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Chapterr 1 

Introduction n 

Thee subject of this thesis can be categorized as the implementation of constraint 
solvers.. In this chapter we put constraint solving, and the programming style 
thatt it enables into context. We motivate our work, give an outline of the thesis, 
andd summarize the scientific contributions. 

1.11 Context 

ConstraintConstraint programming falls in the category of declarative programming 
styles,, where essentially a program describes what must be computed, as op-
posedd to imperative programming, where a program describes how the output 
mustt be computed. A constraint "program" is called a constraint satisfaction 
problemproblem (CSP), and consists of the following elements. 

 a set of variables, each with a set of allowed values, and 

 a set of constraints, where every constraint applies to a subset of the vari-
ables,, and restricts somehow the values that these variables may assume. 

Writingg a CSP to represent a combinatorial problem that occurs in practice is 
calledd modeling. The purpose of constraint solving is to generate solutions 
too CSPs. These are assignments of values to variables that satisfy all constraints. 
Wee will also consider a modification of constraint satisfaction problems where 
thee goal is to generate an optimal solution, according to some objective function. 
Thee combination of a CSP and an objective function is called a constrained 
optimizationoptimization problem (COP). Programs, procedures, and algorithms for con-
straintt solving are called constraint solvers. For a tutorial, and textbooks on 
constraintt programming, the reader is referred to [Smi95. Apt03. Dec03]. The 
subjectt of this thesis is the implementation of constraint solvers. 

Becausee of the very general nature of a CSP. constraint programming sub-
sumess several other forms of modeling, such as linear programming. For some 
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specificc forms of CSPs and COPs there exist very efficient solving methods, such 
ass the simplex algorithm for linear programs. In this thesis we deal with general 
methodss for constraint solving that are applied only when no efficient, problem-
specificc methods are available. 

Inn particular, we deal with methods that are based on an exhaustive explo-
rationn of all possible assignments of values to variables. This excludes so-called 
locallocal search methods, which start from an initial assignment, and try to im-
provee it according to some notion of quality by iteratively making small (local) 
modifications.. Local search methods naturally apply to COPs. but they can also 
bee applied to CSPs by minimizing the number of violated constraints. Local 
searchh methods typically find good solutions quickly, but are not guaranteed to 
findfind the optimum, and therefore they cannot determine whether a solution to a 
CSPP exists or not. 

Inn contrast, the exhaustive methods that we consider in this thesis are guar-
anteedd to find a solution if it exists, but in general they have a time complexity 
thatt is exponential in the size of the problem. Although computations with an 
exponentiall  time complexity are considered to be intractable, this characterizes 
onlyy the worst-case behavior, and despite their potentially intractable nature, 
suchh methods are successfully applied in practice. Examples of such applica-
tionss are the generation of test patterns for digital circuits (see, e.g., [VHSD92]), 
thee analysis of nonlinear functions [HMD97], and scheduling problems [BLPN01], 
suchh as sports tournament scheduling [HenOl], 

1.22 Motivat ion 

Constraintt solving is based on a collection of largely independent techniques, 
thatt fall into two categories: search methods, and techniques for reducing the 
searchh space. In the context of constraint solving, techniques in the latter cate-
goryy are usually called constraint propagation techniques, and the approach 
too constraint solving that is considered in this thesis is known as branch-and-
propagatepropagate search. To a large extent, constraint programming consists of deter-
miningg the combination of techniques that make a given CSP solvable. Many of 
thesee techniques have successfully been used in specific domains to build practical 
constraintt programming tools, but in general it is not possible to combine them 
withoutt reprogramming or re-engineering the tools, and a major challenge in this 
fieldd is how to achieve a combination of various existing methods and techniques 
withinn a single framework. We will refer to realizing such combinations as solver 
composition. composition. 

Recently,, it was demonstrated that many constraint propagation algorithms 
proposedd in the literature are actually instances of a generic iteration algorithm 
[Apt99.. Gen02]. In this scheme, a constraint solver consists of a scheduler com-
binedd with the functions that are to be scheduled. If certain conditions are met, 
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differentt schedulers will lead to the same result, and the schedulers can be config-
uredd to exploit several properties of the functions. Moreover, distributed versions 
off  the generic iteration algorithm exist [MR99, MonOOa], and distributed con-
straintt propagation can be realized simply by substituting a sequential scheduler 
byy a distributed scheduler. 

Ourr goal is to exploit the conceptual simplicity of this scheme, and to comple-
mentt it with facilities for search to form an integrated framework for constraint 
solving.. The central theme of this thesis is an exploration of the possibilities and 
limitationss of such a framework. We have taken a practical approach, which has 
ledd to the development of OpenSolver, a highly configurable constraint solving 
enginee that supports a wide range of relevant solver configurations. A major de-
signn goal was that OpenSolver can be used as a software component, to form the 
coree of a solver, and to participate in several solver cooperation schemes. As a 
result,, composing constraint solvers around OpenSolver involves various methods 
off  software composition. We give an account of the design and implementation of 
OpenSolver,, and of the experiments that were performed to verify the efficiency 
off  the resulting constraint solvers. 

1.33 Outlin e of the Thesis 

Thee thesis can be read as a description of the OpenSolver software, plus a series 
off  case studies that demonstrate how it can be configured for various application 
domainss and methods of constraint solving. In addition to exploring the possi-
bilitiess and limitations of our approach, some of these case studies address more 
specificc research questions. The following chapters fall naturally in three parts. 
Thee first part contains the preliminary material: 

Chapterr  2. Here we introduce constraint solving, and branch-and-propagate 
search.. To motivate our work further, we review several forms of solver 
compositionn that are found in the literature. 

Chapterr  3. A description of the OpenSolver software, which is used in the sub-
sequentt chapters as a platform for experimenting with solver composition. 
Partt of the material presented here was submitted to the CP 2003 doctoral 
program,, and an abstract appeared in the conference proceedings [Zoe03c]. 

Thee second part consists of three chapters that describe applications of a 
singlee OpenSolver instance: 

Chapterr  4. Here we demonstrate how OpenSolver can be configured as a solver 
forr constraints on finite domains, real, and Boolean variables. We also 
describee a number of general-purpose facilities that are independent of the 
applicationn domain, and we investigate how a number of existing techniques 
thatt are normally hard-wired in solvers can be realized through composition. 
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Chapterr  5. In this chapter we demonstrate how OpenSolver can be configured 
forr solving arithmetic constraints on integer variables. Two specific ques-
tionss are addressed in this chapter: first, there are a number of natural 
approachess to implement these constraints, and we investigate which one 
off  them can be expected to give the best performance. Second, we try to 
characterizee the effect of constraint propagation for these constraints. This 
chapterr is based on joint work with Krzysztof Apt, the preliminary results 
off  which appear in [AZ04]. 

Chapterr  6. This chapter is a case study describing a solver for the job-shop 
schedulingg problem, based on OpenSolver. Like Chapter 4, this involves ex-
istingg solving techniques, but this material serves two other purposes. First, 
job-shopp scheduling is considered to be a non-trivial problem whose com-
plexityy is representative of many scheduling problems that occur in practice. 
Ass such, it shows that our approach leads to realistic solver implementa-
tions.. Second, it demonstrates a technique that we refer to as constraining 
special-purposee data types. In an open-ended solver, this technique can be 
appliedd when the existing facilities do not support an efficient implementa-
tionn of a solver for a given problem. Part of the material in this chapter 
wass submitted to the CP 2004 doctoral program, and an abstract appeared 
inn the conference proceedings [Zoe04b], 

Inn computer science, coordination refers to the orchestration of the inter-
actionn among the various components of a software system [Arb98]. While all 
meaningfull  computation involves coordination, it is a particularly relevant aspect 
off  concurrent systems, where several computations overlap in time. The design 
off  OpenSolver allows that in addition to its use as a stand-alone constraint solver, 
itt can be coordinated from the outside in many different ways, to support solver 
compositionn at a higher level. In the last part of the thesis we look at several 
wayss in which OpenSolver instances can cooperate to solve a single constraint 
satisfactionn problem. The techniques described here are orthogonal to those of 
thee three preceding chapters, and can be used in combination with them. Two 
off  these techniques involve concurrency, and the emphasis of their presentation 
iss on the coordination aspects. 

Chapterr  7. There exist constraint propagation techniques that internally in-
volvee search. This internal search process occurs in the context of another, 
encompassingg branch-and-propagate search, and is therefore called nested 
search.. In this chapter we propose a generic reduction operator for nested 
search,, and investigate the extent to which three existing techniques from 
differentt application domains can be expressed as applications of this generic 
operator.. We also describe an implementation of the operator based on an 
almostt autonomous OpenSolver instance, and we evaluate its performance 
onn some benchmark problems. This chapter is based on a paper [Zoe04a] 
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thatt was presented at the 2004 ERCIM/CologNet workshop on constraint 
solvingg and constraint logic programming. 

Chapterr  8. Parallel processing is used to reduce the turn-around time by dis-
tributingg the workload among a number of threads or processes running 
onn different processors or computers. In this chapter we describe a parallel 
constraintt solver that uses a time-out mechanism for load balancing. To 
ourr knowledge, this is a novel approach to parallel search that supports the 
compositionn of a parallel solver from autonomous component solvers. The 
researchh question addressed in this chapter is whether this approach leads 
too efficient and scalable parallel solvers. This chapter is based on a paper 
withh Farhad Arbab [ZA04]. 

Chapterr  9. Here we discuss the use of OpenSolver as a software component for 
implementingg a solver based on distributed constraint propagation. Several 
researcherss have recognized the need for such a solver. A possible motivation 
iss that in some cases, the CSP that we are trying to solve is distributed, 
whilee it is impossible, or undesirable to gather all constraints in a single 
solver.. The chapter is based on two publications [Zoe03b, Zoe03a], that 
continuee the research of Eric Monfroy and Farhad Arbab in the area of 
coordination-basedd constraint solving [MonOOa, AM00]. 

Inn Chapter 10 we review the material in the preceding chapters, and suggest 
directionss for future work. 

1.44 Contribution s 

Thiss thesis demonstrates that solver composition can lead to efficient branch-and-
propagatee constraint solvers. Specific contributions are the following. 

 An account of the design and implementation of a general purpose con-
straintt solving engine, with a flexible architecture that supports a wide 
varietyy of relevant solver configurations. In particular 

-- It is configurable with respect to low-level aspects such as the schedul-
ingg of the functions that implement constraint propagation. This al-
lowss the composition of techniques that are normally hard-wired in 
constraintt programming tools. Solver composition in turn leads to 
reusee of code, and allows that solving techniques carry over to other 
dataa types and application domains. 

-- It is designed as an autonomous application that communicates with 
itss environment through a programmable interface and a solver con-
figurationfiguration language. This design facilitates the component-based con-
structionn of constraint solvers around the solving engine, independent 
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off  a particular computing environment or programming language. The 
configurationn language gives unique possibilities for external manipu-
lationn of CSPs and solver configurations, which allow that special-
purposee functionality can be implemented outside the solving engine. 

AA demonstration and discussion of the technique of constraining special 
purposee data structures as a tool to implement solvers for problems that do 
nott have a straightforward CSP formulation. 

AA systematic study of several approaches to implementing arithmetic con-
straintss on integers, using an interval representation for the variable do-
mains,, and integer interval arithmetic to describe and implement constraint 
propagation.. For the most promising approach, we provide results that 
characterizee the effect of constraint propagation. 

AA demonstration that several operators for enforcing so-called stronger 
formss of consistency, which improve the efficiency of constraint solving in 
specificc application domains, are actually instances of the same technique: 
nestedd search. We demonstrate that using a generic reduction operator for 
nestedd search, these operators can be composed from the operators that 
enforcee weaker forms of consistency. Experiments show that this composi-
tionall  approach leads to a viable implementation of the techniques that we 
aree interested in. 

AA study of a time-out mechanism for implementing parallel search. We 
demonstratee that by equipping constraint solvers with a time-out mecha-
nism,, these solvers can then be used as software components for building 
aa parallel constraint solver, resulting in a very simple implementation that 
performss well on shared memory and distributed memory architectures, and 
givess a good load-balance in practice. 

Inn addition, we believe that the OpenSolver software itself is potentially of 
interestt to a wider audience. However, it was developed primarily for the experi-
mentss reported in this thesis, and has not been used for other purposes. Conse-
quently,, ease of use has not been a priority, and no user's manual or programmer's 
manuall  exists. The latter would be essential for exploiting the open-ended nature 
off  the system. If time permits, we hope to be able to continue the development 
off  OpenSolver, and to make it available as open source software. 



Chapterr  2 

Constraintt Solving 

Thiss chapter introduces the subject of constraint solving. The results in this 
thesiss apply to one particular approach to constraint solving, namely branch-
and-propagateand-propagate search. We give a precise definition of this approach, and argue 
thatt it is desirable to be able to compose constraint solvers from components for 
differentt techniques, heuristics and other aspects of constraint solving. With this, 
wee provide the main justification for the work reported in this thesis. 

2.11 Introductio n 

Constraintt solving deals with finding solutions to constraint satisfaction prob-
lemslems (CSPs). It refers to the techniques that enable constraint programming, 
aa branch of declarative programming where instead of implementing an algorithm, 
thee programmer models the problem as a CSP, and uses a constraint solver to 
constructt a solution. Constraint solving applies to combinatorial (optimization) 
problems,, and many examples of successful applications exist, including schedul-
ingg [BLPN01, HenOl], analysis of nonlinear functions [HMD97], and testing of 
digitall  circuits [VHSD92]. 

Informally,, a CSP consists of a set of variables, each with an associated do-
main,main, plus a set of constraints. The domains are sets of possible values for the 
variables.. Each constraint is defined on a subset of the variables, and restricts 
somehoww the combinations of values that can be assigned to these variables. Con-
straintt solving comes down to finding an assignment of values to variables that 
violatess none of the restrictions imposed by the constraints. Constraints appear 
inn various forms. They can be defined by explicitly enumerating allowed or dis-
allowedd combinations of values for the variables, but in most cases, the domains 
havee some structure, and a more compact notation, such as a mathematical equa-
tion,, can be used. 

Thiss chapter is organized as follows. Section 2.2 contains the definitions re-
latedd to constraint solving that we will use throughout the thesis. Section 2.3 
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introducess branch-and-propagate search. In Section 2.4 we illustrate the need for 
aa configurable constraint solver. 

2.22 Definitions 

Inn this section we define what we mean by constraint solving. This involves a def-
initionn of constraint satisfaction problems that conforms largely to the standard 
definitionss as they are used, for example, in [Apt-03]. Also we will introduce two 
notionss of local consistency of CSPs that are widely used in the literature: arc 
consistencyy and hull consistency. For modeling the solving process we introduce 
thee notion of a domain type, and we will define a number of standard domain 
typess that will be used throughout this thesis. Domain types provide a context for 
thee solving process. We will call the combination of a CSP and a solving context 
ann extended CSP. Such combinations are essential to the model of constraint 
solvingg that this thesis is based on. 

2.2.11 Sequences and Schemes 

Severall  definitions used throughout this thesis rely on the notion of a sequence, 
whichh is an ordered multiset. We consider only finite sequences, and for a sequence 
off  length n we use the notation (ei , . . ., en). Tuples are finite sequences that are 
ann element of a specific Cartesian product of sets. To simplify the notation, when 
itt does not lead to confusion we will omit the angular brackets. 

Ann n-scheme is a subsequence of 1, 2 , . . ., n. Given a sequence t := e\,..., en 

andd an n-scheme s := z1 ;. . ., ij , let t[s]  denote the sequence e^, . . ., ein which is 
calledd the subsequence of t with scheme s. Sequences of length one are identified 
withh the element that they contain, so for 1 < i < n we have t[i]  — (e*) = e,. 

Somee notation: for a sequence A of length n, a sequence B of length 1, and 
aa binary relation symbol r. we use ArB as shorthand for A[l]rZ?[l],... . A[n]r£?[l]. 

2.2.22 Constraint Satisfaction Problem 

Considerr a sequence of variables X := X\,. ...xn that have respective domains 
DiDi  Dn associated with them. By a constraint C on X we mean a subset 
off  Di x . .. x Dn. The number n is the arity of the constraint. 

AA  constraint satisfaction problem consists of a finite sequence of variables 
XX :=  X] , . . ., xn with respective domains V :=  Di,..., Dn, together with a finite 
sett C of constraints, each on a subsequence of X. The scheme of this subsequence 
iss the scheme of the constraint. We use the following notation for CSPs. 

(C;; Xl e £>!,...,xn £ Dn). (2.1) 

Insteadd of explicitly specifying the set of allowable tuples, we will often use an 
implicitt specification of constraints, such as a mathematical equation. 
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2.2.1.. EXAMPLE. Consider the following CSP. 

(x(x <y, y^z; x,y,ze {1,2,3}) 

Thee constraint x < y denotes the subset {(1,2), (1,3), (2,3)}  of Dx x Dy. Its 
schemee is the sequence 1,2, identifying the first two elements of X :=  x,y,z. 
Accordingg to the notation introduced above, x,y,z € {1,2,3}  is shorthand for 
zz € {1,2,3}, j / e {1,2,3}, * € {1,2,3}. D 

Byy a solution to a CSP of the form (2.1) we mean an element d of Di x . .. x Dn 

suchh that for each constraint C E C with scheme s we have d[s] E C. We call a 
CSPP consistent if it has a solution, and inconsistent otherwise. Two CSPs 
withh the same sequence of variables are called equivalent if they have the same 
sett of solutions. 

Further,, given a CSP of the form (2.1), a sequence V' :=  D[,... ,D'n having 
D[D[  C Di, for 1 < i < n, and a constraint C e C with scheme s :=  iu...Ji, 
lett C[V[s\]  denote C (1 D'h x ... x D'  ̂ the projection of V'[s] on C. C[V) 
denotess the set of constraints obtained by replacing every constraint C in C with 
thee projection C[D'[s]], where s is the scheme of C. Projections of domains 
onn constraints are needed to maintain the property that constraints are subsets 
off  Cartesian products of domains, when transforming CSPs by modifying their 
domains.. They are seldom needed, because we mostly use implicit constraints as 
inn Example 2.2.1. 

2.2.33 Local Consistency 

InIn addition to the distinction between consistent and inconsistent CSPs, several 
otherr notions of consistency of CSPs are commonly used. They are called local 
consistencyconsistency notions, and in a CSP that complies to a local consistency notion, 
somee values that do not contribute to any solution have been removed from the 
domainss of variables. The various local consistency notions differ in the extent 
too which such values are absent. It is convenient to introduce a local consistency 
notionn at this stage. 

Considerr a CSP P of the form (2.1), and a binary constraint C G C on variables 
xx and y. The constraint C is called arc consistent if 

 for every a e Dx there is a value b € Dy such that (a,b) € C, and 

 for every b € Dy there is a value a e Dx such that (a, b) € C. 

PP is called arc consistent if every binary constraint in C is arc consistent. 
Thee following examples demonstrate that arc consistency does not imply con-

sistency,, and vice versa. This is true for local consistency in general. 
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2.2.2.. EXAMPLE. The inconsistent CSP 

(x^y,y^z-(x^y,y^z- x,y,ze {0,1} ) 

iss arc consistent: for both disequality constraints, all values in the domains of the 
variabless that it applies to occur in a tuple allowed by that constraint. Conversely, 
Thee consistent CSP of Example 2.2.1 is not arc consistent: the value 3 in the 
domainn of x does not occur in any of the tuples (x,y) € {(1,2), (1,3), {2,3)} 
allowedd by the constraint x < y, nor does the value 1 in the domain oft/. However, 
thiss CSP can be transformed into an arc consistent CSP by removing these values 
fromm their respective domains. This yields the CSP 

(x<y,(x<y, y^z- : re { l , 2 } , ye {2 ,3 } , z€ { l , 2 ,3 } ) 

whichh is equivalent to the original CSP. n 

Arcc consistency, which was introduced by Mackworth [Mac77], applies to binary 
constraintss only. Its generalization to arbitrary constraints is called hyper-arc 
consistency. consistency. 

2.2.44 Domain Type 

Wee will regard constraint solving as a process that performs a series of transfor-
mationss on CSPs. Example 2.2.2 already demonstrated one such transformation. 
Inn principle, these transformations may affect the set of constraints, but in most 
casess that we consider, the transformations change only the domains of the vari-
ables.. To model this process, we introduce the notion of a domain type. A 
domainn type is the set of all domains that can possibly be associated with a 
particularr variable during the solving process. 

Ideally,, for a CSP of the form (2.1) and 1 < i < n, we would like to be 
ablee to use P(A), the set of all subsets of A as a domain type. For finite D{ 

thiss is possible, but the cost of maintaining the data structures to represent such 
domainss in a constraint solver can be high, and using P(A) may not be the most 
efficientt choice. 

Moreover,, if D{ is a set of real numbers, using V{Di) is generally not possible 
becausee most real numbers cannot be represented inside a computer. Instead 
wee have at our disposal a set of binary floating-point numbers. This set of 
floating-pointfloating-point numbers is a finite subset of H, and in general the only feasible 
representationn of a real number that is not a floating-point number is an inter-
valval that contains this number, and whose bounds are consecutive floating-point 
numberss of a certain precision. By consecutive floating-point numbers we 
meann two floating-point numbers a < 6, such that we do not have at our disposal 
aa floating-point number c for which a < c < b. Finite Dt C 1R can be represented 
ass finite sets of such intervals, but in practice, the smallest interval that contains 
DiDi  is used. 
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Domainn types provide a level of abstraction that allows us to model constraint 
solvingg on finite domains, interval domains, and other domains in a uniform way. 
Exampless of similar notions that are used in the literature are the approximate 
domainsdomains of Benhamou [Ben96], the subdefinite extensions of Telerman and 
Ushakovv [TU96], and the collections of subsets based on a domain of Monfroy 
[MonOOa].. Borrowing from these, we will use the following definition. 

2.2.3.. DEFINITION. A domain type T is a set of sets that is partially ordered 
withh respect to set inclusion, and has the following properties: 

 there is a largest element, denoted by T T that is a superset of all elements, 

 it contains the empty set 0, 

 it is closed under intersection, and 

 set inclusion is a well-founded relation over T. D 

Thee last property of this definition is due to [Ben96]. As a result of it, our 
domainn types are specific forms of acceptable approximate domains, intro-
ducedd in that reference. They are specific in the sense that they contain the 
emptyy set. Recall that a well-founded relation over a set T is a partial order re-
lationn R such that every non-empty subset of T has an i?-minimal element. This 
ensuress that domain types do not contain any infinite decreasing sequences of ele-
ments.. Because computer memory is finite, implementations of domain types will 
bee implementations of finite domain types, and these correspond to subdefinite 
extensionss of their largest element [TU96]. 

2.2.4.. EXAMPLE. The set consisting of J2?, and all finite subsets of ZZ is a domain 
type.. The set of all sets of integers is not a domain type: it is a superset of the 
sett {{x E 2Z \ x > 1} \ I € ZZ}, which does not have a least element with respect 
too set inclusion. D 

Duringg the solving process, we may be able to associate a new set of allowable 
valuesvalues with a variable. Instead of this set, we will use its representation in a 
particularr domain type, which is defined as follows. 

2.2.5.. DEFINITION. Given a domain type T and a set D C TT , let T(D) denote 
thee smallest element of T that is a superset of D. T(D) is called the represen-
tationtation of D in T. D 

2.2.6.. EXAMPLE. Let T denote the domain type containing the following 11 
domains. . 

{1,2,3,4,5,6,7} } 

{1,2,3,4,5}}  {3,4,5,6,7} 

{1}}  {1,2,3}  {3}  {3,4,5}  {5}  {5,6,7}  {7} 

0 0 
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Thee set {2,4}  is not in T, so its representation T({2.4} ) = {1.2,3,4,5}  is a 
properr superset of it. Only subsets of TT = {1, 2,3,4,5,6, 7}  have a representa-
tionn in T, so T({7,8} ) does not exist.

Thee elements of a domain type that are representations of singleton sets play 
aa special role in the solving process. These are called canonical domains, and are 
definedd as follows. 

2.2.7.. DEFINITION. For a domain type T we define 

LTJ:={T({x})|x€T T} . . 

Thee elements of [T\ are called the canonical domains of T.

2.2.8.. EXAMPLE. The canonical domains of the domain type T of Example 2.2.6 
aree {1} , {1,2,3}, {3} , {3,4,5}, {5} . {5,6,7}, and {7} .

InIn addition to some special purpose domain types, we will mainly be concerned 
withh the four standard types defined below. 

2.2.9.. DEFINITION. Let IR°° denote IRU {-oo, oo}, the set of reals augmented 
withh the symbols for plus and minus infinity. We define -oo < oo, and x < oo 
andd x > -oo for all x 6 IR. F denotes a finite subset of B00 that contains -oo 
andd oo, and is used to model a set of floating-point numbers of unspecified, but 
fixedfixed precision. For a, b € IR°°, let [a, b] denote the set {x € IR | a < x < &} , and 
forr two integers a and ft, let [a..b] denote the set {i  E ZZ | a < i < b}, 

 B denotes the domain type {{true, false}, {true} , {false}, 0}, containing the 
domainss for Boolean variables. 

 Z denotes the domain type containing ZZ and all finite sets of integers, 
includingg 0. 

 J denotes the domain type containing S, 0, and all intervals [a..b] with 
a,ba,b G ZZ and a < b. Elements of J are called integer intervals. 

 T denotes the domain type that consists of 0 and all intervals [a, 6], where 
a,, b € F and a < b. Elements of T are called floating-point intervals. 

D D 

VariablesVariables with domain type Z are usually called finite domains variables. Note 
thatt IR G T. and that IcZ. and [1\ = \Z\ = {{x}  | x e ZZ). 

Domainn type T is used for solving constraints on the reals. It is similar to the 
domainn type of Example 2.2.6. in the sense that some of the domains overlap just 
onn their bounds. The set of canonical intervals [^J contains a singleton set 
forr each of the elements o f F - { - o o , o c } , and an interval representation for all 
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otherr real numbers. The representation of a set of real numbers is usually called 
thee hull of this set, and to conform our notation, for D C B, we define 

hull(D)) := . 

Ass an example, — ^ j , - ^ ^ F (no binary floating-point representation exists for 
thesee values), so hull([-^ , —]) is the interval [a, b] with a = max({:r £ W \ x < 
~YQ})~YQ}) and b = min({x eW \x > ^ } ) . 

Constraintss on the reals are the topic of Section 4.5, but it is convenient at this 
pointt to introduce hull consistency, a local consistency notion that is specific to 
thesee constraints. This definition can be found in many publications concerning 
constraintss on the reals, see for example [CDR99, BGGP99, BMVH94], 

AA constraint C € Mn is hull consistent if for all 1 < i < n, 

DiDi  = \\u\\{{xi e JR\ 3x! e Di,...,xt-i E A - i , xi+l  € Di+U ...,xn G Dn 

forr which (xu ..., xn) € C}). 

AA CSP of the form (2.1) is hull consistent if all constraints C £ C are hull 
consistent. . 

Ass the following example demonstrates, hull consistency is an approximation 
off  hyper-arc consistency that deals both with the fact that we represent domains 
byy intervals, and with the imprecision inherent to computing with floating-point 
numbers. . 

2.2.10.. EXAMPLE. Let a = max({:r e F | x < - ^ } ) and b = m\n({x e F | x> 
i } ) .. The CSP 

<100z22 = l ; i eh u l l ( { - i , i } ) > 

iss hull consistent, x — — ̂  and x —  ̂ are the only solutions, but domain type 
TT does not provide the means to represent the information that 0, or any of the 
otherr values in [a, —^) U (-JQ, JQ) U (jQ,b] does not contribute to a solution. D 

2.2.55 Extended CSP, Solved Form 

Domainn types specify what domains can be associated with the variables of a CSP 
duringg the solving process. The canonical domains and the empty set play special 
roles:: if an equivalence preserving transformation changes the domainn of a variable 
intoo the empty set, the CSP that we are trying to solve is inconsistent. Conversely, 
iff  all domains are singleton sets, while the CSP conforms to a notion of consistency 
thatt ensures that no constraint is violated, the values in these singleton sets 
constitutee a solution to the CSP. For singleton domains, all practicable notions of 
locall  consistency have this property, but for constraints on the reals, the domain 
typee may not support a precise representation of the solution. In this case, the 
bestt we can get is a sequence of canonical intervals for which the CSP conforms 
too some notion of local consistency, such as hull consistency, which generally does 
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nott imply consistency. In either case, when we reach canonical domains and 
locall  consistency, constraint solving is finished in the sense that the maximum 
precisionn allowed by the domain type has been reached. If we are not sure about 
consistency,, other methods must be applied. 

Soo constraint solving based on local consistency enforcing ends at canonical 
domains,, but in some cases we are not interested in canonical domains for each of 
thee variables. For example, a variable may have been introduced just to represent 
ann intermediary result of a calculation, or the precision of the canonical intervals 
mayy be higher than what is needed, and CPU time can be saved by accepting 
domainss of a lower precision. To specify such requirements, in addition to a 
domainn type, we associate with every variable a set of final, or acceptable domains. 

2.2.11.. DEFINITION. A set of domains A C T qualifies as a set of final do-
mainsmains of domain type T if it has the following properties: 

 The empty set is not a final domain, i.e., 0 ^ A. 

 All canonical domains are final domains, i.e., \T\ C A. 

 All non-empty subsets of final domains are final domains, insofar as they 
aree elements of the corresponding domain type, i.e., 

forr all DeA, {V{D) n T) - {0}  C A.

Wee will be using three specific sets of final domains: 

 In general we will use A = [T\ f° r aU variables. For integers and Booleans, 
thiss entails that constraint solving yields solutions to CSPs. For constraint 
solvingg on the reals its yields a sequence of canonical domains for which the 
CSPP complies to some notion of local consistency, as explained above. 

 Alternatively, for constraints on the reals we may be interested in a limited 
precisionn e only. In this case we use the set 

A=A= [F\U{[a,b]  € J F | 0 < & - a < e }. 

 We will also be looking at situations where we are interested in finding 
ann assignment, or an interval of adequate precision for only some of the 
variables.. The other variables are called auxiliary variables, and for 
thesee we use A = T - {0}  to indicate that we will accept all non-empty 
domainss of the domain type. The variables for which A C T - {0}  are 
calledd decision variables. 

Wee call the combination of a CSP, and a domain type and set of final domains 
forr each of the variables an extended constraint satisfaction problem. 
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2.2.12.. DEFINITION . By an extended constraint satisfaction problem, or 

ECSPECSP we mean a structure of the form 

(C;; xx €£>! , . . . ,xn e Dn ; 7 i , . . . ,Tn ; A , - - - , A ) , (2.2) 

wheree (C ; xi € Z?i,..., xn € Dn) is a CSP, and for 1 < i < n, 

 % is a domain type, 

 Di E %, and 

 A C 7ï is a set of final domains of %. 
Ann ECSP is called consistent if the corresponding CSP is consistent, and incon-
sistentt otherwise.

Insteadd of enumerating the full sequences of domain types and sets of final 
domains,, we may use a more compact notation such as Dx, Dy, Dz € Z and 

2.2.13.. EXAMPLE. In the ECSP 

(x(x < y, y  ̂ z ; x, y, z E {0,1,2}  ; Dx, D^, Dz e Z \ Ax, Ay,Az) 

havingg Ax = [Z\, Ay = Z — {0} , and Az — [Z\, x and z are decision variables, 
andd y is an auxiliary variable. Their domains are represented by elements of the 
domainn type Z.

Duringg the solving process, the domains of the variables are drawn from their 
respectivee domain types. Instead of an ECSP that constitutes a solution, in our 
modell  of constraint solving we will be concerned with creating a solved form. 

2.2.14.. DEFINITION. Let 7 refer to a local consistency notion, e.g., 7 — arc for 
arcc consistency. An ECSP of the form (2.2) is said to be 7 consistent iff the 
correspondingg CSP (C ; X\ € D\,..., xn G Dn) is 7 consistent. The ECSP is said 
too be in 7 solved form iff 

 it is 7 consistent, and 

 Di € A , for all 1 < i < n. 

Further,, for two ECSPs 

P:=P:= (C ; xi € Du...,xn G Dn ; Tu...,Tn; A , - - - , A ) 

and d 
P':=(C'P':=(C'  ; xleD,

1,...,xneD,
n;T l,...,%; A , - . - , A > 

havingg DJ C D l v . . ,D'n C Dn, we say that 
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 P'  is a 7 solved form of P if 

-- P' is in 7 solved form, and 

-- P, with Du..., Dn substituted by D[,..., D'n and C substituted by 
thee projection C[D[,..., D'n]  is in 7 solved form. 

 P' is a subproblem of P if every 7 solved form of P' is also a 7 solved 
formm of P. 

 P' is a proper subproblem of P if 

-- P' is a subproblem of P, and 

-- D[ C A , for some 1 < i < n. D 

Thee definition of a subproblem can be extended to allow that subproblems 
havee more variables than the ECSP that they are subproblems of. Because this 
leadss to infinite sets of subproblems, and we do not need this facility to model 
ourr solving process, we have deliberately restricted the subproblem relation to 
ECSPss with equal numbers of variables. The modified constraints C' are needed 
becausee constraints are defined as subsets of Cartesian products of domains. 

2.2.15.. EXAMPLE. The ECSP 

<100x22 = 1 ; x e hull({-£ ,  DxeF; Ax = [?\) 

iss hull consistent, but is not in hull solved form because Dx £ Ax = [F\
Thee ECSP 

(x<y,(x<y, y^z; x = 0, y G {1,2} , z = 0 ; Dx,Dy,Dz£Z ; Ax,Ay, Az) 

withh AX,AZ — \_Z\ and Ay = Z — {0}  is in arc solved form, because it is 
arcc consistent, while the domains of all decision variables are elements of the 
correspondingg sets of final domains. It is also a proper subproblem and arc solved 
formm of the ECSP of Example 2.2.13. Note that we use x — c as shorthand for 
xx 6 {c} . D 

Ass we mentioned before, for integer and Boolean variables, all practicable 
consistencyy notions have the property that an inconsistent assignment of values 
too variables leads to a failed ECSP. A solved form corresponds to a solution of 
thee original CSP, and the solving process is sound. 

Forr constraints on the reals, using T as a domain type, this is not the case. In 
general,, proving the presence or absence of a solution in a solved form is difficult. 
Thee constraint solving process is complete, though, and the best that can be 
expectedd is a set of solved forms whose domains are guaranteed to contain all 
solutionss to the original, real valued problem. 

Withh integer or Boolean variables and in the absence of auxiliary variables, 
thee notions of a solution and a solved form coincide. If the distinction is not 
important,, we will sometimes use the term "solution'' also for solved forms. 
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2.2.66 Constraint Solvers 

Wee can now give a precise definition of constraint solving, as we wil l use it in this 
thesis.. Given 

 a C SP P = (C ; Xi£Dlt...,xn£ Dn), 

 a sequence of domain types T\,... ,Tn such that for all 1 < i < n, %{Di) 
exists,, and 

 a sequence of sets of respective final domains A\,... ,*4n, 

lett PE denote the ECSP 

(C(C ; xi e 7 i (Z? i ) , . . . , xn € Tn(Dn) ; Tu...,Tn ; Ai,...,An). 

Noww by solving P we mean constructing an ECSP that is a 7 solved form of 
PE,PE, for some notion of local consistency 7. A constraint solver is any algorithm, 
procedure,, or application that works towards this goal. In particular 

AA complete constraint solver  is guaranteed to deliver any number of solved 
formss that we are interested in (notably one, or all solved forms), or all 
solvedd forms, if the number of existing solved forms is less than the number 
thatt we are interested in. 

A nn incomplete constraint solver  transforms an ECSP into a set of ECSPs 
thatt are proper subproblems of the original ECSP. The sets of solved forms 
off  these subproblems cover the set of solved forms of the original ECSP. 
Incompletee constraint solvers for which the set of subproblems always is of 
sizee one wil l play an important role in our model of constraint solving. 

AA distinct branch of constraint solving deals with solving constrained opti-
mizationmization problems (COPs). Here the goal is to find an assignment of values to 
variabless that satisfies all constraints and in addition yields an optimal value for 
somee objective function. We wil l consider optimization as constraint solving, 
wheree every next solved form is constrained to be an improvement of the solved 
formss that have already been found (see Section 5.9.2). In this sense, by means of 
ann all-solution search a complete constraint solver is guaranteed to find the solved 
formm for which the objective function yields the optimum. We wil l be looking at 
optimizationn only in the context of integer domain types. The standard reference 
forr optimization in presence of constraints on the reals is Numerica [HMD97]. 

2.33 Branch-and-Propagate Search 

Generally,, constraint solving comes down to a systematic exploration of all pos-
siblee assignments of values to variables by means of a tree search algorithm. At 
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x,y,zx,y,z 6 {0,1,2} 

x<y,x<y, y + z 

xexe {0.1} , ye {1.2} . 26 {0.1.2} 

xx = 0. ye {1.2} . z€ {0,1,2}  £ = 1. y G {1.2} , z 6 {0.1.2} 

gg < y-

x=x= 1. y = 2, z e {0.1} 

Figuree 2.1: An illustration of branch-and-propagate constraint solving 

everyy node of the search tree we try to reduce the remaining search space by 
removingg values from the variable domains that wil l not contribute to any solu-
tion.. This is called pruning the search tree, and the pruning techniques that are 
appliedd in constraint solving are referred to as constraint propagation. These 
techniquess enforce some form of local consistency on the subproblems represented 
byy the nodes of the search tree. In many cases, the time saved by the reduced 
searchh space significantly outweighs the time spent on constraint propagation. 

Too illustrate constraint solving by branch-and-propagate search, consider the 
CSP P 

(x<y,(x<y, y^z; x,y,z£ {0,1.2} ) 

Wee deal with integer domains, and all variables are decision variables, so no 
explicitt reference to the ECSP is necessary. Before we do any search, we can 
alreadyy use the constraint x < y and remove the value 2 from the domain of x: 
theree is no value in the domain of the other variable involved in the constraint. 
y,y, that would make this constraint true for x = 2. Similarly, we can remove the 
valuee 0 from the domain of y. At that point the CSP is arc consistent, and we 
cannott reduce the problem any further by using the individual constraints, so we 
proceedd by branching (see Figure 2.1). In the left branch we assume x = 0, and 
inn the right branch we assume x = 1. Suppose now that search continues along 
thee right branch. Here we can propagate the constraint x < y again, and remove 
thee value 1 from the domain of y. This effectively fixes the value of y, and now 
wee can also use the constraint y ^ z to remove the value 2 from the domain of z, 
becausee for z = 2 we would no longer be able to satisfy the constraint y  ̂ z. After 
thiss we reach arc consistency again, and we proceed by branching. Depending on 
whetherr we are interested in one solution or in all solutions, eventually we would 
alsoo have to explore the branch x = 0. 
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2.3.11 Constraint Propagation 
Domainn Reduction Functions 

Thee constraint propagation phase is usually implemented by repeated application 
off  a number of reduction operators. In principle these operators can modify 
thee set of constraints as well, and they could even be defined to add or remove 
variables,, but we will mostly be concerned with reduction operators that modify 
thee domains of variables. Such operators can be represented as functions on 
domainn types. 

2.3.1.. DEFINITION. For an ECSP of the form (2.2) a domain reduction func-
tiontion (DRF) with input scheme s := i\,..., ii  and output scheme t :=  j \ , . . . , j m 

iss a function 
f:Tf:Tilil x...xTx...xTilil ^T^Tjljl x...xTx...xTjm jm 

wheree s and t are both n-schemes. 
Applicationn of ƒ transforms the sequence of domains D\,..., Dn into the se-

quencee D[..., D'n such that 

(D'(D'hh,...,D',...,D'jjJ=f(DJ=f(D ilil ,...,D,...,Dilil ) ) 

andd D\ = Di if i does not occur in scheme t. 
Wee denote this transformation by 

{D[,...,D'{D[,...,D' nn)=r(D)=r(D uu...,D...,Dnn) ) 

and d 
ff++  :V1x...xVn-+V1x...xVn 

iss called the domains extension of ƒ. Applying it transforms an ECSP 

PP :=  (C ; xi e Dlt...,xn € Dn ; Vu...,Vn; Ai,...,An), 

into o 
P'P' :={C'  • xi£&x,...,xnziyn; P i , . . . ,2?n ; Ax,...,An), 

wheree C' is the projection C[D[,..., D'n]. D 

Thee notion of a domains extension unifies the domains and codomains of all DRFs 
onn a given ECSP. This allows us to treat the DRFs as univariate functions on 
ECSPs.. Local consistency enforcing can now be described as the computation of 
aa common fixed point of the domains extensions of DRFs. 

2.3.2.. EXAMPLE. Consider an ECSP with variables x, y, z and domains Dx, Dy, 
DDzz e Z. The DRF fNE : % x % -+ % x Tz, having fNE{Dy,Dz) = (D'y,D't), 
with h 

DD,,==[D[Dyy-D-Dzz xïDz = {z] D,={DZ-Dy \iDy = {y) 
yy \ Dy otherwise z \ Dz otherwise 
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enforcess the constraint y ^ z. Its domains extension is f^E : Tx x Ty x Tz —» 
TTxxxTxTyyxx Tz. having f£E{Dx, Dv, Dz) = (D'x, D'y, D'z) with D'x = Dx, and D'y and 
D'D'zz as for fNE. 

Alternatively,, we could have used two DRFs, each updating one of the domains 
involvedd in the constraint. We demonstrate this for x < y, which is enforced by 
ILTIILTI • % x Ty -»• %, and fLT2 : Tx x Ty -» 7^, having 

hTi(DhTi(Dxx,, Dy) = {x£Dx\3yeDyx<y} 

and d 
ILT2(DILT2(DXX,, Dy) = {y£Dy\3xeDxx<y} 

Thee domains extensions of these two functions have the same signature as / ^ £ -
Wee have f+Tl(Dx, Dy, D2) - (D'x, D'y,D'z), with ££ = fLTx{Dx,Dy), and D; = 
Dyy and Df

2 — Dz, and similarly for /^T2-
Noww the ECSP 

(x<y,(x<y, y^z ; xe Dx,y <E Dy,z£ Dz ; Dx, Dy. Dz e Z ; A - A - A> 

iss arc consistent if 

•• none of the domains Dx, Dy, Dz is empty, and 

•• (Dx, Dy, Dz) is a common fixed point of / j} £ , /^£1 , and /^£2 . D 

Domainn reduction functions, and the reduction operators that they represent, can 
bee seen as an incomplete constraint solvers, as introduced in Section 2.2.6, for 
whichh the resulting set of subproblems is of size one. In general there are many 
optionss for implementing a constraint with DRFs. For more complex constraints, 
thesee will typically have a different trade-off between computation time and the 
amountt of pruning, and hence the level of consistency that is achieved. 

Alsoo the domain type is of great influence on the level of consistency. For 
examplee if we use domain type Z, values can only be removed if they happen 
too be equal to the bounds of the domain, and in general we cannot enforce arc 
consistencyy for x ^ y. 

Iteratio nn Algorith m 

Computingg the common fixed point of (the domains extensions of) a set of domain 
reductionn functions can be realized by repeated application of these functions, 
untill none of them is able to reduce the domains any further. AC-1, the basic 
algorithmm for computing arc consistency does just that: it keeps applying all 
domainn reduction functions in sequence until a full sequence passes in which no 
domainss are updated. 

Inn order to reduce the number of DRFs that are applied, more advanced al
gorithmss use the schemes of the DRFs, and information on updated variable do
mainss to maintain a bookkeeping of functions that still need to be applied before 
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wee can be sure to have computed a common fixed point. Many such algorithms 
cann be described as instantiations of generic iteration algorithms [Apt99, Gen02]. 
Differentt instantiations exploit various properties of domain reduction functions. 

Forr expressing the properties that are of interest to us, consider the partially 
orderedd set (X>, C), where V is a set of ECSPs on the same variables, and P C P' 
denotess that P' is a subproblem of P. We now have the following properties. 

•• If all DRFs correspond to inflationary functions on (V, C.), and V does not 
containn infinite increasing sequences, then the generic iteration algorithm 
iss guaranteed to terminate [Gen02]. 

•• If all DRFs correspond to monotonie functions on {£>, C), then any termi
natingg execution of the generic iteration algorithm computes the same fixed 
pointt of these functions: the least common fixed point [Apt99]. 

Recalll that a function ƒ on {T>, C) is called inflationary if P C f(P) for all 
PP € P , and that ƒ is called monotonie if P C Q implies f(P) C f(Q) for all 
P,QP,Q e V. An infinite increasing sequence Pl5 P 2 , . . . of elements of V has the 
propertyy that for all i > 1, Pt Q Pi+1 and P{ ^ P i+1 . In our case, absense of 
suchh sequences (the ascending chain condition of [Gen02]) follows from the 
propertyy that set inclusion is a well-founded relation over any domain type. 

InIn this thesis we will mostly be working with Algorithm 2.1, having 

update(F,update(F, D, D') := { g € F j there exists an element i in the input 
schemee of g for which D[i] ^ D'[i] } 

Thee resulting algorithm is equal to the C D A algorithm [MonOOa], except for the 
usee of the failed flag (a common extension, see e.g., [AB03]). It is also a restriction 
off the generic iteration algorithm for compound domains (CD, [Apt99]). The 
restrictionn is the use of the intersection for updating the domains: D'[t] := D[t}C\ 
f(D[s]).f(D[s]). Here we use D[t]C\ f(D[s]) as a shorthand for the sequence 

D[tD[t11]nf(D[s]M...,D[t]nf(D[s]M...,D[tnn}nf(D[s])[nl }nf(D[s])[nl 

wheree n is the length of the output scheme t. This restriction ensures that 
applicationn of the DRF is inflationary, and that the algorithm terminates. If the 
DRFss are monotonie, which is often the case, the order of their application has 
noo influence on the computed result, and we have complete freedom to implement 
theirr scheduling by means of an appropriate select function. 

Thee set G of Algorithm 2.1 contains those DRFs for which we cannot yet be 
suree to have computed a fixed point. In principle, every function needs to be 
appliedd at least once, so initially, G equals the set of all DRFs F. However, if 
wee start from a CSP that is already a common fixed point of the functions in 
F,, except for some minor changes due to branching, efficiency of the propagation 
phasee can be improved by initializing G with only those functions that are affected 
byy the branching. This is exploited in our implementation, but here we define 
onlyy the basic solving algorithms. 
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parameters::  function choose, 
functionn update. 

input ::  domains D\,..., Dn, 
aa set F of DRFs, 

output ::  domains D\,..., Dn. 

D:=DD:=Duu...,D...,Dn n 

D'D' := D 
G:=F G:=F 
failedfailed := false 
whilee G ^ 0 and ->failed 

choosechoose ƒ G G. Let s and t be the input scheme resp. output scheme of ƒ 
G:=G-G:=G- {  ƒ } 
D'[t}:=D[t}nf(D[s\) D'[t}:=D[t}nf(D[s\) 
GG := G U update{F, D, D') 
D[t]D[t] := D'[t] 
iff  there exists an element i in i for which Z)[i] = 0 
then n 

failedfailed := true 
end d 

end d 

Algorithmm 2.1: Constraint propagation 



2.3.2.3. Branch-and-Propagate Search 23 3 

2.3.22 Search 

Wee use an additional operator to model the branching step of the branch-and-
propagatee search. Such an operator can be seen as incomplete constraint solver 
forr which the set of resulting subproblems always contains at least two elements. 
Ass we pointed out before, we restrict ourselves to branching on the domains. In 
thatt case, the branching operator can be expressed as a function on domain types 
ass well. 

2.3.3.. DEFINITION. For an ECSP of the form (2.2) a domain branching func-
tiontion is a partial function 

ƒƒ : 7Ï x . .. x Tn - V{Z x . .. x Tn) 

suchh that if {Du..., Dn) e T\ x . .. x Tn has the property that 

•• none of the domains Di is empty, and 

•• at least one of the domains is not a final domain, 

then n 
{D[{D[ x . . . xD'n | (D[,...,D'n) € / ( f l i , . . .,£>„)} 

iss both a proper covering and a minimal covering of Di x . . . x Dn. • 

Recalll that a covering of a set X is a set of subsets of X, whose union equals 
X.X. A proper covering of X does not contain X, and a covering is a minimal 
coveringg if the omission of any element would destroy the covering property. 

2.3.4.. EXAMPLE. The function ƒ : Zn -»• V{Zn) having 

f(Df(Duu,..,D,..,Dnn)) = {(Du...,Dj_l,{x},Dj+u...,Dn)\xeDj} 

withh j — min({z' | 1 < i < n, \Di\ > 1}) is a domain branching function for an 
ECSPP of the form (2.2) with % = Z and Ai = \Z\, for 1 < i < n. U 

AA straightforward branching strategy, which is also used in the previous ex
ample,, is to split the domain of a single variable into a number of subdomains, 
andd to keep the other domains unchanged. In this case, the two primary aspects 
off a domain branching function are: 

•• which variable to select, and 

•• how to construct the subdomains for that variable. 
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chronological l 

fail-first t 

fail-last t 
roundd robin 

thee variables are in some explicit order, and the first variable 
XiXi in this order whose domain Di is not yet in Ai is selected. 
selectss a variable with the largest domain size. Used primarily 
withh domain type Z. 
thee opposite of the previous strategy. 
selectss the variable Xi whose domain Di is not in At that has 
leastt recently been selected 

Tablee 2.1: Variable selection strategies 

enumeration n 

L/R-enumeration n 

bisection n 

usedd primarily with domain types Z and B: a subdomain 
off  size 1 is created for each of the values in the original 
domain. . 
usedd with domain types Z and J: the domain is split into 
twoo subdomains. One is a singleton set containing a spe-
cificc value, and the other is the original domain minus the 
selectedd element. Obvious candidates for the selection are 
thee leftmost and rightmost elements. 
usedd primarily with domain types J and T. The interval 
domainn is split in two intervals of equal width. 

Tablee 2.2: Value selection strategies; see also Figure 4.2 on page 70 

Wee will call these aspects the variable selection strategy, and the value 
selectionselection strategy, respectively. Tables 2.1 and 2.2 list the general-purpose 
variablee and value selection strategies that are used in this thesis. The domain 
branchingg function of Example 2.3.4 uses a chronological variable selection strat-
egy,, and enumeration as a value selection strategy. In addition to these general-
purposee strategies, specialized variable selection strategies are used in Section 4.4 
andd Chapter 6, but we implemented these strategies by manipulating domain 
sizes,, and use one of the standard strategies for the actual selection. 

Thee branch-and-propagate search process can now be specified as in Algo-
rithmm 2.2. The set F of this algorithm is called the search frontier [Per99]. 
Itt contains the sequences of domains for all subproblems that still need to be 
explored.. These subproblems are nodes of the search tree. Initially the search 
frontierr contains just the original problem. 

propagate(Dpropagate(Dww,, R) applies the domain reduction functions in R to the domains 
inn Dw, the node of the search treee (world) that was selected for further exploration. 
Forr propagate we can use an instance of Algorithm 2.1. 

failedfailed and final are predicates on sequences of domains: 

failed{(Dfailed{(Duu . . .. Dn)) is false iff D: ^ 0 Dn ^ 0, 

final({Dfinal({Duu........ Dn}) is true iff D, G Ai, ....Dne A, 
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parameters:: function select, 
functionn propagate. 

input:: anECSP P := (C ; Zj <E Du • • • ,xn e Dn ; Tu...,Tn; A , . . . , A ) , 
aa domain branching function ƒ, 
aa set R of domain reduction functions, 

output:: a set S of sequences of domains such that for all (D[,..., D'n) € 5, 

(C[D\,...,D'(C[D\,...,D'nn}-}- x , G ö ; , . . .A e D : ; Tu...,Tn\ Au-..,An) 

iss a 7 solved form of P, where 7 is the notion of consistency enforced 
forr the constraints in C by propagate and R. 

FF :={<!>!,.. . ,£>„)} 
S:=0 0 
whilee F / 0 do 

FF := F - {Dw} 
LyLyww := propagate(Dw, R) 
iff  -^failed{D'w) 
then n 

iff  final(D'J 
then n 

S : = S U { L U U 
else e 

F : = F U / ( FO O 
end d 

end d 
end d 

Algorithmm 2.2: Branch-and-propagate search 
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Thesee predicates characterize a node either as a solution, failure, or internal 
nodee of the search tree. If after constraint propagation all domains are in their 
respectivee set of final domains, the final predicate holds, and the node is consid-
eredd to be a solution node. Solution nodes constitute solved forms. If constraint 
propagationn voids the domain of one or more variables, then the failed predicate 
holds,, which characterizes the node as a failure. Note that failed and final are 
mutuallyy exclusive. Nodes that are neither failures nor final (solutions) are called 
internall  nodes. 

Internall  nodes are expanded by applying the branching function ƒ. All nodes 
thatt are thus generated are added to the search frontier F, and the algorithm 
terminatess when F is empty, so it performs an all-solution search. The algorithm 
cann easily be modified for a first-solution search. 

AA very important aspect is still left unspecified. Selecting Dw from F de-
terminess in which subproblem of the search frontier the search algorithm will 
continuee the exploration. This is called the traversal strategy. In case of an 
all-solutionn search this may not seem important, because every node needs to 
bee visited eventually, but even then it is of great influence on the size of the 
sett F, and hence on the space complexity of the search algorithm. Two obvious 
alternativess are the following. 

•• If the set F is managed as a stack, which implies that we always select one 
off the most recent additions, the algorithm essentially performs a depth-
firstfirst  search. In this case, there is a linear relation between the number 
off variables and the maximum number of nodes in the search frontier. If 
att every node we store the complete domains of all variables, then the 
spacee complexity of depth-first search is 0(n2d), where n is the number of 
variables,, and d is a bound on the size of the domains. 

•• Managing the set F as a queue, selecting always one of the oldest additions, 
resultss in a breadth-first search. In this case, the maximum size of the 
searchh frontier is exponential in the number of variables, leading to a space 
complexityy of 0((nd)n). 

Apartt from the size of the search frontier, the traversal strategy is important 
iff we are interested in only a limited number of solutions. In that case, using 
aa good heuristic may bring the algorithm to these solutions faster, or at least 
improvee the probability that this will happen. The same applies to optimization, 
wheree we do need to explore the full search space, but where some heuristics 
mayy discover good suboptimal solutions earlier than others, which will lead to a 
strongerr pruning of the search tree. 

InIn this thesis, depth-first search is the default traversal strategy, but alterna
tivess are discussed in Sections 4.1.2 and 4.3. 
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2.44 Composing Constraint Solvers 

Inn the introduction we indicated that there are various approaches to constraint 
solving.. For some classes of CSPs there exist efficient methods that exploit prop-
ertiess of these problems, such as all constraints being linear, and if completeness 
iss not important, local search may give a reasonably good solution quickly. In 
thiss thesis we deal with a specific approach to constraint solving, namely branch-
and-propagatee search, but even if we limit ourselves to this particular approach 
wee have many options for various aspects such as how to build the search tree, 
howw to explore it, what level of consistency to enforce, etc. 

Too a large extent, the deployment of constraint solving consist of determining 
thee right combination of approaches, algorithms, and heuristics. For this reason, 
constraintt systems must allow us to explore alternative combinations of solving 
techniques.. Without assuming any level of granularity, we will refer to realizing 
suchh combinations as solver composition. Many techniques have successfully 
beenn used in specific domains to build practical constraint programming tools, 
butt in most cases the facilities for solver composition are limited to a small set 
off  built-in alternatives, for only some aspects of constraint solving, and a major 
challengee in this field is how to achieve a combination of various existing methods 
andd techniques in a single framework. In this section we will look at composite 
solverss that are described in the literature. 

2.4.11 Combining Propagation Operators 

InIn many cases, the best known approach to solving a certain class of CSPs involves 
aa combination of several constraint propagation techniques that each have a set 
off  reduction operators. In this section we will look at a number of examples of 
suchh combinations. 

Subsumingg Forms of Consistency 

Reductionn operators for stronger forms of local consistency are usually more 
computation-intensivee than reduction operators for weaker forms of consistency. 
Forr certain strong forms of consistency it is more efficient first to compute a 
weakerr form of consistency. The stronger form subsumes the weaker form, but 
thee values that are removed as a part of computing the weaker form of consistency 
needd not be considered, at a much higher cost, by the reduction operators for the 
strongerr form. Such schemes can be explained as a combination of reduction 
operatorss for both forms of consistency. 

Ann example is singleton arc consistency (SAC, see also Section 7.6), intro-
ducedd by Debruyne and Bessière. This form of consistency entails that for every 
valuee in the domain of every variable, the CSP can still be made arc consistent if 
thatt value is assigned to the variable. The algorithm for enforcing SAC presented 
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inn [DB97] effectively tries all variable - value pairs, and enforces arc consistency 
forr each such assignment. The values for which a failure is deduced are removed 
fromm the domain of the corresponding variables. Obviously, SAC subsumes arc 
consistency,, but before entering the loop that tries all possible assignments, the 
SACC enforcing algorithm first enforces arc consistency on its argument CSP to 
reducee the number of arc consistency computations inside the loop. 

Anotherr example is the BC4 algorithm for enforcing box consistency. For 
constraintss on the reals, using jF as a domain type, the obvious approximation of 
arcc consistency is the notion of hull consistency, defined in Section 2.2.4. However, 
ass we shall see in Section 4.5, for arbitrary constraints it is difficult to compute 
hulll  consistency. The usual way around this is to decompose the user constraints 
intoo atomic constraints, for which enforcing hull consistency is easy. The dis-
advantagee of this approach is that hull consistency for the decomposed system 
iss a weaker notion of consistency than hull consistency for the original system 
[CDR99].. The problem lies in the imprecision that is caused by evaluation of 
expressionss with multiple occurrences of variables, using interval arithmetic and 
thee natural interval extension. Therefore many solvers use an intermediate form 
off  consistency, called box consistency [BMVH94] (see also Section 7.3.2). It can 
deall  with multiple occurrences of a single variable. The procedure for enforcing 
boxx consistency effectively searches in the domain of this variable for bounds that 
doo not fail the constraint, if all other domains are kept constant. Because of this 
search,, the procedure is potentially costly, and the BC4 algorithm [BGGP99] 
appliess the box consistency procedure only for projections of constraints with 
multiplee occurrences of variables, and after hull consistency is computed for the 
decomposedd constraints. The BC4 algorithm can be explained as a combination 
off  the reduction operators for hull consistency and box consistency. 

Suchh schemes can be implemented by computing a common fixed point of 
DRFss for both forms of consistency. In Algorithm 2.1, the selection of DRFs 
shouldd then exhaustively apply the DRFs for the weaker form, before applying 
anyy DRF for the stronger form. For this purpose, the CHOCO system [LabOO] uses 
aa layered propagation architecture, where operators are divided into eight layers 
off  increasing computational cost. In [SS04] a dynamic scheme is described to 
recognizee that different domain modifications may entail different computational 
costss for the same reduction operator. 

Hybri dd Forms of Consistency 

Forr single occurrences of variables, hull and box consistency are the same, and 
thee BC4 algorithm simply applies the most efficient set of reduction operators. 
Inn other cases, it may make sense to combine sets of reduction operators that 
enforcee different forms of consistency to achieve some hybrid form of consistency. 

Goodd examples of such combinations are found in constraint-based approaches 
too solving scheduling problems. Baptiste, Le Pape and Nuijten provide an overview 
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off  this area [BLPN01]. A basic solver for the job-shop scheduling problem com-
biness the forms of consistency achieved by enforcing the disjunctive constraint, 
andd by the edge finding procedure (see also Chapter 6). Job-shop scheduling 
allocatess activities to machines, and the disjunctive constraint states that if two 
activitiess require the same resource, they cannot overlap in time. Edge finding 
aimsaims at identifying activities that must execute first, or last, in a given set of 
activities.. Enforcing the disjunctive constraint and applying edge finding make 
different,, and complementary deductions. The basic solver can be described and 
implementedd as a combination of the reduction operators for the disjunctive con-
straintt and the edge finding procedure. 

2.4.22 Hybri d Solvers 

Forr many problems, a natural CSP formulation involves variables of different 
types.. Mixed integer / real problems, combinations of Boolean and numerical 
variables,, and combinations that involve more complex types like sets and multi-
setss have been reported in literature. Solvers that support multiple domain types 
aree sometimes called hybrid solvers, emphasizing that for different domain types 
different,, specialized constraint propagation methods are used. 

Forr example, RealPaver [Gra04b] supports both reals and integers, but it is 
essentiallyy a solver on the reals. Integers are implemented as real variables that 
aree constrained to have integer values. Therefore we do not consider RealPaver 
too be a hybrid solver. On the other hand, ILOG solver [IloOl] will be considered 
too be a hybrid solver, because it supports both reals and integers, and uses a 
differentt representation for both of them. 

Thee model of constraint solving introduced in this chapter is well suited for 
describingg hybrid solvers on the level of constraint propagation: every variable has 
itss own domain type, and they can be linked through DRFs of a mixed signature. 
Forr example, the DRF f:FxI-*fxT, having f{(Dr, £>A) = (D'r, D[), where 
D'D'TT := hull(A- n Dt) and D[ := [["min(A n Dr)] .. [max(A n Dr)J], enforces the 
equalityy constraint on two variables of domain types T and X. 

Audemardd et al. [ABC+02] describe a solver for propositional formulas where 
inn addition to propositional variables and their negations, literals can be (linear) 
mathematicall  constraints. This solver can be characterized as a hybrid solver, 
whichh combines Boolean and numerical domain types. As such, it fits our model 
off  constraint solving: in principle, their solver uses the DPLL algorithm [DLL62] 
forr generating assignments of truth values to the Boolean variables, for which the 
formulaa is satisfiable from a propositional point of view. Such assignments have 
ann induced numerical problem, and a solution consists of an assignment of truth 
valuess for which the induced numerical problem is solvable. As we shall see in 
Sectionn 4.4, the DPLL algorithm can largely be expressed in the framework of 
Sectionn 2.3. 

