one (canonical) power of x. This form
appears naturally in the matrix model analysis of Dijkgraaf and Vafa, as explained
in [19].

Using the expressions for ai and the gauge theory resolvent (2.46) one can mini-
mize the exact superpotential [18] in order to find the supersymmetric vacua of the
theory. The upshot of this analysis is that the Seiberg-Witten curve factorizes in the

5In writing this potential the assumption is made that no mutually non-local monopoles become mass-
less,which would have prevented the duality transformations necessary to arrive at the above form. How-
ever, in this thesis we will not consider these monopoles: we will not allow for Argyres-Douglas points.

26



2.2. Seiberg-Witten theory

following way: there exist polynomials H, T , G and f of order indicated by their
subscripts for which

y2 = P 2
N (x)− 4Λ2N = H2

N−k(x)T2k(x)

G2
n−k(x)T2k(x) = W ′(x)2 + fn−1(x). (2.47)

The precise calculation of this factorization from the exact superpotential (2.45)
is performed for gauge theories with matter that transforms in the fundamental
representation in the second appendix to chapter 4. In other words, N−k one-cycles
have collapsed, which is equal to the number of monopoles becoming massless.
The exact location of the double roots in the polynomial H are related to the non-
zero vevs of the magnetic monopoles appearing in (2.45), which shows confinement
being realized in the ’t Hooft-Mandelstam scenario. However, since we are confined
to studying holomorphic quantities like the superpotential this analysis only applies
to the structure of the vacuum. It would be extremely interesting to obtain the
Kähler potential of this N = 1 theory which contains the kinetic terms. In order to
derive the result about the vacuum structure all that was needed was input on the
symmetries of the theory and the implicit assumption of a mass gap in the theory: we
assumed that generically the only degrees of freedom were those of a U(1)N gauge
theory and the only degrees of freedom becoming light were the BPS monopoles
(which subsequently condense).

The field theory analysis of the partial supersymmetry breaking reduces by the above
analysis to finding those values of the coefficients of the polynomial P for which
equation (2.47) holds. This can be formulated as a field theory recipe: first the val-
ues of the polynomial p must be found for which P 2−4Λ2N has N −k double roots.
After this the first equation of (2.47) is satisfied and the moduli space is k dimen-
sional. In order to satisfy the second equation, the superpotential must be expressed
in the remaining moduli space coordinates and then minimized. In the literature
these two steps are sometimes done in one step by constructing a superpotential
which incorporates the double root constraint as Lagrange multipliers.

To identify what happens, for instance, to the gauge symmetry of the theory one
needs to take classical limits: in the classical limit the field Φ is distributed over the
minima of the superpotential as in equation (2.42), which gives a direct interpreta-
tion in the form of the breaking pattern of the gauge symmetry as in (2.43). The
classical limit is defined as any limit where the N = 2 scales to zero which will be-
come clear below. In principle one solution to the factorization problem in equation
(2.47) may admit multiple classical (scaling) limits. The genus ĝ of the effective
Riemann surface indicates to how many subgroups U(N) is broken classically as

ĝ + 1 = # subgroups. (2.48)

27



Chapter 2. Field Theory Background

Since one solution to the factorization problem gives a fixed genus ĝ, the phe-
nomenon of multiple classical limits may only connect breaking patterns which
lead to the same number of subgroups, e.g there might be one classical limit with
U(4) → U(2) × U(2) and another limit with U(4) → U(3) × U(1), so ĝ is a good
order parameter.

Note that ’turning on a superpotential’ is in spirit similar to vacuum alignment in low
energy effective chiral Lagrangians such as the one presented in the introduction to
this thesis. In both cases part of the moduli space is lifted and only a subset of the
moduli space remains a vacuum.

2.2.2 N = 1 perspective

With the above remarks in mind, the symmetry breaking pattern as displayed in
equation (2.47) is

U(N) classical−→ U(N1)× . . .× U(Nn)
quantum−→ U(1)k, (2.49)

where k is the number of Ni that are not equal to zero. The above analysis is
from the N = 2 perspective. One can also take a more N = 1 perspective, since
in the limit of an infinite superpotential the low energy theory is a strictly N = 1
U(N1) × . . . × U(Nn) gauge theory. In order to connect to known results in N = 1
supersymmetric theories it is useful to first study just one of these subgroups. Since
locally every critical point of a superpotential can be well described by a quadratic
potential, the analysis will be restricted first to N = 2 theory broken by a quadratic
superpotential µTr Φ2. In the limit of large µ we are left with a pure U(N) gauge
theory. The effective scale of this theory must be related to the scale of the theory
upstairs. In fact, if the scale Q at which the theory is probed is larger than µ the
theory is a N = 2 theory for which the coupling constant at the scale Q is

1
g2(Q)

=
c0
2π

log
(
Q

Λ

)
, (2.50)

where c0 is the one-loop β function coefficient which is 2N for pure glue N = 2
U(N) theories. At scales Q lower than µ the theory is an effective N = 1 theory for
which

1
g2(Q)

=
c′0
2π

log
(

Q

Λeff

)
. (2.51)

Here c′0 is the one-loop β function coefficient which is 3N for pure glue N = 1
U(N) theories. The coupling constant must be a continuous function of the scale
and therefore must match at the threshold value of the scale, the scale µ. This gives

Λ3
eff = µΛ2. (2.52)
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2.2. Seiberg-Witten theory

The N = 1 U(N) gauge theory is expected to confine in the infrared, leaving a U(1)
gauge theory. In this theory some instanton contributions to the vev of the chiral
superfield can be calculated. The contribution to the field S = TrWαWα with the
trace over the SU(N) gauge theory indices, can be calculated to be

<SN>= Λ3N
eff . (2.53)

The vacuum expectation value of a product of chiral operators in a supersymmetric
field theory has the special property

<SN>=<S>N (2.54)

by independence of the location of the operators due to supersymmetry, the fact
that chiral field do not transform under half the supersymmetry algebra and cluster
decomposition arguments. Therefore

<S>=
(
Λ3N
eff

) 1
N = εiΛ3

eff (2.55)

holds, where εi is a N-th root of unity, εi = e2π t
N , t ∈ {1, . . . , N}. Since a field which

transforms non-trivially under chiral symmetry transformations gets a vev this shows
chiral symmetry breaking. The value on the right hand side is a fractional power of
the usual instanton contribution, it is referred to as a fractional instanton contribu-
tion. Regular instanton contributions have an interpretation as certain gauge field
configurations which are saddle points in the Euclidean path integral. It would be
interesting to find out if there is a similar statement to be made about fractional
instantons.

The vev for S written above is reproduced by the Veneziano-Yankielowicz [20] ef-
fective superpotential

WV Y (S) = S

[
log

(
Λ3N
eff

SN

)
+N

]
. (2.56)

Actually this superpotential can be derived from another argument. The needed vev
can be calculated by taking a derivative with respect to the effective coupling in
equation (2.25). Since the effective coupling can simply be replaced by the loga-
rithm of an effective scale, can always take a derivative of the effective superpoten-
tial with respect to log(Λ3N

eff ) to obtain < S >. According to the Intriligator-Leigh-
Seiberg [21] linearity principle, this is also true non-perturbatively, and the coupling
log(Λ3N

eff ) will only appear linearly in the full effective superpotential. Given a super-
potential as a function of the effective scale the superfield S can then be ’integrated
in’ by a Legendre transform [22, 21]. The idea is that a given superpotential is the
low-scale effective superpotential of a superpotential which lives at a higher scale.
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Chapter 2. Field Theory Background

Integrating out massive fields from that higher scale superpotential then should give
back the given low-scale effective superpotential. If it can be proven that the extra
massive fields can be integrated out exactly, the higher scale superpotential can then
also be calculated exactly from the lower scale superpotential by a Legendre trans-
formation. The application of ’integrating in’ in the example below should further
clarify the procedure.

The simplest possible superpotential which involves only the scale which can be
written down is a superpotential proportional to the scale to the appropriate power,

W = NΛ3
eff = N(ΛNeff )

1
N . (2.57)

In the second line we effectively used the presumption that this can be rewritten in
terms of the instanton factor. This superpotential can also be obtained by Legendre
transforming with respect to the source for S as

W = B + S log

(
Λ3N
eff

BN

)
. (2.58)

Integrating out the field S in the above superpotential gives back 2.57. If instead
the field B is integrated out, equation (2.56) is obtained.

The above observations from the N = 1 perspective were made for gauge symmetry
breaking to one subgroup in the parent N = 2 gauge theory. If the gauge symmetry
is instead broken to several subgroups, then the superpotential will in general look
like a sum of Veneziano-Yankielowicz terms for the different gauge subgroups plus
corrections suppressed by the overall scale of the superpotential. An exact expres-
sion for the expansion coefficients in terms of the classical superpotential coupling
constants and the relationship of above calculations to the N = 2 perspective is
the subject of Dijkgraaf-Vafa theory, to be discussed below. Note that in the case
the gauge symmetry is broken to several subgroups the ’integrating in’ procedure
will give a superpotential for the field

∑
i Si, since this is in (2.25) the field which

multiplies the coupling constant. This is the source used above for Legendre trans-
forming.

2.2.3 Dijkgraaf-Vafa

Based on the previous work [23], in [24, 25, 26] Dijkgraaf and Vafa proposed that
the sought after superpotential can be calculated by studying the ’t Hooft large M
dynamics of an auxiliary matrix model. This proposal was derived within string the-
ory, but can be understood purely within field theory. The matrix model in question
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2.2. Seiberg-Witten theory

is specified by the partition function

Z =
∫
dKM×Me

− 1
gTrWcl(K). (2.59)

Here the integral is over Hermitian M ×M matrices and the potential is taken to
be exactly equivalent to the classical superpotential (2.41). Models of this type have
been widely studied in a variety of applications and a lot about them is known,
especially about their large M limits (see for instance [27]). The crucial observation
which renders these models manageable is the fact that Hermitian matrices can be
diagonalized by a unitary transformation. This allows one to perform the integral
over the off-diagonal entries of the matrix model exactly and reduces the model to
a model only depending on eigenvalues. The price to be payed for this integration
is the introduction of a measure factor in the model,

Z =
∫ ∏

k

dλk
∏
i<j

(λi − λj)2
e−

1
g

∑
lWcl(λl). (2.60)

The determinant which appears is called the Vandermonde determinant6 and can be
exponentiated to be included in the potential,

Z =
∫ ∏

dλie
− 1
g (∑lWcl(λl)+g

∑
i6=j log(λi−λj)). (2.61)

The logarithmic contribution causes a repulsive force between the eigenvalues, so
we expect that the vacuum state of this theory is a distribution of eigenvalues around
the critical points of the classical potential W , since there is a competition between
the forces generated by the classical potential and by the logarithm. The standard
avenue of attack for these kind of path integrals is the method of steepest descent,
so we study the region where g becomes very small and calculate the saddle point.
In principle this forces one to choose a particular contour for the integrals over the
eigenvalues, but the issue of choosing contours in the context of these particular
matrix models has not been addressed yet. In a sense this does not matter since
the primary interest will be in the matrix model as a generating function for an
asymptotic (large M) expansion. The equation of motion for an eigenvalue is

1
g
W ′cl(λi) =

∑
j 6=i

1
λj − λi

. (2.62)

This equation is still difficult to solve, but if we multiply both side of the equation by
1
M , the right-hand side starts to look like the discretization of an integral. For this to
be literally true, the number of eigenvalues M has to be taken to infinity. In order

6This determinant is named after the french mathematician Vandermonde, although according to [28]
he did not actually write it down.
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to keep the structure of the equation fixed in this limit, it must be taken keeping
gM ≡ µ fixed. This limit can be shown [27] to be precisely the limit for which in a
diagrammatic expansion only planar diagrams survive (i.e. diagrams which can be
drawn on a sphere). The continuum limit of equation (2.62) is

1
µ
W ′cl(λ(y)) =

∫
1

λ(x)− λ(y)
dx. (2.63)

By defining a density of eigenvalues as
(
dλ
dx

)−1
= ρ(λ) this equation can be written

as the so-called loop equation

1
µ
W ′cl(λ

′) =
∫

ρ(λ)
λ− λ′

dλ. (2.64)

The function on the right-hand side is called the resolvent of the matrix model field
Φ. As shown in [27] to which the reader is also referred for some examples, the
loop equation determines the density of eigenvalues, and therefore determines the
saddle-point configuration which dominates the eigenvalue integrals (2.61). The
key observation is that the density of eigenvalues ρ must have compact, possibly
disconnected support in the complex plane. This gives the function of the right-
hand side very specific analytic properties which allow it to be determined.

Our primary interest however will be slightly more geometric and first we will de-
rive, following [24], an equation for the resolvent which defines a Riemann surface.
A standard trick is to multiply (2.62) by 1

M
1

x−λi and sum over i. Now define a func-
tion ω(x) = 1

M

∑
i

1
x−λi which is the discrete version of the right-hand side of (2.63)

and can be used to rewrite the above equation as

1
µ
W ′cl(x)ω(x) +

1
µ

∑
i

W ′cl(λi)−W ′cl(x)
x− λi

+
1
M
ω′(x) + ω(x)2 = 0 (2.65)

with µ ≡ gN . In the large M limit, the function on the right-hand side of (2.63)
had the interpretation as a resolvent function for the density of eigenvalues. If M is
taken to be large, while µ fixed the equation written above becomes algebraic. The
second term in that equation is defined to be a function fn(x),

fn(x) ≡ µ
∑
i

W ′cl(λi)−W ′cl(x)
x− λi

. (2.66)

This function f is a polynomial since it cannot have singularities by inspection of its
definition and is of order n if the superpotential is of order n + 1 (see 2.41). With
the definition y = 2µω(x) +W ′(x), equation (2.65) transforms into

y2 = W ′cl(x)2 − 4fn, (2.67)
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and a Riemann surface appears which bears a strong resemblance to the curve ap-
pearing in (2.47). However, from the matrix model point of view the coefficients of
the polynomial f are free parameters, while in (2.47) they are fixed by the factor-
ization conditions. This discrepancy will be fixed below. Since the function ω has
the interpretation a resolvent function for the density of eigenvalues, it can be seen
from (2.67) that the eigenvalues are in general grouped into a maximum of n differ-
ent cuts. This also follows from considering the classical limit where it corresponds
to breaking the classical symmetry group of the matrix model U(M) to n (or less)
subgroups:

U(M)→ U(M1)× · · · × U(Mn). (2.68)

There are now several ways to obtain the free energy of the matrix model in the large
M limit, which all lead to the same equations. In this thesis the one immediately
relevant is the calculation in appendix B of [29] (see also [24] for a nice physical
interpretation of the equations which will be arrived at in (2.71)). There it is shown
that the free energy can be calculated from the density of eigenvalues in the large
N limit by considering

Z ∼ e
1
g2
F(0)+...

, (2.69)

with the so-called sphere contribution given as

F (0) =
∫
dλ ρ(λ)W (λ) +

∫
dλdλ′ ρ(λ)ρ(λ′) log

(
λ− λ′

Λ

)
+
∑
i

µi

∫
dλ ρi(λ). (2.70)

Here the dots indicate terms which are sub-leading in the large M limit, a scale has
been introduced by dimensional arguments and the ρi (ρ =

∑
ρi) are have been

defined to be the densities of eigenvalues in the various different cuts. The µi are
chemical potentials for the variables Si =

∫
ρi(λ)dλ. Calculation of the saddle-point

of this system and then Legendre transforming gives an expression for the value of
the free energy as a function of the Si. The upshot of the analysis is that F (0) can
be calculated by the calculation of certain period integrals on the effective Riemann
surface as

Si({fk}) =
∮
αi

dλDV

∂F
∂Sj

({fk}) =
∮
βj

dλDV (2.71)

dλDV ({fk}) =
√
W ′cl(x)2 + fn(x)dx.
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Chapter 2. Field Theory Background

The differential dλDV is a holomorphic differential when varied with respect to the
coefficients of the polynomial f . The Si can be identified as the ’t Hooft couplings
for the different U(Mi) subgroups in equation (2.68).

As was noted above, the coefficients in f are unfixed, while if this would be the
non-singular part of the Seiberg-Witten curve from (2.47) they would have to be
fixed. Since the variables Si in (2.71) are essentially a rewriting of these variables
fixing these will fix the curve. The question is then what conditions they have to
satisfy in order for the connection to Seiberg-Witten curves to work. The answer
given by [23] is that the variables Si can be determined by calculating the minima
of a superpotential which is constructed as

Weff =
∑
i

Ni
∂F
∂Si

+ τclass
∑
i

Si. (2.72)

In this expression the Ni are the different classical subgroups of the gauge group
U(N) in (2.43). They should not be confused with the Mi which are the sizes of the
different U(Mi) symmetry groups in the classical breaking pattern

U(M)→ U(M1)× · · · × U(Mn) (2.73)

of the matrix model.

It can be proven that the minimum of equation (2.72) is indeed such that on-shell
the matrix model curve in (2.67) is the non-singular part of the Seiberg-Witten curve
[23]. A motivation that this is indeed the correct potential is that the equations of
motion following from it basically state that there is one eigenvector of the period
matrix which describes the decoupled overall U(1) theory. The notation of the vari-
ables Si is no coincidence as the reader might have guessed: these variables are
identified as the expectation values of the glueball variables Si = Tr iWαWα for the
different classical subgroups of the microscopic gauge group U(N). As explained
above, we expect for every of these glueball variables a Veneziano-Yankielowicz to
arise, which in the Dijkgraaf-Vafa framework can be shown to arise from the mea-
sure of the matrix model, since they are the leading terms in the ’t Hooft 1

M ex-
pansion of the volume of the U(Mi) subgroups and the Si are identified with gMi.
Minimizing W with respect to S yields the vevs of the Si.

Although matrix model computations like above present a major advance in the
study of supersymmetric gauge theory vacua, the question can be asked whether
one actually computes a low energy effective potential: this can only be true if the
glueball is the only low energy degree of freedom in the system. At the very least
however, the superpotential constructed above encodes the values of the glueball
vevs, which is important information. It is unclear however if the coefficients of
terms like S12

1 S16
3 have an independent physical meaning.
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2.2. Seiberg-Witten theory

2.2.4 Connection to integrable systems

Above the details of U(N) N = 2 pure glue gauge theory are discussed, but the
techniques mentioned however are far more general. In particular, for large classes
of gauge theories Seiberg-Witten curves and differentials are known and a handy
classification of them can be formulated in terms of completely integrable periodic
integrable systems. From a physics point of view this is very surprising as there
is a priori no reason why these classical systems should have anything to do with
supersymmetric quantum field theory in the infrared. However, one of the central
ingredients of the Seiberg-Witten solution is the appearance of Riemann surfaces.
From a mathematics point of view it has been known since the seventies, beginning
of the eighties that Riemann surfaces play a big role in the theory of integrable
systems. In particular, finite dimensional completely integrable periodic integrable
systems always give rise to Riemann surfaces as spectral curves, just as was shown
in the introduction for the periodic Toda system. For that system, the spectral curve
was written down in equation (1.11), reproduced here for convenience,

PN (x) + (−1)N (z + Λ2Nz−1) = 0.

This equation can easily be solved for z. If we then define y ≡ z + (−1)N P (x)
2 we

obtain

y2 = PN (x)2 − 4Λ2N , (2.75)

which can be recognized as the same curve as the Seiberg-Witten curve in equation
(2.38) for U(N) N = 2 pure glue gauge theory. In fact, the gauge theory resolvent
(2.46) is naturally interpreted as d log z. The essential information in both theories
is therefore related as

Seiberg-Witten curve ←→ spectral curve. (2.76)

More specifically, this provides for a precise one-to-one map of 4D gauge theory
moduli to the conserved quantities (action variables) of the integrable system. The
connection of Seiberg-Witten curves to integrable systems was noted in [30] and
further elaborated upon in [31] for pure glue gauge theory based on all classical
gauge groups. This connection has since been studied in many other papers. See
for instance the first page of [32] for an overview over correspondences. A natural
question is then what the angle variables correspond to on the gauge theory side. A
better way of putting this question is: which gauge theory has the angle variables
as extra field theory moduli? It turns out that this gauge theory can be obtained by
compactifying one spatial direction on a circle.
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Chapter 2. Field Theory Background

2.3 Compactifications on R3 × S1

Four dimensional gauge theories with one spatial direction compactified on a circle
have been studied from various perspectives and for various reasons in the literature
(relevant here are for instance [33, 34, 35]). One reason to study them is because
they interpolate between a simpler three dimensional gauge theory and the physical
case of four dimensions. Also, theories of this sort appear when one studies gauge
theory at finite temperature, although there the compactified direction is Euclidean
time and any supersymmetry will be broken. The study of U(N) supersymmetric
gauge theory with one spatial direction compactified on a circle starts in three di-
mensions.

2.3.1 N = 4 theories in d = 3

A four dimensional N = 2 gauge theory can be dimensionally reduced to three
dimensions, yielding a three-dimensional N = 4 gauge theory (8 supercharges).
Under the dimensional reduction, the four-dimensional vector field Aµ decomposes
in one scalar field r and a three dimensional vector field Aα. The three-dimensional
vector can in turn be dualized to a second scalar via ∂ασ = εαβγF

βγ . The magnetic
charge acts as a shift on the scalar σ and therefore by charge quantization σ is a
periodic variable. The two real scalars combine into a complex scalar z, which is
part of a 3d hypermultiplet. Therefore, in three dimensions, the vector multiplet is
dual to a hypermultiplet. This duality can be performed directly in the Lagrangian
for Abelian gauge groups (see e.g. [34]), but not for non-Abelian groups, similar
to what happens with electric-magnetic duality in four dimensions. If we dimen-
sionally reduce from four to three dimensions, σ will be a periodic variable, but r is
unconstrained. The natural variable in which to express z is

ezi ∼ eri+iσi . (2.77)

If we instead compactify from four to three dimensions the variable ri becomes
periodic as well. The periodicity of r is not apparent in the variable written above,
but this is simply due to the coordinate choice.

Classically, the complex variable z is r + iσ, and the action only depends on Z + Z̄,
where Z is the superfield with lowest component z. In perturbation theory the action
remains a function of Z + Z̄ only, but the relation between the vev of z, r and σ can
become quite complicated. Non-perturbatively, the action no longer needs to be a
function of Z+Z̄, as instantons generate a non-trivial dependence on the zero mode
of σ.
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2.3. Compactifications on R3 × S1

The compactification of a pure glue four dimensional U(N) N = 2 gauge theory on
R

3×S1 yields a three-dimensional theory with a moduli space which is parametrized
by the vevs of φ and z. The gauge symmetry is broken generically to U(1)N , and
both φ and z are diagonal. The moduli space is a hyperKähler (by N = 4 super-
symmetry) manifold of real dimension 4N , and contains the moduli space of the
four-dimensional theory that was parametrized only by φ as a subspace. What we
gain by going to three dimensions are the vevs of z, and these parametrize a 2N -
torus, which can be identified with the Jacobian7 of the Seiberg-Witten curve [33].
According to [33], one of the complex structures of the moduli space is actually in-
dependent of the radius R. Furthermore they showed that this complex structure is
the one that will be relevant once we break to N = 2 (in d = 3) by turning on a
classical superpotential. In other words, there are holomorphic coordinates on the
moduli space in which the quantum superpotential can be expressed independent of
R. Therefore, the vacuum structure we find in three plus one dimensions should be
directly related to the vacuum structure in four dimensions. One should be careful
however with limiting values of the radius since one of the assumptions in deriving
the Seiberg-Witten result on three dimensional gauge theories is for instance the
compactness of the scalar z which is invalid in the decoupling limit R → 0. In that
limit everything should first be expressed in the 3 dimensional gauge coupling and
the radius and only then the limit should be taken.

The above paragraph gives a direct answer to the question which motivated the
study of gauge theories compactified on a circle: these are precisely the gauge theo-
ries which contain the extra moduli needed to find a gauge theory counterpart to the
angle variables in the integrable system. The above analysis was mainly for U(N)
gauge theories, but can be generalized in a number of ways to include, for instance,
matter in the fundamental.

2.3.2 Central problem

Given the above analysis for gauge theories compactified on a circle a natural ques-
tion is what the analog of Dijkgraaf-Vafa theory is for these theories and what the
interrelation of this question is with the underlying integrable system. Just like in
the four dimensional case, soft supersymmetry breaking can be studied by turning
on a classical superpotential in one compact and three flat dimensions,∫

d3xdφd2θTr W (Φ) (2.78)

7With the understanding, as stressed above, that one of the directions in the Jacobian is actually a
lone circle direction of the overall U(1) of the U(N) gauge group we are considering here.
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Chapter 2. Field Theory Background

with, just as in (2.41)

W (Φ) =
n+1∑
i=1

gi
i

Φi.

In four dimensions the gauge symmetry was broken according to (2.47), and since
the complex structure of the moduli space did not depend on R, it is expected that
for every finite value of R this remains true. Therefore, we expect that the moduli
space collapses to a finite collection of tori of dimension 2k. Note that this is different
from the four dimensional case in the sense that some of the gauge theory moduli
(the ones associated to the Jacobian of the curve) remain unfixed.

Just as in the four dimensional case where we encountered fractional instanton
effects after soft supersymmetry breaking, it is important to understand known non-
perturbative effects in three-dimensional N = 2 gauge theories first before the gen-
eral case is considered.

2.3.3 N = 2 perspective

Non-perturbative physics in three dimensions is due to three-dimensional instan-
tons, which from the four dimensional point of view are monopoles. They are
classified by π2(U(N)/U(1)N ) = ZN−1. Indeed, for each simple root there is a
corresponding embedding SU(2) ⊂ U(N), and for each such embedding there is
a corresponding elementary monopole. A general monopole configuration is there-
fore labeled by a set of integers {n1, . . . , nN−1}, counting the number of elementary
monopole constituents. In a pure N = 2 theory in three dimensions, one can count
the number of gaugino zero modes in a general monopole background using the
Callias index theorem [36], and one finds that there are two zero modes only if one
ni = 1 and all other nj vanish. We need two fermionic zero modes in order to get a
non-trivial contribution to the superpotential, and therefore only the single elemen-
tary monopoles contribute to superpotential. Their contribution can be explicitly
evaluated and the final result for the superpotential reads [37]

Wquantum = e(Z1−Z2)/g2
3 + e(Z2−Z3)/g2

3 + . . .+ e(ZN−1−ZN )/g2
3 . (2.80)

Here, Zi represents the diagonal entries of Z, and in the exponents one recognizes
the simple roots of U(N); g3 is the three-dimensional Yang-Mills coupling. The result
(2.80) is exact, and only has runaway solutions. In a sense, (2.80) is less subtle than
the Veneziano-Yankielowicz effective superpotential (2.56), because (2.80) involves
a sum of ordinary instantons, and fractional instantons play no role.
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2.3. Compactifications on R3 × S1

2.3.4 N = 2 deformations on R3 × S1

Now we examine what happens if the 4d theory is put on R3 × S1. In addition to
the monopoles that contributed to (2.80), there is one more non-trivial gauge field
configuration that contributes, which is the Kaluza-Klein monopole. This is present
due to the existence of large gauge transformations along the S1 [38].

The KK monopole adds one extra contribution to (2.80), and it becomes [33]

Wquantum = e(Z1−Z2)/g2
3 + . . .+ e(ZN−1−ZN )/g2

3 + e−1/Rg2
3e(ZN−Z1)/g2

3 . (2.81)

The three-dimensional answer is recovered by taking R → 0, whereas the decom-
pactification limit is R→∞ while keeping the dynamical (4d) scale

Λ3N
eff ≡ e

− 1
g2
4 ≡ e

− 1
Rg2

3 (2.82)

fixed. In order to study the minima of (2.81) first a different set of variables is
introduced.

y1 = e(Z1−Z2)/g2
3

...

yN−1 = e(ZN−1−ZN )/g2
3

y0 = e−1/Rg2
3e(ZN−Z1)/g2

3 . (2.83)

The variables yi are not unconstrained but obey

N−1∏
i=0

yi = Λ3N
eff . (2.84)

Note that this change of variables is only well-defined if R is finite. To impose
this constraint, we introduce a Lagrange multiplier field L, and with this field the
superpotential (2.81) can be rewritten as

Wquantum = y1 + . . .+ yN−1 + y0 + L log

(
Λ3N
eff∏N−1

i=0 yi

)
. (2.85)

The minima of (2.85) are easily found, they are in terms of the N -roots of unity εi
we encountered before

yi,min = Lmin = Λ3
eff εi, Wmin = NΛ3

eff εi. (2.86)

Indeed, the dependence on R has dropped out of (2.85) and (2.86), and the results
are identical to the result in (2.57). This result is therefore equivalent what was
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Chapter 2. Field Theory Background

obtained through the Veneziano-Yankielowicz superpotential. Actually, the field S

can be integrated in directly in equation (2.85) by the same procedure as before.
First write

Wquantum = y1 + . . .+ yN−1 + y0 + L log

(
BN∏N−1
i=0 yi

)
+ S log

(
Λ3N
eff

BN

)
. (2.87)

Integrating out S gives the same superpotential as before. Integrating out B gives
equation (2.85) with the variable L identified as the glueball field S. The deeper
reason this works is simply the fact that L couples in the same way to the source
log Λ as S or in the more general case,

∑
Si.

Before discussing the general case, we discuss the simplest deformation of an N = 4
theory to a N = 2 theory, namely by a mass term W (Φ) = 1

2mΦ2. In the presence of
such a mass term, there is a pure N = 2 gauge theory at low energies, whose scale
Λeff is related to the high energy N = 4 scale Λ via scale matching as

Λ3
eff = mΛ2. (2.88)

If we substitute this in (2.85), and redefine yi → myi, the superpotential becomes

W = m
N−1∑
i=0

yi + S log

(
Λ2N∏N−1
i=0 yi

)
. (2.89)

The extrema of this superpotential are as before, we merely made a change of vari-
ables. The superpotential (2.89) only contains gauge degrees of freedom, but could
also have been chosen to include the diagonal entries of Φ in the superpotential.
They would simply appear through an extra mass term,

W = m
N−1∑
i=0

yi + S log

(
Λ2N∏N−1
i=0 yi

)
+

1
2
m
N−1∑
i=0

φ2
i . (2.90)

The minima of (2.90) are the same as before, as φi = 0 at the extremum. As can be
seen by comparing this expressions to equation (1.9), (2.90) is equal to 1

2mTrM2,
with M the Lax matrix of the periodic Toda chain. The simplicity of this final answer
is one of the motivations for the conjecture of the next subsection on what the exact
quantum superpotential looks like in general.

2.4 Central conjecture

We are now in a position to formulate and motivate the central conjecture studied
in this thesis8. The key observations are that the only known non-perturbative ef-

8related observations and, indeed, some of the motivation for this conjecture can be found in [39, 40,
41]
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fects contributing to the superpotential are regular (not fractional) instantons and
there are no candidate degrees of freedom which can become light anywhere on
the moduli space. Therefore, given a classical superpotential which breaks N = 4
to N = 2, all that needs to be done to find the quantum superpotential is finding
the right holomorphic coordinates on the (hyperKähler) moduli space. Considering
the fact that for a quadratic superpotential in pure U(N) theories these coordinates
were provided by the underlying integrable system and the fact that this system
naturally provides for a unified description of the moduli space, these right coordi-
nates are conjectured to be the holomorphic phase space variables of the underlying
integrable system.

Let us first make this precise in the case of pure U(N) gauge theories. For every term
in the classical superpotential a corresponding term must be found on the integrable
systems side. It is natural to look for these as an expression in the action variables
of the integrable system. Since the Seiberg-Witten curve and spectral curve of the
integrable system are the same, equation (2.46) can be used in the integrable sys-
tem to calculate natural counterparts to the terms in the classical superpotential.
The resulting expression is conjectured to be the exact quantum superpotential for
pure U(N) gauge theories compactified on a circle; a conjecture which will be in-
vestigated in detail in the next chapter. Here the q and p are naturally interpreted
as chiral superfields (and are therefore naturally complex). Since for low order < N

superpotentials the calculation through the gauge theory resolvent simply enforces
the Newton-Girard formula, in these cases we simply have∫

d4xd2θTrW (Φ) −→
∫
d4xd2θTrW (M), (2.91)

where M is the Lax matrix. For these cases, an exact quantum superpotential is
obtained by inserting the Lax matrix directly into the classical superpotential. In or-
der to properly identify the field theory degrees of freedom one can compare to the
quadratic superpotential case. Field theory results give equation (2.90), while the
above conjecture gives the same, identifying q and p with Z and Φ. As mentioned
before, this superpotential should reproduce both three and four dimensional vac-
uum structure. A very basic check is therefore that on the minima of the conjectured
superpotential the Seiberg-Witten curve (hence the spectral curve) should factorize
for pure glue gauge theory just as it did in four dimensions (2.47). This is a strin-
gent check on the validity of the constructed superpotential, as it must reproduce
four dimensional gauge theory results.

Above we mainly discussed U(N) gauge theory but using the same reasoning as
above one can construct a candidate exact potential Wint for any four-dimensional
N = 2 gauge theory, compactified on R3 × S1, broken to N = 1 by turning on a
classical superpotential for which a Seiberg-Witten description and an underlying
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Chapter 2. Field Theory Background

integrable system is known. From the R3 × S1 perspective this procedure identi-
fies the phase space coordinates of the integrable system with an open coordinate
patch in the quantum moduli space of the gauge theory. The structure of the four-
dimensional gauge theory vacua we are interested in can be derived from a N = 2
perspective. In this derivation a precise definition must be given of the operators
appearing in the classical superpotential, such as the relationship between Tr Φk

and the moduli space parameters appearing in the Seiberg-Witten curve. For any
definition used in the gauge theory derivation, a candidate exact superpotential Wint

can be constructed on the integrable systems side by using the same definition. In
this thesis the definition stated in equation (2.46) will be used, but based on the
evidence we will find for the conjecture made in this section it is natural to suspect
that the minima of Wint reproduce the gauge theory results for any definition as long
as one uses the same definition on both sides.

2.4.1 Some subtleties

An issue now can be whether or not the integrable system provides for a global co-
ordinate system: it is easy to imagine that several coordinate patches are needed
to describe the full moduli space. Indeed, there can be more than one integrable
system corresponding to the same four dimensional gauge theory, which all provide
coordinate patches for part, but perhaps not all of moduli space. If a certain inte-
grable system covers only part of the moduli space this implies that the minima of
the constructed Wint for this system only describe some, but not all possible gauge
theory vacua of the four dimensional gauge theory. The analysis and structure of all
possible gauge theory vacua can in general be very complicated as will be illustrated
in chapter 4 and it would a priori be surprising if the full structure was reproduced
on the integrable system side.

Another issue is the edge of the phase space: from the integrable system point of
view solutions to the equations of motion which require one or several of the coor-
dinates to be infinite are usually discarded from the solution set. Since these points
are on the edge of the coordinate patch for the moduli space it is not clear whether
these should correspond to good gauge theory vacua. This can either be a coor-
dinate singularity (a canonical coordinate transformation will map this point to a
finite solution) or actually singular solutions which should be discarded. A third
issue is the relationship to the microscopic variables: for the pure U(N) case this re-
lationship was provided for by comparing a semi-classical limit of the holomorphic
coordinates to an instanton computation. The latter can be difficult in general. A
final issue is the fact that there can be more than one integrable system describing
the same Seiberg-Witten curve, which all provide coordinate patches for the gauge
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2.4. Central conjecture

theory which may or may not completely overlap. With these considerations kept in
mind we then have two related conjectures:

Conjecture 1 The minima of Wint correspond to vacua of the four-dimensional gauge
theory. In particular, the Seiberg-Witten curve factorizes precisely as expected for these
vacua.

and

Conjecture 2 Wint is the exact quantum superpotential for (4d) N = 2 gauge theories
compactified on a circle softly broken to N = 1 by turning on a classical superpotential

where of course proof of the (more mathematical) first one provides strong evidence
for the second (more physical) one. If true, these conjectures provide for instance a
way of studying partial supersymmetry breaking in four dimensions which is techni-
cally much simpler than the matrix model: no matrix integrals have to be performed
for instance. Mathematically, they provide a motivation to study equilibria of a cer-
tain class of potentials in finite, periodic integrable systems.

In this thesis the above conjectures will be investigated for pure U(N) gauge theories
(chapter 3) and for U(N) gauge theories with matter in the fundamental representa-
tion (chapter 4). The first conjecture will be proven for pure U(N) gauge theories. It
is worthwhile to note that in the literature several related investigations of the above
conjecture have appeared. In [42] both U(N) gauge theory and U(N)∗ gauge the-
ory were treated, and a different proof for conjecture 1 provided. In [43] the case
of pure glue SO/SP gauge theories was analyzed in several examples. New results
for gauge theory based on the exceptional group G2 were obtained in [44]. The
conformal case of SU(2) gauge theories with 4 flavors was studied in [45]. There
have even been some results for a class of 5 dimensional theories in [46].