State-of-the-artt solvers for checking satisfiability of propositional formulas 
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(calledd SAT solvers) depend on non-chronological backtracking search, in par-
ticularr on backjumping and learning (no-good recording) [LMS03]. In contrast, 
ourr framework relies heavily on constraint propagation. These are opposite ap-
proaches:: constraint propagation aims at removing values in an attempt to avoid 
failures,, while non-chronological backtracking happily works towards a failure, 
andd then deduces the reason for the failure. This information is used to prevent 
thee same failure from happening again. In Section 4.4 we will discuss the possi-
bilitiess to incorporate backjumping and no-good recording into our framework. 

2.4.33 Search 

Thee SALSA language [LC02] supports composition of strategies for tree search, 
locall  search, and hybrid forms of search that combine tree search and local search. 
Forr tree search, SALSA supports the composition of branching strategies. For 
finitee domains, for example, we may want apply a bisection branching until all 
domainss are of a certain size, and proceed by an enumeration branching from 
thatt point on. We will see an example of the composition of branching strategies 
inn SALSA in Section 6.4. 

Possibilitiess for composition of traversal strategies also exist. We already men-
tionedd that depth-first search has linear space complexity, while that of breadth-
firstt search is exponential in the number of variables. Yet it may sometimes be 
beneficiall  to perform a limited amount of breadth-first search. A possible strat-
egyy would be to search breadth-first until a certain threshold amount of memory 
hass been used. Then we switch back to depth-first search to clean up the search 
frontier,, and only when enough memory becomes available again we return to 
breath-firstt search. This can be seen as a composite traversal strategy, built from 
twoo basic strategies. 

Anotherr possibility could be to have multiple instances of the same search 
strategyy running inside a single solver. This would simulate a parallel search, and 
cann be beneficial because of the speedup anomaly, discussed in Section 8.5. 
However,, the same effect could be achieved by actually running a parallel solver, 
andd rely on the operating system for time sharing between the parallel processes 
orr threads. Moreover, the interleaved depth-first (IDS) strategy [Mes97] was 
designedd exactly to achieve this effect. But given that IDS is a useful thing to 
have,, it is desirable to be able to compose an IDS-like strategy, instead of having 
too re-program a solver for it. 

2.4.44 Solver Cooperation 

Solverr cooperation aims at combining individual solvers, in order to solve prob-
lemss more efficiently, or to be able to solve problems that none of the combined 
solverss could handle on its own. While a solver that combines a number of specific 
algorithmss could be classified as solver cooperation, and even individual reduction 
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operatorss can be seen as atomic constraint solvers, a commonly used justification 
forr research in the area of solver cooperation is that the development of new con-
straintt solvers is a time-consuming and error-prone process, and that composing 
cooperationss from pre-existing solvers will reduce the development costs of new 
constraintt solvers. For this reason we would like to reserve the term for solvers 
thatt are composed of autonomous component solvers. 

Lett us look again at the solver of Audemard et al. as an example. Intuitively, 
wee would like to think of this solver as a cooperation between a SAT solver and 
aa numerical solver. Arguably, this would be a plausible explanation if indeed the 
mathematicall  solver is invoked only after a full model for the prepositional part of 
thee formula has been constructed. However, in [ABC+02] it is demonstrated that 
thee performance improves significantly if satisfiability of the induced numerical 
problemm is verified each time the truth value of a mathematical constraint is fixed, 
ass a part of the SAT solving. For this reason, it is better to say that the numerical 
solverr is embedded in the SAT solver, comparable to the way that constraint 
propagationn is embedded in the search procedure of Algorithm 2.2. 

Thee embedded solver is used largely as a black box, but this is not the case 
forr the solver in which it is embedded. In the ideal case, we would like to be able 
too compose a solver like that of Audemard et al. from software components, but 
inn general, existing SAT solvers will not have facilities for performing checks like 
verifyingg the satisfiability of the growing induced numerical problem. 

Thiss illustrates a persistent problem with solver cooperation. Autonomous 
solverss are closed applications that run to completion, and there are few, if any, 
facilitiess for exchanging information with the environment, or for controlling the 
solvingg process once it has started. This justifies research towards a uniform in-
terfacee for constraint solvers, as reported for example in [HSG01] and [AM98]. 
AA further problem with cooperation of arbitrary solvers through a unified in-
terfacee is the handling of disjunctions. These have to be handled on the level 
off  the framework in which the solvers cooperate, which then has to implement 
aa search algorithm. If more than one of the cooperating solvers is allowed to 
generatee disjunctions simultaneously, the search space grows faster than with a 
centralizedd branching scheme. This becomes even more problematic if subsets of 
thee constraints are sent to different solvers. Because these subsets likely form 
underconstrainedd problems, the resulting disjunctions will be large. We expect 
thatt this limits the use of such general frameworks to a small number of very 
specificc cases. 

Another,, rather straightforward mode of solver cooperation would be to com-
binee a local search solver and a complete solver for solving optimization problems. 
Thee local search solver will not be able to prove optimality, but each time it finds 
aa better solution, the complete solver can take the updated bound into account to 
prunee parts of the search space that will not improve on this bound. This simple 
branch-and-boundd scheme (see Section 5.9.2) already requires that the complete 
solverr can regularly check on new bounds. A black-box solver may not be able 
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too do so, and the best option then is to restart it, with the additional constraint 
thatt it should improve the best solution found by local search. 

Havingg said this, examples of successful cooperations of largely autonomous 
solverss do exist. In the area of numeric problems, a survey of cooperations of 
symbolicc solvers and interval solvers is presented in [GMB01]. Examples of such 
cooperationn schemes include the following. 

•• Symbolic solvers may be able to derive redundant constraints for a given 
problem,, that strengthen the domain reduction when they are combined 
withh the original constraints. The symbolic solver is applied as a prepro
cessingg step to the branch-and-propagate solving. 

•• A dedicated solver for linear constraints checks consistency of the linear 
partt of the problem each time a variable domain is reduced. 

Currentlyy there is also much interest in the combination of constraint solv
ingg and operations research methods. Because OR methods can deal only with 
specificc classes of CSPs, such as linear programs, the models that can be solved 
byy these methods are typically approximations, or relaxations of combinatorial 
problems.. These relaxations can be solved very efficiently, and the results can 
bee used to improve the efficiency of branch-and-propagate solving. For exam
ple,, solving a linear relaxation of a problem first may give a good bound for the 
outcomee of an objective function quickly. As another example, in [MvH02b], a 
linearr relaxation of a combinatorial optimization problem is used to partition the 
domainss of variables into two sets, of promising (good) and less promising (bad) 
values.. With n variables, this partitioning gives rise to 2" subproblems, that are 
solvedd in sequence, starting with the subproblem that is composed of only good 
subdomains,, and gradually increasing the number of bad domains in a limited 
discrepancydiscrepancy search fashion (see Section 4.1.2). 

2.4.55 Distributed Constraint Solving 

Insteadd of composing a constraint solver from its constituent parts, it is sometimes 
necessaryy or desirable to distribute the solving process itself. In this case, the 
solverr can be seen as to be composed from a number of cooperating processes. 
Reasonss for doing so may be that the CSP that we want to solve is itself dis
tributed,, while it is impossible or undesirable to gather all constraints, and apply 
regular,, centralized solving methods. Such problems are commonly referred to as 
distributeddistributed constraint satisfaction problems (DisCSPs). Another way in 
whichh distributed solving can be beneficial is by exploiting parallelism. 

Distribute dd Constraint Propagation 

Distributedd versions of Algorithm 2.1 exists [MR99, MonOOa], which can be used 
too parallelize, or otherwise distribute constraint propagation. Because of the 
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fine-grainedd communication involved, we expect that in general it will be diffi -
cultt to obtain parallel speedup through distributed constraint propagation, but 
thee approach can be justified in the DisCSP case. We return to the subject of 
distributedd constraint propagation in Chapter 9. 

Distribute dd Search 

Yokooo [YokOl] has defined several algorithms for distributed search, specifically 
forr the DisCSP case. The underlying assumption is that the DisCSP variables are 
distributedd among a set of agents, who propose values for their variables to each 
other.. It is highly desirable that such algorithms are asynchronous, i.e., they 
relyy as littl e on synchronization and external coordination as possible, in order 
thatt the agents remain autonomous in the execution of the search algorithms. 

Parallell  Search 

Parallelismm in constraint solving is best exploited by parallel search, i.e., different 
solvers,, running on different processors explore different parts of the search tree 
inn order to reduce the turn-around time. A common issue with parallel processing 
iss to achieve a good load balance, i.e., preventing that some processors become 
idle,, while others do all the work. Because CSP search trees can be irregular and 
unbalanced,, a dynamic load balancing scheme is required. A special issue is how 
too implement parallel optimization, where new bounds for the objective function 
havee to be communicated between the cooperating solvers. Parallel constraint 
solvingg is the subject of Chapter 8. 

2.55 Summary 

Inn this chapter we introduced the subject of constraint solving. In addition to 
thee regular notion of a constraint satisfaction problem, we defined domain types 
andd extended constraint satisfaction problems. Domain types provide a uniform 
modell  for solving constraints on integer, real, and Boolean variables, and allow 
uss to express several properties of the implementation of the domains of such 
variables.. ECSPs augment a CSP with domain type information. They also 
providee the means to distinguish decision variables from auxiliary variables, and 
theyy specify the required precision for solving constraints on the reals. 

Returningg to the central theme of this thesis, as described in Section 1.2, we 
havee now created a framework where a branch-and-propagate constraint solver is 
composedd of the following elements. 

•• Domain types from which the domains of logical variables are drawn. 

•• Domain reduction functions that enforce constraints. 
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•• Functions choose and update that instantiate a generic iteration algorithm 
too specify a scheduler for the domain reduction functions. 

•• A domain branching function that specifies how to construct a search tree. 
Thiss typically involves a variable selection strategy and a value selection 
strategy. . 

•• A selection function that specifies a traversal strategy. Together, these three 
strategiess form a search strategy. 

InIn addition, to give an idea of what we want to achieve, we gave an informal 
descriptionn in the context of this framework of several composite solvers that are 
usedd in practice. 

Inn the next chapter we will describe our implementation of the formal frame
workk defined here. In the chapters thereafter, in addition to addressing some 
moree specific research questions, we will evaluate the framework and its imple
mentationn by composing constraint solvers for various problems. In Chapter 10 
wee will return to our description of existing composite solvers, and discuss what 
hass been achieved, and what questions have been left unanswered. 



Chapterr  3 

OpenSolver:: a Software Component 

Thiss chapter describes the OpenSolver software, which is used in the remain-
derr of the thesis as an experimental platform for composing constraint solvers. 
OpenSolverr can best be described as a coordination-enabled abstract branch-and-
propagatee tree search engine. It is based on the solving algorithms of Section 2.3: 
branching,, and pruning the search tree are implemented as the application of 
reductionn operators that modify the domains of variables. It is abstract in the 
sensee that its functionality is determined by software plug-ins that configure the 
basicc solving algorithms. 

Thesee plug-ins come in a number of categories, corresponding to various as-
pectss of branch-and-propagate tree search. A separate category of plug-ins covers 
thee coordination layer of the algorithm (Figure 3.1). This category is special 
inn the sense that it does not correspond to one specific aspect of Algorithm 2.1 
orr 2.2. Instead, plug-ins in this category control the execution of the solving algo-
rithms,, and facilitate the exchange of data between a solver and its environment. 

Noo component technology is used to implement the branch-and-propagate 
constraintt solving, but a major design goal was that OpenSolver itself can be used 
ass a software component in several solver cooperation schemes. This is realized 
throughh the coordination layer mechanism. In Chapters 7, 8, and 9 we will be 
lookingg at examples of larger systems, were OpenSolver is used as a software 
component. . 

3.11 Introductio n 

OpenSolverr evolved from the DICE (Distributed Constraint Environment) sys-
tem,, which we discuss in Chapter 9. DICE itself started as an implementation 
off  the coordination-based distributed constraint solver proposed by Monfroy and 
Arbabb [MonOOa, AMOO]. The original DICE system is described in [Zoe03b]. It 
iss a framework for distributed branch-and-propagate tree search, whose function-
alityy is determined by plug-ins for domain types, domain reduction functions, 

35 5 



36 6 ChapterChapter 3. OpenSolver: a Software Component 
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Figuree 3.1: Plug-ins determine the actual functionality and appearance of an 
OpenSolverr instance 

andd branching and traversal strategies. Basically, in DICE every plug-in resides 
inn its own process, and in [Zoe03a] we proposed an optimization that allows an 
arbitraryy distribution of the plug-ins over a set of cooperating solvers. On the 
onee hand, OpenSolver implements the solvers of the proposed optimization. 

Onn the other hand, many of our experiments do not require distributed solv-
ing,, and we also wanted to implement an efficient sequential constraint solver. 
Moreover,, we wanted to be able to use the same plug-ins in DICE and in this se-
quentiall  solver. Therefore we decided to develop a single application, and tailor it 
towardss reuse as a software component in several environments. To a large extent 
thiss is realized by the coordination layer plug-in, which forms the interface 
betweenn OpenSolver and its environment. One plug-in configures OpenSolver as 
aa component solver of DICE, and another plug-in configures it as a stand-alone 
solver. . 

Inn addition to these two roles, the coordination layer made it very easy to 
implementt the time-out mechanism that forms the basis of the parallel con-
straintstraint solver described in Chapter 8. We also use it to implement nested 
search.search. This technique entails that the functionality of a domain reduction 
functionn involves a limited branch-and-propagate tree search. We use an almost 
autonomouss OpenSolver instance for such a DRF, and this instance interfaces 
withh another OpenSolver through a special coordination layer plug-in. Nested 
searchh is the topic of Chapter 7. 

Thee remainder of this chapter is organized as follows. In Section 3.2 we de-
scribee the different categories of plug-ins related to constraint solving. Section 3.3 
describess the odd one out: the category of coordination layer plug-ins. In Sec-
tionn 3.4 we clarify some implementation aspects, including writing new plug-ins 
forr OpenSolver. 

3.22 Constraint Solving Plug-ins 

Thee following categories of plug-ins implement constraint solving: 

•• domain types that implement the domains of variables. 
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(Configuration)(Configuration) —• (Statement); {(Statement);} 
(Statement)(Statement) —• (Keywords) (Identifier) IS (Identifier) (Specifier) 

|| (Keyword2) (Identifier) (Specifier) 
(Keyword3)(Keyword3) - • VARIABLE | AUX 
(Keyword2)(Keyword2) - » DRF | SCHEDULER | ANNOTATION | TDINFO 

|| FRONTIER | INTERNAL | EXPLORE | EXPAND 

(Specifier)(Specifier) -> "{"(Sinn^)"}" 

Figuree 3.2: Syntax of the OpenSolver configuration language 

•• reduction operators that modify these domains, 

•• schedulers of reduction operators, 

•• containers of nodes of the search tree, 

•• selectors that make a selection among the nodes stored in containers, 

•• annotations that decorate the nodes of the search tree with extra infor
mation,, to be used by plug-ins in some of the other categories, 

•• evaluators of nodes of the search tree; these determine whether a node of 
thee search tree is a solution, failure, or internal node. 

Ann OpenSolver instance is configured through a script in a simple language that 
hass a statement for each of these categories. Program 3.1 is an example of such 
aa script, related to one the experiments in Chapter 5. 

Figuree 3.2 defines the syntax of OpenSolver configuration scripts, where {...} 
shouldd be read as "zero or more instances of the enclosed," and where "{" and 
" } "" denote the curly bracket symbols. Each statement consists of a keyword for 
onee of the plug-in categories, plus an identifier-specifier pair. The identifier 
designatess a particular plug-in in the category of the statement, and the specifier 
stringg is used to initialize an instance of this plug-in. For the purpose of this 
mechanism,, every plug-in, in any category should be able to initialize itself from 
aa specifier string. These specifier strings can be arbitrarily complex. For example, 
inn Chapter 7 we use a plug-in that is an almost autonomous OpenSolver instance. 
Comparablee to procedure definitions in imperative programming languages, the 
specifierr string for this plug-in contains a full solver configuration. At the other 
extreme,, when given the empty string as a specifier, the plug-in for domain type 
T,T, the set of all floating-point intervals, yields a representation for the domain 
[-co,, oo] — IR. 

Thee VARIABLE and DRF statements introduce variables and their domains, and 
reductionn operators that operate on them. In addition to the identifier-specifier 
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VARIABLEE x  I S Integerlnterva l  {1..100000} ; 
VARIABLEE y  I S Integerlnterva l  {1..100000} ; 
VARIABLEE z  I S Integerlnterva l  {1..100000} ; 
VARIABLEE ob j  I S Integerlnterva l  {} ; 
AUXX aux_x 3 I S Integerlnterva l  {} ; 
AUXX aux_y 2 I S Integerlnterva l  {} ; 
AUXX aux_z 3 I S Integerlnterva l  {} ; 
AUXX aux_xly l  I S Integerlnterva l  {} ; 
DRFF IIARul e {  aux_x3~ l  *  (1 )  =  x" 3 } ; 
DRFF IIARul e {  aux_y2~ l  *  (1 )  =  y" 2 } ; 
DRFF IIARul e {  aux_z3~ l  *  (1 )  =  z" 3 } ; 
DRFF IIARul e {  aux.xlyl' 1 *  (1 )  =  y  *  x  } ; 
DRFF IIARul e {  x" 3 *  (1 )  =  aux_x 3 } ; 
DRFF IIARul e {  y" 2 *  (1 )  =  aux_y 2 } ; 
DRFF IIARul e {  z" 3 *  (1 )  =  aux_z 3 } ; 
DRFF IIARul e {  y~ l  *  (x )  =  aux.xly l  } ; 
DRFF IIARul e {  x" l  *  (y )  =  aux.xly l  } ; 
DRFF IIARul e {  aux_x3~ l  *  (1 )  =  -l*aux_y 2 +  l*aux_z 3 } ; 
DRFF IIARul e {  aux_y2~ l  *  (1 )  =  -l*aux_x 3 +  l*aux_z 3 } ; 
DRFF IIARul e {  aux_z3~ l  *  (-1 )  =  -l*aux_x 3 +  -l*aux_y 2 } ; 
DRFF IIARul e {  obj" l  *  (1 )  =  2*aux_xly l  +  -l* z } ; 
DRFF IIARul e {  aux.xly n *  (-2 )  =  -l*ob j  +  -l* z } ; 
DRFF IIARul e {  z" l  *  (1 )  =  -l*ob j  +  2*aux_xly l  } ; 
DRFF Optimiz e {  +ob j  } ; 
DRFF RoundRobi n {  0 ,  x ,  y ,  z ,  ob j  } ; 
SCHEDULERR ChangeSchedule r  {  schedul e = 

{{  1,2,9,4,0,2,10,5,0,1,11,6,3,12,13,7,8,3,14,1 5 } 

} ; ; 

Programm 3.1: Example of an OpenSolver configuration script 
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pairss of the other statements, the VARIABLE statement uses an extra identifier that 
iss interpreted as the variable's name. The AUX keyword is a variant of VARIABLE 
forr introducing auxiliary variables. These two statements are the only ones that 
addadd plug-in instances. 

Thee other statements replace plug-in instances, for which a default is readily 
available.. The SCHEDULER keyword is used for replacing the scheduler of reduction 
operators.. FRONTIER and INTERNAL replace the containers for storing sets of nodes 
off  the search tree, and EXPLORE and EXPAND replace the selectors operating on 
them.. The ANNOTATION statement specifies what information, by means of an 
annotationn plug-in, is attached to nodes of the search tree. The default is to 
usee no annotations. The statement for introducing a node evaluator is TDINFO, 
forr termination detection information. This reflects OpenSolver's origin 
ass a distributed system: establishing that distributed constraint propagation has 
finishedfinished is then a matter of distributed termination detection. Determining the 
naturee of a node of the search tree is naturally combined with detecting the 
terminationn of constraint propagation. 

Inn the remainder of this section, we discuss the different categories of con-
straintt solving plug-ins. 

3.2.11 Variabl e Domain Types 

Thiss category of plug-ins corresponds directly to the variable domain types dis-
cussedd in Section 2.2.4. Plug-ins exist for the four standard domain types B, 
Z,Z, X, and T that were introduced there, and as is the case for all categories of 
plug-ins,, new domain type plug-ins can be added to an OpenSolver installation. 
Thiss is described in Section 3.4. In Chapter 6 we discuss special-purpose domain 
typess that are introduced for solving one specific kind of combinatorial problems. 

Justt like in object-oriented programming an object is an instance of a class, 
inn OpenSolver a variable domain is an instance of a variable domain type. As we 
shalll  see in Section 3.4, the plug-ins, and hence the individual domain types are 
actuallyy classes, with a common base class for each category. For now it suffices 
too realize that being objects, the domains of variables have a state, on which 
aa number of operations are defined, and that these operations are implemented 
byy means of member functions (we use the C++ terminology, in other object-
orientedd languages member functions are called methods). 

Inn the OpenSolver input language, variables are introduced with the following 
statement. . 

VARIABLEE (Identifier) IS (Identifier) (Specifier) 

Thee first identifier gives the variable a name, and the second identifier designates 
thee plug-in that will be used to implement the domains that are associated with 
thee variable, during the solving process. The specifier is a character string that 
representss the initial domain. It will be used to create a domain for the variable 
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inn the root of the search tree. 
Specifierr strings are interpreted by a constructor for the class that implements 

aa plug-in. For a set T and a domain type T C V{T), such a constructor imple-
mentss a partial function ƒ : V(T) —• T having f(D) = T(D). For example, the 
plug-inn R e a l l n t e r v a l implements the standard type T C "P(IR), the set of all 
floating-pointt intervals. For the specifier string we can use any interval where 
thee bounds have a finite decimal representation. This is the case for ^ , but no 
floating-pointt representation exists for yg, so 

VARIABLEE x l  I S Reallnterva l  {[-0.1 ,  0.1]} ; 

willl create the smallest floating-point interval that properly contains [—^. JQ\. 
Forr variable domain types, the operations on the state include the following. 

•• An operation to clone the domain. OpenSolver is a copying-based con
straintt solver (see Section 4.2). and the clone operation implements the 
copyingg on the level of the variable domains. 

•• An operation to split the domain into a number of subdomains. The mem
berr function for this operation has an integer argument that can be used to 
specifyy a particular method for generating these subdomains, for example 
enumeration,, or bisection (see Figure 4.2 on page 70). The interpretation of 
thiss argument, and the value selection strategies that it encodes are specific 
too the variable domain types. Applying the split operation on the domain 
off a single variable is the primary method of branching, but more complex 
branchingg strategies, typically involving more than a single variable, are 
alsoo supported. 

•• A member function that gives an indication of the size of the domain. 
Thiss is a non-negative integer, where 0 means that the domain is empty, 
i.e.,, a failure has been deduced. The value 1 indicates that the domain is a 
singletonn set, and values greater than 1 are an indication that the domain 
cann be split into a number of subdomains. In principle, the domain sizes 
determinee the nature (solution, failure, or internal) of the nodes of the 
searchh tree, but as we shall see below, this can be overridden by a node 
evaluatorr plug-in. 

Insteadd of VARIABLE , the keyword AUX can be used to introduce a variable. The 
syntaxx is the same, and the only effect is that a flag is set. to mark the variable as 
auxiliary.. Node evaluator plug-ins use this information to implement the notion 
off auxiliary variables introduced in Section 2.2.5. For auxiliary variables, all 
domainss except the empty set are final domains. They are not considered in 
distinguishingg solutions from internal nodes of the search tree. Therefore we do 
nott need to branch on auxiliarv variables. 
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3.2.22 Reduction Operators 

Plug-inss in the reduction operator category implement the domain reduction func-
tionss and domain branching functions of Sections 2.3.1 and 2.3.2. A hybrid form 
iss used for optimization. In the OpenSolver configuration language, the statement 
forr introducing a reduction operator is 

DRFF {Identifier) {Specifier) 

Thee specifier string typically contains the list of variables that the operator applies 
to,, and some further specification of the operation that it performs on these 
variables.. For example, 

DRFF DDNEQ {  x l  -  x 2 < > 2  } ; 

enforcess the constraint xx — x2 ^ 2 on two discrete domain variables xi and x2. 

State e 

Reductionn operator instances have a state that holds at least an internal rep-
resentationn of the information extracted from the specifier string. Contrary to 
variablee domains, the state of a reduction operator is global. It applies to all 
nodess of the search tree. The only information about a reduction operator that 
iss stored per node, is a flag indicating whether the operator is active or not. Re-
ductionn operators can signal to the scheduler that controls their application that 
theyy have become redundant in a certain branch of the search tree. Schedulers 
(seee below) may use this information to avoid unnecessary application of such 
operators.. In principle, the design of OpenSolver also allows that new, redundant 
reductionn operators (and auxiliary variables) are added during the solving pro-
cess,, to be active in particular parts of the search tree only, but these facilities 
aree not currently exploited. 

Interface e 

Threee member functions constitute the basic interface of reduction operators and 
thee rest of the system: 

•• a function that reports the names of the variables that the reduction op
eratorr applies to; this information is typically extracted from the specifier 
stringg when the reduction operator is created, 

•• the propagation function, which is called during the constraint propa
gationn phase, and 

•• the termination function, which is called upon termination of constraint 
propagation,, during the branching stage. 
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Bothh the propagation function and the termination function take as an argument 
ann array of pointers, whose type is the abstract base class for variable domain 
types.. Through these pointers, the functions can reduce the domains of the 
variables.. The OpenSolver framework takes care that the arrays of pointers cor-
respondd directly to the variable names reported by the first of the above three 
memberr functions. Also, like the domain reduction functions that they imple-
ment,, reduction operators have an input scheme and an output scheme: the set 
off  variables that trigger their application, and the set of variables that they can 
modify,, respectively. In Section 3.4 we see how these are implemented. 

Thee propagation function and the termination function must supply the solver 
withh information about variables that they change. The minimum requirement 
iss that they set a flag for every change, but a more elaborate protocol is possible. 
Forr example it could be useful to set different flags for modifying a bound or 
ann internal value of a domain. Per variable, a reduction operator can specify 
whatt modifications it is interested in. The reduction operators that modify a 
variablee and the reduction operators that depend on this variable must use the 
samee protocol for signaling such modifications. It is up to the scheduler that 
appliess the reduction operators to exploit this information, though. An example 
off  the use of this facility is discussed in Section 4.2. 

Interactio nn wit h Domain Types 

Inn Algorithm 2.1 domain reduction is realized by intersecting variable domains 
withh the outcome of the domain reduction functions. In OpenSolver this is not 
implementedd in such a clean way. All domain type plug-ins implement the inter-
section,, but sometimes it is more efficient to use a different modification of the 
domains.. A reduction operator can then perform modifications that are specific 
too the domain type that the operator is defined for. In other words, the operators 
makee assumptions about the types of the domains that they operate on. Such 
assumptionss are implemented by type casting (see also Section 3.4), as a result 
off  which, member functions for domain specific modifications become available. 

Ass an illustration, the DDNEQ operator of the above example operates on finite 
domainss variables, and will typecast the argument domains to objects of the 
classs that implements this domain type. If one of the argument domains has 
sizee 1, it can now retrieve the integer value that it contains. Instead of having 
too construct a domain for intersecting the other argument domain with, it will 
calll  a member function specific to the finite domains implementation that allows 
individuall  values to be removed. 

Thee Termination Function 

Normally,, the termination function is used for branching. The creation of sub-
problemss is implemented by this function creating subdomains for one or several 
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off  the variables. Subdoraains can be created in any way that suits the branch-
ingg strategy, but in most cases the plug-ins rely on the basic splitting methods 
providedd by the domain types. 

Thee termination and propagation functions can cooperate to implement opti-
mization.. If after termination of constraint propagation we have not deduced a 
failure,, while none of the variable domains can be split any further, the node of the 
searchh tree is considered to be a (possibly suboptimal) solution. The termination 
functionn can then record some information about this suboptimal solution, such 
ass a new bound for the outcome of an objective function. The objective function 
cann be evaluated by regular constraint propagation, and the propagation function 
cann then enforce this new bound as a dynamic constraint on the variable that 
holdss the outcome of the objective function. 

Classificationn of Reduction Operators 

Dependingg on the use of the propagation and termination functions, three kinds 
off  reduction operators1 are distinguished. 

•• propagation operators, these are reduction operators that do not modify 
theirr state, and whose termination function does not create any subdomains. 
Propagationn operators are active only during constraint propagation, and 
throughh their propagation functions, they implement the DRFs of Defini
tionn 2.3.1 on page 19. 

•• branching operators, these are reduction operators that do not modify 
theirr state, and where the propagation function does not modify the variable 
domains.. Through their termination functions they implement the domain 
branchingg function of Definition 2.3.3 on page 23. Branching operators are 
activee only during the branching stage. 

•• optimization operators, these are reduction operators where the termi
nationn function creates no subdomains, but modifies the state, and where 
thee result computed by the propagation function depends on this state. 
Theyy are active in both the propagation stage and the branching stage of 
thee solving algorithm. 

3.2.33 Schedulers 

Thee application of the reduction operators is controlled by plug-ins in the sched
ulerr category. In principle, there are two schedulers involved: one for the propa
gationn stage, which applies the propagation functions of the reduction operators, 
andd one for the termination stage, which applies the termination functions. In 

lrThee keyword DRF is a misnomer because it refers specifically to propagation operators, while 
itt is also used to introduce branching operators and optimization operators. 
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practice,, there is no need for elaborate scheduling mechanisms in the termina-
tionn stage, and the latter scheduler is currently fixed to apply the termination 
functionss once, in sequence. 

Inn contrast, the scheduler for the propagation stage implements the constraint 
propagationn algorithm, and is of great influence on the efficiency of the solver. 
Thee statement for modifying the propagation scheduler is 

SCHEDULERR (Identifier) (Specifier) 

Contraryy to the VARIABL E and DRF statements, which always extend the solver 
configuration,, this statement replaces the current propagation scheduler. Cur-
rently,, it is not possible to use different schedulers in different nodes of the search 
tree.. In a distributed setting, however, each solver has its own scheduler, and de-
pendingg on the constraints assigned to a solver, it may make sense to use different 
plug-inss here. 

Schedulerss have a state per node of the search tree. This state can be used to 
storee the bookkeeping of reduction operators that still need to be applied, like the 
sett G of Algorithm 2.1. In this sense, schedulers are similar to variable domains, 
andd they also provide an operation for cloning the state of the scheduler. Cloning 
thee scheduler state is interesting when branching commences before constraint 
propagationn has reached a fixed point, and some operators are still scheduled for 
application. . 

Thee primary member function of a scheduler plug-in runs the constraint prop-
agationn algorithm. In addition, a scheduler provides to the framework member 
functionss for scheduling individual variables and reduction operators. These are 
calledd when reduction operators are introduced, and when changes to variables 
aree made outside the control of the scheduler, for example when creating new 
nodess of the search tree by splitting the domain of a variable. 

Thee scheduler has access to two data structures: one that contains the problem 
structuree (the PStruct) and one that contains information about the problem 
thatt is specific to a node of the search tree (the WPStruct, for world problem 
structure).. The PStruct gives access to the reduction operators, and contains the 
dependenciess between variables and reduction operators. The WPStruct is used 
mainlymainly to keep track of which reduction operators are still active: through this 
dataa structure OpenSolver allows a scheduler to deactivate a reduction operator. 
Iff  it signals after application that it will not be able to achieve further reduction, 
itt can be deactivated in the present branch of the search tree. A scheduler plug-in 
cann choose to use this facility or not. Reference counting, and copy-on-change are 
usedd to maintain this information. As a result, actually switching off reduction 
operatorss may involve a considerable memory overhead (bounded by the number 
off  reduction operators times the size of the search frontier) for storing new versions 
off  the bitmap of active operators. 

Algorithmm 2.1 computes a fixed point of the domain reduction functions in its 
inputt set F. In contrast, a scheduler plug-in need not run to completion. It may 
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Figuree 3.3: Three sets of nodes constitute the solver state 

stopp executing the constraint propagation algorithm at any point, but it needs 
too signal to the solver whether it wants to be reactivated later, to continue the 
computationn of the fixed point. If this is not the case, the solver wil l consider that 
thee propagation stage has finished. Otherwise it wil l activate the scheduler again 
beforee starting the branching stage. This can be useful even in a stand-alone 
constraintt solver: as in the model of Monfroy and Arbab [AMOO], multiple nodes 
off  the search tree can be subject to constraint propagation, and each of these 
nodess can be expanded by branching. If schedulers run to completion, constraint 
propagationn in these nodes is executed in sequence. Examples of CSPs exist 
wheree in some nodes of the search tree, constraint propagation takes much longer 
thann in others. For such problems, one node could block the progress of search 
inn the other nodes. By running a scheduler only for a fixed amount of time, and 
thenn passing control to other nodes before resuming the computation of the fixed 
point,, we can benefit from concurrency in the search without having to resort to 
distributedd processing. 

3.2.44 Containers 

Thee state of the OpenSolver search algorithm consists of three sets of nodes of 
thee search tree (Figure 3.3). Each of these sets is implemented by a container 
plug-in. . 

•• The search frontier, containing unexplored nodes that are pending con
straintt propagation. Both the original CSP, and the subproblems that are 
thee result of applying a branching operator enter the algorithm in this set. 

•• A set of nodes that are subject to constraint propagation. 

•• A set of internal nodes where constraint propagation has terminated 
withoutt deducing a failure or a solution. In these nodes, the search tree can 
bee expanded by applying a branching operator. 

Inn what follows, the state of the solver usually refers to these three sets. 
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Beingg set implementations, containers have member functions for adding and 
removingg nodes of the search tree, and for iterating over their contents. Im-
plementingg sets of nodes of the search tree in specific, containers can be aware 
off  some properties of the nodes that they contain, and iterate over these nodes 
accordingly.. Such properties are implemented by annotations (discussed be-
low).. We wil l see examples of actual container implementations in Sections 4.1.2 
andd 4.3. 

Thee containers for the sets of nodes that are pending propagation and branch-
ingg can be modified. The syntax is, respectively, 

FRONTIERR {Identifier} (Specifier) 

INTERNALL  (Identifier) (Specifier) 

Likee the SCHEDULER command, these commands replace the currently active plug-
inn instances. For the set of nodes that are subject to propagation, it is important 
thatt all nodes can be removed from the container efficiently, so here an imple-
mentationn based on a linked list is used. There seems to be littl e use for other 
alternativess here, so this particular container is currently fixed, and cannot be 
changedd in the configuration language. 

3.2.55 Selectors 

Selectorss are used to identify the nodes that are transfered between the three sets 
off  Figure 3.3. Al l nodes where constraint propagation has terminated are moved 
too the rightmost set automatically, so selectors are used only for transferring 
nodess from the search frontier, and for selecting the nodes that wil l be expanded 
byy branching. The respective commands are the following. 

EXPLOREE (Identifier) (Specifier) 

EXPANDD (Identifier) (Specifier) 

Thesee commands override the currently active selectors. 
Apartt from the plug-in machinery, selectors offer a single operation to the 

OpenSolverr framework. The member function for this operation takes as an argu-
mentt an array of containers, and returns an array of elements of these containers. 
Soo in OpenSolver, the selectors can inspect the entire state, i.e., all three sets of 
nodess of the search tree of Figure 3.3. It is the responsibility of the programmer of 
thee plug-in, and of the application or person who writes the solver configuration 
too ensure that nodes are selected from the correct set. For example, if OpenSolver 
consultss the selector for identifying the nodes that must be expanded by branch-
ing,, and a node from the search frontier is selected, a run-time error wil l occur 
oncee OpenSolver discovers that this node cannot be removed from the container 
off  nodes that are pending branching. We see selectors at work in Section 4.3. 
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3.2.66 Node Evaluators 
Thee TDINFO command changes the OpenSolver node evaluator: 

TDINFOO {Identifier) {Specifier) 

Thee purpose of a node evaluator2 is to determine the nature of a node of 
thee search tree, solution, failure, or internal node, once constraint propagation 
hass finished. In a distributed setting, this information is collected when the 
coordination-layerr plug-ins of the cooperating solvers try to establish termination 
off  distributed constraint propagation. For this reason the keyword refers to the 
informationn that is collected during termination detection. 

Theree is basically one way to establish that a node is a failure: at least one 
off  the variable domains reports a size 0. Therefore the main purpose of a node 
evaluatorr is to distinguish between internal nodes and solution nodes, the 
latterr corresponding to subproblems that are in solved form. This implements 
thee test D\ € A\,..., Dn e An, for an ECSP of the form (2.2), as we discussed 
inn Section 2.2.5. To this end, node evaluator plug-ins provide a member function 
thatt takes as an argument the array of domains of a node. In Section 4.5 we 
usee a node evaluator to calculate solved forms of a limited precision, for variables 
whosee domains are floating-point intervals. 

Afterr establishing the nature of a node, the plug-in instance is cloned, and 
attachedd to the node itself, in order that the nature of the node is made known to 
thee branching operators. The termination functions of such operators can then 
verifyy properties that are hard to establish by means of constraint propagation, 
andd may decide to fail a node yet, after it was characterized as a solution by the 
branch-and-propagatee tree search. 

Inn addition to establishing the nature of a node of the search tree, node evalu-
atorss may access the annotations, thus allowing extra information to be attached 
too a node before the branching stage commences. We will see how this facility is 
usedd in Section 4.3. 

3.2.77 Annotations 

Annotationss are used to decorate nodes of the search tree with additional infor-
mation,, to be maintained and referenced by plug-ins in the other categories. The 
annotationn of a node is set by the following command. 

ANNOTATIONN {Identifier) {Specifier) 

Inn addition to the basic plug-in machinery, the base class for annotation imple-
mentationss requires only that annotations can be cloned. Since annotations exist 

2ILOGG Solver also has a NodeEvaluator class, which implements related, but different func-
tionalityy [Per99]. 
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onlyy for the convenience of other plug-ins, OpenSolver makes no further assump-
tionn about the functionality that they offer. This is entirely a matter of subtyping, 
andd type casting by the plug-ins that use the annotations. We see specific uses 
off  annotations in Sections 4.1 and 4.3, and in Chapter 8. 

3.2.88 Put t ing it Al l Together 

Beforee we move on to the coordination-layer plug-in, it is good to take a step back 
andd discuss the relation and interaction between the plug-ins in the categories that 
wee just introduced. 

Generally,, branch-and-propagate constraint solving starts with constraint prop-
agation.. This involves the domain type, reduction operator, and scheduler plug-
ins.. The domain type plug-ins provide representations for the domains of the 
variables,, and the reduction operators inspect and modify the domains to 
enforcee the constraints. Note that the concept of a constraint is absent in the 
system. . 

Beforee the start of the branch-and-propagate search, the system asks the re-
ductionn operators for the names of the variables that they want to be applied to. 
Thesee names are compared to the variable names introduced by the VARIABLE 
andd AUX statements, and the relation between the variables and the reduction 
operatorss is laid down in the PSt ruc t. The actual application of the reduction 
operatorss is controlled by the scheduler plug-in. It is responsible for applying 
thee reduction operators to the right variables, as specified in the PStruct. The 
schedulerr plug-in applies only the propagation functions of the reduction opera-
tors,, so during the constraint propagation stage, only two of the three kinds of 
reductionn operators, namely propagation operators and optimization operators 
aree active. 

Att some point, the scheduler plug-in wil l return control to the system, and 
notifyy that constraint propagation has finished. It now becomes important to 
realizee that we have been working in a particular node of the search tree. At the 
startt of the solving process, this is the root node. These nodes are data structures 
off  the framework, but they may have been decorated with extra information in 
thee form of an annotation plug-in. 

Whenn constraint propagation finishes in a node of the search tree, the system 
appliess the node evaluator plug-in to this node. In any case, a node evalua-
torr has to determine (typically by inspecting the sizes of the variable domains) 
whetherr a node is a solution, failure, or internal node of the search tree, but it 
mayy gather further information about the node, which can then be stored in its 
annotation. . 

Nodess that have been characterized as failures (dead-end leaves in the search 
tree)) are least interesting from the perspective of the search process: these are 
basicallyy just discarded. Solutions are slightly more interesting, but before a 
nodee gets the solution treatment, which may actually mean the end of the solving 
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process,, all reduction operators are applied once more. This time, instead of the 
propagationn functions, the termination functions of the reduction operators are 
applied.. Termination functions are used for branching, but that concerns internal 
nodess of the search tree only. For solutions they can perform some last-minute 
tests,, and decide to characterize a node as a failure yet, but they can also record 
somee information about the solution, such as a new bound for a criterion variable 
inn the state of the reduction operator. 

Internall  nodes of the search tree are the most important for the search process. 
Theyy are stored in the rightmost of the three sets of Figure 3.3. Exactly how 
theyy are stored, and in what order they can be retrieved again, is determined 
byy the container plug-ins that implement these sets. On several occasions, 
twoo selector plug-ins will examine the state of the solver (the three sets of 
Figuree 3.3). One of these plug-ins will make a (possibly empty) selection among 
thee internal nodes in the rightmost set. These nodes are subjected to branching, 
whichh entails that the termination functions of all reduction operators are applied 
inn sequence. Typically, most reduction operators are propagation operators, and 
havee inactive termination functions, and there is exactly one reduction operator 
thatt is a branching operator. This operator's termination function will create 
subdomainss for some (typically one) of the variables. The system will generate a 
neww node for each of these subdomains, cloning the domains of the other variables. 
Thee original internal node can now be discarded, and the new nodes are stored 
inn the set of nodes that await constraint propagation. 

Thee second selector plug-in selects nodes from this latter set. These nodes are 
movedd to the middle set of Figure 3.3, where they will be subjected to constraint 
propagation,, as we described at the beginning of this section. In case of an all-
solutionn search or an optimization problem, the constraint solving process ends 
whenn all three sets of nodes are empty. This completes our overview of the solving 
process,, and the roles of the different plug-ins therein. The solving process is 
underr tight control of the coordination layer plug-in, which we will discuss next. 

3.33 The Coordination Layer Plug-in 

Recalll  that a major design goal was that OpenSolver can be used as a software 
componentt in several solver cooperation schemes. This is realized through the 
coordinationn layer plug-in. Every OpenSolver instance has exactly one plug-in 
inn this category installed. This plug-in controls the branch-and-propagate tree 
search,, and through it, the solver can exchange information with its environment. 
OpenSolverr is almost a full application, but it has to be complemented by a 
coordinationn layer plug-in to be able to function. Even when it is used as a 
stand-alonee constraint solver, this plug-in is responsible for aspects such as 

•• all I/O, in particular providing a solver configuration in the language of 
Figuree 3.2, and dispatching solutions, 
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•• whether we search for one or all solutions, or whether we just want to count 
them. . 

Thee coordination layer plug-in is similar to the constraint solving plug-ins 
inn the sense that it is activated using an identifier-specifier pair, but because 
itss presence is required for OpenSolver to function, this pair is part of the shell 
commandd used to run the OpenSolver, for example, 

opensolverr -c SeqFilelO 8queens.inp 

startss OpenSolver as a UNIX process, using the SeqFi le lO coordination layer 
plug-in.. This coordinates it as a stand-alone, sequential constraint solver that 
readss the configuration script from a file, whose name is read from the specifier 
string.. The - c option is followed by the identifier-specifier pair for the coordina
tionn layer plug-in. In the case of SeqFilelO the specifier string is a filename. If it 
shouldd include spaces (which is not the case for SeqFile lO), it has to be enclosed 
inn quotes. 

Thee interaction between OpenSolver and its coordination layer plug-in is via a 
commandd loop. After activating the plug-in, OpenSolver continually asks it what 
too do next. One of the first commands that are usually issued is the following. 

specifier .. This tells OpenSolver that a configuration specification is available. 
Afterr receiving this command, OpenSolver asks the coordination layer plug-
inn for a pointer to a location where this specifier is stored, in ASCII byte 
formatt in the language of Figure 3.2. After processing the specifier string, 
OpenSolverr notifies the coordination layer that the memory it occupies can 
bee deallocated. 

Inn total, the current version uses 20 commands that fall roughly in two cat
egories:: controlling the solving process, and interaction with the environment. 
Beloww we describe those commands that are essential for understanding the Open
Solverr architecture, and its use as a software component in the other chapters. 

3.3.11 Controlling the Solving Process 

Thee nodes of the search tree reside in a data structure called the world database, 
whichh is essentially an array of slots that can each hold a single node. When nodes 
aree deallocated they leave a vacant slot, which can be reused when a new node 
mustt be stored. If no vacant slot is available, new slots are created. The primary 
purposee of the world database is to provide a uniform node identification scheme 
whenn several OpenSolvers participate in a distributed constraint propagation al
gorithm.. In that case, the world database of each solver contains an array of slots 
forr each of the participating solvers. Every node has an owner: the solver that 
createdd it, and all solvers access the data structures for that node through the 
samee slot, in the array for the solver that owns it. Now7 a node can uniquely be 
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identifiedd by a tuple consisting of the number of the solver that owns it, and the 
indexx of the slot it occupies. 

Inn a distributed setting, the three sets of nodes of Figure 3.3 are distributed 
overr the cooperating solvers. All solvers maintain the three sets, but a single node 
cann appear only in the state of one solver, i.e., the global state is distributed 
overr the cooperating solvers. While only one solver marks a node as pending 
propagation,, pending splitting, or being subject to propagation, all solvers may 
havee data structures for the node, containing the local domains and information 
onn active reduction operators. 

Wee discuss the commands that control the solving process roughly in the order 
inn which they occur during a regular branch-and-propagate tree search. 

schedulee propagation. Receiving this command, OpenSolver activates the prop-
agationn selector. This will identify a (possibly empty) subset of the set of 
nodess that are pending propagation. The nodes in this subset will be trans-
feredd to the set of nodes that are subject to constraint propagation. 

propagation.. For each node in the latter set, run the scheduler of DRFs to ap-
plyy constraint propagation. When the scheduler finishes, it signals whether 
constraintt propagation has terminated, and a flag on the node is set accord-
ingly. . 

Whenn a node is scheduled for propagation by the propagation selector, this is 
signaledd to the coordination layer. From that point on, the coordination layer will 
monitorr the progress of constraint propagation for the node, through the flag that 
wee just mentioned. This monitoring takes place for all nodes that the coordination 
layerr knows to be subject to constraint propagation, after each propagation 
command.. It may seem counterintuitive that this is the responsibility of the 
coordinationn layer, but this is necessary in case several OpenSolver instances 
participatee in a distributed constraint propagation algorithm, such as the one 
thatt is described in Chapter 9. In a distributed setting, the information on 
terminationn of constraint propagation is local: it applies only to the set of DRFs 
knownn to the solver that issued the propagation command, and the cooperating 
solverss have to combine this information in their coordination layers to obtain a 
globall  view. 

Ass a part of a distributed termination detection algorithm, or in a stand-alone 
solverr after having been informed that constraint propagation has terminated, the 
coordinationn layer may inquire about the status of a node by creating a new node 
evaluator,, and asking the solver to apply it. 

evaluate.. Receiving this command, OpenSolver asks the coordination layer for 
aa pointer to a node evaluator, and applies it to the node of the search tree 
forr which the command is issued. 
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Thee next time OpenSolver asks the coordination layer for a command after eval
uatee was issued, the coordination layer knows that the node evaluator it created 
hass been applied to the node of the search tree that it was interested in at that 
time.. The node evaluator now contains information on whether the node is a 
solution,, failure, or internal node, regarding the part of problem known to the 
presentt solver. In a distributed constraint propagation algorithm, this informa-
tionn must now be combined with the view of the other participating solvers. In a 
standd alone solver, the global status of the node is known immediately, and can 
bee relayed to the solver with the following command. 

termination.. This command informs the solver that constraint propagation has 
terminatedd in a particular node of the search tree. In the case of distributed 
constraintt propagation, this information is global. A node evaluator is 
providedd by the coordination layer to indicate the status of the node. 

Forr solutions, the solver runs the scheduler of reduction operators for the 
terminationn stage. This allows the optimization operators to update their 
statee according to the current solution (for example, set a new bound). For 
failures,, the coordination layer is informed that it can start the deallocation 
processs for the node. Internal nodes are moved to the container of nodes 
thatt are pending branching. 

InIn a distributed setting, the cooperating solvers must negotiate which solver 
iss allowed to branch on an internal node. Only the coordination layer plug-in 
off  the identified solver should issue the termination command for the node. 
Forr this purpose, a node evaluator can access information on whether a solver is 
configuredd to split a certain variable, so this decision can be made as a part of 
terminationn detection. For example, in a distributed fail-first policy, as a part of 
establishingg termination of constraint propagation, the cooperating solvers will 
likelyy be circulating a token (see Section 9.2.3). Before forwarding the token, 
thee solvers will issue evaluate commands. Through the node evaluator they can 
inquiree about the sizes of the variable domains, and thus search for the smallest 
domainn as a part of termination detection. Similarly, the node evaluator can 
determinee whether a solver is able to branch on this variable, so the token is 
annotatedd with the id of the variable with the smallest domain found so far, the 
sizee of this domain, and if the token has already visited a solver that is able to 
splitt the domain of the variable, the id of this solver. 

Thee following command initiates the actual branching. 

schedulee branching. This command activates the selector of nodes that are 
pendingg branching. This yields a subset of the nodes in the rightmost set of 
Figuree 3.3. In each of these nodes, the scheduler of termination functions is 
runn to actually generate subproblems. The nodes for these subproblems are 
addedd to the set of nodes that are pending propagation. The coordination 
layerr is informed that it can start the deallocation of the parent nodes. 
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Inn a stand-alone solver, the process of deallocating a node of the search tree 
simplyy consists of issuing the following command to the solver. 

forgett world. This command tells the solver to deallocate the data structures 
forr a particular node of the search tree, and to free the slot it occupies in 
thee world database. Also any reference to it from within the containers that 
implementt the sets of Figure 3.3 is removed. 

Inn the distributed case, deallocating a node is less straightforward, though. 
Thee reason is that for processing nodes that descend from it, we may still need to 
clonee some of the domains. This is done the first time that a solver learns about a 
particularr node, as a part of constraint propagation, but this may well be after the 
solverr that created the node has initiated the deallocation of the parent. Therefore 
deallocatingg a node involves counting the number of descendants that have been 
created.. Only when this matches the total number of generated branches, the 
parentt node can be deallocated. This tally is kept in the solver, and can be 
verifiedd by the coordination layer. 

moree work? After receiving this command the solver reports to the coordination 
layerr whether the sets of nodes that are pending branching and pending 
propagationn are empty or not. In the former case, the traversal of the 
searchh tree has finished. In the latter case, the coordination layer can make 
thee solver continue the search by issuing more schedule branching and 
schedulee propagation commands. 

Thee following command sequence coordinates a basic branch-and-propagate tree 
searchh by a stand-alone solver, where propagation runs in a single node, the 
schedulerr of DRFs runs to completion, and internal nodes are split immediately. 

specifier r 
schedulee propagat ion ^ 
propagation n 
evaluate e 
terminat ion n 
schedulee spl i t t ing 
forgett world 
moree work? 
quit t 

repeatedd until the solver answers nega-
tivee to the more work? question, or 
thee coordination layer decides to break 
outt of the loop, for example if the solver 
respondss to the terminat ion command 
withh a notification that it has accepted 
aa solution. 

3.3.22 Interaction with the Environment 

Thee specifier command, which we discussed at the beginning of this section, 
fallss in the category of commands for regulating the interaction of an OpenSolver 
instancee and its environment. The configuration specifications that it passes to 
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thee solver typically come from a file, or have been submitted by another program 
suchh as a calculator front-end. The coordination layer plug-in knows where to 
gett these specifications, which varies for different situations where OpenSolver is 
usedd as a component solver. 

InIn addition to the specifier command, and some commands for generating 
textuall  representations of solutions, and nodes of the search tree in general, the 
followingg commands are of importance for the way OpenSolver is used as a com-
ponentt solver in the rest of this thesis. 

flush.. The solver supplies to the coordination layer plug-in a configuration for 
eachh of the nodes of the search tree stored in the sets of Figure 3.3. 

clearr WDB. The solver empties the world database, i.e., it forgets what it was 
doing,, and enters the initial state. 

AA node is essentially defined by the domains of the variables, and the reduction 
operatorss that are active. Like all plug-ins, variables and reduction operators can 
generatee a textual representation of themselves, in the language of Figure 3.2, by 
whichh they can be re-created in another solver. This facility is used by the flush 
command.. The flush command is typically followed by clear WDB. 

Whenn a new variable is introduced, OpenSolver will ask the coordination layer 
plug-inn if the variable is meant to be exported or not. In a distributed constraint 
propagationn algorithm, exported variables are those that appear in two or more 
solvers.. Changes to the domains of such variables must be communicated. This 
iss initiated by the following command. 

pendingg sends. The solver responds to this command with the identifiers of the 
variabless that have been marked for export, and whose domains have been 
modifiedd since the last pending sends command was issued. 

Thee following command takes care of the actual communication: 

export.. The solver supplies a pointer to the data structure that represents the 
domainn of a given variable, in a given node of the search tree. 

Thee pending sends and export commands could be combined for the pur-
posee of distributed constraint propagation, but they have been left separated for 
thee use of exported variables in the operator for nested search, discussed in Chap-
terr 7. After the solver has responded to an export command, the coordination 
layerr can actually send the modified domain to another solver. This message has 
too be tagged with the node of the search tree, to which the information applies. 
Becausee of the world database, this tag need only contain the two integers that 
uniquelyy identify a node during its lifetime. 

Thee default mechanism for communicating domain updates is the text-based 
representationn that is used for the flush command. This has the benefit of being 
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machinee independent. For example, we do not have to worry if integers are stored 
ass big-endians or little-endians. To avoid the overhead of string manipulation, 
aa coordination layer plug-in can make assumptions about the variable domain 
typee plug-ins that are used. For example, it can rely on the assumption that 
alll  domains that it will ever export, will be able to write themselves to a binary 
representation.. This may of course give rise to problems in a heterogeneous 
computingg environment, but when the environment is homogeneous with respect 
to,, say, integer representation, the string manipulation can easily be avoided. We 
havee not experimented with this, but in a shared memory environment, it may 
evenn be feasible to use pointers as representations of the domains, through which 
theyy can then be accessed directly. 

Whenn receiving an incoming domain update, the coordination layer recon-
structss the variable domain. Using the default mechanism, this involves inter-
pretingg an identifier-specifier pair. The resulting domain is then passed to the 
solverr via the following command: 

update.. The solver computes the intersection of the domain of a variable in a 
particularr node of the search tree, and a domain supplied by the coordina-
tionn layer. The solver assumes that the domains are instances of the same 
plug-in.. If the intersection is smaller than the original domain, the inter-
sectionn is used as the new domain for the variable. The change is made 
knownn to the scheduler of reduction operators for the propagation phase, 
andd the variable is marked as changed for the purpose of the pending 
sendss command. 

Wee conclude the description of the coordination layer by clarifying its name. 

3.3.33 Coordination 

InIn computer science, coordination refers to the orchestration of the interaction 
amongg the various active entities involved in a software system [Arb98]. As Gel-
ernterr and Carriero observed, coordination is a ubiquitous aspect of computing: 
evenn the simplest programs interact with their users to exchange input and out-
putt [GC92]. Furthermore, on the level of programming languages, the sequential 
executionn of program statements can be seen as a particular form of coordination 
off  computing entities. 

Whilee coordination can be recognized in all software systems, it is of particular 
relevancee for concurrent systems, where several interdependent computations 
overlapp in time. Examples of such systems are 

•• parallel systems, where concurrency is introduced for reducing the turn
aroundd time of a computation by distributing the workload over several 
hardwaree processors, and 
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•• distributed systems, whose state is distributed over several computing 
entitiess that execute concurrently. 

CoordinationCoordination languages are languages for programming the interaction 
betweenn the active entities of concurrent systems. Such languages are based on a 
particularr coordination model, i.e.. a set of assumptions on how these entities 
interact.. Examples of coordination languages, models, and architectures are: 

•• Linda [CG89]. a coordination language based on a coordination model where 
processess communicate by injecting and consuming tuples from a shared 
tuplee space. 

•• The Manifold [Arb] language, which implements the Idealized Worker Ide
alizedd Manager model, and depends on channel-based communication be
tweenn processes (see also Chapter 9). 

•• The Discrete Time T O O L B U S [BK98], a coordination architecture for the 
integrationn of software components (tools). The integration is specified 
throughh a script that describes all possible interactions between the tools, 
andd the coordination model supports explicit specification of the timing 
behaviorr of systems. 

•• Reo [Arb02], a channel-based coordination model, wherein complex coordi
nators,, called connectors, are compositionally built out of simpler ones (see 
alsoo Chapter 8). 

Sometimess a distinction is made between endogenous and exogenous co
ordination.. The former means that coordination is realized through operations 
withinwithin  the entity that is being coordinated. The OpenSolver command loop, de
scribedd in Section 3.3.1, is an example of endogenous coordination. Conversely, 
exogenouss coordination is coordination from without: the constructions that 
regulatee the interaction are outside the interacting entities, and the computation 
codee is separated from the coordination code. In this classification, Linda is an 
endogenouss coordination language, and Manifold, T O O L B U S , and Reo are based 
onn exogenous coordination models. 

Althoughh the field originated in the area of parallel and distributed comput
ing,, coordination now also manifests itself as an approach to component-based 
softwaree engineering. From this point of view, a software component is an au
tonomouss system with well defined behavior that has its own thread of control. 
Systemss that are built from such components will be concurrent systems, and 
theirr composition requires a form of exogenous coordination. T O O L B U S and Reo 
aree designed specifically for component-based software engineering. 
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Coordinationn and the Coordination Layer 

Wee already pointed out that the OpenSoIver command loop can be seen as a 
formm of endogenous coordination, but the term "coordination layer" is primarily 
meantt to emphasize that this software layer makes OpenSoIver amenable for 
variouss forms of exogenous coordination. 

3.44 Implementation 

OpenSoIverr is an object-oriented application with an extendable class hierarchy. 
Definingg the basic structure of a branch-and-propagate constraint solver, Open-
Solverr can be categorized as an object-oriented framework [Deu83, JF88]. It 
employss the typical inverse control mechanism: in principle, OpenSoIver calls 
memberr functions on objects of the classes that configure it, not the other way 
around.. This mechanism is also known as the Hollywood principle: "Don't 
calll  us, we'll call you." [DGS03] 

Thee classes that implement the problem-specific aspects of the solving process 
aree called "plug-ins" for two reasons: 

•• to avoid using the word component, emphasizing that OpenSoIver has not 
beenn implemented using any form of component-based software engineering, 
and d 

•• to emphasize that in addition to being an object-oriented framework, Open-
Solverr is also a stand-alone application that can be configured for different 
taskss and environments. 

Forr programming new plug-ins, OpenSoIver can further be categorized as a 
white-boxwhite-box framework: the programmer needs to understand the implementation 
off the framework in order to be able to program for it. For some categories of 
plug-ins,, this is limited to understanding the class interface, but especially for 
programmingg a coordination layer plug-in, it must be known how OpenSoIver 
reactss to the various commands that can be issued. 

Ass an example of an extendable class in OpenSoIver, Program 3.2 shows part 
off the definition of the abstract class for reduction operator plug-ins. 

•• Member functions Compute and Termination are the propagation function 
andd termination function, respectively. Their arguments parameter passes 
ann array of pointers, pointing to the domains of the variables that the 
reductionn operator applies to. 

•• Member functions Mask and Activate implement protocols for communi
catingg changes to variable domains, as discussed at the end of Section 3.2.2. 
Theyy also define an operator's input scheme. 
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•• Member functions CanReduce and CanSpl it characterize an operator as a 

propagationn operator, branching operator, or optimization operator, and 

definee its output scheme. 

•• The member function Idempotent is used to tell a scheduler plug-in that 

thee propagation function is idempotent. Recall that a function ƒ is called 

idempotentt if f{f{x)) = f(x), for all x in the domain of ƒ. If an idempotent 

DRFF modifies the domain of a variable in its input scheme, this DRF need 

nott be scheduled again. 

c l a s ss ReductionQperator : public OpenSolverPlugln 

{ { 
pub l ic : : 

stati cc  ReductionOperato r  *Factory ( 

CoordinationLaye rr  *coordinationLayer , 

cons tt  cha r  *type , 

cons tt  cha r  *spec) ; 

virtua ll  ""ReductionOperator (  ) ; 

virtua ll  cons t  std::vector<char* > &VariableNames (  )  cons t  =0 ; 

virtua ll  in t  Compute (  Domai n **arguments ,  unsigne d in t  *changes , 

boo ll  ^deactivat e ) ; 

virtua ll  in t  Termination (  TDInf o *tdInfo ,  Domai n **arguments , 

Annotatio nn *annotation ,  boo l  *deactivat e ) ; 

virtua ll  boo l  CanSplit (  in t  i  ) ;  / /  i==-l :  d o yo u wan t  t o b e calle d 

/ //  o n termination ? 

/ //  i>=0 :  ca n yo u spli t  argumen t  i ? 

virtua ll  boo l  CanReduce (  in t  i  ) ; / /  i==-l :  d o yo u wan t  t o b e calle d 

/ //  durin g propagation ? 

/ //  i>=0 :  ca n yo u reduc e argumen t  i ? 

virtua ll  unsigne d in t  Mask (  in t  i  ) ; 

/ //  mas k fo r  local_changes[i ] 

virtua ll  boo l  Activate (  in t  i ,  unsigne d in t  c  ) ; 

/ //  I f  Mask[i ]  doe s no t  match , 

/ //  d o yo u wan t  t o b e activate d i f 

/ //  variabl e i  ha s bee n modifie d 

/ //  suc h tha t  local.changes[i ]  = = c ? 

virtua ll  boo l  Idempotent( )  const ; 

} ; ; 

Progra mm 3.2 :  Par t  o f  th e definitio n o f  th e abstrac t  clas s fo r  reductio n operator s 

Whil ee a s a n open-ended ,  extendabl e system ,  OpenSolve r  i s a  white-bo x frame -
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work,, it aims at providing a black-box framework for composing branch-and-
propagatee constraint solvers. Plug-ins can be combined with minimal knowledge 
off  the implementation of the system and the plug-ins. The intention is to establish 
aa set of atomic plug-ins, from which many different solvers can be composed. New 
plug-inss are added only when the desired functionality cannot be realized by com-
positionn of the readily available facilities, or when this cannot be done efficiently. 
OpenSolverr is approached as a black-box framework through the configuration 
languagee of Figure 3.2. 

Plug-inn System 

Thee identifiers for Plug-ins that are available in an OpenSolver installation can 
bee used in the configuration language of Figure 3.2. This is realized by a static 
memberr function per plug-in category that contains a large conditional statement 
too couple the identifiers to the constructors of the classes that implement the plug-
ins.. This is the first member function in Program 3.2. For example, the code 
onn page 40 would pass the identifier Reallnterval and the specifier following it 
too this function. If a plug-in class for Reallnterval is available, an object of 
thiss class is created by calling the constructor for this class, passing the specifier 
stringg [-0. 1, 0.1] as an argument. 

Currently,, adding a plug-in to an OpenSolver installation involves modifying 
thee actual C++ code for the static member function, by adding a branch to the 
conditionall  statement. For example, for Reallnterval, the following lines were 
added: : 

#includee "Reallnterval.h" 

elsee if ( !strcmp( type, "Reallnterval" ) ) 
ress = new ReallntervaK spec, &syntax_error ); 

Also,, the makefile must be modified in order that the new class is compiled 
andd linked, and the application must be rebuilt to take these modification into 
account.. All of these tasks can easily be automated, and a plug-in system based 
onn a source code distribution is straightforward. 

Ideallyy we would not have to relink, or modify code for adding plug-ins. This 
cann be realized by dynamic linking of the object code for plug-ins. A potential 
problemm here is that current C++ compilers do not adhere to a single standard 
forr encoding class member names (name mangling). There are ways around this 
problem,, for example we could provide a C interface. An interesting option 
iss to implement this interface by a general-purpose class in each of the plug-in 
categories,, whose only purpose is to take on board C code that has been compiled 
separately. . 
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Figuree 3.4: Category-dependencies, or assumptions, implemented by type casting. 
Arrowss are drawn from the class that makes the assumption to the class whose 
objectss are being cast 

Typee Casting 

Inn Section 3.2.2 we already mentioned that it is very common for a plug-in to 
makee assumptions about the plug-ins with which it works in conjunction. The 
OpenSolverr framework accesses all plug-in through the abstract classes for their 
categories.. From this point of view, every variable domain is an object of class 
Domain.. However, a reduction operator for finite domains wil l assume that the 
variablee domains to which it is applied are actually instances of a subclass of 
Domainn that provides specific operations, such as deleting integer values. Such 
assumptionss are implemented by type casting, and the interaction between 
reductionn operators and variable domains is just one of many situations where this 
happens.. Figure 3.4 gives an overview of all cases were plug-ins make assumptions 
aboutt other plug-ins. 

I tt is the responsibility of the user or, more likely, the software that generates 
aa solver configuration in the language of Figure 3.2, to ensure that the correct 
plug-inss are used. Violating an assumption leads to undefined behavior. It would 
bee easy to implement a type checking mechanism that gives a proper run-time 
errorr in case incompatible plug-ins are used. Because checking the types is a 
potentiallyy costly operation, we could limi t this check to the root node of the 
searchh tree. 

Liness of C o de 

Too give an idea of the amount of code that is involved, OpenSolver itself, without 
anyy plug-ins consists of roughly 5,000 lines of C ++ code. The plug-ins used for the 
experimentss in this thesis comprise some 17.500 lines, including a few hundreds 
off  lines of lex and yacc specifications, and 3.500 lines of peripheral programs and 
scriptss were used. 
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3.4.11 Software Composition 

Itt is tempting, but wrong to characterize the composition of branch-and-propagate 
constraintt solvers, as supported by OpenSolver, as component-based software en-
gineering.. This would suggest that we aim for reuse of the plug-ins, while instead, 
wee aim for reuse of the design of the solver. This is the case for object-oriented 
frameworkss in general. In the first place, most plug-ins are of an inherent simplic-
ityy that would not make them valuable components. The challenge in designing 
aa configurable constraint solver is in the definition of the interfaces, rather than 
inn programming, for example, atomic arithmetic constraints. Secondly, instead of 
incorporatingg the more complex operators as third party components, OpenSolver 
promotess the composition of such operators from basic facilities, if possible. In 
thee next chapters we will see several examples of this. Apart from this, external 
codee can likely always be taken on board by wrapping it up as a plug-in. In 
thee case of an autonomous application, OpenSolver could communicate with this 
applicationn through a plug-in that acts as a proxy, although we have made no 
particularr provisions for this form of software composition. 

Inn contrast, OpenSolver itself forms a versatile software component. Through 
thee coordination layer plug-in it can be adapted to various computing environ-
ments.. Because it is a stand-alone application instead of a library, it poses no 
restrictionss on the programming languages used in these environments. In addi-
tion,, the configuration language allows for external manipulation both of solvers 
andd CSPs. We will see examples of the use of OpenSolver as a software component 
inn Chapters 7, 8, and 9. 

Wee are convinced that modules or classes are the right units of composition 
forr realizing a branch-and-propagate constraint solver. As we will argue in Chap-
terr 9, using coordination languages here involves too much overhead. Modules 
implementingg abstract data types might allow for an easier implementation of 
aa plug-in system, because they avoid the problem with name mangling that we 
discussedd on page 59. They may also be a bit more efficient because some over-
headd is involved with calling virtual functions. However, we used C++ classes 
becausee of the language support for defining interfaces. Although we did not per-
formm experiments, we expect that with modern compilers, the overhead for calling 
virtuall  functions is limited, and the implementation of a plug-in system based on 
dynamicc loading was not a priority in our experimental setup. However, for a 
commerciall  system, C modules, with some rigorous scheme to enforce compliance 
withh interfaces for the different categories of components, may be preferable. 

3.4.22 Comparison with Other Systems 

Severall  other object-oriented approaches to constraint programming exist. Most 
off  them have extendable class hierarchies with inverse control, and can therefore 
bee classified as object-oriented frameworks as well. To put our work into context, 
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wee compare OpenSolver to the following systems. 

ILOGG Solver. A commercially available C++ library for constraint program-
ming.. Some of its features are support for integer, floating-point, and set 
variables,, an extensive collection of built-in constraints, and support for 
bothh tree search and local search [IloOl] . The class hierarchies for con-
straintss and search procedures can be extended. ILOG Solver is part of 
thee ILOG Optimization suite, in which it can cooperate with the CPLEX 
mathematicall  programming engine. 

Koalogg Constraint Solver (KCS). A commercially available JAVA library for 
constraintt solving on Boolean, integer and set domains, supporting tree 
searchh and local search [KoaA, KoaB]. The library can be extended with 
neww constraints, search strategies, and solvers. 

Elisa.. A C++ library that offers a framework for integrating solvers in applica-
tionss [EH04]. The facilities offered by the 1.0.3 version of the system are 
focusedd on solving constraint on the reals through branch-and-propagate 
treee search, and include a large collection of consistency algorithms for such 
constraints.. In addition, the Elisa class hierarchy can be extended with 
respectt to many aspects of constraint solving, including domain types, con-
straints,, reduction operators, and local search. Elisa is distributed under 
thee GNU Lesser General Public License. 

Disolver.. A C++ library that offers a constraint-based optimization engine, 
withh support for parallel and distributed (DisCSP) search [Ham05]. New 
constraints,, and tree search and local search procedures can be defined by 
users.. Disolver is reported to have been used for solving large industrial 
problems. . 

Figaro.. A C++ library for finite domains constraint solving [HMN99]. To our 
knowledge,, Figaro is the only system that is configurable with respect to 
statee restoration policy (see Section 4.2). 

EasyLocal++.. A C++ library that provides a framework for realizing local 
searchh algorithms [DGS03]. 

Localizer++.. A C++ library for local search [MVH01]. It is intended to make 
thee facilities that are usually found in modeling languages (such as Lo-
calizerr [MVH00]) available inside a mainstream programming language, to 
facilitatee the integration in larger software projects. The library is extend-
ablee with respect to constraints, invariants (a modeling tool), and search 
strategies. . 

Despitee the extendable class hierarchies. ILOG Solver. KCS. Disolver, and 
Localizer+++ are primarily object-oriented toolkits, meaning that some specific 
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functionalityy (in this case, constraint solving) is made available to the developers 
whoo use the toolkit. Instead of a constraint solving toolkit, OpenSolver is a 
configurablee branch-and-propagate tree search engine, implementing only the core 
algorithmss of such toolkits. As such, the aspects of constraint solving that are 
configurablee in OpenSolver are at a lower level than those that are configurable 
inn toolkits. For example, new constraints can be added to the toolkits, while the 
notionn of a constraint does not exist in OpenSolver: it only knows about reduction 
operators.. Also the toolkits typically provide high-level modeling facilities such 
ass arrays. In our case, these would be provided by a modeling environment that 
usess OpenSolver as its solving engine. 

Beingg a configurable branch-and-propagate tree search engine, OpenSolver 
givess control over aspects of constraint solving that have hard-wired solutions 
inn toolkits. Especially, toolkits typically fix the implementation of the domain 
typess and the constraint propagation algorithms. This makes a constraint solver 
thatt uses OpenSolver as its solving engine a much more flexible system. Because 
itt aims at black-box composition of constraint solvers through a configuration 
language,, altering some aspects of the solving engine of an OpenSolver-based 
systemm should only rarely involve C ++ programming. Instead, such a system 
couldd offer a menu of available options, which the user can combine at will . In 
thiss respect, OpenSolver is quite similar to the Elisa library, which is also highly 
extendablee and configurable. To reflect that the system is a white-box framework 
thatt aims at black-box composition of solvers, the Elisa distribution contains both 
aa programmer's manual and a user's manual. 

Figaroo is configurable on one very low-level aspect of a constraint solving (tree 
search)) algorithm, namely the state restoration policy [CHN01]. In OpenSolver, 
thee state restoration policy is fixed (see Section 4.2), and in retrospect, this 
limit ss its applicability for search tasks that rely on a specific, and different policy 
(seee Section 4.4). However, the state restoration policy is closely related to the 
variablee domain type implementation, and making both aspects configurable is 
nott straightforward, and the impact should carefully be assessed. 

Finally,, the approach of EasyLocal++ is also similar to ours, in the sense 
thatt it is a framework, aiming at reuse of the basic solving algorithm structures. 
Apartt from implementing a different solving algorithm (local search instead of 
treee search), EasyLocal++ is a white-box framework, where composition of a 
locall  search solver always involves C ++ programming. 

Whilee similarities exists with each of these systems, OpenSolver is unique in 
providingg a highly configurable and versatile solving engine, that is also an au-
tonomouss application. Aiming for black-box composition has led to an inherently 
linguisticc approach, where every plug-in needs to be able to interpret and gener-
atee textual specifiers. This gives possibilities for external manipulation of CSPs 
andd solver configurations that we have not found in any other system. An API 
wouldd be a valuable extension, and we already use a rudimentary form of such 
ann interface in Chapter 7, but this would not change the autonomous nature of 
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thee system. Building a system around OpenSolver is primarily a matter of ex-
ogenousogenous coordination. We will see examples, and discuss further possibilities 
off  this approach in Chapters 8 and 9. 

3.55 Summary 

Inn this chapter we introduced OpenSolver, an open-ended constraint solver that 
iss based on branch-and-propagate search. We discussed it from two perspectives: 

Composingg constraint solvers. This is a matter of black-box composition, 
byy selecting a combination of plug-ins in seven categories that correspond directly 
orr indirectly to the aspects of branch-and-propagate search identified in the sum-
maryy of the previous chapter. OpenSolver is an autonomous application. By 
meanss of a plug-in in a special, eighth, category for its coordination layer, it 
cann be adopted to different software environments. 

Implementation.. OpenSolver is an object-oriented framework: it provides 
onlyy basic mechanisms and data structures. The plug-ins, which are implemented 
ass subclasses of abstract classes of the framework, determine the functionality. 
Becausee the coordination layer plug-in has tight control over the solving process, 
thiss facilitates several forms of exogenous coordination, allowing that OpenSolver 
iss used as a software component for composing constraint solvers beyond a se-
quentiall  branch-and-propagate tree search. 

Iff  we return to the concluding remarks at the end of the previous chapter, we 
noww have an implementation of the model of constraint solving described there, 
withh some additional features such as the coordination layer. Our next goal is 
too evaluate this implementation, from both the perspective of efficiency and the 
perspectivee of composing constraint solvers, on a number of standard and more 
advancedd constraint solving techniques. This is done in the following six chapters, 
wheree Chapter 7 is a turning point, because there we move from composing con-
straintt solvers within the OpenSolver framework to composing constraint solvers 
fromm several OpenSolver instances. At that point, our attention shifts from the 
sevenn categories of constraint solving plug-ins to the coordination layer mecha-
nism. . 



Chapterr 4 

Applications s 

Thiss is the first of three chapters that demonstrate how OpenSolver can be config-
uredd for specific application domains. In this chapter, we introduce the facilities 
forr constraint solving on finite domains, Booleans, and real-valued variables, as 
welll  as some domain-independent plug-ins for constraint propagation and search. 
Thesee are basic facilities that are available in many other systems. Together with 
thee previous chapter, this forms a description of OpenSolver as a basic constraint 
solver.. Of the other two chapters in this "applications" series, Chapter 5 deals 
withh constraints on integer interval variables. These are also available in many 
otherr systems, and could therefore have been included in this basic facilities chap-
ter,, but because of the lengthy analysis, a separate chapter was devoted to these 
constraints. . 

Thee research question that underlies this chapter is whether the framework 
thatt we introduced and implemented in the two previous chapters is suitable 
forr composing five particular solving techniques that would normally be hard-
wiredd in solvers: limited discrepancy search, best-first search, no-good record-
ing,, non-chronological backtracking, and applying domain reduction functions 
forr decomposed arithmetic constraints in an order that respects their hierarchical 
relationships.. These techniques are discussed in sections 4.1.2, 4.3, 4.4, and 4.5. 

4.11 General-Purpose Facilities 

4.1.11 Constraint Propagation 

Threee scheduler plug-ins are currently available in OpenSolver. These are 
general-purposee facilities for constraint propagation that can be used with any 
sett of reduction operators. The schedulers apply the propagation functions of 
reductionn operator plug-ins. so they control only the execution of propagation 
operatorss and optimization operators. Branching operators are left untouched. 

65 5 
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AA Basic Scheduler 

Thee BasicScheduler plug-in implements the following round robin scheduling 
strategy,, which also forms the basis for the AC-1 algorithm for computing arc 
consistencyy (see, e.g., [Dec03]): apply all operators in sequence, and keep doing 
soo until a full sequence passes in which no variable domains are modified. This 
strategyy can be expressed as an instantiation of Algorithm 2.1, having 

update(F,update(F, D, D') := {  f l[?' ^D 

[[ v otherwise 

forr the select function, we would need to introduce an extra variable that main-
tainss the sequence number of the last operator that has been applied. 

Thee plug-in does not use the specifier string of the SCHEDULER statement, 
soo the default scheduler is replaced by the basic scheduler using the following 
commandd in the OpenSolver input language: 

SCHEDULERR BasicScheduler {  } ; 

Variable-Basedd Scheduling 

Thee variable-based scheduler maintains a queue of modified variables. It keeps 
removingg variables off the front of the queue, and for each variable that is removed, 
alll  reduction operators that have the variable in their input scheme are applied 
inn sequence, in the order in which they are introduced in the solver configuration 
script.. If the application of an operator modifies the domain of a variable, this 
variablee is enqueued, unless it already is in the queue. By default, an operator 
iss deactivated if it signals that it has become redundant in the current branch 
off  the search tree. As explained in Section 3.2.3, this can have significant costs 
inn terms of storage, and the variable-based scheduler can be made to ignore this 
informationn as follows: 

SCHEDULERR VariableScheduler {  ignore } ; 

Thee variable-based scheduler implements the scheduling strategy described in 
thee ILOG Solver 5.1 reference manual. A potential disadvantage of this scheduler 
iss that if a reduction operator depends on more than one, say two, variables, and 
bothh these variables have been enqueued, the DRF wil l be applied twice also if 
noo relevant changes are made in between dequeueing the two variables. 

Operator-Basedd Scheduling 

Inn correspondence with Algorithm 2.1. the default scheduler plug-in explicitly 
maintainss a set of reduction operators that still need to be applied. This set is 
implementedd as an array, containing a bit per operator that is used to mark the 
operatorr as being scheduled for application. Like the basic scheduler introduced 
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above,, it cycles through the operators, applying those that are marked, and 
resettingg their marks. If a variable is modified, the operators that have this 
variablee in their input scheme are marked, but the operator-based scheduler will 
nott reschedule idempotent DRFs that have modified the domain of a variable in 
theirr input scheme. 

Thee operator-based scheduler maintains a counter of operators that still need 
too be applied. In principle, it keeps cycling through the sequence of operators 
untill  this counter reaches zero, but many aspects of this scheduler's operation can 
bee configured through the definition of a schedule, as explained below. 

Definingg a Schedule 

AA  schedule specifies the order in which the operators are considered for appli-
cation,, as an alternative for cycling through the sequence. This is not the same 
ass the order in which they are applied: actual application of a reduction oper-
atorr also depends on if it has been marked. In principle, a schedule is a list of 
(zero-based)) operator indices. These indices refer to the sequence of DRF state-
mentss in a configuration script. The scheduler traverses the list, and at the end 
itit  terminates, reporting to OpenSolver whether a fixed point was reached or not. 
InIn the latter case, the node of the search tree where the scheduler was applied 
remainss in the set of nodes that are subject to constraint propagation, and the 
schedulerr will be called again for this node, at a later stage. 

Partss of a schedule can be enclosed in brackets, to indicate a fixed point 
computation.. When entering a pair of brackets during the execution of a schedule, 
thee scheduler will keep executing this subschedule until a common fixed point is 
reachedd for the operators1 that are pointed to from within the brackets. Typically, 
thee entire schedule is enclosed in brackets, to indicate that the scheduler does not 
returnn control to OpenSolver before a fixed point it reached, but this facility can 
alsoo be used to group several operators, and to implement priority schemes. 

Twoo kinds of brackets can be used, for two different ways of performing the 
computationn of the fixed point. 

•• Curly brackets specify that the scheduler cycles through the enclosed se
quence.. For example, the following statement specifies that the scheduler 
considerss the first five operators in sequence, but does not continue with 
operatorss 5 through 9 until a fixed point of operators 10 through 14 has 
beenn reached. 

SCHEDULERR ChangeScheduler { 
schedulee - {0,1,2,3,4,{10,11,12,13,14},5,6,7,8,9} }; 

Schedulerr plug-ins coordinate the computation of a fixed point of the domains extensions 
off DRFs (see Section 2.3.1) implemented by the propagation functions of reduction operator 
plug-ins.. Where this does not lead to confusion, we will sometimes refer to such fixed points as 
fixedfixed points of a set of reduction operators. 
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Thiss fixed point is computed by cycling through the sequence 10.11,12.13.14. 
whenn considering to apply these operators. Likewise, after considering to 
applyy operator 9, the scheduler returns to the beginning of the top-level 
schedulee and considers to apply operator 0. 

•• Parentheses specify that instead of cycling, each time that a change is 
made,, the scheduler restarts, and returns to the beginning of the sequence 
thatt they enclose. This is used for priority schemes, e.g., do not execute 
computation-intensivee operators when less computation-intensive operators 
aree scheduled for execution. Suppose that we have three groups of op
erators,, with indices 0-4, 5-9, and 10-14, having increasing computational 
costs.. The following schedule specifies that we do not execute the expensive 
operatorss before a fixed point of the easy operators has been reached, and 
ass soon as an expensive operator modifies the domain of a variable, we first 
computee the fixed points of the less computation-intensive functions again. 

SCHEDULERR ChangeSchedule r  { 
schedul ee =  (({0,1,2,3,4},5,6,7,8,9),10,11,12,13,14 ) 

} ; ; 

Inn addition, the top-level schedule can be enclosed in square brackets. This 
specifiess that the schedule is executed once, as if no brackets were used at all. 
Likely,, this does not lead to a fixed point, but the scheduler will still signal that 
constraintt propagation has terminated. This is useful when we want to enforce a 
limitt on the number of applications of very expensive reduction operators. 

Likee the variable-based scheduler, the specifier for the ChangeScheduler plug-
inn can be prefixed with the keyword ignore to save the memory costs of taking 
intoo account that certain DRFs have become redundant. In case both ignore 
andd schedule are used, these are separated by a comma. The full syntax of the 
ChangeSchedulerr specifier language is given in Figure 4.1. 

Thee operator-based scheduler allows for the composition of constraint prop
agationn algorithms, similar to the approach proposed in [GM03]. It implements 
twoo of the three composition operators proposed there: sequence and closure. 
Thee third, decoupling, entails that several operators are evaluated independently 
onn the same domains, and that the results are combined by intersection. The 
languagee of Figure 4.1 and the implementation of the operator could well be 
adaptedd to support this third mode of composition, but we did not need it for 
ourr experiments. Moreover, it is unlikely that the decoupling could be imple
mentedd efficiently for OpenSolver domains in general, because it would require 
makingg working copies of domains during constraint propagation, which is an 
expensivee operation. 
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{specifier){specifier) —> e 
ignore e 
(schedule) (schedule) 
ignore,, (schedule) 

(schedule)(schedule) —> schedule = (subschedule) 
schedulee = [ (sequence) } 

(subschedule)(subschedule) —> ( (sequence) ) 
"{ ""  (sequence)"}" 

(sequence)(sequence) —> (schedulestep) {, (schedulestep) } 
(schedulestep)(schedulestep) —+ (Integer) 

(subschedule) (subschedule) 

Figuree 4.1: Syntax of the specifier for the DRF-based scheduler 

A nn Assembly Language 

Somethingg that actually can go wrong with schedules is that if an index is omit-
ted,, the corresponding operator wil l not be executed, and a fixed point cannot be 
reached.. In most scenarios, this leads to an infinite loop in the constraint propa-
gationn phase for the root of the search tree. This situation can easily be avoided 
byy having the scheduler verify that all indices are present in the schedule. If not, 
aa run-time error can be produced, or the scheduler could fall back on a default 
schedulee for the omitted operators. More interesting than a possible solution is 
thee fact that such situations may occur. Erroneous schedules are one example, 
thee inter-category dependencies that we discussed in Section 3.4 are another. 

Becausee configuring OpenSolver is error-prone, in most cases this is done 
byy other programs. Therefore, it makes sense to consider the language of Fig-
uree 3.2 an assembly language, now used to configure our abstract branch-and-
propagatee tree search engine instead of a CPU. Assembler is usually generated 
byy compilers that bridge the semantic gap to a higher-level programming lan-
guage,, and likewise our configuration language is usually produced by peripheral 
programss that complement OpenSolver to form a constraint solver with a proper 
userr interface. As an example, for the experiments reported in Chapter 5 we used 
aa two-stage translation of arithmetic constraints into OpenSolver configuration 
files.. The programs involved in this translation are responsible for generating 
correctt schedules for the operator-based scheduler. Drawing the analogy with 
assemblyy languages further, for a coherent set of plug-ins it could be considered 
too develop a compiler for a modeling language such as OPL [VH99]. 
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Figuree 4.2: Four value selection strategies supported by DiscreteDomain: (a) 
enumeration,, (b) left-enumeration, (c) right-enumeration, and (d) bisection 

4.1.22 Search 

Basicc Strategies 

Recalll  from Section 2.3.2 that search involves branching and traversal. Basic 
branchingg strategies can be defined by a combination of a variable selection strat-
egyy and a value selection strategy. To start with the latter, as we discussed in 
Sectionn 3.2.1, the variable domain type plug-ins implement basic value selection 
strategies.. For example, in our finite domains implementation, domains can be 
splitt in several different ways. These are illustrated in Figure 4.2, for the example 
domainn {1 ,2 ,3 ,4 ,5 ,6}. 

Twoo reduction operator plug-ins, F a i l F i r st and RoundRobin complement 
thee basic value selection strategies of the domain types with a variable selection 
strategyy to form complete branching strategies. 

Fail-First.. The F a i l F i r st plug-in implements the fail-first variable selection 
strategy,, discussed in Section 2.3.2. The specifier for this plug-in lists the variables 
thatt the strategy is applied to, preceded by an (integer) indication of the desired 
valuee selection strategy, for example: 

DRFF Fa i lF i r st {  0, x l , x2, } ; ; 

Thiss specifies that from the listed variables x l , x2, . . ., we select a variable 
thatt reports the smallest domain size greater than one. If several such vari-
abless exist, the first one in the list is selected. The integer value 0 specifies how 
too create the subdomains for this variable, but interpretation of this value de-
pendss on the domain type of the selected variable. For example, if the selected 
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variablee is of type DiscreteDomain (see Section 4.2), then 0 specifies that the 
subdomainss are generated through enumeration, 1 specifies left-enumeration, 2 
specifiess right-enumeration, etc. As another example, for R e a l l n t e r v al variables 
(seee Section 4.5), only bisection has been implemented, but the integer argument 
iss used to specify the order in which the subdomains are generated. This allows 
forr easy switching between leftmost-first and rightmost-first traversal. 

Thee F a i l F i r st plug-in also implements a strategy that is sometimes referred 
too as fail-last: select the variable with the largest domain. In either mode, as 
ann alternative, the search for the variable with the desired domain size can be 
startedd from the middle of the list outwards. The same effect could be achieved 
byy a permutation of the list of variables. Fail last, and the alternative search for 
thee smallest or largest domain are specified by prefixing the specifier string (with 
aa letter 1 and/or m, respectively). 

Roundd Robin. The RoundRobin plug-in tries to branch on all variables in 
turn.. Starting from a sequential traversal of the variables in the specifier string, 
itt selects the variable with domain size greater than one that has least recently 
beenn selected. Therefore, at every node of the search tree we need to remember 
thee index of the variable that was split to create it. For this purpose we use an 
annotationn with a single integer. 

Programm 4.1 shows a typical configuration for round robin search. The first 
linee installs the integer annotation. The value 0 in its specifier string is the initial 
value,, which applies to the root node of the search tree. In this case, it indicates 
thatt the first variable in the RoundRobin specifier string, x l , is to be split first. 
Iff  the In tegerAnnota t ion plug-in instance is not present, RoundRobin wil l just 
selectt the first variable that can be split, resulting in a chronological variable 
selectionn strategy. The specifier string for the RoundRobin plug-in itself is similar 
too that for F a i l F i r s t, discussed above, so again the leading zero identifies a 
specific,, but domain type dependent value selection strategy. 

ANNOTATIONN IntegerAnnotation {  0 } ; 
VARIABLEE xl IS . .. 
VARIABLEE x2 IS . .. 

DRFF . . . 

DRFF RoundRobi n {  0 ,  xl ,  x2 ,  .. .  } ; 

Programm 4.1: Skeleton of a configuration for search based on a round robin vari-
ablee selection strategy 
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Thee default traversal strategy is to maintain the search frontier as a stack, 
resultingg in a depth-first search. Constraint propagation runs to completion, in 
aa single node of the search tree. Below we wil l discuss an alternative traversal 
strategyy called limited discrepancy search, and a variant of this strategy that was 
implementedd for OpenSolver. 

Limitedd Discrepancy Search 

Limitedd discrepancy search (LDS, [HG95]), can be used when a good heuristic, 
inn the form of a value selection strategy, is available to guide the search. The 
ideaa is that the heuristic wil l make only a few mistakes wThen assigning values to 
variables.. When reaching the first node of the search tree that is a failure {the 
leftmostt path in the tree), LDS first tries all alternatives that make exactly one 
differentt decision. In a binary search tree, this corresponds to all paths that follow 
thee right branch in exactly one internal node, and the left branch everywhere 
else.. If these new attempts all fail. LDS continues by trying two deviations from 
thee leftmost path, and so on, gradually increasing the number of deviations, or 
discrepancydiscrepancy,, until all alternatives have been explored. 

LDSS can be effective for single-solution search, and for optimization schemes, 
suchh as branch-and-bound (see Section 5.9.2), where it may find better suboptimal 
solutionss and achieve stronger pruning than a regular depth-first search. For a 
purelyy combinatorial all-solution search it wil l not improve on any other traversal 
strategy. . 

Thee straightforward implementation of LDS in OpenSolver uses an integer 
annotationn to record the discrepancy of each node of the search tree. Just like the 
RoundRobinn branching operator annotates every node of the search tree with the 
indexx of the least recently selected variable, the branching operator for LDS search 
couldd maintain the discrepancy annotation. Complemented with a container plug-
inn that keeps the nodes in the search frontier sorted on the basis of their {integer 
valued)) annotation, we can explore the nodes with the smallest discrepancy first. 

Thee problem with this implementation is that while exploring the set of nodes 
thatt have discrepancy n (called the n-th wave), we wil l also be generating nodes 
off  a higher discrepancy (n + 1, and higher values in case of a non-binary value 
selectionn strategy). The size of the search frontier that we accumulate before 
startingg the next wave is exponential in the size of the problem. To see this, 
considerr the search tree for a problem with n binary variables. After processing 
alll  nodes of discrepancy d — 1, the search frontier consists of those nodes of 
discrepancyy d that are right branches. Let r^ denote the number of such nodes. 
Inn the worst case (no pruning), the tree consists of 2n +1 — 1 nodes. 2" — 1 of which 
aree right branches. With n binary variables, there are n + 1 possible discrepancy 
values,, so if all nodes were evenly distributed over the discrepancies, there would 
bee (2n — l ) / ( n + 1) nodes of a given discrepancy. This is not the case: there is, 
forr example, only one node of the highest discrepancy n + 1. so (2" — l ) / ( n + 1) 
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iss a lower bound for the largest r^ in r 0 , . . ., dn. This fraction is exponential in 
n,, and as a result, even though in practice constraint propagation wil l prune a 
largee part of the search space, the size of the search frontier is bounded only by 
ann exponential function, and this implementation is too memory intensive. 

Memory-Boundedd LDS 

Thee root of the problem with LDS is that OpenSolver explicitly maintains the 
searchh frontier. The problem is even more severe because OpenSolver is a copying-
basedbased solver (see also the next section) where the nodes in the search frontier 
aree full copies of their parents, with minor modifications. LDS was originally 
formulatedd as an iterative algorithm: for increasing discrepancy values, a search 
proceduree is called that performs a depth-first search, pruning all nodes that 
exceedd the discrepancy value. This iterative algorithm does not suffer from the 
memoryy overhead, but a large amount of work is potentially repeated: for a 
purelyy combinatorial problem, the last iteration of an exhaustive search is a full 
depth-firstt exploration. 

However,, LDS is used primarily for constrained optimization problems. In 
thiss case, if we want to spend only a limited time on searching, and a trust-
worthyy value selection strategy exists, iterative LDS was demonstrated to find 
betterr suboptimal solutions than backtracking [HG95]. We have not found any 
resultss in the literature indicating that iterative LDS outperforms chronological 
backtrackingg for a full best-solution search. 

Theree are several ways to implement an iterative scheme in OpenSolver, but 
alll  of them are slightly artificial. One that we tried is based on nested search 
(seee Chapter 7): a branching operator enumerates increasing allowed discrep-
ancyy values. For each value, by means of nested search we solve a full CSP in 
whichh a constraint has been posted that actively prunes away the nodes with 
discrepancyy values that exceed the current maximum. For this implementation, 
somee special-purpose reduction operators were needed to maintain the discrep-
ancyy information in regular CSP variables, in order that it becomes amenable to 
constraintt propagation. 

Thee experiment for which we used LDS (see Section 7.5.4) involves a full best-
solutionn search for an optimization problem. While good solutions were found 
earlyy compared to depth-first search, the stronger pruning did not outweigh the 
duplicatee work, and overall performance did not improve. Therefore, instead of 
thee iterative implementation we used a variant of the straightforward implemen-
tationn discussed above: store the entire search frontier, and explore the nodes 
withh the smallest discrepancy annotation first. If, as a result of branching, the 
sizee of the search frontier exceeds a certain threshold, switch to depth-first search 
too clean up the search frontier. Only when the size of the search frontier drops 
beloww a second, lower threshold, resume the discrepancy-based traversal. 

Forr this scheme, which we refer to as memory-bounded LDS, the following 
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facilitiess are needed: 

•• an annotation plug-in LDSAnnotation that allows us to maintain both the 
depthh and the discrepancy of a node in the search tree, 

•• a branching operator Discrepancy to annotate the nodes, 

•• a container MBLDSStack that switches between the two modes of traversal. 

Programm 4.2 shows a typical configuration file for memory-bounded LDS, using 
fail-firstt as a variable selection strategy. The specifier string for the MBLDSStack 

FRONTIERR MBLDSStack { 1024, 10240 }; 
ANNOTATIONN LDSAnnotation { 0 , 0 }; 
VARIABLEE xl IS . . . 
VARIABLEE x2 IS . . . 

DRFF . . . 

DRFF Discrepancy { Fa i lF i r s t { 0, x l , x2, . . . } }; 

Programm 4.2: Skeleton of a configuration for memory-bounded LDS search 

containerr plug-in consists of the threshold sizes that trigger switching traversal 
modes.. In the current implementation, these are numbers of stored nodes. The 
actuall amount of memory occupied by a node depends on many factors, notably 
thee number of variables. Therefore an implementation of the container that 
measuress actual memory usage would be preferable. 

Memory-boundedd LDS is not as robust as iterative LDS, because potentially 
itt could be doing a depth-first traversal most of the time. For our experiments, 
thiss did not happen, and we were able to exploit the advantages of LDS for a full 
best-solutionn search, in a copying-based solver. 

A d a p t e r s s 

Thee specifier string for the Discrepancy plug-in contains an identifier-specifier 
pairr for another branching operator. Internally, it actually creates this other 
plug-inn instance, for which it serves as a wrapper. The branching is performed 
byy the inner operator. Discrepancy only annotates the resulting nodes with the 
correctt depth and discrepancy information. 

Plug-inss like Discrepancy are called adapters. They are used to make minor 
modificationss to the functionality of other plug-ins, usually in the same category, 
orr to combine the functionality of several such plug-ins. We will see more examples 
off adapters in this thesis. 
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4.22 Finite Domains 

Manyy combinatorial problems are naturally expressed as a CSP using Z, the set 
off  all finite sets of integers, as a variable domain type. The variables of such 
CSPss are usually called finite domains variables, because of the nature of the 
domainss in Z, but a more important property is that a representation exists for 
alll  possible subsets of a variable's original domain. 

Plug-ins s 

Thee OpenSolver plug-in for finite domains is called DiscreteDomain. It is acti-
vatedd as follows: 

VARIABLEE identifier IS DiscreteDomain {  specifier } ; 

wheree identifier is the name of the variable, and specifier is a sequence of integer 
ranges. . 

Thee following constraints are available for DiscreteDomain: 

•• The binary disequality constraint x — y ^ c, where c is an integer constant. 
Itt is implemented by a plug-in DDNEQ that works exactly as explained in 
Examplee 2.3.2 on page 19. Its use is demonstrated by Program 4.3 on 
pagee 77. 

•• The constraint (x, y) G T, where T is some set of allowable tuples. It is 
implementedd by the Binary Cons t r a i n t plug-in. The following example 
showss its use. 

DRFF BinaryConstraint { <ql,q2> IN { 
<1,3>,<1,4>,<2,4>,<3,1>,<4,1>,<4,2>> > }; 

Thee latter plug-in uses only a very crude algorithm and data structures for veri
fyingg that values in one domain are supported, through the list of allowed tuples, 
byy a value in the other domain. Values that are not supported are removed 
fromm the domains. State-of-the-art algorithms for enforcing arc consistency try 
too minimize the number of support checks, and will be more efficient than our 
implementation.. See notably the work of Van Dongen, e.g., [vD02]. 

Ass we mentioned at the end of Section 3.2.2, a set of reduction operators can 
maintainn a protocol to distinguish different kinds of modifications of domains. 
Thiss is used by the reduction operators for finite domains variables: DDNEQ and 
BinaryConstraintt distinguish between the following events: 

•• changing the bounds of a domain 

•• deleting a value that is not a bound 

•• reducing a domain to a singleton set 
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DDNEQQ can make a change only if the value of one of the variables that it is applied 
too is fixed, so its application is triggered only if a domain becomes a singleton 
set.. B inaryConst ra int is triggered by all three events, and the first event, a 
changee of the domain bounds, could be used to trigger a reduction operator that 
linkss a DiscreteDomain variable to a variable whose domain has an interval 
representation. . 

Protocolss regarding modifications to variable domains can be implemented in 
twoo ways (see also Program 3.2 on page 58): 

•• By setting bits in an unsigned integer array element for each argument of 
aa reduction operator. A complementary bitmask per argument is used to 
seee if a particular operator needs to be scheduled after a domain has been 
modified. . 

•• If the bitmask does not match (e.g.. because it is set to all-zeros), a second 
checkk is performed to see if a DRF wants to be scheduled for a particular 
valuee of the unsigned integer. This can be used for a different encoding 
scheme,, using an enumeration of possible cases, when the 32 bits offered by 
thee bitmask are insufficient to encode all changes that we are interested in. 

Forr the finite domains reduction operators we used the first implementation. 

Efficiencyy of OpenSo lve r 

Thee unavoidable benchmark problem for finite domains constraint solving is the 
n - q u e e n ss p rob l em: place n queens on an n x n chess board in such a way that 
theyy do not attack each other. This can be formulated as a CSP as follows: 

<< Qi ¥ <?j, Qi ~ Qj ¥ 3 ~ h Qi ~ Qj ¥ i ~ h for 1 < i < j < n ; 

q\,...,qq\,...,qnn € { l , . . . . n } ) 

Anyy solution to the n-queens problem will have exactly one queen per column 
(andd row) of the chess board. This constraint is inherent to our CSP formulation, 
whichh uses a variable per column, indicating the position of the queen in that 
column.. The constraints of the CSP state that no two queens can be on the same 
roww or diagonal, in either direction. 

Otherr CSP formulations for the n-queens problem exist, notably one where 
thee above | n ( n + 1) constraints are replaced by 3 alLdifferent constraints, one for 
thee row constraints, and one for both diagonals. The alLdifferent constraint entails 
thatt different values are assigned to all variables that the constraint applies to. 
Itt can be applied to an arbitrary number of variables, and specialized algorithms, 
beyondd regular constraint propagation exist for enforcing it. Constraints that 
havee these properties are sometimes called global constraints. 
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Becausee the specialized algorithms used for processing global constraints run 
counterr to the compositional approach that we experiment with, no global con-
straintss have been implemented for OpenSolver. There are, however, no lim-
itationss for doing so, and plug-ins for global constraints would make valuable 
additions.. Typically, global constraint processing algorithms require that addi-
tionall  information about the CSP is maintained during constraint propagation 
andd search. Because the state of reduction operator plug-ins is global, this infor-
mationn needs to be maintained elsewhere, for example in auxiliary variables of a 
special-purposee domain type (see Chapter 6). 

Whilee other CSP formulations of the n-queens problem exists, because of its 
scalabilityy and simplicity the above formulation is perfectly suited for comparing 
thee efficiency of the basic machinery of different solvers. For example we do 
nott have to worry about the efficiency of the implementation of the all-different 
constraint.. In Table 4.1 we report the results of a comparison of OpenSolver 
withh ILOG Solver 5.1, on a SUN E450. We compare user time, as reported by 
thee GNU/Linux t ime command, for counting all solutions. The configurations 
aree similar to that of Program 4.3, and use the variable-based scheduler, which 
resembless the scheduling procedure that is described in the ILOG Solver manual. 

VARIABLEE ql IS DiscreteDomain {1 . . 4 } ; 
VARIABLEE q2 IS DiscreteDomain {1 . . 4 } ; 
VARIABLEE q3 IS DiscreteDomain {1 . . 4 } ; 
VARIABLEE q4 IS DiscreteDomain {1 . . 4 } ; 
DRFF DDNEQ {  ql-q2 <> 0 } ; DRF DDNEQ {  ql-q2 <>-l >; 

DRFF DDNEQ {  ql-q2 <> 1 } ; 
DRFF DDNEQ {  ql-q3 <> 0 } ; DRF DDNEQ {  ql-q3 <>-2 } ; 

DRFF DDNEQ { q l -q3 <> 2 } ; 

DRFF DDNEQ {  q3-q4 <> 0 } ; DRF DDNEQ {  q3-q4 <>-l } ; 
DRFF DDNEQ { q3-q4 <> 1 } ; 

DRFF Fa i lF i r st {  0, q l , q2, q3, q4 } ; 
SCHEDULERR VariableScheduler {  } ; 

Programm 4.3: Configuration for solving the 4-queens problem 

Bothh solvers report the same number of solutions, failures and internal nodes, 
fromm which we can conclude that the computations are comparable. The results 
indicatee that the efficiency of the basic procedures in OpenSolver is realistic in 
thee sense that it is comparable to that of a successful commercial solver. 
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n n 
4 4 
8 8 

10 0 
12 2 
14 4 
15 5 

solutions s 
2 2 

92 2 
724 4 

14,200 0 
365,596 6 

2.279,184 4 

failures s 
4 4 

292 2 
4,992 2 

101,882 2 
2830,370 0 

16,263,952 2 

internal l 
5 5 

383 3 
5.715 5 

116.081 1 
3,195,965 5 

18.543.135 5 

timee (see.) 
ILOGG Solver OpenSolver 

0.022 0.01 
0.055 0.05 
0.722 0.76 

17.611 17.16 
572.311 512.97 

4757.666 3056.49 

Tablee 4.1: A comparison of OpenSolver and ILOG Solver for n-queens 

Statee Restorat ion Policy 

Ann important aspect of a finite domains constraint solver implementation is the 
constructionn of the data structures, notably the variable domains, for the node 
off  the search tree where search continues. This is usually referred to as the state 
restorationrestoration policy. While hybrid methods exist, the main options are [Sch99]: 

Copyingg When the search tree is expanded by branching, the data structures 
thatt define the current node are copied for all new nodes. These copies 
aree then modified to construct subproblems. At potentially high memory 
costs,, every node of the search frontier is immediately available for further 
exploration. . 

Trailingg Only the current node of the traversal is maintained, but all changes 
(deletionss of values) to the domains of variables leading up to this node 
aree registered. Backtracking is implemented by undoing changes to reach 
ann internal node of the search tree, from which search can progress along 
ann alternative branch. Trailing is the predominant method used in current 
constraintt solvers. 

Recomputat ionn Instead of unwinding a trail of changes, with a recomputation 
statee restoration policy, the internal nodes are reconstructed from a shal-
lowerr internal node by repeating a part of the traversal of the search tree. 
Iterativee schemes such as LDS, which we discussed in the previous section, 
cann be seen as a form of recomputation. Other forms of recomputation also 
existt that represent internal nodes in the search frontier by the branching 
decisionss that need to be made to arrive at that node. 

OpenSolverr is copying-based, so the search frontier is maintained explicitly 
andd the full data structures are available in every node. For finite domains this 
iss the most memory-intensive option, but it can be justified because OpenSolver 
iss a general-purpose solver. Interval computations, for example, use very modest 
dataa structures, and for that domain type, copying is a logical choice. 
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n n 
100 0 
500 0 

1000 0 

nodes s 
508,426 6 
364,754 4 

996 6 

ILOGG Solver 
timee (sec.) memory 

528.844 12M 
3643.977 111M 
819.933 418M 

DiscreteDomain n 
timee (sec.) memory 

523.533 5992K 
4210.800 106M 
1241.244 453M 

Tablee 4.2: Memory consumption for large n-queens instances (first-solution) 

Too have an idea about the memory efficiency of our solver, we ran a number of 
largerr instances of the n-queens problem. Because of the large search space and 
manyy solutions, we did a first-solution search on these instances. For search we 
stilll  use the fail-first variable selection strategy, but now starting the search for the 
variablee with the smallest domain from the middle of the chessboard outwards. In 
thee ECI/PS6 tutorial [CHS+03], this strategy is shown to give better performance 
forr this problem. Because of the quadratic number of DRFs we let the variable-
basedd scheduler ignore the information on redundant DRFs. Table 4.2 shows the 
resultss of these experiments. Reported memory usage is the resident set size, 
reportedd by the top command. 

ILOGG Solver uses a combination of trailing and recomputation [Per99]. These 
resultss suggest that also regarding memory consumption, in spite of using copying 
ass a state restoration policy, OpenSolver configured as a finite domains constraint 
solverr is fairly efficient. The difference in running times for these large instances 
iss partly due to using input files, which have to be parsed. ILOG Solver is 
aa library, so no I/O is involved with setting up the large number of reduction 
operatorss involved in these instances. Another, more important factor is ignoring 
thee redundancy of reduction operators. Probably in ILOG solver this information 
iss subject to recomputation as well, or a more efficient representation is used, for 
examplee one based on instantiated variables. The latter solution fits the specified 
schedulingg mechanism well, and would be easy to incorporate in OpenSolver. 

Thee default implementation of finite domains uses a bitmap, that is copied 
duringg the cloning operation. As an experiment, we implemented a plug-in 
DDTraill  that uses an alternative representation, where each variable domain is 
representedd by a linked list of deleted values. Copying a domain as a part of 
branchingg consists only of replicating a pointer to the last element of this list. 
Thee list then becomes a tree, and different changes can be made in the different 
branches.. Reference counts are used to manage the deallocation of the trails of 
deletedd values. During constraint propagation, upon the first membership test, 
thee bitmap is restored to avoid having to traverse the linked list to the root of 
thee tree many times. The idea was to exploit some of the benefits of the trail-
ingg state restoration policy in a copying-based solver. This will probably work 
forr problems with large numbers of large finite domains variables, to which littl e 
changess are made between different nodes of the search tree (i.e., many needless 
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copiess of large bitmaps). For our experiments, this was not the case. 

4.33 Best-First Search: the Knight's Tour 

Havingg introduced finite domains, and the basic facilities for search, we now study 
aa slightly more complex combinatorial problem that requires an advanced search 
strategyy for efficient solving. The purpose of this section is to demonstrate how 
suchh search strategies can be composed from a selection of OpenSolver plug-ins. 
Beingg of limited practical relevance yet, the problem is to move a knight piece 
aroundd an n x n chess board, in such a way that all positions on the board are 
visitedd exactly once. 

Thee problem can be formulated as a CSP as follows: with each of the n x n 
locationss that constitute the tour we associate a variable, whose possible values 
aree the actual positions on the board, numbered l..n x n. The variables for 
alll  n x n — 1 consecutive steps are constrained such that the positions that they 
indicatee must be reachable through a knight's move, and all variables must assume 
differentt values. As an example, for a 3 x 3 board, where the positions are 
numbered d 

7 7 

4 4 

1 1 

8 8 

5 5 

2 2 

9 9 

6 6 

3 3 

andd for which there obviously is no solution, the CSP is 

({x({xuuxx22),{x),{x22,x,x33),...,(x),...,(x88,x,x99)) e {(1,8), (1,6), (4, 9). (4,3), (7, 6), (7,2). (2. 7). 
(2.9).. (8.3), (3.4). (3.8). (6. 7). (9.2). (9.4)}, 

alLdifFerent(xi,, x2,X3,X4,x^,,Xe,Xr,Xg,,xg) ; 
xi,xxi,x22,...,x,...,x99 e { 1 , . . . , 9}  ) 

OpenSolverr can easily be configured for solving this CSP: 

•• for the n2 — 1 "knight's move" constraints, whose definition involves an 
enumerationn of all positions that are linked by such a move, we can use the 
BinaryCons t ra in tt plug-in, and 

•• for the alLdifferent constraint we can use \n2{n2 + 1) disequalities, as we 
didd for 7Z-queens. 

Thee search space is quite large though, and doing a basic fail-first search seems 
alreadyy intractable for n = 8 (but a better implementation of alLdifferent could 
improvee the situation). 
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Figuree 4.3: Search trees for (a) regular branch-and-propagate search and (b) 
ourr implementation of best-first search, vertical branches representing constraint 
propagation n 

Fortunately,, a very good heuristic exists, which makes the problem easy to 
solve.. It is said to have been discovered in 1823, by H.C. von Warnsdorf2. This 
heuristicc dictates that for the next location of the tour, we always choose the po-
sitionn that has the smallest number of possibilities for moving on. It is very easy 
too exploit this heuristic in a program written specifically for solving the knight's 
tourr problem. Alternatively, we could write an OpenSolver branching operator 
thatt knows about the problem, and generates subdomains for the variable hold-
ingg the next location of the tour accordingly: a singleton set with the selected 
position,, and a second subdomain containing all other alternatives. This results 
inn a dedicated solver as well, but being based on OpenSolver, we benefit from 
readilyy available facilities like the finite domains implementation and search. 

Insteadd of a problem-specific solution, we can aim at a more generalized ap-
proach,, and try to formulate the heuristic in terms of aspects of our model of 
constraintt solving. Observe that with enumeration value selection, the descen-
dantss of an internal node of the search tree correspond to the different alternatives 
forr the next location of the tour. After constraint propagation, the nodes that 
complyy with the heuristic wil l have the smallest total size of the variable domains. 
Basedd on this observation, we can implement the heuristic as follows. 

•• After branching, perform constraint propagation in all descendant nodes. 

•• Proceed by expanding a node for which the sum of all domain sizes is 
minimal. . 

Comparedd to the default, where the traversal depends on a selection from the set 
off nodes that are pending constraint propagation, we now make the selection from 
thee set of nodes that are pending branching. Figure 4.3 illustrates the difference 
inn the resulting search trees. 

2Ourr source of information on this problem is the website http://www.delphiforfun.org/ 

http://www.delphiforfun.org/
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I m p l e m e n t a t i on n 

Thee search strategy that we just described is implemented in OpenSolver by three 
plug-ins: : 

•• a node evaluator AnnotateSize that annotates the nodes of the search tree 
withh the sum of the domain sizes, 

•• a container Annotat ionOrderedStack that always has a node with the 
smallestt integer annotation on top, 

•• a selector Re s t r i c t i v eBranch ing that selects a single node from the "pend
ingg branching" (Figure 3.3) set only if the set of nodes that are pending 
propagationn becomes empty. 

Thesee three plug-ins are activated by including the four lines of Program 4.4 in 
thee configuration script. The ANNOTATION statement is there just to provide an 
initiall annotation for AnnotateSize to use. Note that AnnotateSize is another 
examplee of an adapter, this one in the node evaluator category. Internally, before 
annotatingg the node, it applies another node evaluator to determine the nature 
(solution,, failure, or internal) of a node. Here we use the CanonicalDomains 
nodee evaluator, which tests for canonical domains to distinguish solutions. 
CanonicalDomainss is also the default node evaluator, and therefore it nor
mallyy does not occur in configuration scripts. We will see an alternative to the 
defaultt in Section 4.5. 

TDINFOO AnnotateSize { CanonicalDomains { } }; 
ANNOTATIONN IntegerAnnotation { 0 }; 
INTERNALL AnnotationOrderedStack { }; 
EXPANDD RestrictiveBranching{ }; 

Programm 4.4: Activating the plug-ins that implement Warnsdorf's heuristic 

Usingg Re s t r i c t i v eBranch ing to select the nodes where the search tree is 
expandedd by branching, the set of nodes that are pending propagation is emptied 
beforee new branches are created. The selected node is then split into a number of 
subproblems.. Constraint propagation is applied in each of these nodes, and if this 
doess not lead to a failure, the nodes are added to the "pending branching set." 
Onlyy after all descendants have been processed, and the "pending propagation" 
sett is empty again, a new node is selected for branching. Because branching 
reducess the domains, with AnnotateSize and Annotat ionOrderedStack this new 
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Figuree 4.4: Knight's tour for n = 8 

selectionn wil l be one of the most recent additions. Globally, the search is depth-
first,first, but at every level, constraint propagation is applied in all siblings. The 
resultingg search tree is illustrated in Figure 4.3(b). 

Warnsdorf'ss heuristic is a form of best-first search, where a measure of 
qualityy is associated with the nodes. In this case, this measure is evaluated after 
constraintt propagation, but this is not typical. Using the new search strategy, 
aa solution to the knight's tour problem is found without backtracking, for all 
instancess that we tried. Figure 4.4 shows a solution for the 8 x 8 problem. It 
iss found in less than a second on our test machine, and 219 nodes are visited in 
thee process. For n = 18, the search is still backtrack-free, and 1394 nodes are 
visitedd in 59 seconds. In each of these nodes, a fixed point of 52,649 DRFs is 
computed,, 323 of which are instances of B inaryConst ra in t. Table 4.3 shows 
somee additional information. 

Wee should remark that our scheme is not a fully accurate implementation of 
Warnsdorf'ss heuristic. In each of the candidate nodes, constraint propagation 
mayy reduce the domains of variables that are more than a single step away, 
whichh could lead to different choices. Since the desired effect is obtained, we 
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Tablee 4.3: Statistics; K.M. is the number of "knight's move" constraints 
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havee not investigated if this occurs in practice. Although the search is backtrack-
free,, a large number of nodes are visited and stored. The time spent to visit 
thee nodes is justified because we want to evaluate the heuristic using constraint 
propagation.. A more efficient solver can be obtained by writing a dedicated 
branchingg operator, as we discussed at the beginning of this section. Storing the 
nodess could be avoided by writing a generic branching operator that internally 
performss a round of constraint propagation to evaluate the alternatives, and then 
generatess two branches: one for the alternative that evaluates best, and one for 
alll  other alternatives. Such a branching operator would be parameterized by a 
sett of propagation operators, and possibly a node e valuator. It would be quite 
similarr to the operator for nested search, discussed in Chapter 7. 

Itt would be interesting to investigate the effect of WarnsdorPs heuristic on 
otherr constraint satisfaction problems, for example on randomly generated prob-
lems.. Perhaps this could help us to identify the properties that a CSP must 
possesss in order for the heuristic to work. The generic implementation described 
inn this section facilitates such experiments. To our knowledge, the heuristic is 
nott normally available in other general-purpose constraint solvers. 

4.44 Satisfiability of Proposit ional Formulas 

Inn this section we configure OpenSolver as a solver for checking the satisfiability 
off  propositional formulas in conjunctive normal form (CNF). This problem is 
usuallyy referred to as the SAT problem, and solvers for it are called SAT solvers. 

AA propositional formula in CNF is a conjunction of clauses, where a clause 
iss a disjunction of literals, and literals are propositional variables (positive 
literals),, or their negations (negative literals). An example is the formula 

(x(x V y V -.*) A (^x V z) A (y V z). 

Possiblee values for the variables are true and false. A clause evaluates to true if 
att least one of its literals evaluates to true, where a negation of a propositional 
variablee evaluates to true if the value of the variable is false. A formula is called 
satisfiablesatisfiable if there exists an assignment of values to variables for which all clauses 
evaluatee to true. 

Almostt all complete solvers for the SAT problem descend from an algorithm 
knownn as DPLL [DLL62], which can be explained as a systematic exploration of 
alll  possible assignments, plus the following inference techniques: 

•• Unit propagation If a clause contains only a single literal, we can deduce 
thatt this literal must have the value true (the clause is said to be resolved). 

•• The pure literal rule If a variable occurs only as one form of literal, i.e., 
thee negation of this literal does not occur in any unresolved clause, then we 
cann set the variable such that the literal evaluates to true. 
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Iff  a literal is set to true, either as part of thee exploration or as a result of inference, 
DPLLL removes all clauses in which it occurs, and removes its negation from 
thee remaining clauses. Once we reach an empty formula, we have established 
satisfiabilityy of the original formula. 

Thee straightforward way to configure OpenSolver as a SAT solver uses a prop-
agationn operator per clause that enforces the constraint that at least one of the 
variabless occurring as positive literals must have the value true, or at least one 
off  the variables that occur as a negative literal must have the value false. This 
correspondss to the unit propagation step of the DPLL algorithm, except that 
OpenSolverr does not directly support the modification of constraints. However, 
variabless whose domains have been reduced to singleton sets do not trigger any 
furtherr reduction, and the reduction operators for clauses that evaluate to true 
cann deactivate themselves in any branch of the search tree. Implementation of 
thee pure literal rule is not so straightforward, but the SAT community seems to 
agreee that the application of this rule does not pay off (see, e.g., [ZM02]). 

Twoo plug-ins implement the configuration that we just outlined. Domain type 
Booll  supports Boolean variables, and propagation operator Clause implements 
thee constraint that at least one literal of a clause evaluates to true. The code below 
demonstratess the use of these plug-ins for the example problem at the beginning 
off  this section. We could have made the Clause plug-in operate on finite domains, 
butt for experimenting with SAT specific heuristics that are discussed below, we 
usedd a dedicated variable domain type. 

VARIABLEE x IS Bool {  0,1 } ; 
VARIABLEE y IS Bool {  0,1 } ; 
VARIABLEE z IS Bool {  0,1 } ; 
DRFF Clause {  x ,y ;z } ; 
DRFF Clause {  z;x } ; 
DRFF Clause {  y , z; } ; 
DRFF Fa i lF i r st {  0 ,x ,y ,z } ; 

Inn their basic form, the Bool and Clause plug-ins consist of 400 lines of code, 
andd from this perspective, littl e effort is required to configure OpenSolver as a 
SATT solver that is comparable to the DPLL algorithm. However, the DPLL al-
gorithmm is only a very basic solver, and contemporary solvers can handle vastly 
largerr sets of problems. Complete solvers for the SAT problem, such as Chaff 
[MMZ+01]]  and GRASP [MSS96] all descend from the DPLL algorithm, but aug-
mentt it with the following techniques: 

•• a good variable and value selection strategy, 

•• clause learning, and 

•• non-chronological backtracking. 
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Variablee and value selection strategies for the SAT problem can be imple-
mentedd in OpenSolver. As an example, we implemented the DLIS (Dynamic 
Largestt Individual Sum) heuristic [Sil99]. which entails that the search tree is al-
wayss expanded by assigning the value true to the literal that occurs in the largest 
numberr of unresolved clauses. We implemented this heuristic by decorating each 
domainn of type Bool, through the specifier string, with both the number of clauses 
inn which it appears as a positive literal, and the number of clauses in which it 
appearss as a negative literal. When a clause is resolved, it will ask the OpenSolver 
schedulerr to be deactivated. At the same time, it will tell the Bool instances to 
whichh it applies to decrease one of these two counters, depending on the sign of 
thee variable in that particular clause. When splitting a variable of type Bool, 
itt will instantiate itself to false in the node that is added to the search frontier 
last,, if the counter of negative occurrences is greater than the counter of positive 
occurrences,, and to true otherwise. By default, the search frontier is managed as 
aa stack, and the most recently added alternative is explored first. As the final 
elementt of our implementation of DLIS, uninstantiated Bool variables report as 
theirr size 2, plus the largest of their two clause counters, and we select a variable 
thatt reports the largest size (fail-last, see 4.1.2). 

ClauseClause learning is based on the observation that each time a failure is 
deduced,, we can derive a new clause that explicitly prevents the combination of 
assignmentss that has lead to that particular node in the search tree. Not all 
assignmentss are relevant to this failure though, and a careful bookkeeping of the 
changess that trigger clause resolution will allow us to isolate exactly the literals 
thatt represent the contradicting assumptions made during the search. A negation 
off  the conjunction of these literals is itself a clause. Such a clause, or in general, 
aa constraint that corresponds to a deduced failure is also called a no-good, and 
maintainingg these constraints is known as no-good recording. No-goods carry 
redundantt information that is hidden too deep in the problem for the solver to 
exploit.. As such it makes sense to add a no-good to the problem that we are trying 
too solve, because if it had been present in the first place, the current failure would 
havee been prevented. Moreover, because only a fraction of all assignments that 
leadd to the failure are actually causing it, the same failure could occur again in 
anotherr part of the search tree, and adding a no-good will prevent this. 

Maintainingg an explanation for the assignments of truth values is straightfor-
ward.. This was implemented inside the Bool plug-in by building alongside the 
searchh tree, for each variable, a tree of data structures with leaves for branching 
decisions,, and internal nodes for resolved clauses, linking to the nodes for the 
assignmentss that trigger the resolution. The Clause plug-in was made aware of 
thiss data structure, and modified to use it for deriving a no-good upon deduc-
tionn of a failure. Implementation of clause learning is impeded, though, by the 
lackk of facilities for adding DRFs during the search. This is not a design deci-
sion,, it simply has not been implemented. As a work-around, we can store the 
learnedd clauses in the domain of a special-purpose variable. All Clause instances 
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cann access this variable, and a dedicated operator, which applies to all Boolean 
variables,, would then actually enforce the learned constraints. A problem with 
thiss work-around is that the scheduling of the DRFs for the learned clauses then 
becomess the responsibility of this last Clause instance, and is separated from the 
regularr scheduling mechanism. 

Thee conflicting assumptions that lead to a failure can be stored as a no-good, 
forr more powerful pruning in other parts of the search tree, but analyzing the 
conflictt may also allow us to skip a part of the search tree that would normally 
bee explored by backtracking from a failure. This is the case if the most recent 
assignmentt to a variable involved in the conflict occurs at a shallower level in the 
searchh tree than the level directly above the conflict. Techniques for analyzing, 
andd exploiting conflicts to "jump" to a higher level in the search tree are known 
ass non-chronological backtracking, or look-back techniques. Conversely, 
constraintt propagation can be explained as looking forward to future branching 
decisions).. A comprehensive overview of non-chronological backtracking tech-
niquess is given in [Dec03]. 

Whilee heuristics and clause learning can be implemented, the design of Open-
Solverr is unsuited for non-chronological backtracking. The fact that the search 
frontierr is stored explicitly makes this difficult: the nodes that would be skipped 
byy a backjump of more than a single level have already been created. The hierar-
chicall  information that is needed to identify the nodes that can be skipped after 
aa backjump can be maintained in annotations, but even so there is no mechanism 
forr discarding these nodes, and they have to be pruned away by propagation of 
aa no-good for the conflict. Mechanisms for backjumping can be added, but the 
copyingg state-restoration policy used in OpenSolver is probably the worst alter-
nativee for a proper implementation of backjumping, because expensive copying 
operationss are involved in creating the nodes that may be discarded later. 