Based on the evidence which will be found for these conjectures in the coming two
chapters, the question may be asked if this conjecture can be verified by studying, for
instance, the field theory relationship between Seiberg-Witten and Dijkgraaf-Vafa in
more detail. From a purely field theory perspective this seems difficult to do. Al-
though the expressions for the matrix model free energy and the N = 2 prepotential
look similar, the field theory origin of the terms is completely different. The prepo-
tential consists of a logarithmic expression which is derived in perturbation theory
and a non-perturbative expansion, while the matrix model free energy consists of a
similar logarithmic expression which now has an non-perturbative origin, and a per-
turbative expansion. Seiberg-Witten and Dijkgraaf-Vafa seem much more related
from an integrable systems perspective. The matrix model is usually considered to
be related to the Toda lattice hierarchy while in Seiberg-Witten theory the periodic
Toda system arises. A natural suspicion is therefore that the two theories may be
related directly by studying their integrable properties in detail. This suspicion will

43



Chapter 2. Field Theory Background

be the focus of the final chapter.
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Chapter 3

Pure glue U(N) gauge theory
and the periodic Toda system

In the previous chapter a concrete proposal was made for the exact quantum super-
potential for any N = 2 gauge theory on R3 × S1 softly broken to N = 1 by turning
on a superpotential for the adjoint chiral multiplet. It was already shown that for
a quadratic superpotential in a pure glue U(N) theory this is remarkably similar to
the superpotential obtained by studying non-perturbative effects. In this chapter this
proposal is first further investigated by working out some examples and large classes
of solutions. Then it will be proven in two different ways that the spectral curve of
the Toda chain factorizes indeed precisely as in (2.47). This proves conjecture 1 in
this specific case.

3.1 Periodic Toda chain

As mentioned in the introduction, the Lax matrix of the periodic Toda chain is given
in variables pi ≡ φi and yi = Λ2eqi−qi+1as

M =


φ1 y1 0 . . . z

1 φ2 y2 . . . 0
0 1 φ3 . . . 0
. . . . . . yN−1

y0z
−1 . . 1 φN

 . (3.1)

Note that the variables y obey
∏N−1
i=0 y2

i = Λ2N . One class of related Lax matrix
representations can be obtained from the above one by conjugation with a diagonal
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Chapter 3. Pure glue U(N) gauge theory and the periodic Toda system

matrix which can be used, for instance, to make the Lax matrix symmetric:

M̂ ≡


φ1 ŷ1 0 . . . ŷ0z

ŷ1 φ2 ŷ2 . . . 0
0 ŷ2 φ3 . . . 0
. . . . . . ŷN−1

ŷ0z
−1 . . ŷN−1 φN

 . (3.2)

The variables ŷi are defined as
√
yi. Yet another representation, which will be used

in the algebraic proof in the latter parts of this chapter, can be obtained by using the
embedding ĝlN in gl∞,

M̃ =



. . . . . . . . . . . .

. . . φN ŷ0 0 0

. . . ŷ0 φ1 ŷ1 0 . . .

. . . 0 ŷ1 φ2 ŷ2 . . .

0 0 ŷ2 φ3 . . .

. . . . . . . . . . . .


. (3.3)

The Lax matrix is then an infinite tridiagonal matrix M̃ periodic with period N .
If we define a shift operator Z of order N by the equation Z = DN , where D is
the shift operator of order one with matrix elements Dij = δi,j−1, then clearly M̃
commutes with Z. By considering the action of M̃ on vectors that are eigenvectors of
Z with eigenvalue z, so that they have only N independent components, we recover
(1.10). By considering the action of Z on on vectors that are eigenvectors of M̃ with
eigenvalue x one obtains a representation in terms of 2 by 2 matrices which will be
discussed and used in chapter 4.

Another needed ingredient in the integrable system is the operator L which will act
on integer powers of the Lax matrix M in order to generate time flows as in equation
(1.10), reproduced here for convenience

∂M

∂tk
= [M,L(Mk−1)].

The Lax matrix M depends on a spectral parameter z and its powers can therefore
be expanded as

Mn =
∑
r

zrMn
(r) (3.5)

Furthermore, define Mn
+ as the sum of the upper diagonal part of Mn

(0) plus all
negative powers of z

∑
r<0 z

rMn
(r). Mn

− will be defined as the sum of the lower
diagonal part of Mn

(0) plus
∑
r>0 z

rMn
(r), and finally Mn

0 as the diagonal part of
Mn

(0). In terms of these, L acts as,

L(Mn) ≡Mn
− +Mn

0 −Mn
+. (3.6)
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Note that in the infinite matrix representation M̃n
−, M̃n

0 and M̃n
+ are simply the

lower triangular, diagonal and upper triangular part of M̃ respectively. The linear
operator (3.6) has a natural interpretation in terms of the affine root system of ĝlN ,
it flips the signs of all positive roots but does nothing to the negative roots. For every
1 < n < N − 1 these L(Mn) generate independent isospectral flows on the phase
space of the system as

∂M

∂tn
= [M,L(Mn−1)]. (3.7)

These flows commute and clearly preserve the quantities Tr(M l). The latter are the
action variables of the periodic Toda chain, while the times tn are essentially the
angle variables, and altogether this demonstrates the integrability of the periodic
Toda chain. The connection to the Hamiltonian formulation is provided for by the
classical version of the R matrix formalism, as explained for untwisted affine Lie
algebras in [6]. In this chapter the only ingredient needed from that formalism is
the equivalence of the following equations of motion:

∂q

∂tn
=

1
n
{q,TrMn}

∂p

∂tn
=

1
n
{p,TrMn}

←→ ∂M

∂tn
= [M,L(Mn−1)]. (3.8)

Just as has been discussed in the previous chapter, the spectral curve associated to
the Lax matrix M

det(x−M) ≡ PN (x) + (−1)N (z + Λ2Nz−1) = 0

is identified with the Seiberg-Witten curve of the four-dimensional N = 2 U(N)
gauge theory. There are two small comments on the relation between the different
variables

The first comment is that the flows (1.10) preserve the product
∏N−1
i=0 y2

i = Λ2N ,
which can be enforced using a Lagrange multiplier S as indicated in the previous
chapter. Since the flows do not affect Λ, we will not always write this Lagrange
multiplier term explicitly in the remainder, but freely replace the product

∏N−1
i=0 y2

i

by Λ2N whenever appropriate.

The second comment is that the flows (1.10) also preserve the first and trivial Hamil-
tonian Tr(M). If we take M to be traceless, we are discussing the SU(N) theory,
while if we include the trace of M we are discussing the U(N) theory. In the lat-
ter case, the moduli space also includes the expectation values of an extra complex
scalar field which is obtained from the four dimensional diagonal U(1) ⊂ U(N)
gauge field after compactifying on a circle and dualizing the remaining three di-
mensional gauge field. This extra complex scalar is completely decoupled from the
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discussion since it cannot appear in the superpotential and we will ignore it in the
remainder. In the remainder of the chapter we will assume the gauge group is U(N)
and briefly comment on the SU(N) in subsection (3.8.3).

3.1.1 Conjecture details

According to the general conjecture we have to construct for a given superpotential
a potential in the integrable system by using 2.46. It is easy to see that for potential
terms Tr Φn, n ≤ N this corresponds to replacing the adjoint scalar in the classical
superpotential directly by the Lax matrix. For sufficiently large m, the identifica-
tion 〈Φm〉 = Tr(Mm) can no longer hold, because the right hand side will start to
depend non-trivially on the spectral parameter. For higher order terms in the super-
potential or for the calculation of higher order vevs there is a simple prescription
which extends this easy replacement in accordance with the definition (2.46). This
prescription will appear naturally in the course of the analysis and will be discussed
in section 3.2.6.

3.1.2 Features of the proposal

Before showing some examples, we mention some general features of the superpo-
tential (2.91).

First of all, it is interesting to observe that the quantum superpotential is simply
obtained by substituting the Lax matrix in the classical superpotential for superpo-
tentials of sufficiently low order. No matrix models need to be solved. Perhaps this is
a manifestation of the observation that the superpotential of a d dimensional gauge
theory appears to require solving a d−4 dimensional auxiliary theory, as suggested in
[47]. This simply follows from the observation that a higher-than-four dimensional
gauge theory can be reinterpreted as a four-dimensional gauge theory with an in-
finite number of fields. A −1-dimensional theory indeed requires no integrations
whatsoever.

Another appealing feature of (2.91) is that it is polynomial in yi, and therefore the
expansion in powers of y corresponds to a monopole expansion. In the classical limit
where Λ → 0, all yi should also be taken to zero, and all non-perturbative effects
disappear. What is left is the classical superpotential expressed as a function of the
φi.

In the periodic Toda chain, the center of mass coordinate
∑
qi does not appear,

and as a consequence the variables yi are not independent but satisfy
∏
i yi = Λ2N .

This center of mass coordinate corresponds to the U(1) factor in U(N) = U(1) ×

48



3.2. Examples

SU(N), and this U(1) is always left unbroken. It accordingly never appears in the
superpotential. The remaining U(1)k−1 gauge symmetry that is left unbroken after
minimizing the exact superpotential (see (2.49)) will emerge as k−1 free parameters
that are left after extremizing the superpotential. In other words, the superpotential
will not have isolated vacua in general, but will have moduli spaces of vacua of real
dimension 2(k − 1). It is easy to see that the flows of the integrable system have
to map extrema of the superpotential into extrema. Therefore what should happen
is that N − k of the flows leave the extremum invariant, while the remaining k − 1
flows generate the k − 1 free complex parameters dual to the unbroken U(1)k−1.
The gauge couplings of this unbroken U(1)k−1 can be extracted from the spectral
curve, by studying the period matrix of the spectral curve at the extrema.

The above picture is based on a comparison to the known results in four dimensions
as obtained in the previous chapter, but we still need to show that this is indeed
what happens. Intuitively, what happens is the following. The superpotential is a
linear combination of action variables, and correspondingly generates a flow on the
moduli space. In order for the superpotential to have an extremum, this flow needs
to have a stationary point. Since all flows are linear motions on the Jacobian of
the associated curve, this can only happen if the Jacobian and Seiberg-Witten curve
degenerate. What is not clear is why the existence of a stationary point of a single
flow should automatically imply that in fact N − k flows are stationary at this point.
Correspondingly, N − k one-cycles of the Seiberg-Witten curve should collapse, and
the Jacobian should degenerate to a (k − 1)-dimensional complex torus.

A last feature we would like to point out is that the Lax matrix is not invariant
under general permutations, i.e. under the Weyl group of U(N). It is only form
invariant under a ZN subgroup of cyclic permutations of the φi and the yi. A choice
of classical vacuum configuration corresponds to choosing each φi equal to some aj
(the solution of W ′(x) = 0, see (2.42)), and all yi = 0. It is not guaranteed that
all choices of φi have a corresponding minimum of the quantum superpotential.
Because permutation symmetry is broken, it could be that one needs to order the φi
in a suitable way in order to find a minimum of the quantum theory. We will see
that this is indeed what happens. Precisely how one should order the eigenvalues in
general is an interesting open problem that we have not yet been able to solve.

3.2 Examples

In this section we discuss in detail how our proposal works in various examples.
For each of the classical vacua that gives rise to a symmetry breaking pattern as in
(2.49), we expect to find

∏
Ni>0Ni vacua, as each U(Ni) low energy gauge group
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has Ni distinct quantum vacua. The various choices of vacua show up as choices of
phases in the solutions below. We will compare the results to the four dimensional
results as described in the previous chapter.

3.2.1 Gauge group U(2)

The first example that we will discuss is U(2) with tree level superpotential

W = g1Tr (Φ) +
g2

2
Tr (Φ2) +

g3

3
Tr (Φ3). (3.10)

The Lax operator in this case reads

M =
(

φ1 y1 + z

1 + y0z
−1 φ2

)
. (3.11)

The polynomial P (x) appearing in the spectral curve equals

P (x) = (x− φ1)(x− φ2)− y0 − y1. (3.12)

The resulting effective superpotential, using (2.91), reads

Weff = W (φ1) +W (φ2) + (y0 + y1)(g2 + g3(φ1 + φ2)) + S log
(

Λ4

y0y1

)
. (3.13)

The equations for the extrema of Weff are

W ′(φ1) + g3(y0 + y1) = 0
W ′(φ2) + g3(y0 + y1) = 0

g2 + g3(φ1 + φ2) = S
y0

g2 + g3(φ1 + φ2) = S
y1

y0y1 = Λ4. (3.14)

We now consider the various possible solutions of these equations.

case 1: S 6= 0. This necessarily implies that y0 = y1 = εΛ2 with ε2 = 1. Next, we
observe that the difference between the first two equations can be rewritten as

(φ1 − φ2)(g2 + g3(φ1 + φ2)) = 0. (3.15)

Since S 6= 0 and y0 and y1 can never be zero, the second factor in (3.15) cannot
vanish, and therefore φ1 = φ2. The full solution is therefore the following. Define
φ0 to be any root of the equation

W ′(φ0) + 2g3εΛ2 = 0, (3.16)
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then

φ1 = φ2 = φ0, y0 = y1 = εΛ2, S = 2εΛ2(g2 + 2g3φ0). (3.17)

By taking the classical limit Λ→ 0, we see that φ1 and φ2 are both the same solution
of the equation W ′(φ) = 0. Thus, this solution describes the maximally confining
case with one solution of W ′(φ) = 0 doubly occupied, and the other not occupied.
Classically the gauge symmetry is still U(2), but it is broken quantum mechanically
to U(1). There are two different solutions depending on the choice of ε.

Let us compare this to the expected 4d field theory answer. According to the recipe
in chapter (2), we first need to parametrize the locus where P (x)2 − 4Λ4 has a
double zero, at say x = x0. With P (x) = x2 + s1x+ s2 we need that P ′(x0) = 0 and
P (x0) = −2ηΛ2 where η2 = 1. This implies that s1 = −2x0 and s2 = x2

0−2ηΛ2. The
effective superpotential, expressed in terms of s1 and s2, is equal to

Weff = −g1s1 +
g2

2
(s2

1 − 2s2) +
g3

3
(−s3

1 + 3s1s2), (3.18)

and when evaluated on the locus where P (x)2 − 4Λ4 has a double zero at x = x0 it
becomes

Weff = 2g1x0 + g2(x2
0 + 2ηΛ2) +

2g3

3
(x3

0 + 6ηΛ2x0). (3.19)

Extremizing this with respect to x0 yields

2(W ′(x0) + 2g3ηΛ2) = 0, (3.20)

and for each solution x0 the polynomial P (x) = x2 + s1x+ s2 reduces to

P (x) = (x− x0)2 − 2ηΛ2. (3.21)

This is exactly the same polynomial as the one that we obtain from (3.12) by substi-
tuting (3.17), with η = ε. Thus, in the maximally confining case we reproduce the
field theory answer.

case 2: S = 0. It is straightforward to find the solution in this case. We can take for
example φ1 to be completely arbitrary, so that φ2 = −φ1−g2/g3. In addition, y0 and
y1 are the two roots of the equation

y2 +
1
g3
W ′(φ1)y + Λ4 = 0. (3.22)

To understand the classical limit we send Λ→ 0 and also take yi → 0. In that limit,
φ1 and φ2 become the two distinct roots of the equation W ′(φ) = 0. Thus, this is
the case where the gauge symmetry is classically broken to U(1)×U(1). In contrast
to the previous situation, the quantum theory has a flat direction, parametrized by
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φ1. As discussed in section (3.1.2), this flat direction represents the fact that at the
quantum level there remains a U(1) × U(1) gauge symmetry. The first, diagonal
U(1) is completely decoupled and never present in the superpotential, the second
U(1) is parametrized by φ1. Equivalently, we can parametrize it by y0/y1, which is
the combination that also represented this U(1) classically. The polynomial (3.12)
is equal to

P (x) = x2 +
g2

g3
x+

g1

g3
=
W ′(x)
g3

. (3.23)

As expected, the P (x) does not depend on the free parameter φ1 at all. According
to (2.47) we get the same result in four dimensions. Therefore, also in this case we
find complete agreement with 4d field theory.

In summary, the structure of the vacua in our proposal for three dimensions matches
exactly the results in four dimensions, at least for U(2) with a cubic superpotential.

3.2.2 Gauge group U(3)

Our next example is U(3), again with tree level superpotential

W = g1Tr (Φ) +
g2

2
Tr (Φ2) +

g3

3
Tr (Φ3). (3.24)

The Lax operator is

M =

 φ1 y1 z

1 φ2 y2

y0z
−1 1 φ3

 . (3.25)

The polynomial P (x) appearing in the spectral curve equals

P (x) = (x− φ1)(x− φ2)(x− φ3)− (y0 + y1 + y2)x+ (y2φ1 + y0φ2 + y1φ3). (3.26)

The resulting effective superpotential, again using (2.91), becomes

Weff = W (φ1) +W (φ2) +W (φ3) + g2(y0 + y1 + y2)

+ g3(y0(φ1 + φ3) + y1(φ1 + φ2) + y2(φ2 + φ3)) + S log
(

Λ6

y0y1y2

)
. (3.27)

The equations for the extrema of Weff are

W ′(φ1) + g3(y0 + y1) = 0
W ′(φ2) + g3(y1 + y2) = 0
W ′(φ3) + g3(y2 + y0) = 0

g2 + g3(φ1 + φ2) = S
y1

g2 + g3(φ2 + φ3) = S
y2

g2 + g3(φ3 + φ1) = S
y0

y0y1y2 = Λ6. (3.28)
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The first three equations can be used to solve for y0, y1 and y2. When we substitute
this in the next three equations, they become

(−W ′(φ1) +W ′(φ2)−W ′(φ3))(g2 + g3(φ3 + φ1)) = 2g3S

(−W ′(φ1)−W ′(φ2) +W ′(φ3))(g2 + g3(φ1 + φ2)) = 2g3S

(W ′(φ1)−W ′(φ2)−W ′(φ3))(g2 + g3(φ2 + φ3)) = 2g3S. (3.29)

An interesting simplification appears if we consider the differences of pairs of these
equations, which take the form

(φi − φj)(φ1 + φ2 + φ3 − 2a1 − a2)(φ1 + φ2 + φ3 − a1 − 2a2) = 0 (3.30)

for some i, j, and where a1, a2 are the two extrema of W ′,

W ′(φ) = g3(φ− a1)(φ− a2). (3.31)

Again, we distinguish two cases. Either all φi are equal, or at least two of them are
different.

case 1: All φi equal. This case is straightforward to analyze. All yi are identical and
equal to ωΛ2, with ω some third root of unity. All φi are also equal and a solution of
the equation

W ′(φi) + 2ωg3Λ3 = 0. (3.32)

The polynomial in (3.26) becomes

P (x) = (x− φ1)3 − 3ωΛ2(x− φ1) (3.33)

with φ1 a solution of (3.32). For comparison with the field theory answer, we also
compute P (x)2 − 4Λ6, which equals

P (x)2−4Λ6 = (x−φ1−ω
1
2 Λ)2(x−φ1+ω

1
2 Λ)2(x−φ1−2ω

1
2 Λ)(x−φ1+2ω

1
2 Λ). (3.34)

This has the expected form for the maximally confining case. Indeed, in the classical
limit all φi reduce to either a1 or a2, so this situation is the one where classically
the gauge group remains unbroken. In the quantum theory the gauge symmetry is
broken to U(1), and there are three different vacua depending on the choice of ω.

Let us briefly check that we get the same answer in field theory. First, we need to
parametrize s1, s2 and s3 in such a way that P (x)2 − 4Λ6 has two double zeroes.
This parametrization is easily found to be

s1 = −3t, s2 = 3t2 − 3ωΛ2, s3 = −t3 + 3ωΛ2t. (3.35)
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The effective superpotential, restricted to the locus (3.35) parametrized by t is

Weff(t) = 3W (t) + 3g2ωΛ2 + 6g3ωΛ2t (3.36)

which is extremal for W ′(t)+2g3ωΛ2 = 0. With this value for t, we can insert (3.35)
in (3.26) to compute P (x), and we immediately see it is the same as (3.33).

Both for U(2) as well as U(3) the maximally confining case had all φi equal, and
all yi equal as well. This continues to be true for U(N), as we will elaborate on in
section (3.2.3).

case 2: some φi different: in this case (3.30) implies that

φ1 + φ2 + φ3 = 2a1 + a2. (3.37)

We could also have chosen the left hand side to be equal to a1 + 2a2, but we can
then simply exchange a1 and a2, so there is no loss in generality in taking (3.37).
The single linear relation (3.37) collapses the three equations in (3.29) into a sin-
gle equation, since all differences vanish. We can choose to eliminate φ3 from the
equation using (3.37). We are then left with a single equation from (3.29), plus the
additional equation y0y1y2 = Λ6. Those are two equations for the three variables
S, φ1, φ2, and therefore there will be a free parameter in the solution. This is similar
to what we saw for U(2) when it is classically broken to U(1) × U(1). Here, as is
clear from (3.37), we are considering the situation where U(3) is classically broken
to U(1) × U(2). In the quantum theory it is further broken to U(1) × U(1). One of
these U(1)’s is the trivial diagonal U(1), the other is the free parameter that we are
find here.

The full solution can be parametrized as follows

φ1 = a1 + φ̃1

φ2 = a1 + φ̃2

φ3 = a2 − φ̃1 − φ̃2

y0 = εΛ3

φ̃2

y1 = φ̃1φ̃2

y2 = εΛ3

φ̃1

S = −εg3Λ3. (3.38)

with ε2 = 1 and φ̃1, φ̃2 subject to one constraint

εΛ3 + φ̃1φ̃2(a1 − a2 + φ̃1 + φ̃2) = 0. (3.39)

To compare with field theory we note that (3.38) substituted in (3.26) yields

P (x) = (x− a1)2(x− a2) + 2εΛ3, (3.40)
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from which we deduce

P (x)2 − 4Λ6 = (x− a1)2(
1
g2

3

W ′(x)2 + 4εΛ3(x− a2)). (3.41)

This is exactly the form that one would get from a field theory analysis and therefore
the result agrees with the four-dimensional field theory expectation. Notice that the
two solutions of ε2 = 1 correspond to two inequivalent quantum vacua, as expected
for U(3)→ U(1)× U(2).

Thus, for U(3) we also reproduce the complete vacuum structure that we expect
from four dimensions. Before a final concrete example will be discussed, let us first
check some broad classes of examples.

3.2.3 U(N) with a quadratic superpotential

The analysis for a U(N) theory with a quadratic superpotential,

W = g1Tr (Φ) +
g2

2
Tr (Φ2) + S log

(
Λ2N

y0 . . . yN−1

)
(3.42)

can be done for general N . Substituting the Lax matrix for the adjoint scalar Φ into
the superpotential gives the following effective superpotential

Weff =
N−1∑
i=0

(g2yi + g1φi+1 + 1
2g2φ

2
i+1) + S log

(
Λ2N

y0 . . . yN−1

)
,

with the equations for the extrema

y0 . . . yN−1 = Λ2N

g2 −
S

yi
= 0⇒ yi =

S

g2

g2φi + g1 = 0.

From the second equation we can learn that the y’s are all equal, this enables us to
solve for L using the first equation

S = εg2Λ2, εN = 1. (3.43)

Substituting L into the equation for yi yields

yi = y = Λ2ε.

Further, we also see that all the φ’s occupy the root x = −g1/g2 of W ′(x)

W ′(x) = g2(x+
g1

g2
).
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The φ’s should always occupy the roots of W ′(x) classically (Λ → 0), but here it is
even true in the quantum case.

The superpotential in the extrema is then

Wextr = N(y − g2
1

2g2
) = N(Λ2e

2πil
N − g2

1

2g2
).

To compare with field theory results we compute the characteristic polynomial of
the Lax matrix PN (x) = det(x1N − Φ). According to appendix A this is either a
Chebyshev polynomial of the first or of the second kind. By evaluating P1(x) and
P2(x) one can see that one has to pick the polynomials of the first kind

PN (x) = 2yN/2TN

(
x+

g1
g2

2
√
y

)
.

These PN (x) are in perfect agreement with field theory results

PN (x)2 − 4Λ2N = 4Λ2N

(
1− T 2

N

(
x+

g1
g2

2
√
y

))
= 4Λ2N

((
x+

g1
g2

2
√
y

)2

− 1

)
U2
N−1

(
x+

g1
g2

2
√
y

)
= Λ2(N−1)εN−1

(
1
g2
2
(W ′)2 − 4Λ2ε

)
U2
N−1

(
x+

g1
g2

2
√
y

)
.

3.2.4 Maximally confining vacua

In this subsection the results of the previous one will be extended to a more general
class of vacua. This class is the class of all maximally confining vacua. The symmetry
breaking pattern for this class is

U(N) classical−→ U(N)
quantum−→ U(1). (3.44)

In field theory these vacua are those solutions to the factorization problem (2.47) for
which the Seiberg-Witten curve fully degenerates. Since this factorization problem
can in general be solved by Chebyshev polynomials, just as the polynomials appear-
ing above, it is natural to suspect that the integrable system solution as presented in
the case of a quadratic superpotential can be extended to a maximally confining so-
lution to a general potential. These solutions will be constructed below for arbitrary
N and for polynomial potentials of degree n ≤ N + 11. In the Chebyshev field the-
ory solution, the factorization equations reduce to an equation on a free parameter

1This constraint will be relaxed in the following chapter in this thesis.
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in the solution. Below it is shown that this remaining equation is also obtained by
considering the simple vacua where all φ’s are equal and all y’s are a root of unity
times the scale.

The maximally confining vacua of a U(N) theory with superpotential

W (x) =
n∑
k=0

gk+1

k + 1
xk+1 (3.45)

are obtained by taking all yi = (ηΛ)2 with η2N = 1, and taking all φi = φ, where φ is
such that Tr W ′(M) = 0. Because of the tridiagonal form of M this requirement on
φ is equivalent to the condition c0 = 0 for the coefficient in the Laurent expansion

W (φ+ ξ + y/ξ) =
n∑

k=−n

ckξ
k. (3.46)

Expressed in terms of the coefficients of the superpotential, the condition c0 = 0
reads

n∑
k=0

gk+1

bk/2c∑
l=0

k!
(l!)2(k − 2l)!

φk−2lyl

 = 0. (3.47)

with bkc := max{m ∈ Z|m ≤ k}. This can be expressed in terms of a hyper-
geometric function

n∑
k=0

gk+1φ
k

2F1(−k
2
,−k

2
+

1
2

; 1; 4y/φ2) = 0. (3.48)

On the other hand, according to (2.47) the factorization of the polynomial PN (x)
appearing in the spectral curve imposes an apparently different condition on φ. With
all φi equal, P 2

N (x)− 4Λ2N must have N − 1 double zeroes:

P 2
N (x)− 4Λ2N = T (x)H2

N−1(x). (3.49)

In this case PN is a Chebyshev polynomial: PN (x) = 2(ηΛ)NTN
(
x−φ
2ηΛ

)
, with η2N =

1. Together with the convenient definition of the Chebyshev polynomials of first and
second kind

Tn(cosx) = cosnx

Un(cosx) =
sin (n+ 1)x

sinx
,

(3.50)

this factorization is directly observed

P 2
N (x)− 4Λ2N

4Λ2N
=
(
T 2
N (
x− φ
2ηΛ

)− 1
)

=

[(
x− φ
2ηΛ

)2

− 1

]
U2
N−1

(
x− φ
2ηΛ

)
. (3.51)

57



Chapter 3. Pure glue U(N) gauge theory and the periodic Toda system

So after rescaling one obtains

T (x) = x2 − 2φx+ φ2 − 4y (3.52)

for any maximally confining vacuum, irrespective of the rank of the gauge group.

From the point of view of four dimensional gauge theory, it is expected that T (x)
must be related to the superpotential as

T (x) G2
n−1(x) = (W ′(x))2 + fn−1(x) (3.53)

for some polynomials Gn−1(x), fn−1(x) of degree n − 1. Equation (3.53) can be
seen as a set of 2n+ 1 conditions that the coefficients of each power of x match. Of
these conditions 2n can be satisfied by appropriate choice of coefficients of Gn−1(x)
and fn−1(x). The final remaining condition turns out to be c0 = 0, in (3.46), which
relates φ and y to the superpotential at criticality.

To see this, examine the conditions that Gn−1(x) and fn−1(x) can be found such
that (3.53) is true. As a matter of convenience, we do a field redefinition

M 7→M − φI, (3.54)

such that at criticality the redefined matrix M has φ = 0 on the diagonal. Next a
choice of scale is made such that y = 1. With these choices T (x) = x2 − 4. By a
substitution

x 7→ ξ + ξ−1 (3.55)

this can be written as a complete square

T = (ξ − ξ−1)2. (3.56)

So the entire left hand side of (3.53) is a complete square.

Note that on the r.h.s. of (3.53) the coefficients of terms proportional to xn and
higher powers of x are entirely determined by W ′(x). The polynomial fn−1(x) only
serves to match the coefficients of lower powers of x. Taking the square root of
(3.53) yields√

T (x)G2
n−1(x) = W ′(x) +

1
2
fn−1(x)
W ′(x)

+ . . . = W ′(x) +O(x−1). (3.57)

With the substitution (3.55) , noting x−1 7→ (ξ+ ξ−1)−1 = ξ−1/(1 + ξ−2) = O(ξ−1),
it is observed that (3.53) implies

(ξ − ξ−1)Gn−1(ξ + ξ−1) = W ′(ξ + ξ−1) +O(ξ−1). (3.58)
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In order that a polynomial Gn−1(x) of degree n − 1 exists, the right hand side of
(3.58) must be divisible by (ξ − ξ−1). Choosing the O(ξ−1) polynomial in ξ−1 as
follows almost guarantees this:

(ξ − ξ−1)Gn−1(ξ + ξ−1) = W ′(ξ + ξ−1)− 2[W ′(ξ + ξ−1)]−. (3.59)

Here [g(ξ)]− denotes the part of the Laurent series of g with strictly negative powers
of ξ. The right hand side, written as a Laurent series in ξ is of the form

r.h.s. = c0 +
n∑
k=1

ck(ξk − ξ−k). (3.60)

This is divisible by (ξ − ξ−1) iff c0 = 0, with c0 the coefficient of ξ0 in the Laurent
series of W ′(ξ + ξ−1). This is exactly the requirement for criticality, with the field
redefinition and choice of scale that set φ = 0 and y = 1.

3.2.5 Lifting solutions from U(N) to U(tN)

It is known [23] that supersymmetric vacua of a U(N) gauge theory with super-
potential W can be lifted to supersymmetric vacua of a U(tN) gauge theory with
exactly the same superpotential. On the level of the Seiberg-Witten polynomial, this
lifting involves Chebyshev polynomials and a few other ingredients. It turns out,
as we will show in this section, that it is very simple to do this at the level of Lax
operators. One simply takes t copies of the Lax operator of U(N) to construct a Lax
operator of U(tN) that is periodic in steps ofN . This new Lax matrix is an extremum
for the same superpotential, and this replica trick therefore provides a very simple
picture of how to lift vacua. To show technically how this works, we start with the
Lax operator for U(N)

MN =


φ1 y1 0 . . . z

1 φ2 y2 . . . 0
0 1 φ3 . . . 0
. . . . . . yN−1

y0z
−1 . . 1 φN

 (3.61)

and the corresponding polynomial PN (x) in the spectral curve

PN (x) = det(xIN −MN ) + z + Λ2Nz−1, (3.62)

where the energy scale Λ2 ≥ 0 sets the condition

Λ2N =
N−1∏
i=0

yi. (3.63)
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As explained above, for a U(tN) theory with a superpotential W of degree d ≤ N +1
a special form of MtN can be considered so that the analysis can be reduced to that
of the U(N) case, with the same superpotential. This is possible when the entries of
MtN are periodically identified like

φi ≡ φi+N yi ≡ yi+N (3.64)

so that the only non zero entries of MtN are

(M)i,i−1 = 1 (M)1,tN = z (3.65)

(M)i,i+1 = yi (M)tN,1 = y0z
−1 (3.66)

(M)i,i = φi (3.67)

The condition set by the energy scale is written as

tN−1∏
i=0

yi = Λ2tN ≥ 0. (3.68)

Note in particular that the (physical) energy scale of the U(tN) theory should be
real. This condition can be satisfied by a family of t different complex valued ΛN in
the U(N) theory, {ΛN , η2ΛN , . . . , η2(t−1)ΛN}, with η a 2t-th root of unity.

The polynomial PtN (x) in the spectral curve of MtN is

PtN (x) = det(xItN −MtN ) + z + Λ2tNz−1. (3.69)

The determinant can be calculated by considering a gauge equivalent matrix. By a
gauge transformation MtN can be brought into a form that is invariant under cyclic
permutations of order N. We define

G = diag(1, z1/tN , z2/tN , . . . , z(tN−1)/tN ). (3.70)

Then M̃tN = GMtNG
−1 has factors of z1/t and z−1/t democratically distributed over

the (M̃)i,i−1 and (M̃)i,i+1 entries respectively. M̃tN satisfies

SM̃tNS
−1 = M̃tN , (3.71)

where

S =
(

0 I(t−1)N

IN 0

)
.

is the matrix that generates a cyclic permutation of order N on tN elements, S−1 =
ST .

In case the degree of the superpotential is small enough, deg(W ) ≤ N + 1, the
cyclic invariance, (3.71), ensures that the equations of motion collapse to those of
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the U(N) theory with the same superpotential. First, because in M̃tN the φi and yi
appear only linearly, derivatives with respect to φi+kN and yi+kN can be replaced
with derivatives with respect to φi and yi

∂φi+N tr
(
M̃n+1
tN

)
= (n+ 1)tr

(
M̃n
tN∂φi+N M̃tN

)
= (n+ 1)tr

(
SM̃n

tNS
−1S(∂φi+N M̃tN )S−1

)
= (n+ 1)tr

(
M̃n
tN (∂φiM̃tN )

)
= ∂φitr

(
M̃n+1
tN

)
.

(3.72)

Second, in M̃tN the φi and yi appear only on the diagonal and the super-diagonal
respectively

(M̃tN )ij = φiδi,j + yiz
−1/tNδi,j−1 + z1/tNδi,j+1, (3.73)

The diagonal elements of M̃n
tN each depend on at most n consecutive yi’s and φi’s.

Therefore, all equations of motion for φ1 up to φtN can be both mapped to equations
of motion for φ1 to φN and these also consistently collapse onto the equations for
the first N φi’s. The same holds for the equations of motion for all yi’s. Also the
equation of motion for the Lagrange multiplier, (3.68) maps to (3.63).

M̃tN can be explicitly written as a t × t matrix of which each entry is itself one of
four N ×N matrices

M̃tN =



A D 0 . . . . . . 0 E

E A D 0 . . . . . . 0
0 E A D . . . . . . . . .

. . . 0 E A . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . D

D 0 . . . 0 . . . E A


. (3.74)

The N ×N matrices A, D, and E are of the following form

A =



φ1 y1z
−1/tN 0 . . . . . . 0

z1/tN φ2 y2z
−1/tN 0 . . . 0

0 z1/tN . . . . . . . . . . . .

. . . 0 . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . yN−1z
−1/tN

0 . . . . . . . . . z1/tN φN


(3.75)

D = y0z
−1/tN

(
01×(N−1) 0(N−1)×(N−1)

1 0(N−1)×1

)
(3.76)
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E = z1/tN

(
01×(N−1) 1

0(N−1)×(N−1) 0(N−1)×1

)
. (3.77)

Because of (3.71), there exists a basis of simultaneous eigenvectors of M̃tN and S.
The eigenvectors of S fall into t N-dimensional subspaces, each of which is labeled
by a different t-th root of unity ωr, ωt = 1. The eigenvalue equation for M̃tN is
written in a basis of S eigenvectors v(α)

r = (v(α), ωrv(α), ω2rv(α), . . . , ω(t−1)rv(α)),
with α = 1, 2, . . . , N .

For each r the eigenvalue equation M̃tNv
(α)
r = λ

(α)
r v

(α)
r becomes

(A+ ωrD + ω−rE)v(α)
r = λ(α)

r v(α)
r , (3.78)

and therefore

det(MtN ) = det(M̃tN ) =
t∏

r=1

det
(
A+ ωrD + ω−rE

)
. (3.79)

The U(tN) polynomial reads

PtN (x) =
t∏

r=1

det
(
xIN −A− ωrD − ω−rE

)
+ z + Λ2tNz−1

=
t∏

r=1

(
Pn(x)− ω−rz1/t − η2Λ2Nωrz−1/t

)
+ z + Λ2tNz−1

. (3.80)

The polynomials P (x) are by construction independent of z. A convenient choice to
evaluate (3.80) is to take z1/t = e

iπ
t |Λ 1

2tN |. Recall that ω is a t-th root of unity such
that ωr hits all t different eigenvalues of the Zt cyclic permutation matrix S. Hence
PtN (x) can be written as

PtN (x) =
t∏

r=1

(
PN (x)− ηΛN

(
eiπ

4r−1
2t + e−iπ

4r−1
2t

))
= 2tηtΛtN

t∏
r=1

(
1

2ηΛN
PN (x)− cos(

4r − 1
2t

π)
)
.

(3.81)

The latter expression defines the n-th Chebyshev polynomial of the first kind, which
is defined as

Tt(x) = 2n−1
t∏

k=1

(
x− cos(

2k − 1
2t

π)
)

(3.82)

with
s := max{σ ∈ Z : 2σ ≤ t}. (3.83)
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Equation (3.82) can also be written as

Tn(x) = 2n−1
s∏
p=1

(
x− cos(

2(2p)− 1
2t

π)
) s∏
q=1

(
x− cos(

2(2q − 1)− 1
2t

π)
)

= 2n−1
s∏
p=1

(
x− cos(

4p− 1
2t

π)
) s∏
q=1

(
x− cos(

4(t− q) + 3
2t

π)
)

= 2n−1
t∏

r=1

(
x− cos(

4r − 1
2t

)
)

, (3.84)

so

PtN = 2ΛtNηtTt

(
PN (x)
2ηΛN

)
. (3.85)

Thus the periodic Ansatz for the U(tN) theory yields t times the number of vacua
found in the U(N) theory. The polynomial PtN in (3.85) agrees precisely with what
had been found in field theory in [23].