Thee clause learning scheme that we outlined above did not lead to a significant 
speedupp of SAT solving. It would be interesting to investigate if more advanced 
conflictt analysis techniques that may deduce more powerful no-goods, and the 
implementationn of proper backjumping mechanisms would allow us to approach 
thee performance of modern SAT solvers. For the latter we would also need to 
experimentt with a trailing state restoration policy, which does not suffer from the 
overheadd of unnecessary copying. 

4.55 Real Numbers 

Inn this section we demonstrate how OpenSolver is configured for solving con-
straintss on the reals. The facilities for these constraints are a modification of 
thosee for arithmetic constraints on integer intervals, which are analyzed in more 
detaill  in Chapter 5. Where the same notions apply, we refer to the definitions in 
thatt chapter. 
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Thee model of constraint solving that underlies this thesis, and which we de-
scribedd in Chapter 2, applies to combinatorial problems, where we search for 
combinationss of elements from the domains of the variables that satisfy all con-
straints.. In principle these domains are finite sets, but constraints on real valued 
variabless can be handled by considering finitely many intervals of real numbers. 
Forr this purpose, in Section 2.2.4 we introduced domain type ƒ", containing all 
intervalss of reals, of which the bounds are floating-point numbers. 

Heree we limi t ourselves to arithmetic constraints that can be written as 

pp op c 

wheree p is a polynomial, c is a constant, and op € {—. <, >}  (see Section 5.3). 
Thee way that many constraint, systems handle such constraints is by decompos-
ingg them into atomic constraints. For arithmetic constraints on the reals, a 
suitablee set of atomic constraints is the following: 

•• addition x + y — z 

•• multiplication x • y — z 

•• exponentiation x = yn, for n > 1, 

•• equality x — y, 

•• disequality x < y 

Duringg the search, hull consistency (see Section 2.2.4) is then maintained for 
thee decomposed problem. This involves the introduction of new variables. It 
shouldd be noted that in general, hull consistency for the decomposed problem is 
weakerr than hull consistency for the original problem: let Pdecomp = {C ; x\ €= 
D\D\ xn £ Dn.xn+i € Dn+\:.... xn+m € Dn+m) be the decomposition of prob
lemm P = (C ; x\ E D\,..., xn 6 Dn). Hull consistency of Pdecomp does not imply 
hulll consistency of P. The following example demonstrates this property. A 
detailedd analysis is given in [CDR99]. 

4.5 .1 .. E X A M P L E . The constraints y — x3, x + y = 0 form a decomposition of 

xx + x3 = 0. The CSP (y = a:3, x + y = 0 ; x e [ - l , l ] , y e [-1,1]) is hull 
consistent3,, but (x 4- x3 — 0 ; x G [— 1.1]) is not. • 

Constraintt propagation is usually implemented by inverting the atomic con
straintss to isolate all variable occurrences. These inversions define projections 
off the domains of the other variables on the domains of the isolated variables. 
Forr example, for x • y = z we have 

•• x = z/y, if y ^ 0 

3assumingg [—1.1] € T. and using s + y = 0 as a shorthand for J- + y = r. with c € {0}. 



4-5.4-5. Real Numbers 89 9 

•• y — z/x, if x ^ 0 

•• z — x  y 

Thee projections follow from interval extensions of the arithmetic operations. In
tervall extensions form the basis of interval arithmetic, which is due to Moore 
[M0066].. An interval extension of a function ƒ : 1R" —> IR is a mapping 
FF : Tn -» ƒ", such that for all <£>,,..., Dn) e F1 and (d l t . . . ,dn) £ Dx x . . . xD n , 
ƒƒ (rfi,..., dn) € F(Di,..., £>„). For example, ignoring bounds + / — 00 and us
ingg an infix notation, the interval extension of the subtraction can be defined as 
follows s 

[a,b]-[c,d*\[a,b]-[c,d*\ = hu\\([a-d,b-c]) 

Whenn applied to the domains of the variables in the right-hand side of the in
versionss in the above example, the interval extensions of the division and mul
tiplicationn operations yield a set of values for the isolated variable that do not 
violatee the constraint. The domains of these variables are then intersected by the 
smallestt T interval that contains this set. 

Forr expressions that involve more than a single operator, an interval extension 
cann be constructed from the syntactical form of the expression as follows. 

•• Every constant is replaced by the smallest T interval that contains it, 

•• every variable is replaced by an interval variable, and 

•• every operator is replaced by the interval extension of that operator. 

Thiss is called the natural interval extension of the expression. 
AA problem with the natural interval extension is that multiple occurrences 

off the same variable are treated as if they were separate variables. Consider for 
examplee the natural interval expression of x — x3, applied to the interval [—1,1]. 
Thee interval extension of the exponentiation applied to this interval yields the 
intervall [—1,1], the set of all third powers of values in the original interval. When 
subtractedd from the interval for the other occurrence of x, we get [-2,2], but this 
intervall is wider than the interval of possible outcomes of x — x3. In fact, it is 
thee interval of all possible outcomes of x - y3, with x, y e [-1,1]. This is called 
thee dependency problem of the natural interval extension. It lies at the heart 
off the discrepancy between hull consistency for a compound constraint, and hull 
consistencyy of the decomposition, illustrated by Example 4.5.1. The decompo
sitionn into atomic constraints entails that the natural interval extension is used. 
Alternativee interval extensions exists, having properties that may be preferable 
too those of the natural interval extension, in some situations. A discussion of 
thesee is outside the scope of this thesis, and the reader is referred to the extensive 
literaturee on constraints on the reals, where [CDR99] is a good starting point. 
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Implementation n 

Domainn type T is implemented by a plug-in called Real Interval, of which we 
havee already seen an example on page 40. The RIARule (Real Interval Arithmetic 
Rule)) plug-in implements constraint propagation. The syntax is 

DRFF RIARule {x'n*(m) opp}; 

wheree x is a variable, n is an integer, m is a monomial, p is a polynomial with 
integerr coefficients, and op G {=,<=} . The plug-in instance will evaluate the 
naturall  interval extension of the expression \jpjvn, and update the domain of x 
withh the hull of the resulting interval, according to operator op. 

Recalll  from Section 2.2.4 that the hull of a set of reals is the smallest floating-
pointt interval that contains the set. The plug-ins Reallnterval and RIARule 
aree implemented using the gaol library [Gou], which supports interval arithmetic 
basedd on floating-point intervals. Computing with floating-point numbers entails 
thatt potentially, a rounding error is made. In gaol, the hull of the outcome 
off  interval arithmetic operations is calculated by outward rounding, i.e., the 
lowerr bound is rounded to the greatest floating-point number smaller than, or 
equall  to the actual value for the lower bound, and the upper bound is rounded 
too the smallest floating-point number greater than, or equal to the actual value 
forr upper bound. 

Thee RIARule plug-in can compute more complex expressions than needed for 
thee inversions of the atomic constraints. Formally, as soon as we allow more than 
aa single interval arithmetic operation per projection function, more than a single 
roundingg error can be made, and it becomes unclear what level of consistency 
wee are computing. For example, we could allow arbitrary linear constrains as 
atomicc constraints, as we do for the integer case in Section 5.7. Consider then 
thee constraint x+y + z — w. When we evaluate hu\\(Dx + Dy + Dz), the hull of the 
intervall  that contains all possible sums of an element from Dx, Dy, and Dz each, 
wee have three options for which two intervals to add first. Because floating-point 
additionn is non-associative, we would be computing the hull of a decomposition 
thatt has a new variable added for either x + y, x + z, or y + z. Because of the 
accumulatedd rounding errors, this interval can be larger than the proper hull of 
DDxx + Dy + Dz. What is worse, different inversions likely correspond to different 
decompositions,, and the level of consistency is no longer clearly defined. Even 
thoughh there is no reason to expect that this will be a problem in practice, we 
thereforee prefer to use RIARule only for inversions of atomic constraints. 

Itt is interesting to compare our approach with the HC4 algorithm [BGGP99], 
whichh employs a single reduction operator for a compound constraint. Internally, 
thiss operator decomposes the constraint into atomic constraints, and enforces hull 
consistencyy for this decomposition. Besides not having to introduce new variables 
forr the decomposition, the HC4 operator is very efficient because it applies the 

file:///jpjvn
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inversionss of the atomic constraints in a sequence that respects their hierarchical 
relationship.. For example, if the constraint 2x = z — y2 is decomposed into 

t\t\ = 2x t2 — z — £3 
hh = y2 

thenn the HC4 algorithm first updates the domains of the (internal) variables £3, 
1122,, and t\ in a forward evaluation phase. Then it enforces the top level 
constraintt t\ = £2, and traverses the decomposition in the opposite direction in a 
backwardbackward propagation phase to update the domain of i3, and of the original 
variabless x, y, and z. 

Becausee we associate a reduction operator with every inversion of a constraint, 
inn our approach we can also exploit these dependencies, but without having to 
implementt a specialized, and somewhat "heavy-weight" reduction operator like 
HC4.. Instead, we use the programmable scheduler of Section 4.1.1 to ensure that 
firstfirst the inversions of the forward evaluation phase are applied, and then the in-
versionss of the backward propagation phase. The schedule for the operator-based 
schedulerr can easily be generated automatically, along with the decomposition. 
Thiss way, HC4-like functionality can be composed from readily available facili-
ties.. A disadvantage is that the decomposition has to be made explicit, but we 
cann characterize the variables that are introduced as auxiliary variables. This 
way,, these variables do not influence the search process, and only imply some 
memoryy overhead. The scheme discussed here is demonstrated in Section 5.9.2 
inn the context of arithmetic constraints on integer interval variables. 

Precision n 

Thee last two plug-ins that are part of the facilities for constraints on the reals 
aree a node evaluator and a branching operator that reduce the precision of the 
intervalss in the solved forms. For domain type J7, the default node evaluator 
CanonicalDomains,, which we encountered briefly in Section 4.3, implements an 
ECSP P 

(C(C ; Xi£Di,...,xn£Dn; V1,...,Vn; Au...,An), 

having g 
AiAi = [?\ = {[a,b] \ a,b € F, a<b, ^3e <E IF a < c < b} 

i.e.,, branching continues until the domains are canonical intervals. Sometimes, 
wee are interested in less precise solved forms. The Precision node evaluator 
plug-inn allows us to specify that a precision of e > 0 suffices: 

AA = L^J U {[a, b] I a, b € F, 0 < b - a < e} 

AA node evaluator only characterizes a node of the search tree as a solution, 
failure,, or internal node. If a node is characterized as an internal node, it will be 
subjectt to branching. We want to prevent that a variable is selected for branching, 
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whosee domain already has the required precision. There are several ways in which 
wee can realize this: 

•• Through the specifier string, parameterize Rea l lnterva l instances with the 
requiredd precision. When asked for their size, an instance representing [a, b] 
willl report 1 iff 0 < 6 — a < e. 

•• Alternatively, we can use an adapter for each plug-in. that overrides the size 
reportedd by the plug-in. with one based on the width of the interval that it 
represents.. This would look something like 

VARIABLEE x IS LimitedPrecisionReallnterval { 1.0e-8, 
Real ln tervall { [-1.0, 1.0] } }; 

•• Make it the responsibility of the branching operator. This operator would 
thenn have to know it is dealing with R e a l l n t e r v a l instances, in order 
thatt it can inquire about the width of the interval they represent. How
ever,, this means that we would have to re-implement the variable selection 
strategiess offered by the existing branching operators for the specific case 
off Real lnterval variables. 

Inn Section 7.3.2 we see a situation where the same Real lnterval instance 
(orr actually, a clone of it) is used in two cooperating solvers that use different 
precisions.. This is all but prevented by the first two of the above alternatives, and 
forr this reason, we chose to make it the responsibility of the branching operator 
yet.. We can avoid re-implementing the general-purpose variable section strategies 
byy using an adapter: 

DRFF LimitedPrecision { 1.0e-8, RoundRobin{ 0, x l , x2, . . . } }; 

Internally,, the branching function of the adapter passes the array of domain 
pointerss to the branching function of the inner reduction operator, but before 
doingg so. it inspects the width of all domains. The pointers to those domains 
thatt already have the required precision are replaced by a pointer to a dummy 
domainn of size 1, and will not be split. 

Thiss concludes the discussion of the facilities for constraints on the reals. We 
willl see an example application in Section 7.3.2. 

4.66 Conclusions 

Inn this chapter we described the plug-ins for solving constraints on domain types 
Z,Z, B. and J-'. and we introduced some basic facilities for constraint propagation 
andd search. These facilities allowed us to investigate how several existing solving 
strategiess can be realized in OpenSolver through composition. Our conclusions 
aree the following. 
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•• An implementation of iterative limited discrepancy search inside Open-
Solverr is possible, but slightly artificial in the sense that some facilities 
aree not used as intended.4 A non-iterative variant of limited discrepancy 
searchh can be realized by an adapter that annotates the nodes of the search 
treee with their discrepancy values, and a container that keeps the search 
frontierr sorted on their annotations. Tö limit memory usage, we switch 
betweenn LDS and depth-first traversal, depending on the size of the search 
frontier. . 

•• Best first-search can be realized by annotating the candidate nodes for con
tinuingg the exploration with a measure of the likelihood that they contain a 
solution,, according to some heuristic. We demonstrated this for Warnsdorf's 
heuristicc for solving the knight's tour problem. In this case the likelihood 
iss evaluated after constraint propagation in the candidate nodes, which in
volvess a limited amount of breadth-first traversal. The actual evaluation is 
donee by a node evaluator plug-in. The traversal strategy is realized by a 
combinationn of a container and a selector plug-in. 

•• Of the techniques used in SAT solving, clause learning (no-good recording) 
cann be implemented, but storing the full search frontier and using a copying 
statee restoration policy makes OpenSolver unsuited for non-chronological 
backtracking. . 

•• One of the standard scheduler plug-ins supports programmable schedules. 
Thiss allows us to optimize constraint propagation by taking into account 
knowledgee about how the reduction operators interact, and about their 
computationall complexity. As an example, if reduction operators imple
mentt a decomposition of a polynomial constraint into atomic arithmetic 
constraints,, we can apply them in an order that respects their hierarchical 
relationship.. Normally this is hard-wired in heavy-weight reduction oper
atorss that implement algorithms like HC4 of Granvilliers et al. [BGGP99] 
Inn OpenSolver, the same effect can be realized through composition. 

Whilee the efficiency of some plug-ins can be optimized further, we have shown 
thatt OpenSolver is not inherently less efficient than systems that are used in 
practice.. In particular, we compared performance with that of ILOG Solver 
onn the n-queens problem, a benchmark that is well suited for testing the basic 
machineryy of solvers. 

Havingg discussed the implementation of domain types Z, B, and J7, in the 
nextt chapter we turn our attention to the one remaining standard domain type 
off Chapter 2: that of the integer intervals. 

4Thee coordination layer mechanism offers further possibilities for implementing iterative 
schemes,, though. 





Chapterr 5 

Ann Analysis of Arithmetic Constraints 
onn Integer Intervals 

Inn this chapter we demonstrate how OpenSolver can be configured for solving 
arithmeticc constraints on variables with integer interval domains. We study a 
numberr of approaches to implement constraint propagation for these constraints. 
Too describe them we introduce integer interval arithmetic. Each approach is 
explainedd using appropriate proof rules that reduce the variable domains. 

Ourr goal is to determine which approach can be expected to give the best 
performance.. To this end, we compare them on a set of benchmark problems. 
Forr the most promising approach we provide results that characterize the effect 
off  constraint propagation. 

5.11 Introduction 

5.1.11 Motivation 

Thee subject of arithmetic constraints on reals has attracted a great deal of at-
tentionn in the literature. In contrast, arithmetic constraints on integer intervals 
havee not been studied even though they are supported in a number of constraint 
programmingg systems. In fact, constraint propagation for them is present in 
ECI/PS6,, SICStus Prolog, GNU Prolog, ILOG Solver and undoubtedly most of 
thee systems that support constraint propagation for linear constraints on integer 
intervals.. Yet, in contrast to the case of linear constraints — see notably [HS03] 
—— we did not encounter in the literature any analysis of this form of constraint 
propagation. . 

InIn this chapter we study these constraints in a systematic way. It turns out 
thatt in contrast to linear constraints on integer intervals there are a number of 
naturall  approaches to constraint propagation for these constraints. 

Itt could be argued that since integer arithmetic is a special case of real arith-
metic,, specialized constraint propagation methods for integer arithmetic con-

95 5 
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straintss are not needed. Indeed, a constraint satisfaction problem (CSP) involving 
arithmeticc constraints on integer variables can be solved using any known method 
forr constraints on the reals, with additional constraints ensuring that the variables 
assumee only integer values. This was suggested in [B097] and implemented for 
examplee in RealPaver [Gra04b]. However, a dedicated study and implementation 
off  the integer case is beneficial for a number of reasons. 

•• In some cases the knowledge that we are dealing with integers yields a 
strongerr propagation than the approach through the propagation for arith
meticc constraints on the reals. 

•• The indirect ' approach through the reals is based on floating point numbers, 
whichh are of limited precision. With a library like GNU MP (Multiple 
Precision,, [Gra04a]) arbitrary precision floating point numbers can be used. 
However,, for each problem the precision has to be chosen separately. 

Inn contrast, for integer variables, we can use arbitrary length integers. These 
aree limited only by available memory, and do not involve setting any pa
rameters,, making this approach more flexible and natural. 

•• Since arithmetic constraints on integer intervals are supported in a number 
off constraint programming systems, it is natural to investigate in a system
aticc way various approaches to their implementation. The direct approaches 
basedd on the integers are amenable for a clear theoretical analysis. In par
ticular,, in Section 5.8 and Subsection 5.9.1 we provide the characterization 
resultss that clarify the effect of constraint propagation for the approach that 
emergedd in our studies as the fastest. 

Ann example that supports the first argument is the constraint x • y — z, where 
—33 < x < 3 , — 1 < J / < 1 , and 1 < z < 2. When all variables are integers, 
theree are no solutions having x — 3 or x = —3, and the constraint propagation 
methodss that we consider here will actually remove these values from the domain 
off x. However, if these variables are considered to be reals, these values may 
nott be removed, and solving the integer problem through constraint propagation 
methodss for constraints on the reals may lead to a larger search space. 

Ass an indication that integer representation is not entirely a theoretical issue, 
considerr the following benchmark from [B097]. Find n integers xi,... ,xn, 1 < 
XiXi < n, verifying the conditions 

nn n n n 

x^'=X// n^=n*' Xx -x2-'"- Xn' 
1 = 11 1 = 1 1 = 1 1 = 1 

Forr n = 10 the initial maximum value of the left-hand side expression of the 
secondd constraint equals 1010. which exceeds 232. the number of values that can 
bee represented as 32-bit integers. For n = 16, there is already no signed integer 
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representationn of this bound in 64 bits. A small program written specifically for 
thiss benchmark indicates that on our machines, hardware integer operations are 
slightlyy faster than floating-point operations, and using arbitrary length integers 
costss less than a factor 4. 

5.1.22 Outline of the Chapter 

Inn the next section we define arithmetic constraints, and we relate our analysis to 
thee model of constraint solving of Section 2.3. The unifying tool in our analysis 
iss integer interval arithmetic that is modeled after the real interval arithmetic, 
seee e.g., [HJvEOl]. There are, however, essential differences since we deal with 
integerss instead of reals. For example, multiplication of two integer intervals 
doess not need to be an integer interval. In Section 5.3 we introduce the integer 
intervall  arithmetic and establish the basic results. Then in Section 5.4 we show 
thatt using integer interval arithmetic we can define succinctly the well-known 
constraintt propagation for linear constraints on integer intervals. 

Thee next three sections, 5.5, 5.6 and 5.7, form the main part of the chapter. 
Wee introduce there three approaches to constraint propagation for arithmetic 
constraintss on integer intervals. They differ in the way the constraints are treated: 
eitherr they are left intact, or the multiple occurrences of variables are eliminated, 
orr the constraints are decomposed into a set of atomic constraints. 

Thenn in Section 5.8 we characterize the effect of constraint propagation for 
thee last approach. In Section 5.9 we discuss in detail our implementation of the 
alternativee approaches, and in Section 5.10 we describe the experiments that were 
performedd to compare them. They indicate that an optimized version of the third 
approachh is superior to the other approaches. Finally, in Section 5.11 we provide 
thee conclusions. 

Thiss chapter is based on joint work with Krzysztof Apt. Preliminary results 
weree reported in [Apt03] and [AZ04]. 

5.22 Preliminaries 

5.2.11 Arithmetic Constraints 

Too define the arithmetic constraints use the alphabet that comprises 

•• variables, 

•• two constants, 0 and 1, 

•• the unary minus function symbol '—'. 

•• three binary function symbols, '+V— and '•', all written in the infix nota
tion. . 
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Byy an arithmetic expression we mean a term formed in this alphabet and 
byy an arithmetic constraint a formula of the form 

ss opt, 

wheree s and t are arithmetic expressions and op E { < , < , = ,7 ,̂ >, >} • For exam
ple e 

xx55 • y2 • z' + 3x • y3 • z5 < 10 + 4x4 • y6 • z2 - y2 • xb • z4 (5.1) 

iss an arithmetic constraint. Here x5 is an abbreviation for x • x • x • x • x and 
similarlyy with the other expressions. If '•' is not used in an arithmetic constraint, 
wee call it a linear constraint. 

Byy an extended arithmetic expression we mean a term formed in the 
abovee alphabet extended by the unary function symbols '." ' and ' ^ /7 ' for each 
nn > 1 and the binary function symbol ' / ' written in the infix notation. For 
example e 

</VV • ^4)/(*2 • «5) (5-2) 
iss an extended arithmetic expression. Here, unlike in (5.1), x5 is a term obtained 
byy applying the function symbol ' .5 ' to the variable x. The extended arithmetic 
expressionss will be used only to define constraint propagation for the arithmetic 
constraints. . 

Fixx now some arbitrary linear ordering -< on the variables of the language. 
Byy a monomial we mean an integer or a term of the form 

wheree k > 0, X\,..., x^ are different variables ordered w.r.t. -<, and a is a non
zeroo integer and rt\,..., n^ are positive integers. We call then x"1 • . . . • x^k the 
powerpower product of this monomial. 

Next,, by a polynomial we mean a term of the form 

wheree n > 0, at most one monomial m^ is an integer, and the power products 
off the monomials mi,.. ..mn are pairwise different. Finally, by a polynomial 
constraintconstraint we mean an arithmetic constraint of the form s op b, where s is a 
polynomiall with no monomial being an integer, op £ { < , < , = , 7 ,̂ > , > } , and b is 
ann integer. It is clear that by means of appropriate transformation rules we can 
transformm any arithmetic constraint to a polynomial constraint. For example, 
assumingg the ordering x -< y -< z on the variables, the arithmetic constraint (5.1) 
cann be transformed to the polynomial constraint 

2x55 • y2 • z4 - 4a:4 • y6 • z2 + 3x • y3 • z5 < 10 

So,, without loss of generality, from now on we shall limit our attention to the 
polynomiall constraints. 
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5.2.22 Constraint Solving 
Inn this chapter, the arithmetic constraints are interpreted over elements of domain 
typee X. Recall from Section 2.2.4 that the domains in X are integer intervals, 
orr intervals for short, having the form 

[a..b] [a..b] 

wheree a and b are integers; [a..b] denotes the set of all integers between a and 6, 
includingg a and 6. If a > b, we call [a..b] the empty interval and denote it by 
0.. Further, by a range we mean an expression of the form 

xx e I 

wheree a; is a variable and I is an interval. 
Ass final domains we will be using [X\, containing all domains with a single 

integer.. In Sections 5.6 and 5.7 we will be rewriting CSPs to eliminate multi-
plee occurrences of variables, or to decompose constraints into atomic constraints. 
Thiss rewriting involves the introduction of new variables, and for these we will 
considerr all domains in X — {0}  as final domains. In other words, the new vari-
abless introduced by rewriting constraints are auxiliary variables. As a result, 
branchingg never takes place on these variables. This is justified in Section 5.6. 
Withh this information, an explicit reference to ECSPs is not necessary. Also, 
alll  approaches to solving arithmetic constraints considered in this chapter have 
thee property that if domains are singleton sets and the corresponding assignment 
off  values to variables is not a solution, a failure is deduced, so all solved forms 
correspondd to CSP solutions. 

Finally,, to conform our notation to that of [Apt03] and [AZ04], in this chapter 
wee describe constraint propagation by means of proof rules that act on CSPs 
andd preserve equivalence. An interested reader can consult [Apt98] or [Apt03] 
forr a precise explanation of this approach to describing constraint propagation. 
Inn general it allows the description of transformations of CSPs beyond those of 
Sectionn 2.3, but here we will consider only rules of the form 

(C(C ; xl e Di,...,xn e Dn) 
(C;(C; x1eD[,...,xneD'n) 

thatt modify the domain of a single variable Xj, and have D[ = Dt for i ^ j , and 
C'C' = C[D[,..., D'n], the new domain projected on the constraints. In presence of 
integerr interval domains, such rules correspond to domain reduction functions of 
signature e 

ƒƒ : Xn^X 
withh input scheme {1 , . . ., n) and output scheme (j), having 

f{Df{Dll,...,D,...,Dnn)) = E/j. 

AA CSP that is closed under application of such rules corresponds then to a com-
monn fixed point of (the domains extensions of) the corresponding DRFs. 
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5.33 Integer Set Arithmetic 
Too reason about the arithmetic constraints we employ a generalization of the 
arithmeticc operations to the sets of integers. Here and elsewhere 7Z denotes the 
sett of all integers. 

5.3.11 Definitions 

Forr X, Y sets of integers we define the following operations: 

•• addition: 
XX + Y := {x + y \ x € X, y e Y}. 

•• subtraction: 
XX -Y :={x-y\xeX,yeY}, 

•• multiplication: 
X-YX-Y := {x-y \xeX,y£Y}, 

•• division: 
X/YX/Y := {u e ZZ | 3x e X3y eYu-y = x}, 

•• exponentiation: 
forr each natural number n > 0, 

XXnn := {xn | x e X } , 

•• root extraction: 
forr each natural number n > 0, 

\/X:={xe7Z\/X:={xe7Z \xn ex}. 

Alll the operations except division are defined in the expected way. We shall 
returnn to it at the end of Section 5.7. At the moment it suffices to note the division 
operationn is defined for all sets of integers, including Y — 0 and Y = {0}. This 
divisionn operation corresponds to the following division operation on the sets of 
realss introduced in [Rat96]: 

XX 0 Y := {u e IR I 3x E X3y € Y u-y = x}. 

Forr an integer or a real number a and op E {+ .—. - . / . 0 } we identify aopX with 
{a}{a} op X and X op a with X op {a}. 

Too present the rules we are interested in we shall also use the addition and 
divisionn operations on the sets of real numbers. Addition is defined in the same 
wayy as for the sets of integers, and division is defined above. In [HJvEOl] it 
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iss explained how to implement these operations on, possibly unbounded, real 
intervals. . 

Further,, given a set A of integers or reals, we define 

-A:={xGZZ\3aeAx<a}, -A:={xGZZ\3aeAx<a}, 

-A:=-A:= {x<=ZZ\ 3aeAx>a}. 
Whenn limiting our attention to intervals of integers the following simple ob-

servationn is of importance. 

5.3-1.. NOTE. For X, Y integer intervals and a an integer the following holds: 

•• X r\Y, X + Y,X — Y are integer intervals. 

•• X/{a} is an integer interval. 

•• X • Y does not have to be an integer interval, even if X = {a} or Y = {a}. 

•• X/Y does not have to be an integer interval. 

•• For each n > 1 Xn does not have to be an integer interval. 

•• For odd n > 1 \f~X is an integer interval. 

•• For even n > 1 \/X is an integer interval or a disjoint union of two integer 
intervals.. • 

Forr example we have 
[2..4]] + [3..8] = [5..12], 

[3..7]] - [1-8] = [-5..6], 

[3..3]-[1..2]] = {3,6}, 

[3..5]/[-1..2]] - {-5 , -4 , -3 ,2 ,3 .4 ,5} , 

[-3..5]/[-1..2]] = Z, 

[1..2]22 = {1,4}, 

^[-30..100]] = [-3..4], 

{/[-100..9]] = [-3..3], 

{/[E9]] = [-3. .- l]U[1..3]. 
Too deal with the problem that non-interval domains can be produced by some of 
thee operations we introduce the following operation on the sets of integers: 

int(X)) := I{X) 

Itt is the integer interval counterpart of the hull operation on floating-point inter
vals,, introduced in Section 2.2.4, and has the property that 

.. , y, __ ƒ smallest integer interval containing X if X is finite, 
\\ 7Z otherwise. 

Forr example int([3..5]/[-1..2]) - [-5..5] and int([—3..5]/[—1..2]) - ZZ. 
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5.3.22 Implementation 

Too define constraint propagation for the arithmetic constraints on integer intervals 
wee shall use the integer set arithmetic, mainly limited to the integer intervals. 
Thiss brings us to the discussion of how to implement the introduced operations 
onn the integer intervals. Since we are only interested in maintaining the property 
thatt the sets remain integer intervals or the set of integers 7Z we shall clarify 
howw to implement the intersection, addition, subtraction and root extraction 
operationss of the integer intervals and the int(.) closure of the multiplication, 
divisionn and exponentiation operations on the integer intervals. The case when 
onee of the intervals is empty is easy to deal with. So we assume that we deal with 
non-emptyy intervals [a..b] and [c.d], i.e., a < b and c < d. 

Intersection,, addit ion and subtraction. It is easy to see that 

\a..b]\a..b] D \c..d] — [max(a,c)..min(6, d)], 

[a..b][a..b] + [c.d] = [a + c .. b + d], 

[a..b][a..b] — [c.d] = [a — d .. b — c]. 

Soo the interval intersection, addition, and subtraction are straightforward to im-
plement. . 

Roott extraction. The outcome of the root extraction operator applied to an 
integerr interval wil l be an integer interval or a disjoint union of two integer inter-
vals.. We shall explain in Section 5.5 why it is advantageous not to apply int(.) to 
thee outcome. This operator can be implemented by means of the following case 
analysis. . 

CaseCase 1. Suppose n is odd. Then 

CaseCase 2. Suppose n is even and b < 0. Then 

CaseCase 3. Suppose n is even and b > 0. Then 

VMM = [- [l^lj •• - [l^l]l u [|ï^|] - [l^lj] 

wheree a+ :— max{0, a). 
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Multiplication.. For the remaining operations we only need to explain how to 
implementt the int(.) closure of the outcome. First note that 

int([a..6]] • [c.d]) = [min(j4)..max(j4)], 

wheree A = {a • c,a • d,b • c,b • d}. 
Usingg an appropriate case analysis we can actually compute the bounds of 

int([a..6]] • [c.d]) directly in terms of the bounds of the constituent intervals. 

Division.. In contrast, the int(.) closure of the interval division is not so straight
forwardd to compute. The reason is that, as we shall see in a moment, we cannot 
expresss the result in terms of some simple operations on the interval bounds. 

Considerr non-empty integer intervals [a..b] and [c.d]. In analyzing the out
comee of int([a..6]/[c..d]) we distinguish the following cases. 

CaseCase 1. Suppose 0 E [a..b] and 0 € [c.d]. 
Thenn by definition int([a..è]/[c..d]) — 2Z. For example, 

int([-1..100]/[-2..8])) = ZZ. 

CaseCase 2. Suppose 0 0 [a..b] and c = d = 0. 
Thenn by definition int([o..6]/[c..d]) = 0. For example, 

int([10..100]/[0..0])) = 0. 

CaseCase 3, Suppose 0 $? [a..b] and c < 0 and 0 < d. 
Itt is easy to see that then 

int([a..6]/[c..d])) = [-e..e], 

wheree e = max(|a|, \b\). For example, 

int([—100... - 10]/[-2..5]) - [-100..100]. 

CaseCase 4- Suppose 0 ^ [a..b] and either c — 0 and d / 0 or c ^ 0 and d = 0. 
Thenn int([a..6]/[c..d]) = \r\t([a..b]/{[c.d] - {0})). For example 

int([1..100]/[-7..0])) = int([1..100]/[-7.. - 1]). 

Thiss allows us to reduce this case to Case 5 below. 
CaseCase 5. Suppose 0 ^ [c.d]. 

Thiss is the only case when we need to compute int([o..6]/[c..d]) indirectly. 
First,, observe that we have 

\nt([a..b]/[c..d])\nt([a..b]/[c..d]) C [["min(j4)l .. [max(^l)J], 

wheree A — {a/c, a/d, b/c, b/d}. 
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However,, the equality does not need to hold here. Indeed, note for example 
thatt int([155..161]/[9..11]) = [16..16], whereas for A = {155/9,155/11,161/9, 
161/11}}  we have [min(^)] = 15 and [max{J4)J = 17. The problem is that the 
valuee 16 is obtained by dividing 160 by 10 and none of these two values is an 
intervall  bound. 

Thiss complication can be solved by preprocessing the interval [c.d] so that 
itss bounds are actual divisors of an element of [a..b]. First, we look for the least 
c'c' € [c.d] such that 3x E [a..b] 3u 6 2Z u-c' = x. Using a case analysis, the latter 
propertyy can be established without search. Suppose for example that a > 0 and 
cc > 0. In this case, if c' • \b/c'\ > a, then c' has the required property. Similarly, 
wee look for the largest d' € [c.d] for which an analogous condition holds. Now 
\nt{[a..b]/[c.d])\nt{[a..b]/[c.d]) = [\m\n{A)]..[max{A)\], where A = {a/c',a/d',b/c\b/d'}. 

Inn view of the auxiliary computation in case 0 ^ [c.d], we shall introduce in 
Sectionn 5.9 a modified division operation with a more direct implementation. 

Exponentiation.. The int(.) closure of the interval exponentiation is straight-
forwardd to implement by distinguishing the following cases. 

CaseCase 1. Suppose n is odd. Then 

\ut([a..b]\ut([a..b]nn)) = [an..bn]. 

CaseCase 2. Suppose n is even and 0 < a. Then 

int([a..b]n)) = [an..bn]. 

CaseCase 3. Suppose n is even and b < 0. Then 

int([a..&]n)) = [bn.. a"]. 

CaseCase 4' Suppose n is even and a < 0 and 0 < b. Then 

int([a..6]n)) = [0..max(an, bn)}. 

5.3.33 Correctness Lemma 

Givenn now an extended arithmetic expression s each variable of which ranges 
overr an integer interval, we define int(s) as the integer interval or the set 2Z 
obtainedd by systematically replacing each function symbol by the application of 
thee int(.) operation to the corresponding integer set operation. For example, for 
thee extended arithmetic expression s :— y/(y2 • z4)/(x2 • u5) of (5.2) we have 

int(s)) = int(</int(int(F2) • int(Z4))/int(int(X2) • int(Z75))), 

wheree we assume that x ranges over X, etc. 
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Thee discussion in the previous subsection shows how to compute int(s) given 
ann extended arithmetic expression 5 and the integer interval domains of its vari-
ables. . 

Thee following lemma is crucial for our considerations. It is a counterpart of the 
so-calledd 'Fundamental Theorem of Interval Arithmetic' established in [M0066]. 
Becausee we deal here with the integer domains an additional assumption is needed 
too establish the desired conclusion. 

5.3.2.. L E M M A ( C O R R E C T N E S S ). Let s be an extended arithmetic expression with 
thethe variables X\,.. .,xn. Assume that each variable X{ of s ranges over an integer 
intervalinterval X{. Choose ai 6 Xi for i E [l..n] and denote by s(ai,.. . ,an) the result 
ofof replacing in s each occurrence of a variable Xi by ai. 

SupposeSuppose that each subexpression of s(a\,..., an) evaluates to an integer. Then 
thethe result of evaluating s(a\,.. . ,an) is an element of int(s). 

Proof.. The proof follows by a straightforward induction on the structure of 5. 
D D 

5.44 An Intermezzo: Constraint Propagation for 
Linearr Constraints 

Evenn though we focus here on arithmetic constraints on integer intervals, it is 
helpfull  to realize that the integer interval arithmetic is also useful to define in a 
succinctt way the well-known rules for constraint propagation for linear constraints 
(studiedd in detail in [HS03]). To this end consider first a constraint £f=1aj -x, — b, 
wheree n > 0, Oi , . . ., an are non-zero integers, Xi , . . . , i „  are different variables, 
andd b is an integer. To reason about it we can use the following rule parametrized 
byy j € [l..n]: 

LINEARLINEAR EQUALITY 

{SjLifl jj  • xt = b ; xi e Di,. • .,xn e Dn) 

(T%(T%=1=1aiai -Xi = b • xieD'1,...,xne D'n) 

where e 

•• for i 7̂  j 

D\D\ := Di. 

DD'j'j := DJ n i n t ( ( & - £i6[i..n]-{j}aj • Xi)/aA. 
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Notee that by virtue of Note 5.3.1 

D'jD'j = Dj D(b- Eie[i.,n]_{ j } int(ai • A ) ) / Ö J -

Too see that this rule preserves equivalence, first note that taking the intersec
tionn implies D ' C Dj, i.e., the domain is not extended by application of the rule. 
Further,, suppose that for some d\ £ D\,..., dn € Dn we have £"=1a.j • di — b. 
Thenn for j 6 [l..n] we have 

djdj = (b — S ie[i..n]_{ :7}ai • di)[aj 

whichh by the Correctness Lemma 5.3.2 implies that 

dd33 € 'mt((b - Sie[i..n]_{j}ai • xl)/a}y 

i.e.,, dj e Dj. 
Next,, consider a constraint S"=1ai • Xi < b, where a i , . . . , a„, x i , . . . , xn and & 

aree as above. To reason about it we can use the following rule parametrized by 
jj e [l..n\: 

LINEARLINEAR INEQUALITY 

(S?=1Ott • Xj < b ; xiEDi,...,xne Dn) 

(E-LiOii • ^ < b ; xi e Z>i,..., xn e D'n) 

where e 

•• for i T̂  j 

D'D' tt := A , 

£>j-- := Dj n (-int(& - E i e [L.n]_{ j}a I • x^/a^) 

Too see that this rule preserves equivalence, first note that D'j C Dj. Further, 
supposee that for some d\ 6 Di,..., dn 6 Dn we have £"=1aj • d{ < b. Then 
a.,a., • dj < b — £jg[i..n]_{j-}aj • dj. By the Correctness Lemma 5.3.2 

&& ~ Sie[l..n]-{j}ai ' d* ^ ' n t ( ^ _ ^i£[l..n]-{j}ai ' xi), 

soo by definition 
<ij<ij • dj e- int(& - Si€[]..ri]_{j}ai • x,) 

andd consequently 
djdj € - int(& - S ïG[i,.n]_{j}ai • X;) /a j 

Thiss implies that dj E Dj. 
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5.55 Constraint Propagation: First Approach 

Wee now move on to a discussion of constraint propagation for the arithmetic con-
straintss on integer intervals. The following example illustrates our first approach. 
Considerr the constraint 

xx33yy - x < 40 

andd the ranges x € [1..100] and y € [1..100]. We can rewrite it as 

xx < | y (40 + x)/y| (5.3) 

sincee x assumes integer values. The maximum value that the expression on the 
right-handd side can take is [^140J, so we conclude x < 5. By reusing (5.3), now 
withh the information that x € [1..5], we conclude that the maximum value the 
expressionn on the right-hand side of (5.3) can take is actually [v^iöj , from which 
itt follows that x < 3. 

InIn the case of y we can isolate it by rewriting the original constraint as y < 
33 + l/x2 from which it follows that y < 41, since by assumption x > 1. So we 

couldd reduce the domain of x to [1..3] and the domain of y to [1..41]. This interval 
reductionn is optimal, since x = 1, y — 41 and x = 3, y = 1 are both solutions to 
thee original constraint x^y — x < 40. 

Moree formally, we consider a polynomial constraint E^m^ = b where m > 0, 
noo monomial mi is an integer, the power products of the monomials are pairwise 
differentt and b is an integer. Suppose that X\,...,xn are its variables ordered 
w.r.t.. -<. 

Selectt a non-integer monomial mi and assume it is of the form 

a-yT-.-.-vT, a-yT-.-.-vT, 

.. .,yic are different variables ordered w.r.t. -<, a is a non-zero 
,, n/j are positive integers. So each yt variable equals to some 
,, xn}. Suppose that yp equals to Xj. We introduce the following 

POLYNOMIALPOLYNOMIAL EQUALITY 

mm=l=lmjmj =b; xiE Dx,...,xn e Dn) 
<£?= 1mi=6;; xx e D[,.. ,,xn e D'n) 

where e 

•• for i T̂  j 
D[D[  := A , 

wheree k > 0, j/i, 
integerr and ni , . 
variablee in {x\,.. 
prooff rule: 
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and d 

D'jD'j := int f Dj n y int ((6 - £!€ [1..m]_ { ,} m;)/s) 

7111 H p - l  n P +l Til . 

ss — a-y,1 •...-yp
,_l • y p

p
+ \ ...-yk

k. 

Too see that this rule preserves equivalence, first note that taking the inter-
sectionn implies D'j C Dj, i.e., the domain is not extended by application of the 
rule.. Next, choose some d\ E Di,...,dn E Dn. To simplify the notation, given 
ann extended arithmetic expression t denote by t' the result of evaluating t after 
eachh occurrence of a variable Xj is replaced by d,-. 

Supposee that E j ^m- = b. Then 

d"d"pp • $' = b- £,-e[i..m]-{i} m!-

soo by the Correctness Lemma 5.3.2 applied to b — Eje[i.,mj_{/}m ^ and to s 

d"d"pp e int(6 - EiG[1..m]_{ ,} m,)/int(s). 

Hence e 

djj  e y int(6-Si 6 [ 1. .m]_ { f }m i ) / int(5) 

andd consequently 

rfjrfj  G int f Dj n "yin t ((b - El € [ i ..m]_{ / } mJ)/s) J 

i.e.,, dj £ D'j. 

Notee that we do not apply int(.) to the outcome of the root extraction oper-
ation.. For even np this means that the second operand of the intersection can 
bee a union of two intervals, instead of a single interval. To see why this is de-
sirable,, consider the constraint x2 — y — 0 in the presence of ranges x e [0..10], 
yy € [25..100]. Using the int(.) closure of the root extraction we would not be able 
too update the lower bound of x to 5. 

Next,, consider a polynomial constraint E ^ m* < b. Below we adopt the 
assumptionss and notation used when defining the POLYNOMIAL EQUALITY 
rule.. To formulate the appropriate rule we stipulate that for the extended arith-
meticc expressions s and t 

mt(mt( f s)/t) := 5 Q n ^Q. 

withh Q = (- int(s))/ int(0-
Too reason about this constraint we use the following rule: 
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POLYNOMIALPOLYNOMIAL INEQUALITY 

(Y%(Y%=1=1mimi < b ; xl € D\,..., xn € Dn) 
<E?=1m**  <b; Xl € D[,.. .,xn € Z^) 

where e 

•• for % ^ j 
A''  == A, 

DJJ := int (DJD Y i n t (^(b- Eie[i..ro]_{,}mO/s) J 

Too prove that this rule preserves equivalence, first note that Z^ C £>j. Next, 
choosee some d\ e Di,...,dn € Dn- As above given an extended arithmetic 
expressionn t we denote by t' the result of evaluating t when each occurrence of a 
variablee J:, in t is replaced by d,. 

Supposee that Ej^mJ < b. Then 

d"pp • s' < b - Ei6[i..m]_{i}m'j. 

Byy the Correctness Lemma 5.3.2 

öö - Eie[i..m]_{/}m,
i G int(6 - Eie[L.m]_{i}mi), 

soo by definition 
d"pp • s' G- int(6 - Ei€[i..m]-{i}mi). 

Hencee by the definition of the division operation on the sets of integers 

d"pp 6 - int(ft - EiG[1..m]_{i}mj)/int{s) 

Consequently y 
djdj e "y^int (6- Eie[1..m]_wmj)/int(s) 

Thiss implies that dj €E Z^. 
Notee that the set -int(fc — Eie[i..m]_^}mt) appearing in the definition of Dj 

iss not an interval. So to properly implement this rule we need to extend the 
implementationn of the division operation discussed in Subsection 5.3.2 to the 
casee when the numerator is an extended interval. Our implementation takes care 
off this. 

Inn an optimized version of this approach we simplify the fractions of two poly
nomialss by splitting the division over addition and subtraction and by dividing 
outt common powers of variables and greatest common divisors of the constant 
factors.. Subsequently, fractions whose denominators have identical power prod
uctss are added. We used this optimization in the initial example by simplifying 
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(40+x)/x(40+x)/x33 to 40/or3 + l /x 2. The reader may check that without this simplification 
stepp we can only deduce that y < 43. 

Too provide details of this optimization, given two monomials s and t, we 
denotee by 

[s/t] [s/t] 

thee result of performing this simplification operation on s and t. For example, 
[(22 • x3 • y)/(4 • x2)] equals (x • y)/2, whereas [(4 • x3 • y)J(2 • y2) equals (2 • x3)/y. 

Inn this approach we assume that the domains of the variables y\,.. .,2/p-i, 
y p + i ,, • • -,yn of mi do not contain 0. (One can easily show that this restriction is 
necessaryy here). For a monomial s involving variables ranging over the integer 
intervalss that do not contain 0, the set int(s) either contains only positive numbers 
orr only negative numbers. In the first case we write sign(s) = + and in the second 
casee we write sign(s) — —. 

Thee new domain of the variable x3 in the POLYNOMIAL INEQUALITY 
rulee is defined using two sequences m'Q...m'n and s'0...s'n of extended arithmetic 
expressionss such that 

m'm'QQ/s'/s'00 = [b/s] and rr^ijs'i — — [m^/s] for i E [l..m]. 

Lett S :— {s'{ | i 6 [0..m] — {I}} and for an extended arithmetic expression t € S let 
ItIt := {i £ [0..m] — {/} | s- — i). We denote then by pt the polynomial ^ i e / m-. 
Thee new domains are then defined by 

D'jD'j := int [Dj n V- 'nt(S t e5P*0«) ) 

iff sign(s) = + , and by 

D'jD'j := int [p, H V- ' f r t (£*esP*0t) ) 

iff sign(s) — —. Here the int(s) notation used in the Correctness Lemma 5.3.2 
iss extended to expressions involving the division operator 0 on real intervals in 
thee obvious way. We define the tnt(.) operator applied to a bounded set of real 
numbers,, as produced by the division and addition operators in the above two 
expressionss for D'j, to denote the smallest interval of real numbers containing that 
set. . 

5.66 Constraint Propagation: Second Approach 

Inn this approach we limit our attention to a special type of polynomial constraints, 
namelyy the ones of the form s op b, where s is a polynomial in which each vari
ablee occurs at most once and where b is an integer. We call such a constraint 
aa simple polynomial constraint. By introducing variables that are equated 
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withh appropriate monomials we can rewrite any polynomial constraint into a se-
quencee of simple polynomial constraints. We apply then to the simple polynomial 
constraintss the rules introduced in the previous section. 

Too see that the restriction to simple polynomial constraints can make a dif-
ferencee consider the constraint 

lOOxx • y - lOy • z = 212 

inn presence of the ranges x,y,z E [1..9]. We rewrite it into the sequence 

uu = x-y, v = y-z, lOOw - 10i> = 212, 

wheree u,v are new variables, each with the domain [1..81]. 

Itt is easy to check that the POLYNOMIAL EQUALITY rule introduced in the 
previouss section does not yield any domain reduction when applied to the original 
constraintt lOOz • y — lOy • z = 212. In presence of the discussed optimization the 
domainn of x gets reduced to [1..3]. 

However,, if we repeatedly apply the POLYNOMIAL EQUALITY rule to the 
simplee polynomial constraint lOOu - 10f = 212, we eventually reduce the domain 
off u to the empty set (since this constraint has no integer solution in the ranges 
u,u, v e [1..81]) and consequently can conclude that the original constraint 100a: • 
yy ~ lOy • z = 212 has no solution in the ranges x,y,z e [1..9], without performing 
anyy search. 

Thee integer interval domains of the introduced variables are fully determined 
byy the integer interval domains of the original variables. For this reason, no 
branchingg on these variables is needed: when the domains of the original variables 
aree reduced to singleton sets, the domains of the introduced variables will be 
singletonn sets as well. It is not efficient to branch on the new variables either. 
Considerr for example that we have problem variables x, y 6 [1.10], with a variable 
uu £ [1..100] introduced to represent their product u = x-y. If the domain of u is 
bisected,, two branches are created in which the domains of the problem variables 
xx and y have an overlap after propagation of the constraint u = x • y: 

leftt branch: right branch: 
uu € [1..50] u £ [51. .100] 
xx e [1..10] x e [6..io] 
yy e [1-10] y e [6..10] 

Thiss overlap can lead to a larger search space, so branching on the introduced 
variabless should be avoided. For the search process, such variables can be con
sideredd auxiliary variables, as introduced in Section 2.2.5. 
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5.77 Constraint Propagation: Third Approach 
InIn this approach we focus on a small set of 'atomic' arithmetic constraints. We 
calll  an arithmetic constraint atomic if it is in one of the following two forms: 

•• a linear constraint, 

•• x  y — z. 

Itt is easy to see that using appropriate transformation rules involving auxiliary 
variabless we can transform any arithmetic constraint into a sequence of atomic 
arithmeticc constraints. In this transformation, as in the second approach, the 
auxiliaryy variables are equated with monomials so we can easily compute their 
domains. . 

Thee transformation to atomic constraints can strengthen the reduction. Con
siderr for example the constraint 

u-x-y+lu-x-y+l — v-x-y 

andd ranges u 6 [1..2], v € [3..4], and x,y e [1..4]. The first approach without 
optimizationn and the second approach cannot find a solution without search. If, 
ass a first step in transforming this constraint into a linear constraint, we introduce 
ann auxiliary variable w to replace x • y, we are effectively solving the constraint 

u-wu-w + 1 = v • w 

withh the additional range w € [1..16], resulting in only one duplicate occurrence 
off a variable instead of two. With variable w introduced (or using the optimized 
versionn of the first approach) constraint propagation alone finds the solution u = 
2,, v — 3, x = 1, y — 1. 

Wee explained already in Section 5.4 how to reason about linear constraints. 
(Wee omitted there the treatment of the disequalities which is routine.) Next, we 
focuss on the reasoning for the multiplication constraint x • y = z in presence of 
thee non-empty ranges x e Dx, y e Dy and z G Dz. To this end we introduce the 
followingg three domain reduction rules: 

MULTIPLICATIONMULTIPLICATION 1 

(x-y(x-y = z ; x e Dx,y £ Dyiz e Dz) 
(x(x • y = z ; x E DX:yeDy,zGDzn \nt{Dx • £>„)) 

MULTIPLICATIONMULTIPLICATION 2 

{x-y{x-y = z; x € Dx,y € Dy,z E Dz) 
(x-y(x-y = z: x£ DXH mt(Dz/Dy),y eDy,z<E Dz) 
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MULTIPLICATIONMULTIPLICATION 3 

{x{x -y = z ; x E Dx,y E Dy,z E Dz) 
(x(x • y = z ; l e ^ j / e D y n mt{Dz/Dx), z E Dz) 

Thee way we defined the multiplication and the division of the integer intervals 
ensuress that the MULTIPLICATION rules 1,2 and 3 are equivalence preserving. 
Considerr for example the MULTIPLICATION 2 rule. Take some a e Dx,b £ Dy 

andd c E Dz such that a • b = c. Then a £ {x E ZZ \ 3z E Dz3y E Dyx • y = z], 
soo a € DzJDy and a fortiori a e \t)t(Dz/Dy). Consequently a E Dx D int(jD^/JDy). 
Becausee we also have (Dx H \nt(Dz/Dy)) C Dx, this shows that the MULTIPLI
CATIONCATION 2 rule is equivalence preserving. 

Thee following example from [Apt03] shows an interaction between all three 
MULTIPLICATIONMULTIPLICATION rules. 

5.7.1.. EXAMPLE. Consider the CSP 

{x-y{x-y = z; xE [1..20],j/€ [9.. 11], z E [155..161]). (5.4) 

Too facilitate the reading we underline the modified domains. An application 
off  the MULTIPLICATION 2 rule yields 

{x{x • y = z ; xE [16..16], y E [9.. 11], z E [155..161]) 

since,, as already noted in Subsection 5.3.2, [155..161]/[9..11]) = [16..16], and 
[1..20]nint([16..16])) = [16..16]. Applying now the MULTIPLICATION 3 rule we 
obtain n 

(x-y(x-y = z; xE [16..16], y E [10-10], z E [155..161]) 

sincee [155..161]/[16..16] = [10..10] and [9..11] D int([10..10]) - [10..10]. Next, by 
thee application of the MULTIPLICATION 1 rule we obtain 

(x-y(x-y = z; xE [16..16], y E [10..10], z E [160..160]) 

sincee [16..16] • [10..10] = [160..160] and [155..161] n int([160..160]) = [160..160]. 
Soo using all three multiplication rules we could solve the CSP (5.4). • 

Noww let us clarify why we did not define the division of the sets of integers Z 
andd Y by 

Z/YZ/Y := {z/y E ZZ \ y EY,z E Z,y  0}. 

Thee reason is that in that case for any set of integers Z we would have Z/{0} — 0. 
Consequently,, if we adopted this definition of the division of the integer intervals, 
thee resulting MULTIPLICATION 2 and 3 rules would not be equivalence pre
servingg anymore. Indeed, consider the CSP 

(x-y(x-y = z : xE [-2..1], y E [0..0], z E [-8..10]). 
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Thenn we would have [-8..10]/[0..0] = 0 and consequently by the MULTIPLICA
TIONTION 2 rule we could conclude 

{x-y{x-y = z\ i € 0 , i / 6 [0..0], z £ [-8..10]). 

Soo we reached an inconsistent CSP while the original CSP is consistent. 
Inn the remainder of the chapter we will also consider variants of this third 

approachh that allow squaring and exponentiation as atomic constraints. For this 
purposee we explain the reasoning for the constraint x — yn in presence of the 
non-emptyy ranges x £ Dx and y £ Dy, and for n > 1. To this end we introduce 
thee following two rules in which to maintain the property that the domains are 
intervalss we use the int(.) operation of Section 5.3: 

EXPONENTIATION EXPONENTIATION 

{x{x = yn ; x £Dx,y £ Dy) 
{x{x = yn ; x e Dxn\nt{D%),y £ Dy) 

ROOTROOT EXTRACTION 

{x{x = yn ; x£Dx,y£Dy) 

(x(x = yn ; x£ Dx,y£ int(D„ n \/T7x)) 

Too prove that these rules are equivalence preserving suppose that for some 
aa £ Dx and b £ Dy we have a — bn. Then a £ D™, so a e 'mt(Dy) and conse-
quentlyy a £ Dxf] 'mt(Dy). Also b £ </L\, so b £ Dy D \fL\, and consequently 
bb £ \nt(Dy D \fL\). The set intersection operation prevents the extension of the 
domains,, as usual. 

5.88 A Characterization of the MULTIPLICA
TIONTION Rules 

Itt is useful to reflect on the effect of the proof rules used to achieve constraint 
propagation.. In this section, by way of example, we focus on the MULTIPLICA
TIONTION rules and characterize their effect using the notion of bounds consistency 
off  [VHSD98]. Let us recall first the definition that we adopt here to the mul-
tiplicationn constraint. Given an integer interval [l..h] we denote by [l,h] the 
correspondingg real interval. 

5.8.1.. DEFINITION. The CSP (x • y = z ; x £ [lx..hx],y £ [ly..hy], z £ [lz..hz]) is 
calledd bounds consistent if 

•• Va £ {lx, hx} 3b £ [ly, hy] 3c £ [lz,hz] a-b = c. 
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•• Vb G {ly,hy} 3a G [lx,hx] Be € [h,hz] a-b — c, 

•• Vc € {lz, hz} 3a E [lx, hx] 3b G [ly, hy] a • b = c. • 

Thenn we have the following result. 

5.8.2.. THEOREM (BOUNDS CONSISTENCY). Suppose a CSP (x • y = z ; x G 

DDxx,y,y G Dy,z G Dz) with integer interval domains is bounds consistent. Then it 
isis closed under the applications of the MULTIPLICATION 1, 2 and 3 rules. 

Proof.. See the Appendix. n 

Thee converse of the above result does not hold. Here is an example. Consider 
thee CSP 

(x-y(x-y = z ; z G [-2..1],yG [-3.. 10],z G [8..10]). 

Itt is not bounds consistent, since for y = — 3 no real values a G [—2,1] and 
cc G [8,10] exist such that a • (—3) = c. Indeed, it is easy to check that 

{y{y G IR | 3x € [-2,1] 3z G [8,10]x-y = z} = (-oo, -4] U [8, oo). 

However,, this CSP is closed (see Section 5.2.2) under the applications of the 
MULTIPLICATIONMULTIPLICATION 1, 2 and 3 rules since 

•• [8..10] C int([-2..1] • [-3..10]), as int([-2..1] • [-3..10]) = [-20..10], 

•• [-2..1] C int([8..10]/[-3..10]) as int([8..10]/[-3..10]) = [-10..10], and 

•• [-3..10] C int([8..10]/[-2..1]) as int([8..10]/[-2..1]) = [-10..10]. 

Thee following result clarifies that this example identifies the only cause of 
discrepancyy between the closure under the MULTIPLICATION rules and bound 
consistency.. Here, given an integer interval D := [l..h] we define 

{D){D) := {xe 2Z | I <x < h}. 

5.8.3.. THEOREM (BOUNDS CONSISTENCY 2). Consider a CSP <f> := (x • y = 
zz ; x G Dx,y G Dy,z 6 Dz) with non-empty integer interval domains and such 
that that 

00 G (Dx) n {Dv} implies 0 G Dz. (5.5) 

SupposeSuppose 4> is closed under the applications of the MULTIPLICATION i, 2, and 
33 rules. Then it is bounds consistent. 

Proof.. See the Appendix. • 

Lett us mention here that to deal with the constraint x • y — z in [SS01] similar 
ruless to our MULTIPLICATION rules were proposed. These rules were defined 
withoutt the use of interval arithmetic. The rules for the variables x and y are 
differentt and more complex (also from an implementation point of view) than our 
MULTIPLICATIONMULTIPLICATION rules 2 and 3. As a result they achieve bounds consistency 
forr the constraint x • y — z for arbitrary integer interval domains. 
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5.99 Implementation Details 

5.9.11 Weak Division 

Wee already mentioned in Section 5.3 that the division operation on the intervals 
doess not admit an efficient implementation. The reason is that the int(.) closure of 
thee interval division [a..è]/[c..d] requires an auxiliary computation in case when 
00 ^ [c.d]. The preprocessing of [c.d] becomes impractical for small intervals 
[a..b],[a..b], and large [c.d], occurring for example for the constraint FJiLi xt = f|"=1 i, 
off  the benchmark problem mentioned in Subsection 5.1.1. To remedy this problem 
wee have used in our implementation another division operation. We call it weak 
divisiondivision since it yields a larger set (and so is 'weaker'). This operation is defined 
ass follows: 

ff  [|"min(yl)l .. [tx\ax{A)\] if 0 £ [c.d], or 
[a..b][a..b] : [c.d] := I 0 i [a..b] and 0 e {c. d} and c < d. 

yy [a..b]/[c..d] otherwise 

wheree A = {a/c'\a/d'\b/c\b/d'}, and [c'..d'] = [c.d] - {0} . 
Thenn int([a..6] : [c.d]) can be computed by a straightforward case analysis 

alreadyy used for int([a..6]/[c..d]) but now without any auxiliary computation. 
InIn particular, in our implementation we used the following counterparts of the 

MULTIPLICATIONMULTIPLICATION rules 2 and 3: 

MULTIPLICATIONMULTIPLICATION 2w 

(x-y(x-y = z; x e Dx,y 6 Dy.z e Dz) 
{x{x • y - z ; x e Dxn \nt(Dz : Dy), y e Dy,z € Dz) 

MULTIPLICATIONMULTIPLICATION 3w 

(x(x -y = z ; x E Dx,y e Dy,z € Dz) 
(x-y(x-y = z; x G Dx, y <E Dy H int(D2 : Dx),z 6 Dz) 

Inn the assumed framework based on constraint propagation and tree search, 
alll  domains become eventually singletons or empty sets. It can easily be verified 
thatt both division operations are then equal, i.e., [a..b] : [c.d] = \a..b]l[c..d]. for 
aa > b and c > d. For this reason, we can safely replace any of the reduction rules 
introducedd in this chapter, notably POLYNOMIAL EQUALITY. POLYNOMIAL 
INEQUALITY,INEQUALITY, and MULTIPLICATION 2 and 3, by their counterparts based 
onn the weak division. For the MULTIPLICATION rules specifically, the follow-
ingg theorem states that both sets of rules actually achieve the same constraint 
propagation. . 
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5.9.1.. THEOREM {MULTIPLICATION). A CSP (x • y = z ; x <E Dx,y € 
DDyy,, z € Dz) with integer interval domains is closed under the applications of 
thethe MULTIPLICATION 1, 2 and 3 rules iff it is closed under the applications of 
thethe MULTIPLICATION 1, 2w and 3w rules. 

Proof.. See the Appendix. D 

Lett us clarify now the relation between the MULTIPLICATION rules and the 
correspondingg rules based on real interval arithmetic coupled with the rounding 
off  the resulting real intervals inwards to the largest integer intervals. The CSP 
(x(x • y = z ; x £ [—3..3],y € [—1..1], z € [1.-2]), which we already discussed in the 
introduction,, shows that these approaches yield different results. Indeed, using 
thee MULTIPLICATION rule 2 we can reduce the domain of x to [-2..2], while 
thee second approach yields no reduction. 

Onn the other hand, the applications of the MULTIPLICATION rules 2w 
andd 3w to (x • y = z ; i £ Dx,y £ Dy,z G Dz) such that \x\t{Dz : Dx) ^ 
\v\t(D\v\t(Dzz(D(Dxx)) and int(£>2 : Dy) ^ \v\t{Dz/Dy) (so in cases when the use of the 
weakk interval division differs from the use of the interval division) do coincide 
withh the just discussed approach based on real interval arithmetic and inward 
rounding.. This is a consequence of the way the multiplication and division of the 
reall  intervals are defined, see [HJvEOl]. We did not implement these instances of 
thee MULTIPLICATION rules 2w and 3w through a detour via the rules for real 
intervalss for the reasons explained in the introduction. 

5.9.22 Implementation 

Constraintt Propagation 

Integerr intervals in OpenSolver are implemented by the Integer-Interval domain 
typee plug-in. This plug-in, and the interval arithmetic operations on it are built 
usingg the mpz type of the GNU MP library [Gra04a], which supports arbitrary 
precisionn (or rather arbitrary length) integers. Domains of type Integer lnterval 
consistt of an indication of the type of the set (bounded, unbounded, left/right-
bounded,, or empty), and the appropriate number (0, 1, or 2) of bounds. 

Left-boundedd and right-bounded sets have the respective forms {x € ZZ \ x > 
1}1} and {x € ZZ \ x < h}, which are not integer intervals. Therefore, instead 
off  X, Integer lnterval is a (rather crude) implementation of the domain type 
containingg all sets [L.h], with l,h € Z U {—oc, CXD}, where Z is a finite subset of 
ZZZZ containing all integers that can be represented on a particular machine, using 
typee mpz. 

Thee reduction rules are implemented by a plug-in IIARule (Integer Interval 
Arithmeticc Rule). Its specifier string has the form 

x"pp • (s) op q, 
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wheree op € {<,—} , s is a monomial, and q is a polynomial. When the domain of 
aa variable in s or p is modified, IIARule wil l set the domain Dj of Xj to 

int(Z?j-nn ny/'int(q/s)) 

iff  op is the symbol =, or to 

mt(Djmt(Dj H nV\nt(Hq/8))) 

iff  op is the symbol <. With q set to & —£je[i..m]_{j}TO j this implements the POLY
NOMIALNOMIAL EQUALITY and POLYNOMIAL INEQUALITY rules of Section 5.5, 
off  which all other rules are instances. 

Ass an example of its use in a solver configuration, the following three operators 
implementt the constraint x3y — x < 40. 

DRFF IIARule {  x"3 * (l*y ) <= l* x + 40 } ; 
DRFF IIARule {!y~ l * (l*x~3) <= l* x + 40 } ; 
DRFF IIARule {  x" l * (-1) <= -l*x"3* y + 40 } ; 

Thee ! prefix in the second specifier string activates the optimization described 
att the end of Section 5.5, which entails that common power products in s and 
qq are eliminated. This cannot be implemented as a preprocessing stage, because 
IIARulee needs to know the full monomial s, so that it can select the appropriate 
casee for sign (s). 

Schedulingg Reduct ion Operators 

Forr the second and third approach, we make use of the scheduling facilities of 
thee operator-based scheduler, described in Section 4.1.1. We distinguish user 
constraintsconstraints from the constraints that are introduced to define the values of 
auxiliaryy variables. Before considering for execution a DRF ƒ that is part of 
thee implementation of a user constraint, it is ensured that all auxiliary variables 
thatt ƒ relies on are updated. For this purpose, the indices of the DRFs that 
updatee these variables precede the index of ƒ in the schedule. If ƒ can change 
thee value of an auxiliary variable, its index is followed by the indices of the DRFs 
thatt propagate back these changes to the variables that define the value of this 
auxiliaryy variable. 

Ass an example, the following operators (prefixed by a sequence number that 
iss not part of the configuration) enforce the constraint lOOz • y — lOy • z — 212. 

0.. DRF IIARule { aux_xy"l * (1) = x*y }; 
1..  DRF IIARul e {  aux_yz~ l  *  (1 )  =  y* z } ; 
2..  DRF IIARul e {  x" l  *  Cy )  =  aux.x y } ; 
3..  DRF IIARul e {  y" l  *  (x )  =  aux_x y } ; 
4..  DRF IIARul e {  y" l  *  (z )  =  aux.y z } ; 
5..  DRF IIARul e • (  z" l  *  (y )  =  aux.y z } ; 
6..  DRF IIARul e {  aux_xy~ l  *  (100 )  =  10*aux_y z +  21 2 } ; 
7..  DRF IIARul e {  aux.yz' 1 *  (-10 )  =  -100*aux_x y +  21 2 } ; 
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Thee operators with sequence number 6 and 7 correspond to the user constraint. 
Operatorss 1, 2, and 3 constrain the auxiliary variable aux_xy to be equal to x • y, 
andd 0, 4, and 5 do the same for aux^yz and y • z. The following schedule is 
generatedd along with the decomposition. 

SCHEDULERR ChangeScheduler {  schedule = {  1 ,6 ,2 ,3 ,0 ,7 ,4 ,5 > } ; 

I tt specifies that in principle, operators 6 and 7 are applied in sequence, but 
operatorr 1 is considered before operator 6 in order that aux_xy, which appears 
inn the right-hand side expression for operator 6, is updated before operator 6 is 
applied.. If this modifies aux_yz, operators 2 and 3 wil l propagate this modification 
backk to x and y before operator 7 is applied. The example is artificial because 
withoutt other constraints on x and y, the "problem" could be solved entirely on 
thee auxiliary variables, and evaluation and back propagation would only have to 
bee applied once. 

Forr the third approach, there can be hierarchical dependencies between auxil-
iaryy variables. Much like the HC4 algorithm of [BGGP99] (see also Section 4.5), 
thee generated schedule specifies a bottom-up traversal of this hierarchy in a for-
wardd evaluation phase and a top-down traversal in a backward propagation phase 
beforee and after applying a DRF of a user constraint, respectively. In the for-
wardd evaluation phase, the DRFs that are executed correspond to the MUL
TIPLICATIONTIPLICATION 1 and EXPONENTIATION rules. The DRFs of the backward 
propagationn phase correspond to the MULTIPLICATION 2 and 5, and ROOT 
EXTRACTIONEXTRACTION rules. It is easy to construct examples showing that the use of 
hierarchicall  schedules can be beneficial compared to cycling through the rules. 

Op t im i za t i on n 

Onee of our benchmark problems is an optimization problem, where we want to 
findd the assignment of values to decision variables that yields the optimal value for 
ann objective function. Our approach to optimization problems is to introduce a 
variablee for the outcome of an objective function, which can then be evaluated by 
constraintt propagation. An optimization operator (a particular form of reduction 
operator,, discussed in Section 3.2.2) then monitors this variable. It records the 
bestt value seen for any solution, and applies the dynamic constraint that new 
solutionss must improve on this value. 

Forr integer objective functions this is implemented by the Optimize reduction 
operator: : 

DRFF Optimiz e {  - x } ; 

It ss specifier string is the name of an I n teger I n t e r v al variable, prefixed with -
forr minimization, or + for maximization. If the objective function is composed of 
arithmeticc operations, it can be evaluated using the IIARul e reduction operator. 
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Thiss yields a particular form of branch-and-bound search (see for example 
[Dec03]).. Branch-and-bound algorithms maintain an estimation for the outcome 
off  the objective function in the subtree that is currently being explored. This 
estimationn is a bound for the outcome of the objective function: a lower bound 
forr minimization, and an upper bound for optimization. Based on this estimation, 
itt may be possible to conclude that a particular branch of the search tree will 
neverr be able to improve on the current best solution. Such subtrees can then 
bee pruned away. In our case the estimation is an interval that is guaranteed to 
containn the outcome of the objective function for any solutions that descend from 
thee current node of the search tree. 

Approaches s 

Thee proposed approaches were implemented by first rewriting arithmetic con-
straintss to polynomial constraints, and then to a sequence of DRFs that corre-
spondd with the rules of the approach used. We considered the following methods: 

l aa the first approach, discussed in Section 5.5; 

l bb the optimization of the first approach discussed at the end of Section 5.5 that 
involvess dividing out common powers of variables; 

2aa the second approach, discussed in Section 5.6. The conversion to simple 
polynomiall  constraints is implemented by introducing an auxiliary variable 
forr every nonlinear monomial. This procedure may introduce more auxiliary 
variabless than necessary; 

2bb an optimized version of approach 2a, where we stop introducing auxiliary 
variabless as soon as the constraints contain no more duplicate occurrences 
off  variables; 

3aa the third approach, discussed in Section 5.7, allowing only linear constraints 
andd multiplication as atomic constraints: 

3bb idem, but also allowing x — y2 as an atomic constraint: 

3cc idem, allowing x — yn for all n > 1 as an atomic constraint. 

Approachess 2 and 3 involve an extra rewrite step, where the auxiliary vari-
abless are introduced. The resulting CSP is then rewritten according to approach 
la.. During the first rewrite step the hierarchical relations between the auxiliary 
variabless are recorded and the schedules are generated as a part of the second 
rewritee step. For approaches 2b and 3 the question of which auxiliary variables 
too introduce is an optimization problem in itself. Some choices result in more 
auxiliaryy variables than others. We have not treated this issue as an optimization 
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problemm but relied on heuristics. For this reason we have to consider the possi-
bilityy that performance for these approaches can be further improved because in 
ourr experiments we used a suboptimal rewriting. The rewrite steps are executed 
byy an external program, called pcrewrite (polynomial constraint rewrite), that 
couldd serve as the interface between OpenSolver and a calculator front-end. 

5.100 Experiments 

5.10.11 Problems 

Inn our experiments we used the following benchmarks. 

Cubes.. The problem is to find all natural numbers n < 100000 that are a sum 
off  four different cubes, for example 

l 33 + 23 + 33 + 43 = 100. 

Thiss problem is modeled as follows1: 

{11 < xi, xi < x2 — 1, x2 < x3 — 1, rr3 < x4 - 1, x4 < n, 
x^x^ + xl + xl + xl = n\ n G [1.. 100000], xux2,x3,x4 e 7Z) 

Opt.. We are interested in finding a solution to the constraint x3 + y2 = za in 
thee integer interval [1..100000] for which the value of 2x • y — z is maximal. 

Programm 3.1 on page 38 shows the OpenSolver configuration script for solving 
thiss problem according to approach 2a, which in this case is identical to that for 
approachh 3c. 

Fractions.. This problem is taken from [SS02]: find distinct nonzero digits such 
thatt the following equation holds: 

AA D G__ 
BCBC + EF + HI ~ 

Theree is a variable for each letter. The initial domains are [1..9]. To avoid 
symmetricc solutions an ordering is imposed: 

AA D G 
~BC~BC -E~F~H1 

lNotee that because the inequality constraints update only one bound, this works only because 
thee domain type implemented by In tege r ln te rval supports domains of the form {x G Z\x > 1} 
andd { / e Z | x < h}. with Z a finite subset of Z. For using domain type X we would have to 
providee initial bounds for x\, J-2, x$, and
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Alsoo two redundant constraints are added: 

3 ^ 2 11 and z§i^ 
Becausee division is not present in our arithmetic expressions, the above con-
straintss are multiplied by the denominators of the fractions to obtain arithmetic 
constraints.. Two representations for this problem were studied: 

• • 

• • 

fractionsfractions 1 in which five constraints are used: one equality and four inequal-
itiess for the ordering and the redundant constraints, 

fractions2,fractions2, used in [SS02], in which three auxiliary variables, BC, E F and 
HIHI,, are introduced to simplify the arithmetic constraints: BC — 105 + C, 
EFEF = 10£ + F, and HI = 10H + I. 

Additionally,, in both representations, 36 disequalities A ^ B, A ^ C, .... H ^ I 
aree used. 

Kyoto.. The problem (from [DS95]) is to find the number n such that the al-
phanumericc equation 

K Y O T O O 
K Y O T O O 

++ K Y O T Q 
T O K Y O O 

hass a solution in the base-n number system. Our representation uses a variable 
forr each letter and one variable for the base number. The variables K and T may 
nott be zero. There is one large constraint for the addition, 6 disequalities K ^Y 
...... T ^ O and four constraints stating that the individual digits K,Y,0,T, 
aree smaller than the base number. To spend some CPU time, we searched base 
numberss 2.. 100. 

Sumprod.. This is the problem cited in Subsection 5.1.1, for n — 14. We use 
thee following representation: 

(Xii  + . .. + £„  = Ci + . . .+ C„, 
X\X\ . . .  Xn C\ • . . . cn. 

x\x\ < x2, x2 < x3,..., xn_i < xn ; 
xxAA....,x....,xnn e [l..n], 
C]]  e{ l} ,c 2e{2},. . . ,cne{n} } 

Forr n = 14, the value of the expression fj" =1 { equals 14!, which exceeds 232, 
andd to avoid problems with the input of large numbers, we used bound variables 
Ci,.. .,, cn and constraint propagation to evaluate it. 
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5.10.22 Results 

Tabless 5.1 and 5.2 compare the proposed approaches on the problems defined 
inn the previous subsection. We used a chronological variable selection strategy 
andd a bisection branching, and in all experiments we searched for all solutions, 
traversingg the entire search tree by means of depth-first leftmost-first chronolog-
icall  backtracking. The first two columns of table 5.1 list the number of variables 
andd the DRFs that were used. Column nodes lists the size of the search tree, in-
cludingg failures and solutions. The next two columns list the number of times that 
aa DRF was executed, and the percentage of these activations that the domain of 
aa variable was actually modified. For the opt problem, the DRF that implements 
thee optimization is not counted, and its activation is not taken into account. The 
elapsedd times in the last column are the minimum times (in seconds) recorded 
forr 5 runs on a 1200 MHz Athlon CPU. 

Tablee 5.2 lists measured numbers of basic interval operations. Note that 
forr approach lb, there are two versions of the division and addition operations: 
onee for integer intervals, and one for intervals of reals of which the bounds are 
rationall  numbers (marked Q). Columns multl and multF list the numbers of 
multiplicationss of two integer intervals, and of an integer interval and an integer 
factor,, respectively. These are different operations in our implementation. 

Forr the cubes, opt, and sumprod problems, the constraints are already in 
simplee form, so approaches la, lb and 2b are identical. For cubes and opt all 
nonlinearr terms involve a single multiplication or exponentiation, so for these 
experimentss also approaches 2a and 3c are the same. For both versions of the 
fractionsfractions problem, and for sumprod, no exponentiations are used, so versions a, 
b,, and c of approach 3 are identical. 

Thee results of these experiments clearly show the disadvantage of implement-
ingg exponentiation by means of multiplication: the search space grows because 
wee increase the number of variable occurrences and lose the information that it 
iss the same number that is being multiplied. For opt and approach 3a, the run 
didd not complete within reasonable time and was aborted. 

Columnss E and I of table 5.1 compare the propagation achieved by our ap-
proachess with two other systems, respectively ECLlPSe Version 5.6 [WNS97] 
usingg the ic library, and ILOG Solver 5.1 [IloOl] using type ILOINT. For this 
purposee we ran the test problems without search, and compared the results of 
constraintt propagation. A mark '=' means that the computed domains are the 
same,, '+' that our approach achieved stronger propagation than the solver that 
wee compare with, and '-' that propagation is weaker. For cubes, ECI/PS6 com-
putess the same domains as those computed according to approach 3b, so here 
thee reduction is stronger than for 3a, but weaker than for the other approaches. 
Forr opt ECL'PS6 and ILOG Solver compute the same domains. These domains 
aree narrower than those computed according to approaches 3a and 3b, but the 
otherr approaches achieve stronger reduction. In all other cases except for kyoto 
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cubes cubes 
1,2b b 

2a,3c c 
3a a 
3b b 

opt opt 
1,2b b 

2a,3c c 
3a a 
3b b 

fractionsfractions 1 
l a a 
l b b 
2a a 
2b b 
3 3 

fractions2 fractions2 
l a a 
l b b 
2a a 
2b b 
3 3 

kyoto kyoto 
l a a 
lb b 
2a a 
2b b 
3a a 
3b b 
3c c 

sumprod sumprod 
1,2b b 

2a a 
3 3 

elapsed d 
nvarr nDRF nodes activated %eff. (sec.) 

55 14 169.755 1,876,192 9.52 9.60 
99 22 169,755 2,237,590 16.28 6.46 

133 34 206,405 3,011,749 20.02 8.46 
133 34 178,781 2,895,717 20.62 8.61 

44 7 115,469 5.187,002 42.16 20.97 
88 15 115,469 9,800,017 60.00 21.47 

100 21 ? ? ? ? 
100 21 5,065,195 156.906,444 46.49 406.39 

99 154 11,289 1,193,579 3.65 16.00 
99 154 7,879 734,980 3.45 17.99 

377 210 11,289 1,410,436 23.27 4.95 
322 200 11,289 1,385,933 21.65 5.41 
433 208 11,131 1,426,204 27.76 5.07 

122 105 2,449 270,843 9.72 0.58 
122 105 989 94,894 9.12 0.55 
200 121 2,449 350,390 22.19 0.48 
155 111 2,449 301,865 17.50 0.46 
222 123 1,525 293,051 27.33 0.41 

55 37 87,085 3,299,814 6.09 21.80 
55 37 87,085 3,288,461 5.94 46.12 

133 53 87,085 3,781.514 23.02 10.73 
122 51 87,085 3,622.461 21.45 11.06 
166 60 87,087 4,276,066 26.70 10.25 
166 60 87,085 4,275,957 26.70 10.34 
166 59 87,085 3.746.532 23.26 9.33 

288 82 230,233 10,910,441 7.91 112.25 
300 86 230,233 9,196,772 9.39 89.37 
544 134 55,385 3.078.649 18.01 26.57 

EE I 

++ = 
++ = 

++ + 
++ + 

== _ 

== = 

++ + 

== = 

Tablee 5.1: Statistics and comparison with other solvers 
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cubes cubes 
1,2b b 

2a,3c c 
3a a 
3b b 

opt opt 
1,2b b 

2a,3c c 
3a a 
3b b 

fractionsfractions 1 
l a a 
l b b 

2a a 
2b b 
3 3 

fractions2 fractions2 
l a a 
lb b 

2a a 
2b b 
3 3 

kyoto kyoto 
l a a 
lb b 

2a a 
2b b 
3a a 
3b b 
3c c 

sumprod sumprod 
1,2b b 

2a a 
3 3 

root t 

1,182 2 
180 0 

0 0 
192 2 

2,299 9 
1,636 6 

? ? 

21,066 6 

0 0 
0 0 

0 0 
0 0 
0 0 

0 0 
0 0 

0 0 
0 0 
0 0 

735 5 
735 5 

383 3 
383 3 

0 0 
<0.5 5 

1 1 

0 0 
0 0 
0 0 

exp p 

4,224 4 
181 1 

0 0 
198 8 

4,599 9 
1,538 8 

? ? 

18,106 6 

0 0 
0 0 

0 0 
0 0 
0 0 

0 0 
0 0 

0 0 
0 0 
0 0 

11,041 1 
8,146 6 

759 9 
759 9 

0 0 
<0.5 5 

1 1 

0 0 
0 0 
0 0 

div v 

0 0 
0 0 

589 9 
384 4 

1,443 3 
2,150 0 

? ? 

54,172 2 

868 8 
51 1 

1,5500 Q 
734 4 
776 6 
693 3 

142 2 
19 9 
655 Q 

124 4 
124 4 
114 4 

1,963 3 
218 8 

4,3100 Q 
1,591 1 
1,597 7 
1,991 1 
1,990 0 
1,554 4 

4,032 2 
2,186 6 

609 9 

multl l 

0 0 
0 0 

438 8 
198 8 

1,444 4 
738 8 

? ? 

18,285 5 

28,916 6 
11,892 2 

933 3 
1,509 9 

339 9 

690 0 
127 7 

149 9 
206 6 
46 6 

13,853 3 
8,955 5 

484 4 
1,360 0 

578 8 
578 8 
484 4 

100,791 1 
27,948 8 

205 5 

multF F 

4,756 6 
4,756 6 
4,927 7 
4,842 2 

11,064 4 
8,138 8 

? ? 

106,652 2 

14,238 8 
8,010 0 

4,736 6 
5,292 2 
4,835 5 

304 4 
59 9 

138 8 
210 0 
142 2 

10,853 3 
12,516 6 

5,324 4 
5,756 6 
5,324 4 
5,324 4 
5,324 4 

85,419 9 
81,728 8 
25,799 9 

sum m 

4,245 5 
4,245 5 
4,363 3 
4,305 5 

5,187 7 
4,445 5 

? ? 

57,470 0 

13,444 4 
6,727 7 
1,3555 Q 
4,669 9 
5,147 7 
4,769 9 

212 2 
26 6 
499 Q 
94 4 

118 8 
101 1 

13,946 6 
10,592 2 
3,2777 Q 
7,504 4 
8,008 8 
7,505 5 
7,504 4 
7,504 4 

149,479 9 
149,479 9 
46,960 0 

total l 

14,408 8 
9,363 3 

10,317 7 
10,121 1 

26,037 7 
18,645 5 

? ? 

275,751 1 

57,466 6 
29,584 4 

11,071 1 
12,725 5 
10,636 6 

1,348 8 
344 4 

505 5 
658 8 
403 3 

52,390 0 
48,749 9 

16,044 4 
17,863 3 
15,398 8 
15,397 7 
14,868 8 

339,721 1 
261,340 0 
73,573 3 

Tablee 5.2: Measured numbers (thousands) of interval operations 
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andd approach lb the results of all three solvers are the same. 
Forr the fractions puzzle, the symbolic manipulation of approach lb reduces the 

searchh tree by a factor 0.70 for the first representation, and by a factor 0.40 for the 
second.. However, this reduction is not reflected in the timings. For fractions 1 the 
elapsedd time even increases. The reason is that computing the domain updates 
involvess adding intervals of real numbers. The arithmetic operations on such 
intervalss are more expensive than their counterparts on integer intervals, because 
thee bounds have to be maintained as rational numbers. Arithmetic operations 
onn rational numbers are more expensive because they involve the computation of 
greatestt common divisors. For kyoto the symbolic manipulation did not reduce 
thee size of the search tree, so the effect is even more severe. 

Inn general, the introduction of auxiliary variables leads to a reduction of the 
numberr of interval operations compared to approach la. The reason is that auxil-
iaryy variables prevent the evaluation of subexpressions that did not change. This 
effectt is strongest for fractionsl, where the main constraint contains a large num-
berr of different power products. Without auxiliary variables all power products 
aree evaluated for every POLYNOMIAL EQUALITY rule defined by this con-
straint,, even those power products the variable domains of which did not change. 
Withh auxiliary variables the intervals for such unmodified terms are available 
immediately,, which leads to a significant reduction of the number of interval mul-
tiplications.. For sumprod, the difference between approaches la and 2a is a bit 
artificial,, because the operations that are saved involve the computation of the 
constantt term C\ •... • cn. A comparable number of interval additions can be saved 
iff  we introduce a variable for the constant term C\ + ... + cn. If we add these 
variabless to the CSP all variants of approaches 1 and 2 are essentially the same. 

Thee effect that stronger reduction is achieved as a result of introducing aux-
iliaryy variables, mentioned in Section 5.7, is seen for both representations of the 
fractionsfractions benchmark, and prominently for sumprod. In the latter case, this effect 
dependss on a decomposition of the term Yl™=l %i as X\ • (x2 • {• • • • {xn-\ • xn)...)), 
withh an auxiliary variable per pair of brackets. The decomposition then matches 
thee chronological ordering used to select the variable for branching. If the order
ingg is reversed, the number of nodes is equal to that of the other approaches. The 
effectt described in Section 5.6 is not demonstrated by these experiments. 

Iff we do not consider the symbolic manipulation of approach lb, then ap
proachh 3c leads to the smallest total number of interval operations in all cases, 
butt the scheduling mechanism discussed in Section 5.9 is essential for a consistent 
goodd performance. If for example the schedule is omitted for opt, the number of 
intervall operations almost triples, and performance of approach 2a and 3c is then 
muchh worse than that of approach la. 

Thee total numbers of interval operations in table 5.2 do not fully explain all 
differencess in elapsed times. One of the reasons is that different interval operations 
havee different costs. Also some overhead is involved in applying a DRF, so if the 
numberr of applications differs significantly for two experiments, this influences 
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thee elapsed times as well (opt, la, 2a, fractions2, 2a, 2b). The elapsed times 
aree not the only measure that is subject to implementation details. For example, 
wee implemented division by a constant interval [—1.- — 1] as multiplication by a 
constant,, which is more efficient in our implementation. Such decisions are also 
reflectedd in the numbers reported in table 5.2. 

5.111 Conclusions 

Inn this chapter we discussed a number of approaches to constraint propagation for 
arithmeticc constraints on integer intervals. To assess them we implemented them 
usingg the OpenSolver framework, and compared their performance on a number 
off  benchmark problems. We can conclude that: 

•• Implementation of exponentiation by multiplication gives weak reduction. 
Inn our third approach x = yn should be used as an atomic constraint. 

•• The optimization of the first approach, where common powers of variables 
aree divided out, can significantly reduce the size of the search tree, but 
thee resulting reduction steps rely heavily on the division and addition of 
rationall numbers. These operations are more expensive than their integer 
counterparts,, because they involve the computation of greatest common 
divisors.. As a result, our implementation of this approach was inefficient. 

•• Introducing auxiliary variables can be beneficial in two ways: it may strength
enn the propagation, as discussed in Sections 5.6 and 5.7, and it may prevent 
thee evaluation of subexpressions the variable domains of which did not 
change. . 

•• As a result, given a proper scheduling of the rules, the second and third 
approachh perform better than the first approach without the optimization, 
inn terms of numbers of interval operations. Actual performance depends on 
manyy implementation aspects. However for our test problems the perfor
mancee of variants 2a, 2b and 3c does not differ much, except for one case 
wheree the decomposition of a single multiplication of all variables signifi
cantlyy reduced the size of the search tree. 

Becausee of the inherent simplicity of the reduction rules and the potential 
additionall reduction of the search tree, approach 3c is our method of choice. 
Wee decompose polynomial constraints into multiplication, exponentiation, and 
linearr constraints. A hierarchical scheduling of the resulting reduction rules is 
essentiall for improving the performance of approach la. As we noted at the 
endd of Section 5.9.2, it may be possible to improve the performance further by 
treatingg the decomposition into atomic constraints as an optimization problem, 
minimizingg the number of auxiliary variables. 
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Givenn that approach l b can achieve a significant reduction of the search tree, 
i tt would be interesting to combine it with approach 3c. Depending on the effect 
off  the symbolic manipulation, a selection of the optimized rules that enforce a 
particularr constraint according to approach l b could be used as redundant rules. 
Inn this case, the internal computations need not be precise, and we could main-
tainn the rational bounds as floating-point numbers, thus avoiding the expensive 
computationn of greatest common divisors. 

Notee that our characterization of the third approach is limited to version 3a. 
AA characterization of the linear equality constraints can be found, for example, 
inn [Apt03], but the atomic constraint x — yn is not covered. Also a proper 
characterizationn of the first and second approach may help us formalize the im-
provedd reduction observed in Sections 5.6 and 5.7. Because of the lengthy proofs 
involved,, we have left this as an opportunity for future work. 

Wee would like to point out that the operators studied in this chapter are 
similarr to those for enforcing hull consistency, which we discussed in Section 4.5 
forr floating-point intervals. In Chapter 7 we wil l implement a stronger notion of 
consistencyy called box consistency, and apply this both to floating-point inter-
valss and integer intervals. The operators for enforcing box consistency wil l be 
composedd from the facilities introduced here and in Section 4.5, plus a generic 
operatorr for nested search. 

Soo far we have only seen examples of constraint solvers on a single domain 
type.. In the next chapter we wil l study a hybrid solver, where some of the facilities 
introducedd here, namely those for optimization, are combined with reduction 
operatorss on special-purpose domain types. 
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Job-Shopp Scheduling in OpenSolver 

Ass a case study, we demonstrate how OpenSolver can be configured as a solver for 
thee job-shop scheduling problem (JSSP). For this purpose we will introduce a 
smalll  number of dedicated plug-ins. Because we can rely on existing facilities for 
searchh and optimization, building this specialized solver involves only a modest 
implementationn effort. Two of the new plug-ins are variable domain types, and 
thiss particular OpenSolver configuration demonstrates a technique that we refer 
too as constraining special-purpose domain types. We will conclude the 
chapterr with a discussion of the pros and cons of this technique. Also, JSSP is 
consideredd to be a non-trivial problem that is representative for many scheduling 
problemss that occur in practice. As such, this case study demonstrates that our 
approachh leads to solvers that have a relevance beyond puzzle-type problems such 
ass the ones we used in the previous chapters. 

6.11 Introduction 

Thee tools that are available to model a combinatorial problem as a CSP differ for 
variouss constraint solvers. The basic machinery typically includes: 

•• finite domain and interval representations for the domains of integer vari
ables,, and a floating-point interval representation for real numbers, 

•• arithmetic constraints on numerical variables, 

•• global constraints, such as the alLdifferent constraint. 

Dependingg on the problem that we want to model, these facilities may or may 
nott be fully adequate to construct a CSP. 

InIn an open-ended constraint solver, we have the possibility to add new facili
ties.. If a problem is hard to model, it may be easier to add a few special-purpose 
facilities,, such as a new constraint. This may lead to a CSP that is much closer 
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too the original problem than a CSP that uses only the built-in primitives. In a 
library-basedd system, like ILOG Solver, the user can write new constraints and 
goalss to guide the search by writing new subclasses of base classes provided by 
thee library. In logic programming systems, like ECL'PS6, such facilities can be 
writtenn in the host language, usually Prolog. Here we will be using the readily 
availablee facilities for search and optimization of OpenSolver, and complement 
thesee with plug-ins for special purpose domain types and reduction operators for 
thee job-shop scheduling problem. 

Thee chapter is structured as follows: In Section 6.2 we introduce the job-
shopp scheduling problem, and describe an algorithm for solving it. In Section 6.3 
wee detail the implementation of this algorithm in OpenSolver. We conclude 
inn Section 6.4 with a discussion of our approach from a software engineering 
perspective.. An evaluation of our implementation on a set of benchmark problems 
iss postponed until the next chapter, where we compare it with an alternative 
implementationn based on nested search. 

6.22 The Job-Shop Scheduling Problem 

AA JSSP instance consists of a set of activities, and a number of machines 
(inn general, resources). An activity is characterized by the machine that it 
mustt be processed on, and by a processing time, which specifies for how long 
thee machine is needed. JSSP is a non-preemptive scheduling problem, which 
meanss that activities cannot be interrupted. They acquire the machines for their 
fulll  processing time. Activities are grouped in jobs, where all activities of a 
jobb have to be executed in a specified order. The problem is to find for each 
activityy an interval in which it can be executed on the specified machine, such 
thatt no two activities require the same machine simultaneously (the capacity 
constraint:constraint: for JSSP, the machines have a capacity of one activity), and such 
thatt the precedence constraints inside the jobs are respected. An optimal 
schedulee minimizes the completion time of the activities that finish last. 

Thee table in Figure 6.1(a) specifies an example JSSP consisting of three jobs, 
eachh having three activities that require three different machines. Each row of the 
tablee specifies the numbers of the machine needed for the three activities, and 
betweenn parentheses the processing time of the activity. An optimal schedule 
forr this JSSP instance is depicted in Figure 6.1(b). The three bars represent the 
machines,, with the activities drawn on them. Black areas correspond to machines 
beingg idle. 

Algorithmm 6.1 is a basic JSSP solver, due to Baptiste, Le Pape. and Nuijten 
[BLPN01].. It is a branch-and-propagate algorithm, where branching determines 
thee relative order of the activities, expanding a partial schedule until all activities 
havee been ordered, and constraint propagation verifies that the current partial 
schedulee does not violate any precedence or capacity constraints. Each activity 
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AiAi has the following data associated with it: 

•• its release date, or earliest possible starting time, denoted n, 

•• its deadline, or latest possible completion time, denoted di, and 

•• its processing time, denoted pi. 

Fromm these follow: 

•• the earliest possible completion time, denoted ecU, and 

•• the latest possible starting time of the activity, denoted Isti. 

Thee rule for step 1 of the algorithm is to select the machine that is the critical 
resource.resource. Criticality is measured by comparing supply and demand for the 
resources.. Supply is the time window given by the earliest release date, and the 
latestt deadline among all activities that require the machine. Demand is their 
totall processing time. A machine with the smallest difference between these two 
quantities,, which is called the resource's slack time, is selected. The rule for 
stepp 2 is to select the activity with the earliest release date. The latest starting 
timee is used for breaking ties. 

Constraintt propagation in step 3 of the algorithm narrows the time windows 
forr the activities by increasing release dates and decreasing deadlines to enforce 
thee precedence and capacity constraints. In [BLPN01] a number of propagation 
techniquess are presented for these constraints. From this collection we used the 
followingg techniques: 

•• For two consecutive activities Ai and Aj of a job, we ensure that di < Istj, 
andd ecti < Tj to enforce the precedence constraint. 

•• The disjunctive constraint. For every pair of activities Ai and Aj that require 
thee same machine we know that either Ai precedes Aj, or Aj precedes Ai. 
Therefore,, if we find that ectj > Isti, we know that Aj cannot precede Ai, 
andd we can propagate the reverse constraint by enforcing di < Istj, and 
ectiecti < Tj, and similarly for the case that ecti > Istj. 

•• The edge finding algorithm, implementing further pruning for the capac
ityy constraint by identifying activities that must execute first, or last, in 
aa given set of activities. We implemented the variant of the algorithm de
scribedd in [BLPN01]. Its time complexity is quadratic in the number of 
activitiess that require the same resource. 

Edgee finding was introduced by Carlier and Pinson [CP89], and provided a break
throughh in job-shop scheduling because it allowed that for the first time, the 
famouss benchmark problem FT10 (also known as MT10) was solved. 
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Figuree 6.1: a 3 x 3 JSSP instance and a minimal schedule for it 

1.. Select a machine for which the activities are not fully ordered 

2.. Select an activity to execute first among the unordered activities of that 
machine.. Post the corresponding precedence constraints. Keep the 
thee other activities as alternatives to be tried upon backtracking. 

3.. Verify feasibility of the partial schedule by means of constraint propagation. 
Backtrackk upon failure. 

4.. Iterate step 2 until all activities on the selected machine are ordered. 

5.. Iterate step 1 until all activities on all resources are ordered. 

Algorithmm 6.1: Basic algorithm for solving the job-shop scheduling problem 
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6.33 JSSP in OpenSolver 

Inn this section we describe the plug-ins that were developed to implement al-
gorithmm 6.1 as an OpenSolver configuration. First, two special-purpose variable 
domainn types were introduced. 

A c t i v i t y y 

Thesee are data structures consisting of three integers, that hold the release date, 
deadline,, and processing time of an activity. Branching on these variables wil l 
enumeratee candidate starting times, or candidate completion times, similar to 
left/right-enumeration,, which is illustrated in Figure 4.2(b) and (c) for finite 
domains.. Algorithm 6.1 branches only on the order, and not on the actual timing 
off  the activities, though, but this facility wil l be used in the solver of Section 7.5.4. 
Thee size reported by an A c t i v i t y domain is one plus the width of its time 
windoww minus its processing time, which is the actual number of possibilities for 
schedulingg the activity. 

Thee command for introducing an activity A{, with (initial) release date and 
deadlinee r̂  and di and processing time p^ is 

AUXX  Ai IS A c t i v i t y {  rit pt, d{ } ; 

Heree the keyword AUX is used instead of VARIABLE to mark an activity as an 
auxiliaryy variable. 

Ranking g 

OpenSolverr does not directly support posting and retracting constraints, as spec-
ifiedd in step 2 of Algorithm 6.1. Instead, we introduced a domain type Ranking 
forr exploring alternative assignments of a machine to activities. A value for a 
variablee of type Ranking is essentially a permutation of the numbers 0 . .. na - 1 
thatt specifies a particular order in which na activities that require the same ma-
chinee are executed. The domain of such a variable is a set of permutations. It is 
implementedd as a data structure consisting of 

•• an array of length na, containing (initially in that order) the different indices 
00 through na — 1. 

•• an integer na, indicating that the first n0 entries of the array have been 
ordered.. The remaining na - n0 entries are considered to be unordered. 

•• an index i € [0..na — n0 — 1], indicating a specific entry in the unordered part 
off the array. This is the next candidate for expanding the ordered part. 
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Figuree 6.2: Branching on a variable of domain type Ranking 

Thee search tree is expanded by splitting variables of domain type Ranking, this 
iss depicted in Figure 6.2. In the left branch, the element indicated by the index 
ii is added to the ordered set, and i is set to point to the first element of the new 
unorderedd set. In the right branch, the ordered set is unchanged, and i points 
too the next candidate in the unordered set. In other words, the domain in the 
leftt branch corresponds to all permutations where the number pointed to by i is 
thee next element, and the right branch corresponds to the set of all permutations 
wheree this number is not the next element. If i > na - n0 - 2 then the S i zeO 
methodd of a Ranking domain wil l return 1, indicating that the permutation is 
fixed.. Otherwise a value greater than 1 is returned (detailed below). 

Thee code for introducing a Ranking variable for machine rrij is the following. 

VARIABLEE rrij IS Ranking {  na } ; 

AA number of reduction operators implement the interaction between logical 
variabless of domain types A c t i v i t y and Ranking: 

Precedes s 

Thiss propagation operator enforces the precedence constraint on two activities, 
ass described in the previous section. The operation is similar to enforcing bounds 
consistencyy for the linear inequality constraint on integer intervals (see Chap-
terr 5), but now operating on Ac t i v i t y domains. This operator is applied to all 
consecutivee pairs of activities Al: Aj of the same job: 

DRFF Precedes {  At. A} } ; 
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RankActivities s 

Thiss operator applies to a variable of domain type Ranking, plus na Activity 
variables.. It is imposed on the activities that require the same machine. On the 
activitiess whose indices are in the ordered part of the Ranking data structure, 
thee corresponding precedence constraints are enforced. A precedence constraint 
iss also enforced on all possible combinations of the last ordered activity and an 
unorderedd activity. 

Thee syntax for introducing the DRF that enforces the constraint that activi-
tiess Ail,..., Aina are processed on the machine with Ranking variable rrij is the 
following. . 

DRFF RankActivities {  m,j, Ail7...: Aina } ; 

Wee would like to remark that RankActivities, and some of the other re-
ductionn operators used in this chapter, have all the properties of a global con-
straint,straint, as described in Section 4.2. Indeed, as we already discussed there, global 
constraintss could be implemented in this way, and special-purpose domain types 
cann be used to store any information that needs to be maintained during con-
straintt propagation or search. 

Thee Precedes and RankActivities operators already provide the necessary 
ingredientss for a JSSP solver that is sound and complete. From this point of 
view,, the other plug-ins are an optimization: 

Disjunctiv e e 

Thee Disjunctive plug-in implements the constraint that two activities that re-
quiree the same machine cannot overlap in time. It is applied to all pairs of 
activitiess A{, Aj that require the same machine: 

DRFF Disjunctive { Au Aj }; 

EdgeFinding g 

Thiss plug-in implements the edge finding algorithm. Its specifier string lists the 
nnaa Activity variables that require the same machine: 

DRFF EdgeFinding { Ah,..., Aina } ; 

DecorateRanking g 

Thiss is a branching operator that serves only to decorate a variable of domain 
typee Ranking with the information that is needed to implement the variable 
selectionn strategy described in Section 6.2. Because no subdomains are created 
byy the branching operator, we call it a -pseudo branching operator. Like 
RankActivities,, it applies to a variable of domain type Ranking, and a sequence 
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off  na activities requiring the same machine. For the unordered activities, it 
calculatess the difference between the size of the available time window, and the 
totall  processing time, as described in the previous section. Ranking variables 
thatt have not been subject to branching report this difference plus one as the size 
off  the domain. In combination with a regular fail-first variable selection strategy, 
thiss ensures that activities on critical resources are tried first in branching. 

Inn addition to this, the unordered part of the array of Figure 6.2 is sorted 
accordingg to increasing release date and latest starting time. When splitting a 
Rankingg domain, this results in the value section strategy for step 2 of Algo-
rithmm 6.1. The specifier string for the DecorateRanking plug-in is identical to 
thatt for the RankAc t i v i t i es plug-in: 

DRFF DecorateRanking{  m j ' J4ÏJ , - - •, Ain }', 

Algorithmm 6.1 computes feasible schedules instead of minimal schedules. Op
timizationn can be realized by adding an extra step 6, which backtracks after a 
solution,, and constrains subsequent solutions to have a shorter schedule length 
thann the current solution. The last solution found is then the optimal sched
ule.. The resulting branch-and-bound search is implemented by introducing an 
activityy makespan having processing time 0, which is scheduled to start after the 
lastt activity of each job. This approach is described in [VHPP00]. Via another 
special-purposee operator BoundActivi ty, the domain of an integer interval vari
ablee is constrained to range from the release date to the deadline of this activity. 
Thee Optimize operator, introduced in Section 5.9.2, constrains the length of the 
schedulee to decrease for subsequent solutions. 

Programm 6.1 shows an example configuration file for a JSSP instance. Such 
filess are generated from JSSP specifications by a small preprocessor program. The 
initiall release date for the makespan activity is set to the maximum processing 
timee among all jobs and all sets of activities that are assigned to the same ma
chine.. Its initial deadline is the sum of all activity processing times. All variables 
exceptt the instances of Ranking are auxiliary variables. This means that for 
anyy feasible ordering that is found, the time windows for the individual activities 
mayy be wider than their processing times. To avoid having to search actively 
forr the minimum makespan of a given ordering, which can easily be achieved by 
lettingg all activities start on their release dates, we use an additional operator 
FixMakespan.. For all (suboptimal) solutions encountered during the search, this 
pseudoo branching operator collapses the time window for the makespan activity 
suchh that it can only be scheduled at its release date. The minimal schedule 
forr a feasible permutation of activities follows. We implemented a variant of the 
Precedencee and D i s j unc t i v e operators that apply to any number of activities. 
WeWe found that this gives slightly better performance than the binary operators de
scribedd above. A schedule of reduction operators, in the language of Figure 4.1, 
iss generated to coordinate constraint propagation such that application of the 
expensivee edge finding operators is postponed until a fixed point of the other 
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operatorss is reached. This fixed point is recomputed if edge finding reduces the 
timee window of an activity. 

Insteadd of branch-and-bound, the solver described in [BLPN01] performs a 
bisectionn search for the minimal schedule. We compare both optimization algo-
rithmss on a set of benchmark problems in Section 7.5.1, where we use nested 
searchh to implement the latter alternative. 

6.44 Discussion 

Constrainingg Special-Purpose Domain Types 

Thee scheduling facilities discussed here were developed primarily for the purpose 
off  testing OpenSolver on benchmarks of arguable relevance, but we believe that 
thee technique of constraining special-purpose data structures, like the Ranking 
andd Activity variables, is interesting in itself. On the one hand, it illustrates 
thee use of OpenSolver as an abstract branch-and-prune tree search engine, that 
cann be configured in different ways for different tasks. Again, the effort of de-
velopingg these plug-ins is modest compared to developing a JSSP solver from 
scratch.. While these plug-ins have littl e relevance outside the specific applica-
tionn of scheduling, the framework allows for a seamless integration with existing 
facilities,, notably for search, optimization, and parallel processing. 

Onn the other hand, scheduling is an example of a combinatorial problem for 
whichh an efficient translation to regular constraint programming primitives is not 
straightforward.. For this reason, other platforms have built-in facilities (for exam-
ple,, the OPL Resource data type [VH99]) for scheduling as well (implementing 
permutation-basedd JSSP solving on top of standard modeling facilities is explored 
inn [Zho97]). In general, these "heavy-weight" application-specific domain types 
alloww us to write constraint programs that are very close to the original problem, 
andd are hence more easily verified to be correct. A specific advantage of our ap-
proachh is that these facilities are not hard-wired in the system. We expect that 
thee technique can be applied to other combinatorial (optimization) problems, for 
whichh a direct translation to regular constraints is not straightforward. 

AA disadvantage of our approach is that heavy-weight domain types like Ranking 
doo not lend themselves naturally for domain reduction by means of constraint 
propagation.. For implementing Algorithm 6.1 this is not problematic, but it im-
pedess the implementation of several possible improvements of this algorithm. For 
example,, if the disjunctive constraint implies that one activity always precedes an-
otherr in a particular branch of the search tree, we cannot reduce the domain of a 
Rankingg variable accordingly. Permutations that violate this deduced constraint 
wil ll  be generated over and over again (trashing), and have to be refuted by prop-
agationn of the disjunctive constraint. This may lead to substantially larger search 
trees. . 
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AUXX JOA O I S Activit y {0,5,29 } 

AUXX J0A 1 I S Activit y {0,2,29 } 

AUXX J0A 2 I S Activit y {0,3,29 } 

AUXX J1A 0 I S Activit y {0,4,29 } 

AUXX J1A 1 I S Activit y {0,4,29 } 

AUXX J1A 2 I S Activit y {0,1,29 } 

AUXX J2A 0 I S Activit y {0,3,29 } 

AUXX J2A 1 I S Activit y {0,3,29 } 

AUXX J2A 2 I S Activit y {0,4,29 } 

AUXX makespa n I S Activit y  {13,0,29} ; 

AUXX imakespa n I S Integerlnterva l  {  } ; 

VARIABLEE MO I S Rankin g {  3  } 

VARIABLEE Ml  I S Rankin g {  3  } ; 

VARIABLEE M2 I S Rankin g {  3  } ; 

DRFF RankActivitie s {  MO,  J0A1 ,  J1A2 ,  J2A 0 

DRFF RankActivitie s {  Ml ,  JOAO,  J1A0 ,  J2A 2 

DRFF RankActivitie s {  M2 ,  J0A2 ,  J1A1 ,  J2A 1 

DRFF Precede s {  JOAO,J0A1,J0A2 ,  makespa n } 

DRFF Precede s {  J1A0,J1A1,J1A2 ,  makespa n } 

DRFF Precede s {  J2A0,J2A1,J2A2 ,  makespa n } 

DRFF Disjunctiv e {  J0A1,J1A2,J2A0 } 

DRFF Disjunctiv e {  JOAO,J1A0,J2A2 } 

DRFF Disjunctiv e {  J0A2,J1A1,J2A1 } 

DRFF EdgeFinding {  J0A1 ,  J1A2 ,  J2A 0 } 

DRFF EdgeFinding {  JOAO,  J1A0 ,  J2A 2 } 

DRFF EdgeFinding {  J0A2 ,  J1A1 ,  J2A 1 } 

DRFF DecorateRankin g {  MO,  J0A1 ,  J1A2 ,  J2A 0 

DRFF DecorateRankin g {  Ml ,  JOAO,  J1A0 ,  J2A 2 

DRFF DecorateRankin g {  M2 ,  J0A2 ,  J1A1 ,  J2A 1 

DRFF BoundActivit y {  makespan ,  imakespa n } ; 

DRFF FixMakespa n {  imakespan ,  imakespa n } ; 

DRFF Optimiz e {  -imakespa n } ; 

DRFF FailFirs t  {  0 ,  MO,  Ml ,  M2 } ; 

SCHEDULERR ChangeSchedule r  {  schedul e = 

((  {  0 ,  1 ,  2 ,  3 ,  4 ,  5 ,  6 ,  7 ,  8 ,  12 ,  13 , 

9,,  10 ,  1 1 )  } ; 
14,, 15, 16, 17, 18 } , 

Programm 6.1: OpenSolver configuration for the JSSP instance of Figure 6.1 
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Onee way to avoid this problem would be to "virtually" reduce the domain of 
Rankingg variables by recording this kind of information in the domain data struc-
tures,, and preventing that the erroneous permutations are generated. This way, 
moree and more constraint solving functionality is pushed into the basic value se-
lectionn strategy offered by the domain type. This is all the more interesting from 
aa solver cooperation perspective, but other CSP formulations are better suited for 
thiss kind of propagation. One option would be to use a Boolean variable for every 
pairr of activities on the same machine, and to use so-called reified constraints 
too enforce the precedence relations that these variables encode. A reified con-
straintt is a constraint of the form b <-+ C, with b a Boolean variable and C a 
constraintt [SS02]. It reads "6 if and only if C," which entails that if b is false, the 
negationn of C is enforced, and if C becomes redundant or falsified, the domain of 
bb is reduced accordingly. Reified constraints are typically used to express logical 
connectivess between constraints, such as C <-> C'. 

Search h 

Anotherr issue is the flexibilit y of our search strategy. Languages like OPL and 
SALSAA [LC02] offer richer facilities for specifying search procedures. To illus-
tratee the limitations of the current set of plug-ins, consider the variable selection 
strategyy of Algorithm 6.1. Once a machine is selected, all tasks that require it are 
scheduledd before another machine is considered. This was implemented by ma-
nipulatingg the size of the variable domain that is reported by Ranking instances. 
Whenn a domain of type Ranking is split, as depicted in Figure 6.2, the resulting 
subdomainss will always report size 2. Domains that have never been split report 
aa size greater than 2 that reflects the total slack time of the resource. As a result, 
aa fail-first variable selection strategy will prefer variables that have been split 
before,, which leads to the required strategy. 

AA more elegant implementation of the variable selection strategy would be to 
composee it from two basic strategies. Suppose that in addition to fail-first (FF) 
wee have at our disposal a strategy R that always selects the variable that has been 
selectedd most recently. A SALSA expression for our variable selection strategy 
wouldd then be 

(R** O FF)* O cont 

Thiss specifies that we keep applying R until no subdomains are generated by 
splittingg the most recently split variable. This happens at the beginning of the 
search.. In that case we apply fail-first. This composite procedure is repeated 
untill  a leaf of the search tree is reached, where instead of terminating the search, 
wee continue the exploration. 

AA similar composition can be achieved in OpenSolver through the adapter 
mechanism.. We can implement a branching operator CompositeBranching that 
accommodatess two, or any number of branching operators. When one of these 
internall  branching operators does not yield any subdomains, it applies the next. 
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Thee following code would then result in the variable selection strategy for job-shop 
scheduling: : 

DRFF CompositeBranching { 
DRFF RepeatBranching {  0, MO, Ml, M2 } ; 
DRFF AnnotateVariableSelection {  FailFirst {  0, MO, Ml, M2 }  } ; 

} ; ; 

wheree RepeatBranching branches on the most recently selected variable. The re-
quiredd variable index can be maintained using an annotation, like the RoundRobin 
plug-inn does (see Section 4.1.2). Here we assume that Fa i lF i rst is modified to 
maintainn this annotation through an adapter AnnotateVariableSelection. 

Usingg this composition, we do not have to set the size of Ranking subdomains 
too two. If, as an experiment, we would like to reconsider the choice of the resource 
eachh time we extend the partial schedule with a new activity, we would just have 
too replace the above composite branching strategy with Fai lF i rs t. Currently we 
wouldd have to modify and recompile the Ranking plug-in for this experiment. In 
OPL,, Algorithm 6.1 is realized by nesting the value selection in a while statement, 
thatt prevents a new Resource to be selected while the current resource has not 
beenn completely ranked. For our experiment we would simply have to remove 
thiss while statement (see [VHPP00] ). 

Forr computing the slack times, and sorting the unordered part of the ar-
rayss of Figure 6.2, there are no good alternatives for using pseudo-branching 
operators.. If we want to make this the responsibility of the branching opera-
tor,, it would need to be aware of the relation between the ranking variables and 
thee activities. This is possible, but would result in special-purpose branching 
operators,, while currently, the problem-specific details are hidden in the pseudo 
branchingg operator DecorateRanking. Also we could consider to implement facil-
itiess for programmable value selection strategies, as supported by SALSA Choice 
specifications.. However, it should be realized that the OpenSolver configuration 
languagee is a lower-level language than SALSA and OPL. As we discussed in 
Sectionn 4.1.1, it should be seen as an assembly language, and consequently we 
havee many options for realizing specific techniques. For the present problem, the 
pseudoo branching operators seem a good solution. However, for a coherent set of 
plug-ins,, languages that are closer to OPL and SALSA could be implemented on 
topp of OpenSolver, as a compiler that generates configuration specifications. 

6.55 Concluding Remarks 

Inn this chapter we have demonstrated how OpenSolver can be configured as a 
basicc solver for the job shop scheduling problem. This involves a technique that 
wee refer to as constraining special-purpose domain types, which entails that new-
domainn types and reduction operator plug-ins are added when problems cannot 
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bee modeled efficiently with the facilities that are readily available. Through its 
open-endedd nature, OpenSolver is particularly suited for this technique, and it 
demonstratess its use as an abstract branch-and-propagate tree search engine. 

Thee job-shop scheduling problem is an interesting test case because it is com-
putationallyy expensive, and because it is considered to be representative for many 
schedulingg problems that occur in practice. An evaluation of the efficiency of the 
solverr that we described here is postponed until Section 7.5.1 in the next chap-
ter,, where we compare it with an alternative optimization scheme on a set of 
benchmarkk problems. 





Chapterr 7 

Applicationss of Nested Search 

Nestedd search entails that a limited branch-and-propagate tree search is per-
formedd during constraint propagation. In this chapter we propose a generic re-
ductionn operator for nested search, and investigate the extent to which it can be 
usedd to express a number of well-known techniques, from different application 
domains,, for improving the efficiency of constraint solving. Generalizing solving 
techniquess has several advantages. From a modeling perspective, the technique 
extendss easily to other application domains, and from a software engineering 
perspective,, it avoids duplicate code with only small variations for different ap-
plications. . 

Thiss is the first of three chapters that demonstrate the use of OpenSolver as 
aa software component. In this case OpenSolver implements the generic reduction 
operatorr for nested search. Consequently, we gain rich facilities for expressing the 
nestedd search, at the cost of an overhead for using a general-purpose constraint 
solverr for very specific search problems. We demonstrate that despite this over-
head,, our approach leads to a viable implementation of the techniques that we 
aree interested in. 

7.11 Introduction 

Constraintt propagation is usually implemented as the repeated application of 
reductionn operators that enforce some form of local consistency, such as arc con-
sistency,, or an approximation thereof. In this context 'local' means that only 
individuall  constraints, applying to a small subset of the variables are considered 
whenn removing values from the domains of the variables. For arithmetic con-
straints,, these individual constraints are usually the result of a decomposition 
off  complex constraints into atomic constraints, for which the resulting form of 
consistencyy is weaker than for the original constraints. 

Sometimess the efficiency of constraint solving can be improved by enforcing 
aa stronger, less local form of consistency. Operators that enforce such a form 
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off  consistency typically still update the domain of a single variable, but more 
thann a single constraint is considered when removing values. This is achieved by 
activelyy trying different subdomains for the variable that we want to reduce, and 
thenn verifying by means of constraint propagation that this does not violate the 
combinedd constraints. The resulting trial-and-refutation mechanism can be 
seenn as a limited form of branch-and-propagate search, where branching is on the 
domainn of a single variable only. 

Wee will look at two examples of such operators: enforcing box consistency 
forr arithmetic constraints, and removing (shaving off) unfeasible activity start-
ingg times and completion times in scheduling problems. Box consistency can be 
explainedd as to consider all atomic constraints in the decomposition of a single 
userr constraint, and is therefore a stronger notion of consistency than what is 
achievedd for the decomposition alone. Shaving considers the full set of capacity 
andd precedence constraints in a scheduling problem, when trying to refute possi-
blee values for the variable that it is applied to. We will show that both operators 
cann be expressed as applications of a generic operator for nested search. A third 
applicationn is optimization by means of a bisection search in the range for the 
outcomee of an objective function. 

Insteadd of implementing dedicated operators for each of these techniques, 
ourr approach entails that these operators are composed from a limited set of 
basicc facilities, which includes the generic operator for nested search. This is an 
advantagee in hybrid solvers, supporting multiple domain types, where we want to 
avoidd that techniques like shaving are available only for a subset of the domain 
types.. It is of even greater importance for open-ended solvers, where the set 
off  domain types can be extended. A disadvantage is that a generic operator is 
likelyy not as efficient as a dedicated implementation. We provide the results of 
experimentss that show that despite a general-purpose constraint solver is used 
forr the nested search, we still obtain a workable implementation. 

Thee rest of this chapter is structured as follows. The reduction operator for 
nestedd search is defined in Section 7.2. In Section 7.3 we show how it can be 
usedd to define optimization, box consistency, and shaving. Section 7.4 details the 
implementationn of the operator, and Section 7.5 describes the experiments. 

7.22 An Operator for Nested Search 

Inn this section we propose a generic operator for nested search. It is presented as 
aa domain reduction function that, like all other DRFs, is used in the context of a 
branch-and-propagatee search for a solved form of an ECSP. The DRF is evaluated 
duringg the constraint propagation phase, and may yield a smaller domain for one 
off  the variables of the ECSP. Since we are defining a generic operator, the DRF 
forr this operator is parameterized with some extra information. This extra 
informationn instantiates the DRF to perform a particular reduction step. 
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Innerr and Outer ECSP 

InIn this case, the information that parameterizes the DRF is another ECSP. So 
unlikee the DRFs that we encountered so far, the DRF for nested search involves 
moree than one ECSP: 

1.. The ECSP whose domains are reduced by the DRF. For regular DRFs, this 
iss the only ECSP that we need to consider. Here we will call this ECSP the 
outerouter ECSP. 

2.. The ECSP that parameterizes the DRF. We will call this ECSP the pa
rameterrameter ECSP. 

3.. The parameter ECSP is combined with the domains that the DRF is eval-
uatedd for (detailed below). This results in a third ECSP that we will call 
thee inner ECSP. 

Evaluationn of the DRF for nested search involves solving the inner ECSP by 
meanss of a branch-and-propagate search. The term nested search refers to this 
branch-- and-propagate search on the inner ECSP, and emphasizes that it occurs as 
aa single domain reduction step in the encompassing branch-and-propagate search 
onn the outer ECSP. 

Thee inner ECSP is a modified version of the parameter ECSP. It is obtained 
byy replacing the domains of certain variables with the domains that the DRF is 
evaluatedd for. We introduce the following notation to describe this modification. 

7.2.1.. DEFINITION. Let P be an ECSP with variables xu...,xm and corre-
spondingg domain types T\,...,Tm. For Dx e Tj,...,£>„  € Tn, and n < m, 
lett (P, (£>!,..., Dn)) denote the ECSP obtained by replacing in P the domains of 
thee first n variables xi,...,xn with £>i,..., Dn, and projecting the new sequence 
off  domains on the constraints. D 

7.2.2.. EXAMPLE. For 

P:={CPP:={CP ; x,y,z<= {0,1,2}  ; Dx,Dy,DzeZ; Ax,Ay,Az), 

(P,, ({0,1} , {1,2}) ) denotes the ECSP obtained by replacing the domain of x in 
PP with {0,1} , and the domain of y in P with {1,2} : 

(P,, {{0,1} , {1,2} » = (C'P;x€ {0,1} , y E {1,2},z e {0,1,2} 
;; Dx,Dy,DzeZ 

wheree C'P is CP[{0,1}, {1,2} , {0,1,2}] , the projection of the new domains on the 
constraintss of P. The domains of x and y in P, and their sets of final domains 
aree irrelevant for the purpose of this notation. The projection is needed only 
too maintain the property that constraints are subsets of Cartesian products of 
domains.. C 
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Definitionn of the Operator 

Thee operator for nested search is now defined as follows. 

7.2.3.. DEFINITION. Given 

•• an ECSP P with at least n variables, and 

•• a variable x3 with 1 < j < n, 

lett T\,... ,Tn be the domain types of the first n variables in P. We define the 
function n 

ffP<X]P<X] : Tx x . . . x Tn -+ T3 

ass follows: 

-- , „ _ v ƒ D'; if (P, (D\,..., Dn)) is consistent 
/ ^ ( D 1 , . . . , D n )) = | 0 ' o t h e r w i s e 

wheree if P' :— (P, {Du ..., Dn)) is consistent, D'j is the domain of Xj in a 7 solved 
formm of P', for some notion of local consistency 7. G 

Too elucidate this definition, note that 

•• P and P' are the argument ECSP and inner ECSP, respectively. fp,x 

iss a domain reduction function for an outer ECSP Q that has variables 
Xi,...Xi,... ,xn and the corresponding domain types 7^,...,Tn in common with 
P.P. For our applications, P can always be defined such that x i , . . . , xn is a 
subsequencee of the variables of Q. 

•• If P' is consistent, there may exist more than a single 7 solved form of P'. 
Inn this case, the definition is not specific about which 7 solved form delivers 
thee outcome of the function. We will comment on this after the example 
below. . 

Further,, recall from Definition 2.2.14 on page 16 that a 7 solved form of an ECSP 
iss a subproblem that is 7 consistent, and whose domains are elements of their 
respectivee sets of final domains. 7 refers to some notion of local consistency, e.g., 
77 = arc for arc consistency. 

Operationally,, the evaluation of fpiXj on a given sequence of argument domains 
£>i,...,, Dn consists of the following three steps (see also Figure 7.1). 

1.. Construction of the inner ECSP (P, {Du..., Dn)) 

2.. Branch-and-propagate search on the inner ECSP. This is the actual nested 
search. . 
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fp*fp*ii{D{Duu...,D...,Dnn)) = -^ 

1.. construct P' := (P,{DU ... ,Dn)) 

I I 
2.. solve P 

// \ 
3.. consistent inconsistent —•- 0 

I I 
77 solved form 
{C{CPP;; ...,XjeD'3:... ; . . . ; . . . ) — £>̂  

Figuree 7.1: Evaluation of the DRF for nested search 

3.. If step 2 determines that the inner ECSP is inconsistent, fpXj(Di,..., Dn) 
evaluatess to 0. Otherwise, fP,Xj(Di,...,Dn) evaluates to the domain of 
variablee Xj in the 7 solved form that is found in step 2. 

Inn two of the three application considered in the next section, the inner ECSP 
hass exactly one decision variable, and in all applications, the inner ECSP has 
onee or more auxiliary variables. As a result, the branch-and-propagate search 
off step 2 is limited in the sense that it is not an exhaustive exploration of all 
possiblee combinations of canonical domains. Search takes place on a subset of 
thee variables only. 

Ann Example 

Wee will see three examples of specific uses of the DRF of Definition 7.2.3 in the 
nextt section. Just to illustrate the interaction between the inner ECSP, the DRF, 
andd the outer ECSP, we present the following (contrived) example. 