3.2.6 High order potentials

As noted in the beginning of this chapter, the prescription of replacing the adjoint
scalar in the classical superpotential by the Lax matrix is ambiguous for high order
superpotentials. The resolution is to use the fact that given a Lax matrix MN of size
N×N , there is a corresponding Lax matrixMtN of size tN×tN which is constructed
using the replica procedure given above. For small m, Tr(Mm

N ) = t−1Tr(Mm
tN ), but

for larger values of m the right hand side starts to depend on the spectral parameter,
whereas the left hand side does not. We therefore propose

〈Φm〉 = lim
t→∞

1
t
Tr(Mm

tN ) (3.86)

as the right definition for arbitrary m. Note that the replica procedure yields

PtN (x) = 2ΛtNTt

(
PN (x)
2ΛN

)
. (3.87)

With this expression for PtN (x) and the identities for Chebyshev polynomials

T ′n(x) = nUn−1(x)

T 2
n(x)− 1 = (x2 − 1)U2

n−1(x),
(3.88)

it is easy to see that this proposition yields a resolvent that agrees with the field
theory result of [48],

〈tr 1
x− Φ

〉 =
P ′(x)√

P 2(x)− 4Λ2N
. (3.89)
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Therefore, MtN for large t provides a master field for Φ. For the simple case of a
quadratic superpotential (see section 3.2.4) M takes a simple form, and MtN for
infinite t can be written in a simple way in terms of Cuntz variables. In this way
it also provides a master field for the Gaussian matrix model, as observed in [49],
but this appears to be a coincidence that happens only for quadratic superpotentials.
Whether there is a direct way other than, as will be discussed in equation (3.120),
to extract the matrix model resolvent remains to be seen.

3.2.7 Gauge group U(4)

We are now in a position to use the techniques of the preceding section to study our
final example U(4), again with a cubic superpotential

W = g1Tr (Φ) +
g2

2
Tr (Φ2) +

g3

3
Tr (Φ3). (3.90)

The Lax operator, polynomial P (x), superpotential Weff and equations of motion
are straightforward generalizations of (3.25), (3.26), (3.27) and (3.28), with Λ6

replaced by Λ8. Instead of giving a lengthy and tedious analysis of the possible
solutions of the equations of motion, we will simply present a solution for each of
the critical points that we expect, based on the knowledge of the possible solutions
in four dimensions. These are given explicitly in section 3.3 of [50].

To describe the qualitative form of the solutions, we write W ′(x) = (x−a1)(x−a2).
Classically, each of the φi is equal to either a1 or a2. We denote the number of φi
for which φi = aj by Nj , so that N1 + N2 = 4. However, this does not fully specify
the different solutions. For U(4) with a cubic superpotential, we know that at a
minimum P (x)2 − 4Λ8 has two double zeroes. These double zeroes are distributed
over P (x)−2Λ4 and P (x)+2Λ4, since these two factors cannot have a common zero.
We denote by r± the number of double zeroes in P (x)± 2Λ4, so that r+ + r− = 2.

When all φi are equal, with (N1, N2) = (4, 0) or (0, 4), we have a maximally confin-
ing vacuum, and these were already described in detail in (3.2.4).

When (N1, N2) = (2, 2), we can use the results in (3.2.5) to find solutions by lifting
solutions in U(2) to U(4). One easily finds that these solutions have (r+, r−) =
(2, 0) or (0, 2). In addition, they necessarily have (φ1, φ2, φ3, φ4) = (a1, a2, a1, a2) or
(a2, a1, a2, a1).

However, this does not exhaust all solutions with (N1, N2) = (2, 2). There are also
solutions that have (r+, r−) = (1, 1). In addition, we have not yet considered solu-
tions with (N1, N2) = (1, 3) or (3, 1). It turns out that all missing solutions are part
of one family, that can be described as follows. First, by an overall rescaling and by
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shifting x by a constant we can always choose W (x) so that

W ′(x) = x2 + x
Λ4

a3
− a2, (3.91)

for some parameter a. The solution is then

φ1 = a2

φ3

φ2 = a2

φ4

φ3 = φ3

φ4 = φ4

y0 = a2 φ3+φ4
φ3

y1 = a2 + a4

φ3φ4

y2 = a2 φ3+φ4
φ4

y3 = a2 + φ3φ4

S =
Λ4

a
. (3.92)

with φ3, φ4 subject to the constraint

(φ3 + φ4)(a5 + a3φ3φ4) + φ3φ4Λ4 = 0. (3.93)

As explained in [50], there are two classical limits, one is Λ → 0 while keeping
a fixed, the other is Λ → 0 while keeping Λ4/a3 fixed. The first corresponds to
(N1, N2) = (2, 2) and (r+, r−) = (1, 1), the second to (N1, N2) = (1, 3) or (3, 1).

We have accounted for all vacua that we expect in four dimensions. One interesting
feature of the solutions is that in the case with (N1, N2) = (2, 2), all classical limits
have φ1 = φ3 and φ2 = φ4, but there is no solution whose classical limit obeys
φ1 = φ2 and φ3 = φ4. It therefore appears that one should be careful in choosing
the right ordering of the eigenvalues, not all orderings will give rise to a solution of
the quantum equations of motion. This is not a contradiction, since the choice of
Lax matrix breaks the SN symmetry to ZN , and there is no symmetry that arbitrarily
permutes the eigenvalues.

The solution in (3.92) has one free parameter, which corresponds to the extra U(1)
that appears when breaking U(4)→ U(2)× U(2).

3.3 The semi-classical expansion

In the previous section we presented several examples of superpotentials and their
extrema. The solutions depend in a non-trivial way on Λ, and it is important to
understand the nature of the semi-classical expansion, certainly if we want to com-
pare our results to direct field theory calculations in three dimensions. A precise
understanding of the semi-classical expansion is probably also important in order to
understand the relation to the 4d description in terms of gluino bilinear superfields,
as we will discuss in section 2.2.2.
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What is the general structure of the semi-classical expansion that one would expect
to find? In four dimensions in a situation where the the gauge group is classi-
cally broken to

∏
i U(Ni) the effective superpotential explicitly takes the form of a

semi-classical expansion. In addition to the Veneziano-Yankielowicz superpotentials
(2.56) for each unbroken U(Ni), there are many additional terms coming from the
planar diagrams of the matrix model. These are polynomial and give ultimately
rise to an expansion in positive but possibly fractional powers of Λ. The low-energy
scales Λi of the unbroken U(Ni) that appear in the Veneziano-Yankielowicz super-
potential (2.56) are obtained by scale matching and given by

Λ3Ni
i = gNin Λ2N

∏
j 6=i

(aj − ai)Ni−2Nj , (3.94)

with ai and gn defined in (2.42).

On R3×S1, the Veneziano-Yankielowicz superpotential is no longer appropriate, the
relevant superpotential is instead given by (2.81) or equivalently (2.85). Therefore,
we expect that the superpotential on R3×S1 should admit an expansion of the form

W =
∑
i

Ni−1∑
j=0

y
(i)
j + higher order terms, (3.95)

where the y(i)
j are analogues of the variables yi for each of the classically unbroken

U(Ni) groups, and they should therefore obey

Ni−1∏
j=0

y
(i)
j = Λ3Ni

i (3.96)

for each i. The superpotential in the form (3.95) only depends on variables yi,
not on the eigenvalues φi of Φ. In addition, it depends on a choice of classical
vacuum, whereas the superpotential (2.91) with the φi included describes all vacua.
Therefore, a description like (3.94) can only emerge after we integrate out the φi.

To illustrate how an expansion like (3.95) can emerge, we consider the case U(4)→
U(2)×U(2), with superpotential W (x) = x3/3−a2x, so that W ′(x) = (x−a)(x+a).
As a first step, we integrate out the φ’s in the quantum superpotential. This can be
done explicitly, the solutions for the φi read

φ1 =
√
a2 − y0 − y1 φ3 =

√
a2 − y2 − y3

φ2 = −
√
a2 − y1 − y2 φ4 = −

√
a2 − y0 − y3.

Notice that we chose the signs of the square roots in such a way that in the classical
limit yi → 0 we indeed end up in a vacuum where U(4) is broken to U(2) × U(2).
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Therefore integrating out the φi also involves the selection of a classical vacuum
configuration. If we insert the values for φi in the superpotential, and expand the
result to second order in y, we get

Weff = S log(
Λ8

4

y0y1y2y3
)− 1

2a
(y0 − y2)(y1 − y3) + . . .

If we next integrate out S, this becomes

Weff = − 1
2a

(
y0y1 +

Λ8

y0y1
− y1y2 −

Λ8

y1y2

)
. (3.97)

Interestingly, this depends on only two independent variables, namely y0y1 and y1y2,
and therefore it is already of the form (3.95). Indeed, if we define

y
(1)
0 = −y0y1

2a
, y

(1)
1 = − Λ8

2ay0y1
, y

(2)
0 =

y1y2

2a
, y

(2)
1 =

Λ8

2ay1y2
, (3.98)

then (3.97) is of the form (3.95), and y
(1)
0 y

(1)
1 = Λ6

1 = Λ8/(2a)2, y(2)
0 y

(2)
1 = Λ6

2 =
Λ8/(2a)2, completely in agreement with (3.96) and (3.94).

Of course, the above result is simply the semi-classical result at leading order. It
would be very interesting to go beyond the leading order, and to understand in de-
tail how the expansion is organized. We have not studied this in detail, but expect
the following. In general the value of the superpotential is invariant under the flows
(1.10) of the integrable system. Some of the flows are stationary at the extremum,
but some are not, and that is why there is a k − 1 complex parameter family of
minima (see also the discussion in section 3.1.) If we could redefine our y vari-
ables in such a way that N − k of them are independent of the k − 1 flows that
do not degenerate, then the superpotential should be a non-trivial function of these
N − k variables only. This is exactly the number of independent variables that ap-
pears in the semi-classical expansion (3.95). Hence we expect that the semi-classical
expansion appears naturally by integrating out the variables φi and L, and by sub-
sequently redefining the complex variables yi in a suitable way, exactly as in our
example above.

To conclude this section, we illustrate in the case of U(4) with a cubic potential
W (x) = x3/3 − a2x how the solutions found in 3.2.7 can be expanded in (possibly
fractional) powers of Λ.

For the maximally confining case, with (N1, N2) = (4, 0), we have

φi = a− ωΛ2

a
+ . . .

yi = ωΛ2 + . . .

S = 2aωΛ2 + . . . (3.99)
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with ω a fourth root of unity.

For (N1, N2) = (2, 2) with (r+, r−) = (2, 0) we find

φ1 = φ3 = −φ2 = −φ4 = a− (ξ +
1
ξ

)
Λ2

2a
+ . . .

y0 = y2 = ξΛ2 + . . .

y1 = y3 =
1
ξ

Λ2 + . . .

S = 0. (3.100)

Here, and in the solutions below, ξ indicates the free parameter that is related to the
additional unbroken U(1) that one gets in the corresponding vacuum solution.

For (N1, N2) = (2, 2) with (r+, r−) = (1, 1) the expansion reads

φ1 = a− (ξ − 1
ξ )Λ2

2a + . . .

φ2 = −a− (ξ + 1
ξ )Λ2

2a + . . .

φ3 = a+ (ξ − 1
ξ )Λ2

2a + . . .

φ4 = −a+ (ξ + 1
ξ )Λ2

2a + . . .

y0 = ξΛ2 + . . .

y1 = − 1
ξΛ2 + . . .

y2 = −ξΛ2 + . . .

y3 = 1
ξΛ2 + . . .

S =
Λ4

a
+ . . . . (3.101)

This result differs considerably from (3.100), illustrating the fact that these are two
different solutions.

Finally, for (N1, N2) = (3, 1) the result is an expansion in

ε =
(

Λ4

2a

)1/3

, (3.102)

which reads

φ1 = a− ε
ξ + . . .

φ2 = a− ε2

a + . . .

φ3 = a− εξ + . . .

φ4 = −a+ ε(ξ + 1
ξ ) + . . .

y0 = 2aε
ξ + . . .

y1 = ε2 + . . .

y2 = ε2 + . . .

y3 = 2aεξ + . . .

S = 2aε2 + . . . . (3.103)
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3.4 Interpretation of glueball fields

Using the identification of the Lagrange multiplier in the term

S log

(
Λ2N∏N−1
i=0 y2

i

)
(3.104)

as the sum of Si, we can find the superpotential as a function of this field and the
couplings by integrating out all pi and yi from a given superpotential. Below it is
shown how this reproduces known results obtained through matrix models.

3.4.1 Gauge group U(2)

For convenience we specialize to the superpotential

W (x) =
x3

3
− a2x, (3.105)

which has extrema at x = ±a. Since we are going to study the maximally con-
fining case there is only one chiral superfield S, which can be recovered from the
superpotential

Weff = W (φ1) +W (φ2) + (y0 + y1)(φ1 + φ2) + S log
(

Λ4

y0y1

)
by integrating out the φ’s and the y’s degrees of freedom. This means we have
to solve for the extrema of the superpotential in terms of the φ’s and y’s, so we can
simply use the results of section 3.2.12. The only thing we have to do is to choose the
vacuum. In the classical limit φ is ±a, we pick φclas = a. To integrate out the φ’s we
pick the corresponding solution from section 3.2.1 (with g3 = 1, g2 = −a2, g1 = 0)

y = y0 = y1

φ = φ1 = φ2 =
√
a2 − 2y. (3.106)

Plugging this into the superpotential leaves us with

Weff = −4
3

(a2 − 2y)
3
2 + S log

(
Λ4

y2

)
. (3.107)

The next step is to integrate out the y’s

∂W

∂y
= 0⇒ S2 = 4y2(a2 − 2y). (3.108)

2Since we do not want to integrate out S we have to be careful not to use the equation of motion for
it: y0y1 = Λ4.
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To solve (3.108) we write

ξ =
S

4a3
and y(S) = A(ξ)

S

2a
.

Then (3.108) can be written as

A2(ξ)− 4ξA3(ξ) = 1.

In principle there are three solutions for A(ξ), however not all solutions have the
right classical limit (Λ → 0). From the solution presented in section 3.2.1 we learn
that in the classical limit we need to have y = S

2a , therefore:

y =
S

2a
+O(S2), hence A(0) = 1.

The solution for A(ξ) (with A(0) = 1) is (see for example [51])

A(ξ) =
∞∑
n=0

22n

n+ 1

( 3n−1
2

n

)
ξn =

1
12ξ

+
1
6ξ

sin
(

arcsin
(

216ξ2 − 1
3

))
yielding the following expression for y

y(S) =
S

2a

∞∑
n=0

22n

n+ 1

( 3n−1
2

n

)(
S

4a3

)n
= −a

2

6

(
−1 + 2 sin

(
1
3

arcsin
(

1− 27S2

2a6

)))
=

S

2a
+
S2

4a4
+

5S3

16a7
+O(S4).

Substituting this solution into the effective superpotential gives us, in principle, a
closed expression valid to all orders in S. However the form of this expression is not
particularly illuminating and therefore we expand the superpotential in S

Weff = −4a3

3
+ 2S

(
1− log

(
S

Λ2m

))
−
(
S2

2a3
+
S3

3a6
+

35S4

96a9
+ . . .

)
, (3.109)

here m = 2a is the mass of the fluctuations of φ around the classical extremum
φ = a.

Let us compare this with the four dimensional answer [19], in that case we would
write (for gauge group U(N))

Weff = NS

(
1− log

(
S

Λ3

))
−NS log

(
Λ
m

)
−N ∂F

∂S
.

For a superpotential W = g
3 Φ3 + m

2 Φ2 (i.e. m = 2a, g = 1) the function F is given
by

F =
2
3
g2

m3
S3 +

8
3
g3

m6
S4 +

56
3
g4

m9
S5 + . . .⇒ 2

∂F
∂S

=
S2

2a3
+
S3

3a6
+

35S4

96a9
+ . . .

So we see that equation (3.109) is in good agreement with the four-dimensional
answer.
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3.4. Interpretation of glueball fields

3.4.2 Going from R
4 to R3 × S1

Once we identify the Lagrange multiplier with the glueball field S =
∑
i Si, there

is a concrete procedure to find the superpotential as a function of S from (2.91).
One may wonder whether one can also go back and start with the result on R4 and
construct the superpotential on R3 × S1. We don’t know whether this can be done
in general, but a step in this direction is to show how one can obtain (2.81) from
(2.56). The procedure is very similar to the path integral derivation of 2d mirror
symmetry given in [52]. Starting with the Veneziano-Yankielowicz superpotential

WV Y (S) = S

[
log
(

Λ3N

SN

)
+N

]
, (3.110)

we first write it in a form as if it were built out of U(1) pieces rather than U(N),

WV Y ∼
N∑
t=1

St

[
log
(

Λ3

St

)
+ 1
]

+
N−1∑
t=1

Zt(St − St+1). (3.111)

If the variables Zt are integrated out, all St are identified, and we are back at the
form (3.110) of the superpotential. However, we proceed by integrating out the St
from (3.111) instead. This yields

W → Λ3(eZ1 + eZ2−Z1 + . . .+ e−ZN−1), (3.112)

which is indeed precisely of the form (3.111). It would be very interesting to un-
derstand whether and how these transformations can be generalized, perhaps in the
spirit of 2d mirror symmetry, to more complicated situations.

3.4.3 Interpretation of the individual Si

A full reconstruction of the superpotential (2.72) from (2.91) requires us to not only
find the right interpretation of S =

∑
Si, but also of the individual Si. To do this

the nature of the semi-classical expansion discussed in section 5 is probably crucial.
If we could write the superpotential in the form (3.95) with constraints (3.96), we
could try to impose the constraints (3.96) using various Lagrange multiplier fields
Li similar to those used in (2.85), and it would then be natural to identify those
with the Si. To lowest order, this would simply boil down to integrating in the Si
in each individual gauge group and therefore correctly reproduce the Veneziano-
Yankielowicz superpotentials (2.56). However, this program does not seem to work
for the simplest guesses one can make.
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3.5 Factorization equations in terms of commutation
relations

The Lax matrix of the periodic Toda chain played an essential role in the construction
of the effective superpotential in three dimensions. One of the motivations of this
work was to try to find a direct relation between the periodic Toda chain and the
Dijkgraaf-Vafa matrix model. We have not yet succeeded in finding a direct relation,
but nevertheless we have found in examples that the supersymmetric vacua in three
dimensions have a very nice interpretation in terms of the Toda integrable system. In
this section it will be proven that the equilibria of the proposed class of 3d potentials
indeed reproduces the expected four dimensional gauge theory vacua.

The equations of motion derived from (2.91) imply that the flow generated by
W (M) degenerates. This translates to the equations

[M,W ′(M)+ −W ′(M)−] = 0, W ′(M)0 = 0. (3.113)

The second equation W ′(M)0 = 0 appears because Tr(M) does not generate a flow,
and has to be treated separately. It is absent for SU(N) gauge theories. In (3.113)
W ′ is the function obtained by differentiating W (x) for some complex number x. A
second observation, which follows from (1.11), is that

[M,PN (M)+ − PN (M)−] = 0. (3.114)

The two equations (3.113), (3.114) define a reduction of the integrable Toda system.
We have the following theorem

Theorem 1 Equations 3.113 imply the existence of polynomials HN−k, T2k, Gn−k,

fn−1, Uk of degrees N − k, 2k, n− k, n− 1, k, 1 ≤ k ≤ n respectively such that

(W ′(M)+ −W ′(M)−)2 = W ′(M)2 + fn−1(M) (3.115)

W ′(M)+ −W ′(M)− = Gn−k(M)(Uk(M)+ − Uk(M)−) (3.116)

(PN (M)+ − PN (M)−)2 = PN (M)2 − 4Λ2N (3.117)

PN (M)+ − PN (M)− = HN−k(M)(Uk(M)+ − Uk(M)−) (3.118)

(Uk(M)+ − Uk(M)−)2 = T2k(M). (3.119)

This system of equations demonstrates not only that the extrema of the superpoten-
tial (2.91) are in exact one-to-one correspondence with the four-dimensional results
(2.47). It also shows that we can construct those four-dimensional equations di-
rectly in terms of the Lax matrix. In particular, the matrix model resolvent [24]
2R(z) = −

√
W ′(z)2 + fn−1(z) +W ′(z) satisfies the very simple equation

R(M) = W ′(M)−. (3.120)
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Actually, equation (3.113) is tantalizingly close to a similar equation that can be
derived for matrix integrals of the form∫

dΦe−W (Φ). (3.121)

If one defines a set of orthogonal polynomials with respect to the measure e−W (x),
of the form pn = xn + . . ., one can construct a semi-infinite matrix Q that acts on
pn as multiplication by x. This semi-infinite matrix is tridiagonal (i.e. Qij = 0 for
|i − j| > 1), and obeys the “string equation” (see for example [53] and references
therein)

[Q,−1
2

(W ′(Q)+ −W ′(Q)−)] = 1. (3.122)

The only difference between (3.113) and (3.122) is that one is replaced by zero.
Equation (3.122) is also the equation that gives rise to the string equation in the
matrix model description of minimal models coupled to gravity. Though (3.113)
and (3.122) are very similar, we have not found a direct map between Q and
M . Whereas Q is relevant for the orthogonal polynomials defined with respect to
e−W (x), M seems to define orthogonal polynomials for a measure which coincides
with the gauge theory resolvent instead. Various other relations between matrix
integrals and the Toda lattice equations are discussed in e.g. [54, 55].

3.6 Algebraic proof

In this section we will provide an algebraic proof of the above theorem. The first
step of the proof is to show that in addition to (3.113) we also have

[M,PN (M)+ − PN (M)−] = 0, (3.123)

or equivalently
[M̃, PN (M̃)+ − PN (M̃)−] = 0. (3.124)

This follows from (1.11). Indeed, (1.11) implies the matrix equation

PN (M) + (−1)N (z + Λ2Nz−1) = 0, (3.125)

which when expressed in terms of the infinite matrix M̃ implies

PN (M̃) + (−1)N (Z + Λ2NZ−1) = 0. (3.126)

Therefore, PN (M̃)+ = (−1)N+1Z and PN (M̃)− = (−1)N+1Λ2NZ−1, and (3.114)
follows trivially from [M̃, Z] = 0.
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Chapter 3. Pure glue U(N) gauge theory and the periodic Toda system

The main idea of the proof is to show that one can compute a “greatest common
divisor” of PN (M)+−PN (M)− and W ′(M)+−W ′(M)−. This computation follows
a version of the Euclid algorithm that one uses compute the greatest common divisor
of two integers. The crucial step is to show that if [M,A(M)+ − A(M)−] = 0,
then for all polynomials B there is a polynomial C such that C(M)+ − C(M)− =
B(M)(A(M)+ −A(M)−) and in addition [M,C(M)+ −C(M)−] = 0. We will show
this below, working exclusively with the infinite matrix representation of M (and
dropping the tilde for convenience).

3.6.1 Some definitions

Let gl(∞)N denote the elements in gl(∞) which are periodic with period N . X is
said to be a matrix operator of degree k if

X ∈ gl(∞)N , Xij 6= 0 =⇒ i+ k = j. (3.127)

Any matrix can be written as a sum of matrices of fixed degree, X =
∑
rX

(r), with
X(r) of degree r. If there is a smallest r for which X(r) 6= 0, we say that X is of
minimal degree r, and similarly if there is a largest r for which X(r) 6= 0 we say X
is of maximal degree r.

We will only study operators with a finite maximal degree, which form a ring. By the
inverse of a matrix we will mean an inverse in this ring. If this exists, it is defined
as follows: write a general matrix R of maximal degree r as R = R(r) + R̃, where
R̃ =

∑
j<r R

(j). R is invertible in the ring if and only if R(r) is invertible, in which
case it is defined as

R−1 = (R(r))−1(1 + R̃(R(r))−1)−1 ≡ (R(r))−1
∑
k≥0

(−1)k(R̃(R(r))−1)k, (3.128)

so that R−1 is of maximal degree −r.

3.6.2 Some facts

First we will collect a number of intermediate results which will be used to prove
the theorem, beginning with the following

Lemma 1 Let X be a matrix operator of degree p ≥ 0.

[X,M+] = 0 iff X = λ(M+)p (3.129)

for some constant λ ∈ C
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The proof of the first statement follows trivially from the second. Clearly, X =
λ(M+)p constitutes a one parameter family of solutions of [X,M+] = 0. We will
now show that this equation only has a one parameter family of solutions thereby
proving the lemma. Write out the equation in components,

[X,M+]ij = (Xi,i+pM
+
i+p,i+p+1 −M

+
i,i+1Xi+1,i+p+1)δi+1+p,j = 0. (3.130)

Recall that none of the off-diagonal elements of M can be zero, since
∏
y2
i = Λ2N 6=

0. Therefore the above equation recursively determines all entries of X in terms of
one arbitrary given entry, and therefore there is a one complex parameter family of
solutions.

The above lemma is used to construct a proof for

Lemma 2 Let X ∈ gl(∞)N have maximal degree k. Then [X,M ] = 0 implies

X =
∑

−∞≤i≤k

λiM
i. (3.131)

As before, we denote by X(p) the component of X of degree p. X can be trivially
expanded as

X =
∑
i≤k

X(i). (3.132)

Since M is of maximal degree one, [X,M ] is of maximal degree k + 1, and its
component of highest degree equals

[X,M ](k+1) = [X(k),M (1)] = 0. (3.133)

Using the previous lemma we have X(k) = λkM
k
+. Now consider the operator X ′ =

X − λkM
k of maximal degree k − 1. This operator also commutes with M . By

applying the same procedure we find λk−1 such that X ′′ = X ′ − λk−1M
k−1 is of

maximal degree k − 2. By continuing the procedure the lemma follows.

By itself the lemma is not that useful yet: we would like to obtain a finite (polyno-
mial) series. Note that the natural operator with a finite series is the upper triangular
part of a matrix of finite maximal degree since this matrix can be obtained by the
above procedure in a finite number of steps,

X+ =

(
k∑
i=1

λiM
i

)
+

. (3.134)

This observation leads to the following easily proven

Lemma 3 Let X ∈ gl(∞)N have maximal degree k and [X,M ] = 0.
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• X is symmetric then X = A(M)

• X is antisymmetric then X = A(M)+ −A(M)−

with A(M) some polynomial function in M of order k

Finally we prove the lemma

Lemma 4 Let A be some some polynomial function in M of order k and [M,A(M)+−
A(M)−] = 0. Then A(M)0 = λI and

(A(M)+ −A(M)−)2 = A(M)2 + fk−1(M) + 2λA(M), (3.135)

with fk−1 a polynomial function of order k − 1, λ ∈ C .

Adding A(M) to A(M)+ − A(M)− yields [M+, A(M)0] = 0. By lemma 1 A(M)0 =
λI. Now consider (A(M)+ − A(M)−)2. Since this is a symmetric operator, it is by
lemma 3 equal to a polynomial, say U(M). Then

U(M)−A(M)2 = −2λA(M)− λ2 − 4(A+(M)A−(M)). (3.136)

This proves the lemma, since the last term is symmetric and of maximal degree k−1.

3.6.3 Proving the theorem

With these auxiliary results the stage is set for proving the assertions in theorem 1.
The fifth assertion is a consequence of lemma 3. The first is a simple application
of lemma 4 using the second condition in (3.113). This leaves (3.116), (3.118).
We will find the greatest common divisor indicated in these equation through the
following algorithm, which is a variant of the algorithm of Euclid:

1. There is a polynomial function A(M) in M of maximum degree N − n such
that

(PN (M)+ − PN (M)−)(±N) = A(M)(±(N−n))(W ′(M)+ −W ′(M)−)(±n).

(3.137)

2. Define

P̃ (M)+ − P̃ (M)− ≡ (PN (M)+ − PN (M)−)−A(M)(W ′(M)+ −W ′(M)−).
(3.138)

Note that this operator commutes with M and is of maximum degree ≤ N −1.
The existence of the polynomial P̃ is guaranteed by lemma 3.

3. Repeat the above steps with the operators (W ′(M)+−W ′(M)−) and P̃ (M)+−
P̃ (M)−.
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4. At some point the subtraction step will give an operator of degree zero which
commutes with M and is thus proportional to the identity matrix. The other
operator is now by construction the greatest common divisor.

Some remarks are in order. First of all, the algorithm stops after a finite number of
steps. Furthermore, the maximum degree of the gcd is of course n which is obtained
if the algorithm terminates after one step. Denoting the maximum degree of the
gcd by k we see we have proven (3.116) and (3.118) thereby finishing the proof of
theorem 1.

We have now shown explicitly that the superpotential constructed through (1) in-
deed reproduces correctly the factorization of the Seiberg-Witten curve for softly
broken N = 2 → N = 1 super Yang-Mills theory. This is strong evidence that they
give a correct description of the F-terms of the low-energy effective field theory.

3.7 Algebraic-geometrical proof

There is a long literature relating solutions of the equations of motion of the peri-
odic Toda chain to algebraic geometric quantities, see e.g. [56] [57] [58]. The basic
result that allows one to do so is that the commuting flows of the Toda system cor-
respond to linear flows on the Jacobian of the associated spectral curve (1.11). The
action variables correspond to moduli of the spectral curve, and are left invariant by
the commuting flows. The angle variables are literally coordinates on the Jacobian
of each of the surfaces. Therefore, the main problem is to understand the relation
between the coordinates on the Jacobian and the variables that appear in the Lax
matrix. This relation involves a set of g points (more precisely, a divisor of degree
g) on the spectral curve (of genus g). On the one hand, given g points Pi, one other
point P0, and a basis of the holomorphic one-forms ωi, the map

{Pi} →
∑
i

∫ Pi

P0

ωj (3.139)

maps the g points to a point on the Jacobian, and every point on the Jacobian
can be written in this way via the Jacobi inversion theorem. Therefore, in order to
understand the relation between the Lax matrix and the Jacobian, we need to extract
g points on the spectral curve from the Lax matrix. One way to do this is to consider
eigenvectors of the Lax matrix (1.10). Viewed as functions on the spectral curve, the
entries of the eigenvectors generically have poles at g points, which we take to be
the Pi. Equivalently, we can consider the spectrum of the matrix M ′ obtained from
the Lax matrix by removing the last row and column. This is a matrix of rank N − 1,
and the spectral curve of a generic Lax matrix is indeed a curve of genus N − 1.
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It would be interesting to study in more detail the construction and physical mean-
ing of the points Pi, and their behavior under the flows of the Toda lattice, but we
will not do that here. To prove that the Seiberg-Witten curve factorizes in the ap-
propriate way, it suffices to use theorem 4 in [58], which gives an explicit expression
for the velocities of the Toda flows on the Jacobian. Adapted to our situation, this
theorem states that the velocities are given by

aj = Resx=∞(ωjA(x)), (3.140)

for the flows given by Ṁ = [M,A(M)+ − A(M)−]. Here, ωj is a basis for the
holomorphic one-forms on the Riemann surface. For a surface of the form y2 =
PN (x)2 − 4Λ2N , such a basis is

ωj =
xj−1√

PN (x)2 − 4Λ2N
, j = 1, . . . , N − 1. (3.141)

In order to make the flow given by A(x) = W ′(x) stationary, which is according
to (3.113) a necessary condition to find an extremum of the superpotential, we
therefore need that

Resx=∞

(
xj−1√

PN (x)2 − 4Λ2N
W ′(x)

)
= 0, j = 1, . . . , N − 1. (3.142)

Though necessary, these equations are not yet sufficient, since we have not yet taken
the additional constraint W ′(M)0 in (3.113) into account. This constraint is in fact
equivalent to Tr(W ′(M)) = 0, as one can see from the proof of lemma 4. If W ′ has
a large order, W ′(M) appears to depend explicitly on the spectral parameter, but as
explained above it is then natural to consider the infinite Lax matrix (3.3) instead,
and view the trace as the trace over anyN consecutive diagonal entries of the infinite
matrix (since the matrix is periodic, this is well-defined). With this interpretation of
W ′(M) for any W ′, one then obtains that Tr(W ′(M)) is proportional to

Resx=∞

(
P ′N (x)√

PN (x)2 − 4Λ2N
W ′(x)

)
. (3.143)

Thus, the complete set of equations we need to solve are (3.142) and (3.143 = 0),
which can be summarized as

Resx=∞

(
xj−1√

PN (x)2 − 4Λ2N
W ′(x)

)
= 0, j = 1, . . . , N. (3.144)

These equations have no solution if the order of W ′ is less than N . The only way in
which we can have a stationary flow is if the Riemann surface degenerates, so that
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the genus becomes smaller and there are fewer holomorphic one-forms. So we will
assume that the surface degenerates with

P 2
N (x)− 4Λ2N = H2

N−k(x)T2k(x), (3.145)

in which case the constraints we need to solve read

Resx=∞

(
xj−1√
T2k(x)

W ′(x)

)
= 0, j = 1, . . . , k. (3.146)

To obtain this, observe that P ′N/
√
P 2
N − 4Λ2N → Vk−1/

√
T2k for some polynomial

Vk−1 if the curve degenerates according to (3.145). Equations (3.146) are equiva-
lent to

W ′(x)√
T2k(x)

= Gn−k(x) +
∑
l>k

cl
xl
, (3.147)

with Gn−k a polynomial of order n−k (recall that n is the order of W ′). Multiplying
the left and right hand side by

√
T2k, and taking squares, shows that

W ′(x)2 = T2k(x)Gn−k(x)2 − fn−1(x), (3.148)

where fn−1(x) is a polynomial whose order is at most n−1. Thus, we have in (3.145)
and (3.148) once again precisely reproduced the factorization of the Seiberg-Witten
curve (2.47).

3.8 Comments

3.8.1 Stationary flows

Although the equations of motion that we obtained from the superpotential imply
that one particular flow is stationary, namely the flow generated by W (M) via equa-
tion (3.113), the results in equations (3.115)–(3.119) show that N − k inequivalent
flows have become stationary. One can take any polynomial A of degree N − k − 1,
and in view of lemma 3 we can always write

A(M)(Uk(M)+ − Uk(M)−) = V (M)+ − V (M)− (3.149)

for some polynomial V , and M commutes with all these operators. Since A contains
N−k free parameters, there areN−k linearly independent flows that are stationary.
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3.8.2 Number of moduli

We can also easily verify that the Lax matrices that extremize the superpotential
have the right number of moduli that one expects from field theory. At low energies,
for a solution of the form (3.115)–(3.119), we expect an unbroken U(1)k gauge
group, and therefore k complex moduli. One of these is related to the diagonal
U(1) ⊂ U(N) and is not present in the Lax matrix. Therefore, we expect that the
Lax matrix has k − 1 complex moduli. These moduli are easily understood: under
the commuting flows, any extremum of the superpotential is mapped to another
extremum, because an extremum is a stationary point of a particular flow and all
flows commute. We already argued above that N − k flows are stationary, leaving
k−1 flows that act non-trivially on the Lax matrix. These are the flows generated by
Tr(M j) for j = 2, . . . , k. These flows must act non-trivially, because if one of them
were to act trivially, there would exist a polynomial V of degree less that k such that
[M,V (M)+−V (M)−] = 0, and in that case we would be able to reduce the solution
(3.115)-(3.119) even further. (We tacitly assumed that T2k has no further quadratic
factors in our solution). The above results are also easily understood in algebraic
geometric framework given above.

3.8.3 SU(N) versus U(N)

So far we discussed the theory with gauge group U(N), and it is easy to see what
needs to be changed if we are interested in gauge group SU(N) instead. The only
difference is that we need to drop the additional equation W ′(M)0 = 0 in (3.113),
and that we should work with a traceless Lax matrix. In the algebraic approach
in section 3.6, we can therefore no longer put λ = 0 when we apply lemma 4 to
A = W ′, and therefore we end up with precisely the same results as for U(N),
the only difference being that the order of f has to be n instead of n − 1. This is
consistent with the fact that Tr(M) = 0, so that the linear term in W and thus the
constant term in W ′ should have no effect whatsoever on the factorization and drop
out of all equations. A change of the constant term in W ′ can be compensated by a
change of fn and indeed does not affect the physics in any way.

From the algebraic geometric perspective, changing U(N) to SU(N) implies that in
(3.144) and (3.146) the range of j should be 1 ≤ j ≤ N − 1 and 1 ≤ j ≤ k − 1
instead. This then implies that we can have a term ck/x

k in equation (3.147), and
therefore f in (3.145) can be of order n instead of n − 1. Thus we reach the same
conclusion as above.
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3.9 Conclusions

In this chapter we have described the low-energy effective superpotential for super-
symmetric gauge theory based on the group U(N) on R3 × S1. We have shown that
it yields precisely the same vacuum structure as one obtains on R4, but the relation
between the two is highly non-trivial. The results are a first step towards a direct
derivation of the integrable system that underlies the Dijkgraaf-Vafa matrix model
from field theory.

We believe that the formulation of the theory on R3×S1 offers some advantages over
the formulation on R4. For instance, the generalization of the periodic Toda chain to
arbitrary gauge groups is known [31], and therefore the present formalism should
also be applicable to groups like G2 and E6, for which the Dijkgraaf-Vafa matrix
model has not yet been worked out. In [43] the case of pure glue SO/SP gauge
theories was analyzed in several examples and for G2 this has been studied in [44].
As indicated in the previous chapter, we also know the relevant integrable system
for various other gauge theories, as summarized in [32], such as N = 2 theories
with matter [59], N = 4 super Yang-Mills theory [60], certain conformally invariant
N = 2 theories with gauge groups of quiver type [60, 40], and even for some 5d
theories [61, 46]. In [42] both U(N) gauge theory and U(N)∗ gauge theory were
treated, and a different proof of conjecture 1 provided. It would be interesting if
the central conjectures of the previous chapter can be proven in all of these cases
as well. Ultimately, we would like to understand in all these cases the nature of the
reduction of the integrable system in a supersymmetric vacuum.