7.2.4.. EXAMPLE. Let Q be the ECSP 

QQ := {CQ ; U7, x, y € {0,1,2} ; Dw, Dx, Dy e Z ; Aw, AQ,X, AQ,V) 

Considerr the instance fp,y of the DRF for nested search that is parameterized by 
thee ECSP 

P:={x<y,P:={x<y, y^z; x,yeZ,ze {0,1,2} ; Dx,Dy,Dz£Z ; APlX,AP,v,Az) 

havingg sets of final domains Ap,x = [Z\, Ap,v = Z — {0}, and Az = [Z\, i.e., x 
andd z are decision variables, and y is an auxiliary variable in P. 

QQ and P share variables x and y, so as a DRF on Q, fptV has the signature 

*x*x  x *y ~* T-y 
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withh Tx — Z and Ty — Z. 
Iff  we evaluate this function for the domains of x and y in Q, i.e., we compute 

ƒ/>„({() ,, 1,2}, {0,1. 2}), we first construct the inner ECSP 

P'' = (P.<{0,L2},{0,1,2})) . 

Thiss is the first step of Figure 7.1, and in this case we have 

P'P' = (x<y, y^z; x,y,ze {0,1,2}  ; Dx,Dy,DzeZ ; AP,x,AP,y,Az) 

Thiss ECSP is consistent, so suppose that the branch-and-propagate search of 
stepp 2 finds the arc solved form 

{x{x <y, y^z; x = 0iye {1,2} , z = 0 ; Dx,Dy,Dz eZ ; AP,x,AP,y,At), 

whichh we also encountered in Example 2.2.15 on page 16. Now as step 3 we select 
thee domain of y in this arc solved form as the outcome of the function evaluation, 
andd we have 

ƒ*„({<) ,, 1,2}, {0,1,2}) = {1,2} 

InIn a branch-and-propagate search on Q, this result is then used as a new domain 
forr y, and Q is transformed into the following ECSP. 

{C'{C'QQ ; ™,x<E{0,l,2},t/e{l,2}  ; Dw, Dx, Dy e Z ; Aw,AQ,x,AQ,y), 

withh C'Q := Co[{0,1,2} , {0,1,2}, {1,2}] . D 

Onee way in which this example is contrived is that the relation between P 
andd Q is not clear. In our applications, P is constructed so that applying fPx. 
wil ll  remove values for which the constraints in CQ cannot be satisfied. 

Ass we mentioned after Definition 7.2.3, the functionality of the operator de-
pendss on the solved form that is found by the branch-and-propagate search in 
stepp 2 of Figure 7.1. If in Example 7.2.4, we had found another arc solved 
form,, for example one having Dx = {0} , Dy = {1} , and Dz = {2} , then 
ffPP,y({0,,y({0,1,2},1,2}, {0,1,2}) would have evaluated to {1}  instead of {1,2} . 

Inn two of the three applications discussed in the next section, we require a 
specificc kind of branch-and-propagate search in step 2 of Figure 7.1, namely the 
onee based on a depth-first, leftmost-first traversal strategy. This traversal strategy 
wil ll  lead to a specific solved form, which then fully determines the functionality 
off  the DRF. We will use a a superscript L to indicate this requirement: fPx.. 

Becausee the output variable Xj is also in the input scheme of fPx , and because 
fp,xjfp,xj (Di,..., Dn) evaluates to the domain of Xj in a solved form of the inner ECSP, 
byy Definition 2.2.14 on page 16 we have fP,x (Di,..., Dn) C Dj. Returning to 
thee discussion of DRF properties on page 21, this leads to inflationary updates of 
ECSPs,, which ensures that instantiations of the operator for nested search will 
nott cause non-termination of generic iteration algorithms. However, as we shall 
seee in the next section, the operators are not necessarily monotonie, or, as was 
alreadyy demonstrated by Example 7.2.4, equivalence preserving. 
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7.33 Applications 
Inn our applications, we will not use the operator for nested search to find a 
particularr value for the output variable Xj, but only to update one of its bounds. 
However,, without special care, the domain of Xj may be reduced to a singleton 
sett during search. This happens if Xj is a decision variable of the inner ECSP, 
butt also if its value is uniquely determined by the decision variables of the inner 
ECSP.. Therefore we will use a copy of the output variable during the search. 
Thiss copy is a regular CSP variable that is added to the parameter ECSP, and 
servess to update one of the bounds of the output variable. For this we use the 
regularr inequality constraints. 

Thee initial domain of the copy variable is set to that of the output variable. 
Wee cannot use an equality constraint here, because that would still reduce the 
domainn of the output variable to a singleton set, once a solved form is found. 
Thereforee we introduce the following constraint. 

7.3.1.. DEFINITION. Given two variables x and y with respective domains Dx 

andd Dy of the same domain type, let the constraint x := y denote the subset 
[D[Dxx H Dy) x Dy of Dx X Dy. 

Thiss constraint can be thought of as an assignment operator: modifications of the 
domainn of y are propagated to the domain of x, but not the other way around. 
Ourr first application below will demonstrate its use. 

Off  the three example applications discussed in this section, optimization by 
meansmeans of a bisection search involves inner ECSPs that have the most similarity 
withh the ECSPs that we have encountered so far: they represent purely combi-
natoriall  problems to which two auxiliary variables are added for optimization. 
Thereforee we discuss this application first. 

7.3.11 Optimization 

Ass an alternative to branch-and-bound, in optimization we can perform a bisec-
tionn search in the range of an objective function that is defined on the variables 
off  a combinatorial problem. The following search procedure is adapted from 
[BLPN01],, where it is applied to job-shop scheduling problems. Suppose we want 
too minimize an integer objective function that evaluates in the range [L.h]. As-
sumingg that a solution to the combinatorial problem exists (this is often the case 
forr constrained optimization problems, and certainly for job-shop scheduling), we 
cann determine the minimum as follows: 

1.. Split the domain [L.h] for the outcome of the objective function into two 
halvess [l..m] and [m+ l..h], with m := [^(l + h)\, and first try to solve the 
combinatoriall  problem with the domain for the outcome of the objective 
functionn set to [/..m]. 
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2.2. If the combinatorial problem has a solution for which the objective function 
evaluatess to a value v £ [Z..m], then if v equals / this is the minimum, and 
wee are done. If v > L restart the search at step 1, now using [L.v] as the 
rangee for the objective function. 

3.. If no solution exists for which the objective function evaluates in [/..m], 
restartt the search at step 1, now using [m + l..h] as the range for the 
objectivee function. 

Wee now describe this optimization scheme as an application of our operator 
forr nested search. Let 

R:={C\R:={C\ XleDu...,xneDn; Tu...,Tn; Ai,...,An) 

bee the ECSP for a combinatorial problem. In what follows we consider that we 
wantt to minimize the outcome of an integer objective function g on variables 
X\X\,...,,..., xn. 

Thee Parameter ECSP 

Wee will construct a parameter ECSP P such that evaluating fptC([L.h]) verifies 
thatt a solved form of R exists, for which g(x\,... ,xn) falls within the range 
[l..h].[l..h]. If it exists, fpyC([L.h]) evaluates to [L.v] where v is the outcome of g for 
thee particular solved form found during the evaluation of fpc. If it does not 
exist,, fpc([l..h]) evaluates to 0. R is the basis of the parameter ECSP P, but two 
variabless and three constraints are added. 

Firstt we add a variable c' for the outcome of the objective function, and 
constrainn it accordingly: 

c'c' = g{xu...,xn). 

Assumingg that R contains no auxiliary variables, the value of c' is fixed when g 
iss evaluated for a solved form of R. Since in general, a solved form for R will not 
yieldd the minimal outcome of g, we can only use this value as an upper bound, 
andd we add a second variable c, and constrain it to be less than, or equal to c. 

c<c' c<c' 

Noww c will be the output variable of the DRF for nested search, and c' is its copy 
forr performing the search, as we described just before Section 7.3.1. All that is 
neededd now is a third constraint that gives d its initial domain: 

c':=c c':=c 

Assumingg that c and d do not occur in R, the parameter ECSP now becomes 

PP := (CP ; c e ZZ, c' e ZZ, xxeDu... ; TclTd, Tu ..., ; Ac, A*, Au • • •) 

wheree the underlined elements are the additions to the combinatorial problem R, 
andd where 
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•• Cp := CU { d = g(xi,... ,xn), c<d, d := c }, 

•• Tc and 7^ both equal T (g is an integer function), and 

•• Ac and Ad equal I — {0}. 

Thee sets of final domains Ac and Ad render c and d auxiliary variables of P: 
searchh is on the variables of R only. 

Thee Domain Reduction Function fpiC 

Thee ECSP P gives rise to the following instance of the generic operator for nested 
search: : 

/p,cc : T - 1 

Whenn fpiC is evaluated for an integer interval domain [L.h], as step 1 of Fig
uree 7.1, the inner ECSP is constructed by substituting the domain of c in P with 
[l..h].[l..h]. Then, as step 2 of Figure 7.1, branch-and-propagate search is performed 
onn P'. Propagation of the constraint d :— c will set the domain of d equal to 
[L.h][L.h] initially, but during the search, the domain of d will be modified further. 
Accordingg to Definition 7.3.1 these modifications will not propagate back to the 
domainn of c, but through the constraint c < d the upper bound for c is modified 
yet.. However, these modifications do not affect the outcome of fpjC([l..h]) until 
aa solved form is found. In such a solved form, the domain of d has likely been 
reducedd to a singleton set {v} because d is tied to the decision variables by the 
constraintt d = g{x\,..., xn). Through the constraint c < d, the domain of c in 
thiss solved form equals [l..v], which is the outcome of fp,c([l..h]). When no solved 
formm of P' exists, fp^c([l..h]) evaluates to the empty set. 

Optimizationn as Branch-and-Propagate Search 

Withh fpc the optimization scheme can be described as a branch-and-propagate 
searchh on an outer ECSP 

QQ := (CQ ; c G [L.h] ; Dc e 2 ; Ac = [Z\) 

Thiss outer ECSP contains a single decision variable c, with initial domain [L.h], 
wheree / and h are trivial lower bounds for g that follow from the domains of 
x\,...x\,...,, xn in R. CQ can be thought of as the constraint that there exists a solved 
formm of R for which g evaluates to c. Nodes of the search tree are created by 
bisectionn of the domain of c, and in the constraint propagation phase /p,c is applied 
oncee to the domain of c. If we perform a depth-first, leftmost-first traversal, the 
firstt solution is guaranteed to contain the minimum value of the outcome of g for 
anyy solved form of R. 
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7.3.2.. E X A M P L E. Let R be an ECSP with variables xi,...,xn, and let g be 
ann integer function on x-i,..., xn. Suppose that for all possible combinations of 
valuess allowed by the domains of these variables in R, g evaluates in the range 
0..100.. Suppose further that R is consistent, and that the minimum value of g 
forr any solved form of R is 23. The search for this minimum proceeds as follows. 

Initially ,, in the outer ECSP Q we have c G [0..100]. As the initial constraint 
propagationn phase we evaluate /p.c([0..100]}. As a part of this evaluation, in 
stepp 1 of Figure 7.1, we transform 

P:=P:= (Cp ; cG&.c' £ ZZ,... ; . .. ; . . .) 

into o 
P'P' := {Cp: c G [0..100], c' eZZ,... : . .. ; . . . ). 

Noww in step 2 of Figure 7.1, we search for a solved form of P'. Through propa-
gationn of the constraint c' :— c in Cp, the domain of c' is immediately changed 
fromm ZZ to [0..100]. As the search progresses, the domain of c' undergoes further 
changes,, and the upper bound for c is updated accordingly. Suppose that the 
nestedd search in step 2 of Figure 7.1 finds a solved form for which g evaluates to 
36,, i.e., this yields a suboptimal value for the objective function g. This solved 
formm looks like this: 

{C{CPP;; C G [ 0 . . 3 6 ] , C ' G { 3 6 } , . .. ; . . . ; . . . ), 

thee domain of c' is fixed, but c only has its upper bound modified, and /p,c([0..100]) 
evaluatess to [0..36]. 

Inn the branch-and-propagate search on the outer ECSP Q, the value of 
/P .C( [ 0 . .100 ])) is used as the new domain for c. This is not yet a singleton set, 
andd we proceed by branching on c, yielding subdomains [0..18] and [19..36]. Be-
causee we do a depth-first leftmost-first search on Q, we continue the search in 
thee c G [0..18] branch. It wil l turn out that no solution to P exists for which 
g{X)g{X) lies in this range, i.e., Jp,c{[0..18]) = 0, which voids the domain of c in 
thiss branch. Then search proceeds in the c G [18..36] branch, where /piC([18..36]) 
yieldss a tighter upper bound for c, and so on, until finally the domain of c has 
beenn narrowed to {23} . Because the search is depth-first leftmost-first, this is 
guaranteedd to be the minimum. • 

Discuss ion n 

Itt is important that during the constraint propagation phase, the domain reduc
tionn function fPx is applied only once, to verify that a solution for the current 
domainn of the criterion variable exists, and to update the upper bound of this 
domainn for the actual solution that is found. If unless we deduce a failure, we 
keepp iterating the function until it makes no more modifications to the domain of 
thee criterion variable, we will apply it at least once more. This second application 
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mayy find the same solved form that caused the initial reduction, in which case we 
justt duplicate the work, but because we start the nested search with a different 
rangee for the objective function, we may well find a solved form that implies a 
tighterr bound. In the latter case, we achieve a further reduction, and the operator 
iss applied again. This way we embark on a limited branch-and-bound search in 
thee constraint propagation phase, that could lead all the way to the minimum. 
Becausee the bisection search is proposed as an alternative to branch-and-bound, 
thiss behavior is undesirable. 

Notee that fptC is not a monotonie function. In Example 7.3.2, /p>c([0..100]) 
evaluatess to [0..36] because the objective function g evaluates to 36 for the par-
ticularr solved form found c G [0..100]. However, it is possible that for a narrower 
domainn for c, say [0..99], the search on the inner ECSP leads to a solved form 
withh a higher outcome of the objective function, say 37. While [0..99] C [0..100], 
wee then have /p,c([0..99]) % /piC([0..100]), which entails that the transformation is 
non-monotoniee with respect to the subproblem relation. Returning to the discus-
sionn of DRF properties on page 21, this implies that generic iteration is no longer 
guaranteedd to terminate in the least common fixed point of the DRFs involved. 
Forr this application, this is not a problem, because the operator is applied only 
once. . 

Further,, note that our proposed optimization scheme does not lead to a fully 
accuratee implementation of the procedure described at the beginning of this sec-
tion.. As we described it there, the combinatorial problem is solved in left branches 
only.. Right branches are guaranteed to contain a solution if the left branch fails, 
andd these are split again immediately. In Section 7.5.1 we see how the same effect 
cann be achieved with nested search in a branch-and-propagate setting. 

Finally,, we did not specify the level of local consistency that the nested search 
iss to be based on. Apart from the requirement that assignments violating the 
constraintss C in R should be filtered out, we only require that the constraint 
dd :— c is bounds consistent, and that the domain of c' is voided if it does not 
containn the outcome of g, for a solved form of R. All further propagation helps 
too speed up the solving process. If the constraint c' = g{xx,... ,xn) propagates 
backk to the domains of X\,..., xn, the nested search accelerates. As is demon-
stratedd in Example 7.3.2, the search on the outer ECSP also benefits from bounds 
consistencyy of c < c'. 

7.3.22 Box Consistency 

Inn Section 4.5 we introduced hull consistency, which is an approximation of arc 
consistencyy used for arithmetic constraints and floating-point interval domains. 
Boxx consistency [BMVH94] is another such approximation. It was introduced to 
avoidd decomposing constraints, and as such it partly avoids the dependency prob-
lemm that we also discussed in Section 4.5. Before we can define box consistency, 
andd demonstrate how it is enforced using our generic operator for nested search, 
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wee first need to recall the notion of an interval extension of a constraint. 
Ann interval extension of a constraint C C Hn is a relation C C JF™ such 

thatt for all D := {Du . .. , Dn) e JP\ D G C if there exists a tuple (dx,. ...dn) € 
£>!!  x ... x Dn for which (t^, dn) € C. 

7.3.3.. EXAMPLE. An interval extension C^ C T x JF of the equality constraint 
is s 

(A,D 2 )eC e qq iff ö , n ö2 ^ . 

Ass an example of an interval extension of a particular class of constraints, 
wee can define interval extensions for the other relational symbols < and > as 
well,, and modify the definition of the natural interval extension of Section 4.5 to 
includee not only arithmetic expressions, but also arithmetic constraints. • 

Intervall extensions of constraints are called interval constraints. 
Noww a constraint C C IR" on variables xi,...,xn with associated domains 

£>i,...,, Dn € T is said to be box consistent if for all 1 < j < n 

DD}} - h\s\\{D3 n {r e IR | (Du • • •, D^u hull({r}), Dj+1,..., Dn) e C}) 

wheree C is an interval extension of C. 
Inn [BGGP99] a notion of box consistency is defined that supports using dif

ferentt interval extensions for different occurrences of variables, and that also cap
turess a number of other, alternative definitions. In what follows, we always use 
thee natural interval extension for C. We will further limit ourselves to polynomial 
equalities,equalities, for which we use the interval extension proposed in Example 7.3.3. 

7.3.4.. EXAMPLE. 

•• The constraint x3 -f x = 0 on x € hull([— 1, lj) is not box consistent: the 
domainn of x properly contains hull({ — 1}), which is not in the interval ex
tensionn of the constraint x3 + x — 0. 

•• The constraint i 3 + x = 0 on a; £ hull({0}) is box consistent. • 

Givenn a compound constraint, enforcing box consistency for this constraint 
mayy yield narrower domains than enforcing hull consistency for the decomposition 
off the constraint [CDR99]. This can be seen by comparing Example 7.3.4 and 
Examplee 4.5.1. However, the accuracy of the condition 

(Du(Du ..., Dj-u hull({r}), Dj+U . ..,Dn)eC 

iss still subject to the dependency problem. Therefore it will not achieve hull 
consistencyy for the compound constraint in general. In other words, box consis
tencyy is weaker than hull consistency, but stronger than hull consistency for the 
decomposedd constraint. 
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Figuree 7.2: The new domain for Dj is bounded by the leftmost and rightmost 
canonicall  intervals that satisfy the unary interval constraint F(Dj) D {0}  ^ 0 

Enforcingg Box Consistency 

Thee idea behind enforcing box consistency is to fix, for every variable Xj that 
aa constraint applies to, the domains of the other variables to interval constants. 
Thee interval extension of the constraint with all but one variable replaced by an 
intervall  constant is then a unary interval constraint, and we can remove those 
subintervalss from Dj that do not satisfy it. Because we wil l take the intersection 
off  the remaining domain with Dj, and compute the hull of this intersection to 
bee able to represent it as an T interval again, we only need to know the leftmost 
andd the rightmost canonical interval that are a subset of Dj, and for which the 
unaryy interval constraint holds. We can then intersect Dj with the hull of the 
unionn of these canonical intervals. This is illustrated in Figure 7.2 for a constraint 
f(xi,f(xi,...,..., xn) = 0. The marks on the Xj axis are the floating-point numbers in IF, 
whichh delimit the canonical intervals. The boxes drawn along the curve represent 
thee ranges for the outcome of ƒ for a particular canonical interval in the domain 
off  Xj, and in presence of the current domains of the other variables. 

Inn [HMD97] a very general algorithm for enforcing box consistency is given. 
Inn this algorithm, procedures Lef tNarrow and RightNarrow search in the domain 
DjDj for the leftmost and rightmost canonical intervals hull({r/} ) and h u 11 ({r r } ) that 
satisfyy the unary interval constraint described above, and update Dj accordingly. 
Bothh procedures can be described as instances of the generic operator for nested 
search.. Left narrowing for variable Xj of a constraint C C IR" on variables 
X\,...X\,... .xn is realized by 

ƒ£,,, : F1 - T (7.1) ) 
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wheree P is the following ECSP. 

<< WJ/XJ}C. x\ :=Xj. Xj >x'j 

;; xi xn e M, Xj e IR 
;; £>! , . . ., Dn e ƒ", Dx>. e J7 

;; Ax An=T-{i}, AX-^[T\) 

Inn this parameter ECSP, {x'j/xj}C is the constraint that we want to enforce 
boxx consistency for, with all occurrences of Xj replaced by x'j, the copy of re-
introducedd for performing the search. Through its set of final domains Ax> = 
|_JFJJ = {hull({r} ) | r € H } , x' is the only decision variable in P. Al l other 
variables,, including Xj have ƒ" — {0}  as their set of final domains. They are 
auxiliaryy variables in the inner ECSP, and no branching needs to be performed 
onn their domains to reach a solved form. 

Whenn fpx is evaluated for a sequence of intervals £>],...,£>„, in step 1 of 
Figuree 7.1 the domains of x i , . . . , x„  in the parameter ECSP P are replaced 
byy Di,... ,Dn. This yields the inner ECSP P'. During step 2, propagation 
off  the constraint x'j :— Xj ensures that the domain of x'j is equal to that of Xj 
initially .. Because no branching takes place on the domains of X\,..., xn, {X'J/XJ}C 
noww effectively has become a unary interval constraint on the domain of x'j. If 
P'P' is consistent, and we perform a depth-first, leftmost-first search for a solved 
form,, as specified by the superscript L, then the domain of x'j in this solved 
formm is the leftmost canonical interval in Dj that satisfies the unary interval 
constraintt obtained by replacing in C the domains of x\,.... Xj-\, Xj+\,..., xn 

withh D\,..., Dj-i, Dj+Ï,..., Dn, and by taking the natural interval extension. 
Propagationn of the constraint Xj > x' updates the lower bound for Xj accordingly, 
andd in step 3 of Figure 7.1, fpx evaluates to Dj with the lower bound set to that 
off  the leftmost canonical interval that satisfies the unary interval constraint. 

Coupledd with analogous operators for right narrowing, and for the other vari-
abless that participate in the constraint. fpx. enforces box consistency for con-
straintt C. Intuitively, narrowing domains of variables can only move the leftmost 
andd rightmost canonical intervals in the domain of these, and other variables 
inwards.. This can be used to demonstrate that operators for enforcing box con-
sistencyy are in fact monotonie functions, so the order in which they are applied 
byy an iteration algorithm is irrelevant for the outcome of their combined compu-
tation. . 

Forr evaluating the unary interval constraint we can use the facilities described 
inn Section 4.5. This way the operators for enforcing box consistency are com
posedposed from the generic reduction operator for nested search, and the facilities 
forr enforcing hull consistency for a decomposition of an arithmetic constraint into 
atomicc constraints. 
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7.3.33 Shaving 
ShavingShaving is a constraint propagation technique used for solving scheduling prob-
lems.. We refer to the description of this technique in [MS96], and use job-shop 
schedulingg as an example. 

Recalll  from Chapter 6 that a job-shop scheduling problem (JSSP) instance 
consistss of a set of activities and a number of machines. An activity is charac-
terizedd by the machine that it must be processed on, and by a processing time. 
Activitiess are grouped in jobs, and all activities of a job have to be executed in 
aa specified order. The problem is to find for each activity an interval in which it 
cann be executed on the specified machine, such that no two activities require the 
samee machine simultaneously, and such that the precedence constraints inside 
thee jobs are respected. An optimal schedule minimizes the makespan of the 
schedule,, being the completion time of the activities that finish last. 

AA possible CSP formulation of the JSSP contains an integer interval variable 
forr the starting time of each activity. The lower bound for the starting time of 
ann activity is called the release date, and the upper bound plus the processing 
timee of the activity is called the deadline. Here we wil l consider the procedure 
forr updating release dates. The procedure for deadlines is analogous. 

Thee shaving technique entails that starting with the release date, we see what 
happenss if we fix the activity to start at that time. After experimentally fixing 
thee starting time of an activity we apply constraint propagation. If propagation 
off  the fixed starting time leads to a failure, we can safely remove this candidate 
startingg time from the domain of the variable, and we proceed by trying the next 
possiblee starting time, and so on, until we encounter a starting time that does 
nott lead to a failure. This is then the new release date for the activity. Shaving 
cann be explained as a leftmost-first search in the domain of a single variable, and 
ass such it can be expressed as an application of the generic operator for nested 
search. . 

Let t 

QQ := (CQ ; xi E Dn,...,xn E Dn ; %_,...,Tn\ Ai,...,An) 

bee an ECSP for a job-shop scheduling problem, and assume that Xj, with 1 < 
jj < n is the variable for the starting time of an activity A. Shaving the starting 
timee of A can be expressed as the domain update 

Dj:=fh.{DDj:=fh.{Duu...,D...,Dnn) ) 

wheree P is the ECSP 

(( {X'J/XJ}CQI X'J : = xji xj > x'j 

;; xx eT?,...,xn£Tj, x'jeT? 
;; 7"i,..., Tn, Tx' = Tj 

:: Al=Tl-{Q}....,An=Tn-{Q}, A ; L3JJ )• 
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Inn this case, the parameter ECSP P is a full copy of the outer ECSP Q, with a 
singlee variable x'j added. This variable is a copy of the variable whose starting time 
wee want to update. The set of constraints in the parameter ECSP. {X'JXJ)CQ, 

iss the set of constraints of the outer ECSP, with every occurrence of Xj replaced 
byy x'j. All variables of the outer ECSP are auxiliary variables in the inner ECSP. 
andd search takes place only on the "copy" variable x'j. It is coupled to the original 
XjXj in the usual way, through constraints x' := Xj and Xj > x'j. The domain of 
thee variables x ] ?. .. ,xn in the inner ECSP are irrelevant, and we set them here 
too the largest elements of the corresponding domain types T:

T,... ,Tj. These 
domainss are replaced by their counterparts in the outer ECSP when the DRF is 
evaluated. . 

7.3.5.. EXAMPLE. The example JSSP of Figure 6.1, on page 132 consists of three 
jobs,, each having three activities that require three different machines. To imple-
mentt shaving for this problem, we need 18 operators: one for each of the 9 activity 
startingg times, and one for each of the completion times. Consider the operator 
forr one of the starting times. The nested search finds the smallest value for this 
startingg time that has the property that if the activity is actually scheduled to 
startt at that time, regular constraint propagation on the full problem, involving 
alll  17 other starting times and completion times, does not lead to a failure. In the 
globall  CSP, all earlier starting time are removed from the domain of the variable. 

D D 

Thee extent to which infeasible starting times are removed depends on the 
levell  of consistency that we enforce during the nested search. In [BLPN01] it 
iss suggested that we use the level of consistency enforced by the edge finding 
algorithm.. The precedence constraints inside the jobs propagate modifications to 
thee other machines, during the nested search. Also the constraint Xj > x'j must 
bee enforced in order that the infeasible starting times are actually removed. 

AA depth-first leftmost-first search combined with bisection or enumeration 
branchingg on the domain of x'j will correctly update the lower bound of xj, but 
inn [MS96] a different branching scheme is described for step 2 of Figure 7.1. This 
alternativee scheme entails that we first try to shave off a single value, and double 
thee size of interval to shave off until an interval is found that allows for a feasible 
schedule.. Then we search for the lower bound in this interval by regular bisection. 

Severall  different notions of shaving exists. In [VHPPOO] a different form is 
implementedd to demonstrate nested search in OPL. Here the nested search does 
nott directly modify release dates and deadlines, but only the ranking of the activ-
ities.. Constraint propagation verifies whether individual activities can be ranked 
firstt among the set of unranked activities on a machine. If this fails, constraints 
aree added to ensure that at least one of the other unranked activities is ranked 
beforee that particular activity. 

Thee locality of our shaving operation is in between that of the other two 
applications.. Box consistency performs nested search on a single variable, and 
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interface e 
coordination n 
layer r 

Figuree 7.3: Almost autonomous OpenSolver instances implement the nested 

search h 

propagatess only a single constraint. For optimization, the nested search is on 
alll  variables, propagating all constraints. Like box consistency, nested search 
forr shaving branches only on one variable, but consistency checking involves all 
constraints.. Using the same reasoning as for box consistency, we can demonstrate 
thatt DRFs for shaving are monotonie functions. 

7.44 Implementation 

Thee plug-in that implements the operator for nested search is an almost1 au-
tonomouss OpenSolver instance, acting as a reduction operator. A special coordi-
nationn layer plug-in forms the interface between the solver that uses the nested 
search,, and the solver that performs the nested search. This is illustrated in Fig-
uree 7.3. A benefit of this implementation is that all facilities of the OpenSolver 
frameworkk are immediately available for nested search. 

Programss 7.1 and 7.2 show examples of how the operator is used. The plug-in 
namee is NestedSearch, and its specifier string consists of the following: 

•• The name of a Boolean variable, whose only purpose is that its domain will 
bee voided if we find that the inner ECSP is inconsistent. 

•• The names of the variables that the operator applies to (the input variables). 
Thee output variable, whose domain is updated by the reduction operator, 
iss identified by a prefix &. 

•• Between curly brackets, an OpenSolver configuration for the parameter 
ECSP,, in the language of Figure 3.2 on page 37. All input variables must 
appearr in this configuration, but their domains are irrelevant. These will be 
providedd by the coordination layer plug-in each time the operator is applied. 

Thee Boolean variable was introduced because the operator cannot make any 
assumptionss about the domains of the other variables, and hence has no uni
formm way of voiding their domains. It is a deviation from the specification in 

CPP plug-ins — 
1 1 

mmm mmm 
%&£& %&£& 

11 There is a single thread of control throughout. 
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Sectionn 7.2, but this is no fundamental difference. Also, more than a single vari-
ablee can be marked as an output variable. This is a fundamental difference, but 
wee have not found a use for this facility yet, and taking it into account would 
complicatee the formal description of the operator further. 

Whenn it is activated during constraint propagation, the NestedSearch oper-
atorr will pass the domains of the input variables to the interface coordination 
layer,, and run the local OpenSolver instance. The solver configuration in the 
specifierr string is parsed the first time that the operator is applied. The interface 
coordinationn layer keeps a copy of the root node of the search tree, in order that 
thee specifier string need only be parsed once. On each application of the reduc-
tionn operator, a fresh copy of this cached root node is made, which is updated 
withh the current domains of the input variables. The interface coordination layer 
issuess commands for a regular first-solution search on this modified root node. 
Whenn a solution node is found, an export command (see Section 3.3.2) is given 
forr the output variable. The solver will respond to this command via a call-back 
functionn provided by the coordination layer. In this case, the call-back function 
updatess the domain of the output variable. If no solution is found, the domain 
off  the Boolean variable is voided. After the first-solution search, the interface 
coordinationn layer issues the clear WDB command to reset the solver. 

7.55 Experiments 

Inn this section we describe the experiments that we performed for the applications 
discussedd in Section 7.3. 

7.5.11 Optimization: Job-Shop Scheduling 

Wee tested the optimization technique described in Section 7.3.1 on the job-shop 
schedulingg problem, using the plug-ins that were introduced in Chapter 6. 

Programm 7.1 shows an OpenSolver configuration for the approach of Sec-
tionn 7.3.1. The NestedSearch operator is applied through an adapter Idempotent 
DRF.. This forces the scheduler of reduction operators to treat it as an idempotent 
domainn reduction function. The operator-based scheduler (see Section 4.1.1), 
whichh is the default, takes idempotency of DRFs into account to avoid unnec-
essaryy applications of an operator. In this case, it prevents that the operator 
iss applied more than once in the same node of the search tree, for the reasons 
discussedd at the end of Section 7.3.1. Also, because all right branches are guar-
anteedd to contain a feasible schedule, an adapter PropagateLef t is used to hide 
changess that are made by the Fai lF i rst branching operator to variable bound 
inn right branches. Hiding means suppressing the protocol for communicating do-
mainn changes, discussed in Section 3.2.2, thus preventing needless activation of 
thee nested search in these branches. 



7.5.7.5. Experiments 161 1 

VARIABLEE boun dd I S Integerlnterva l  {1119..5110} ; 

AUXX b  I S Boo l  {0,1} ; 

DRFF IdempotentDR F {  NestedSearc h {  b ,  Abound ,  { 

AUXX boun d I S Integerlnterva l  O ; 

AUXX imakespa n I S Integerlnterva l  {} ; 

VARIABLEE makespa n I s Activit y  {0,0,5110} ; 

cod ee fo r  th e JSSP ,  wher e makespa n execute s 

afte rr  th e las t  activit y o f  ever y job . 

DRFF BoundActivit y {  makespan ,  imakespa n } ; 

DRFF IIARul e {  imakespan" 1 *  (1 )  =  boun d } ; 

DRFF IIARul e {  bound" !  *  (1 )  < = imakespa n } ; 

}}  }  } ; 

DRFF PropagateLeft {  FailFirst {  0, bound }  } ; 

Programm 7.1: OpenSolver code for bisection search for the minimal makespan of 
aa JSSP 

Thee indented code is a configuration for solving a job-shop scheduling prob-
lem,, where the length of the schedule is constrained not to exceed the up-
perr bound of the domain for the integer variable bound. It is similar to Pro-
gramm 6.1 on page 138. The IIARule operators effectively enforce the constraints 
imakespann := bound and bound < imakespan. The parameter 0 in the specifier 
forr the Fa i lF i rst plug-in specifies a bisection where the left branch is generated 
last.. By default, the search frontier is maintained as a stack, so this results in a 
depth-first,, leftmost-first exploration. 

Tablee 7.1 compares the bisection optimization algorithm that we implemented 
byy nested search with regular branch-and-bound, as described in Chapter 6, on 
thee ten 10 x 10 JSSP instances of [AC91], which are also used in [BLPN01]. 
Forr each instance we report the number of nodes visited, and the user time in 
seconds,, as reported by the GNU/Linux time command on a 1200 MHz Athlon 
PC.. For the bisection search, the number of nodes applies to the nested search 
onn the JSSP only. The search in the domain of the criterion variable is not taken 
intoo account. Either algorithm outperforms the other in half the cases, but the 
totall  running time for all ten cases is much better for the bisection search, which 
seemss to suggest that it is more robust. While an evaluation of these approaches 
too optimization is beyond the scope of this section, it shows that the bisection 
searchh is a useful tool. Having implemented it using OpenSolver as a software 
componentcomponent increases its value as a building block for solvers, because we can now 
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instance e 
ftt 10 
abz5 5 
abz6 6 
lal9 9 
la20 0 
orbOl l 
orb02 2 
orb03 3 
orb04 4 
orb05 5 

branch-and-bound d 
nodes s 
238,045 5 
385,699 9 
57,277 7 

319,547 7 
106,785 5 

7,331,421 1 
642,645 5 

14,031,873 3 
179.037 7 

4,461,777 7 

timee (sec.) 
38.87 7 
44.84 4 
6.28 8 

40.80 0 
13.78 8 

643.40 0 
63.93 3 

2186.06 6 
39.12 2 

621.77 7 

bisection n 
nodes s 
321,878 8 
586,315 5 
114,487 7 
228,283 3 
139,146 6 
63,688 8 

200,350 0 
3,657.439 9 

278,507 7 
98,268 8 

timee (sec.) 
61.38 8 
67.23 3 
12.57 7 
34.47 7 
18.26 6 
10.91 1 
28.86 6 

563.12 2 
71.62 2 
14.54 4 

opt t 
930 0 

1234 4 
943 3 
842 2 
902 2 

1059 9 
888 8 

1005 5 
1005 5 
887 7 

Tablee 7.1: A Comparison of Branch-and-Bound and a Bisection Search for the 
optimumm on ten 10 x 10 JSSP instances 

combinee it with other facilities, such as memory bounded LDS. 
Takingg the differences in clock speeds into account, our results for bisection 

searchh on these ten benchmark problems do not match the results reported in 
[BLPN01].. For some of the instances, performance is better, but for the majority 
off  them it is worse. More important, though, is that the instances rank differ-
ently,, which indicates that we have not been able to reproduce exactly the same 
heuristics. . 

Ass a further indication that our technology leads to competitive constraint 
solvers,, Koalog Constraint Solver (KCS, [KoaA]) is reported to solve the ft 10 
benchmark,, which is also known under the name MT10, in 11 minutes, using 
293,0000 backtracks. KCS is a commercially available Java library for solving com-
binatoriall  optimization problems using constraint programming or local search, 
andd is used in industry. 

7.5.22 Box Consistency 

Thee implementation of box consistency for constraints on the reals was tested on 
thee Broyden banded functions, a benchmark that is often used to demonstrate 
thee advantage of box consistency over hull consistency, for example in [BMVH94]. 
Thee problem is to find the zeros of the functions 

fi(xfi(x11,....x,....xnn)) = xi{2 + 5x?) + l-,%2xj(l+xj) (l<i<n). (7.2) 

wheree J, = {j \j ^ j.max(l,t - 5) < j < min(n,i + 1)}, and xu....xn e [-1.1]. 
Everyy function ft depends on the 2 to 7 variables in the set J, U {x,} . and for 

everyy variable that a function depends on, two reduction operators are generated: 
onee for the left narrowing, and one for the right narrowing. Program 7.2 shows 
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thee operator that implements left narrowing for argument X\ of the function 
ff33.. Variable l x l corresponds to x'j used in Section 7.3.2. It is linked to xl 
byy the first two RIARule operators. Auxiliary variables x l , . .. ,x4 are the input 
variables,, and they are given their domains each time the operator is applied. 
Thee other RIARule operators evaluate /3, using f x l , . .. ,fx4 to store intermediate 
results.. The interval for the outcome of /3 is intersected with that of the variable 
zero,, which contains only the value 0, so effectively this implements a generate-
and-testand-test search for the canonical interval in the domain of X\ that contains the 
leftmostt zero of ƒ3. 

DRFF NestedSearc h {  b ,  &xl ,  x2 ,  x3 ,  x4 ,  { 
AUX X 
AUX X 
AUX X 
AUX X 

xll  I S Reallnterva l  { } 
x22 I S Reallnterva l  { } 
x33 I S Reallnterva l  { } 
x44 I S Reallnterva l  { } 

VARIABLEE lx l  I S Reallnterva l  {} ; 
AUX X 
AUX X 
AUX X 
AUX X 
AUX X 
DRF F 
DRF F 
DRF F 
DRF F 
DRF F 
DRF F 
DRF F 

DRF F 

}}  > ; 

fx ll  I S Reallnterva l  {} ; 
fx 22 I S Reallnterva l  {} ; 
fx 33 I S Reallnterva l  O ; 
fx 44 I S Reallnterva l  {} ; 
zer oo I S Reallnterva l  {  0  } ; 
RIARul ee {  xl" l  *  (-1 )  < = -1*1x 1 } ; 
RIARul ee {  1x1* 1 *  (1 )  =  x l  } ; 
RIARul ee {  fxl- 1 *  (1 )  =  1  +  lx l  } ; 
RIARul ee {  fx2~ l  *  (1 )  =  1  +  x 2 } ; 
RIARul ee {  fx3~ l  *  (1 )  =  2  +  5*x3~ 2 } ; 
RIARul ee {  fx4' l  *  (1 )  =  1  +  x 4 } ; 
RIARul ee {  zero~ l  *  (1 )  =  x 3 *  fx 3 +  1 

--  lx l  *  fx l  -  x 2 
RoundRobi nn {  0 ,  lx l  } ; 

**  fx2 - x4 * fx4 } ; 

Programm 7.2: Left-narrowing for argument X\ of fz{xx,x2,xz,xi) of the Broyden 
bandedd functions 

Thiss is a slight deviation from the method outlined in Section 7.3.2. We use a 
decomposition,, but we do not enforce hull consistency for it. We only use the de-
compositionn to verify the unary interval constraint. We have this option because 
thee RIARule operators implement the individual projections of constraints. Since 
wee do not aim at computing hull consistency of the decomposition, and there-
foree use only one projection per constraint, we do not need to limit ourselves to 
atomicc constraints, as we discussed in Section 4.5. In fact, the only reason for 
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usingg a decomposition is that RIARule does not support brackets in the specifier 
string,, while we want to use the syntax of formula (7.2) as a basis for the interval 
extension.. This form appears to be less sensitive to the dependency problem than 
thee form 

2x2x{{ + Szf + 1 - J]](xj + x)) 

Thee efficiency of the evaluation could probably be improved with a schedule for 
thee operator-based scheduler that applies the operators only once. 

Inn our opinion, being able to use RIARule both for computing hull consistency 
andd for evaluating interval extensions of functions is a definite advantage of the 
designn decision to separate the individual projections of constraints. The RIARule 
andd IIARule plug-in are versatile tools for composing constraint solvers, while in 
combinationn with the programmable scheduler of Section 4.1.1, such solvers are 
nott inherently less efficient than specialized algorithms such as HC4 for computing 
hulll  consistency. 

Thee following results demonstrate the (well known) effect of computing box 
consistencyy for the Broyden banded functions benchmark: computation time in-
creasess linearly with the problem size. The target precision is 1.0e-8, but inside 
thee nested search we split down to machine precision. This is realized by includ-
ingg in the top-level configuration two commands to replace the standard node 
evaluator,, and to prevent branching on Real lnterval variables whose domain is 
off  the required precision: 

TDINFOO Precis ion {  1.0e-8 >; 
DRFF LimitedPrecision {  1.0e-8, RoundRobin {  0, x l , x2, . .. }  } ; 

Thiss way, the system of equations is solved by propagation alone. The reported 
numberss are elapsed times in seconds, for problem instances specified by n. 

nn = 10 20 40 80 160 320 
2.5366 6.210 13.503 28.467 58.097 118.926 

Wee have described only a basic implementation of box consistency, and there 
iss much room for improvement. For example, we do not compute hull consis-
tencyy for the decomposition used inside the nested search, but it may actually 
bee worthwhile to do so, and propagate back the information that the functions 
shouldd evaluate to zero, or in general, that the unary interval constraints should 
hold.. Also, because the consistency check is implemented by constraint propaga-
tion,, it should be easy to add propagators for the Newton reduction step described 
inn [BMVH94]. It should be investigated in how far our approach supports the use 
off  other interval extensions than the natural interval extension. 

Thee code of Program 7.2 is currently generated by a program written specif-
icallyy for this benchmark. We still need to extend the OpenSolver preproces-
sorr for arithmetic constraints with an option to generate code for enforcing box 
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consistency.. The preprocessor could then also generate the reduction operators 
correspondingg to the Newton reduction step. 

7.5.33 Box Consistency for Ari thmetic Constraints on the 
Integers s 

Boxx consistency can also be enforced for arithmetic constraints on integer vari-
ables.. In that case, a constraint C C 2Zn on variables x\,..., xn with associated 
domainss D\,..., Dn G X is called box consistent if for all 1 < j < n 

DjDj = int(D3 n {i G S | <A, • • •, Dj-uii), Dj+1,..., Dn) € C}) 

wheree C is an interval extension of C. To illustrate that this is a useful applica
tion,, consider the constraint 

xx22yy22 - Ax2y + Ax2 - Axy2 + 16xy - 16x + Ay2 - 16y + 16 = 4 

andd ranges x,y G [0..105]. When we solve this equation by means of decomposi
tionn into atomic constraints, according to the approach proposed in Section 5.7, 
thee 8 solutions are found in approximately 14 sec. in a search tree of 40255 
nodes.. When the code for the decomposed constraint is packed in four different 
NestedSearchh operators, for left and right narrowing of x and y, the search tree 
iss reduced to 39 nodes, and exploration takes less than 4 seconds. 

7.5.44 Shaving 

Shavingg appears to be efficient only for larger problems. For small instances, 
likee the ones we used in Section 7.5.1, the effort spent on shaving outweighs the 
benefitt of the reduced search space. A similar experience is reported in [Zho97]. 
Inn this reference, the shaving, or bound trimming is on the domains of the 
variabless that determine the processing order of the activities, so this technique 
iss comparable to that of [VHPP00] mentioned at the end of Section 7.3.3. 

Ann example of a larger problem instance, for which shaving is essential, is 
swvOl.. The optimum for this instance was first found by Perron [Per99], using 
aa combination of limited discrepancy search, shaving, and parallel search. As 
wee discussed in Section 4.1.2, LDS in OpenSolver is memory-intensive, and for 
thiss reason we used memory bounded LDS, which we introduced in that same 
section. . 

Usingg memory bounded LDS and the implementation of shaving described 
inn Section 7.3.3, we were able to prove optimality for swvOl in approximately 
1000 hours on a 2000 MHz Athlon XP processor. Without shaving, by that time 
thee current best solution is nowhere near the optimum, and finding it within an 
acceptablee multiple of the already long running time seems unlikely. 
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7.66 Discussion and Concluding Remarks 

Wee have shown that in a branch-and-propagate tree search solver, three pow-
erfull  pruning techniques from optimization, analysis of nonlinear functions, and 
constraint-basedd scheduling can be expressed as applications of a generic oper-
atorr for nested search. In our implementation, each instance of this operator 
iss itself an almost autonomous OpenSolver instance. This has the advantage 
thatt all facilities of the framework are available for specifying the nested search. 
AA disadvantage is the overhead of using a general-purpose solver for very specific 
searchh problems, and dedicated implementations of box consistency and shaving 
wil ll  likely always be more efficient. 

Ann evaluation of the efficiency of our implementation of box consistency and 
shavingg is currently missing. Because this also depends on, for example, the 
intervall  arithmetic library that we use, this would require the implementation of 
dedicatedd operators for these techniques. There are still opportunities to improve 
thee efficiency of our solution, though. For example, we plan to extend the set of 
commandss of Section 3.3 with a command for first-solution search, to bypass the 
commandd loop for a longer period. Often, however, strong consistency notions 
likee box consistency and shaving determine whether a problem can be solved or 
not.. In such cases, being able to experiment with enforcing strong consistency 
notionss is of greater importance than the actual efficiency. 

Ourr approach promotes the composition of constraint solvers as low-level co-
operationss of basic solvers. As we discussed, this has further advantages: it avoids 
duplicatee code in the solver implementation, and techniques carry over to other 
domainss than those for which they were originally conceived. From this point of 
vieww it is desirable to have a small set of basic operators and combinators, that 
cann be used to realize a wide range of constraint solving techniques. It seems rea-
sonablee that compositionality comes at the cost of some computational overhead 
forr the framework. 

Theree is an analogy between our operator for nested search and procedures 
inn procedural programming languages. The input and output variables can be 
seenn as by-value and by-reference parameters, respectively, and the OpenSolver 
inputt for the local CSP can be seen as a procedure body block. It would be 
interestingg to investigate this analogy further, perhaps to define some notion of a 
parameterizedd reduction operator. This way we may be able to avoid duplicate 
codee for activating plug-ins, and ease the rewriting. To illustrate that this is a 
usefull  facility, for the Broyden banded function, the code for each function (as 
shownn in Figure 7.2) is repeated up to 14 times, with minor differences for left 
orr right narrowing, and for the particular variable that we want to update. The 
OpenSolverr input for n — 320 contains over 120,000 lines, with roughly the same 
numberr of plug-in instances created. 

Iff  we apply the shaving mechanism to arithmetic constraints, we achieve a 
notionn of consistency known as 3B consistency [Lho93]. Also shaving itself can 
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bee nested, which results in a technique known as double shave [MS96]. Both 
thesee techniques can be expressed as further applications of the generic operator 
forr nested search. Other facilities that could be implemented using nested search 
aree the squash operator of ECI/PS6, and the absolve operator of the CLIP 
systemm [HicOl]. 

Thee operator defined in Section 7.2 performs a single solution search, and 
inn our applications we use this for updating the bounds of interval variables. 
Forr finite domains variables, it is attractive to have a variant that searches for 
alll  solutions. We can then use enumeration instead of bisection, and use the 
unionn of the domains for each variable as the result of the reduction operator. 
AA potential application is to enforce singleton are consistency (SAC, [DB97]). 
Thiss notion of local consistency entails that for every value in the domain of every 
variable,, the CSP can be made be made arc consistent if that value is assigned 
too the variable. To implement SAC using the proposed all-solution variant of our 
operatorr for nested search, we would need one such operator per DRF variable. 
Thiss operator then searches in the domain of its variable for arc solved forms of 
thee ECSP obtained by taking the full outer CSP, and making all other variables 
auxiliary.. The output of the operator is the union of these arc solved forms, 
projectedd on the variable that it is applied to. 

Itt is also possible to define box consistency (and the other applications dis-
cussedd here) in terms of this all-solution variant, but then all internal zeros would 
bee lost because of the interval representation. Therefore the first-solution search 
iss a more natural and efficient implementation of these techniques. 





Chapterr 8 
AA Component-Based Parallel Constraint 
Solver r 

Thiss is the second of three chapters that demonstrate the use of OpenSolver 
ass a software component. Here we present the design and implementation of 
aa parallel constraint solver that is composed of several autonomous OpenSolver 
instances.. A small amount of specialized software coordinates the cooperation 
off  the component solvers, and in our presentation we focus on the coordination 
aspectss of the parallel solver. Since the goal of parallel processing is to reduce the 
turn-aroundd time of a computation by distributing the workload, it is important to 
achievee a good load balance, and to ensure that communication does not dominate 
computation.. This is realized by a time-out mechanism, implemented in the 
coordinationn layer of the solvers. By means of experiments we investigate whether 
thee time-out mechanism, and the component-based implementation enabled by 
itt lead to efficient parallel solvers. 

8.11 Introduction 

Thee goal of parallel processing is to reduce the turn-around time of a computation 
byy distributing the workload over several hardware processors. Because constraint 
solvingg is computation-intensive, it can benefit from parallel processing: 

•• When the best known heuristics allow that problem instances of certain 
dimensionss (number of variables, domain sizes) can be solved within ac
ceptablee time, users will probably want to solve problem instances of larger 
dimensions,, possibly resulting from more detailed models. 

•• If constraint solving is used to predict the effect of some decision made in 
thee context of a real-world problem, while the outcome of one experiment 
determiness the parameters of the next, then being able to solve problems 
fasterr allows that more scenarios can be explored. 

169 9 
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Thee obvious way to parallelize constraint solving is to explore different parts of 
thee search tree in parallel: even for small problems, the search tree is generally 
largee {see for example Table 7.1 on page 162), and every node of the search tree is 
ann ECSP in itself, and can in principle be processed independently of the nodes 
inn other subtrees. 

Thee efficiency of a parallel computation depends on two factors: load balanc-
inging and the communication overhead. We propose to address both factors 
byy equipping a branch-and-propagate solver with a time-out mechanism. When 
ann ECSP can be solved before the elapse of a given time-out, the solver simply 
producess all solutions that it has found (or the solution that it has found, if we 
aree not interested in all solutions). Otherwise it also produces some representa-
tionn of the work that still needs to be done. For tree search, this is a collection 
off  subproblems that must still be explored: the search frontier. These sub-
problemss are then re-distributed among a homogeneous set of solvers that run in 
parallel.. The initial solver is part of this set, and each solver in the set may split 
itss input into further subproblems, when its time-out elapses. 

Thee time-out mechanism provides an implicit load balancing: when a solver is 
idle,, and there are currently no subproblems available for it to work on, another 
solverr is likely to produce new subproblems when its time-out elapses. The time-
outt mechanism also gives control over the communication / computation ratio: 
whenn communication dominates, we can increase the time-out value in order that 
thee solvers spend more time searching in between exchanging subproblems. We 
expectt to be able to tune the time-out value such that it is both sufficiently small 
too ensure that enough subproblems are available to keep all solvers busy, and 
sufficientlyy large to ensure that the overhead of communicating the subproblems 
iss negligible. The idea of using time-outs is quite intuitive, but to our knowledge, 
itss application to parallel search is novel. 

Ratherr than a parallel algorithm, we present this scheme as a pattern for 
composingg a parallel constraint solver from component solvers. The only require-
mentt is that these components can publish their search frontiers. We believe that 
thiss requirement is modest compared to building a parallel constraint solver from 
scratch.. In the particular case of OpenSolver, the coordination-layer facilitates 
thatt the time-out mechanism is implemented without modifying the solver proper. 
Ourr presentation of the scheme in Section 8.3 uses the notion of abstract behav-
iorr types, and the Reo coordination model. These are introduced in Section 8.2. 
Sectionn 8.4 details the implementation, and in Section 8.5 we describe the exper-
imentss that were performed to test the parallel solver. Compared to parallelizing 
ann existing constraint solver, the component-based approach has further benefits. 
Thesee are discussed in Section 8.6, together with related work and directions for 
futuree research. 
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8.22 Coordination and Abstract Behavior Types 
Ass we discussed in Section 3.3.3, coordination, as a field of study in computer sci-
ence,, provides a perspective on component-based software engineering. From this 
perspective,, software systems are composed from interacting component system, 
whosee computations overlap in time. Contrary to modules and objects, which 
aree the units of composition in the classical software engineering paradigms of 
modularr and object-oriented programming, an instance of a prospective software 
componentt has then at least one thread of control. For the purpose of compo-
sition,, the component is a black box, and we can assume that it communicates 
withh its environment through a set of ports. 

AA software system that complies with the above notion of a component can 
bee specified conveniently by an abstract behavior type (ABT) [Arb02]. ABTs 
aree reminiscent of abstract data types (ADTs) used in modular programming: 

•• ADTs hide the internals of data structures. Through ADTs, data structures 
aree characterized by the operations that are defined on them. This is the 
onlyy information that is relevant for modular composition of software. 

•• ABTs hide the implementation of component systems, and characterize 
themm by their behavior. This is the only information that is relevant for the 
compositionn of software systems through exogenous coordination. Because 
wee are dealing with concurrent systems, timing is an important aspect of 
thee behavior of a component. 

Beforee we can introduce ABTs we first need to recall the definition of timed data 
streams.. This notion originates from the work of Jan Rutten on co-algebras, 
streamm calculus, and notably a co-algebraic semantics for the Reo (see below) 
coordinationn model [AR02]. 

AA stream over some set A is an infinite sequence of elements of A. Zero-
basedd indices are used to denote the individual elements of a stream, e.g., a(0), 
Q(1),, a(2), ... denote the first, second, third, etc. elements of the stream a. 
Alsoo a^ denotes the stream that is obtained by removing the first k values from 
streamm a (so Q(0) is the head of the stream, and a(1) is its tail). Relational 
operatorss on streams apply pairwise to their respective elements, e.g., a < 0 
meansmeans a(0) < 0(0), a( l) < 0(1), a(2) < 0(2), ... 

AA timed data stream over some set D is a pair of streams (a, a), consisting 
off a data stream a over D, and a time stream a over the set of positive real 
numbers,, and having a(i) < a(j), for 0 < i < j . The interpretation of a timed 
dataa stream (a, a) is that for all i > 0, the input/output of data item a(i) occurs 
att "time moment" a(i). 

Ann abstract behavior type is a (maximal) relation over timed data streams. 
Everyy timed data stream involved in an ABT is tagged either as its input or 
output.. For an ABT R with one input timed data stream I and one output 
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timedd data stream O we use the infix notation I R O. Also for two such ABTs 
Z?ii  and R2, let the composition R\ o R2 denote the relation 

{{  {{a , a), (,3, b)) | there exists a timed data stream (7,c) 
suchh that (a,a)Ri(-y,c) and {y,c)R2(0,b) } . 

ABTss specify only the black box behavior of components. For a model of their 
implementation,, other specification methods are likely to be more appropriate, 
butt that information is irrelevant for the coordination of the components. 

ReoReo [Arb02, ABRS04] is a channel-based exogenous coordination model where-
inn complex coordinators, called connectors are compositionally built out of sim-
plerr ones. The simplest connectors in Reo are a set of channels with well defined 
behavior.. In Section 8.3.2 we use Reo connectors to specify the coordination of 
ourr component solvers. 

8.33 Specification 

8.3.11 Component Solver 

Inn this section we define an ABT for a constraint solver with the time-out mech-
anism.. In Section 2.2.6 we defined constraint solving as the transformation of ex-
tendedd constraint satisfaction problems, so for formalizing the notion of a solver 
wee need a domain, or universe, of ECSPs. Let U denote the set of all ECSPs, 
andd let U denote the set of all finite subsets of U. Also, for p E U we define the 
followingg set 

solsol11(p)(p) = {p' G U | p' is a 7 solved form of p] 

Nextt we specify that a constraint solver transforms a problem into a set of 
mutuallyy incomparable problems. Let D denote the data domain [ /U l / U {r} , 
wheree r £ U is an arbitrary data element that serves as a token. In the following, 
lett (a,a) and (j37b) be timed data streams over D. Now the behavior of a basic 
solversolver is captured by the BSol ABT, defined as 

(a,, a) BSol <0, b)= a < b A S(a. 0) 

wheree S is a relation on U and U, such that for all p G U and R G U, S(p, R) iff 

•• every ECSP in R is a proper subproblem of p, 

•• no ECSP in R is a subproblem of another ECSP in 7?, and 

•• sol~,(p) = M soL^r). for some notion of consistency 7. 

Thee BSol ABT formalizes the notion of an incomplete constraint solver of 
Sectionn 2.2.6. 
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8.3.1.. E X A M P L E. An example of a software system that complies with the BSol 
ABTT is a UNIX process that keeps reading (character encoded) ECSPs from 
standardd input. Some time after reading each ECSP, and before reading the 
next,, it produces on standard output one of the following (character encoded) set 
off  ECSPs: 

•• the empty set if the ECSP that was read is inconsistent, or otherwise 

•• a set containing the first solved form found with branch-and-propagate tree 
search,, plus an ECSP for every element of the search frontier of the branch-
and-propagatee algorithm. 

Thiss can be realized by repeated application of Algorithm 8.1, which is a modified 
versionn of Algorithm 2.2 on page 25. 

Figuree 8.1 shows the search tree for a possible execution of this algorithm for 
thee four queens problem (see Section 4.2). We assume chronological variable se
lection,, enumeration value selection, and depth-first leftmost-first traversal. The 
nodess in the figure depict the domains of the four variables as columns of four 
possiblee values (rows), where white fields are elements of the domains, and dark 
fieldsfields have been removed from the domains. Vertical edges denote constraint 
propagation,, and diagonal edges denote branching. If, by propagation or branch
ing,, the domain of a variable becomes a singleton set, an X in the remaining field 
markss the position of the queen on the chess board. 

Thee two leftmost leaves of the search tree are failures (they contain columns 
withoutt white fields), and the algorithm backtracks twice to find the first solution 
inn the third leaf from the left. At this point, the search frontier still contains 
twoo nodes, and the output of our process for an ECSP corresponding to the 
fourr queens problem is a set of three ECSPs, corresponding to the following 
configurations,, a solution and two internal nodes: 

X X 

X X 

X X 

X X 

Thee Str (streamer) ABT specifies that a stream of sets of problems, as pro
ducedd by a basic solver, is transformed into a stream of problems, where the 
sequencee of problems for each input set is delimited by a token: 

{a,a){a,a) Str(/3,b) = a(0) = 6(0) 
AA P(k) = T 

Aa(0)) = { W ) , - , * - l ) } 
AA ( a < V ( 1 ) ) Str (^k+1\b^+^) 

wheree for all i € IN, a(i) € U and j3(i) e U U { T } , and k denotes | a (0) | , the 
cardinalityy of the (finite) set of problems at the head of stream a. Now the 

X X 

: : X X 
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parameters:: function select, 
functionn propagate. 

input:: an ECSP P := (C ; xx 6 Du .. .,x„ G Dn ; 71 , . . .. 7; : A , - - , A ) , 
aa domain branching function ƒ, 
aa set R of domain reduction functions, 

output:: a set S of sequences of domains such that for all (D[,..., Z?̂ }  G 5, 

<<:[£>;, . . . ,£»;];;  ̂ € £> ; , . . . .X „€D;; 7i,...,rn: A , . . . , A > 

iss a subproblem of P. If 5" is non-empty, at least one of these subprob-
lemss is also a 7 solved form of P, where 7 is the notion of consistency 
enforcedd for the constraints in C by propagate and R. 

F:={{DF:={{D11,...,D,...,Dnn)} )} 
S : = 0 0 
repeat t 

selectselect Dw e F 
F:=F-{DF:=F-{DWW} } 
D'D'ww := propagate(Dw, R) 
iff  -nfailed(D'w) 
then n 

\ffinal(D'\ffinal(D'ww) ) 
then n 

S:=SU{D'S:=SU{D'WW} } 
else e 

F:=FU/ (D ;) ) 
end d 

end d 
untill F = 0 or 5 ^ 0 
5 : = 5 UF F 

Algorithmm 8.1: A first-solution search version of Algorithm 2.2 
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* * 
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V V 

X X 

X X 

X X 

X X 
X X 

Figuree 8.1: First-solution search for the four queens problem 

behaviorr of a constraint solver component is captured by the Sol ABT, defined 
as s 

SolSol = BSol o Str 

Thankss to the Str ABT, we can reduce the data domain from U U U U { r }  to 
UU U { r } : systems that comply with the Sol ABT deal only with ECSPs and the 
tokenn T. 

8.3.2.. E X A M P L E. Figure 8.2 shows the input timed data stream (a, a) and out-
putt timed data stream (/?, 6) of a system that complies with the Sol ABT. Some 
timee ts after an ABT for the four queens problem appears on the input timed 
dataa stream, a solution, and two subproblems followed by the token T appear on 
thee output timed data stream. • 

Unlikee our example solver, existing complete constraint solvers do not usually 
producee subproblems other than solutions. The search frontier is inaccessible, and 
thee token r can be thought of as the notification "no" that a Prolog interpreter 
wouldd produce to indicate that no (more) solutions have been found. Also, if 
wee model such solvers using the Sol ABT, there is typically no upper bound on 
thee time that elapses before solutions start to appear on the output timed data 
stream. . 

Inn contrast, the load-balancing solver component that we propose here stops 
searchingg for solutions after the elapse of a time-out t. At that moment, it 
generatess a subproblem for every solution that it has found, plus one for every 
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{a,a) {a,a) 

X X 

X X 

X X 

X X X X 

t imee — • 

Figuree 8.2: Input stream and output stream of a solver that complies with the 
BSolBSol ABT 

subproblemm that must still be explored. For t G IR+. the Solt ABT specifies that 
theree is an upper bound on the time needed for the solver to produce results. 

(a.(a. a) BSok (0,b) = {a, a) BSol (B,b) 
AA Mi e IN • b(i) - a(i) <t + te 

SolSoltt = BSok o Str 

wheree t( G M + is some extra time that allows the solver to finish what it is doing, 
afterr the time-out t has elapsed. 

Thee Solt behavior can be realized trivially by removing the loop from Algo
rithmm 8.1. For an input ECSP, the resulting solver then performs a single round 
off constraint propagation and splitting. However, in order to limit the amount 
off communication, for our application we want to make the solvers perform as 
muchh work as possible, within the given time-out period. 

Wee can capture this additional requirement by adding the following condition 
too the BSok ABT: 

Vii 6 IN • b{i) - a(i) > t V 0(i) = sok{a{i)) 

Thiss ensures that unless the search space has been explored exhaustively, the 
outputt is produced between time t and t + tf. 

Implementingg this exact behavior is not straightforward, but an approxima
tionn of it can be realized by modifying the loop of Algorithm 8.1: 

repeat t 

untill F = 0or S" ^ 0 

ass follows. 

tt00 := clock() 
repeat t 

untill F = 0 or clockQ -t0>t 
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Figuree 8.3: 3-way parallel solver 

Inn this modified code t is a new parameter that specifies the time-out value, and 
clockk is a function that returns the current time, or wall time. Such a function 
iss typically made available by the operating system. The resulting solver is an 
approximationn of the required behavior in the sense that the operations inside the 
loopp cannot be interrupted. Especially constraint propagation may take longer 
thann the allowed overrun time t(. This is not a problem in practice. 

8.3.22 Parallel Solver 

Figuree 8.3 shows a channel-based design for a (3-way) parallel solver. Al l channels 
inn this design are synchronous1: read and write operations block until a matching 
operationn is performed on the opposite channel end. The "resistors" depict Reo 
filters:: synchronous channels that forward data items that match a certain pattern 
(sett of allowable data items) and discard data items that do not match this 
pattern.. At node b in Figure 8.3, all output of the solvers is replicated onto two 
filters.. Channel be filters out solutions. Its pattern (p) is 

F i l t e r ( { pp e P | p e so/7(p)}) . 

Thee channel from b to T discards all solutions. Its pattern (q) is 

F i l t e r ( { pp e P | p <£ sol^p)} U {r}) . 

Thee ABTs of the channels are specified in [Arb02]. 
Apartt from the channels and the three load-balancing solvers Solt, there are 

threee elements of the design that require further clarification: the special-purpose 
connectorr T, the 3-ary exclusive router R3, and the Store. Because we focus on 
thee component solvers instead of on the coordinating framework, we do not give 
fulll ABTs for the other elements of Figure 8.3, but only an intuitive description. 

Thee synchronicity of the communication is not an important aspect of the design. 
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Thee special purpose connector T implements termination detection. Ini-
tially,, it reads a problem from its left-hand side input port. All subproblems 
enteringg T, through either input port, are forwarded immediately through its 
right-handd side output port to the Store. Also T counts the number of problems 
forwardedd to the Store, and the number of tokens r received through its bottom 
portt (from node b). While these numbers do not match, the parallel solver is busy, 
andd T will accept new (sub)problems from its bottom input port (connected to 
nodee b) only. As soon as the number of problems is canceled out by the number 
off  tokens, T sends a token r through its top port (to node c), indicating that the 
parallell  solver has finished working on its current problem. Then it returns to 
itss initial state, and accepts a new problem from its left-hand side input port. It 
shouldd be noted that termination detection for the parallel solver is much easier 
thann termination detection for a distributed application in general. The latter 
casee is discussed in Section 9.2.3. 

Connectorr R3 is a general-purpose 3-ary exclusive router. It operates syn-
chronously,, and every data item on its input port is forwarded on exactly one of 
itss output ports. If none of the channels connected to the output ports is able to 
forwardd a data item, the router blocks. If a data item can be forwarded on more 
thann one output port, a non-deterministic choice is made. Construction of the 
exclusivee router from Reo primitives is shown in [ABRS04]. 

Thee Store is a channel-like connector that is specific to this application. 
Itt buffers incoming problems, and examines them to determine the level of the 
correspondingg node of the search tree. This information can be used to enforce a 
globall  traversal strategy. When R3 is ready to accept data (i.e., when one of the 
load-balancingg solvers has become idle) it forwards a problem according to this 
strategy.. For example, it may forward a node of the deepest available level in 
ann attempt to implement depth-first search globally. This effectively drains the 
Store.. Forwarding a node of the shallowest available level implements breadth-
firstt search, fillin g up the Store with more subproblems. 

8.44 Implementation 

Too test the proposed implementation of parallel search, we equipped our Open-
Solverr constraint solver with the time-out mechanism, and developed a distributed 
programm to combine several such solvers into a parallel constraint solver. 

8.4.11 Component Solver 

AA special coordination layer plug-in StreaminglO has been developed that con-
figuress OpenSolver as a load-balancing solver, as specified in Section 8.3. When 
itit  is equipped with this plug-in, an OpenSolver instance keeps reading configura-
tionn specifications from its standard input. These specifications are sequences of 
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ASCIII  characters, in the language of Figure 3.2 (see Program 4.3 on page 77 for an 
example).. The individual configuration specifications are delimited by brackets, 
andd configure OpenSolver for solving a particular ECSP. 

Whenn a solver configuration has been read from standard input, the coor-
dinationn layer plug-in instructs the solver to parse it, and starts the search for 
solutions.. This coordinates the solver to perform a regular branch-and-propagate 
search,, as explained at the end of Section 3.3.1. When the time-out elapses, or 
whenn the search frontier becomes empty, the StreaminglO plug-in stops issuing 
commandss that drive the search for solutions. Instead it issues the flush and 
clearr WDB commands of Section 3.3.2. 

Everyy plug-in implements a method to write itself into a character string. 
Whenn executing the command to flush the search tree, this method is called for 
alll  plug-ins that define a particular node of the search tree, notably the variable 
domainss and the DRFs. These strings are then passed to the coordination layer. 
Normallyy this mechanism is used to produce the solved forms of an ECSP, but 
becausee we do not perform an exhaustive search, in this case it also produces the 
searchh frontier. This information is used by the StreaminglO coordination layer 
plug-inn to construct new solver configurations that are written to standard output. 
Afterr the flushing operation is complete, the coordination layer plug-in generates 
aa character-encoded token r, and proceeds by reading a new problem specification 
fromm standard input. Except for the token, the output of this coordination layer 
plug-inn can directly be fed into another solver as a stream of solver configurations. 

Thee component solvers are configured to perform a depth-first traversal of 
thee search tree, but through an adapter, the branching operators are modified to 
annotatee the nodes with their level in the search tree. These annotations appear 
inn the solver configurations that are forwarded through the network, and can be 
interpretedd by the process that implements the Store of Section 8.3.2 to impose 
aa high-level traversal strategy on top of the depth-first traversal of the solvers. 

Ass we discussed in Section 4.2, OpenSolver is based on copying, so the search 
frontierr is maintained explicitly. This is a great convenience for publishing the 
searchh frontier, but we are convinced that our method extends to solvers that use 
trailingg or recomputation. Especially when searching for all solutions, every node 
off  the search tree must be generated eventually, so no extra work is involved if 
thiss is done for the current search frontier when the time-out elapses. 

8.4.22 Parallel Solver 

Dependingg on the complexity of the interaction, it may make sense to use a 
dedicatedd coordination language to orchestrate the interaction of the cooperating 
entitiess in a concurrent system. For example if the population of processes is 
highlyy dynamic, the Manifold coordination language [Arb96] may be a logical 
choicee (see also Section 9.2.1). In this case, we implemented the coordination 
protocoll  of Section 8.3.2 as a master-slave distributed program coded in C using 



ISO O ChapterChapter 8. Parallel Constraint Solving 

ii iMiy 

pipes s 

C/MPI I 

rr r 
slave e 

A A 

^ 5 # # 

A A 
y y 

slave e 
A A 
V V 

11 > master 

T? ? 
slave e 

A A 

<-- ' 

Figuree 8.4: Software architecture of the parallel solver 

thee MPI message passing interface. Without the facilities for gathering statistics, 
thee size of this "glue code" is just a littl e more than 600 lines. The slave processes 
forkk a new UNIX process to start the component solvers, and a pair of pipes is 
connectedd to the standard input and output of these processes to facilitate the 
character-basedd implementation of the timed data streams. 

Thee channels of the coordination model are implemented by directed send and 
receivee MPI calls. Upon reception of a token r, a new subproblem is sent to the 
solverr that generated the token. For this purpose, the character-based encoding 
off  the token contains the identity of this solver. Also the number of solutions 
countedd for each subproblem is piggybacked on the token. 

Whenn reading from the pipe that is connected to the standard output of a 
solver,, the slave processes perform some parsing to recognize the beginning of a 
neww solver configuration. At this point, an entire problem is sent to the master 
processs as a character string. The master process implements the distribution and 
gatheringg of the problems. Figure 8.4 illustrates this software architecture. In 
total,, for an n-way parallel run, 2 n +1 user processes are running on n processors. 

Notee that the component solvers are still stand-alone applications that rely 
onn character-based standard I /O only. Our primary goal was a performance 
evaluationn of the time-out mechanism, and from that perspective, a master-slave 
implementationn is acceptable. However, the channel-based design of Section 8.3.2 
hass many advantages over this rigid scheme. In particular, the decision where to 
sendd the next subproblem is now taken on the basis of solver output, whereas a 
truee implementation of the exclusive router would be able to detect that a solver 
iss idle when the channel connecting to that solver is ready to accept new data. 
Thiss has the benefit of a better separation of concerns and of a reusable solution. 
Thee Manifold coordination language fully supports the design of Section 8.3.2. 
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8.55 Experiments 
Thee parallel solver was tested on three combinatorial problems: 

QueensQueens An instance of the n-queens problem, as described in Section 4.2. Pro-
gramm 4.3 shows a solver configuration for n — 4. Instead of the variable based 
schedulerr we used the default, operator-based scheduler. The results reported 
heree are for n = 15, for which there are 2,279,184 solutions. 

SatSat An instance of the propositional satisfiability problem, described in Sec-
tionn 4.4. For these experiments we use the benchmark formula parl6-2-c from 
thee DIM ACS test set2. This formula has 1392 clauses on 349 variables. 

ColoringColoring This is a graph coloring problem. In general, the problem is to find 
ann assignment of colors to the vertices of a graph, such that two vertices that 
aree connected by an edge have different colors. Here we verify that no 9 coloring 
existss for graph DSJC125.5, also from a DIMACS test set, having 125 nodes and 
38911 edges. In our model we use a variable for every node, and a disequality 
constraintt for every edge. The disequalities are implemented using the DDNEQ 
DRFF plug-in of Section 4.2. 

Inn all cases, we used a fail-first variable selection strategy, selecting a variable 
withh the smallest remaining number of alternative values. As a second criterion 
forr Coloring, variables are ordered according to the degree of their corresponding 
nodess of the graph. In order to generate a large number of subproblems, we used 
ann enumeration value selection strategy (see Figure 4.2 on page 70). The compo-
nentt solvers perform a depth-first traversal, but using the level annotation of the 
configurationsconfigurations generated by the solvers, the master switches between breadth-first 
andd depth-first traversal, depending on the number of available subproblems. If 
thiss number is below a certain threshold value (512, for these experiments) prior-
ityy is given to the shallowest available nodes. These are least likely to complete 
beforee the time-out, and can thus be expected to increase the number of problems 
availableavailable to the master, making it easier to keep all solvers busy. Also, when the 
fulll  problem is first submitted to the first solver, this solver uses a very small 
time-outt in order to generate work for the other solvers quickly. 

Thee results reported below are for an all-solution search, and solutions are 
onlyy counted, not stored or communicated. An all-solution search avoids the ef-
fectt known as the speedup anomaly, which entails that for a non-exhaustive 
search,, part of the speedup is due to the different traversal of the search space. 
Forr example, consider that the search space is split into two subtrees, and that 
thee root node of the second subtree happens to reduce to a solution. Parallel 
searchh on these two subtrees would find the solution almost immediately, result-
ingg in a super-linear speedup over the sequential case where the other subtree 

2availablee at ftp://dimacs.rutgers.edu/pub/challenge 

ftp://dimacs.rutgers.edu/pub/challenge
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Figuree 8.5: Speedup figures 

iss processed first. Because we are interested in evaluating the efficiency of our pro-
posedd parallelization of tree search, we tried to avoid demonstrating the speedup 
anomaly. . 

Tablee 8.1 shows the sequential and parallel runtimes (elapsed time) for our 
testt problems, as well as the parallel efficiency, which is the actual speedup di-
videdd by the number of processors. As a further indication that our solver is a 
realisticc implementation, depending on the search strategy, the standard example 
forr 15-queens in ECLTSe 5.5 [WNS97, CHS+03] completes in 900 - 1500 sec. on 
thee same hardware. The speedup figures (sequential runtime divided by parallel 
runtime)) are shown in Figure 8.5. Al l elapsed times shown are averages of 10 
repeatedd runs on a Beowulf cluster built from 1200 MHz Athlon nodes. The en-
triess for "parallel" runs on 1 processor are an indication of the overhead of the 
time-outt mechanism. For Queens and Sat we used a time-out value of 3200ms. 
Forr Coloring we used 9600ms. These values were found to give good results in 
preparatoryy experiments, but performance did not seem overly sensitive to the 
actuall  time-out used. The master process always runs on the same node as one of 
thee component solvers and its slave process, and competes with these processes 
forr CPU time. 

Ass can be seen from Figure 8.5, our parallel solver scales well. For Queens 
andd Coloring, the parallel efficiency remains practically constant for the num-
berss of processors that we have tested with, and the scalability can be expected 
too extend to higher numbers of processors. The difference in efficiency for these 
twoo series of runs, and for the Sat runs on lower numbers of processors can be ex-
plainedd by the different sizes of the problem representations, and their associated 
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Queens Queens 
eff. . 

Sat Sat 
eff. . 

Coloring Coloring 
eff. . 

Seq q 
734.16 6 

1541.12 2 

419.29 9 

Processors s 
1 1 

760.79 9 
0.96 6 

1842.55 5 
0.84 4 

475.92 2 
0.88 8 

2 2 
380.85 5 

0.96 6 
931.26 6 

0.83 3 
236.50 0 

0.89 9 

3 3 
253.41 1 

0.97 7 
619.65 5 

0.83 3 
156.47 7 

0.89 9 

4 4 
190.04 4 

0.97 7 
466.08 8 

0.83 3 
117.70 0 

0.89 9 

Queens Queens 
eff. . 

Sat Sat 
eff. . 

Coloring Coloring 
eff. . 

5 5 
152.01 1 

0.97 7 
378.14 4 

0.82 2 
94.31 1 
0.89 9 

Processors s 
6 6 

126.67 7 
0.97 7 

313.91 1 
0.82 2 

78.11 1 
0.89 9 

8 8 
95.18 8 
0.96 6 

240.91 1 
0.80 0 

58.23 3 
0.90 0 

12 2 
63.32 2 
0.97 7 

171.43 3 
0.75 5 

38.92 2 
0.90 0 

16 6 
47.86 6 
0.96 6 

140.02 2 
0.69 9 

30.56 6 
0.86 6 

Tablee 8.1: Elapsed times (sec.) and parallel efficiency 

communicationn costs. 

Forr Sat, parallel efficiency drops after 8 processors. The reason is that be-
causee the variable domains are binary, the search frontiers are smaller than for 
thee other two problems, and the master has difficulty keeping all solvers busy. 
Alsoo the problem seems to have a less balanced search space: submitting a shal-
loww subproblem to one of the solvers is less likely to generate new nodes than for 
QueensQueens and Coloring. We hope to remedy the problem of the binary search 
treess by using a special-purpose branching strategy plug-in, which instantiates 
severall  variables at the same time, thus generating larger search frontiers. How-
ever,, this strategy will also generate assignments that would otherwise have been 
preventedd by constraint propagation, so it is hard to predict the overall effect. 

Thee Queens experiments have also been run overnight on several (mostly 
idle)) workstations connected by a local area network. While a detailed analysis 
off  these experiments has not been made, here too we saw good speedup and 
scalability.. Our approach seems well suited for such an environment: because no 
solverr will work longer than the specified time-out before sharing work with other 
solvers,, the proposed implementation of parallel search will likely be insensitive 
too the existing load and heterogeneity of the hardware. Because good results 
weree obtained on a cluster (distributed memory), the parallel solver can also be 
expectedd to perform well on shared memory machines. 
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8.66 Discussion 

Perspect ivess and Limitations 

Ass an alternative to implementing the time-out mechanism in the component 
solvers,, we could move this mechanism into the software that coordinates them. It 
wouldd be equally easy to modify a constraint solver to respond to some interrupt, 
andd somehow an interrupt mechanism seems less alien to constraint solving than 
aa time-out mechanism. In either case the solver must be able to publish the state 
off  its search algorithm, for which we use a character-based encoding. 

Theree are other advantages to enabling a solver to publish its search frontier. 
Forr instance, it allows user interaction in constraint solving, e.g., for compu-
tationall  steering, and supports a mechanism for checkpoints. When the set of 
subproblemss held by the master process is saved to disk at regular intervals, and 
subproblemss are not discarded until their results have been processed, the solver 
cann restart from the last saved set of subproblems after, for example, a power 
failuree has occurred. Also saving subproblems to disk may increase the applica-
bilit yy of limited discrepancy search in a copying-based solver (see Section 4.1.2), 
especiallyy if the I /O can be performed in the background, and does not imply 
busyy waiting. 

Anotherr possibility is to implement in-search transformations of CSPs out-
sidee the core solver. In OpenSoIver, such transformations are currently limited to 
deactivatingg reduction operators that have become redundant. For other transfor-
mationn techniques, such as adding redundant constraints, or symbolic rewriting 
off  arithmetic constraints, it is not immediately clear how to incorporate these in 
thee branch-and-propagate search in a uniform way. Moreover, extending Open-
Solverr to accommodate specialized transformation techniques may make it less 
efficientt in those cases where these techniques are not needed. By applying trans-
formationss outside the branch-and-propagate search, we risk that constraint prop-
agationn is weaker than necessary, but because of the time-out mechanism, this 
inefficiencyy wil l not last long, and the overall effect may be a good compromise 
betweenn ease of implementation and efficiency. 

Ourr current implementation is not suited for optimization, because new bounds 
forr a criterion variable are not communicated between solvers. When a new bound 
iss discovered, many of the subproblems in the Store may never be able to improve 
onn this bound, but they have to be processed nonetheless. What is worse, the 
neww bound remains local to the subproblems of the ECSP in which it was found. 
Afterr flushing its search frontier, a solver returns to its initial state, and forgets 
thee bound, and only the solvers that pick up one of the generated subproblems 
wil ll  temporarily be able to use it. This can be remedied by adding two processes 
too the network of Figure 8.3. One process inspects the value of the criterion 
variablee for outgoing solutions, and sends this value to the other process, which 
addss a reduction operator for enforcing the current best bound to any subproblem 
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Figuree 8.6: 3-way parallel solver with optimization 

leavingg the Store. This is illustrated in Figure 8.6. 
Branch-and-boundd optimization was studied from a coordination point of view-

inn [Sta02], but in our work, the emphasis is on the component side rather than on 
thee coordination framework, and on the demonstration of a realistic implementa
tion.. We do not expect that our component-based solution performs worse than 
otherr parallel implementations of branch-and-bound, but this should be verified 
byy further experiments. 

Constraintt solving was used as an example application, but our method can 
probablyy be applied to other problems that involve tree search. This is not 
surprising,, because for many such problems, there exists a more or less efficient 
encodingg as a constraint satisfaction problem. However, some problems that 
involvee tree search have special requirements. As an example, we have seen in 
Sectionn 4.4 that specialized solvers for the SAT problem rely on so-called learning 
searchh algorithms, which derive new constraints during the traversal of the search 
tree.. These constraints are redundant, but when they are made explicit they 
achievee a stronger pruning of the search tree. It is not directly clear how our 
methodd should be extended to facilitate learning solvers, and the complementing 
backjumpingg techniques. 

Relatedd Work 

Otherr approaches to parallel constraint solving often use a scheme where the 
parallell solvers exchange nodes of the search tree only when one of them becomes 
idle,, see for example [MS94, Per99, SchOO. Ham05]. For such schemes, solvers 
cann potentially run for a long time without having to respond to a request for 
workk from other solvers, but once a solver becomes idle, it may be more difficult 
too find another solver that is willing to share part of its search frontier. In 
contrast,, our approach aims at having a large repository of work, assuming that 
thee time-out can be tuned such that publishing the search frontier is relatively 
cheap.. From a software engineering point of view it is simpler, and better suited 
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forr a component-based implementation, but from a user's point of view, our 
schemee is more complicated because it introduces a tuning factor. It may well be 
possible,, though, to use a heuristic for tuning the time-out automatically during 
thee computation. For example, the Store of Figure 8.3 could increase the time-
outt value while enough subproblems are available to keep all solver busy for some 
time. . 

Inn [HKS01] a shared-memory scheme is described where first the original CSP 
iss split by assigning values to variables in a generate-and-test phase, until a large 
sett of subproblems are available. These problems are then solved in a data-parallel 
way,, using either a static or dynamic partitioning. We expect that scheme to be 
moree sensitive to load imbalance because it is possible that most of the work is 
concentratedd in only a few of the generated subproblems. 

Thee approach of Disolver [Ham05] is unique in the sense that load balancing 
andd bound sharing (in optimization) can be controlled through setting some pre-
definedd logical variables. In addition, several properties of the search process 
forr which we use annotations are reflected in the domains of other pre-defined 
variables.. Regular constraints can be now be used to activate or deactivate load 
balancingg and bound sharing depending on properties of the search process. This 
way,, adaptive cooperations between the parallel running solvers can be specified 
throughh constraints. 

Forr all alternatives discussed here, a comparison of reported efficiency results 
iss difficult, because the hardware platforms and software environments, and the 
benchmarkk problems used in each case are quite diverse. For example, the re-
sultss in [Per99] for ILOG Solver apply to job-shop scheduling problems. Because 
thesee are optimization problems, the experiments are very sensitive to the traver-
sall  order, leading to speedup anomalies: for various experiments, the observed 
speedupp ranges from 1.23 to 3.92 on two processors, and from 2.4 to 28.95 on 
fourr processors. The author mentions that running the parallel solver with one 
processorr incurs an overhead of 2-3%, which could be comparable to the column 
forr 1 processor in Table 8.1. This result is for a shared memory system, which 
mayy explain the low overhead compared to our approach. 

Somee of the results in the other references above do not suffer from the speedup 
anomaly,, and just to indicate that despite its straightforward load balancing 
schemee our parallel solver is fairly efficient, Table 8.2 presents a comparison yet. 
Forr each system, the best and worst speedups among the presented set of exper-
imentss are listed. From [SchOO] we did not consider the optimization problems 
becausee of the speedup anomaly. For the same reason, from [HKS01] we cite only 
thee results for inconsistent problems. Furthermore it should be noted that the 
speedupp figures of [MS94] were not obtained by comparison with the best possible 
sequentiall  run. They apply to the parallelized system, which is less efficient. Also 
[HKS01]]  concerns a shared memory implementation. The quoted results are for 
theirr best (dynamic) partitioning strategy only. The results reported for ECI/PS6 

inn [MS94] and for the Mozart implementation of Oz in [SchOO] are for distributed 
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CPUs s 
2 2 
3 3 
4 4 
5 5 
6 6 
8 8 

12 2 
16 6 

OpenSolver r 
1.65-1.93 3 
2.49-2.9 9 
3.31-3.86 6 
4.088 4.83 
4.91-5.8 8 
6.4-7.71 1 

8.999 11.59 
11.01-15.34 4 

Speedup p 
[MS94] ] 

1.78-1.99 9 

3.19-3.90 0 

4.60-7.56 6 
5.37-10.79 9 

[SchOO] ] 
1.74-1.85 5 
2.47-2.63 3 
2.92-3.30 0 
3.12-3.51 1 
3.17-3.81 1 

[HKS01] ] 

3.744 3.96 

6.32-7.44 4 

9.08-13.95 5 

Tablee 8.2: Comparison of speedup figures 

memoryy (networked) systems, like ours. The last two systems both use recompu-
tationn to regenerate nodes of the search tree that have been transferred from one 
machinee to another. For Disolver, we did not find any results that do not suffer 
fromm the speedup anomaly. 

8.77 Conclusions 

Wee proposed an implementation of parallel tree search in constraint solving based 
onn time-outs. Instead of a parallel algorithm, we presented and implemented the 
methodd as a protocol for the coordination of multiple instances of a component 
solver.. After equipping a constraint solver with the time-out mechanism, some 
6000 lines of C/MPI code were sufficient to coordinate several of these component 
solverss to perform parallel search. Experiments showed that a good speedup is 
obtainedd on 2 to 16 CPUs, which indicates a good load balance. We conclude 
that: : 

•• The time-out mechanism is an effective way to implement parallel search in 
constraintt solving. 

•• Once a solver is able to publish its search frontier, building a parallel con
straintt solver becomes a matter of component-based software engineering. 

•• The OpenSolver plug-in mechanism made it very easy to meet this require
ment. . 

•• Separating computation and coordination, i.e., adding a protocol instead of 
implementingg a parallel algorithm is a viable approach. 

Wee also described how to implement parallel optimization. We do not expect 
thatt our component-based solution performs worse than other parallel implemen
tationss of branch-and-bound, but this should be verified by further experiments. 
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Distributedd Constraint Solving 

Thee subject of this chapter is DICE (Distributed Constraint Environment), a 
frameworkk for distributed constraint solving. In addition to the design of the 
framework,, and its implementation in the Manifold coordination language, we 
wil ll  discuss a number of extensions that were proposed to improve the efficiency 
off  distributed constraint solving in DICE. OpenSolver was originally developed 
ass a part of DICE, to realize these optimizations, and the material presented 
herehere clarifies some of the design decisions. It also demonstrates a third potential 
applicationn of OpenSolver as a software component. 

9.11 Introduction 

Constraintt propagation algorithms can essentially be characterized as a set of 
functions,, plus a scheduler that coordinates their application. This supports the 
observationn of Gelernter and Carriero that all useful programs consist of a com-
binationn of computation and coordination [GC92]. This observation was made 
inn the context of coordination languages. Although they originated in the area 
off  parallel and distributed computing, coordination languages now also manifest 
themselvess as a technology for realizing component-based software engineering. 

Ass we have seen in the previous chapters, constraint solving comprises a col-
lectionn of largely independent techniques. To solve a CSP efficiently, a constraint 
solverr typically combines several procedures, heuristics, and even stand-alone 
solvers.. This indicates that in addition to providing evidence for the "program-
mingg = computation + coordination" proposition, constraint solving might also 
benefitt from the component-based approach that is facilitated by contemporary 
coordinationn languages. 

Thee above observations suggest a coordination-based implementation of con-
straintt solving, which was explored in two articles: [MonOOa], on a coordination-
basedd constraint propagation algorithm, and [AMOO], which complements this 
algorithmm with facilities for search in a distributed setting, i.e., in absence of a 
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centralizedd representation of CSPs. An additional benefit of the approach pro-
posedd in these articles is that because of the concurrent nature of the coordination 
language,, the solver can be applied in situations that require distributed solving, 
orr where it can be expected that parallel execution of domain reduction functions 
wil ll  reduce the turn-around time of solving. 

Ann implementation of the distributed constraint propagation algorithm in the 
Manifoldd coordination language provided the proof of concept, and DICE [Zoe03b] 
combinedd both algorithms into a general purpose coordination-based constraint 
solver.. Because of its distributed nature (every variable and reduction operator 
inn DICE had its own thread, possibly running in its own process), constraint solv-
ingg in DICE involved massive communication among concurrent threads, which 
madee it quite inefficient compared to existing, sequential constraint solvers. For 
thiss reason, in [Zoe03a] we proposed an alternative implementation that allows 
ann arbitrary distribution of variables and reduction operators over a set of co-
operatingg solvers. The resulting system allows all configurations ranging from a 
full yy distributed solver to a single sequential constraint solver. OpenSolver was 
intendedd to implement the cooperating solvers of this alternative implementation. 

Thee remainder of this Chapter is organized as follows. Section 9.2 covers the 
originall  DICE system. It briefly introduces the Manifold coordination language, 
andd recalls the coordination-based constraint solving algorithms of [MonOOa] and 
[AM00] .. In Section 9.3 we describe the alternative implementation proposed in 
[Zoe03a],, and in Section 9.4 we relate this proposed alternative to the current 
OpenSolverr implementation. In Section 9.5 we evaluate the benefits of our ap-
proach,, and discuss related work. 

9.22 DICE 

DICEE (Distributed Constraint Environment) is a framework for distributed con-
straintt solving, implemented using the Manifold coordination language. A run-
ningg system consists of a number of processes, that cooperate according to coor-
dinationn protocols for constraint propagation, distributed termination detection, 
andd search. These are described below in Sections 9.2.2-9.2.4. First we introduce 
Manifoldd and its coordination model. 

9.2.11 Coordination Model and Language 

Coordinationn languages offer language support for composing and controlling 
softwaree architectures made of concurrently executing entities. In the Idealized 
Workerr Idealized Manager (IWIM ) model of coordination [Arb96], these enti-
tiess are represented by processes. In addition to processes, the basic concepts 
off  IWIM are ports, channels and events. A process is a black box that ex-
changess units of information with the other processes in its environment through 



9.2.9.2. DICE 191 1 

itss input ports and output ports, by means of standard I/O primitives analogous 
too read and write. The interconnections between the ports of processes are made 
throughh directed channels. Independent of channels, there is an event mechanism 
forr information exchange in IWIM. Events are broadcast by their sources, yield-
ingg event occurrences. Processes can tune in to specific event sources, and 
reactt to event occurrences. 

Thee IWIM view of a software system is a dynamic ensemble of interconnected 
processes.. A process can be regarded as a worker process or a manager pro-
cess.. The responsibility of a worker process is to perform a (computational) task. 
Thee responsibility of a manager is to coordinate the communications among a 
sett of worker processes. For this purpose, manager processes can create worker 
processess and make channel connections to their ports. A manager process may 
bee considered a worker processes by another manager. At the bottom of this 
hierarchyy there is always a layer of atomic workers. 

Manifoldd [Arb96, Arb] is a coordination language for writing program modules 
(coordinatorr processes) to manage complex, dynamically changing interconnec-
tionss among sets of independent, concurrent, cooperating processes that comprise 
aa single application. The conceptual model behind Manifold is based on IWIM . 
AA Manifold application consists of a (potentially very large) number of processes 
runningg on a network of heterogeneous hosts, some of which may be parallel sys-
tems.. Processes in the same application may be written in different programming 
languagess and some of them may not know anything about Manifold, nor the fact 
thatt they are cooperating with other processes through Manifold in a concurrent 
application. . 

9.2.22 A Distributed Constraint Propagation Algorithm 

Inn contrast to inherently sequential constraint propagation algorithms like Algo-
rithmm 2.1 on page 22, DICE implements the coordination-based chaotic iteration 
algorithmm of [MonOOa]. In this algorithm, each CSP variable is represented by 
aa process that maintains the domain of that variable. Also each domain reduc-
tionn function is represented by a process that receives input from the processes 
correspondingg to the CSP variables that the function applies to. Channel con-
nectionss are made between the ports of Variable and DRF processes according to 
thee structure of the CSP. The DRF processes have a buffer associated with each 
inputt port, which stores the domain last seen on that port. These buffers are 
initializedd by having a Variable process send its domain each time a connection 
too a DRF process is made. 

Figuree 9.1(a) shows an example process network of this algorithm. Variable 
processess send reduction requests to DRF processes. Reduction requests con-
tainn the domain of the CSP variable. The DRF process uses this domain to 
updatee the buffer associated with the input port that delivers the reduction re-
quest.. Then it applies the domain reduction function to the domains in the 
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Figuree 9.1: (a) An example process network of the distributed constraint propa-
gationn algorithm, (b) the propagation engine is coordinated from the outside to 
performm search 

buffers1.. This yields new domains for the output variables of the domain reduc-
tionn function. These domains are dispatched through the output ports of the 
DRFF process to the corresponding Variable processes as update commands. 

Uponn receiving an update command, a Variable process computes the inter-
sectionn of the domain held in the update command and the domain of the CSP 
variablee held in its internal store. If this intersection is a proper subset of the 
currentt domain, the store is updated with the intersection, and the new domain 
off  the CSP variable is dispatched through the output port of the Variable process 
ass a reduction request. The reduction request is broadcast to all DRF processes 
thatt connect to this output port. If the intersection does not reduce the domain 
off  the CSP variable, the update command has no effect. 

Inn [MonOOa] it is argued that this distributed algorithm implements a restric-
tionn of the Generic Iteration Algorithm for Compound Domains of [Apt99]. This 
allowss us to benefit from several properties that have been proven for that algo-
rithm.. One of these properties is that the algorithm is guaranteed to terminate 
iff  the domains are finite and the DRFs are inflationary. The latter is effectively 
ensuredd by having Variable processes compute intersections. 

Thee elegance of the coordination-based algorithm is that neither the Variable 
processess nor the DRF processes have to know anything about the CSP that 
theyy are solving. The input and output schemes of DRFs, which are used in 
Algorithmm 2.1 to maintain the set G of DRFs that still need to be applied, are 

^ nn the implementation, application of the domain reduction function is postponed until no 
moree reduction requests are immediately available on the input ports. Such details are omitted 
fromm this presentation. 
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laidd down in the network of channels that conveys the domain updates. These 
schemess need only be accessed when a DRF is added to the network. However, 
thee apparent simplicity of not having to maintain the set of pending DRFs comes 
att the cost of having to detect termination of a distributed computation. 

9.2.33 Distributed Termination Detection 

Althoughh this is not strictly necessary, usually we do not want to consider expand-
ingg the search tree by branching on the domain of a variable before constraint 
propagationn has finished. Therefore, we need to know when the propagation al-
gorithmm terminates. With a sequential algorithm, like Algorithm 2.1, this is easy: 
itt terminates when the set of atomic reduction steps that still need to be applied 
becomess empty. 

InIn the case of the distributed algorithm of the previous section, the conditions 
forr concluding that constraint propagation has finished are more difficult to verify. 
Thee algorithm terminates when: 

1.. all Variable and DRF processes are idle, and 

2.. there are no pending update commands or reduction requests in the chan-
nels. . 

DICEE employs the algorithm described in [Dij87] to detect these conditions. 
Forr the purpose of this algorithm, the processes of the constraint propagation 
algorithmm are connected in a ring network. The dashed lines in Figure 9.1(a) 
showw the extra channels for termination detection. All processes maintain a local 
counterr of the number of update commands and reduction requests in the network. 
Thee ring network is used for circulating a token. This token is forwarded when the 
processs that holds it becomes idle. When it returns to the process that created it, 
thee token has accumulated the local counters of all process. Termination can be 
concludedd only if this sum equals 0. Together with a black/white coloring of the 
processess and the token the algorithm ensures correctness in case of asynchronous 
channels.. This corresponds to the Manifold communication model. 

9.2.44 Search 

DICEE employs a scheme similar to that of [AMO0], where thee network of processes 
off  the constraint propagation algorithm is performing work in several nodes of the 
searchh tree simultaneously. As a result, multiple tokens of the termination detec-
tionn algorithm may be circulating on the ring network, one for every instance of 
thee constraint propagation algorithm, and all administration inside the Variable 
andd DRF processes for the purpose of the propagation and termination detection 
algorithmss is per node of the search tree: 
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DRF:: DRF:: 

DomainDomain I:ARRAY [l..n] OF World -^ Domain 

{black,, white}  color: World —• {black, white} 

2Z2Z njmsg: World -^ 2Z 

wheree n is the number of input ports of thee DRF process, and World is a datatype 
whosee elements serve as identifiers for nodes of the search tree. A ^ B denotes 
aa map data structure, i.e., a set of tuples {a, b) £ A x B in which every a e A 
occurss at most once. Maps v and ƒ [1 ] , . . . , I[n] hold the data for the propagation 
algorithm,, and color and njmsg represent the state of the termination detection 
algorithm. . 

AA partial order is defined on the elements of World, by which an ancestor node 
iss compatible to its descendants, and a descendant is smaller than its parent. 
Onn several occasions, we look for information in the smallest compatible world 
off a world w. For example, the update commands of the propagation algorithm 
noww consist of a world w, and a domain d. If the world w is not yet known to 
thee Variable process, it intersects d with the domain d' of the CSP variable in the 
smallestt compatible world of w. Only if d' n d C d', the element w —• d' D d is 
addedd to the map v of the Variable process. 

Thee facilities offered by this administration per world are used by two new 
processess Split and Search, which implement the branching strategy (involv
ingg variable selection and value selection) and traversal strategy, respectively. 
Thesee processes have connections to all Variable processes (Figure 9.1(b)), and 
coordinatee the network of the propagation algorithm to perform search. 

Thee Split process is triggered when propagation finishes in a certain world, 
andd may query Variable processes for their domains in that world. On the basis 
off this information, the Split process can then decide which variable to branch on 
(iff any), and construct a set of new World-Domain pairs for that variable. The 
worldss of this set correspond to the subproblems created by the branching. 

Uponn receiving new worlds and corresponding domains from the Split process, 
aa Variable process tells the Search process about these new worlds. This allows 
thee Search process to maintain an administration of worlds where the constraint 
propagationn algorithm still needs to be applied. The Search process coordinates 
thee activities of the propagation network through the search tree, by issuing 
commandss that start propagation in worlds that it knows about. In the current 
implementationn of DICE, the Search process may consider starting propagation 
inn a new world on two occasions: when propagation finishes in a certain world, 
andd when a Variable process notifies it that new worlds have become available. 

Variable:: Variable:: 

v:v: World 

color:color: World 

n.msg:n.msg: World 
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Figuree 9.2: Example DICE network 

9.33 Cooperating Solvers 

Thee design of the previous section supports the cooperation of solvers on the 
levell of reduction steps inside the branch-and-propagate search. Because of the 
veryy small grain size of the computational tasks that are typically performed in a 
reductionn step, this has limited applicability. Therefore, in [Zoe03a], we proposed 
too adopt a more general scheme, which is comparable to that of [MR99], from a 
constraintt propagation point of view. The basic process instance in this scheme 
iss a solver. A solver process can: 

•• maintain any number of variables, 

•• apply DRFs to variables that it maintains, 

•• branch on the domains of variables that it maintains in order to generate 
neww nodes in the search tree, and 

•• start constraint propagation in nodes of the search tree that it knows about. 

Inn Sections 9.3.1 and 9.3.2 we discuss some details and implications of this scheme, 
relatedd to constraint propagation and search, respectively. In Section 9.3.3 we 
introducee DRF worker processes to support parallel search. Figure 9.2 shows an 
examplee network of solvers. 

9.3.11 Grouping Variables and Reduction Operators 

Solverr processes can have a pair (input and output) of ports for each of the 
variabless that they maintain. Channel connections can be made to these ports 
inn order to connect variables in solver processes that correspond to the same 
CSPP variable. Solvers modify the domains of CSP variables by computing a 
fixedd point of their local DRFs. When a solver process modifies the domain of 
aa variable that it maintains, and for this variable there exists an output port 
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thatt has one or more channel connections, the new domain for that variable is 
sentt through this output port as a propagate command. Propagate commands 
aree handled like the update commands and reduction requests of Section 9.2.2. 
Incomingg propagate commands that reduce the domain of a CSP variable trigger 
thee fixed point computation. 

Comparedd to the design of Section 9.2.2, we can now combine several Variable 
processess into a single process. Also domain reduction functions that involve the 
correspondingg CSP variables can be applied by this same process directly, without 
communication.. Solvers can have local variables, for which no ports and channel 
connectionss exist. This way, communication takes place only for CSP variables 
thatt are shared by solvers. Based on the results reported in [MR99], we can 
expectt that for sufficiently large problems, a partitioning of CSP variables and 
DRFss can be found for which efficiency can be gained from distributed execution. 

Thee DRF processes of Section 9.2.2 are special cases of solvers that apply a 
singlee DRF. The Variable processes can be implemented as solvers that maintain a 
singlee CSP variable, and do not apply any DRFs. In the original design, Variable 
processess served to coordinate the activities of the DRF processes by forwarding 
updatee commands as reduction requests. In DICE, solvers can send each other 
updatess of variable domains directly. Network topology is no longer centered 
aroundd a set of processes whose main task is to forward updated variable domains. 
Failingg to connect two solvers on a common CSP variable, however, may influence 
thee level of consistency that is enforced by constraint propagation. Therefore we 
shouldd provide a default topology that ensures the maximum level of consistency 
thatt can be achieved by the domain reduction functions. 

9.3.22 Search by Cooperating Solvers 

Moree than one branching strategy may be active in a network of solver processes. 
Thiss has two potential applications: 

•• Complementary strategies that cooperate to implement a global strat
egy.. Every solution occurs exactly once in the global search tree. The 
obviouss example here is that different solvers branch on different variables. 

•• Competing strategies, where there are different ways of arriving at the 
samee solution. This can be useful when searching for a single solution. This 
iss also sometimes called diversification. 

Forr complementary strategies, facilities must be provided that allow cooperating 
solverss to adhere to a common variable selection strategy. For example, if in
deedd we use a dedicated process for each variable, as in Section 9.2.2, it makes 
sensee to let these processes control the branching of their variables. In that case, 
too implement fail-first, these processes must be able to determine among them
selvess which process holds the variable with the smallest domain. In the presence 
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off  competing strategies, in order to control the size of the search tree, we will 
probablyy want to prevent one strategy from splitting a subproblem generated by 
anotherr strategy. For this purpose, nodes of the search tree generated according 
too different strategies must be distinguishable, and form separate subtrees of the 
globall  search tree. 

Neww nodes that are generated inside a solver by application of a branching 
strategyy can be handled in two ways: 

•• they can be stored locally, in a set of nodes that await constraint propaga
tion,, or 

•• they can be sent to another solver via dedicated ports and channels. 

Thee purpose of the latter option is to allow one solver to coordinate the traversal 
off the search tree, in the case that more than one solver is able to generate 
neww nodes. This solver then plays the role of the Search process of Section 9.2.4. 
Reportss of new nodes created by another solver are treated by the receiving solver 
inn the same way as new nodes created internally. If a node is labeled with the 
solverr process and branching strategy that created it, it is always known what 
otherr solver needs to be instructed to start propagation in a particular node of 
thee search tree. 

Solverr processes consult their traversal strategy plug-ins, if available, on two 
occasions:: (1) when constraint propagation terminates in some node of the search 
tree,, and (2) when new nodes become available in the solver (created internally, 
orr reported by another solver). On these occasions propagation may be started 
inn any node of the search tree that the solver knows about. A special instance of 
thee termination detection algorithm is needed to detect termination of the global 
search,, by counting the nodes of the search tree that await constraint propagation. 

Comparedd to the scheme of Section 9.2.4, where the traversal is coordinated 
fromm outside the propagation network by the Search process, we now have the 
optionn to let this be handled by the solvers that are performing constraint propa
gation.. From one point of view this can be regarded as mixing concerns that were 
separatedd in the IWIM design. From another point of view, it can be explained 
ass a looser form of coordination: in principle propagation is performed as soon as 
aa new node of the search tree becomes available. But to regulate the traffic in the 
network,, the processes may choose to hold the messages in several nodes of the 
searchh tree, and release the messages in others, as bandwidth becomes available. 
Internallyy this is implemented by keeping a set of nodes that await propagation, 
andd selecting nodes from this set according to a traversal strategy. 

9.3.33 Parallel Search by Delegation 

Ass a second extension to the design of Sections 9.2.2-9.2.4, solver processes are 
allowedd to delegate the actual application of domain reduction functions and 
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branchingg strategies (internally these have a common interface) to DRF worker 
processess in a master-slave fashion. Using this option, the solvers become IWIM 
managerss themselves. The main reason for introducing this extra level of coor-
dinationn is to provide support for parallel search. Constraint propagation may 
alreadyy be running for several nodes of the search tree simultaneously, but with 
onlyy one process instance available for each solver, the network will be multi-
plexingg the work in these different nodes, to a large extent. On the one hand, a 
pooll  of DRF workers increases the capacity of the network to actually handle the 
propagatee commands in different nodes in parallel. 

Onn the other hand, at the task granularity of a single reduction step, the com-
municationn overhead will generally outweigh the potential gain from exploiting 
parallelism,, and there is littl e justification for doing this. This facility is useful 
onlyy for computation-intensive reduction steps. The primary example would be 
aa solver that autonomously explores a subtree, and splits the root node of this 
subtreee into a set of nodes that contains a leaf node for every solution, plus several 
internall  nodes for the part of the subtree that it has not yet explored. 

Whenn using DRF workers, for the purpose of the termination detection algo-
rithmm a solver is considered to be idle in a particular node of the search tree when 
(1)) no commands (concerning any node) are immediately available on any of its 
inputt ports, (2) there is no need to compute the fixed point of the DRFs for that 
node,, and (3) the solver is not expecting any results from DRF workers concern-
ingg that node of the search tree. Many options still exist for implementing this 
coordinationn pattern. In particular, we propose to use a pool of DRF workers 
perr solver, and not to have DRF workers cache variable domains between two 
calls.. This involves more communication than necessary, but this should not be 
aa problem for the coordination of autonomous solvers, as suggested above. 

9.44 Implementation 

AA full implementation of the DICE system, as described in Section 9.2, exists. It 
iss implemented using Manifold, with atomic workers written in C++. The DICE 
implementationn has a plug-in system comparable to that of OpenSolver, with only 
fourr categories: variable domain types, domain reduction functions, branching 
strategies,, and traversal strategies. In the context of DICE, the plug-ins are 
calledd components. A more detailed description can be found in [Zoe03b]. As 
ann optimization, several DICE variables can be combined in a single process, and 
alsoo an adapter-like domain reduction function exists that computes a common 
fixedfixed point of a set of other DRFs. This gives some control over the amount 
off  communication in the constraint propagation phase, but cannot prevent that 
dataa is exchanged for every node of the search tree. Given the size of the search 
treee even for problems that can be solved within a few seconds (see for example, 
Tablee 7.1 on page 162), this is still an obstacle for competitive performance. 
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Figuree 9.3: Port footprint of a solver process 

OpenSolverr was intended to play the role of the cooperating solvers of Sec-
tionn 9.3. In this role it would be complemented with a coordination layer plug-in 
thatt offers the set of ports shown in Figure 9.3. These ports can then be connected 
byy Manifold channels to form networks like that of Figure 9.2. This intended use 
hass greatly influenced the design of OpenSolver, presented in Chapter 3. It ex-
plainss several features that do not follow directly from the model of constraint 
solvingg of Section 2.3, notably 

•• the world database, 

•• maintaining a set of nodes that are subject to constraint propagation, and 

•• the coordination layer, and giving it responsibilities like the final confirma
tionn that constraint propagation has terminated. 

Althoughh OpenSolver was designed to implement the cooperating solvers of 
thee previous section, this system was never fully implemented, and some as
pectss of the design are still missing. The facilities described in Section 3.3.2 
havee been implemented only to the extent that nested search and parallel search 
aree supported. Notably the commands pending sends and update, and the 
bookkeepingg of variable changes for exporting modified domains have not been 
implemented.. Furthermore, neither the set of commands of Section 3.3.2, nor the 
currentt implementation supports delegating the application of domain reduction 
functionss to DRF worker processes, as proposed in Section 9.3.3. 

Havingg said this, the design of OpenSolver does support an easy implemen
tationn of these features, and after implementing the distributed solver described 
inn Section 9.2, we are confident that the design is well suited for distributed con
straintt propagation. The results in Chapter 8 also essentially prove the concept of 
parallell search by delegation, so technically, the distributed solver of the previous 
sectionn is feasible, but a full implementation was not needed for our experiments. 
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9.55 Discussion 

9.5.11 Benefits 

Fromm our experience with the DICE system we can conclude that the design of 
Sectionss 9.2.2 9.2.4 leads to an effective general-purpose distributed constraint 
solver.. Given the efficiency of OpenSolver, which was demonstrated on several 
benchmarkk problems in the previous chapters, we can expect that the optimiza-
tionss proposed in Section 9.3 lead to an efficient implementation of the system, 
allowingg local processing where distribution is not required. Nevertheless, we 
shouldd be careful in the assessment of the benefits of our approach. We discuss 
thesee on the basis of the following aspects: the role of coordination, the need for 
distributedd constraint solving, and the contribution of a system that combines 
parallell  and distributed processing. 

Thee Role of Coordination 

Ass we discussed in Section 9.1, constraint propagation through iteration of do-
mainn reduction functions can be seen as a form of exogenous coordination. This 
iss made explicit in the IWIM design of the constraint propagation algorithm of 
[MonOOa],, which we used in Section 9.2.2, where the processes that apply the 
DRFss are coordinated by a layer of processes corresponding to the variables of 
aa CSP. Both kinds of processes are atomic workers in the sense that they are 
largelyy unaware of the environment that they operate in. The computation that 
theyy perform is determined by the network of channels that connects these pro-
cesses.. In this sense, the algorithm can be characterized as a coordination-based 
algorithm,, but in our opinion, it is primarily a distributed algorithm. Its con-
formancee to the IWIM coordination model is an advantage only in comparison 
withh other distributed algorithms. For example in a distributed algorithm that 
reliess on message passing, the processes would need to know the identification of 
thee processes that they communicate with. Compared to such algorithms, the 
coordination-basedd approach is more elegant and flexible, and can more easily be 
verifiedd to be correct. 

Sincee we use a distributed algorithm for constraint propagation, we have to 
deall  with distributed termination detection, and coordination models and lan-
guagess could also be of importance here. In the current model and implementa-
tion,, the automatic replication of messages through ports with multiple outgoing 
channelss implies that for counting the number of messages in the network, which 
iss inherent to many termination detection algorithms, the variables need to know 
howw many DRFs they are connected to. This runs counter to the inherent simplic-
ityy of the constraint propagation algorithm proper. For example, we now have to 
temporarilyy halt a Variable processes before making or removing a channel con-
nectionn to its output port, in order to correctly update the counter of its outgoing 
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channelss before it sends any new messages. Because termination detection is such 
aa common problem, in our opinion, primitives for it would be valuable additions 
too a coordination language like Manifold. 

Evenn without support for termination detection, using a proper coordination 
languagee like Manifold is convenient because it has rich facilities for process man-
agement,, and for channel-based communication. However, it does not simplify 
composingg constraint solvers from software components, as we anticipated at the 
beginningg of this chapter. This has two reasons. 

•• As we discussed in Section 3.3.3, from a coordination point of view, a soft
waree component typically has its own thread of control and interacts with 
itss environment through a set of ports. This model does not fit the majority 
off constraint solver building blocks that we categorized in Chapter 3, and 
wrappingg them up as autonomous processes is artificial. 

Conversely,, in those cases where we want to use an autonomous solver 
thatt fits the model of an IWIM process, a component-based framework 
likee OpenSolver can communicate with it through a proxy. Wrapping up 
autonomouss solvers as objects through proxies is equally artificial, but at 
leastt it entails that the appropriate method of software composition is used 
forr the majority of units of composition. In other words, do not distribute 
everythingg because in a few cases, this makes software composition easier. 

•• While some specific instances of these building blocks are of a complexity 
thatt calls for code re-use, most of them entail very simple data structures 
andd algorithms. The effort of implementing a configurable constraint solver 
iss in the definition of their interfaces, rather than in writing the code for 
thesee data structures and algorithms. Conformance to the IWIM model, or 
thee use of a coordination language does not simplify this task. 

Inn summary, if for some reason it is necessary to perform distributed constraint 
propagation,, the algorithm of [MonOOa] provides an effective solution. Because of 
itss conformance to the IWIM coordination model it has specific advantages over 
otherr solutions to distributed constraint propagation, and it is convenient to use 
aa coordination language like Manifold to implement it. 

Thee Need for Distr ibuted Constraint Propagat ion 

Becausee communication is involved with domain updates, distributed constraint 
propagationn is communication-intensive. In general, communication will outweigh 
computation,, and we can expect to be able to apply it efficiently only in the 
followingg cases: 

•• In case of very computation-intensive reduction operators we may achieve a 
reductionn of turn-around time if the cooperating solvers run on parallel pro
cessors.. The operator of Section 7.3.1 easily involves seconds of computation 
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timee per application, and would be a good example. For our application 
wee need precisely one instance, but there probably exist situations where it 
wouldd make sense to use multiple operators of comparable functionality. 

•• If the problem itself is distributed, while it is impossible or undesirable to 
gatherr all information in a single location, distributed constraint propa
gationn is unavoidable if we want to perform a branch-and-propagate tree 
search. . 

Inn the first case, if constraint propagation is performed as a part of branch-
and-propagatee tree search, it will likely be more efficient yet to parallelize the 
searchh instead of the propagation. The latter case is known as the distributed 
constraintconstraint satisfaction problem (DisCSP). Our approach is definitely suit
ablee for DisCSP solving. 

Combiningg Parallel and Distributed Constraint Solving 

Thee extensions proposed in Section 9.3.1 are a valuable addition to the design 
off Sections 9.2.2-9.2.4. It allows us to group variables and DRFs such that 
communicationn is limited to what is absolutely necessary for a given DisCSP 
situation.. In addition, in Section 9.3.3, we proposed to increase the capacity 
off the constraint propagation network by delegating the actual application of 
domainn reduction functions to DRF worker processes, with the particular goal 
too support parallel search. In retrospect, it does not seem likely that parallel 
searchh and distributed propagation need ever be combined, and there is no need 
forr a system that supports both. The coordination-based approach of Chapter 8 
iss much simpler and more flexible, and the design of OpenSolver is complicated 
enoughh without the facilities for delegation. 

Anotherr justification for the delegation mechanism would be that it prevents 
thatt time-consuming constraint propagation in one node of the search tree pre
ventss progress of the search in other subtrees, that are being explored simultane
ously.. In our opinion, the option to have an OpenSolver scheduler plug-in return 
controll before a fixed point has been computed, as discussed in Section 3.2.3, is 
aa better solution. 

Finally,, since we want to prevent that a branching strategy is applied to a node 
thatt is generated by another branching strategy, the competing branching strate
giess of Section 9.3.2 can also be implemented by having multiple solvers running 
concurrently.. For optimization purposes, we can use the time-out mechanism of 
Chapterr 8, and share bounds implied by new suboptimal solutions between mul
tiplee instances of loop networks as shown in Figure 8.6. If the number of available 
processorss is smaller than the number of competing strategies, these loops should 
thenn contain only one solver. For competing strategies, the advantage of the in
terruptt mechanism discussed in Section 8.6 over the time-out mechanism is even 
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greater,, because it allows that new bounds are taken into account immediately, 
withoutt having to wait for the elapse of a time-out. 

9.5.22 Related Work 

Abovee we argued that we should not distribute a constraint propagation algorithm 
basedd on generic iteration, just to provide for the case that one of the DRFs that 
wee want to apply happens to be an autonomous process. BALI [MonOOb] is 
aa system that supports exactly this mode of solver cooperation. Fixed point 
computationn is just one of the cooperation patterns of BALI , and likely, BALI 
itselff  could be implemented as an instance of a (distributed) generic iteration 
algorithm.. From this perspective, it is all a matter of selecting the right method 
off  software composition for the units that we want to combine. A Manifold 
implementationn of BALI is investigated in [AM98]. 

Inn our opinion, the coordination-based approach is beneficial only in com-
parisonn to other distributed constraint solvers. In particular, the distributed 
constraintt propagation algorithm of [MR99] is mentioned in [MonOOa]. 

Inn branch-and-propagate tree search, even in the case that different parts 
off  the search tree are explored in parallel, the expansion of the search tree by 
branchingg and the selection of the nodes for further exploration are inherently 
synchronouss and sequential operations. In contrast, the asynchronous back-
trackingtracking algorithm distributes the search itself. Different agents, each main-
tainingg their own variable, propose values for these variables to other agents, with 
whomm they share a constraint. By exchanging such proposals and no-goods, the 
agentss will eventually find a solution if it exists. An overview of asynchronous 
backtrackingg and related algorithms is given in [YokOl]. These algorithms still 
relyy on distributed termination detection, but now it has to be established only 
once,, to detect that consensus has been reached. The Disolver system [Ham05] 
iss reported to support this kind of distributed search. It would be interesting 
too compare the performance of both approaches, asynchronous backtracking and 
thatt of Sections 9.2.2-9.2.4 with respect to communication, CPU time, turn-
aroundd time, and memory usage. To our knowledge, such a comparison has not 
beenn made. 

Diversification,, i.e., competing search strategies, in the context of distributed 
searchh are discussed in [RH05]. A variant of the DisCSP problem where con-
straintss can also be retracted is known as the dynamic distributed constraint 
satisfactionn problem (DynDCSP). An algorithm for maintaining arc consistency 
forr this class of problems is given in [RinOS]. OpenSolver cannot deal with con-
straintt retraction, and our approach to constraint solving in general is unsuited 
forr solving of dynamic CSPs. 

AA different approach to exploiting parallelism in the constraint propagation 
phasee is reported in [GH00]. This approach involves an alternative iteration 
algorithmm that applies the following steps until a fixed point of all reduction 
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operatorss is reached. 

1.. Apply all pending reduction operators independently of each other to eval-
uatee the amount of reduction they achieve on the current set of domains. 

2.. Compute a fixed point only of those operators that achieve the maximal 
reduction. . 

Thee first of these two steps can easily be parallelized because the operators are 
alll  applied independently of each other, on the same set of domains. The second 
stepp is computed sequentially, and constitutes a bottleneck for parallel perfor-
mance.. As a result, only modest speedup figures are obtained beyond running 
thee alternative iteration algorithm on a single processor. 

Finally,, we would like to mention that concurrent constraint program-
mingming (CCP, see. e.g..[SR90]), is a model of concurrent computation, where pro-
cessess or agents interact by communicating with a shared constraint store. The 
communicationn with the store consists of Ask and Tell operations. Via the 
Askk operation, an agent inquires whether a constraint is entailed by the store 
orr not. Via the Tell operator constraints are added to the store. Although 
distributedd computing introduces concurrency, the algorithms discussed in this 
chapterr are unrelated to CCP. We expect, however, that they can be used to 
realizee a distributed implementation of a CCP constraint store, if needed. The 
multi-paradigmm programming language Oz (see, e.g., [VRBD+03]) incorporates 
thee CCP model. Its main implementation, Mozart (see http://www.mozart-oz. 
org/ ) ,, is an advanced platform for the development of distributed applications. 

9.66 Summary 

Inn this chapter we presented the DICE framework for distributed constraint solv-
ing,, and discussed an optimization of it, which entails combining the functionality 
off  several processes in order to limi t communication overhead. Through a special 
coordination-layerr plug-in. OpenSolver can be configured to implement this op-
timization.. The resulting system is well suited for solving the DisCSP problem, 
andd conformance to the IWIM model makes it a very flexible solution. 

Wee also considered adapting OpenSolver/DICE for parallel search and com-
petingg search strategies. We argued that these are better dealt with according 
too the component-based approach of Chapter 8. In retrospect, we should not 
modifyy a software component to support functionality that can also be achieved 
byy exogenous coordination of these components. 

http://www.mozart-oz
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Conclusions s 

Inn this thesis we have explored the possibilities for composing branch-and-prop-
agatee constraint solvers from a set of solver "building blocks." We have taken 
aa practical approach, and implemented OpenSolver, a configurable constraint 
solvingg engine that supports a wide range of relevant solver configurations. Per-
formancee comparison with state-of-the-art solvers, some of them commercially 
availablee systems, demonstrates that the approach leads to realistic and efficient 
solvers. . 

Inn this chapter we review our approach. In Section 10.1 we return to forms of 
solverr composition identified in Section 2.4, and evaluate what has been achieved. 
Inn Section 10.2 we compare our approach with other systems, this time taking a 
broaderr view than in Section 3.4.2, were we considered only object-oriented frame-
works.. In Section 10.3 we discuss the limitations of our approach, and identify 
directionss for further research and development. In Section 10.4 we summarize 
thee contributions of our work. 

10.11 Composing Constraint Solvers 

Propagation n 

Alll  forms of composition related to constraint propagation that we identified in 
Sectionss 2.4.1 and 2.4.2 are supported by OpenSolver. In particular: 

•• OpenSolver allows that a separate reduction operator is used for each in
versionn of an (atomic) arithmetic constraint. We can then define a schedule 
forr the operator-based scheduler that respects the hierarchical dependencies 
betweenn these rules, following from the decomposition of general arithmetic 
constraints.. This way we do not need heavy-weight operators like HC4. 
Instead,, comparable functionality can be composed from the facilities for a 
decomposition-basedd approach, and a scheduler. 

205 5 
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•• Instead of implementing reduction operators for "stronger" forms of lo
call consistency, such as box consistency and shaving, we compose these 
fromm the ingredients of the weaker consistency notions plus an operator for 
nestedd search. The operator-based scheduler allows for the implementation 
off priority schemes that postpone the application of computation-intensive 
operatorss until no more "cheap" reductions can be made. It does not sup
portt the dynamic schemes suggested in [SS04], but OpenSolver itself does 
nott prevent their implementation. 

•• Because for every variable, a different domain-type plug-in can be used, 
hybridd solvers are naturally supported. 

Search h 

OpenSolverr has rich facilities for the composition of search strategies, as described 
inn Section 2.4.3. We have seen the following examples. 

•• In Section 4.3 we composed a best-first search strategy according to Warns-
dorf'ss heuristic for solving the knight's tour problem from a container, a se
lector,, and an annotation scheme, all having wider applicability than this 
particularr heuristic. 

•• In Section 6.4 we discussed how the composition of branching strategies, as 
supportedd by the SALSA language, can be implemented in OpenSolver. 

Inn retrospect, the proposed mechanism for composing branching strategies could 
alsoo have been applied to the memory-bounded LDS traversal strategy of Sec
tionn 4.1.2. We did not exploit the full potential of the adapter mechanism here, 
andd implemented a dedicated container piug-in. Instead, we could have composed 
itt as suggested in Section 2.4.3. 