In string theory, there is no obvious way to describe 3d field theory results using
topological string theory, since this would require some 7d topological string theory.
The integrable system can however in some cases be extracted from string theory us-
ing dualities and suitable brane configurations [62], and it is worthwhile to explore
this connection further, see for instance [63].

The integrable system itself plays a crucial role in this discussion. There are many
physical properties that beg for a nice explanation in terms of the integrable system,
such as for example the loop equations and generalized Konishi anomaly of [48].
At the same time, there are many features of the integrable system we have not yet
used, such as the explicit description of its solutions in terms of algebraic-geometric
data [58], and such as the existence of additional flows associated to Whitham times
(see e.g. [64] and references therein). The latter may help in finding the correct
interpretation of the gluino bilinear superfields Si.

We found it particularly elegant that lifting vacua from U(N) to U(tN) had such
a nice interpretation in terms of a simple replica trick for the Lax matrix. In this
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context it is amusing to observe that there is a close relation between replica tricks,
random matrix theory and the Toda lattice hierarchy [65], but whether that is of
any relevance to the present discussion remains to be seen.

It is worthwhile to note that the second proof of factorization given in this chapter
is probably much more widely applicable than just U(N) gauge theory. Since the
analog of [58] has been worked out for Toda systems based on untwisted affine Lie
algebras in [7], the proof seems to lift to at least the D-series of gauge theories as
well. However, according to [31] the integrable system needed to describe gauge
theory based on the non-simply-laced classical Lie algebras Bl and Cl is the periodic
Toda system associated to the dual of the Lie algebra, i.e. the affine algebra with long
and short roots interchanged. These dual algebras can be identified with twisted
affine Lie algebras and for this particular class of groups we have not been able
to find the analog to [58]. Most probably this is just a technicality and we are
confident that [7] can be generalized to include those cases as well. It would also be
interesting to study the algebraic-geometrical proof for the exceptional groups, like
G2 [44].

Appendix A A recurrence relation for PN(x)

In this appendix we derive a recurrence relation for characteristic polynomials of the
following type

PN (x) = det(x1N − Φ) =∣∣∣∣∣∣∣∣∣∣∣∣∣

x− φ1 −y1 0 . . . 0 −z
−1 x− φ2 −y2 0 . . . 0
0 −1 x− φ3 −y3 0 . . 0
. . . . . . . .

. . . . . −1 x− φN−2 −yN−1

−y0
z 0 . . . . −1 x− φN−1

∣∣∣∣∣∣∣∣∣∣∣∣∣
. (3.150)

This determinant can be expressed in terms of determinants of the following form

GN (x) =

∣∣∣∣∣∣∣∣∣∣∣∣∣

x− φ1 −y1 0 . . . 0 0
−1 x− φ2 −y2 0 . . . 0
0 −1 x− φ3 −y3 0 . . 0
. . . . . . . .

. . . . . −1 x− φN−2 −yN−1

0 0 . . . . −1 x− φN−1

∣∣∣∣∣∣∣∣∣∣∣∣∣
.

(3.151)
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Expanding PN (x) along the bottom line and keeping only z-independent terms we
get

PN (x) = (x− φN−1)GN−1(x)− (−1)(−yN−1)GN−2(x)+

(−1)N+1(−y0

z
)(−1)N (−z)G+

N−2(x)

= (x− φN−1)GN−1(x)− yN−1GN−2(x)− y0G
+
N−2(x),

(3.152)

here G+
N (x) is equal to GN (x) with shifted φ’s and y’s (i.e. φi → φi+1, yi → yi+1).

The GN (x) and G+
N (x) are tri-diagonal and therefore satisfy the recurrence relations

GN (x) = (x− φN−1)GN−1(x)− yN−1GN−2(x) (3.153)

G+
N (x) = (x− φN )G+

N−1(x)− yNG+
N−2(x). (3.154)

As a special case, take all the y’s and φ’s equal, then G+
N (x) = GN (x) and the

recurrence relation for PN (x) is

PN (x) = (x− φ)GN−1 − 2yGN−2 = GN (x)− yGN−2,

in this case it is easy to show that the PN satisfies the same recurrence relation as
the GN

PN (x) = (x− φ)PN−1(x)− yPN−2(x), (3.155)

which is, up to some rescaling, the Chebyshev recurrence relation. Therefore the
PN (x) (with all y’s and φ’s equal) are given by the Chebyshev polynomials of the
first or of the second kind.
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Chapter 4

Matter in the fundamental and
the XXX spin chain

In the previous chapters the proposal for an exact superpotential was mainly worked
out for pure glue U(N) gauge theory. An interesting question is then if and how this
discussion extends to systems with additional matter, especially with matter that
transforms in the fundamental representation of the gauge group which models
quarks. This is the subject of the present chapter. As explained before, our pro-
posal may be checked by calculating the vacua of the constructed superpotential
and comparing them to the gauge theory expectations.

These expectations will be reviewed first. This lightning review will show that for
gauge theory with fundamental matter, the vacua which survive the deformation
to N = 1 after turning on the superpotential are much more involved. Then the
integrable system needed will be reviewed, in this case certain degenerations of
the classical XXX spin chain, which is followed by an analysis of the superpoten-
tials constructed following the general conjecture in chapter 2. It will be shown
in several examples and some general classes of potentials that also in this more
complicated case the conjectured superpotentials on R3 × S1 constructed in the un-
derlying integrable system reproduce the structure of the expected vacua. This is
surprising since much of the physical structure on the gauge theory side which is
extra compared to the pure glue case resides in vevs for the quark fields and there
is no natural quark field in the integrable system. There is however in this case
some fine print concerning certain magnetic vacua. Along the way some interesting
technical results will be encountered, such as a general solution to a factorization
problem of the Seiberg-Witten curve in one class of vacua, analogous to the one
described in equation (2.47) for pure U(N) gauge theory. Also, it is shown how our
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superpotential is directly related to the Affleck-Dine-Seiberg superpotential and its
3D analog by integrating in the meson fields.

This chapter consists basically of material from [66]. The main difference compared
to that paper is that in this chapter some more results on obtaining the magnetic
vacua are included.

4.1 Gauge theory expectations

In this section we will very briefly review the zoo of phases of (the low energy
effective theory corresponding to) N = 2 U(Nc) 4 dimensional gauge theories with
Nf (≤ 2Nc) fundamental matter hypermultiplets, softly broken to N = 1 by turning
on a superpotential (the literature on this subject is vast, see e.g. [67], [68] or the
review in [69] and references therein). In the following we will denote the scalar
components of the supersymmetric multiplets by the same symbol as the multiplets
themselves.

4.1.1 Classical supersymmetric gauge theories with fundamen-
tal matter on R4

The perturbative field content of theN = 2 supersymmetric gauge theory we will be
studying consists of the U(N) gauge vector multiplet, which contains an N = 1 ad-
joint scalar superfield Φ, andNf pairs of massive hypermultiplets (Q̃,Q) in the (anti)
fundamental. The global classical symmetries are an SU(2)×U(1) R-symmetry and
an SU(Nf ) × SU(Nf ) × U(1)B flavor symmetry in the limit of vanishing masses.
In Wess and Bagger [13] conventions the superpotential for theories with N = 2
supersymmetry and fundamental matter is

WN=2 =
√

2Q̃aiΦbaQ
i
b +
√

2Q̃aim
i
jQ

j
a, (4.1)

mj
i = Diag(m1,m2 . . . ,mNf ). (4.2)

It is well known that this theory is perturbatively asymptotically free in the UV for
Nf < 2Nc and finite for Nf = 2Nc. We will break N = 2 softly to N = 1 by
turning on a polynomial superpotential Wn+1(φ) =

∑n+1
k=0

gk
k Tr (Φk) for the N = 1

adjoint scalar Φ. These theories have a rich vacuum structure, which can be studied
by a variety of methods. Below we briefly present the results of a field theoretical
analysis. The first step is calculating the minima of the classical gauge theory, in
order to identify the possible phases of the theory. Since some of them will not
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4.1. Gauge theory expectations

receive quantum corrections the results there are exact. The D-term equations of
the theory read

[Φ,Φ†] = 0

Qia(Q†)bi − Q̃ia(Q̃†)bi = νδba, ν ∈ R. (4.3)

with ν the Fayet-Illiopoulos parameter, which in almost all cases must be zero in
order for the classical theory to have a supersymmetric vacuum. We will not consider
non-zero ν in this chapter.1 The F-terms give

W ′(Φ)ba +
√

2Q̃aiQ
i
b = 0

ΦbaQ
i
b +mi

jQ
j
a = 0 (4.4)

Q̃biΦ
a
b + Q̃aim

i
j = 0.

As is well known, the first D-term equation states that gauge transformations can be
used to diagonalize Φ = Diag(φ1, φ2, φ3, . . . φNc). The F-terms state that the quark
fields are either zero or eigenvectors of Φ with φa = −mi for some a and i. If the
quark masses are all distinct, we can label the quark fields and the adjoint scalar
eigenvalues for which this condition is satisfied by a = i = 1, . . . , r. For every r
there are

(
Nf
r

)
ways of choosing masses for which this condition holds. For unequal

masses there are then r distinct eigenvectors of Φ which we can group into ‘diagonal’
Nc ×Nf matrices for Q and Q̃t,

Q = Diag(Q1, . . . , Qr, 0, . . .) (4.5)

Q̃t = Diag(Q̃1, . . . , Q̃r, 0, . . .). (4.6)

By diagonal we mean aij = 0 if i 6= j and if i, j > min(Nc, Nf ). If some masses hap-
pen to be equal, than instead of a diagonal Q matrix we get a block diagonal matrix
Q with sub-blocks Qi, but we will first assume unequal masses. The remaining D
and F term equations now split into equations for the different diagonal elements in
Q. We get

|Qi|2 = |Q̃i|2. (4.7)

Next, we order the masses and the eigenvalues of the adjoint scalar such that the
first r of each are equal. The value of the quark vevs and the remaining eigenvalues
of the adjoint scalar can be determined from the remaining F term equations,

W ′(−mi) +
√

2Q̃iQi = 0, i = 1, . . . , r (no sum) (4.8)

W ′(φa) = 0, a = r + 1, . . . , Nc. (4.9)

If W ′(−mi) is zero for some i, the quark fields Qi should be zero and do not give
rise to a Higgs branch. If W ′(−mi) is non-zero, the quark gets a vev which Higgs-es

1In [67] ν is not necessarily the FI parameter, since there SU(N) gauge theory is considered.
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the corresponding U(1) gauge group. Clearly, the number of vacua depends on the
detailed form of the superpotential. For example, a quadratic superpotential will
force all the Ñ = Nc − r eigenvalues of the adjoint scalar φa which are not equal to
some −mi to be equal to each other. The resulting U(Ñ) theory is known to have Ñ
supersymmetric vacua.

When some masses are equal (as they will be in most of the cases we consider) more
elaborate vacua are possible. See the analysis in, for instance, [67, 68]. The mod-
uli space splits into two different branches: a baryonic branch and a non-baryonic
branch. The latter branch contains the Coulomb branch. In summary the following
happens:

If Ni eigenvalues of the adjoint scalar become fixed at one mass we retain a U(Ni)
gauge theory with a number Mi of massless flavors. If W ′(−mi) is not zero, the
combination of equations (4.7) and (4.9) (suitably generalized for matrices Q and
Q̃) forces Q and Q̃ to acquire Ni non-zero eigenvalues which completely Higgs the
U(Ni) theory. If W ′(−mi) is zero, at least some Q and Q̃ must be zero (and, in fact,
they may all be). The solutions are then labeled by an index l ≤ min(Mi

2 , Ni), l 6= Ni
and generically the quark fields both have l degrees of freedom, constrained by the
remaining D term equation. The theory that described the remaining degrees of
freedom is then a U(Ni− l) gauge theory with Mi−2l massless flavors and l(Mi− l)
massless neutral Goldstone hypermultiplets from the broken flavor symmetry. The
vacua described in this paragraph constitute the non-baryonic branch.

In addition to the vacua described above, there is another class of vacua possible
when Mi ≥ Ni and W ′(−mi) = 0. This class is called the baryonic branch. These
are vacua where the gauge group is fully Higgsed and the baryonic operators

Bi1...iNi = Qi1a1
. . . Q

iNi
aNi

εa1...aNi

B̃i1...iNi = Q̃i1a1
. . . Q̃

iNi
aNi

εa1...aNi (4.10)

have a non-zero vacuum expectation value. In general, this branch is described by
gauge invariant operators B, B̃ and M , subject to constraints. We will see below
how the vacua of the classical potential look like through a study of the Seiberg
dual magnetic quarks. Note that the condition W ′(−mi) = 0 plays the same role as
above.

Summarizing, the theory has several phases, which we distinguish by the expec-
tation values of the quark fields. If these are zero, then we are on the Coulomb
branch. If they are nonzero then we are either on the baryonic or the non-baryonic
Higgs branches. It can happen that the expectation values of the quark fields on
these branch can be tuned to zero, in this case we can continuously interpolate be-
tween Coulomb and Higgs branch. The special point on which they connect is the
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root of the Higgs branch, and in order for it to touch the Coulomb branch classi-
cally, W ′(−mi) must be zero. A question is whether or not this last point might be
modified in the quantum theory: while the metric on the Higgs branch does not
get quantum corrected, this does not mean that the (position of the) boundary of
moduli space can not get quantum corrections. In the study of the integrable system
we usually take W ′(−m) to be zero, however we have not found a special status of
this extra condition on the superpotential: the Higgs branch continues to be there
in the quantum analysis.

As is well known, the moduli space of supersymmetric gauge theory is governed by
holomorphy and the non-renormalization theorems. First of all, the Coulomb and
Higgs branch structure reviewed above persists in the quantum case: the Kähler
metric cannot contain mixing terms. Furthermore, the metric on the Higgs branch
does not get quantum corrected, see [67]. The quantum corrections to the Coulomb
branch are quite well known since the work of Seiberg and Witten. Note that these
arguments fail on the special points of the moduli space on which extra degrees of
freedom become massless, which then have to be added to the description. Below,
we will review the field theory analysis of the quantum corrections to the Coulomb
branch found above.

4.1.2 Weak coupling analysis

First we want to study the theory in a regime where the theory is expanded around
saddle points of the classical superpotential. We therefore want to fix the eigenval-
ues of the adjoint such that W ′ vanishes for those values. Let us consider W ′(x) =∏n
i=1(x − ai). If |ai − aj | >> Λ, i 6= j, then the saddle point analysis should give

a good description of the theory. The gauge group is broken to U(Ni) subgroups
centered at the a’s, where each subgroup has an effective quadratic potential ∼ µΦ2

for the adjoint scalar of this subgroup, and the masses of the hypermultiplets get
shifted by ai. We can therefore reduce the analysis to the analysis of a N = 1 theory
perturbed by a quadratic potential with a certain number of massless fundamentals
which can then be combined into an analysis for the general superpotential. The
vacuum structure now depends on the number of massless flavors charged under
this subgroup, Mi, since this number determines the effective low energy degrees
of freedom of the theory. These can be determined, for instance, by analysis of the
anomaly consistency conditions (see e.g. [70, 71]). We will analyze the system
below mostly in the limit of vanishing masses and a large but finite µ.
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The case Mi < Ni

The mass of the effective potential is very large (but finite), so the adjoint scalars
can be integrated out of the superpotential (4.1) to give an effective theory for the
meson field M j

i = QaiQ
j
a. Now add to this Lagrangian the known N = 1 non-

perturbative contribution of the Affleck-Dine-Seiberg [72] superpotential to arrive
at the potential

W = − 1
2µ

TrM2 + (Ni −Mi)Λ
3Ni−Mi
Ni−Mi
i det(M)

−1
Ni−Mi . (4.11)

This potential is exact by the usual combination of holomorphy and symmetry ar-
guments, supplemented by knowledge of weak coupling limits and analyticity, see
e.g. [73]. The N = 1 scale Λi can be related to the N = 2 scale by scale matching,
Λ3Ni−Mi
i = µNi Λ2Ni−Mi . We can now analyze the minima of the above potential by

using the technique outlined in [73]. We find that the meson matrix can be diag-
onalized by flavor rotations to a matrix with two different entries. Let the number
of entries of one type, say α1 be given by an integer r ≤ [Mi

2 ]. In general we will
have 2Ni −Mi different solutions for every α1, leading to 2Ni −Mi different vacua
at every r. If r = Mi

2 then we have Ni −Mi/2 vacua.

Bare quark masses can be added to (4.11), which generically break the full flavor
symmetry group. For a given r branch with massless quarks there are

(
Mi

r

)
inequiv-

alent ways of deforming this by giving masses to the quarks. The vacua obtained as
minima of potentials of the form (4.11) will be referred to as ’electric’ vacua.

The case Mi = Ni

In addition to the meson field degrees of (gauge invariant) freedom this case also
has one baryonic degree of freedom. The effective N = 1 theory is described by a
linear sigma model for the meson and baryons. Adding to this the potential inherited
from the N = 2 theory we get an effective potential

W = − 1
2µ

TrM2 +K(det(M)−BB̃ − Λ2Ni
1 ). (4.12)

The vacua of this theory include the same type of vacua as for Ni < Mi when
B = B̃ = 0, so we can analytically continue the above counting results to this case.
In addition to these, there is one vacuum with non-zero expectation value for the
baryons B, B̃.
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Table 4.1: Number of extra vacua for N = 2 softly broken to N = 1 by a quadratic superpoten-
tial. Here N̂i ≡ Nc −Nf .

case # vacua labeled by

all Mi

(
Mi

r

)
(2Ni −Mi) r = 0, . . . , [Mi]/2](

Mi

r

)
(Ni − Mi

2 ) r = Mi/2

Mi ≥ Ni 1 r = Ni

Mi > Ni

(
Mi

r̂

)
(N̂i − r̂) r̂ = 0, . . . , N̂i − 1

1 r̂ = N̂i

The case Mi > Ni

The non-renormalization theorem guarantees that the baryonic branches will not
receive any quantum corrections. In that case the gauge theory is fully Higgsed
and there is no non-trivial gauge theory quantum dynamics. For the non-baryonic
branches the same argument which gave (4.11) holds and the counting argument
of that potential holds. The number of vacua for the baryonic branch can be most
easily counted through the Seiberg dual [70] formulation. This is a theory which is
indistinguishable from the original theory in the infrared limit. In the case at hand,
the dual theory consists of magnetic quarks and gluons for a gauge theory with dual
gauge group U(N̂i ≡Mi−Ni) and Mi flavors. The effective superpotential for these
degrees of freedom is given by

Wd = q̃iM
i
jq
j − 1

2µ
TrM2 +

(
(Ni −Mi)Λ

2Ni−Mi
Ni−Mi · det(M)

−1
Ni−Mi

)
, (4.13)

where the part between parenthesis is only added when the rank of the meson ma-
trix is Mi, since in this case the IR theory is a pure glue gauge theory. This super-
potential has two branches of solutions, depending on whether the meson matrix is
degenerate or not (compare the classical analysis for the Higgs branches). If it is not
degenerate, then the dual quarks can be integrated out and the analysis is the same
as in the case Mi < Ni. In particular, we get the same number and degeneration
pattern of vacua as we obtained there. We will refer to this case as ’electric’ vacua.
If the meson matrix is degenerate, the solutions are classified by an integer r̂, just as
in the previous analysis, but which now appears for the dual quarks and mesons. We
will refer to these vacua as ’magnetic’. The difference in the situation in the electric
case is the coupling to the meson matrix. This coupling gives a mass to all quarks. In
the IR we are therefore left with a classical gauge group U(N̂c− r̂) with no massless
flavors which gives N̂c − r̂ vacua with a surviving U(1). In addition to these two
branches we also have a purely baryonic branch, just as in the electric case.

The weak coupling analysis now yields the table 4.1, where we have only listed
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Chapter 4. Matter in the fundamental and the XXX spin chain

phases which appear in addition to the ones already found in the cases listed above
it. The binomial factors are included to facilitate comparison to the results further
on in the chapter. Note that the binomial factors are included and we stress that this
is the result for zero effective quark mass. In this table we have abused our notation
slightly by labeling the baryonic branches by the integer r or r̂.

4.1.3 Strong coupling analysis

The final step consists of analyzing the Coulomb branch dynamics encoded in the
Seiberg-Witten curve of the gauge theory and especially on its singular points. We
take the Seiberg-Witten differential λsw from [74],

λsw(z) =
z

y

(
P ′(z)− 1

2
(P (z)− y(z))

Q′(z)
Q(z)

)
dz = z dln (y + P (z)) , (4.14)

with

y2 = P (z)2 − 4Λ2Nc−Nf (z +mi)
Nf ≡ P 2 − 4Q (4.15)

the Seiberg-Witten curve. As noted in [74], there are several proposals for the exact
form of the Seiberg-Witten curve for this specific gauge theory. Specifically, there
can be a term of form Λ2Nc−Nf times a polynomial of order Nf − Nc if Nf ≥ Nc
in the polynomial P . This ambiguity concerns the Seiberg-Witten relationship of
the fields a with the classical moduli. Specifying a definition of these operators in
the quantum theory fixes the ambiguous polynomial, see e.g. [75]. In addition, we
have the same ambiguity of the relation of the quantum operators Tr <Φk > with
their classical counterparts as discussed in the previous chapter. There we fixed the
definition to be

1
k

Tr <Φk>=
1
k

1
2πi

∮
∞
dzzk−1, λsw,

where the loop runs counterclockwise. Note that the Seiberg-Witten form also con-
tains one power of z.

Turning on a superpotential lifts most of the moduli space of the parent N = 2
theory; the only points not lifted are those at which new degrees of freedom (dyons)
become massless or which are fixed by non-zero expectation values of the quarks. In
this chapter we do not consider theories in which mutually non-local dyons become
massless and we take all quarks to have the same massm. Theories of the sort we are
studying in this chapter have been studied by various other methods in the literature,
for instance by using geometric engineering [76], Konishi anomaly techniques [48],
exact potentials [18], or by using a brane setup [18]. The upshot is that the gauge
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theory vacua are described by a factorized Seiberg-Witten curve of the form

P (x)2 − 4Q(x) = (x+m)2rH2
Nc−r−n+l(x)F2n−2l(x)

(W ′(c)n (x) + fn+1(x)) = B2
l (x)F2n−2l(x), (4.17)

where r labels the Higgs branches as before, H is a polynomial in x of order Nc −
r−n+ l, Bl is a polynomial of degree l and W ′(c)n (x) is the derivative of the classical
superpotential. This is the direct generalization of (2.47).

In [69] an extra contribution for n ≥ 2Nc − Nf to the non-singular part of the
Seiberg-Witten curve was reported by revisiting the field theory analysis in [18].
The quantum operators used in that derivation however are not the quantum oper-
ators defined through the resolvent. In this thesis, as emphasized in chapter 2, the
quantum operators are defined by the resolvent. In appendix B it is shown that if
that definition is used in the gauge theory calculation, the extra contribution in the
calculation disappears.

The baryonic Higgs branch, as seen from the Coulomb branch, is much more easy,
since the gauge theory is in this case fully Higgs-ed. The only way this can be
reflected in the Seiberg-Witten curve is the case when the whole curve factorizes,
y2 = H2. More concretely, this argument can be substantiated by calculations such
as those in [67]. The starting point is the realization that the root of the baryonic
branch consists of a single point, invariant under the unbroken discrete Z2Nc−Nf
residual R-symmetry group. However, this is only true if the masses of the quarks are
equal. Giving one quark a mass for instance will in general split the location where
the baryonic branch touches the Coulomb branch into 2 sub-branches. Calculating
the exact Coulomb branch coordinates of these locations will be difficult in general
however.

A small technicality

In the following we will repeatedly use a partially integrated form of expression
(2.46). Partial integration will give a boundary term in the loop integral because the
logarithm has a branch cut which we choose to be on the negative real axis. How-
ever, this boundary term mostly cancels in calculations (as it should) since we will
only calculate the pole at infinity. Here the function ln (y + P (z)) ∼ ln

(
zN + l.o.

)
=

ln(zN ) + ln(1 + O(1/z)). The last part is a nice holomorphic function in a neigh-
borhood of z = ∞. Now the boundary term cancels against the term coming from∮
zk−1 ln zN . The only exception to this canceling mechanism are terms

1
2πi

∮
d(log(zN )) = N. (4.18)
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These terms we will however not need in this chapter since they correspond to the
trace of the identity operator. We can therefore write

1
k

Tr <Φk>=
−1
2πi

∮
∞
dzzk−1 ln

(
1
zNc

(y(z) + P (z))
)
. (4.19)

4.1.4 Compactifying on a circle

Above we reviewed the vacuum structure of four-dimensional N = 1 gauge theo-
ries. Once we compactify on a circle, the vacuum structure remains the same, as
explained in chapter 2, but the moduli are different. The same line of reasoning as
employed in the previous chapter then gives that the natural moduli space is 4N -
dimensional and naturally consists of the Seiberg-Witten curve plus the Jacobian.
By the same reasoning as employed before, for a generic point on moduli space we
can still try to find the right variables in which to express a conjectured exact quan-
tum superpotential. In the analysis using the spin chain below, we will encounter
complex variables pi and qi. In the classical limit, they can be roughly thought of
as the vacuum expectation values of the adjoint scalar Φ and of the two additional
scalars respectively.

The precise relation of these variables to the quantum operators in the theory is
something we will not discuss in detail, but will certainly suffer from an ambiguity
similar to the one discussed in the previous subsection. In addition, from the inte-
grable system point of view any set of variables p′i, q

′
i that is related to the original

variables pi, qi by a canonical transformation is perfectly acceptable. We will see
this explicitly in the next sections. Again, which of the canonical variables have the
simplest interpretation in terms of the microscopical definition of the gauge theory
is something which is outside the scope of the present chapter.

4.2 The classical SL(2,C) spin chain and its degener-
ations

In this section we review the classical inhomogeneous twisted periodic SL(2) spin
chain. In this thesis we will refer to this system as the XXX spin chain. We follow
mainly [32]. The curve with fundamental hypermultiplets is a generalization of the
curve without, so the integrable system lurking behind should reduce in some limit
to the periodic Toda chain. Since the spin-chain will be formulated in terms of 2 by
2 matrices, the periodic Toda system will first be written in terms of such matrices.
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4.2.1 Periodic Toda in terms of 2× 2 matrices

As was shown in chapter (3), the periodic Toda system can be defined by an infinite-
dimensional Lax matrix which commutes with the shift-by-N operator (is N-periodic).
We can write this infinite dimensional matrix acting on an eigenvector as a recursion
relation,

Λ2eqn−qn−1fn−1 + φnfn + fn+1 = λfn, (4.20)

which can be written as a matrix equation (in just ’site-local’ variables for the ma-
trix), (

fn+1

eqnfn

)
=
(
λ− φn −Λ2e−qn

eqn 0

)(
fn

eqn−1fn−1

)
. (4.21)

Applying N matrices of this type will lead to the shift-by-N Toda transfer matrix
TToda:

TToda =
1∏

i=N

(
λ− φi −Λ2e−qi

eqi 0

)
. (4.22)

Since our original infinite dimensional matrix was periodic with periodN , we should
focus on eigenvalues of the transfer matrix. These eigenvalues are given by the roots
of the characteristic equation of this 2 by 2 matrix which is

det(TToda − w) = w2 − TrTTodaw + det(TToda) = 0. (4.23)

By defining y = 2w−TrTToda and using det(TToda) = Λ2N we get the familiar form
of the spectral curve,

y2 = (TrTToda)2 − 4Λ2N . (4.24)

4.2.2 The spin chain

The above formulation of the periodic Toda chain can be used to search for general-
izations. Let us consider the following matrices (slightly confusingly also called Lax
matrices),

Lj(λ) = λ− λj +
3∑
k=1

S
(j)
k σk, (4.25)

Lj =

(
λ− λj + Sj1 Sj2 − iS

j
3

Sj2 + iSj3 λ− λj − Sj1

)
, (4.26)

where λi are constants (trivial Casimirs) known as impurities and the σj are the
Pauli matrices. We define σ0 to be the identity matrix. For this system to be inte-
grable the Lax matrices should satisfy quadratic r-matrix relations (see e.g. [77],
chapter 2),

{Li(λ) ⊗, Lj(λ′)} = δij [r(λ− λ′), Li(λ)⊗ Lj(λ′)] , (4.27)
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where we choose a rational r-matrix 1
2(λ′−λ)

∑3
a=0 σ

a ⊗ σa. This r-matrix is propor-
tional to the interchange operator P : A ⊗ B → B ⊗ A and the r-matrix relation is
invariant under multiplication on the left or right of both Lax matrices with a con-
stant matrix. With this r-matrix the Sj should satisfy a classical SL(2,C) Poisson
algebra,

{Sai , Sbj} = iδabεijkS
a
k . (4.28)

Now define the transfer matrix and the associated spectral curve in analogy to the
Toda case,

T (λ) =
1∏

j=N

Lj(λ) (4.29)

det(T (λ)− w) = w2 − TrTw + det(T ) ≡ w2 − PN (λ)w +Q2N (λ) = 0, (4.30)

where the subscripts denote the degree of the polynomials. Defining y = 2w −
TrTToda we obtain

y2 = (PN )2 − 4Q2N . (4.31)

An important step in analyzing integrable systems is obtaining its conserved quan-
tities. The spin chain variables have a natural quadratic Casimir, the spin length
(Sa)2, which commutes with all Sbi . If we fix the values of the Casimirs, there
remains a Poisson manifold of dimension 2N . The remaining variables can be ex-
pressed in terms of N coordinates and momenta (see for instance appendix A) with
the usual Poisson bracket. To completely solve the integrable system we therefore
need determine N conserved quantities. Observe that products of Lax matrices at
different sites obey the same r-matrix relations, e.g. {L1(λ)L2(λ) ⊗, L1(λ′)L2(λ′)} =
[r(λ− λ′), L1(λ)L2(λ)⊗L1(λ′)L2(λ′)]. Taking the trace on both factors in the direct
product now gives a conserved quantity of the spin chain. A convenient basis can be
obtained by studying {T (λ), T (λ′)}, which gives the coefficients of the trace of the
transfer matrix as conserved quantities.

Comparing with the Seiberg-Witten curve for U(Nc) with Nf = 2Nc flavors in e.g.
[78] shows that the Q term should be (up to the modular functions of the confor-
mal gauge coupling factor eiτ , which we will discuss momentarily)

∏2Nc
i=1 (λ + mi),

where mi are the masses of the fundamental hypermultiplets2. In the XXX chain
the polynomial Q2N is,

Q2N (λ) =
N∏
i=1

((λ− λi)2 −K2
i ), (4.32)

2strictly speaking the mi as used here are modular functions themselves. If we take a limit to the
case of Nf < 2Nc, the corresponding limit on the scale of the problem will reduce the m(τ) to simple
constant masses.

96



4.2. The classical SL(2,C) spin chain and its degenerations

where K2
i is the obvious quadratic Casimir of the Poisson algebra (4.28) at site i.

We therefore obtain 2 masses from each site which are furthermore equal if Ki is
zero. Note that the full spectral curve of the spin chain only contains Casimirs of the
algebra and is therefore itself a conserved quantity.

As a final step in identifying gauge theory quantities, the modular functions have to
be inserted in front of the Q, or for the more general (Nf < 2Nc) case introduce
a scale into the problem. It has already been noted that the integrability condition
(4.27) is invariant under multiplication of the Lax matrices by a constant matrix. We
can therefore take generalized boundary conditions without affecting integrability,
or in other words take a modified transfer matrix T̃ = CT , where we take C to be

C =
(

1 1
−1
4 (1− g2) 0

)
. (4.33)

In the case where Nf = 2Nc, g is the modular function θ4
2+θ4

1
θ4
2−θ4

1
. To really fit the curve

in [78] λ should be shifted by gµ with µ = 1
2Nc

∑
mi and the masses should be

redefined in the spin chain to be µi = mi − µ. However, since we will be reducing
to non-finite gauge theories in a moment we will not do that here. In any case, in
most cases considered in this chapter the gauge theory scale will be introduced in
another way than by the above C matrix, see subsection 4.2.3.

4.2.3 Degenerations

In gauge theory the degeneration to lesser amounts of flavors is performed by inte-
grating out massive degrees of freedom. On the level of the Seiberg-Witten curve
this translates into taking several masses to infinity while keeping the product of
these masses with the gauge theory effective scale fixed to a new effective scale. If
our integrable models describe the gauge theory correctly, there should be a limit
in the integrable system which reproduces this procedure. We will discuss how to
take limits on the spin chain to integrate out masses. For one site and in different
variables this was discussed in [32].

The SL(2,C) algebra at each site has a Casimir which we will want to keep fixed
in this chapter since it relates to the masses. Also the connection to the Toda chain
is not clear in the variables Si, so we will re-express the SL(2,C) algebra in new
variables q, p,K for each site. The Heisenberg-like variables q, p obey the standard
Poisson algebra {qi, pj} = δij . An additional reason to switch to Heisenberg vari-
ables is that the 3d superpotential we will consider has known non-perturbative
contributions in the pure glue sector of the form

∑
eqj+1−qj and these appear natu-

rally in Heisenberg like variables. Hence, these new variables are much closer to the
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naive gauge theory degrees of freedom. After some analysis (see the appendix (A))
we arrive at the Lax matrix:

Lj =
(

λ− pj (m2j + pj)e−qj

−(m2j−1 + pj)eqj λ+ (m2j +m2j−1) + pj

)
, (4.34)

where one of three possible forms is chosen, namely the one which is the most con-
venient one for taking limits. The other two forms are connected to this one by a
(possibly singular) canonical transformation. We will explore this briefly below. In
this form the inhomogeneities λj and the Poisson-algebra Casimirs Kj have been
expressed in terms of the masses. We want to study degenerations to the Lax matrix
of the Toda chain(4.21) which can be done by taking certain scaling limits. Imme-
diately a problem presents itself: if we introduce the modular functions through a
C matrix as above, then not all masses are multiplied by the coupling function in
general which prevents us from taking masses to infinity directly. The origin of this
problem is the site-locality of the masses at sites and the site global form of the cou-
pling matrix. Since the masses are site-local, we will study a local limiting procedure
below. However, this global versus local problem is the source of the existence of
the different coordinate patches we will encounter later.

Local limits

As noted in the previous subsection, the integrable structure of the chain is invariant
under multiplication by a constant matrix. Multiply (4.34) by constant matrices

AJ =
(

1 0
0 αj

)
and BJ =

(
1 0
0 βj

)
on the right and left respectively to obtain

Lj =
(

λ− pj αj(m2j + pj)e−qj

−βj(m2j−1 + pj)eqj (λ+ (m2j +m2j−1) + pj)αjβj

)
, (4.35)

At every site there are four different limits one can take:

1. Take both αj and βj to zero, keeping βjm2j−1 and αjm2j fixed (at Λ). We will
call this limit (0)

2. Take αj to zero and βj to one, keeping αjm2j fixed (at Λ). We will call this
limit (1u).

3. Take βj to zero and αj to one, keeping βjm2j−1 fixed (at Λ). We will call this
limit (1d).

4. The trivial limit α = 1 and β = 1, which we will call (2)

Note that the first limit reproduces the Toda chain 2 by 2 matrices. The gauge
theory scale is introduced in the above by dimensional analysis and by comparing
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to the Toda chain. In principle we could also take an entirely different set of limits
where in the end all the top left components of the Lax matrix would be put to
zero when taking the Toda limit. However, it seems inconsistent to take such a limit
on one of the Lax matrices and then take the above limit (0) on the next one: this
procedure would for instance not reproduce a Seiberg-Witten curve of U(Nc) gauge
theory without flavors in the case where all masses are integrated out. Since taking
the above described limit or the alternative limit at all matrices will give the same
spectral curve we will only consider the ones in the list above.

We will use the following notation for limits: the total quark content of the chain will
be given by a vector M := (eNc , eNc−1, . . . , e1), where ei indicates the limit taken on
a site.

4.3 Conjecture details

In this section some details will be discussed for the conjecture of chapter 2 for the
exact superpotential of N = 2 U(Nc) gauge theory with Nf hypermultiplets in the
fundamental representation on the manifold R3 × S1, which is broken to N = 1 by
adding a (polynomial) superpotential W for the adjoint superfield Φ.

As explained in the second chapter, in order to write down the quantum superpoten-
tial we merely have to find good holomorphic variables on the moduli space. The
integrable system and its degeneration described in the previous subsection has all
the required properties and therefore provides us with variables that are valid on
at least an open subset of the moduli space. Therefore, our proposal simply boils
down to using the conserved charges of the integrable system to build the quantum
superpotential. There is a subtlety regarding exactly which conserved quantity we
should associate to the operator tr(Φk). As discussed in section 4.1.3 we will use to
gauge theory resolvent to give a precise quantum meaning to tr(Φk) and to define
it unambiguously in terms of the conserved charges of the integrable system. This
quantum definition is also the one for which the factorization of the Seiberg-Witten
curve takes on the simple universal form of equation (18).

4.3.1 The superpotential

The form of the superpotential in 4d for the softly broken N = 2 theory is

W = W (Φ) +
√

2Q̃iam
j
iQ

a
j +
√

2Q̃iaΦabQ
b
i . (4.36)

In the pure glue case it was natural to replace the moduli space coordinates in
the superpotential by (a specific basis of) the conserved quantities (Hamiltonian
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functions) in the integrable system, i.e. traces of powers of the Lax matrix. In
the present case that would translate to replacing the moduli space coordinates by
certain Hamiltonians of the XXX chain. In the direct application of this idea we
then run into the problem of what to do with the Q’s: since there are no dynamical
variables in the chain which correspond naturally to the fermionic quark fields or
the composite meson field variables. This is highly reminiscent of the lack of natural
glueball field variables in the periodic Toda chain. Note that, just as the on-shell
glueball fields can be calculated from the factorization of the curve, on-shell we can
recover the meson vevs [48] as well. Imagine integrating out the quarks, irrespective
of whether this is allowed. We are then left with an effective superpotential of the
same degree as the original one. However, in order to integrate out the quarks we
need to choose a particular vacuum around which to expand. One would therefore
expect to find only one branch, with fixed r, of the full vacuum structure. For an
attempt to calculate an integrable system potential in a similar way see appendix C.

In the main body of this chapter a more naive approach will be followed by taking
W (Φ) and replacing the gauge theory Casimirs directly by the corresponding ex-
pression calculated through the gauge theory resolvent. Note that this (correctly)
reduces to the pure glue gauge theory in that particular limit.

In the following several vacua of this proposed superpotential will be studied and,
in contrast to the naive expectation, several r-branches are described by the minima
of one superpotential. In fact, for a quadratic potential and Nf < Nc all expected
vacua will be found in one go. Note that that there can be different solutions to
the equations of motion which yield the same Seiberg-Witten curve. These solu-
tions therefore describe the same vacuum from the four dimensional point of view.
However, on R3 × S1 they obviously correspond to inequivalent vacua.

4.4 Addition and multiplication maps

On field theory grounds some vacua of gauge theories with different matter content
and/or different rank of the gauge group should be connected through the so-called
addition and multiplication maps (see for instance [69]). In this section we show
that these maps both have a natural counterpart in the integrable system. We will
use that the e.o.m. derived from a polynomial superpotential can be written as,

δW

δoi
= − 1

2πi

∮
∞
W ′(x)

δP
δoi√

P 2 − 4Q
. (4.37)

Here oi is either pi or qi. Hence if the derivative of the transfer matrix with respect
to the coordinates vanishes the equations of motion are satisfied.
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4.4.1 Addition map

Suppose we have a solution of the spin chain e.o.m derived for a fixed superpotential
W =

∑n+1
k=0

gk
k Tr (Φk) =

∑
ukgk in a Nc, Nf parent gauge theory. Using this it must

then be shown that (some of the) solutions to the e.o.m of spin chain corresponding
to a daughter gauge theory with the same superpotential and Ñc = Nc + 1, Ñf =
Nf +2 can be generated. Likewise, there must be a solution in the Ñc, Ñf which can
be projected down to the parent theory. In the field theory analysis [69] this map is
known as the addition map and below we show how it has a natural interpretation
in our proposal.

Start with the transfer matrix of the Nf , Nc theory and add one diagonal Lax matrix
(x + m̃)I2×2 to it, which can be obtained by adding a spin chain Lax matrix with
2 masses m̃ and setting p → −m̃. Then it easily seen that the spectral curve of
the resulting transfer matrix has the form (x + m̃)2(P 2

N − 4Q) appropriate for a
Ñc = Nc + 1, Ñf = Nf + 2 theory, with 2 flavors of mass m̃ on the Higgs branch.
It then must be shown that the e.o.m. of the two theories have a simultaneous
solution which has p → −m̃, so that a solution in the parent theory can be lifted to
the daughter. The generating function for the e.o.m. in the Ñc theory is obtained by
adding a matrix at site N + 1 to a U(Nc) transfer matrix,

TrTÑc(x) = Tr
((

x− pÑc (m̃+ pÑc)e
−qÑc

−(m̃+ pÑc)e
qÑc x+ 2m̃+ pÑc

)(
t11 t12

t21 t22

))
, (4.38)

TrTÑc(x) = (x− pÑc)t11 + (m̃+ pÑc)e
−qÑc t21 −

(m̃+ pÑc)e
qÑc t12 + (x+ 2m̃+ pÑc)t22. (4.39)

It is easy to see that the e.o.m. for oi ∈ pi, qi i 6= Nc + 1 simply project down to the
U(Nc) theory when pÑc = −m̃, since only the t’s depend on these coordinates. In
this case the e.o.m. can be derived from

δTÑc
δoi

= (x+m)
δTNc
δoi

. (4.40)

The equation of motion for qÑc is also solved by this value for pÑc . The equation
obtained by varying with respect to pÑc is quadratic in eqÑc on this solution since in
that case,

TrT ∼ t22 − t11 − e−qÑc t21 − eqÑc t12, (4.41)

and the Seiberg-Witten curve is independent of eqÑc on the solution. The resulting
equations can be solved for eqÑc which yields two solutions. The solutions for pÑc
and qÑc map two solutions to the e.o.m. of the daughter theory to the parent. These
two solutions for qÑc correspond to the same Seiberg-Witten curve in the parent
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theory. Vice-versa, one solution to the parent theory e.o.m. can be lifted to two
solutions in the daughter with equivalent Seiberg-Witten curve. It remains to be
shown that the e.o.m. projected down to the parent theory can be derived from the
same superpotential in both theories, but this follows trivially from (4.37). Note
that on shell we have

ũk =
1
k

(m̃)k + uk. (4.42)

4.4.2 Multiplication map

The multiplication map can be derived in the 2 × 2 formalism slightly simpler than
it was derived for the pure glue gauge theory in the Nc × Nc form in chapter 3.
The derivation below is the extension of the integrable systems multiplication map
to theories with fundamental matter. Consider a transfer matrix for a U(tNc) gauge
theory with tNf quarks which is the product of t transfer matrices TNc of the parent
U(Nc) theory.

It needs to be shown that solutions to the e.o.m. for the U(tNc) can be projected
solutions to the e.o.m. of the U(Nc) theory by periodically identifying coordinates
and momenta. The difference between the e.o.m. for qj and qat+j can be studied in
the U(tNc) theory, with a an integer,(

δ

δqj
− δ

δqat+j

)
PtNC . (4.43)

The transfer matrix can be written in a site-local form. Hence taking derivatives
with respect to coordinates qj and qat+j (or momenta) and periodically identifying
with period t will yield the same transfer matrix in both cases. Therefore the right
hand side of equation (4.43) vanishes and the e.o.m. of the U(tNc) theory can be
projected down to U(Nc) theory.

It remains to be shown that the equations of motion can be derived from the same
superpotential and how the Seiberg-Witten curves are related. Below we will first
show that the curve in the U(tN) theory is related to the curve in the U(N) theory
as

P 2
tNc − 4QtNc = H2

2(t−1)Nc
(P 2
Nc(x)− 4 det(TNc)), (4.44)

with H a polynomial of order 2(t − 1)Nc. In particular, if one curve factorizes as
in equation (4.17) for a particular solution in that theory, so does the multiplication
map of that curve when evaluated on the solutions which have been generated by
the multiplication map of that solution.

The trace of the product of transfer matrices, TrTtNc , only depends on the two
eigenvalues of TNc , so the trace of the product of t of them can be written as a
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function of the trace and the determinant of TNc . In fact, since for 2 by 2 matrices

Tr (TtNc) = Tr (T tNc) = Tr (TNc)Tr (T t−1
Nc

)− det(TNc)Tr (TNc
t−2), (4.45)

we have

Tr (T tNc)
(2 det(TNc))t/2

=
2Tr (TNc)

2
√

det(TNc)

Tr (T t−1
Nc

)
2 det(TNc)(t−1)/2

−
Tr (T t−2

Nc
)

2(det(TNc))(t−2)/2
, (4.46)

or defining Ct =
Tr (T tNc )

2(det(TNc ))t/2
and x ≡ C1 = Tr (TNc )

2
√

det(TNc )

Ct(x) = 2xCt−1(x)− Ct−2(x), (4.47)

which is the Chebyshev recursion relation (for Chebyshev polynomials of the first
kind with the above initial conditions). Putting it all together we get,

PtNc(x) = 2(det(TNc))
t/2Ct

(
PN (x)

2
√

det(TNc)

)
, (4.48)

as is expected on purely field theory grounds (see e.g. [23]) and which combines
nicely with the determinant of TtNc to give the correct factorization of the curve.

P 2
tNc − 4QtNc = 4 det(TNc)

t

(
C2
t

(
PNc(x)

2
√

det(TNc)

)
− 1

)

= det(TNc))
t−1U2

t−1

(
PNc(x)

2
√

det(TNc)

)(
P 2
Nc(x)− 4 det(TNc)

)
.

Note that the first part of the last equation can be written as the square of a poly-
nomial. This can be easily proven using the parity relations for the Chebyshev poly-
nomials. Since the scale in the U(tNc) theory must be real, det(TNc) must be a t-th
root of unity and there are t inequivalent ways of lifting a solution of the U(Nc)
theory to a solution of the U(tNc) gauge theory.

Using the above analysis of the Seiberg-Witten curve, it can now be shown that the
equations of motion of parent and daughter theory in the multiplication map are
derived from the same superpotential. From equation (4.37) we get that

δW

δoi
=
−1
2πi

∮
∞
W ′(x)

C ′t

(
PN (x)

2
√

det(TNc )

)
δPN
δoi

Ut−1

(
PNc (x)

2
√

det(TNc )

)√
P 2
N − 4QN

. (4.49)

The following relation can easily be proven using the generating functions for the
Chebyshev polynomials,

C ′t(x) = tUt−1(x), (4.50)
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and it is then easy to see that the equations of motion in both parent and daughter
theory are derived from the same superpotential. Note that there is no freedom to
choose limits in these versions of the multiplication and addition maps, although
when the above maps are combined with finite non-singular canonical transforma-
tions there certainly is such freedom.

4.5 Examples

This section contains several examples in which the vacua of several of our pro-
posed superpotentials are calculated. Unless stated otherwise these examples are
for a quadratic superpotential with W ′(−m) = 0 and with equal mass fundamental
hypermultiplets.

4.5.1 Gauge group U(2)

2 flavors

We will do this case in some detail, to illustrate the (in)equivalence of the various
limits that one can take on the full XXX chain. In the notation introduced in sec-
tion 4, there are three different and inequivalent limits that one can take, namely
(2, 0), (1u, 1u) and (1u, 1d). Below we list for each of these three cases the value
of P2(x), Q2(x), u1 = Tr(Φ) and u2 = 1

2Tr(Φ2). The latter we compute using the
gauge theory resolvent, so that it is slightly different from the naive quantity that one
would extract from P2(x) (see equation (4.142)). For simplicity we also introduce
the notation y = eq1−q2 . We find for the case (2, 0)

P2(x) = (x− p1)(x− p2)− yΛ(p1 +m1)− y−1Λ(p1 +m2)

Q2(x) = Λ2(x+m1)(x+m2)

u1 = p1 + p2

u2 =
1
2

(p2
1 + p2

2) + Λ2 + Λy(p1 +m1) + Λy−1(p1 +m2), (4.51)

for the case (1u, 1u)

P2(x) = (x− p1)(x− p2)− yΛ(p1 +m1)− y−1Λ(p2 +m2) + Λ2

Q2(x) = Λ2(x+m1)(x+m2)

u1 = p1 + p2

u2 =
1
2

(p2
1 + p2

2) + Λy(p1 +m1) + Λy−1(p2 +m2), (4.52)
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and finally for (1u, 1d)

P2(x) = (x− p1)(x− p2)− yΛ2 − y−1(p1 +m1)(p2 +m2) + Λ2

Q2(x) = Λ2(x+m1)(x+m2)

u1 = p1 + p2

u2 =
1
2

(p2
1 + p2

2) + Λ2y + y−1(p1 +m1)(p2 +m2). (4.53)

As we expected, these three cases are related to each other by canonical transforma-
tions. The second case is obtained from the first one by the transformation

p1 → p1 − Λy−1, p2 → p2 + Λy−1, (4.54)

while the third case is obtained from the second one by the transformation

y → Λy/(p1 +m1). (4.55)

Notice that this last transformation is not well-defined everywhere on the phase
space. This illustrates the general phenomenon that different degenerations can in
principle describe different open subsets of moduli space, though on overlaps they
are always related by a canonical transformation.

The vacua of a purely quadratic superpotential (proportional to u2) in the case of
equal masses m1 = m2 = m are easily found. In the third case (1u, 1d), there are
three types of solutions. The first are the r = 0 solutions

p1 = p2 = ±Λ, y = −Λ±m
Λ

, (4.56)

for which
P 2

2 (x)− 4Q2(x) = (x∓ 2Λ)2(x2 ± 4mΛ + 4Λ2). (4.57)

This follows the general factorization pattern summarized in (4.17). Secondly, we
have the r = 1 solutions

p1 =
−m±

√
m2 − 4Λ2

2
, p2 =

−m∓
√
m2 − 4Λ2

2
, y = 1 (4.58)

for which
P 2

2 (x)− 4Q2(x) = (x+m)2(x2 − 4Λ2). (4.59)

This shows that both solutions give rise to the same Seiberg-Witten curve. They are
nevertheless inequivalent solutions for the gauge theory on R3 × S1.

There is one more solution which is not strictly speaking a solution. It corresponds
to the baryonic branch. Consider the ε→ 0 limit of

p1 = p2 = −m+ ε, y = ε/m. (4.60)
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One can easily check that the pi and qi equations of motion vanish in this limit, and
that the Seiberg-Witten curve becomes

P 2
2 (x)− 4Q2(x) = (x+m+ Λ)2(x+m− Λ)2. (4.61)

However, this solution is at the boundary of the coordinate system.

The r = 0 and r = 1 solutions can be mapped directly to the first two limits (2, 0)
and (1u, 1u). However, the baryonic branch is more complicated, as this is exactly
where the map between the (1u, 1u) and (1u, 1d) degenerates. One can take limits
of the coordinates in (2, 0) and (1u, 1u) so that the Seiberg-Witten curve takes the
form (4.61), but in none of those limits do the equations of motion also vanish. In
any case, the baryonic root appears to be never a bona fide finite solution of the
equations.

An alternative limit for Nf = 2

There is in fact one more limit to do the calculation for. This limit is actually not
contained in the form (4.35), but arises when one of the other two options for
Heisenberg variables in appendix A is chosen. There is just one possibility which
is not trivially related to either the limit studied in this subsection or the previous
explored cases: take the Lax matrix on the first site to be the Toda one and the Lax
matrix on the second site to be

L2 =
(
λ− p2 (m1 + p2)(m2 + p2)e−q2

−eq2 (λ+ (m2 +m1) + p2)

)
. (4.62)

We find for this case

P2(x) = (x− p1)(x− p2)− y−1Λ2 − y(p1 +m2)(p1 +m1)

Q2(x) = Λ2(x+m1)(x+m2)

u1 = p1 + p2

u2 =
1
2

(p2
1 + p2

2) + Λ2 + Λy(p2 +m1)(p2 +m2) + Λ2y−1, (4.63)

This seems similar to what was obtained in the limit (1u, 1d) by taking y → 1/y,
but note that the factor which multiplies Λy contains just p2 and not p1. By the
application of

y → Λ
y(p1 +m1)

. (4.64)

this case is mapped to the case (2, 0). However, the r = 1 vacuum found there in
the case of equal masses is located precisely at the point where the above map de-
generates. This is reflected in the fact that the e.o.m. for a quadratic superpotential
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(and equal masses) for the alternative limit of this subsection only have two r = 0
solutions. The r = 1 solutions are missing, which indicates that the moduli space
coordinates of this particular alternative limit are a poor choice.

Since the map displayed above will always connect the alternative limit to the limit
(2), there will always be a possibility for degeneration in this case. Further on in
this chapter it will be found that for Nf < Nc all vacua can be obtained from a
(1u, 1u, . . . , 0, 0) limit. This will make that class of limits (experimentally) much
better behaved than the alternative. This is the reason that in this chapter generically
the form of (4.34) is chosen for the Lax matrices instead of the option (4.62).

1 and 3 flavors

For the limits (1u, 0) and (1d, 0) we find the expected 3 genus zero SW curves. For
(2, 1d) we find 3 different phases (r = 0, 1 and a baryonic root). The r = 1 branch
is triply degenerate, as expected. The baryonic root is located on the edge of the
phase space as above and consists of one solution. The gauge theory analysis gives
in this case 2 phases in addition to the three found. These are the phases obtained
from the Seiberg dual quark potential in equation (4.13) when the meson matrix
is degenerate. However, from the Coulomb branch point of view, these phases are
contained in the baryonic root. Since the Higgs branch roots found for the case
Nf = 3 are triply degenerate, correctly corresponding to all solutions, it is expected
that the extra magnetic phases would show up as degenerate solutions as well.

To see if the needed extra vacua are not hidden by a bad choice of moduli space
coordinates such as the choice in the alternative limit displayed in the previous
section, we can study the case of two zero masses and one non-zero mass. The non-
zero mass can either be in the 2 or in the 1d of the limit (2, 1d). In the case 1d we
continue to find 5 solutions. Two r = 1 solutions and the baryonic branch have the
same double root structure in the on-shell Seiberg-Witten curve. The same structure
is found if the non-zero mass is the top mass in the 2.

More interesting things happen if the non-zero mass is the bottom mass in the 2.
In addition to the vacua found above, an extra baryonic vacuum appears at a finite
point in moduli space. The baryonic vacua found give Seiberg-Witten curves

y2 = x2(x+m− Λ)2

y2 = (−x2 +mΛ + Λy)2. (4.65)

The solution to the e.o.m. which give the first vacuum diverges in the limit m→∞
and also does not admit a holomorphic decoupling limit. The second Seiberg-Witten
curve corresponds to the baryonic vacuum found before. These results seem to
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suggest that the ’magnetic’ vacua of the theory can be found in some coordinate
patches on gauge theory moduli space, but not in all coordinate patches. The fact
that one mass seems to play a privileged role in the chain seems reminiscent of the
ordering problem we encountered in chapter (3) for taking classical limits.

4 flavors

This is a simpler version of the case studied in [45] and for direct comparison we
take the superpotential in this case to be purely quadratic W (x) = x2. The differ-
ence is that in that article the flavor masses were all assumed to be unequal and the
solution was calculated in the weak coupling limit. We will not present the calcula-
tion here, but we find the expected 2 electric branches: two r = 0 branches and a
quadruply degenerate r = 1 branch.

2 flavors with unequal masses

We study this in the limit (1u, 1d). Since this example is more involved we will
elaborate slightly. We start by imposing a superpotential of the form W (x) = 1

2x
2.

The e.o.m. for the momenta are easily solved. We are then left with one equation
for the coordinates which, using the transformation eq1 = b1, e

q2 = b2 reads,

b2

(
Λ2
(
b1

2 − b22
)2

+ b1
2
(
b1 b2m2

2 −
(
b1

2 + b2
2
)
m2m3 + b1 b2m3

2
))

b1
3 − b1 b22 = 0.

(4.66)
This yields 5 solutions, a trivial one (b2 = 0) and the four solutions of the quartic
equation. The Seiberg-Witten curve for the trivial solution is

y2
triv =

(
x2 − Λ2 +m2m3 + x (m2 +m3)

)2
. (4.67)

The solution to the quartic equation is not very insightful by itself and we were
unable to show the factorization of the Seiberg-Witten curve directly. However, fac-
torization can be shown through a different route3. Note that, since we are first
and foremost interested in roots of the Seiberg-Witten curve, we can try to find it’s
double roots when evaluated on the solution for the momenta. We shall use the
quadratic part of the numerator of equation (4.66) repeatedly to simplify expres-
sions. Using this, it can be shown that the spectral curve simplifies to

y2 = −4 Λ2 (x+m2) (x+m3) +
(
x2 +

b1(m2 +m3)
b1 + b2

x+
2Λ2b1 − b2

b1

)2

. (4.68)

3another route would be to compute the common divisors of the of the curve expressed in spin chain
variables and the remaining equation of motion
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We first try to find its double roots by studying the cubic equation ∂y2

∂x = 0. Happily,
this equation factorizes into a linear and a quadratic equation. The linear equation
has a root at

− (m2 +m3)b1
b1b2

. (4.69)

This root is a candidate for a double root of the spectral curve (4.68). Plugging
this root back into the curve we see that it is indeed a double root of that curve
iff equation (4.66) holds. We have therefore found the double root of the spectral
curve. Using polynomial division gives the non-singular part, which has the simple
form

(x)2 − 4 Λ2 b2
b1

. (4.70)

Numerical evaluation of the double roots shows that these consists of solutions
which connect (at m2 = m3) to a doubly degenerate r = 1 branch and the expected
two solutions for the r = 0 branch.

2 flavors with a cubic potential

We study a superpotential of the form W (x) = 1
3x

3 − a2x, using the limit (1u, 1d).
Solving the equations for the coordinates yields three independent solutions. Two
of these are related by Λ→ −Λ. The third one yields two genus one Seiberg-Witten
curves of the same form,

y2 = −4 (m+ x)2 Λ2 +
(
−a2 + x2 + 2Λ2

)2
. (4.71)

The extra contribution in the P -polynomial exactly cancels the leading term of the Q
polynomial to form W ′(x)2 + fn−1 just as expected from the field theory analysis in
appendix B. There are 2 main branches of solutions remaining with two remaining
equations in each of them. Examination of these equations shows these have again
3 sub-branches of solutions. Since the equations are related by Λ→ −Λ for the two
main branches, we only have to explore one set of these 3 sub-branches. The first
sub-branch gives again the above genus 1 curve (quadruply degenerate this time).
The second sub-branch gives rise to 4 different genus zero curves and the last one
consists of two doubly degenerate r = 1 curves.

1 flavor with a cubic potential

We consider the same potential as above and the e.o.m. give in this case 2 main
branches of solutions. One main branch consists of two sub-branches. One of them
numerically corresponds to 6 genus zero curves, whereas the other sub-branch con-
tains (numerically) a root at approximately x = −m. However, we were unable to
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obtain an analytical expression for these last curves. The remaining main branch
corresponds to two genus one curves, as expected.

A holomorphic coordinate patch for the baryonic root at Nf = 3

The alternative limit on the 2 × 2 Lax matrices displayed in (4.62) did not yield as
much information in the caseNc = 2, Nf = 2 as the regular limits studied in all other
cases above. In particular, it did contain the baryonic root in that case. Naively, there
is no reason to suspect that this would be different for the case Nf = 3. However,
with the limit 1u on one Lax matrix and the alternative one on the second does yield
different results. With the superpotential W (x) = 1

2x
2 + mx and equal masses m

for the quarks we find that the theory has 3 (non-degenerate) different vacua with
Seiberg-Witten curves

y2 = (m+ x)2(m+ x− Λ)2

y2 = (m+ x)2((m+ x)2 + 4Λ2) (4.72)

y2 = (m+ x− 4Λ)2((m+ x)2 + 4Λ2).

The most interesting thing about these solutions is that the baryonic first Seiberg-
Witten curve is located at a finite point in moduli space

p1 = −m, p2 = −m, y = −1. (4.73)

It would certainly be interesting to understand why in this case the baryonic branch
and the r = 1 branch are covered by this particular limit and not in the case of
Nf = 2. Furthermore, it is slightly suspicious that we recover only three solutions
and not the expected 5. This is because the r = 1 branch found in the alternative
limit is not triply degenerate.

4.5.2 Gauge group U(3)

4 flavors

We study the limit (1u, 2, 1d), since this case resembles the correct limit for Nc =
2, Nf = 2 and find 2 + 2 + 1 vacua for r = 0, 1, 2 respectively. These vacua belong to
the electric phase. Furthermore we find the direct (addition map) lift of the Nc = 2,
Nf = 2 baryonic branch. It appears that we are missing the same (magnetic) vacua
here as we did in the Nc = 2, Nf = 3 case. The r = 2 branch yields six times the
same curve, the two r = 1 branches four each, and the r = 0 just has one solution
for each curve, as expected from the field theory analysis.
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2 flavors

We find 4 r = 0 and 2 branches of the solution using the (2, 0, 0) limit. The r = 1
branch (which has two solutions for each curve) corresponds to the addition map
applied to Nc = 2, Nf = 0, since it has the structure (x + m)2 times the curve for
Nc = 2, Nf = 0 with the same superpotential. The (1u, 1d, 0) limit shows one extra
phase for a solution of the e.o.m. which is on the edge of the phase space (q1 →∞).
This phase has Seiberg-Witten curve factorization

y2 = (x+m)2((x+m)2 + 2Λ2)((x+m)2 − 2Λ2). (4.74)

which is a genus 1 curve. This is an example of a solution which is not expected
from the gauge theory analysis which lies on the boundary of the phase space.

3 flavors

For this interesting case we checked several different limits. Just as in the Nc =
Nf = 2 case we generically find the expected 3 r = 0 and 3 (with 3 solutions each)
r = 1 electric branches. Only limits which contain a link like in the Nf = 2 = Nc
case, i.e. (1u, 1d) also produce the baryonic root.

4.5.3 Gauge group U(4)

In order to check the multiplication and the addition map we study the four flavored
theory. The multiplication map can be studied by taking the limit (1u, 1d, 1u, 1d).
This gives 4 phases at r = 0, 4 at r = 1, and 2 phases at r = 2. Actually, the phase
at r = 2 has a (x + m)6 piece in the Seiberg-Witten curve which suggests it is an
(unphysical) r = 3 branch, but if we shift the mass in the superpotential from 1

2x
2 +

mx to a slightly different mass m̃we see that only 4 roots of the Seiberg-Witten curve
remain at x = −m. In addition we find the multiplication map lift of the baryonic
branch. However, in addition to these phases we also find a Seiberg-Witten curve of
the form ((x+m)8 +Λ8) and one of the form (m+y)4((y+m)2−Λ2)((y+m)2 +Λ2)
which are genus 1 curves, both very similar to equation (4.74). Just as in that case,
these solutions are on the edge of the phase space. In fact, the genus 1 curves seems
to be the addition map lift of this ’wrong curve’. We also checked a different limit
for this case, which yields the same phases with the exception of the baryonic root.
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4.5.4 The case Nf ≤ Nc

We take the limit (0Nc−Nf (1u)Nf ), Nc to be larger than to 2 and the superpotential
to be W (x) = 1

2x
2 + mx. We take the masses to be all unequal. We compute the

superpotential,

W =
1
2

Nc∑
i=1

p2
i +

Nf∑
i=1

Λeqi−1−qi(pi +mi) +
Nc∑

i=Nf+1

Λ2eqi−1−qi +m

Nc∑
i=1

pi. (4.75)

To see this is indeed the correct expression for the quadratic potential note the fol-
lowing: for Lax matrices at a site which contains masses, the constant lower right
matrix element only contributes to the trace of the transfer matrix at order xNc−3.
Since a quadratic potential is needed that can be calculated from the coefficient of
xNc−2 and xNc−1 that element can be safely ignored for calculational purposes. The
general form of the quadratic superpotential can then be inferred by comparing to
the Toda case. From equation (4.75) we easily obtain and solve the equations of
motion for p,

pi +m = −Λeqi−1−qi i = 1, . . . , Nf (4.76)

pi +m = 0 i = Nf + 1, . . . , Nc (4.77)

Her the variable q0 is defined as qN . The equations of motion for q are a bit more
involved,

eqi−1−qi(pi +mi) = eqi−qi+1(pi+1 +mi+1) i = 1, . . . , Nf − 1
eqNf−1−qNf (pNf +mNf ) = ΛeqNf−qNf+1 i = Nf

Λeqi−1−qi = Λeqi−qi+1 i = Nf + 1 . . . Nc − 1
ΛeqNc−1−qNc = eqNc−q1(p1 +m1) i = Nc,

(4.78)
or using the solution for p and the definition eqi−1−qi = zi,

zi(mi − Λzi −m) = zi+1(mi+1 − Λzi+1 −m) i = 1, . . . , Nf − 1
zNf (mNf − ΛzNf −m) = ΛzNf+1 i = Nf

zi = zi+1 i = Nf + 1 . . . Nc − 1
ΛzNc = z1(m1 − Λz1 −m) i = Nc.

(4.79)
The variables zi obey the constraint

∏
zi = 1. At this point it is important to note

that the equations of motion indeed have a solution, up to the constraint. Also,
in this case all solutions give finite coordinates. Evaluated on the solutions for the
momenta the transfer matrix becomes

T (x) = ΛN
Nf+1∏
i=Nc

(
x
Λ + m

Λ zi
−1 0

) 1∏
j=Nf

(
x
Λ + zj + m

Λ zj(
mj
Λ − zj −

m
Λ )

−1 zj

)
.(4.80)
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Here we have obtained the variables zj by inserting ‘1’ between Lax matrices LiLi−1

as (
1 0
0 eqi−1

)(
1 0
0 e−qi−1

)
, (4.81)

and realizing we are only interested in the eigenvalues of the transfer matrix.

Equal masses

First take all masses equal to m. Then Nf simple quadratic equations have to be
solved, which are solved for Nf less than Nc as zi = εi

√−zNc , with εi equal to
either +1 or −1. The constraint now reads,

iNf (zNc)
Nc−

Nf
2

Nf∏
i=1

εi = 1. (4.82)

For even Nf this constraint can be solved straightforwardly for zNc for any choice
of εi. We therefore have a total number of 2Nf (Nc − Nf/2) solutions. When Nf

is odd, we have to square the constraint which gives zNC = (−1)
1

2Nc−Nf . Inserting
this back into the constraint then fixes one of the ε, arriving at the same number of
solutions. On the basis of the field theory analysis we expect

(
Nf
Nf/2

)
(Nc −Nf/2) +∑Nf/2−1

r=0

(
Nf
r

)
(2Nc −Nf ) solutions for even Nf and

∑Nf/2−1/2
r=0

(
Nf
r

)
(2Nc −Nf )

for odd Nf , which can easily be shown to be equal to the number of found solutions

using 2k =
∑k
i=0

(
k
i

)
. If Nf equals Nc the above analysis can be repeated by solving

everything in terms of zi = εi|zNc | (note that there are N − 1 epsilons). Then we
see that there are 2Nc solutions by squaring the constraint, and the constraint fixes
one of the epsilons for the two possibilities (zNc)

Nc = ±1. For the rest of this
subsection we set the mass m for convenience to zero and consider Nf < Nc since
the case Nf = Nc is a simple generalization of the argument below. The mass can
be restored by shifting x→ x+m and shifting p→ p−m in the solution.

The above counting argument gives the total number of solutions for all r branches.
Below we show how to obtain the factorization of the curve. Use the solution of the
zj in terms of the zN and (cyclically) redistribute factors of √zNc in (4.80) to get,

T (x) = ΛN
Nf+1∏
i=Nc

(
x
Λ

√
zNc

−√zNc 0

) 1∏
j=Nf

(
x
Λ + iεj

√
zNc

√
zNc

−√zNc iεj
√
zNc

)
. (4.83)

Define x̃ ≡ x
Λ
√
zNc

, so

T (x̃) = (
√
zNcΛ)NTr

Nf+1∏
i=Nc

(
x̃ 1
−1 0

) 1∏
j=Nf

(
x̃+ iεj 1
−1 iεj

)
. (4.84)
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This expression for the transfer matrix consists of building blocks

B ≡
(

x̃ 1
−1 0

)
A+ ≡

(
x̃+ i 1
−1 i

)
A− ≡

(
x̃− i 1
−1 −i

)
. (4.85)

These matrices share a basis of eigenvectors and commute. In fact,

A+ ·A− = x̃B (4.86)

This immediately leads to the identification of the r-branches in this solution: we
take a set of Nf − r A+’s and r A−’s, r ≤ Nf , zN the appropriate solution of (4.82)
and apply (4.86) to get the transfer matrix

T (x̃) = (
√
zNcΛ)N (x̃)rBNc−Nf+r(A±)Nf+r, (4.87)

which will yield a spectral curve of the form y2 ∼ x̃2rG(x̃). The ± depends on
whether r ≤ [Nf2 ] or not. From equation (4.82) we see that we have Nc − Nf

2

solutions of this type for even Nf and r ≤ Nf
2 . Therefore for r < Nf

2 there are

2
(
Nf
r

)
(Nc − Nf

2 ) solutions for each r. The factor of two comes from the fact that

for fixed r both the solutions with r A+’s as the solutions with r A− contribute. For
r = Nf

2 there are therefore only Nc − Nf
2 solutions. For odd Nf we have to take

into account that there has to be either one A+ or A− more than the other. Then we
have

(
Nf
r

)
(2Nc −Nf ) solutions at each r-level, so the counting of states works out

level by level.

Now writing the building block matrices in an eigenvalue basis gives a transfer ma-
trix with diagonal elements:

T11(x̃) = (
√
zNcΛ)N

(
x̃

2
+

√
(
x̃

2
)2 − 1

)Nc−Nf (
x̃

2
+ i+

√
(
x̃

2
)2 − 1

)Nf−r
(
x̃

2
− i+

√
(
x̃

2
)2 − 1

)r
(4.88)

T22(x̃) = (
√
zNcΛ)N

(
x̃

2
−
√

(
x̃

2
)2 − 1

)Nc−Nf (
x̃

2
+ i−

√
(
x̃

2
)2 − 1

)Nf−r
(
x̃

2
− i−

√
(
x̃

2
)2 − 1

)r
. (4.89)

The square of the difference between the diagonal elements is the discriminant of
the characteristic equation of the 2 by 2 matrix, so is the Seiberg-Witten curve,

y2 = (T11 − T22)2. (4.90)
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By first reducing by using (4.86) it is easily seen that the remaining Seiberg-Witten

curve has the form polynomial times
√

( x̃2 )2 − 1 and thus factorizes.

Motivated by [79] we show how to write this in term of linear combinations of
Chebyshev polynomials. Chebyshev polynomials of first and second kind obey the
identities

Tn(x) =
1
2

((
x+

√
(x2 − 1)

)n
+
(
x−

√
(x2 − 1)

)n)
(4.91)

Un−1(x)
√
x2 − 1 =

1
2

((
x+

√
(x2 − 1)

)n
−
(
x−

√
(x2 − 1)

)n)
. (4.92)

It is easily seen by expanding(
x̃

2
+ a±

√
(
x̃

2
)2 − 1

)r
=

r∑
k=0

( r
k

)
ar−k

(
x̃

2
±
√

(
x̃

2
)2 − 1

)k
, (4.93)

that the trace of the transfer matrix is a linear combination of Chebyshev polyno-
mials of the first kind, while the Seiberg-Witten curve is a linear combination of
Chebyshev polynomials of the second kind times the expected non-singular piece.

Unequal masses

In this case far less specific information than above can be obtained since to obtain
more concrete results in this case the constraint equation

∏
zi = 1 has to be solved,

which is hard to do in general. However, note that inserting the solution for the zi
in term of zNc into equation (4.80) leads to a transfer matrix of the form

T (x) = ΛN
Nf+1∏
i=Nc

(
x
Λ + m

Λ zNc
−1 0

) 1∏
j=Nf

(
x
Λ + z̃j + m

Λ zNc
−1 z̃j

)
, (4.94)

where z̃j are the roots of
zj(

mj

Λ
− zj −

m

Λ
) = zNc . (4.95)

Set x̂ ≡ x+m
Λ
√
zNc

and ẑj = z̃j√
zNc

to obtain

T (x) =
(√
zNcΛ

)N Nf+1∏
i=Nc

(
x̂ 1
−1 0

) 1∏
j=Nf

(
x̂+ ẑj 1
−1 ẑj

)
, (4.96)

The building block matrices in this transfer matrix all commute so can be diago-
nalized simultaneously, as before. The eigenvalues now differ from previous cases
only by the value of a in equation (4.93) since the differences in the Lax matrices
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between the cases with and without equal masses are proportional to the identity
matrix. Hence we can (again) write the spectral curves of these transfer matrices in
terms of Chebyshev polynomials and the spectral curve factorizes in the appropriate
manner,

y2
diff mass = H2

√(
x̂

2

)2

− 1. (4.97)

From the point of view of gauge theory it is interesting that we find a concrete
realization of the polynomials studied in [79] generating the factorization for both
equal and unequal masses for the full range of Nf ≤ Nc.

4.5.5 All massive vacua for Nf ≤ Nc

In line with the calculation in chapter 3 we show how to generalize the above com-
putation to the massive vacua of an arbitrary (single trace) polynomial superpo-
tential for Nf ≤ Nc. Since the factorization into a genus zero curve shown above
is very special, the solution of the integrable system equations of motion shown is
a natural starting point to look for a solution for all polynomial superpotentials
W =

∑n+1
k=1 gk

xk

k . From the gauge theory point of view for massive vacua the
Seiberg-Witten curve must factorize into a genus zero curve which we take to be

P 2 − 4Q = H2

((
x+ c
√
zNcΛ

)2

− 4

)
. (4.98)

According to equation (4.17) there must then be polynomials G and f such that((
x+ c
√
zNcΛ

)2

− 4

)
G2
n−1(x) = W ′n(x)2 + fn−1(x) (4.99)

holds. Since this factorization problem is exactly the same as in the pure glue case
which was analyzed in chapter 3 we only state here that for such polynomials to
exist, the constant c must be such that the coefficient c0 in

W ′(
√
zNcΛ(ξ +

1
ξ

)− c) =
n∑

i=−n
ciξ

i (4.100)

is zero. We will first show below that a slight generalization of that solution indeed
solves the equations of motion up to one equation which we then show to be equal
to the equation expected from the gauge theory.

We take our solution of the equations of motion in (4.37) to be equations (4.77) and
(4.79) together with the constraint

∏
zi = 1, where in equation (4.77) we replace m
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by the variable c. We have already shown that solutions of this type yield factorized
Seiberg-Witten curves with non-singular part as in equation (4.99), but we still have
to show that these solutions actually solve the equations of motion.

First change variables as x = √zNcΛx̃− c in the integral of equations (4.37) above.
The equations of motion for the qi are satisfied because the appropriate derivative
of the trace of the transfer matrix evaluated on the equation of motion gives (after
some manipulations)

δTN
δqi

=
√
zNcΛ

(
0 −√zNc

−√zNc 0

)
TN−1, (4.101)

where TN−1 is the transfer matrix obtained by eliminating Lax matrix Li, evaluated
on the solution to the equation of motion. In particular, TN−1 is diagonalized a
known basis of eigenvectors. In this basis the other matrix becomes(

0 −√zNcΛ
−√zNcΛ 0

)
→
(

0 1
2 (x+

√
x2 − 4)

1
2 (x−

√
x2 − 4) 0

)
. (4.102)

Therefore the trace of equation (4.101) vanishes and the e.o.m. for the q’s are
satisfied.

The e.o.m. for the momenta can be derived from the transfer matrix

δTN
δpi

=
(
−1 zi
0 0

)
TN−1. (4.103)

Changing basis to the basis of eigenvectors of the other Lax matrices in the transfer
matrix (and some manipulations) yields(

−1 ẑi
0 0

)
→

 ẑi+
1
2 (x̃−

√
x̃2−4)√

x̃2−4

ẑi+
1
2 (x̃+

√
x̃2−4)√

x̃2−4
−ẑi+ 1

2 (−x̃+
√
x̃2−4)√

x̃2−4

−ẑi+ 1
2 (−x̃−

√
x̃2−4)√

x̃2−4

 . (4.104)

Therefore the trace of equation (4.103) becomes

Tr
δTN
δpi

=
(2ẑi + x̃)(T 11

N−1 − T 22
N−1)−

√
x̃2 − 4(T 11

N−1 + T 22
N−1)

√
x̃2 − 4

, (4.105)

with

TN−1 =
(
T 11
N−1 0
0 T 22

N−1

)
. (4.106)

Now we can also express the Seiberg-Witten curve on the solution in terms of the
transfer matrix TN−1 using the fact that on that solution

TN =
√
zNcΛ

 ẑi+
1
2 (x̃−

√
x̃2−4)√

x̃2−4
0

0 ẑi+
1
2 (x̃+

√
x̃2−4)√

x̃2−4

( T 11
N−1 0
0 T 22

N−1

)
. (4.107)
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As explained above, the Seiberg-Witten curve is the difference between the diagonal
values, which gives something proportional to equation (4.105). We therefore arrive
at

δP
δpi√

P 2 − 4Q

∣∣∣∣∣
solution

=
1

√
zNcΛ

√
x̃2 − 4

. (4.108)

Hence the equations of motion for all the momenta collapse into 1 equation. Com-
bining this computation with the shift in x and changing variables x→ ξ + 1

ξ yields∮
W ′(
√
zNcΛ(ξ +

1
ξ

)− c)1
ξ
dξ = 0, (4.109)

which is equivalent to equation (4.100) expected from the gauge theory point of
view. We have therefore proven that this particular solution solves the equations of
motion for the integrable system and is such that equation (4.17) holds. Note that
this holds for all Nf ≤ Nc and for arbitrary masses.

As a technical aside, note that in the Toda case the derivatives of the transfer matrix
with respect to the momenta can be summed such that on the solution the following
equation holds: ∑

i

∂P

∂pi
= −∂P

∂x
. (4.110)

This reproduces, when evaluated in the resolvent, exactly the condition in chapter 3
that TrW ′(M) should vanish, where M is the periodic Toda chain Lax operator.

It is instructive to realize at this point that the factorized Seiberg-Witten curves
obtained in this subsection should be the full field theory answer to the factorization
problem for massive vacua of gauge theories with fundamental matter with Nf ≤
Nc. In particular, they account for all possible vacua in a unified way. However,
the above construction is constructive in the sense that we do not prove that these
are all possible factorizations, i.e. that there are no others. On the other hand,
they are all the field theory possibilities that are expected from the weak coupling
point of view by a simple counting argument. We therefore expect that the found
factorization pattern is complete. To compare to other approaches to these particular
gauge theories we calculate in the final subsection the vevs for the adjoint scalar in
these vacua.

4.5.6 Adjoint scalar vevs for massive vacua

The vacuum expectation values for the adjoint scalar in the massive vacua discussed
above are given by

<uk>= − 1
2πi

∮
xk−1 log

(
(P (x) +

√
P 2 − 4Q)

xNc

)
dx. (4.111)
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For the massive vacua

P (x) +
√
P 2 − 4Q = 2T11 = 2(

√
zNcΛ)Nc

Nc∏
i=1

 x̃
2

+ zi +

√(
x̃

2

)2

− 1

 , (4.112)

with x̃ = x+c√
zNcΛ . The expectation values can be split into a part which also appears

in the pure glue case and extra terms depending on the flavors,

<uk> =<uk>pure glue + <uk>matter

<uk>pure glue = − 1
2πi

∮
xk−1Nc log


√
zNcΛ

(
x̃
2 +

√(
x̃
2

)2 − 1
)

x

 dx

<uk>matter = − 1
2πi

∮
xk−1 log

1 +
zi

x̃
2 +

√(
x̃
2

)2 − 1

 dx.

(4.113)

Calculating the glue term first we get, by splitting the logarithm into

log
(

1 +
c

x

)
+ log

(
1
2

+

√
1
4
− 1
x̃2

)
, (4.114)

two finite integrals which can be performed. The first vev is easily calculated to be

<u1>pure glue= −cNc. (4.115)

The needed contour integral of both logarithms in equation (4.114) can be evalu-
ated, with the help of the expansion4

log

(
1
2

+

√
1
4
− 1
x̃2

)
= −

∞∑
i=1

1
2i

(
2i
i

)
1
x̃2i

, (4.116)

to give

<uk>pure glue=
Nc
k

[ k2 ]∑
l=0

(
k

2l

)(
2l
l

)
(zNcΛ

2)l(−c)k−2l. (4.117)

The matter contribution can be calculated by using the change of variables x̃→ ξ+ 1
ξ .

As an intermediate result

− 1
2πi

∮
ξ=∞

(ξ +
1
ξ

)j(1− 1
ξ2

) log
(

1 +
zi
ξ

)
=

[ j2 ]∑
m=0

1
j −m+ 1

(
j

m

)
(−zi)j−2m+1

(4.118)

4Take a derivative on the left hand side w.r.t. y ≡ 1
x

and observe that this is − C(y)√
1−4y

with C(y) the
generating function for the Catalan numbers.

119



Chapter 4. Matter in the fundamental and the XXX spin chain

is obtained by straightforward computation. Plugging this result into the needed
integral we arrive at

<uk>matter= (
√
zNcΛ)k

Nf∑
i=1

k−1∑
j=0

[ j2 ]∑
m=0

(
k − 1
j

)(
j

m

)
(−zi)j−2m+1

j −m+ 1

(
−c
√
zNcΛ

)k−1−j

.

(4.119)
The full answer for the adjoint scalar vev in the massive vacua is now the sum of
equations (4.117) and (4.119). Comparing above expressions to the ones obtained
by a matrix model calculation in [80] we immediately identify

c→ −T zNcΛ
2 → R. (4.120)

Their constraint is exactly the constraint
∏
zi = 1. This can be seen by multiplying

the two different solutions to equation (4.95) for each site with a mass. For the
solutions of that equation a consistent sign has to be chosen to connect to the matrix
model result. With these identifications the relation to equations (67), (68), (69)
and (70) in [80] is obvious. The relation with the remaining equality (71) is more
obscure, but for k = 2 there is perfect agreement. It would certainly be interesting
to check the matrix model calculation further against the above field theory result.

4.5.7 Toward a general proof of factorization

In this final subsection we indicate how a proof of factorization of the Seiberg-Witten
curve can be obtained up to a technical detail. In chapter 3 we relied on a theorem
in [58] which relates straight line flows on the Jacobian of the spectral curve to the
equations of motion of the periodic Toda chain. This connection is lacking in the
case of the classical spin chain, although the fact that it is integrable and periodic
strongly suggests that the reasoning should hold in exactly the same way. In this
chapter however, we are mainly interested in the critical points of the potential as
can be obtained by using equation (4.37), reproduced here for convenience,

δW

δoi
= − 1

2πi

∮
W ′(x)

δP
δoi√

P 2 − 4Q
.

These equations can be written as

δW

δoi
=

1
2πi

∑
j

δsj
δoi

∮
W ′(x)

xNc−j√
P 2 − 4Q

. (4.122)

Assuming that the transformation Jacobian has rank N − 1, the equations of motion
amount to the vanishing of certain one forms on the Riemann-surface, a condition
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actually identical to the conditions derived in chapter 3. Therefore, modulo the
technical assumption, this amounts to a proof of factorization as in equation (4.17)
of the spectral curve of the integrable system in exactly the same way as derived
from the gauge theory. Since in the quadratic superpotential case we found all
gauge theory vacua, it is expected for the general superpotential case which can be
though of as being built out of a number of quadratic potentials that all expected
gauge theory vacua will be found.

4.6 Integrating in the mesons

A natural question in the integrable framework is whether or not one can ‘integrate
in’ the mesons, just as the glueball field can be integrated in. A natural reason to
suspect that this might be possible is the fact that the solutions we found forNf < Nc
are calculationally very similar to vacua of the potential (4.11). The gauge theory
interpretation of the solutions of both superpotentials is also similar. In addition,
pure field theory arguments indicate that it might be possible to integrate in the
mesons and even the baryons [22]. Finally, in [81] it was shown that the minima
of the ADS potential and the minimum of the matrix model potential agree for a
quadratic potential. In this section we show how to directly integrate in the meson
fields for a quadratic potential in the case Nf ≤ Nc and how this reproduces both
four and three dimensional results simultaneously.

The quadraticXXX superpotential (obtained from equation (4.75), reproduced here
for convenience) is for the limit 1u on the first Nf sites

W = µ

 Nc∑
i=1

p2
i + 2

Nf∑
i=1

Λeqi+1−qi(pi +mi) + 2
Nc∑

i=Nf+1

Λ2eqi+1−qi

 .

Here qN+1 is identified with q1. A convenient way to rewrite this is in terms of new
variables yi = Λeqi+1−qi(pi + mi). These satisfy one constraint which we impose
using a Lagrange multiplier S, and we get:

W = µ

Nc∑
i=1

(p2
i + 2yi) + S log

(
Λ2Nc−Nf

∏Nf
j=1(pj +mj)∏
yj

)
. (4.124)

In this equation Λ only appears in the logarithm and it couples to S. Therefore, S
is to be identified with the familiar glueball field of pure N = 1 theories. We now
introduce new Lagrange multipliers Mi for the masses and new fields m̃i and we
rewrite (4.124) as

W = µ

Nc∑
i=1

(p2
i +2yi)+S log

(
Λ2Nc−Nf

∏Nf
j=1(pj + m̃j)∏
yj

)
+
Nf∑
i=1

(mi−m̃i)Mi. (4.125)
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If we integrate out M we regain (4.124). On the other hand, we can also integrate
out pi, m̃i and all y except yNc and we find

W =
Nf∑
i=1

(
−M

2
i

2µ
+miMi

)
+2µyNc+(Nc−Nf−1)S+S log

(
Λ2Nc−Nf 2NcµNc

yNcS
Nc−Nf−1

∏
Mj

)
.

(4.126)
Integrating out S gives

W =
Nf∑
i=1

(
−M

2
i

2µ
+miMi

)
+ 2µyNc + (Nc −Nf − 1)

(
Λ2Nc−Nf 2NcµNc

yNn
∏
Mj

) 1
Nc−Nf−1

.

(4.127)
From now on we identify in the above expression

∏
Mj with the determinant of

the meson matrix. In order to compare to the three-dimensional N = 2 theories
studied in [35], we want to take the limit µ → ∞, keeping Λ2Nc−NfµNc fixed by
scale matching. Furthermore we set the quark masses to zero and arrive at the
superpotential for the four dimensional gauge theory we study, compactified on a
circle [35],

W = Y + (Nc −Nf − 1) (Y detM)
1

Nc−Nf−1 , (4.128)

with a convenient normalization. If Nf = Nc − 1, then integrating out S in the final
step yields the right quantum constrained moduli space.

Another direction from equation (4.126) is integrating out yNc and S, which yields
equation (4.11) upon putting the masses to zero and trivially redefining µ as 2µ. In
this case we can also treat Nf = Nc and arrive at the correct quantum constrained
moduli space. Baryons can be integrated in by using the procedure described in one
of the examples in [22], but this does not seem to yield illuminating results.

Nc < Nf < 2Nc

In principle equation (4.125) can be applied in this case as well by redefining
the y variables appropriately. However, it is difficult to obtain a concrete general
expression for the superpotential in this case, although this can still be done for
Nf = Nc + 1. For the low order cases checked (up to Nc = 3, Nf = 5) the answer is
exactly the potential expected for the electric branches of the theory.
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4.7 Discussion

We have shown in this chapter that the XXX spin chain provides good holomorphic
coordinates for at least part of the moduli space of U(N) gauge theory with Nf
fundamentals compactified on R3 × S1. Some coordinate patches touch the bary-
onic root at the edge of phase space, but there are sometimes other solutions to
the equations of motion on this edge as well. These other solutions do not have a
gauge theory interpretation. Being on the edge neither class is a bona fide vacuum
of our superpotential, but it is certainly suggestive and it would be interesting to
understand this further. We have shown in one specific case that there is a coordi-
nate patch which includes the baryonic root holomorphically. Furthermore, we have
given some evidence that the magnetic vacua may be covered by some coordinate
patches in specific cases, but it remains an open question exactly what coordinate
patch in theXXX chain covers what part of moduli space. Since the coordinates pro-
vide a coordinate patch for part of the moduli space it is natural to wonder whether
there is a more general integrable system which provides coordinate patches for the
other parts of moduli space, or even coordinates that are valid everywhere. It might
be worthwhile to see if there is a more general formulation of the spin chain starting
from the formulation in SL(2,C) variables.

We have also shown that it is natural to integrate in the mesons into the superpoten-
tial by Legendre transforming with respect to the masses. The baryonic operators
cannot be naturally integrated in and it remains an open question whether or not
there is an extension of the integrable system in which there is a parameter multi-
plying the baryon. This parameter would then correspond to the variable b in [22]
and could be used to integrate in the baryon. More generally it remains a question
whether the meson and dyon vevs have an interpretation in the integrable system.
An avenue of approach to this problem starts with noticing that the meson vevs are
simply the value of the matrix model resolvent at x = −mi. This gives at least on
shell a method of backtracking to the integrable system what these vevs are.

Yet another open problem remains the microscopic interpretation of the phase space
variables pi and qi in the three dimensional gauge theory. A way to examine this
issue could be to study perturbative instanton contributions in the gauge theory to
find the coordinate transformation of our results to the right microscopic variables,
just as was used in chapter 3.

As indicated before, we expect that the factorization of the Seiberg-Witten curve on
the minima of our superpotentials which is expected on field theory grounds can be
proven along the lines of the second proof in chapter 3. We have indicated above
how such a proof works in principle, but it would be interesting to close the small
technical gap in that proof. Interesting generalizations of results in this chapter are
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for instance the study of other gauge groups, for which the integrable system is,
to our knowledge, unknown. A second interesting class of theories are the quiver
gauge theories which are connected to the classical SL(N) spin chain.

Appendix A Heisenberg variables

In this appendix we will rewrite (4.28) in terms of the Heisenberg variables for
which {qi, pi} = 1. The aim will be to obtain something which resembles equation
(4.21). We will drop the indices on the q’s, p’s and S’s to declutter notation. First
rewrite the algebra as

{S0, S±} = ±S± {S+, S−} = 2S0. (4.129)

We will begin with the Ansatz S0 ≡ −p− λi and read (4.129) as a system of differ-
ential (derivational) equations. The first can be easily solved by taking,

S± = f±(p)e±q, (4.130)

where the functions f± contain a constant of integration. Putting this into the second
equation we obtain,

f+(p)e−q{eq, f−(p)}+ eqf−(p){f+(p), e−q} = 2(−p− λi). (4.131)

Take the functions f± to be polynomials of degree 2, f± = a± + b±p + c±p
2. This

yields three different solutions,{
f− = a−

2λi
a+
p− 1

a+
p2

f+ = a+

(4.132){
f− = a− + b−p

f+ = (−2 λib− + a−
b2−

)− 1
b−
p

(4.133){
f− = a−
f+ = a+ − 2λi

a−
p− 1

a−
p2 (4.134)

The constants can be connected to λi and Ki through S2
0 + S+S− = K2

i , which
yields, {

f− = −λ
2
i−K

2
i

a+
− 2λi

a+
p− 1

a+
p2

f+ = a+

(4.135){
f− = b−(±Ki + λi) + b−p

f+ = −(∓Ki+λib−
)− 1

b−
p

(4.136){
f− = a−

f+ = K2
i−λ

2
i

a−
− 2λi

a−
p− 1

a−
p2 (4.137)
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where in the second line 2 solutions are possible (which differ only in which mass is
in which off-diagonal entry).

Appendix B Seiberg-Witten curve factorization in the
strong coupling approach

In this appendix it is shown how to calculate factorization loci of the Seiberg-Witten
curve when turning on a classical superpotential in the gauge theory approach, par-
ticularly when the superpotential is of high degree (W ∼ Tr Φn+1, n ≥ 2Nc −Nf ).
In this appendix single trace superpotentials are studied for Nf < 2Nc.

The theory at the root of the r-th Higgs branch [67] is a U(r) × U(1)Nc−r gauge
theory, with Nf massless hypermultiplets charged under the U(1) subgroups of
U(r). On special points along the root l − r extra massless hypermultiplet degrees
of freedom appear which are charged under the U(1) subgroups. At these points the
Seiberg-Witten curve factorizes as

P (x)2−4Q(x) = (x−m)2r
l−r∏
i=1

(x−pi)2
2N−2l−2r∏

j=1

(x−qj) ≡ Hl(x)2F2N−2l(x). (4.138)

Here P (x) =
∑Nc
i=0 six

Nc−i and Q ≡ Λ2Nc−Nf
(∑Nf

i=0 m̃ix
Nf−i

)
.

We will denote the extra massless dyons (and their scalar components) by di and d̃i.
Note that since r eigenvalues of Φ are fixed we are (classically) left with a U(Nc−r)
gauge group. For this theory we can write the superpotential

W =
√

2
l−r∑
i=1

d̃iaidi +
n+1∑
k=1

gkuk. (4.139)

Since the theory is classically (for a generic point on the Higgs branch part of the
vacuum) broken to a U(Nc−r) gauge theory with Nf−2r flavors, the uk correspond
to multi-trace operators for k > Nc−r. Therefore, for n < Nc−r the analysis below
works5.

There is an ambiguity in the definition of the operators uk, since for higher values
of k there can be several quantum operators with the same classical limit. We will

5For n = Nc−r we do not have to add dyons in the case the Seiberg-Witten curve does not degenerate
further. In this case the superpotential can be minimized by writing it first in terms of the Nc − r

eigenvalues. Then they can be taken to be equal to the N − r different roots of W ′ such that the non-
singular part of the curve is W ′Nc−r(x)2 + fNf−2r . For n ≤ 2Nc − Nf this has the expected form of
W ′(x) + fn−1. A more refined argument based on the gauge theory resolvent is also possible.

125



Chapter 4. Matter in the fundamental and the XXX spin chain

denote the ‘classical’ uk by u(c)
k in the following. In other words, u(c)

k = 1
k

∑
i a
k
i for

P (x) =
∏
i(x − ai). However, for the uk appearing in the superpotential (4.139)

we will use the quantum operators whose vacuum expectation values are obtained
from the gauge theory resolvent. The quantum vevs u(q)

k can be expressed as

u
(q)
k =

1
2πi

∮
v=0

dvv−k−1

(
ln (P (1/v)) + ln

(
1 +

√
1− 4

Q(1/v)
P (1/v)2

))
. (4.140)

The first logarithm gives for k ≤ Nc exactly the Newton-Girard relations between
power sums and the si, which can be written as symmetric polynomials of the eigen-
values. The second term produces the quantum corrections. Clearly, in the limit
Λ→ 0, Q→ 0 and u(q)

k → u
(c)
k as expected. We define u(q)

k = u
(c)
k + ∆uk.

Before proceeding to the general case, we first calculate the first few corrections.
Since only residues at v = 0 are needed, the quantum contributions ∆uk from the
second logarithm can be expanded as

∆uk =
1

2πi

∮
0

dvv−k−1

(
v2Nc−Nf vNfQ(1/v)

(vNcP (1/v))2
+

3
2
v4Nc−2Nf

(
vNfQ(1/v)

(vNcP (1/v))2

)2

+

O(v6Nc−3Nf )
)
. (4.141)

The fraction in the integrand can now be Taylor-expanded around v = 0 since it
does not contain poles any more. The quantum u

(q)
k and the classical u(c)

k differ only
when k ≥ 2Nc −Nf and the first two corrections are

k = 2Nc −Nf ∆uk = Λ2Nc−Nf (4.142)

k = 2Nc −Nf + 1 ∆uk = Λ2Nc−Nf (m̃1 + 2s1)− 3
2

Λ4Nc−2Nf δ2Nc−Nf ,1. (4.143)

The point of this calculation is that it matters which superpotential is used in (4.139)
in a calculation along the lines of [18] to calculate Seiberg-Witten curve factoriza-
tion loci. We will do this below for a (single trace) superpotential derived from
the gauge theory resolvent. Equation (4.139) may be varied with respect to u

(q)
k

to obtain these. However, in that calculation we would need δsj

δu
(q)
k

. This is hard to

calculate since the sj are highly non-trivial functions of the u(q)
k . It is easier to vary

equation (4.139) with respect to the classical moduli, since part of the calculation is
then standard. This yields

−
n+1∑
l=0

gl
δ(u(c)

l + u
(q)
l )

δu
(c)
k

=
√

2
Nc−r∑
i=1

d̃idi
δai

δu
(c)
k

. (4.144)
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Repeating the steps in [18] gives,

W̃ ′n(x) = Bq
P (x)
Hl(x)

+O(
1
x

), (4.145)

with

W̃ ′(x) ≡
n+1∑
r=1

grx
r−1 +

n+1∑
l=0

n+1∑
r=1

gl
δu

(q)
l

δu
(c)
r

xr−1. (4.146)

Bq is a polynomial6 of degree less than or equal to l−1 and to get the neat first term
in W̃ ′(x) we have used the assumption that the degree of the potential is less than
or equal to Nc. By comparing leading powers in x in equation (4.145), it follows
that Nc − n ≤ l ≤ Nc − 1. Squaring equation (4.145) now gives an equation akin to
equation (3.44) in [69],

W̃ ′
2

n(x) = B2
qF2n−2q + fn−1(x) +

4Q(x)B2
l−1

H2
2l(x)

+O(
1
x

). (4.147)

This equation indicates that B2
qF2n−2q = W

′(c)
n (x)2 + g2n−2Nc+Nf with g a polyno-

mial of the indicated order. From other considerations we expect to find in the end
W ′(c)(x)2 + f̃n−1 and below we show that this is actually the case if the extra con-
tributions on both left and right hand side of this equation are taken into account.

The left hand side of the equation can be rewritten in terms of the classical super-
potential and its quantum contributions using equation (4.146). Using the obvious
definition W̃ ′ ≡W ′(c)n +W ′(q) the left hand side of the equation reads

(W ′(c))2 + 2W ′(c)W ′(q)(x) + (W ′(q)(x))2. (4.148)

Note that the extra terms on the right hand side appear at the same order as those
on the left hand side. The extra terms on the left can be calculated by starting with

δu
(q)
l

δu
(c)
r

=
−1
2πi

∮
x′=∞

x′l−1 1√
1− 4Q

P 2 + 1− 4Q
P 2

(
4Q
P 2

)
P̃

P
dx′, (4.149)

where P̃ denotes δPr
δu

(c)
r

. The last term in the integrand can be expressed as,

P̃

P
= −

∑Nc
j=0 sj−rx

Nc−j∑Nc
k=0 skx

N−k
, (4.150)

which gives after some massaging,

P̃

P
= −x−r(1−

∑Nc
j=Nc−r+1 sjx

−j∑Nc
k=0 skx

−k
). (4.151)

6In [18] this polynomial was denoted by H(v).
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The second term above is suppressed in the integrand by a factor of x−Nc−1 and will
therefore not contribute to the residue integral as long as the order of the superpo-
tential n does not exceed Nc. Plugging this result back into W ′(q)(x) yields

W ′(q)(x) =
n+1∑
l=0

n+1∑
r=1

glx
r−1 1

2πi

∮
x′=∞

x′l−r−1 1√
1− 4Q

P 2 + 1− 4Q
P 2

(
4Q
P 2

)
dx′.

(4.152)
For functions of the form f(x) =

∑∞
i=0 aix

p−i

f(x)|+ =
p∑
i=0

xp−i

2πi

∮
x′=∞

x′i−p−1f(x′)dx′ (4.153)

holds where f(x)|+ =
∑p
i=0 aix

p−i and the ’residua at infinity integral’ is taken to
be the same as in equation (2.46). Defining r − 1 = n− j,

W ′(q)(x) =
n+1∑
l=0

gl

n∑
j=0

xn−j
1

2πi

∮
x′=∞

x′j−n−1x′l−1
4Q
P 2√

1− 4Q
P 2 + 1− 4Q

P 2

dx′ (4.154)

gives

W ′(q)(x) =

W ′(c)(x)
1√

1− 4Q
P 2 + 1− 4Q

P 2

(
4Q
P 2

)∣∣∣∣∣∣
+

. (4.155)

Therefore we arrive at an expression for the left hand side of equation (4.147)

W ′(c)(x)2 + 2W ′(c)n W ′(q)(x) + (W ′(q)(x))2 =

W ′(c)(x)2 +

W ′(c)(x)2

 4Q
P 2

1−
(

4Q
P 2

)
∣∣∣∣∣∣

+

. (4.156)

The field theory moduli coordinates on the left hand side of equation (4.147) are
the double roots, while on the right hand side these are the si. These are related by
the factorization of the Seiberg-Witten curve and using this the extra term on the
right hand side of equation (4.147) is

4Q(x)B2
q

H2
2l(x)

=
4Q
P 2

1− 4Q
P 2

(W ′(c)(x)2 + gm). (4.157)

In the above equation m denotes the order of the extra polynomial in the factor-
ization formula. To start of it is of order 2n − 2Nc + Nf , which is smaller than 2n.
This polynomial order was derived from equation (4.147). However, we see that the
leading term which does not depend on the polynomial cancels on both sides, so the
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polynomial is of one order lower. Then the argument can be repeated until g is of
order n − 1. This completes the argument that even for high order superpotentials
the factorization of the Seiberg-Witten curve is captured in equation (4.17) if one
consistently uses the gauge theory resolvent to calculate the quantum operators uk.

Appendix C An observation

A standard technique in matrix model calculations for theories with fundamental
matter is integrating out the matter content: the resulting matrix model can then be
tackled by the usual techniques. The modified potential takes a form like

∼ log(det(Φ +m)) (4.158)

for every integrated flavor. Considering that the translation for the pure glue case
proceeded by directly identifying the matrix integral variable with the Lax matrix of
the periodic Toda chain, we might try to postulate that one has to take the modified
matrix model potential and insert the Toda chain Lax matrix into it to obtain the
effective action on R3 × S1. This would be in line with the observation in [82] that
matrix model calculated superpotentials for systems with matter in the fundamental
can be constructed from data of systems without. Note that in this way we can
introduce at most Nf ≤ Nc flavors. Also, this kind of potential leads to equations
of motion of high order rapidly. We calculated (some of) the minima of a potential
W = mx+ 1

2x
2 + h log(det(x+m)) for Nc equal to 2 and 3 to check this idea. Note

that we leave a term h of dimension 2 in front of the potential undetermined for
reasons which will become clear below. In the matrix model this is Nf .

Gauge group U(2)

We plug the periodic Toda chain Lax matrix into the potential. In a full calculation
we would have to use the field theory resolvent to calculate the potential correctly,
but here we will follow a more direct route: we simply take the z-independent part
of the determinant before taking the logarithm. Solving the equations of motion
we get 6 curves. Four of these have a double root. In addition, there is a doubly
degenerate curve of the form

y2 = ((x+m)2 + 2Λ2 + hΛ2)((x+m)2 − 2Λ2 + hΛ2). (4.159)

Now if this curve is to have double points, h has to be ±2, where it has a double root
at −m. The rest curve has the form of (x+m)2±4Λ2. Note that the calculation with
the XXX chain gives a minus sign in this curve. The remaining 4 curves can now
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Chapter 4. Matter in the fundamental and the XXX spin chain

be evaluated for the same two values of h, and these give 3 different curves since 2
solutions collapse to the same curve solution:

y2 = ((x+m)2 ∓ 4Λ2)(x+m)2 (4.160)

y2 = (x+m)(m+ x+ 4
√
∓1Λ)(m+ x+ 2

√
∓1Λ)2 (4.161)

y2 = (x+m)(m+ x− 4
√
∓1Λ)(m+ x− 2

√
∓1Λ)2. (4.162)

Note that we do not get the correct form of the curve for the two solution which
probably should correspond to the r = 0 branch. Also, we get one more curve at
r = 1 than is expected from the field theory analysis. To further check this type of
construction we turned to Nc = 3.

Gauge group U(3)

We first have to fix the coefficient h. For this purpose we use the solution with equal
momenta p1 = p2 = p3. This gives twelve solutions to the equations of motion, all
of which have 2 double roots in the Seiberg-Witten curve (for unfixed h even). This
branch has a curve with double roots at −m if and only if h = 0. We therefore try to
find a h such that it reproduces at least one of the double roots of the r = 1 branch
of the 3 flavored theory. We find that we can fix h such that 2 of the curves have the
correct double roots (but not the single roots), but then we can numerically simply
verify that the other curves do not have double roots at a recognizable location.
This indicates that this approach to finding the factorization locus of Seiberg-Witten
curves with matter in the fundamental in this particular setup does not work. It
might be that the solutions of the equations of motion we have not considered do
have the correct double roots. However, then one would still have to explain that
there is a huge excess of solutions, for which there is no (intrinsic) reason to discard
them. We have therefore checked that the constructed potential for three colors
cannot (fully) describe a system with 2 flavors, as one might suspect.

Discussion

Although an intriguing observation at the level of two colors, the constructed po-
tential in this particular form obviously does not reproduce four dimensional field
theory answers for theories with more than 2 colors and is therefore not the cor-
rect integrable systems-inspired exact superpotential for systems compactified on a
circle. However, based this observation we conjecture that there is a (generic for
all N) non-polynomial superpotential for the periodic Toda chain which reproduces
Seiberg-Witten curve factorizations for supersymmetric gauge theories with funda-
mental matter (Nf = Nc) which for 2 colors resembles the superpotential displayed
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C. An observation

above. Using the field theory resolvent to calculate the non-polynomial potential
might be a good starting point to improve the above calculation. In any case, a
further study of equilibria of non-polynomial potentials for the Toda chain would
certainly be very interesting.
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Chapter 5

Integrability in gauge theories
from random partitions

In the previous two chapters we saw that the proposal for an exact superpotential
for gauge theories on R3 × S1 from chapter 2 yields results in remarkable agree-
ment with results found in field theory. A very natural question is then how this
approach through integrable systems is related to other approaches to four dimen-
sional gauge theories, softly broken from N = 2 to N = 1 by turning on a super-
potential, especially the matrix models in Dijkgraaf-Vafa theory. In this chapter we
will study a framework in which to answer this question for pure SU(Nc) N = 2
four-dimensional gauge theories from the point of view of integrability.1.

5.1 Gauge theory expectations

The effective potential calculated in Dijkgraaf-Vafa matrix models gives, as reviewed
in chapter 2, the on-shell values of the glueball fields. On-shell, the matrix model
resolvent gives through equation (2.67) the non-singular part of the Seiberg-Witten
curve, just as in the factorization problem for the Seiberg-Witten curve (2.47) [23].
Since the integrable systems approach in this thesis starts off in N = 2 with the Lax
matrix, it is a natural first question how the full Seiberg-Witten curve or even the Lax
matrix can be obtained from the matrix model. The Hermitian matrix model calcu-
lates an exact potential for theories in which the extended supersymmetry is broken
to N = 1, so one might expect that if the symmetry breaking potential in the matrix
model is tuned to zero N = 2 Seiberg-Witten theory would be obtained directly.

1This chapter is based on unpublished work with Xerxes Arsiwalla
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However, this tuning does not seem to make sense directly in the matrix model,
since an integral of Hermitian matrices over 1 is not well defined and does not seem
to incorporate, for instance, the rank of the microscopic U(N) gauge group. Also,
the glueball superpotential is calculated by an expansion around a stationary point
of the superpotential and in the limit the potential vanishes this expansion diverges
off-shell. A simple gauge theory argument also shows that the Seiberg-Witten pre-
potential and the matrix model free energy cannot be directly related, despite their
apparent similarity: the a log a term in the prepotential is the result of a perturba-
tive one-loop gauge theory calculation, while the expansion in the prepotential is an
expansion in non-perturbative instanton effects. The matrix model free energy con-
sists of an expansion which is related to a perturbative gauge theory computation
while the S logS part of the free energy is the result of a non-perturbative instanton
contribution.

From a purely gauge theory perspective the (indirect) relationship is clear from [83]:
The recipe for obtaining the Seiberg-Witten curve directly from the matrix model is
(1) take a potential of suitably high order (Nc + 1), (2) distribute the matrix model
eigenvalues over all theNc extrema and (3) calculate the glueball condensates as the
extrema of the Dijkgraaf-Vafa potential. Since on-shell the factorization conditions
(2.47) have been proven to hold in [83], we must have

W ′Nc(x)2 + fNc−1(x) = c(PNc(x)2 − 4Λ2Nc), (5.1)

with c some constant. The fact that this equation must hold on-shell fixes the coeffi-
cients of f and c

c = g2
Nc+1

fi = 0 for i = 1, . . . , Nc − 1

f0 = −4Λ2Nc , (5.2)

and we obtain
W ′(x) = gNc+1P (x). (5.3)

N = 2 supersymmetry is regained in the gauge theory if the potential is tuned
to zero. By redefining the couplings in the potential as gi → gNc+1ĝi this limit is
equivalent to gNc+1 → 0, keeping the coupling constants ĝi fixed. Note that in this
limit pure N = 1 quantities like the glueball vevs Si vanish. There are quantities
which turn out to be actually independent of gNc+1 like the period matrix of the
Riemann surface which contain non-trivial N = 2 field theory data.

Calculation of the Seiberg-Witten curve in Dijkgraaf-Vafa theory through the above
procedure seems a rather roundabout approach; Ideally one would like to find a
formulation in which both the matrix model and Seiberg-Witten theory are incor-
porated. One interesting obstacle to such an approach is for instance the fact that
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even the rank of the gauge group Nc enters both approaches differently. In the ma-
trix model this rank only occurs in the definition of the superpotential (2.72) as the
sum of the Ni. In the integrable systems approach which is naturally connected to
Seiberg-Witten theory, the rank of the gauge group is hard-wired into the rank of
the Lax-matrix and the superpotential itself does not involve the rank explicitly.

More generally, a formulation as described above would be the natural framework
to study the relationship of integrability as discussed in this thesis and the Dijkgraaf-
Vafa approach, for the following reason: Generically, one expects the matrix model
partition function to be a τ function of some integrable hierarchy, with the coupling
constants of the potential assuming the role of times in the hierarchy. A τ function
specifies in a very precise sense a solution to the system of differential equations with
respect to the times which make up the hierarchy. The connection between matrix
model partition functions and τ functions can be made precise for the Hermitian
matrix model for both finite N (see e.g. [84]), in the double scaling limit (see e.g.
[53]) and in a special case of the ’t Hooft limit [85]. One way of specifying a τ

function is by expressing it as a vev for a theory of free non-relativistic fermions (see
e.g. [86]). For instance, let

Hn =
∑
i

ψiψ̃n−i

denote the generators of a U(1) current algebra. Then for any operator A which can
be expressed as a proper fermion bilinear, the vev

〈0|e
∑
n>0 tnHneAe

∑
n<0 tnHn |0〉 (5.5)

is a τ function for the Toda lattice hierarchy [87], which is equivalent to the 2
component KP hierarchy [87, 9]. In particular τ functions obey an infinite set of
partial differential equations which can be derived through Hirota’s bilinear identity.
This set must be complemented by an initial condition, specified by the operator A,
to make a well-defined problem. A question one can ask of any multi-cut solutions to
a Hermitian matrix model in the ’t Hooft limit is then whether the partition function
can be written as a τ function and if so, what (the analog of) the operatorA is for this
function. From a gauge theory perspective, if the coupling constants are the times of
flows in an integrable hierarchy, the initial condition for the matrix model is N = 2
supersymmetric gauge theory. One approach to the study of integrability in matrix
models is therefore to start in N = 2 gauge theory and try to find deformations
which correspond to turning on a superpotential. This is the approach taken in this
chapter.

The first order of business is then to find a formulation of the Seiberg-Witten solu-
tion to N = 2 SU(Nc) gauge theory which is most closely related to its integrability
properties. The formulation used in this chapter is the one due to Nekrasov, which
takes the form of a random partition model. The free energy of the partition function
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of that model reduces to the Seiberg-Witten prepotential in a certain limit. Interest-
ingly, this partition function has a dual fermionic formulation as a τ function of the
Toda lattice hierarchy. We will study what exactly the deformation of this τ function
should look like to relate it to Dijkgraaf-Vafa matrix models.

Since any τ function can be expanded in terms of Schur-functions [86], an alterna-
tive approach to the study of integrability in matrix models is for instance to search
for an expansion of the matrix model partition function in terms of these functions,
such as [85]. In the appendix we show, using results from [85], how this alternative
avenue of attack is implemented for single-cut solutions in Hermitian matrix models.

5.2 Nekrasov’s formula for the prepotential

The general expression for the N = 2 prepotential in equation (2.35) shows the
sum over the Taylor series can, in principle, be calculated as regular instanton con-
tributions in field theory. In practice this is technically very difficult to do. Using
high-powered mathematics Nekrasov [17, 88] was able to calculate all (regular) in-
stanton contributions to a topologically twisted version of the N = 2 SU(Nc) gauge
theory partition function, from which the free energy (prepotential) can be calcu-
lated. In the limit in which the topological twist disappears the usual N = 2 theory
is regained. This limit is denoted ~ → 0 below. In leading order in ~ the partition
function behaves as

Z ∼ e
F0(a)
~2 +

∑∞
i=0 F

i
~

2i
. (5.6)

In a saddle point approximation which will be reviewed below, Nekrasov’s formula
was shown to reproduce precisely the Seiberg-Witten solution in [88]. In particular
it was proven that, as the notation suggests, the prepotential can be calculated using
the equations (2.36) derived by Seiberg and Witten by holomorphy arguments. The
~→ 0 limit is what we will focus on most in this chapter.

More concretely, Nekrasov calculates the (holomorphic part of the) N = 2 SU(Nc)
gauge theory partition function to be [88]

ZN=2 (~a, ~,Λ) = Zpert (~a, ~,Λ)
∑
~k

Λ2Nc|k|
∏

(l,i) 6=(n,j)

(
al − an + ~(kl,i − kn,j + j − i)

al − an + ~(j − i)

)

Zpert (~a, ~,Λ) = e
∑
n,l γ~(an−al,Λ), (5.8)

where ~k is a Nc colored partition, |k| is the total number of boxes in the colored par-
tition, ~ denotes the parameter which has to be taken to zero to reproduce regular
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Figure 5.1: The partition (5, 3, 1, 0, 0, . . .) and its profile function

four-dimensional gauge theory and γ~ is a function which admits an expansion in ~
of the form

γ~(x, λ) = ~
−2

(
1
2
x2 log

( x
Λ

)
− 3

4
x2

)
− ~0

(
1
12

log
( x

Λ

))
+ h.o. (5.9)

A colored partition ~k is an ordered Nc-tuple of partitions. Each element kl is a
partition which can be identified by a single Young diagram. Counted from below,
the i-th row of the Young diagram kl has length kl,i. The function γ~ reproduces the
perturbative contributions to the prepotential and arises through regularization of
an ill-defined infinite product.

The prepotential F0 in (5.6) was shown to be equivalent to the Seiberg-Witten
prepotential in [88]. In order to compare Nekrasov’s partition function to the Dijk-
graaf-Vafa matrix model a short review of the first part of this proof will be given.
The main idea is to rewrite the sum over partitions in the partition function (5.7)
as an integral over continuous functions. In order to do that it is useful to define
a so-called profile function for each partition. A single partition λ can be drawn in
the Russian style as in figure (5.1). The profile function fλ(x|~) is defined as the
function which describes its boundary. The functional form of the second derivative
of the profile function can be worked out to be

1
2
f ′′λ (x|~) = δ(x) +

∞∑
l=1

(δ(x− ~(λi − i+ 1))− δ(x− ~(λi − i))

− δ(x+ ~(i− 1)) + δ(x+ ~(i))) .

(5.10)

Here the sides of the boxes are taken to be of size ~. The profile function of a colored
partition is defined as a sum of partitions centered at different positions on the real
axis,

f~k(x|~) =
Nc∑
j=1

fkj (x− aj |~). (5.11)

Here it is assumed that the aj are real. In [88] this is justified by the statement
that non-real a can be defined by analytic continuation. Intuitively, when ~ → 0,
the profile function becomes a continuous function because the bumpiness is scaled
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away. The shape of the profile function which dominates the path integral in this
limit will indicate how the boxes of the colored partition are distributed over the
real axes. Physical intuition suggests that the boxes will cluster around the centers
al of the various sub-partitions. This picture is remarkably close to calculations in
the large M limit of the Hermitian matrix model in chapter 2, but the difference
is that here a potential is missing and in a sense which will be made more precise
below only the measure of the matrix model is involved.

With the definition of the colored profile function and some properties of the γ

function which can be found in ([88]), the partition function (5.7) can be rewritten
as

ZN=2 (~a, ~,Λ) =
∑
~k

exp
(
−1

4

∫
f ′′~k (x|~)f ′′~k (y|~)γ~(x− y,Λ)

)
. (5.12)

As suggested above, it is reasonable to to try to calculate the saddle-point of the
above action in the ~ → 0 limit, where the sum over colored partitions is replaced
by an integral over the colored profile function. Using the expansion (5.9) of the γ~
function the leading contribution to the partition function is

Z ∼
∫
df exp

(
1
~

2

∫
x<y

dxdyf ′′(x)f ′′(y)(x− y)2 log
(
x− y

Λ
− 3

2

))
. (5.13)

The integral over the function f needs a precise definition: from the definition of f
before taking the limit in equation (5.11) we obtain that

f(x) =
Nc∑
j=1

fl(x− al). (5.14)

Each fl obeys some constraints which stem from the fact that they are continuous
versions of discrete profile functions,

fl(x) = |x|, |x| >> 0,

|fl(x)− fl(y)| ≤ |x− y|.
(5.15)

The integral over functions of the form (5.14) which obey complicated constraints
is very difficult to do in general because of the different positions al of the compo-
nent profile functions. A resolution to this problem is to Legendre transform with
respect to these positions. In the small ~ limit the colored profile looks like several
disconnected regions of non-trivial (6= cx for some integer |c| < Nc) function con-
nected by trivial, linear pieces. Denote the support of the non-trivial regions by Ui.
By integrating over one such region we obtain

al =
1
2

∫
Ui

xf ′′(x)dx. (5.16)
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In order for the Legendre transformation trick to work, a term must be added to
(5.13) of the form ξlal

2~2 . Since al is a function of f , the easiest way to add this term
is by first defining a function σ which is piecewise linear with

x ∈ [−Nc + 2(l − 1),−Nc + 2l] σ(x) = ξjx (5.17)

for all l = 1, . . . , Nc and then writing

N∑
j=1

ξjaj =
1
2

∫
σ(f ′(x))dx. (5.18)

Now the saddle-point problem is well defined and the equation of motion for the
function f(x) can be derived to be∫

y 6=x
dxdy(y − x)

(
log
(
y − x

Λ

)
− 1
)
f ′′(y) = σ′(f ′(x)). (5.19)

The right-hand side of the equation is either ξl or in the interval [ξl, ξl+1] for some
l, depending on the value of f ′(x): the function σ is not differentiable for f ′(x) =
−Nc + 2l for l = 0, . . . , Nc. The value of its derivative can be calculated as either a
left or a right derivative,

σ′(−Nc + 2l) = lim
ε→0±

σ(x+ ε)− σ(x)
ε

. (5.20)

Comparing the two definition then gives that σ′ lies in the interval [ξl, ξl+1] for this
particular value of its argument.

Nekrasov and Okounkov then go on to show that the first derivative of the profile
function f which is the solution of (5.19) can be constructed as the (real part of
the) value on the real axis of a certain conformal map Φ(x). This map is essentially
−i log z, with z a solution of z+ Λ2Nc

z = PN (x). ξl is given as the β-period integral of
the Seiberg-Witten form and the free energy is simply given by the Seiberg-Witten
formulas (2.36). Below we will show how this might also be derived from an under-
lying integrable structure. This ends the lightning review of the work of Nekrasov
and Okounkov.

5.2.1 Comparison to the saddle-point equation of a Hermitian
matrix model

Note that formula (5.19) is remarkably similar to (2.70), if one only considers the
equation on the support of the eigenvalues of the matrix-model. In fact, one is
tempted to consider adding a potential term e

1
~2

∫
W (x)f ′(x) to the microscopic theory
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Chapter 5. Integrability in gauge theories from random partitions

in equation (5.12), then to follow the derivation to the point above by varying with
respect to f ′(x). This identifies for the leading terms in the ~→ 0 limit (the ’t Hooft
limit on the matrix model side)

f ′(x) ∼ ρ(x). (5.21)

The tilde arises from undetermined constants which follow from partial integration.
On the cuts we then arrive at the exact same equation as (2.70). Note that while
this addition is motivated from Dijkgraaf-Vafa theory, it would be nice to understand
what this means in the underlying topologically twisted theory used by Nekrasov.

The identification proposed above is in accordance with the naive field theory expec-
tation that for the case in which the superpotential is switched of Seiberg-Witten the-
ory should emerge from the matrix model. From the Hermitian matrix model point
of view, this indicates that the measure of the matrix model is connected to Seiberg-
Witten theory. However, the precise connection of the variables in Dijkgraaf-Vafa
and Seiberg-Witten (’a’ vs. ’S’) theory is not clear from the above argument and it
is known that this direct relation is complicated in general [89]. Furthermore, the
Hermitian matrix model in Dijkgraaf-Vafa theory computes a superpotential which is
only on-shell indirectly related to the prepotential of Seiberg-Witten theory. In other
words, the above approach does not show yet how the equations of motion which
arise in Dijkgraaf-Vafa theory should be interpreted in the framework of Nekrasov’s
partition function.

Note that the variable problem at least is not really a fundamental problem, since
these variables concern different asymptotic expansions. The matrix model free en-
ergy in terms of S is the diagrammatic expansion of the matrix model partition
function around a classical minimum of the matrix model potential. In this expan-
sion the measure is considered to be ’smaller’ than the potential. The variables ’a’
are more naturally connected to a regime where the measure is considered to be
larger than the potential. Also, the undetermined integration constants above are
important in identifying the variables properly.

Related observations to the ones in this subsection were made in [90] and especially
in [91] (see the subsection on 2D Yang-Mills theory below), although there the
regular (not the dual) partition function was studied. In general it would be very
interesting to further understand (5.21) in more detail. Below we will provide a
further motivation for the validity of this identification from the point of view of
2D Yang-Mills theory. Finally, it would be interesting to understand a possible field
theory origin of the terms which have to be added to the partition function of the
random partition model.
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5.3 Free fermion formulation

From the viewpoint of integrability, the most interesting aspect of Nekrasov’s work is
the existence [88] of a free fermion formulation of the partition function which leads
to the saddle point equation (5.19). The dual partition function can be represented
as

ZD(ξl, p,Λ, ~) = 〈p|e
−H1
~ e

1
~

∑Nc
i=1 ξlC

(l)
e

Λ2H−1
~ |p〉. (5.22)

We will specify the exact relation to the regular partition function shortly. Here |p >
is defined to be the vacuum annihilated by ψk for all k > p, C(l) is the charge defined
as

C(l) =
∑

i=l mod N+ 1
2

: ψiψ̃−i :, (5.23)

and the operators Hn are defined as

Hn =
∑
i

ψiψ̃n−i, (5.24)

where the sum runs over the half-integers. The variables ξl are chosen to sum to
zero. The relationship with equation (5.7) can be worked out by first taking into
account the identity

e
H−1
~ |p〉 =

∑
λ

Rλ
~
|λ||λ|!

, |p;λ〉 (5.25)

where λ is a single partition, Rλ is the dimension of irreducible representation Rλ
of the symmetric group which can be computed through the Hook length formula
and |p;λ〉 is the state

|p;λ〉 =
l(λ)∏
i=1

ψp− 1
2 +i−λi

1∏
i=l(λ)

ψ̃−p+ 1
2−i
|p〉. (5.26)

The identity is a simple consequence of Taylor-expanding the exponential and iden-
tifying the states which can be built. The operator H−1 shifts one of the fermions
which make up the state by one position. In the expression above for instance this
means that the first fermion of the ground state is shifted by λ1 positions. It is easy
to see that therefore any state labeled by a partition λ can be built by application of
|λ| operators H−1. This can be done in Rλ different ways. The formula can also be
written as

e
H−1
~ |p〉 =

∑
λ

∏
i<j

~(λi − λj + j − i)
~(j − i)

|p;λ〉. (5.27)
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Equivalence to the form first given is established by first properly defining these
products2 and then using an identity in [92] (page 9, equation 4) to convert the re-
sult to the hook length formula. Some more details can be found in [93] (especially
the last formula on page 26 is helpful). The double product on the right hand side
of the equation is (for ~ = 1) the dimension formula of irreducible representations
of U(N ′) for N ′ > l(λ).

The operator in the middle of the fermion vev (5.22) suggests that the best way to
calculate with it is to split up the fermion into a so-called Nc-component fermion.
This is done by relabeling the fermions as

ψNc(r− 1
2 )−l− 1

2
= ψ(l)

r . (5.28)

A more graphical representation of the above formula can be constructed in the
following way: write the single fermion modes as a sequence. Writing the corre-
sponding Nc-component fermion below it yields a picture like

. . . ψ−3/2 ψ−1/2 ψ1/2 ψ3/2 ψ5/2 . . .

↓ ↓ ↓ ↓ ↓
. . . ψ

(Nc−1)
−1/2 ψ

(Nc)
−1/2 ψ

(1)
1/2 ψ

(2)
1/2 ψ

(3)
1/2 . . .

. (5.29)

The relabeling of the conjugate fermions is determined by the demand that canonical
anti-commutation relations are obtained, e.g.

{ψ(n)
k , ψ̃

(m)
l } = δm,nδk,−l. (5.30)

In the identity (5.27) the sum is over those partitions which correspond to the usual
labeling of the fermions. In order to compare to sums over Nc-tuples of partitions
as, for instance, those in Nekrasov’s partition function (5.7), we would like to use
the Nc component formalism. To get a flavor of what is required let us study the
first non-trivial partition which consists of just one box, set the total charge p = 0
and take two colors (Nc = 2). The box partition gives a state

|�〉 = ψ−1/2ψ3/2ψ5/2 . . . . (5.31)

In terms of a 2-tuple of partitions as in (5.29) this is an empty first partition of
charge 1 and second empty partition of charge −1. Note that it is important to keep
the order of the charges in mind: a 2-tuple of two empty partitions with charge
(−1,+1) corresponds to a different state (labeled by the uncolored partition {2, 1}).
In the same way as above the single box partition can be decomposed into any Nc-
tuple of partitions, where it will give an empty Nc-tuple of partitions of Nc-charge
(−1, 0, . . . , 0, 1).

2Suppose the partition is of length n. Split the product in a part with {i, j < n}, a part with {i, j >
n} and one {i < n, j > n}. The first two parts are well-defined while the last one needs careful
consideration.
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5.3. Free fermion formulation

The simple example of the single box partition already shows that even if we start
of with an partition with total charge zero (p = 0), in the Nc-tuple we will get all
kinds of sub-charges for the partitions (which always sum up to zero). In general
any single partition λ = {λ1, λ2, . . .} may be decomposed uniquely into an Nc-tuple
~k of partitions and a set of Nc charges pl (which sum up to p) according to

{Nc(pl + kl,i − i) + l − 1|l ∈ 1, . . . , Nc, i ∈ N} ↔ {p+ λj − j|j ∈ N} . (5.32)

The uniqueness of the decomposition is ensured by the demand that every sub-
partition ki is such that

∃m|ki,j = 0 ∀j > m. (5.33)

The above decomposition process (or rather its inverse) is called blending of parti-
tions in [88].

With the above relabeling in hand we now turn to (5.27). We know from (5.25)
that for any fixed number of boxes in the uncolored partition this is well-defined, a
fact which relabeling will not change. To convert to (5.27) we will simply rewrite
the numerator. We obtain

e
H−1
~ |p〉 =

∑
~k,{~p|

∑
pl=p}

∏
s<r

1
~(r − s)∏

i,j,l,m

~(N(pl + kl,i − i) + l −N(pm + km,j − j)−m)|~p;~λ〉.
(5.34)

There is a constraint on the ranges of i, j, l,m, in accordance with the constraint as
written above. This however will not matter in the final result. The products must
be carefully defined just as in [17] (see also the appendix of [91]). The trick is to
multiply by

1 =

∏
i,j,l,m ~(Nc(pl − i) + l −Nc(pm − j)−m)∏
i,j,l,m ~(Nc(pl − i) + l −Nc(pm − j)−m)

, (5.35)

and absorb the denominator into the definition of the product which contains the
kl,i. The numerator gives, through zeta function regularization, the perturbative
contribution Zpert to the partition function and we discard the infinite constant.

The above identity almost allows the fermion vev in (5.22) to be evaluated explicitly.
The final ingredient needed is the value of |k| in terms of the blended partitions. This
can be calculated using power sums (see [88], the quadratic contribution to the
classical prepotential can always be reabsorbed into a redefinition of the classical
coupling constant) and comparing to (5.7) gives

ZD =
∑

~k,{~p|
∑
pl=p}

ZN=2

(
~{pl +

l

N
}, ~,Λ

)
e

1
~

∑
l ξlpl . (5.36)
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The minus sign in the exponential on the left-hand side arises because of the fact that
to obtain (5.7) exactly, the order of the infinite product from the bra on the left must
be inverted (

∏
i<j →

∏
j<i). This introduces an extra minus sign in the numerator

and denominator which, just as ~, does not cancel completely. In the limit ~ → 0
keeping ~pl fixed, the calculation of the saddle-point of this dual partition function
reduces exactly to the calculation of the Seiberg-Witten solution from Nekrasov’s
partition function as reviewed above.

5.4 Periodic Toda chain Lax matrix

The fermionic description of Nekrasov’s formulation of the Seiberg-Witten theory
is useful because it illuminates the connection between Seiberg-Witten theory and
integrability. As an illustration of this we will derive the periodic Toda chain Lax
matrix directly from the fermionic formulation. Then we will invert the logic and
show in the partition language what kind of operators should generate the flows in
the Toda system which played a large role in chapter 3.

The main tool is the observation that the ~ → 0 limit is remarkably similar to the
dispersionless (‘classical’) limit known in integrable system theory [94] and explored
in the context of the Seiberg-Witten solution in e.g. [95]. Actually, the last paper
gives a definite prescription how to obtain the periodic Toda chain Lax matrix from
the general description of the Toda lattice hierarchy described in [96]. For this
calculation to work we need two elements. The first element is that the Toda lattice
hierarchy should be Nc-periodic in the sense that the tau function τ ′ should obey

τ ′(p+N) = τ ′(p)

∂xNc τ
′ = ∂yNc τ

′. (5.37)

The second element is a certain condition on the wave function which is associated
to the τ ′ function. which is written below in equation (5.45). We will first show
both elements are met in the particular form of the Toda lattice tau function we are
interested in.

The first constraint in (5.37) can be verified straightforwardly. If we define

τ ′(p) = e
∑
n n

xnyn
~2 〈p|e

xnHn
~ e

1
~

∑Nc
i=1 ξlC

(l)
e
ynH−n
~ |p〉, (5.38)

it is easy to see that the second constraint in (5.37) holds exactly. The fact that the
charge operators and the Hamiltonian operators HtN , which were defined for any
subscript in (5.24), commute for integer t ∈ Z follows from the observation that,
in Nc-component fermion language, these operators are sums of the Hamiltonians
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H
(l)
±t . Note that the other Hamiltonians in general do not commute with the charges

Cl, so the vev is far from trivial.

Tau functions are useful because they generate a certain hierarchy of differential
equations. These can be derived by using the identity

[z−1]ψ(z)⊗ ψ̃(z)G = [z−1]Gψ(z)⊗ ψ̃(z), (5.39)

which holds for all operators G which are the exponent of a sum over fermion bi-
linears. Here [z−1]f(z) = f−1 for any bi-infinite Laurent series f(z) =

∑
i fiz

i. By
wedging this identity between operators 〈p− 1|e

∑
n>0 xnHn ⊗〈p′+ 1|e

∑
n>0 x

′
nHn and

e
∑
n<0 ynHn |p〉 ⊗ e

∑
n<0 y

′
nHn |p〉 one can derive Hirota’s bilinear identity (see [9] for

the general case or, alternatively, appendix C in [97] for the Toda hierarchy). This is
most easily written in terms of wave functions. Define wave functions

φ∞(z) = 〈p− 1|e
xnHn
~ ψ(z)e

1
~

∑Nc
i=1 ξlC

(l)
eyn

H−n
~ |p〉 (5.40)

φ0(z) = 〈p− 1|e
xnHn
~ e

1
~

∑Nc
i=1 ξlC

(l)
ψ(z)eyn

H−n
~ |p〉, (5.41)

where
ψ(z) =

∑
k∈Z

ψk−1/2z
k. (5.42)

The superscript indicates the fact that the wavefunction have the structure of an
asymptotic expansion at either z = 0 or at z = ∞. The conjugate wave-functions
can be defined analogously. For these wave functions Hirota’s bilinear identity holds,

[z−1]φ∞(x, y, z, p)φ̃∞(x′, y′, z, p′) = [z−1]z−2φ0(x, y, z, p)φ̃0(x′, y′, z, p′). (5.43)

Here the factor of z−2 arises from the precise representation of the fermion in (5.42)
in terms of the bosonic operators, see [9]. In the case at hand they also obey the
interesting equations

~∂xtNcφ
∞ , 0(z) = (ztNc + tNc

yNc
~

)φ∞ , 0(z)

~∂ytNcφ
∞ , 0(z) = (z−tNc + tNc

xNc
~

)φ∞ , 0(z) (5.44)

for integer t. The second term on the right can be incorporated into the wavefunc-
tion by multiplying by e

∑
i=0 mod Nc

yixi
~2 ; this will not affect the calculation below.

Using proposition 1.6 in [96] we see that if we include the overall charge p in the
wave function in the obvious notation φ(z, p), this wave function is related to the
wave matrices of that paper. Proposition 1.6 is a central ingredient in the calcula-
tions below. Below the superscript 0/∞ will be suppressed.

The explicit calculation of the vev in (5.40) is in general difficult. It does however
obey the constraint

z∂zφ(z, p) =

(∑
n

nyn∂yn −
∑
n

nxn∂xn + p

)
φ(z, p). (5.45)
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This equation can be shown to be true in the following way: assign to all fermion
fields an auxiliary charge T according to

T
[
ψk−1/2

]
= k − 1

2

T
[
ψ̃k−1/2

]
= k − 1

2
. (5.46)

Here T [A] denotes the charge of the operator A. Then the operators Hn and Cl have
a definite charge of T = n and T = 0. The fermionic wavefunction ψ(z) has a fixed
T-charge for each power of z. In order to give a non-zero vev, the operator between
the brackets should have total T -charge −1/2 + p, since any other T -charge of the
operator indicates that the operator is a net annihilation operator acting to either
left or right. In general we can expand φ(z) in a formal power series in {xn, yn, z}

φ ({xn, yn, z}) =
∑

ni,nj ,k

cni,nj ,k
∏
i,j

(
xnii y

nj
j zk

)
. (5.47)

Since the fermion vev in the coefficient c must have definite T charge −1/2 + p and
the initial condition itself has T-charge zero, this condition can only be satisfied if∑

i

nii−
∑
j

njj + k = p. (5.48)

Due to this relation, equation (5.45) holds. With the same type of argument one can
show that the τ ′ function 5.38) obeys(∑

n

nxn∂xn −
∑
n

nyn∂yn − p

)
τ = 0. (5.49)

In the above derivation the assignment of T -charge was used in order to keep track
of the operators involved in the vev, and the introduction of more general operators
into the τ function would spoil (5.48) as the only coefficients for which we have non-
zero coefficients c. As we will see below, it is very interesting to study the natural
class of operators which can be inserted into (5.40) which leave the constraint (5.45)
untouched. These operators must have T charge zero.

Because of the periodicity conditions (5.37), we are dealing with the Nc-periodic
Toda lattice hierarchy. This can also be seen from (5.44) when we put ytNc = xtNc =
0 or, alternatively, add the exponential term mentioned before. This latter argument
shows that the periodicity parameter in this theory (ζ in [96], z in chapter 3) is zNc .
To avoid unnecessary confusion in the following the definition h ≡ zNc will be used.
We obtain

1
Nc

∂

∂h
φ(z, p) =

(∑
n

nyn∂yn −
∑
n

nxn∂xn + p

)
φ(z, p). (5.50)
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Because of proposition 1.6, the flow equations of the wavefunction φ(z, p) translate
directly to flow equations on the wave matrices W of [96]. The condition (5.50)
also holds for the wave-matrices. Any wave-matrix can be written as

W =
∞∑

j=−∞
diag(w(s))Λj , (5.51)

in the notation of [96], where Λ is the shift matrix. The diagonal matrix has el-
ements {. . . , w(−1), w(0), w(1), . . .} on the diagonal. A wave-vector is defined by
taking j + s to be fixed. The exponent of Λ precisely corresponds to the power of z
in the wavefunction written above. This observation gives the second needed con-
dition in [95]. Note that in that paper it had to be imposed as an external equation,
while here it appears naturally. Below we will use the calculations from [95] to
construct the Lax matrix.

The wave-matrix is a key ingredient for writing the integrable hierarchy in the for-
mulation of [96]. They show that, including the parameter ~, from the bilinear
equations it follows that

~∂xnW = BnW (5.52)

~∂ynW = DnW, (5.53)

for certain infinite matrices B and D. Here we will only need B1, a matrix with
Nc-periodic coefficients bl on the diagonal and D1, a strictly lower triangular matrix
with Nc-periodic coefficients dl

B1 =



. . . . . . . . . . . .

. . . bN 1 0 0

. . . 0 b1 1 0 . . .

. . . 0 0 b2 1 . . .

0 0 0 b3 . . .

. . . . . . . . . . . .


(5.54)

D1 =



. . . . . . . . . . . .

. . . 0 0 0 0

. . . d0 0 0 0 . . .

. . . 0 d1 0 0 . . .

0 0 d2 0 . . .

. . . . . . . . . . . .


. (5.55)

The variables bl and dl are in general functions of xn, yn. These matrices them-
selves obey flow equations which can be derived as the compatibility equations of
(5.52). The flow equations for the matrices Bn and Dn form the Zakharov-Shabat
representation of the Toda lattice hierarchy.
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The parameter ~ in the fermionic vev bears a resemblance to Planck’s constant, so a
natural approach to the wave function (5.40) is to do a WKB approximation. This
is precisely what is done in [95]. From equation (5.45), evaluated at the times in
(5.22), expressed in the formalism of [96] we get

~

Nc

∂

∂h
W =

(
~∂x1 + Λ2

~∂y1 + ~∆
)
W. (5.56)

Where ∆ measures the charge (row counting index) of the matrix values, but this
term vanishes in the ~ → 0 limit. This limit now determines that the W is an
eigenmatrix (eigenvector for fixed column counting index j + p) of the periodic
Toda chain Lax matrix in coordinates simply related to the canonical ones, while the
eigenvalue of this Lax matrix is a momentum coordinate, conjugate to the periodicity
parameter h

Nc
. The quantum representation of the momentum is simply ~∂log h. This

shows, for instance, that the Seiberg-Witten differential is proportional to ’pdq’.

The above analysis implies that in ~ → 0 limit the Seiberg-Witten curve emerges
from Nekrasov’s (dual) partition function as the spectral curve of the Lax matrix.
The full Seiberg-Witten solution (2.36) then seems to follow by using the rest of the
calculation in [95]. Note that the variables ξl parametrize in the limit the moduli of
the Seiberg-Witten curve, although the relationship between them is non-linear.

Actually, with hindsight it is possible to reverse engineer the formulation of the
Seiberg-Witten solution in terms of a fermionic vacuum expectation value from its
integrability properties. It was known since [30] that there was an integrable struc-
ture (the periodic Toda chain) behind the solution. Since the periodic Toda chain
can be obtained as a known limit of the Toda lattice hierarchy along the lines of
[95], it is natural to suspect that there is a fermionic vev which gives the tau func-
tion (prepotential) and the closely related wave function by using [96]. Then the
only thing left to be fixed is the exact form of the initial conditions (the operator A in
(5.5)). The simplest operator which is non-trivially N -periodic is then the operator
in (5.22).

5.5 Relationship to 2D Yang-Mills

The considerations above on a possible matrix model which underlies a certain de-
formation of Nekrasov’s partition function is very similar to (and in fact partly in-
spired by) the ’t Hooft large Ñ limit of generalized 2D U(Ñ) Yang-Mills theory on a
sphere. This theory is defined as (see e.g. [98])

Z =
∫
DADφ exp

(
i

4π2

∫
TrφF +

gym
8π2

Tr W̃ (φ)
)
, (5.57)
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with φ a scalar transforming in the adjoint and W̃ a general polynomial superpo-
tential. Note that for a quadratic potential W̃ = φ2 the adjoint field can be inte-
grated out and a pure two-dimensional Yang-Mills theory is recovered. The above
partition function can be calculated exactly by using, for instance, either standard
path-integral techniques [98] or the existence of a lattice formulation which is exact
[99]. The result for a quadratic potential is

Z =
∑
λ

(dimRλ)2 exp
(gym
N

C2(R)
)
. (5.58)

where λ is a partition which labels an irreducible representation Rλ of U(Ñ) and C2

is the quadratic Casimir of the gauge theory.

The reason this class of theories is interesting from the perspective of the topic of this
chapter is the fact that in the large Ñ limit the partition function (5.58) is related to
a Hermitian one matrix model with a polynomial potential [100, 101]. For a general
polynomial potential W̃ (φ) there is a corresponding matrix model potential of the
same maximal order (but in slightly different variables). Furthermore, for each such
potential the exact partition function can be calculated

Z =
∑
λ

(dimRλ)2 exp

gym
Ñ

k∑
j=1

αjCj(R)

 . (5.59)

The dimension formula is of course almost identical to the one used above in (5.27).
This expression can be written in terms of free fermions, although now there is a cut-
off in the number of fermions: this corresponds to the fact that in the above formula’s
one sums over irreducible representations and the Young diagrams corresponding
to reducible representation should be excluded. In terms of Young diagrams this
implies a cutoff on the height of the diagram: it may not be higher than Ñ .

The kinship of 2D YM to Nekrasov’s formulas for the prepotential was already noted
in [88]. In [90] this relationship was explored as a suggestive rewriting of the
dimension formula. The authors of that paper studied in addition the Gaussian
Hermitian matrix model in terms of profile functions and the run-up to the Douglas-
Kazakov phase transition. This calculation shows that, in the ~ → 0 limit, terms
in the polynomial potential of the Hermitian matrix model get identified with a
potential in terms of profile functions according to

gk
k + 1

xk+1f ′′(x) ∼ gkTrMk no sum (5.60)

where M is the matrix model variable. Actually, in the calculations in [90] one
should take, in their notation, ε = gym in contrast to the claims in that paper. The
reason is that in formula (2.8) of [90] a factor of ~|k| is missing (compare equation
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(5.25)), which follows from the precise definition of the generally ill-defined infi-
nite product. Tracing this factor through the calculation then gives that the large Ñ
limit studied in [90], which is called a double scaling limit in that paper, can just
be identified with the usual Douglas-Kazakov ’t Hooft large Ñ limit. It is an inter-
esting question what the partition sum with the extra parameter ε corresponds to,
but it might simply be the 2D Yang-Mills theory again, written in slightly different
variables.

The connection with profile functions comes because the Casimirs of the 2D gauge
theory can be rewritten in terms of the profile functions by simply calculating the
expansion coefficients. It is easy to see that, with the Casimirs taken to be (propor-
tional to)

Ñk+1Ck(λ) =
∑
i

(λi + Ñ − i)k − (Ñ − i)k, (5.61)

that there are coefficients cj such that

Ck =
k+1∑
j=1

cj

∫
dxxjf ′′~k,p(x, ~). (5.62)

The upper limit of this summation follows from the observation that Ck ∝ λki ∝
Kk+1. In 2D Yang-Mills theory, the large Ñ limit can be studied [100, 101] directly
by taking a continuum limit in the partition function (5.59). This yields a Hermitian
matrix model with a polynomial potential of the same order as the potential in
(5.59).

The calculations in 2D Yang-Mills theory are, of course, related to (5.64). In fact,
one may (almost) interpret that vev as a way of writing the 2D Yang-Mills partition
function, where for finite Ñ one must impose a cut-off on the number of fermions
which may get excited from the vacuum. However, for finite Ñ it is unnatural to
study the colored fermions we studied above. Another, related difference is the
occurrence in (5.64) of the term ξl

∫
f ′ and it would be nice if this term also had

a natural interpretation in the 2D Yang-Mills theory, perhaps as non-perturbative
(e−Ñ) effects in the large Ñ limit.

In [91] the authors used the matrix model point of view to calculate a saddle-point
of the 2D Yang-Mills partition function in the limit of large potential. They then
study fluctuations around that saddle-point. Without further arguments however,
this saddle-point approach in the case of large potential does not allow one to sim-
ply take a limit to small potential directly as is done in that paper. Still, the obser-
vations from [91] are interesting in their own right and it would be nice to know
the connection to for instance the fermionic formulation explored in this chapter. It
appears that the calculations there focus on a different regime in the theory space:
the fluctuations of the eigenvalues which are located in a cut are considered for both
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5.6. Deformations of the fermionic formulation and the matrix model

left and right fluctuations separately. In a different context, this type of fluctuations
is studied in [102], where non-perturbative effects in the large Ñ are studied in a
q-deformed 2D Yang-Mills theory on a torus. It is an interesting question how all
this might be interrelated.

As a final point, it is interesting to note that the matrix model obtained in a straight-
forward lattice formulation of 2D Yang-Mills by Gross and Witten [103] has a double
scaling limit which givesN = 2 SU(2) Yang-Mills theory directly [25]. Furthermore,
in this double scaling limit the 2D Yang-Mills potential vanishes, in accordance with
the other calculations in this section.

5.6 Deformations of the fermionic formulation and
the matrix model

From the results in chapter 3 it is explicitly known what the equations are that have
to be imposed (in the ~→ 0 limit) on the periodic Toda chain Lax matrix in order to
obtain the factorization of the Seiberg-Witten curve expected from field theory,

[L,L(W ′(L))] = 0.

As a first step in the direction of obtaining this equation in the framework of a dis-
persionless limit as above, the goal in this subsection is to identify what the natural
operators are which can be inserted into the fermion vev to model these time flows.
In the next subsection we will argue that these operators should be the ones which
correspond to turning on a superpotential in the gauge theory.

The property which we would like to keep fixed in the above derivation is (5.45) and
not necessarily the periodicity condition. Remember that in the matrix model the
periodicity of the Lax matrix, which is the rank of the microscopic gauge group, is not
seen directly. Furthermore, the N = 2 theory should be the initial conditions of the
flows which are related to the coupling constants of the superpotential. With these
considerations in mind, it is natural to try to model the addition of a superpotential
as a change in the initial conditions of theN = 2 theory itself. The natural operators
which leave (5.45) invariant in this from consist of operators of T-charge 0, which
are sums of ψkψ̃−k. We therefore propose to study the (dual) partition function

ZD(ξl, gk, p,Λ, ~) = 〈p|e
xnHn
~ e

1
~

∑Nc
i=1 ξlC

(l)
e

1
~2
∑∞
k=2

gk
k+1Kk+1e

ynH−n
~ |p〉. (5.64)

The operators Kk+1 are taken to be

Kk+1 ≡ ~k+1
∑
r

(
(r +

1
2

)k+1 − (r − 1
2

)k+1

)
: ψrψ−r : . (5.65)
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Chapter 5. Integrability in gauge theories from random partitions

This particular form is inspired by the analysis of the saddle-point equation above,
the considerations in 2D Yang-Mills theory, and calculations in [93]. The authors of
that last paper arrived at this particular form because of the fact that for uncolored
partitions the following equation can be straightforwardly shown to hold,

Kk+1|p;λ〉 =
(∫

dxxk+1f ′′k (x, ~)
)
|p;λ〉. (5.66)

Repeating the derivation for colored partitions which led to (5.36) shows that, up to
a term which depends on p, turning on the operators Kk+1 corresponds to adding a
term

1
~

2

gk
k + 1

∑
l

(∫
dxxk+1f ′′l (x− al, ~)

)
(5.67)

to the free energy of the N = 2 theory.

The missing information, compared to the previous two chapters, is exactly how the
coupling constants gk are related to flows in the Toda hierarchy. According to [93],
[104] shows that gk are the times in a Toda lattice hierarchy, but we have not yet
been able to verify this concretely. A related question is how all the operators in
this theory are related to each other. In particular, the resolvent of the matrix model
should be related to the operator in (5.67). In the ~→ 0 limit, this will reduce to the
usual matrix model hyperelliptic Riemann surface. If periodicity is imposed by hand,
then there is also a natural Lax operator in the theory, since the derivation of the
periodic Toda chain above then also holds. It would be natural to suspect that these
two operators have a shared spectrum, i.e. commute. This would lead directly to an
equation of the form (3.113) and in turn would then fix the parameters ξl as func-
tions of the coupling constants. Although plausible, it is however not guaranteed
that the wave functions studied above are also eigenfunctions of the matrix model
resolvent. Alternatively, all the needed equations of motion can, of course, always
be imposed by hand. Note that, from the point of view of the dispersionless limit,
there is no need to distinguish between ’fast’ and ’slow’ variables in the formulation
above, gk and {xk, yk} are completely separate variables.

5.7 Discussion

In this chapter it is shown how the integrable structure explored in the previous
chapters might be embedded into an integrable hierarchy. We have shown that the
Seiberg-Witten curve can be derived directly as the spectrum of a Lax matrix of
the periodic Toda chain in the dispersionless limit of Nekrasov’s expression for the
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N = 2 prepotential3. This was done in a certain fermionic formulation which is a τ
function of the Toda lattice hierarchy. The Dijkgraaf-Vafa matrix model saddle point
equation is seen to arise naturally in the continuum ~ → 0 limit from the addition
of certain operators to the random partition model. The precise dictionary is deter-
mined by 2 observations: one is the comparison of the saddle-point equation derived
from the (dual) random partition expression and the one derived from the (dual)
Hermitian matrix model, (2.70). The other observation is that, when expressed in
terms of profile functions, the ~ → 0 limit is equivalent to the limit ε → 0 studied
in [90]. From the details of that calculation one can see that the identification of
terms in the Hermitian matrix model with operators in (5.64) should also be in line
with 1

k+1x
k+1f ′′(x) ↔ Trφk. It is shown how these operators may be then be in-

corporated into the fermionic formulation as deformations of an initial condition by
specific operators. In order to compare to the calculations in the previous chapters
of this thesis what remains to be shown is how flows in the coupling constants of
these operators are related to flows in the Toda lattice hierarchy and how these re-
duce in the dispersionless limit to the flows studied there. More generally, it remains
an open question how the variables in all the different approaches are connected,
such as the S and a variables. This is currently under study.

It is interesting to see that one τ function (5.64) is related to a 2D Yang-Mills theory,
a 4D gauge theory, and a 0D matrix integral in a certain limit. By the results in
this thesis, the integrable structure also has a connection to gauge theory in 3D.
A very naive counting would then lead one to suspect that a 1-dimensional gauge
theory will show up somewhere. Actually, our fermion vev is remarkably similar to
one obtained in the c = 1 string [106], which has a representation as a 1D matrix
model. Another intriguing and unexplored possible connection to the Kontsevich
model in ([107]) was one of the motivations for the study of the material in this
chapter.

An obvious direction from the results in this chapter is to further understand the
connection between Dijkgraaf-Vafa and Seiberg-Witten by extending the results of
this chapter. The calculations in this chapter seem to indicate there is a much larger
(string theory) structure underlying all of this. Studying sub-leading effects (in ~)
will reveal how they are related. Although it seems unnatural, the possibility ex-
ists that our dictionary may need sub-leading corrections since the results above are
obtained mainly in the ~ → 0 limit. From a N = 2 perspective, a natural ques-
tion is the exact relationship of the connection explored in this chapter to the field
theory origin of the calculations of Nekrasov. In particular, there a certain topolog-
ically twisted version of N = 2 four dimensional gauge theory is used to arrive at
his results, and it would be nice to know exactly how the operators studied above

3After this chapter was written, we became aware that related calculations can be found for a 5D
gauge theory in [105]

153



Chapter 5. Integrability in gauge theories from random partitions

compare to operators in the underlying N = 2 theory. There is a slight puzzle here
due to calculations in [93] who use an expression similar to (5.64) to calculate the
generating functional of vacuum expectation values for a U(1) gauge theory. There
is however a small discrepancy. In general, the partition function written above is
for SU(Nc) gauge theory and it would be nice to also understand the U(1) factor
studied in [93], which might be slightly more difficult to do in the dual formulation.
This is expected to account for the discrepancy.

A feature of the calculations written above which also deserves further study is the
fact that for most of these calculations the fermion charges are real, a complex exten-
sion would be welcome. From a 2D Yang-Mills perspective there are also a number
of open questions. In particular, although the matrix model which arises there is the
Hermitian matrix model, in the random partition model in this chapter there is a
term proportional to ξl

∫
f ′ which does not have a finite Ñ interpretation. A natu-

ral infinite Ñ interpretation of these may be that, from a 2D Yang-Mills perspective,
they are connected to non-perturbative effects in the ’t Hooft limit. This is also under
study. From a N = 1 or Dijkgraaf-Vafa perspective, there are a large number of re-
sults which beg for an interpretation in the framework of this chapter. In particular
many results obtained in matrix model language might be re-derived. For instance
the puzzle on the distribution of eigenvalues in the semi-classical limit from chapter
(3) might have a natural resolution in the framework above. As explained above, we
have some indications that even the equations of motion imposed in Dijkgraaf-Vafa
theory might be derived in some form from the fermion vev. We leave the study of
this interesting possibility for future work.

Appendix A Schur function expansions in Hermitian
matrix models

In this appendix we discuss one possible application of the above analysis we have
in mind: it may provide for a much faster way of calculating Dijkgraaf-Vafa superpo-
tentials including contributions which are sub-leading in the ’t Hooft limit. However,
at present it is unclear how the formalism used in this appendix connects to the gen-
eral formalism in the rest of this chapter. In general the question can be asked if
Hermitian matrix models admit an expansion as a sum over partitions directly. An
expansion of this sort can be found in the work [85]. They show that the two-matrix
model

Z(N, t, t∗) =
1

Z(N, 0, 0)

∫
dMN×N

1 dMN×N
2 eTr (V1(M1)+V2(M2)−M1M2) (5.68)
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A. Schur function expansions in Hermitian matrix models

with an Hermitian matrix M1 and anti-Hermitian matrix M2 and potentials V1(x) =∑∞
i=1 tix

i V2(x) =
∑∞
j=1 t

∗
jx
j has a natural expansion in terms of Schur-functions as

Z(N, t, t∗) =
∑
λ

(N)λsλ(t)sλ(t∗). (5.69)

Here λ = {λ1, λ2, . . .} is a (uncolored) partition, sλ is a Schur function and

(N)λ =
l(λ)∏
i=1

λi∏
j=1

(N − i+ j), (5.70)

with l(λ) is the length of the partition. (N)λ can be interpreted as the measure.
This peculiar relation is shown by reducing the two-matrix model to an eigenvalue
model. The integrals which arise there can also be written as a certain inner product
on the space of Schur-functions and comparing the expressions give the desired
result. Let us stress that this is a finite N equivalence statement, not an asymptotic
equivalence. Furthermore it is shown in [85] that this is a tau function of the Toda
lattice hierarchy by showing that (5.69) has a fermionic formulation of the form
(5.5).

With a quadratic potential for one side it is easy to reduce this to a one matrix
model and the expansion in equation (5.69) can in this case be related to directly to
the ’t Hooft large N expansion [85]. Note that the expansion in (5.69) must then
give all terms in the 1/N expansion, including the sub-leading terms. In order to
compare to results in the literature, especially in [108], we specialize to a potential
W = m

2 x
2 + g

3x
3 and substitute N = S. Calculating the free energy then gives an

expansion

F (N, g2, g3) = log

(∑
λ

(N)λsλ({0, 1
2m

, . . .})sλ({0, 0,−g
3
, . . .})

)

=
g2

m3

(
2
3
S3 +

1
6
S

)
+

g4

m6

(
8
3
S4 +

7
3
S2

)
+

+
g6

m9

(
56
3
S5 +

332
9
S3 +

35
6
S

)
+

+
g8

m12

(
512
3
S6 +

1864
3

S4 + 338S2

)
+ h.o.

(5.71)

in perfect agreement with the coefficients of the single cut pieces in equation 4.9
in [108]. Note that the above expansion contains sub-leading terms in the 1/N
expansion since N = S.

The above expression only gives the single-cut solution and it is not obvious how this
can be generalized to multi-cut solutions. In fact, since this expression is derived
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Chapter 5. Integrability in gauge theories from random partitions

at finite N and contains the full partition function, it is not obvious that it even
should be possible to derive the asymptotic expansion of a multi-cut solution in this
framework, although it clearly would be interesting if it were. The above method
does provide for a very quick way of calculating sub-leading corrections for the
single-cut answers and seems to be unknown in the physics community. It would be
interesting to relate the above formulae to (5.64), which should reduce to the case
studied in this appendix if all ξl are set to zero.
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Samenvatting

Waar gáát dit proefschrift over? Waarom zou je dit soort onderzoek eigenlijk doen?
En wat heb je eraan, bijvoorbeeld in de badkamer? In dit hoofdstuk geef ik een
begin van een antwoord te geven op deze vragen. Onderweg zullen we een aantal
begrippen tegenkomen dat in dit proefschrift een centrale rol vervult.

De grote onderzoeksvraag

Je kunt geen hele puzzel zien door alleen maar naar 1 puzzelstukje te kijken. Daarom
is het verstandiger om deze samenvatting te beginnen met een beschrijving van de
puzzel die we uiteindelijk willen leggen. Deze puzzel begint bij een simpele vraag:
“Waar bestaat de wereld uit?” Nu kun je natuurlijk een lijst maken met alle stoffen
die je tegenkomt in de natuur (hout, steen, water, schelpen, ....) maar het is han-
diger en efficiënter om te bepalen uit welke basiscomponenten die stoffen bestaan.
Eén van de grote triomfen van de wetenschap van de 20e eeuw was een (gedeel-
telijke) classificatie van dit soort basiscomponenten. Laten we om te begrijpen hoe
dit werkt als voorbeeld leidingwater nemen, zoals dat bijvoorbeeld in de badkamer
gebruikt wordt.

Leidingwater bestaat voor het grootste gedeelte uit het molecuul water met nog wat
andere stoffen (denk aan de kalk uit de reclame!). Het molecuul water zelf bestaat
uit 2 waterstof atomen en 1 zuurstof atoom. Het verschil tussen de verschillende
atomen zit in de massa van het atoom. Waterstof is het lichtste atoom van allemaal;
zuurstof is ongeveer 8 keer zo zwaar. Waterstof is het simpelste atoom en is daarom
het meest geschikt om mee verder te gaan: waar bestaat een waterstof atoom uit?
Elk atoom, en dus ook waterstof, bestaat uit een kern met daaromheen een wolkje
elektronen. Elektronen zijn relatief goed begrepen deeltjes, dus die laten we voor
nu even links liggen. De kern van een waterstof atoom bestaat uit een enkel deeltje
dat een proton genoemd wordt. Zwaardere atomen, zoals zuurstof bijvoorbeeld,
bestaan uit meerdere protonen en hun neefjes, de neutronen. We zijn nu dichtbij
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het probleem waar dit proefschrift over gaat, want het antwoord op de vraag waar
protonen en neutronen uit bestaan is ‘drie quarks’. Overal waar je in dit proefschrift
‘fundamental matter’ leest (bijvoorbeeld in hoofdstuk 4), kun je ook ‘een vorm van
materie die in sommige eigenschappen sterk lijkt op die van quarks’ lezen. Als het
goed is, klinkt deze laatste zin na het lezen van deze samenvatting iets minder vaag!
Voor zover bekend zijn quarks fundamentele deeltjes; dat wil zeggen, ze bestaan
zelf niet uit nog kleinere componenten. Dit betekent overigens niet dat hier het
verhaal mee af is. Naast quarks bestaan er nog een aantal fundamentele deeltjes
en je kunt je afvragen of er niet een onderliggende theorie is die verklaart waar al
die deeltjes vandaan komen. Omdat we in dit hoofdstuk gëınteresseerd zijn in meer
directe toepassingen laten we het hier nu eerst bij de quarks.

Een stapje terug?

Hierboven hebben we een aantal reductiestappen gezet door steeds te proberen
kleinere en kleinere bouwstenen te vinden. Als je deze stappen hebt gezet is een
natuurlijke vraag hoe precies de bouwstenen samenwerken: Hoe vormen verschil-
lende moleculen samen leidingwater? Hoe maken verschillende atomen samen 1
molecuul? Hoe werkt een atoom, als je weet dat het bestaat uit elektronen en een
kern? Hoe vormen protonen en neutronen samen die kern? Hoe vormen quarks
een proton? Met andere woorden: als we een aantal puzzelstukjes van een proton
kennen, kunnen we dan al een proton ‘leggen’? Die laatste vraag is heel belangrijk
in dit proefschrift.

Om die vraag te kunnen beantwoorden moet je eerst weten hoe de puzzelstukjes
eruitzien die we al hebben. Omdat quarks zelfs met de sterkste microscoop niet te
zien zijn, is het moeilijk om je er een voorstelling van te maken. We weten bijvoor-
beeld dat er zes typen quark bestaan die we verschillende ‘smaken’ noemen. De
verschillende smaken quarks hebben namen gekregen: in volgorde van toenemende
massa heten ze up, down, strange, charm, bottom, top. Deze namen zijn historisch
zo ontstaan. Het proton bijvoorbeeld bestaat uit 2 up quarks en 1 down quark en
het neutron uit 2 down quarks en 1 up quark. Je kunt met 3 quarks nog meer, steeds
exotischer deeltjes maken, maar deze zijn meestal niet heel erg stabiel. Dit is nog
niet het einde van het verhaal: behalve een ‘smaak’ heeft elk quark ook nog een
andere eigenschap die ‘kleur’ genoemd wordt. Quarks hebben altijd een kleur en
kunnen alleen rood, groen of blauw zijn. Ook dit is, net als smaak, een label dat je
op een bepaalde eigenschap plakt om het bespreekbaar te maken.

We willen een proton opbouwen uit quarks, dus gebruiken we twee up quark puzzel
stukjes en een down quark stukje. Nu komt de verrassing: in de natuur komen
alleen die combinaties voor zodat als je de kleuren mengt je de kleur wit krijgt!
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Sterker nog: er is nog nooit een los, gekleurd deeltje waargenomen dat niet wit is.
Je kunt dus nooit een proton hebben dat uit 2 groene quarks en één rode quark
bestaat. Dit verschijnsel heet ‘kleuropsluiting’. Als je dus een natuurkundige theorie
moet bedenken die beschrijft hoe quarks een proton vormen dan moet je -hoe dan
ook- een theorie neerschrijven die in elk geval kleuropsluiting voorspelt. Nu is er
natuurlijk al het één en ander bekend over de theorie die beschrijft hoe quarks
onderling samenwerken, dus is het goed om daar eerst even bij stil te staan.

Kleurendynamica

De natuurkundige theorie die beschrijft hoe quarks samenwerken wordt quantum
chromodynamica4 genoemd, of afgekort QCD. Deze theorie zegt dat quarks com-
municeren door deeltjes uit te wisselen. Die wisselwerkingsdeeltjes heten ‘gluonen’,
afgeleid van het Engelse woord voor lijm (glue). Deze deeltjes horen de quarks op
de een of andere manier samen te lijmen tot een proton. In de vorige zin staat
‘horen’ omdat er een groot nadeel is aan QCD als natuurkundige theorie: we kun-
nen er nog niet alles mee uitrekenen! Sterker nog, de wiskundige verklaring van
kleuropsluiting is één van de grote open vragen in deze theorie.

Paradoxaal genoeg is de technische reden dat het moeilijk is om in QCD aan kleur-
opsluiting te rekenen tegelijk een grote triomf van deze theorie. Dat zit als volgt.
Misschien vroeg de oplettende lezer zich een paar alinea’s geleden af hoe het komt
dat we denken dat er gekleurde deeltjes als quarks bestaan, terwijl even verderop
staat dat in de natuur alleen maar ongekleurde deeltjes worden waargenomen. Het
antwoord is dat deze beweringen heel sterk afhangen van op welke schaal je dingen
bekijkt. Als je een satellietfoto bekijkt, bijvoorbeeld zoals degene die op de voorkant
van dit proefschrift staat, zie je duidelijk een stuk continent en een stuk zee. Wat
je niet ziet zijn bijvoorbeeld afzonderlijke vliegvelden, laat staan afzonderlijke men-
sen. Wat je wel of niet ziet is dus afhankelijk van hoe groot de gemiddelde objecten
zijn die je ziet: als je inzoomt levert dat je meer detail op, maar tegelijkertijd ver-
lies je het overzicht. Iets analoogs (maar dan op veel kleinere schaal) is er aan de
hand met QCD: als je kijkt naar dingen ter grootte van, zeg, een proton, dan zie je
nooit gekleurde objecten. Als je steeds verder inzoomt, dan ‘zie’ je op een gegeven
moment de gekleurde quarks.

Maar als dit beeld waar is, dan zou QCD als theorie alleen effecten moeten beschrij-
ven die plaatsvinden op de heel kleine schaal van de quarks. Op grotere schaal
moet deze beschrijving in termen van gekleurde deeltjes niet meer helemaal in deze
vorm opgaan. Dit is technisch gesproken exact wat er gebeurt! De meeste stukken
gereedschap die zijn ontwikkeld om theorieën als QCD te analyseren zijn allemaal

4 ‘Chromo’ betekent kleur in het Grieks.

167



Samenvatting

gebaseerd op een bepaalde benaderingsmethode, die lang niet altijd mag worden
toegepast. Het blijkt dat dat wél mag op de schaal van een quark, maar niet op de
schaal van een proton. Dit effect wordt ‘asymptotische vrijheid’ genoemd en voor
de berekening én de interpretatie van dit effect in QCD kregen Gross, Politzer en
Wilczek in 2004 de Nobelprijs. Het effect laat ook zien dat er nieuwe technieken
moeten worden bedacht als we dingen op de schaal van een proton willen bekijken,
omdat de oude alleen toepasbaar zijn bij de hele kleine afstandschaal van de quarks.
Met andere woorden, we hebben nog niet alle stukjes van de puzzel en om een pro-
ton te kunnen leggen met we dus op zoek gaan naar nieuwe stukjes (technieken).

De centrale vraag bij de speurtocht naar nieuwe technieken is de vraag hoe kleur-
opsluiting wiskundig afgeleid kan worden uit QCD. Nu is er wel een aantal na-
tuurkundige beelden bedacht om kleuropsluiting te verklaren, maar een echt bewijs
ontbreekt nog steeds, ondanks het feit dat QCD zelf nu al meer dan 25 jaar oud is.
Meer algemeen is de vraag: stel dat je weet hoe een theorie zich gedraagt op de
schaal van de quarks, hoe gedraagt deze theorie zich dan op de schaal van een pro-
ton? Omdat deze laatste situatie anders is dan de eerste wordt het laatste geval ook
wel eens aangeduid als een ‘effectieve theorie’. Dit is een theorie die alleen geldig is
op een bepaalde afstandschaal. In dit proefschrift is een effectieve theorie altijd iets
wat natuurkunde op de schaal van protonen beschrijft.

Nieuwe technieken: supersymmetrie

Zoals gezegd moeten we nieuwe technieken ontwikkelen om protonen beter te be-
grijpen. In zo’n geval is het in de theoretische natuurkunde standaard procedure
om te beginnen bij het begrijpen van versimpelde situaties. Dit doe je om je intüıtie
aan te scherpen en onderliggende structuur duidelijk te maken. Zo zijn er voor QCD
modellen beschikbaar waarin je eerst aanneemt dát er kleuropsluiting plaatsvindt
op een bepaalde manier om vervolgens voorspellingen te doen over bepaalde waar-
nemingen. Een grote voorspellende waarde hebben deze modellen niet, maar het
geeft je wel een idee van de antwoorden die je gaat vinden. Realistischer is het om
te kijken naar zussen van QCD: het idee is om een theorie te vinden die QCD bevat
en nog wat extra deeltjes of vergelijkingen. Het doel is natuurlijk om zulke dingen
toe te voegen dat het hele probleem oplosbaar wordt terwijl je zo dicht mogelijk bij
de oorspronkelijke situatie blijft. Om het probleem oplosbaar te maken heb je een
organiserend principe nodig om op een gecontroleerde manier extra vergelijkingen
en deeltjes te krijgen. Een voorbeeld van zo’n principe is supersymmetrie.

Supersymmetrie maakt gebruik van een nog weer andere eigenschap van deeltjes.
Alle deeltjes zijn óf een boson óf een fermion. Een quark bijvoorbeeld is een fermion,
terwijl een gluon een boson is. Het idee van supersymmetrie is om een extra ((nog)
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niet waargenomen!) symmetrie aan je theorie toe te voegen die aan elk fermion
in je theorie een gelijkwaardig boson koppelt en aan elk boson een fermion. Deze
extra deeltjes heten supersymmetrische partners. Als je dan aan deze partners ook
weer partners toekent, krijg je iets dat uitgebreide supersymmetrie heet. Voor elk
oorspronkelijk deeltje heb je dan in totaal 2 superpartners. Het aantal superpartners
voor elk oorspronkelijk deeltje wordt in de hoofdtekst van dit proefschrift aange-
geven met het symbool N . De vergelijking N = 1 bijvoorbeeld staat voor gewone
supersymmetrie (1 superpartner) en N = 2 staat voor uitgebreide supersymmetrie.

Al in 1994 lieten Seiberg en Witten zien dat je voor het speciale geval van QCD-met-
uitgebreide-supersymmetrie de effectieve theorie die het grote schaal gedrag van
deze theorie beschrijft ook echt kunt afleiden. De vergelijkingen die bij die theorie
horen laten vervolgens zien dat kleuropsluiting echt gebeurt volgens een mecha-
nisme ooit bedacht door ’t Hooft en Mandelstam op basis van fysische intüıtie. Ster-
ker nog, Seiberg en Witten lieten zien dat niet alleen de supersymmetrische versie
van QCD zo werkt, maar dat je ook het aantal smaken kunt variëren om soortgelijke
effecten te laten zien. Je kunt bijvoorbeeld kijken naar een QCD-achtige theorie
zonder quarks, dus zonder smaken en met alleen maar gluonen en hun supersym-
metrische partners. Dit is technisch gezien het makkelijkste voorbeeld van de theorie
van Seiberg en Witten. Vaak wordt dit voorbeeld een theorie met ‘alleen maar lijm’
(in het Engels pure glue of pure superglue) genoemd en in dit proefschrift komt
deze theorie voor in bijvoorbeeld hoofdstuk 3.

De analyse van Seiberg en Witten was een grote doorbraak, maar de beperking ervan
is dat je wel uitgebreide supersymmetrie nodig hebt. Om even terug te stappen naar
de puzzel-analogie: de Seiberg-Witten analyse geeft je een stukje puzzel dat wel in
de puzzel past, maar de afbeelding erop klopt nog niet omdat deze te simpel is. Om
het plaatje meer te laten kloppen kun je dan proberen om met een ‘kleine’ verstoring
de hoeveelheid supersymmetrie te verminderen naar gewone supersymmetrie. Ook
dat probleem blijkt oplosbaar te zijn en onder andere Dijkgraaf en Vafa hebben
laten zien hoe je op een precieze manier aan zoiets kunt rekenen. Toch klopt het
plaatje op de puzzel ook nu nog niet met de andere stukken, hoewel het al wel
beter lijkt. Het is tot nu toe nog steeds niet gelukt om de laatste stap te zetten naar
géén supersymmetrie. Om verder te komen moeten we waarschijnlijk eerst beter
het plaatje op het voorlaatste puzzelstukje kennen; we moeten de structuur beter
begrijpen.

In dit proefschrift wordt er in principe naar het hetzelfde natuurkundige probleem
gekeken als in de voorgaande paragraaf: we beginnen met uitgebreide supersym-
metrie en verstoren het systeem dan zo dat je gewone supersymmetrie over houdt.
Om de structuur van dit probleem verder te bestuderen gebruiken we een verrassend
verband met een heel ander type natuurkundig model dat bekend is uit de literatuur.
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Dit andere type model staat bekend onder de naam ‘integreerbare systemen’.

Integreerbare systemen

In de klassieke mechanica, zoals bedacht door Newton, is een integreerbaar systeem
het hoogst haalbare: het beschrijft een aantal deeltjes, dat op een bepaalde manier
krachten op elkaar uitoefent waarvan de oplossing kan worden opgeschreven als een
formule. In de praktijk kan de formule echter wel zo moeilijk zijn dat het niet echt
een praktische oplossing is. Een voorbeeld van een systeem dat niet integreerbaar is,
is bijvoorbeeld het probleem van twee planeten die om een zon heen draaien. Eén
planeet om de zon is een probleem dat al door Newton werd opgelost, maar twee
planeten is een stuk moeilijker. Sterker nog, het is van dit type probleem bekend dat
het geen ‘formule’ als oplossing heeft, tenzij je benaderingen gaat maken. Natuurlijk
kun je dit probleem simuleren op de computer en kent het niet echt veel praktische
problemen. Toch geeft het wel aan dat ‘integreerbaarheid’ wel eens bijzonder zou
kunnen zijn.

Vanwege die speciale status zijn dit soort systemen uitgebreid bestudeerd in de wis-
kundige en natuurkundige literatuur. Eén van de motivaties daar is dat integreer-
bare systemen versimpelde versies zijn van moeilijker problemen. Dit is natuurlijk
precies hetzelfde soort motivatie als die we hierboven beschreven om te kijken naar
supersymmetrie. Wat voor ons hier belangrijk is, is dat veel van dit soort systemen
zijn opgelost en verbindingen hebben met veel andere gebieden in de wiskunde en
natuurkunde.

Een systeem dat in dit proefschrift vaak voorbij komt is het zogenaamde Toda sys-
teem. Dit kun je je voorstellen als een aantal kralen, dat aan een ring zit. Tussen
opeenvolgende kralen maak je veren met precies bepaalde wiskundige eigenschap-
pen. Dit Toda systeem is volledig oplosbaar en is uitgebreid bestudeerd in de wis-
kundige literatuur. Ook in de natuurkunde is het al een aantal keer in verschillende
omstandigheden opgedoken.

Vanuit een natuurkundig oogpunt is er geen goede reden om te denken dat het bo-
venstaande Toda systeem ook maar iets te maken heeft met de effectieve theorie
van Seiberg en Witten. Vanuit een wiskundig oogpunt echter lijken ze heel sterk op
elkaar; zoveel zelfs, dat je kunt laten zien dat het Toda systeem wiskundig gezien
verbonden is met het makkelijkste voorbeeld van Seiberg-Witten theorie: QCD zon-
der quarks. Je kunt deze redenering herhalen voor heel veel verschillende soorten
QCD-achtige theorieën en telkens vind je dat tegenover een bepaalde theorie een
specifiek integreerbaar systeem staat. In dit proefschrift kijken we bijvoorbeeld naar
Seiberg-Witten theorieën met verschillende hoeveelheden quarks. Een grote open
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Figuur 5.2: Het Toda systeem

vraag is of er een diepere natuurkundige reden is voor het verschijnen van integreer-
bare systemen bij het bestuderen van supersymmetrische gluonen en quarks.

Waar gáát dit proefschrift over?

De belangrijkste les uit de vorige sectie van dit hoofdstuk is dat er voor elke QCD-
achtige theorie met uitgebreide supersymmetrie een specifiek integreerbaar systeem
bekend is. De drijvende technische vraag in dit proefschrift is dan hoe deze con-
nectie zich houdt als we de hoeveelheid supersymmetrie verminderen. Nu is er in
de literatuur best veel bekend over wat er in dat geval precies gebeurt; dus, onge-
acht wat er uit de analyse van de connectie volgt, die bekende resultaten moeten
worden gereproduceerd. In hoofstuk 2 van dit proefschrift staat een lijn van na-
tuurkundige en wiskundige argumenten die uitmondt in een precies voorstel wat je
in het integreerbare systeem moet doen om de supersymmetrie te verminderen en
we laten zien dat dit voorstel inderdaad bekende resultaten reproduceert. Sterker
nog, in sommige gevallen vinden we nieuwe resultaten. Wat er aan het voorstel
vooralsnog ontbreekt is een vergelijking met bekende, andere rekenmethoden zoals
bijvoorbeeld die van Dijkgraaf en Vafa. Het laatste hoofdstuk van dit proefschrift
bevat het begin van een analyse om dat ontbrekende stuk in dit verhaal te vinden.

We zijn nu ook bijna op het punt gekomen waarop uitgelegd kan worden waar de
titel van dit proefschrift voor staat. In het Nederlands staat er “Integreerbare Struc-
tuur in Lage Energie Effectieve Supersymmetrische IJk Theorie”. De laatste twee
benodigde ingrediënten zijn een uitleg van de elementen ‘lage energie’ en ‘ijk’. Om
met het laatste element te beginnen: QCD zelf behoort tot een bepaalde klasse van
natuurkundige theorieën die ijktheorie heet. In een ijktheorie is er altijd een be-
paalde eigenschap die een beetje willekeurig is: er is geen natuurkundige manier
om erachter te komen welke eigenschap een deeltje zelf heeft. Het enige wat je van
deze eigenschap kunt meten is wat de eigenschap van één deeltje is ten opzichte van
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een standaard deeltje. Smaak bijvoorbeeld is niet zo’n eigenschap omdat verschil-
lende quark smaken een verschillende massa hebben: je kunt een quark wegen om
erachter te komen welke smaak hij heeft. Kleur is wel zo’n eigenschap, en je moet
vóór elke berekening duidelijk afspreken wat je precies rood, groen en blauw noemt.
Met andere woorden, je moet eerst je begrip van kleur ijken. Daarom heet QCD een
ijktheorie.

De verklaring van de frase ‘lage energie’ in de titel is moeilijker om inzichtelijk te ma-
ken. Voor natuurkundigen is een afstandsschaal inwisselbaar met een energieschaal.
Dit kun je onthouden door te denken aan het verwarmen van staal: eerst wordt het
langzaam rood en vervolgens steeds blauwer. Omdat Einstein heeft laten zien dat je
licht kunt zien als een golf heeft het een golflengte: de afstand tussen twee golftop-
pen. De golflengte van golven op zee is zo’n meter of vijf, maar voor zichtbaar licht
is de golflengte zo klein dat we normaal niet zien dat het een golf is. Blauw licht
heeft een kortere golflengte dan rood licht. Als staal warmer wordt zendt het dus
licht uit met een kortere golflengte. Meer in het algemeen is een korte golflengte
daarom iets met veel energie en een lange golflengte iets met weinig energie. Een
lage energie effectieve theorie is dus niets anders dan een theorie die natuurkunde
beschrijft bij grote afstanden! Hierbij is groot natuurlijk een relatief begrip: het is
groot ten opzichte van de grootte van een quark.

Het onderzoek in dit proefschrift kijkt of we via de bekende wiskunde van de in-
tegreerbare systemen meer inzicht kunnen krijgen in de natuurkunde van kleurop-
sluiting. We zoeken in feite naar de integreerbare structuur van berekeningen die al
gedaan zijn, om te kijken of we die structuur kunnen gebruiken om die berekenin-
gen verder te brengen. Behalve de motivatie die in dit hoofdstuk staat beschreven
is er nog een aantal, technischer redenen waarom het belangrijk is om precies deze
berekeningen te doen, maar het zou veel te ver gaan om die hier verder te bespre-
ken.

Waarom zou je dit soort onderzoek eigenlijk doen?

De vraag waar de natuur uit bestaat is misschien de meest basale vraag die mensen
zich kunnen stellen en die door wetenschap te beantwoorden is. Er is dus in elk
geval een fundamentele drijfveer voor dit soort onderzoek. Een direct praktisch
doel heeft dit soort onderzoek niet. Toch heeft de natuurkunde in de loop van de
vorige eeuw bewezen dat vooruitgang in fundamenteel onderzoek uiteindelijk leidt
tot grote doorbraken op technologisch gebied. Om maar wat te noemen: beter
begrip van atomen in de jaren dertig leidde tot de uitvinding van de laser dat weer
heeft geleid tot dvd-spelers. Overigens heeft het ook geleid tot LCD tv’s voor in de
badkamer zoals een zoektocht via Google op ‘waterproof tv’ aantoont. Deze laatste
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toepassing is zeker niet iets dat men in gedachten had in de jaren dertig toen de
noodzakelijke onderliggende theorie werd uitgewerkt. Of het onderzoek beschreven
in dit proefschrift ooit een praktische toepassing gaat hebben is zeer onzeker, maar
het is hopelijk wel onderdeel van het vinden van de juiste beschrijving van de natuur.
Het is bijna ondenkbaar dat uit die beschrijving uiteindelijk geen toepassingen zullen
volgen, mogelijk zelfs in de badkamer.

Conclusie

Om een metafoor te gebruiken die vaak is langs gekomen in deze samenvatting: dit
proefschrift is een klein puzzelstukje in een veel grotere puzzel. Net als het stukje
op de voorkant van dit proefschrift past de vorm van dit puzzelstukje in sommige
opzichten precies in wat we verwachten van een goede beschrijving van de wereld.
Aan de andere kant, net als op die voorkant is de afbeelding op het in te passen
stukje nog in de verste verte niet wat hij moet zijn om een realistisch beeld op te
leveren. Daarnaast is ons beeld van de werkelijkheid nog lang niet compleet; er is
(gelukkig!) nog veel te ontdekken en uit te vinden. De resultaten in dit proefschrift
geven, denk ik, aan dat de wiskunde van de integreerbare systemen een leidraad
kan vormen bij het verder bijschaven en uitbreiden van onze kennis van de wereld
in het algemeen en in het bijzonder van quarks, gluonen en protonen.
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Dankwoord

Een groot aantal mensen hebben aan dit proefschrift bijgedragen en in deze laatste
woorden wil ik hen graag bedanken. Als eerste is er natuurlijk mijn promotor, Jan
de Boer. Jan, ik zal je altijd dankbaar blijven voor de kansen die je me hebt geboden
om mijn eigen weg te zoeken in de theoretische natuurkunde en voor de steun en
hulp onderweg. Zonder jouw uitgebreide kennis van en kunde in de natuurkunde
was het onderzoek beschreven in dit boek nooit geworden wat het nu is. Op het
instituut zijn er nog meer mensen die ik zeker wil noemen, te beginnen bij mijn ka-
mergenoten, reisgenoten en mede-oio’s, Mine en Jeroen: bedankt voor gesprekken
over natuurkunde, maar zeker ook voor de gesprekken die niet over natuurkunde
gingen. Dit geldt zeker ook voor medereisgenoot en mede-oio Robert, die ik samen
met Jeroen ook graag wil bedanken voor de prettige en vruchtbare samenwerking bij
het totstandkomen van een leuk stukje onderzoek en de twee publicaties die daaruit
voortvloeiden. Xerxes, I sincerely hope that we’ll get more of our ideas and calcu-
lations completed and published (soon!), but here and now I would already like to
thank you for a fruitful collaboration. Another person to be thanked in English is
Asad, who taught me a lot about physics (and the American presidency elections)
over lunch and diner these last two years. Ik heb op het instituut door de jaren
heen nog meer aardige en behulpzame mensen mogen ontmoeten: een collectief
dankjewel, met eervolle vermeldingen voor Paula, Yocklang, Miranda, Leo, Assaf en
Ioannis. Verder hadden er ongetwijfeld nog meer fouten in mijn proefschrift gestaan
zonder de mensen die in enige vorm stukken van dit proefschrift voor me hebben
gelezen en van commentaar voorzien hebben.

Mijn onderzoek zou misschien nooit wat geworden zijn zonder de steun van vele
mensen buiten het instituut; het zou in elk geval veel moeilijker en onaangenamer
zijn geweest. Michiel, hoewel het me nooit helemaal duidelijk is geworden of we
nou gingen zwemmen en daarbij elkaar ook nog eens spraken óf dat we elkaar elke
week spraken en dan ook maar eens gingen zwemmen, ik heb de afgelopen jaren we-
kelijks jouw bijzondere vriendschap en steun mogen ervaren, waarvoor mijn dank.
Via de Aik-connectie zijn er verder mensen als Joost, Hylke en Theo die ik graag
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wil bedanken voor hun kameraadschap, ook nu we al lang niet meer dagelijks op
die ‘andere’ universiteit rondstruinen. De jaarlijkse wandelweekenden, skivakanties,
Sinterklazen en andere oud-Aik-gerelateerde avonturen vond en vind ik een groot
voorrecht, dus wederom een welgemeend ‘bedankt’, natuurlijk ook in de richting
van Marit, Paul, Paul, Laura, Tom, Yvonne, Sandra, Bram, Ruth, Jeroen, Una, Mein-
dert en Nathalie. Jeroen verdient nog een extra pluim voor de noeste arbeid die hij
in het maken van de omslag heeft gestoken.

Naast mijn beide kamergenoten heeft een aantal mensen de meer lawaaierige kant
van mijn persoonlijkheid aan moeten horen de laatste paar jaar. Popkoor, kerstkoor,
de Gospelworkshop en andere workshops waren een fijne uitlaatklep, net als de
daaruit voortvloeiende karaoke, Korsakoff-bezoek en andersoortige uitspattingen.
Anika, Joyce, Mathijs (“de band”), Kristel, Mariëlle, Ebby, maar natuurlijk ook Dave,
Josine, Wendy, Birgit, Tijmen, Jan-Derk, veel dank voor veel plezier!

De mensen die van een afstandje hebben meegeleefd bij het totstandkomen van dit
werk wil ik hier graag ook nog noemen. Ongetwijfeld ben ik verder nog mensen
vergeten in de bovenstaande tekst, waarvoor mijn verontschuldigingen. Vergeten
is onmogelijk bij de laatste mensen die ik wil bedanken. Zo zijn daar mijn beide
broers, Erik en Marten, die elk op hun geheel eigen manier mij tot grote steun zijn
geweest. De laatste, maar zeer zeker niet de minste mensen die ik wil bedanken in
dit dankwoord zijn mijn grootste supporters en mijn eigen ijkpunt: mijn ouders. Je
kunt geen huizen bouwen zonder op vaste grond te staan. Het bouwwerk dat dit
proefschrift is staat misschien op mijn naam, maar dankzij jullie heb ik al sinds ik
me kan herinneren vaste grond onder mijn voeten. Het beginpunt is de grond, maar
ik wil jullie graag ook bedanken voor alle hulp, warmte en meeleven die jullie me
gaven, bij de constructie van dit boek maar zeker ook daarbuiten. Vanwege al die
dingen en meer wil ik dit proefschrift graag aan jullie opdragen.
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