OpenSolverr also supports multiple search probes, to simulate parallel search, 
ass suggested in that same section. Compared to schemes like interleaved depth-
firstt search it has the additional benefit that it supports the possibility to abort 
constraintt propagation before a fixed point has been reached. This would prevent 
thatt slow convergence in one node of the search tree blocks progress in other 
nodes.. We have not performed experiments in this area, though. Another option 
wouldd be to actually run a parallel solver on a single processor. In this case 
thee multiplexing between the search probes is taken care of by the operating 
system,, at the cost of unnecessary inter-process communication. In this case 
load-balancingg is not an issue, and the experiments in Chapter 8 suggest that 
forr the benchmark problems used in that chapter, the communication overhead 
wouldd range from 4% to 16%, depending on the size of the solver configurations 
thatt are being communicated. 
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Solverr Cooperation 

OpenSolverr is not intended as a framework for solver cooperation. It does not 
supportt generic solver cooperation schemes, as do BALI [AM98] and the system 
off  [HSG01]. 

Otherr solvers can be embedded in OpenSolver, but this should be the case 
forr all object-oriented frameworks that can be extended with user constraints. 
Conversely,, OpenSolver can also be embedded in other solvers, and we have seen 
ann example of this in Chapter 7. Because the coordination-layer mechanism gives 
fine-grainedd control over the solving process, we expect that OpenSolver is more 
versatilee than other solvers in this respect. 

Forr optimization purposes, the coordination layer mechanism makes it easy 
too incorporate new bounds that are calculated by external solvers. Also the 
configurationn language makes OpenSolver particularly well suited for cooperation 
withh symbolic solvers that are applied as a preprocessing step. In fact, this is 
howw we implemented the decomposition of arithmetic constraints into simple 
andd atomic constraints for our experiments in Chapter 5. We expect that the 
abilityy to publish the search frontier, which is also the basis for parallel search 
inn Chapter 8, opens up new possibilities for cooperation with symbolic solvers 
duringduring the solving process, instead of only as a preprocessing step. Despite the 
flexibilityflexibility  offered by the coordination layer mechanism, we think that for general 
cooperationn schemes, a proper API would be a valuable addition. 

Compositionn of Parallel and Distributed Solvers 

Thee coordination layer mechanism was specifically designed to support distributed 
constraintt propagation and parallel search, and OpenSolver is well suited for these 
formss of solver composition. While we did not experiment with distributed con-
straintt propagation after we moved from DICE to OpenSolver (see Section 3.1 
andd Chapter 9), the design of OpenSolver supports the basic ingredients of dis-
tributedd constraint propagation algorithms: distributed termination detection, 
andd the communication of domain updates. 

Forr parallel search, we use a time-out mechanism to achieve an implicit load 
balancing.. This gives a very simple implementation of parallel search, but it 
leadss to slightly less user-friendly systems because a tuning factor is introduced. 
Especiallyy because our experiments indicated that performance is not overly sen-
sitivee to the actual time-out value that is used, we expect that it can be tuned 
automatically,, based on heuristics. 

Forr communicating sub-problems, our parallel solver uses the OpenSolver con-
figurationn language. We expect this to have wider applicability than parallel 
search,, and that it increases the value of OpenSolver as a software component. 
Wee already mentioned the potential for pre-search and in-search transformations 
off  CSPs and solver configurations. In addition, as we discussed in Section 8.6, 
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itt facilitates a checkpoint mechanism, where the search frontier is saved to disk 
soo that a lengthy search process may survive a power failure or system crash. 
Wee use the textual format for steering the parallel search, where depending on 
thee level annotation of a subproblem, a breadth-first or depth-first search is per-
formed.. We expect that in addition to this automated steering, there are also 
possibilitiess for interaction by users. For example, based on an inspection of the 
nodes,, a user might decide to explore a particular subtree first, or to change the 
branchingg strategy for some areas of the search tree. The ability to publish the 
searchh frontier is essential for all these applications. The textual format of our 
configurationn language increases the possibilities for external processing of the 
publishedd nodes. 

Returningg to the subject of distributed constraint solving, OpenSolver is un-
suitablee for distributed search by asynchronous backtracking, or related algo-
rithmss proposed by Yokoo [YokOl]. These algorithms form an alternative ap-
proach,, where the processes, or agents that are involved asynchronously propose 
valuee assignments to their peers with whom they share constraints. These algo-
rithmss rely less on termination detection than ours, and hence allow for greater 
autonomyy of agents. It is unclear how the two approaches compare with respect 
too efficiency and flexibility. 

10.22 Comparison with Other Systems 

OpenSolverr is an object-oriented framework, aiming at reuse of the basic solver 
design.. Through its coordination layer mechanism it can be deployed as a soft-
waree component in many environments. In Section 3.4.2 we already compared 
OpenSolverr with other component-based toolkits and frameworks, namely ILOG 
Solver,, Koalog Constraint Solver, Elisa, Disolver, Figaro, EasyLocal++, and Lo-
calizer-!-- +. 

Inn this section we compare it further with two other types of constraint solving 
environments:: logic programming systems, and modeling languages. Both kinds 
off  systems provide declarative languages, that shield the user from implemen-
tationn details of the computational model that they are based on. In the category 
off  logic programming systems we consider the ECLTSe [WNS97] system. In the 
categoryy of modeling languages we consider OPL [VH99] and COMET [MVH02a]. 

ECI/PS ee is a logic programming system with extensive libraries for constraint 
solvingg on various domain types using many different techniques. It sup-
portss tree search and local search, and interfaces with CPLEX, an industrial 
solverr for linear and mixed-integer programs. Furthermore it has interfaces 
forr calling routines written in other programming languages, and can also 
bee embedded in programs written in those languages. 

OPLL is a language for modeling combinatorial problems, and for specifying 
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searchh strategies. The modeling facilities include high-level abstractions 
suchh as arrays, allowing for very compact and readable specifications that 
aree close to the combinatorial problems that are being modeled. Compared 
too their implementation in a main-stream programming language the search 
abstractionss are also at a very high level. OPL has dedicated facilities for 
specifyingg scheduling and resource allocation problems. 

Comett is an object-oriented language for constraint-based local search. The 
modelingg facilities are comparable to those of OPL. The facilities for spec-
ifyingg local search are comparable to those that are made available in a 
C+-1-- environment through Localizer++ [MVH01]. 

Fromm a certain perspective, the designs of ECL*PSe and OpenSolver are oppo-
sites.. Both systems mean to provide a platform for composing constraint solvers 
byy arbitrarily combining different solving techniques, but while OpenSolver is 
partt of a toolbox of loosely connected building blocks, ECL'PSe provides an 
all-encompassingg development environment. OpenSolver plug-ins are written in 
C++,, and solver composition is a matter of black-box composition through a con-
figurationn language. A full constraint solver would then complete the OpenSolver 
coree with an external user interface that offers modeling facilities. Conversely, in 
ECLTS6,, everything is done in the same language, which has a Prolog-like syntax. 
Thee basic solving algorithms such as branching strategies, the composite solver, 
andd the problem specification are all coded in this language. A library mecha-
nismm is available to hide implementation details from users of facilities coded in 
ECL'PS6. . 

Inn our opinion, ECL'PS6 and OpenSolver are both good approaches to com-
posingg constraint solvers. For users who are not acquainted with logic program-
ming,, the ECL*PSe user interface may have a steep learning curve. OpenSolver, 
onn the other hand, is not intended as a full development environment, and can be 
coupledd with a graphical "plug-and-play" user interface, or a modeling language, 
dependingg on the intended use. Being a configurable search engine rather than a 
developmentt environment, OpenSolver allows for composition at a lower algorith-
micc level. For example, an algorithm like HC4 would be hard-wired in ECL/PS6. 
Wee could also introduce a dedicated OpenSolver plug-in for it, but a compara-
blyy efficient way to compute hull consistency can be composed from the facilities 
forr decomposition-based hull consistency and a schedule for the operator-based 
scheduler.. ECL*PSe does support parallel search, but being a closed system, we 
wouldd not have been able to perform our experiments with the time-out mecha-
nismm with it. 

Ass a dialect of Prolog, ECL'PS6 is also a full programming language. In 
contrast,, languages like OPL and COMET are suitable only for specifying combi-
natoriall  problems and solving strategies, and provide high-level abstractions for 
doingg so. What is achieved in EasyLocal++ by providing C++ subclasses, can 
bee accomplished directly by programming in COMET. OPL, which is targeted 
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att tree search instead of local search, is at a comparably high level of abstrac-
tion.. As we discussed in Section 6.4, at this level of abstraction the OpenSolver 
configurationn language should be seen as an assembly language. The rich fa-
cilitiess for specifying search in modeling languages can be implemented only if 
severall  assumptions about the variable domain types are made. For this reason, 
suchh systems depend on a fixed set of built-in data types. In OpenSolver, al-
mostt nothing is fixed. For a coherent set of plug-ins, though, the same facilities 
couldd probably be implemented as a compilation step, translating a higher level 
languagee to configuration specifications for OpenSolver, which is then used as a 
constraintt solving engine. 

10.33 Perspectives 

Inn this section we identify some areas for further research and development related 
too OpenSolver, and composing constraint solvers in general. 

Inn the first place, only a basic set of constraints has been implemented for 
OpenSolver.. For example, global constraints such as the alLdifferent constraint 
aree missing, and mathematical modeling is currently limited to arithmetic con-
straints.. Therefore the range of problems that can currently be solved is limited, 
especiallyy compared to the commercial systems. This is not a fundamental limi-
tation,, though. 

Alsoo a modeling environment with a proper user interface is currently miss-
ing.. For many experiments we used some peripheral programs to generate the 
configurationn file for a problem instance of given dimensions. For other types 
off  problems we wrote converters from standard file formats such as those used 
inn the DIMACS test sets. Instead of these ad-hoc solutions, we would like to 
havee a modeling layer that supports more abstract problem specifications than 
thee OpenSolver configuration language. Our current program for rewriting arith-
meticc constraints could be used as a basis for this layer. It could well be coupled 
withh a graphical user interface that offers menus from which the user can configure 
thee solver for a given problem. 

InIn Section 4.4 we concluded that the copying state restoration policy of Open-
Solverr impedes realizing efficient SAT solving schemes. The reason is that such 
schemess rely on non-chronological backtracking, which in turn is naturally com-
binedd with a trailing state restoration policy. It would be interesting to investigate 
too what extent this policy can be made configurable, like in Figaro [HMN99]. We 
expectt that because this policy is closely related to the implementation of the 
variablee domains, which is not fixed in OpenSolver, this is not straightforward. 
Anotherr avenue would be to investigate the implementation of non-chronological 
backtrackingg on the basis of hierarchical information stored in node annotations. 

Fromm an implementation point of view, the following areas need attention: 

•• A problem with the current annotation mechanism is that two techniques 
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mayy have conflicting uses for the annotation field. For example, best-first 
search,, as discussed in Section 4.3 is now incompatible with the round-
robinn variable selection strategy, discussed in Section 4.1.2. This can be 
solvedd using the adapter mechanism, where a special annotation plug-in 
implementss an array of annotations, and other adapters modify the plug-
inss that access the annotations to use a specific element of this array. It 
wouldd be better not to restrict the annotation mechanism to a single slot 
inn the first place. Probably name/value pairs would be a good solution. 

•• The facility to break out of constraint propagation, and resume the fixed 
pointt computation has not been implemented in the operator-based sched
uler.. We have not experimented with multiple exploration "probes" as 
suggestedd at the end of Section 3.2.3. 

Finally,, we are convinced that we have not exploited the full potential of the 
combinedd features of being able to publish the search frontier, and using a textual 
formatt for the generated subproblems. As we already indicated in Section 10.1 
thiss has wider applicability than facilitating parallel search, and should allow 
forr forms of solver cooperation that would otherwise require that one solver is 
embeddedd in another. 

10.44 Summary 

Composingg constraint solvers based on tree search and constraint propagation 
throughh generic iteration leads to efficient and flexible constraint solvers. This was 
demonstratedd using OpenSolver, an abstract branch-and-propagate tree search 
enginee that supports a wide range of relevant solver configurations. We gave an 
accountt of the design and implementation, and of many experiments that were 
performedd to evaluate the approach. 

Thee efficiency of OpenSolver-based constraint solvers compares well to that 
off existing solvers, some of which are successful commercial products. Yet, the 
followingg combination of features gives OpenSolver some unique advantages over 
eachh of the other systems that we considered. 

•• OpenSolver is a branch-and-propagate constraint solving engine, and makes 
configurablee those aspects that are hardwired in many other systems, such 
ass the constraint propagation algorithm and implementation of the data 
types.. Modeling languages can be implemented on top of it, by means of a 
compilationn step. 

•• OpenSolver promotes the composition of complex strategies from atomic 
solverr "building blocks," implemented as plug-ins. This prevents duplicate 
solverr code, and allows that techniques carry over to other data types and 
applicationn domains. 
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•• While it is a white-box framework from the perspective of writing new plug-
inss for it, OpenSolver aims at black-box composition of solvers. This led 
too an inherently linguistic approach where solvers are composed through 
scriptsscripts in a simple configuration language. 

•• OpenSolver is designed as a stand-alone application. Compared to libraries 
forr constraint solving, this makes it independent of a particular program
mingg language. Composing constraint solvers around OpenSolver is pri
marilyy a matter of exogenous coordination and component-based software 
engineering.. This is opposite to the approach taken by logic programming 
systems,, which provide a full development environment. 

•• Because of the coordination layer mechanism, OpenSolver can be adapted 
too many different environments, and the solving process can be controlled 
externally.. In particular, it is suited for distributed constraint solving. 

•• In combination with the configuration language, the coordination layer 
mechanismm opens up new possibilities for implementing parallel search, in-
searchh transformation of CSPs and solver configurations, and it allows for 
checkpointt mechanisms. 

Thankss to the flexibility of the system, we could further achieve the follow
ingg results related to the specific research questions addressed in some of the 
individuall chapters. 

•• We demonstrated how a number of techniques that are normally hard-wired 
inn solvers can be realized through composition. 

•• We performed a comparative study of several approaches to implementing 
arithmeticc constraints on variables with integer interval domains. The best 
performancee was observed for decomposition and hierarchical scheduling of 
thee reduction operators. For this approach we characterized in part the 
effectt of constraint propagation. 

•• We demonstrated the technique of constraining special purpose domain 
types. . 

• • Wee demonstrated that several pruning techniques from various application 
domainss can be expressed and implemented as applications of a generic 
operatorr for nested search. 

Wee evaluated a novel time-out mechanism for load balancing in parallel 
search,, and demonstrated that it can lead to efficiënt and scalable parallel 
constraintt solvers. 
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Proofs s 

Wee provide here the proofs of the Bounds consistency Theorems 5.8.2 and 5.8.3, 
andd the MULTIPLICATION Theorem 5.9.1. This material is taken from unpub-
lishedd joint work with Krzysztof Apt. 

Prooff of the Bounds consistency Theorem 5.8.2. 
Lett <t> :— (x • y — z ; x € Dx,y € Dy, z € Dz). Call a variable u of 4> bounds 
consistentconsistent if the bounds of its domain satisfy the condition of the bounds con
sistencyy (see Definition 5.8.1). 

Givenn an integer interval [l..h] denote by [l..h] the corresponding real interval 
[l,h].[l,h]. Suppose that Dx = [lx..hx],Dv — [ly..hy],Dz — [lz..hz]. To show that 4> 
iss closed under the applications of the MULTIPLICATION 1 rule it suffices to 
provee that 

{lz,h{lz,hzz}} Cint(Dx • Dy). (A.I; ; 

Soo take c € {lz, hz}. By the bounds consistency of z we have c — a• b for some 
aa E Dx and b G Dy. Since Dx and Dy are integer intervals we have [a\, \a] € Dx 

andd [b\, \b~\ € Dy. To prove (A.l), by the definition of Dx - Dy, we need to find 
aiai,, Ü2 € Dx and b\, 62 € Dy such that 

ÜiÜi  b\ < C < Ü2 • &2-

Thee choice of ai, a2, &i and 62 depends on the sign of a and of b and is provided 
inn the following table: 

condition n 
aa = 0 
66 = 0 
a > 0 , 6 > 0 0 
a>0 , f e<0 0 
a < 0 . 6 > 0 0 
a < 0 , 6 < 0 0 

a i i 

a a 

LaJ J 
LaJ J 
[a] ] 
[aj j 
[a] ] 

61 1 

W W 
b b 

W W 
[b\ [b\ 
\b] \b] 
\b] \b] 

«2 2 

a a 
[a\ [a\ 
\a] \a] 

l_aJ J 
[a] ] 
l_aJ J 

bb2 2 

W W 
b b 
\b] \b] 
\b] \b] 
[b\ [b\ 
[b\ [b\ 

213 3 
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Too prove that <p is closed under the applications of the MULTIPLICATION 2 
andd 3 rules it suffices to prove 

{l{lxx,, K) Q int{Dz/Dy) and {ly, hy) C int(Dz/Dx). (A.2) 

Wee need to distinguish a number of cases. The case analysis depends on the 
positionn of 0 w.r.t. each of the intervals Dx and Dy. This leads to 9 cases, which 
byy symmetry between x and y can be reduced to 6 cases. We present here the 
proofss for representative 3 cases. 

CaseCase 1. lx>0, ly>0. 
Byy the bounds consistency of x for some b E [ly,hy] we have lx - b E [lz,hz\. 

Thenn b <hy and lx > 0, so lx • b < lx • hy. Also lz < lx • b, so 

'aa _ 'x * ''"y 

Next,, by the bounds consistency of y for some a 6 [Ẑ , ^x] we have a • hy € 
[J;,,, /iz]. Then lx < a and hy > 0, so lx • hy < a • hy. Also a • hy < hz, so 

ll xx ' fly 2i: 't'j • 

Soo lx • hy E [lz..hz] and consequently by the definition of the integer intervals 
division n 

llxx e Dz/Dy and hy e Dz/Dx. 

Byy a symmetric argument 

hhxx G Dz/Dy and /y G Dz/Dx. 

CaseCase 2. lx > 0, /iy < 0. 
Byy the bounds consistency of x for some b G [Zy, /ij,] we have hx • b € [lZ) hz]. 

Thenn b <hy and /ix > 0, so /i^ • 6 < hx • hy. Also lz < hx • b, so 

Next,, by the bounds consistency of y for some a G [lx, hx] we have a • hy E 
[l[lzz,, hz}. Then a < hx and hy < 0, so a • hy > hx • hy. Also hz > a • hy, so 

/ i xx • / i y < / i 2 . 

Soo hx • hy G [^-./i«] and consequently by the definition of the integer intervals 
division n 

hhxx E Dz/Dy and hy E Dz/Dx. 

Further,, by the bounds consistency of x for some b G \ly, hy] we have lx - b G 
[/z,, /iz]. Then ly <b and /x > 0, so lx • ly <lx • b. Also lx • b < hz, so 
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Next,, by the bounds consistency of y for some a G [lx, hx) we have a • ly G [lz, hz\. 
Thenn lx < a and ly < 0, so lx • ly > a - ly. Also a • ly> lz, so 

' tt — ' i ' ' y 

Soo lx • ly 6 [/2--̂ z] and consequently by the definition of the integer intervals 
division n 

llxx € Dz/Dy and ly € Dz/Dx. 

CaseCase 3. lx < 0 < ^ , ï„  > 0. 
Thee proof for this case is somewhat more elaborate. By the bounds consistency 

off  x for some b G [ly, hy] we have lx • b E [^,/i2]. Then ly < b and ^ < 0, so 
lxlx ' ly~>.lx ' b. But also lx • b > lz, so 

'22 _ 'x ' y 

Next,, by the bounds consistency of y for some a € [/x»^]  w e have a • ly 6 
[/j,, /iz] . Then lx < a and /y > 0, so ^ • /j, < a • ly. But also a • ly < hz, so 

&XX ' ' 3 / _ * * 2 • 

Soo fc • /j, € [lz..hz] and consequently by the definition of the integer intervals 
division n 

llxx € Dz/Dv and ly € Dz/Dx. 

Further,, by the bounds consistency of x for some b 6 [/y, hy] we have hx-b e 
[k,, /is]. Then ly <b and ^ > 0) s o hx • ly < hx • b. But also hx-b < hz, so 

Next,, we already noted that by the bounds consistency of y for some a E 
[l[lxx,, hx] we have a • ly € [k, /i2]. Then a < hx and /y > 0, so a • ly < hx • ly. But 
alsoo lz < a • ly, so 

llZZ 2^ llX ' ly. 

Soo hx - ly E [lz--hz] and consequently by the definition of the integer intervals 
division n 

hhxx G Dz/Dy. 

Itt remains to prove that hy E DZ/DX. We showed already lx • ly < hz. More
over,, lx < 0 and ly < hy, so lx • hy < lx • ly and hence 

Alsoo we showed already ^ < hx • ly. Moreover hx > 0 and /y < hy, so 
hhxx • ly < hx • hy and hence 

llzz <hx- hy. 
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Soo if either lz < lx-hy or hx-hy < hz, then either lx-hy G [lz..hz] or hx-hy G [Z^../ ]̂ 
andd consequently hy G Dz/Dx. 

Iff  both lx • hy < lz and hz <hx • hy, then 

[l[lzz..h..hzz]] C [/T../ix] • /ij,. 

Inn particular for some a G Dx we have /z = a • hy. so hy G Dz/Dx, as well. 
Thiss concludes the proof for this case. D 

Prooff of the Bounds consistency Theorem 5.8.3. 
Wee consider each variable in turn. We begin with x. Suppose that Dx = [lx..hx\. 
00 is closed under the applications of the MULTIPLICATION 2 rule, so 

{l{lxx,, M C int(Dz/Dy). (A.3) 

Too show the bounds consistency of x amounts to showing 

{l{lxx.h.hxx}CL\Q)LT}CL\Q)LTyy.. (A.4) 

(Recalll that given real intervals X and Y we denote by X 0 Y their division, 
definedd in Section 5.3.) 

CaseCase 1. int(Dz/Dy) = ZZ. 
Thiss implies that 0 G Dz n Dy, so by the definition of real intervals division 

DDzz 0 Dy = {—oo, oo). Hence (A.4) holds. 

CaseCase 2. int(Dz/Dy) ^ ZZ. 
Soo int(Dz/Dy) is an integer interval, say int(Dz/Dy) — [lzy..hzy\. Two sub

casess arise. 

SubcaseSubcase 1. Dz 0 Dy is a, possibly open ended, real interval. 
Byy (A.3) for some ft],b2 G Dy and c\,c2 G /?5 we have 

hyhy -b\ = C] , 

Let t 

bb \— min(b\, b2): b := max(bi, b2),c := min(ci,c2),c := max(c\,c2). 

Soo {lzy, hzy} C [c, c]0[ft, 6]. Also [c, c]0[ft, ft] C D j 0 ^ . Hence {/2y, / i ?J_C 7 ^ 0 
D yy and consequently, by the assumption for this subcase, [lzy. hzy] Q Dz (d Dy. 
Thiss proves (A.4) since by (A.3) {lx,hx} C [lzy,hzy]. 

SubcaseSubcase 2. Dz 0 Dy is not a, possibly open ended, real interval. 
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Inn what follows for an integer interval D :— [L.h] we write D > 0 if / > 0, 
DD < 0 if h< 0. Also recall that (D) := {x € ZZ \ I < x < h}. 

Thiss subcase can arise only when Dz > 0 and 0 G (Dy) or Dz < 0 and 
00 G (Dy), see [Rat96] (reported as Theorem 4.8 in [HJvEOl]), where the definition 
off  the division of real intervals is considered. 

Sincee 0 is closed under the MULTIPLICATION rule 3 

DDyy C int{Dz/Dx). 

Soo int(Dz/Dx) ^ 0 since by assumption Dy is non-empty. Also, since 0 ^ Dz, we 
havee int(Dz/Dx) ^ Z?. So int(Dz/Dx) is a non-empty integer interval such that 
0E(int(D0E(int(Dzz/D/Dxx)). )). 

Butt D2 > 0 or Dz < 0, so if Dx > 0, then int(Dz/Dx) > 0 or int(Dz/Dx) < 0 
andd if Dx < 0, then int{Dz/Dx) > 0 or int{Dz/Dx) < 0, as well. So 0 € (Dx). 
Hencee 0 G (Dx) D (.D )̂ while 0 ^ Z)3. This contradicts (5.5). So this subcase 
cannott arise. 

Thee proof for the variable y is symmetric to the one for the variable x. 

Considerr now the variable z. 0 is closed under the applications of the MUL
TIPLICATIONTIPLICATION 1 rule, so 

DDzz C int(Dx • Dy). 

Takee now c G Dz. Then there exist 0,1,0,2 € Dx and 61,62 € öy such that 
o-io-i • h < c < a<i • 62- We can assume that both inequalities are strict, that is, 

atat • b{ < c < a,2 • 62, (A.5) 

sincee otherwise the desired conclusion is established. 
Let t 

aa := min(ai,a2),a := max(a i ,a2) ,b :— min(b\,b2),b := max(bi,62)-

Wee now show that a E [a..a] and b € [b..6] exist such that c — a • b. Since 
[a..a]] C Dx and [6..6] C Dy, this will establish the bounds consistency of z. 

Thee choice of a and 6 depends on the signs of ay and b2. When one of these 
valuess is zero, the choice is provided in the following table, where in each case on 
thee account of (A.5) no division by zero takes place: 

condition n 

<2ii = 0 

a22 = 0 
ftifti = 0 
&22 = 0 

a a 

c/h c/h 
Cfby Cfby 

<*2 2 

aa} } 

b b 

bb2 2 

öi i 
c/ac/a2 2 

cja\ cja\ 
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Itt is straightforward to show that in each case the quotient belongs to the 
correspondingg interval. For example, when ax = 0 we need to prove that c/b2 € 
[a..a].[a..a]. By (A.5) a2 ^ 0. If a2 > 0, then again by {A.5), b2 > 0, so c/b2 € [0..a2]. 
InIn turn, if a2 < 0, then also by (A.5) b2 < 0, so, yet again by (A.5), c/b2 € [a2..Q\. 

Whenn neither ax nor b2 is zero, the choice of a and b has to be argued case by 
case. . 

CaseCase 1. ax > 0, b2 > 0. 
Thenn by (A.5) bx < c/ax and c/b2 < a2. Suppose that both b2 < c/ax and 

c/bc/b22 < a\. Then ax • b2 < c < ax • b2, which is a contradiction. So either c/ax < b2 

orr ax < c/b2l that is either c/a\ 6 [&i..& 2] or c/b2 £ [ai..a2]. 

CaseCase 2. ax > 0, b2 < 0. 
Thenn by (A.5) bx < c/ax and a2 < c/b2. Suppose that both b2 < c/ai and 

aiai < c/b2. Then a\-b2 < c < a\- b2, which is a contradiction. So either cja\ < b2 

orr c/b2 < a2, that is either cja\ 6 [&i--& 2] or c/b2 € [a2..ai]. 

CaseCase 3. ax < 0, b2 > 0. 
Thenn by (A.5) c/ai < fei and c/b2 < a2. Suppose that both c/a\ < b2 and 

c/bc/b22 < a\. Then a,\ • b2 < c < a\ • b2, which is a contradiction. So either b2 < c/ai 
orr a\ < c/b2, that is either cfa\ € [&2..&i] or c/b2 € [ai..a2]. 

CaseCase 4- ai < 0, b2 < 0. 
Thenn by (A.5) c/ai < bx and a2 < c/b2. Suppose that both c/ax < b2 and 

aaxx < c/b2. Then a,\-b2 < c < a\-62, which is a contradiction. So either b2 < c/ai 
orr c/b2 < a\, that is either cja\ G [&2..6i] or c/b2 € [a2..a\]. 

Soo in each of the four cases we can choose either a :— ax and b := c/ax or 
aa :— c/b2 and b := b2. D 

Prooff of the MULTIPLICATION  Theorem 5.9.1. 
Thee weak interval division produces larger sets than the interval division. As a 
resultt the MULTIPLICATION rules 2w and 3w yield a weaker reduction than 
thee original MULTIPLICATION rules 2 and 3. So it suffices to prove that 
00 := (x • y = z ; x € Dx,y € Dy,z € Dz) is closed under the applications 
off  the MULTIPLICATION 1, 2 and 3 rules assuming that it is closed under 
thee applications of the MULTIPLICATION 1, 2w and 3w rules. Suppose that 
DDxx = [lx..hx], Dy = [ly..hy\,Dz = [lz..hz]. The assumption implies 

{/*,/** }}  C int(£», : Dy) (A.6) 

and d 
{l{lyy,hy}Cmt{D,hy}Cmt{Dtt:D:Dxx)) (A.7) 

Thee proof is by contradiction. Assume that (A.6) and (A.7) hold, while 0 
iss not closed under application of MULTIPLICATION 2 and 3. Without loss 
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off  generality, suppose that MULTIPLICATION 2 is the rule that can make a 
furtherr reduction. This is the case iff 

int{Dint{Dzz/D/Dyy)) C int(£>, : £>„). 

Byy definition, the proper inclusion implies that ly > 0 or hy < 0. Assume 
llyy > 0, the case for hy < 0 is similar. Let l'y := max(l,/y), and let A := 
{lz/ly,lz/hyih{lz/ly,lz/hyihzz/l'/l'yy,h,hzz/h/hyy},}, and B := {lz/lx,lz/hx,hz/lx,hz/hx}. A further im-
plicationn of the proper inclusion is that one or both of l'y and hy do not have a 
multiplee in Dz\ otherwise min(A) and max(yl) would be elements of Dz/Dy, and 
wee would have 'mt(Dz : Dy) = mt(Dz/Dy). The cases for l'y and hy can be seen 
inn isolation, and their proofs are similar, so here we only consider the case that 
l'l'yy does not have a multiple in Dz. In what follows we can assume 0 ^ Dz, since 
otherwisee /' and hy do have a multiple in Dz. 

CaseCase 1. lz > 0. 
Fromm (A.6) it follows that hx < [max(/l)J, which for the case l'y,hy,lz,hz > 0 
thatt we consider here implies hx < [hz/l'y\. Because [^../î ] does not contain a 
multiplee of I', we have [hz/l'y\ = llz/l'y\, so 

hhxx<\l<\lzz/l'/l'yy\. \. 

AA further consequence of (A.6) is that lx,hx > 0. From (A.7) it follows that 
l'yl'y > ["mm(.B)l, which for lx,lz > 0 implies 

llyy>\lz/h>\lz/hxx]>l]>lzz/h/hxx>l>lzz/[h/[hzz/l'/l'yy\. \. 

Becausee l'y is no divisor of lZl and both numbers are positive, we have LW^J < 

llzz/l'/l'yyii and consequently l'y > lz/(lz/l'y), leading to l'y > l'y, which is a contradiction. 

CaseCase 2. hz < 0. 
Similarly,, because l'y, hy > 0 and lz, hz < 0, it follows from (A.6) that lx > 
\mm(A)]\mm(A)] = \lz/l'y], and lx,hx < 0. Because [lz..lh] does not contain a multiple 
off  l'y, we have \lz/l'y\ = \hz/l'y], so 

Wee use this information in the following implication of (A.7): 

l'l'yy > [min(£)l = \hz/Q > hz/l'x 

too get /; > hj\hjl'yl Because \\hz/l'y]\ < \hz/l'y\, we have l'y > hj(kz/l'y), 
leadingg to I' > I' which is a contradiction. • 





Bibliography y 

[AB03]]  Krzysztof R. Apt and Sebastian Brand. Schedulers for rule-based 
constraintt programming. In Proceedings of the 2003 ACM Sympo
siumsium on Applied Computing (SAC), March 9-12, 2003, Melbourne, 
FL,FL, USA, pages 14-22. ACM Press, 2003. 

[ABC+02]]  G. Audemard, P. Bertoli, A. Cimatti, A. Kornilowicz, and R. Se-
bastiani.. A SAT based approach for solving formulas over boolean 
andd linear mathematical propositions. In Andrei Voronkov, editor, 
ProceedingsProceedings of the 8th International Conference on Computer Aided 
DeductionDeduction (CADE 2002), volume 2392 of LNCS, pages 195-210. 
Springer-Verr lag, 2002. 

[ABRS04]]  Farhad Arbab, C. Baier, J.J.M.M. Rutten, and Marjan Sirjani. Mod-
elingg component connectors in reo by constraint automata (extended 
abstract).. In Proceedings of the 2nd International Workshop on 
FoundationsFoundations of Coordination Languages and Software Architectures 
(FOCLASA(FOCLASA 2003), volume 97 of ENTCS, pages 25-46, 2004. 

Davidd Applegate and William Cook. A computational study of 
thee job-shop scheduling problem. ORSA Journal on Computing, 
3{2):149-156,, 1991. 

Farhadd Arbab and Eric Monfroy. Coordination of heterogeneous dis-
tributedd cooperative constraint solving. SIGAPP Applied Computing 
Review,Review, 6(2):4 17, 1998. 

Farhadd Arbab and Eric Monfroy. Distributed Splitting of Constraint 
Satisfactionn Problems. In Porto and Roman, editors, Coordina
tiontion Languages and Models, volume 1906 of LNCS, pages 115-132. 
Springer-Verlag,, 2000. 

[AC91] ] 

[AM98] ] 

[AM00] ] 

221 1 



2222 Bibliography 

[Apt98]]  Krzysztof R. Apt. A proof theoretic view of constraint programming. 
FundamentaFundamenta Informaticae, 33(3):263-293, 1998. 

[Apt99]]  Krzysztof R. Apt. The rough guide to constraint propagation. In 
Joxann Jaffar, editor, Proceedings of the 5th International Conference 
onon Principles and Practice of Constraint Programming (CP'99), vol-
umee 1713 of LNCS, pages 1-23. Springer-Verlag, 1999. 

[Apt03]]  Krzysztof R. Apt. Principles of Constraint Programming. Cambridge 
Universityy Press, 2003. 

[AR02]]  Farhad Arbab and Jan J. M. M. Rutten. A coinductive calculus of 
componentcomponent connectors. In Martin Wirsing, Dirk Pattinson, and Rolf 
Hennicker,, editors, Recent Trends in Algebraic Development Tech
niques,niques, 16th International Workshop, WADT 2002, Frauenchiemsee, 
Germany,Germany, September 24-27, 2002, Revised Selected Papers, volume 
27555 of LNCS, pages 34 55. Springer-Verlag, 2002. 

[Arb]]  F. Arbab. Manifold version 2: Language reference manual. Available 
fromm http: //www. cwi. n l / f tp/manif old/ref man. ps. Z. 

[Arb96]]  Farhad Arbab. The IWIM model for coordination of concurrent 
activities.. In Paolo Ciancarini and Chris Hankin, editors, Coordi
nationnation Languages and Models, volume 1061 of LNCS, pages 34 56. 
Springer-Verr lag, 1996. 

[Arb98]]  Farhad Arbab. What do you mean, coordination? Bulletin of the 
DutchDutch Association for Theoretical Computer Science, NVTI, pages 
11-22,, 1998. 

[Arb02]]  Farhad Arbab. Abstract behavior types: a foundation model for 
componentss and their composition. In Frank S. de Boer, Marcello M. 
Bonsangue,, Susanne Graf, and Willem-Paul de Roever, editors, For
malmal Methods for Components and Objects, volume 2852 of LNCS, 
pagess 33 70. Springer-Verlag, 2002. 

[AZ04]]  Krzysztof R. Apt and Peter Zoeteweij. A comparative study of arith-
meticc constraints on integer intervals. In Krzysztof R. Apt, Francois 
Fages,, Francesca Rossi. Peter Szeredi, and Jozsef Vancza, editors, 
ProceedingsProceedings of CSCLP 2003, Budapest, Hungary, June 30 - July 2, 
2003.2003. volume 3010 of LNAI, pages 1-24. Springer-Verlag, 2004. 

[Ben96]]  Frederic Benhamou. Heterogeneous constraint solving. In Michael 
HanusHanus and Mario Rodriguez-Artalejo. editors. Algebraic and Logic 



Bibliography Bibliography 223 3 

Programming,Programming, 5th International Conference, ALP'96, Aachen, Ger
many,many, September 25-27, 1996, Proceedings, volume 1139 of LNCS, 
pagess 62-72. Springer-Verlag, 1996. 

[BGGP99]]  Frederic Benhamou, Frederic Goualard, Laurent Granvilliers, and 
Jean-Francoiss Puget. Revising hull and box consistency. In Pro
ceedingsceedings of the 16th International Conference on Logic Programming 
(ICLP'99),(ICLP'99), pages 230-244. The MIT Press, 1999. 

[BK98]]  J.A. Bergstra and P. Klint. The discrete time ToolBus - a software 
coordinationn architecture. Science of Computer Programming, 31(2-
3):205-229,, July 1998. 

[BLPN01]]  Philippe Baptiste, Claude Le Pape, and Wim Nuijten. Constraint-
BasedBased Scheduling: Applying Constraint Programming to Scheduling 
Problems,Problems, volume 39 of International Series in Operations Research 
andand Management Science. Kluwer Academic Publishers, 2001. 

[BMVH94]]  F. Benhamou, D. Mc Allester, and P. Van Hentenryck. 
CLPP (intervals) revisited. In Proceedings of the 1994 Interna
tionaltional Symposium on Logic programming, pages 124-138. MIT 
Press,, 1994. 

[B097]]  Frederic Benhamou and William J. Older. Applying interval arith-
meticc to real, integer, and Boolean constraints. Journal of Logic 
Programming,Programming, 32(l):l-24, 1997. 

[CDR99]]  Hélène Collaviza, Frangois Delobel, and Michel Rueher. Comparing 
partiall  consistencies. Reliable Computing, 5(3):213-228, 1999. 

[CG89]]  Nicholas Carriero and David Gelernter. Linda in context. Commu
nicationsnications of the ACM, 32(4):444-458, 1989. 

[CHN01]]  Chiu Wo Choi, Martin Henz, and Ka Boon Ng. Components for state 
restorationn in tree search. In Toby Walsh, editor, Principles and 
PracticePractice of Constraint Programming - CP 2001, 1th International 
Conference,Conference, CP 2001, Paphos, Cyprus, November 26 - December 1, 
2001,2001, Proceedings, volume 2239 of LNCS. Springer-Verlag, 2001. 

[CHS+03]]  Andrew M. Cheadle, Warwick Harvey, Andrew J. Sadler, Joachim 
Schimpf,, Kish Shen, and Mark G. Wallace. ECLiPSe: an introduc-
tion.. Technical Report IC-Parc-03-1, IC-PARC, Imperial College 
London,, 2003. 

[CP89]]  J. Carlier and E. Pinson. An algorithm for solving the job-shop 
problem.. Management Science, 35(2): 165 176, February 1989. 



224 4 Bibliography Bibliography 

[DB97]]  Romuald Debruyne and Christian Bessière. Some practicable filter-
ingg techniques for the constraint satisfaction problem. In Proceedings 
ofof the Fifteenth International Conference on Artificial Intelligence 
(IJCAI'97),(IJCAI'97), August 23-29, Nagoya, Japan. Morgan Kaufmann Pub-
lishers,, Inc., 1997. 

[Dec03]]  Rina Dechter. Constraint Processing. Morgan Kaufmann Publishers, 
2003. . 

[Deu83]]  L. Peter Deutsch. Reusability in the Smalltalk-80 programming sys-
tem.. In ITT Proceedings of the Workshop on Reusability in Pro
gramming,gramming, 1983. 

[DGS03]]  Luca Di Gaspero and Andrea Schaerf. EasyLocal++: an object-
orientedd framework for the flexible design of local-search algorithms. 
SoftwareSoftware — Practice and Experience, 33(8) :733-765, 2003. 

[Dij87]]  Edsger W. Dijkstra. Shmuel Safra's version of termination detection. 
Notee EWD998, circulated privately, January 1987. 

[DLL62]]  M. Davis, G. Logemann, and D. Loveland. A machine program for 
theoremm proving. Journal of the ACM, 5(7), 1962. 

[DS95]]  V. Dubrovsky and A. Shvetsov. Quantum Cyberteaser. Available 
fromm http://www.nsta.org/quantum/kyotoarc.asp, May/June 
1995. . 

[Eli04]]  Laboratoire d'Informatique de Nantes Atlantique (LINA) . Elisa 
1.0.31.0.3 documentation, 2004. Available from ht tp: / /sourceforge. 
net/projj  ec ts /e l i sa /. 

[GC92]]  David Gelernter and Nicholas Carriero. Coordination languages and 
theirr significance. Communications of the ACM, 35(2):97-107, 1992. 

[Gen02]]  Rosella Gennari. Mapping Inferences. PhD thesis, Institute for 
Logic,, Language and Computation, Amsterdam, 2002. 

[GH00]]  Laurent Granvilliers and Gaétan Hains. A conservative scheme for 
parallell  interval narrowing. Information Processing Letters, 74(3-
4):141-146,, 2000. 

[GM03]]  Laurent Granvilliers and Eric Monfroy. Implementing constraint 
propagationn by composition of reductions. In Catuscia Palamidessi. 
editor,, Proceedings of ICLP 2003, volume 2916 of LNCS, pages 300-
314.. Springer-Verlag, 2003. 

http://www.nsta.org/quantum/kyotoarc.asp
http://sourceforge


Bibliography Bibliography 225 5 

[GMB01]]  Laurent Granvilliers, Eric Monfroy, and Frederic Benhamou. 
Symbolic-intervall  cooperation in constraint programming. In ISSAC 
'01:'01: Proceedings of the 2001 international symposium on Symbolic 
andand algebraic computation, pages 150-166. ACM Press, 2001. 

[Gou]]  Frederic Goualard. Gaol: NOT Just Another Interval Library. Avail-
ablee from ht tp: / /gaol .sourceforge.net /. 

[Gra04a]]  Torbjörn Granlund. GNU MP: The Gnu Multiple Precision Library. 
Swoxx AB, September 2004. Edition 4.1.4, available from h t t p : // 
www.swox.com/gmp. . 

[Gra04b]]  Laurent Granvilliers. RealPaver User's Manual: Solving Nonlinear 
ConstraintsConstraints by Interval Computations, August 2004. Edition 0.4, for 
RealPaverr Version 0.4, available from ht tp : / /sourceforge.net/ 
projects/realpaver. . 

[Ham05]]  Youssef Hamadi. Disolver: the Distributed Constraint Solver, ver
sionsion 2.0. Microsoft Research, 2005. Available via h t tp: / / research. 
microsoft.com/~youssefh/DisolverWeb/Disolver.html. . 

[HenOl]]  Martin Henz. Scheduling a major college basketball conference— 
revisited.. Operations Research, 49(1):163-168, 2001. 

[HG95]]  W.D. Harvey and M.L. Ginsberg. Limited discrepancy search. In 
Mellish,, editor, Proceedings of the 14th International Joint Confer
enceence on Artificial Intelligence (IJCAI-95), pages 607-613. Morgan 
Kaufmannn Publishers, 1995. 

[HicOl]]  Timothy J. Hickey. Metalevel interval arithmetic and verifiable 
constraintt solving. Journal of Functional and Logic Programming, 
2001(7),, October 2001. 

[HJvEOl]]  Timothy J. Hickey, Qun Ju, and Maarten H. van Emden. Interval 
arithmetic:: from principles to implementation. Journal of the ACM, 
48(5):: 1038-1068, 2001. 

[HKS01]]  Zineb Habbas, Michael Krajecki, and Daniel Singer. Shared memory 
implementationn of constraint satisfaction problem resolution. Par
allelallel Processing Letters, 11(4):487-501, 2001. 

[HMD97]]  Pascal Van Hentenryck, Laurent Michel, and Yves Deville. Numer-
ica:ica: a Modeling Language for Global Optimization. The MIT Press, 
1997. . 

http://gaol.sourceforge.net/
http://
http://www.swox.com/gmp
http://sourceforge.net/


226 6 Bibliography Bibliography 

[HMN99]]  Martin Henz, Tobias Muller, and Ka Boon Ng. Figaro: Yet another 
constraintt programming library. In Proceedings of the Workshop 
onon Parallelism and Implementation Technology for Constraint Logic 
Programming,Programming, 1999. Held in conjunction with ICLP'99. 

[HS03]]  Warwick Harvey and Peter J. Stuckey. Improving linear constraint 
propagationn by changing constraint representation. Constraints, 
8(2):: 173-207, 2003. 

[HSG01]]  Petra Hofstedt, Dirk Seifert, and Eicke Godehardt. A framework 
forr cooperating constraint solvers - a prototypic implementation. 
Presentedd at the Workshop on Cooperative Solvers in Constraint 
Programmingg - CoSolv, held in conjunction with CP, 2001. 

[IloOl]]  ILOG. ILOG Solver 5.1 User's Manual 2001. See h t t p : / / w v. 
ilog.com. . 

[JF88]]  Ralph E. Johnson and Brian Foote. Designing reusable classes. Jour
nalnal of Object-Oriented Programming, l(2):22-35, June/July 1988. 

[KoaA]]  Koalog. Koalog Constraint Solver (v2.4) tutorial. Available from 
http://www.koalog.com. . 

[KoaB]]  Koalog. An Overview of Koalog Constraint Solver. Available from 
http://www.koalog.com. . 

[LabOO]]  Francois Laburthe. CHOCO: implementing a CP kernel. In Proceed
ingsings of TRICS workshop, held in conjunction with CP 2000, 2000. 

[LC02]]  Francois Laburthe and Yves Caseau. Salsa: A language for search 
algorithms.. Constraints, 7(3 4):255-288, 2002. 

[Lho93]]  Olivier Lhomme. Consistency techniques for numeric CSPs. In Pro
ceedingsceedings of IJCAI93, Chambery, France, pages 232 238, 1993. 

[LMS03]]  Inês Lynce and Joao Marques-Silva. The effect of nogood recording 
inn DPLL-CBJ SAT algorithms. In Barry O'Sullivan, editor, Re
centcent Advances in Constraints, volume 2627 of LNAI, pages 144-158. 
Springer-Verr lag, 2003. 

[Mac77]]  A.K. Mackworth. Consistency in networks of relations. Artificial 
Intelligence,Intelligence, 8:99-118, 1977. 

[Mes97]]  Pedro Meseguer. Interleaved depth-first search. In Martha E. Pol-
lack,, editor, Proceedings of IJCAI-97, Nagoya, Japan, August 23-29, 
1997.1997. volume 2. pages 1382-1387. Morgan Kaufmann Publishers, 
Inc... 1997. 

http://wv
http://ilog.com
http://www.koalog.com
http://www.koalog.com


Bibliography Bibliography 227 7 

[MMZ +01]]  Mathew W. Moskewicz, Conor F. Madigan, Ying Zhao, Lintao 
Zhang,, and Sharad Malik. Chaff: Engineering an efficient SAT 
solver.. In Proceedings of the 30th Design Automation Conference 
(DAC(DAC 2001), Las Vegas, June 2001, pages 530-535. ACM, 2001. 

[MonOOa]]  Eric Monfroy. A Coordination-based Chaotic Iteration Algorithm for 
Constraintt Propagation. In Caroll, Damiani, Haddad, and Oppen-
heim,, editors, Proceedings of the 2000 ACM Symposium on Applied 
Computing,Computing, pages 262-269. ACM Press, 2000. 

[MonOOb]]  Eric Monfroy. The constraint solver collaboration language of BALI . 
Inn D.M. Gabbay and M. de Rijke, editors, Frontiers of Combining 
SystemsSystems 2, volume 7 of Studies in Logic and Computation, pages 
211-230.. Research Studies Press, 2000. 

[M0066]]  Ramon E. Moore. Interval Analysis. Prentice-Hall, Englewood Cliffs, 
NJ,, 1966. 

[MR99]]  Eric Monfroy and Jean-Hugues Réty. Chaotic iteration for dis-
tributedd constraint propagation. In Proceedings of the 14th ACM 
SymposiumSymposium on Applied Computing, pages 19-24, 1999. 

[MS94]]  Shyam Mudambi and Joachim Schimpf. Parallel CLP on heteroge-
neouss networks. In Pascal Van Hentenryck, editor, Proceedings of 
ICLPICLP 1994, pages 124-141. MIT Press, 1994. 

[MS96]]  P. Martin and D. B. Shmoys. A new approach to computing opti-
mall  schedules for the job-shop scheduling problem. In Proceedings 
ofof the 5th Conference on Integer Programming and Combinatorial 
Optimization,Optimization, 1996. 

[MSS96]]  Joao P. Marques-Silva and Karem A. Skallah. GRASP — a 
neww search algorithm for satisfiability. In Proceedings of the 
IEEE/ACMIEEE/ACM International Conference on Computer-Aided Design 
(ICCAD(ICCAD 1996), San Jose, California, USA, November 1996, pages 
220-227,, 1996. 

[MVH00]]  Laurent Michel and Pascal Van Hentenryck. Localizer. Constraints, 
5:43-84,, 2000. 

[MVH01]]  Laurent Michel and Pascal Van Hentenryck. Localizer-!-+: An open 
libraryy for local search. Technical Report CS-01-02, Brown Univer-
sity,, Providence, Rhode Island, 2001. 

[MVH02a]]  Laurent Michel and Pascal Van Hentenryck. A constraint-based ar-
chitecturee for local search. In Proceedings of O O PS LA '02, Seattle, 
WA,WA, USA, November 2002, pages 83-100. ACM Press, 2002. 



228 8 Bibliography Bibliography 

[MvH02b]]  Michela Milano and Willem Jan van Hoeve. Reduced cost-based 
rankingg for generating promising subproblems. In Pascal Van Hen-
tenryck,, editor. Principles and Practice of Constraint Programming, 
ProceedingsProceedings of CP 2002, Ithaca, NY, USA, September 2002, volume 
24700 of LNCS, pages 1-16. Springer-Verlag. 2002. 

[Per99]]  Laurent Perron. Search procedures and parallelism in constraint 
programming.. In Joxan Jaffar, editor, Proceedings of the 5th Inter
nationalnational Conference on Principles and Practice of Constraint Pro
gramminggramming (CP'99), volume 1713 of LNCS, pages 346-360. Springer-
Verlag,, 1999. 

[Rat96]]  Dietmar Ratz. Inclusion isotone extended interval arithmetic: a 
toolboxx update. Technical Report D-76128, University of Karlsruhe. 
1996. . 

[RH05]]  Georg Ringwelski and Youssef Hamadi. Boosting distributed con-
straintt satisfaction. In Peter van Beek, editor, Proceedings of CP 
2005,2005, volume 3709 of LNCS, 2005. 

[RinOS]]  Georg Ringwelski. An arc-consistency algorithm for dynamic and 
distributedd constraint satisfaction problems. Artificial Intelligence 
Review,Review, 2005. 

[Sch.99]]  Christian Schulte. Comparing trailing and copying for constraint 
programming.. In De Schreye, editor, Proceedings of the Sixteenth In
ternationalternational Conference on Logic Programming, pages 275-289. The 
MI TT Press, 1999. 

[SchOO]]  Christian Schulte. Parallel search made simple. In Nicolas 
Beldiceanu,, Warwick Harvey, Martin Henz, Francois Laburthe, Eric 
Monfroy,, Tobias Muller, Laurent Perron, and Christian Schulte. ed-
itors,, Proceedings of TRICS: Techniques foR Implementing Con
straintstraint programming Systems, a post-conference workshop of CP 
2000,2000, Singapore, September 2000. 

[Sil99]]  Joao P. Marques Silva. The impact of branching heuristics in propo-
sitionall  satisfiability algorithms. In Pedro Barahona and José Julio 
Alferes,, editors. Progress in Artificial Intelligence, proceedings of 
EPIAEPIA '99, Évora, Portugal, September 21-24, 1999. volume 1695 
off  LNCS. pages 62-74. Springer-Verlag, 1999. 

[Smi95]]  Barbara M. Smith. A tutorial on constraint programming. Report 
95.14,, University of Leeds, School of Computer Studies, April 1995. 



Bibliography Bibliography 229 9 

[SR90]]  Vijay A. Saraswat and Martin Rinard. Concurrent constraint pro-
gramming.. In Proceedings of the 17th ACM Symposium on Principles 
ofof Programming Languages (POPL 90), pages 232-245, 1990. 

[SS01]]  Christian Schulte and Peter J. Stuckey. When do bounds and do-
mainn propagation lead to the same search space. In Proceedings of 
thethe 3rd ACM SIGPLAN International Conference on Principles and 
PracticePractice of Declarative Programming, pages 115 126. ACM Press, 
2001. . 

[SS02]]  Christian Schulte and Gert Smolka. Finite domain constraint 
programmingg in Oz. A tutorial. Available from http://www. 
mozart-oz.org/documentation/fdt/,, August 2002. Version 1.3.1 
(20040616). . 

[SS04]]  Christian Schulte and Peter J. Stuckey. Speeding up constraint prop-
agation.. In Mark Wallace, editor, Principles and Practice of Con
straintstraint Programming, Proceedings of CP 2004, Toronto, Canada, 
September/OctoberSeptember/October 2001 volume 3258 of LNCS, pages 619-633. 
Springer-Verlag,, 2004. 

[Sta02]]  Andries Stam. A framework for coordinating parallel branch and 
boundd algorithms. In Coordination Models and Languages, volume 
23155 of LNCS, pages 332 339. Springer-Verlag, 2002. 

[TU96]]  Vitaly Telerman and Dmitry Ushakov. Data types in subdefinite 
models.. In Jacques Calmet, John A. Campbell, and Jochen Pfalz-
graf,, editors, Artificial Intelligence and Symbolic Mathematical Com
putation,putation, Proceedings of AISMC-3, volume 1138 of LNCS, pages 305-
319.. Springer-Verlag, 1996. 

[vD02]]  M.R.C. van Dongen. AC-3<f an efficient arc-consistency algorithm 
withh a low space-complexity. In P. Van Hentenryck, editor, Proceed
ingsings of the Eighth International Conference on Principles and Prac
ticetice of Constraint Programming (CP'2002), volume 2470 of Lecture 
notesnotes in Computer Science, pages 755 760. Springer, 2002. 

[VH99]]  Pascal Van Hentenryck. The OPL Optimization Programming Lan
guage.guage. The MIT Press, 1999. 

[VHPPOO]]  Pascal Van Hentenryck, Laurent Perron, and Jean-Francois Puget. 
Searchh and strategies in OPL. ACM Transactions on Computational 
Logic,Logic, l(2):285-320, October 2000. 

http://www
http://mozart-oz.org/documentation/fdt/


230 0 Bibliography Bibliography 

[VHSD92]]  Pascal Van Hentenryck, Helmut Simonis, and Mehmet Dincbas. 
Constraintt satisfaction using constraint logic progamming. Artifi
cialcial Intelligence, 58(1-3):113-150, 1992. 

[VHSD98]]  Pascal Van Hentenryck, Vijay A. Saraswat, and Yves Deville. De-
sign,, implementation, and evaluation of the constraint language 
cc(FD).. Journal of Logic Programming, 37(1 3): 139 164, 1998. Spe-
ciall  Issue on Constraint Logic Programming (P. J. Stuckey and K. 
Marriot,, Eds.). 

[VRBD+03]]  Peter Van Roy, Per Brand, Denys Duchier, Seif Haridi, Martin Henz, 
andd Christian Schulte. Logic programming in the context of multi-
paradigmm programming: the Oz experience. Theory and Practice of 
LogicLogic Programming, 3(6):715-763, 2003. 

[WNS97]]  Mark G. Wallace, Stefano Novello, and Joachim Schimpf. ECLIPS6: 
AA Platform for Constraint Logic Programming. ICL Systems Jour
nal,nal, 12(l):159-200, May 1997. 

[YokOl]]  Makoto Yokoo. Distributed Constraint Satisfaction: Foundations of 
CooperationCooperation in Multi-Agent Systems. Springer-Verlag, 2001. 

[ZA04]]  Peter Zoeteweij and Farhad Arbab. A component-based parallel 
constraintt solver. In Rocco De Nicola, GianLuigi Ferrari, and Greg 
Meredith,, editors, Coordination Models and Languages, Proceedings 
ofof COORDINATION 2004, Pisa, Italy, February 2004, volume 2949 
off  LNCS, pages 307-322. Springer-Ver lag, 2004. 

[Zho97]]  Jianyang Zhou. A permutation-based approach for solver the job-
shopp problem. Constraints, 2:185-213, 1997. 

[ZM02]]  Lintao Zhang and Sharad Malik. The quest for efficient boolean 
satisfiabilityy solvers. In Andrei Voronkov, editor, Proceedings of the 
8th8th International Conference on Computer Aided Deduction (CADE 
2002),2002), volume 2392 of LNCS, pages 295-313. Springer-Verlag, 2002. 

[Zoe03a]]  Peter Zoeteweij. Coordination-based distributed constraint solving 
inn DICE. In Proceedings of the 2003 ACM Symposium on Applied 
Computing,Computing, pages 360-366, 2003. 

[Zoe03b]]  Peter Zoeteweij. A coordination-based framework for parallel con-
straintt solving. In Barry O'Sullivan, editor, Recent Advances in Con
straints,straints, volume 2627 of LNAI, pages 171-184. Springer-Verlag, 2003. 

[Zoe03c]]  Peter Zoeteweij. Opensolver: A coordination-enabled abstract 
branch-and-prunee tree search engine (abstract). In Francesca Rossi, 



Bibliography Bibliography 231 1 

editor,, Proceedings of CP 2003, volume 2833 of LNCS, page 1002. 
Springer-Verlag,, 2003. 

[Zoe04a]]  Peter Zoeteweij. Applications of nested search. In Boi Faltings, 
Francoiss Fages, Francesca Rossi, and Adrian Petcu, editors, Pro
ceedingsceedings of CSCLP'04, Lausanne, Switzerland, June 23 - 25, 2003, 
2004.. Available from h t tp: //l iawww.epf1. ch/Events/ercim04/. 

[Zoe04b]]  Peter Zoeteweij. Constraining special-purpose domain types (ab-
stract).. In Mark Wallace, editor, Proceedings of CP 2004, volume 
32588 of LNCS, page 809. Springer-Verlag, 2004. 

http://www.epf1




Index x 

3BB consistency, 166 

absencee of constraints in OpenSolver, 
48,, 63 

abstractt behavior type, 171 
abstractt data type, 171 
ABT,, 171 
AC-11 algorithm, 20, 66 
adapter,, 74 
ADT,, 171 
alLdifferentt constraint, 76 
annotation,, 47, 48 
arcc consistency, 9 
arithmeticc constraint, 88, 98 
asynchronouss backtracking, 203 
atomicc constraint, 88, 112 
auxiliaryy variable, 14, 40, 99, 111 

best-firstt search, 83 
black-boxx composition, 59 
boundss consistency, 114 
boxx consistency, 28, 154 
branch-and-boundd search, 120, 149 
branch-and-propagatee search, 2, 18 
branchingg operator, 43 
breadth-firstt search, 26 

canonicall  domain, 12, 82 
canonicall  interval, 12 
capacityy constraint, 130 
clause,, 84 

clausee learning, 86 
completee constraint solver, 17 
composingg constraint solvers, 26 
concurrency,, 4, 55 
concurrentt constraint programming, 

204 4 
conjunctivee normal form (CNF), 84 
consistency,, 9 

3B,, 166 
arc,, 9 
bounds,, 114 
box,, 28, 154 
hull,, 13, 88 
hyper-arc,, 10 
local,, 9 
singletonn arc, 27, 167 

constrainedd optimization problem, 1, 
17,, 119, 149 

constraint,, 7-9 
alLdifferent,, 76 
arithmetic,, 88, 98 
atomic,, 88, 112 
capacity,, 130 
disjunctive,, 131 
global,, 76, 135 
interval,, 154 

unary,, 155 
linear,, 98 
polynomial,, 98 
precedence,, 130 

233 3 



234 4 Index Index 

reified,, 139 
simplee polynomial, 110 
user,, 118 

constraintt programming, 1, 7 
constraintt propagation, 2, 18 
constraintt satisfaction problem (CSP), 

1,8 8 
constraintt solver, 1, 17 

complete,, 17 
incomplete,, 17, 172 

constraintt solving, 1, 7, 17 
container,, 45, 49 
coordination,, 4, 55, 171, 190 

exogenous,, 56 
coordinationn language, 56, 189 
coordinationn layer, 36, 49 
CORR 1, 17, 119, 149 
copyingg state restoration policy, 40, 

78,, 87 

decisionn variable, 14 
decomposition,, 88, 112 
dependencyy problem, 89 
depth-firstt search, 26 
disjunctivee constraint, 131 
distributedd CSP, 32, 202 
distributedd system, 56, 189 
distributedd termination detection, 39, 

193 3 
domain,, 7 
domainn branching function, 23 
domainn reduction function, 19 
domainn type, 8, 11, 39, 48 
domainss extension of a DRF, 19 
DPLLL algorithm, 84 
DRF,, 19 

edgee finding, 131 
equivalencee of CSPs, 9 
exogenouss coordination, 56 
extendedd arithmetic expression, 98 
extendedd constraint satisfaction prob-

lemm (ECSP), 15 

fail-firstt variable selection, 24, 70 
fail-lastt variable selection, 24, 71 
failuree node, 26, 47 
finalfinal domain, 14-15, 40 
finitefinite domains, 12, 75 
floating-pointfloating-point interval, 12, 88 
framework,, object-oriented, 57 

globall  constraint, 76, 135 

HC44 algorithm, 90 
hulll  consistency, 13, 88 
hulll  of an interval, 13 
hybridd solver, 29 
hyper-arcc consistency, 10 

idempotentt function, 58 
identifier,, 37 
incompletee constraint solver, 17, 172 
inflationaryy function, 21 
inputt scheme, 19 
integerr interval, 12, 99 
internall  node, 26, 47 
intervall  arithmetic, 89, 99 
intervall  constraint, 154 
intervall  extension, 89, 154 

job-shopp scheduling problem (JSSP), 
130 0 

knight'ss tour problem, 80 

limitedd discrepancy search (LDS), 72, 
165 5 

linearr constraint, 98 
literal,, 84 
locall  consistency, 9 
locall  search, 2 

makespan,, 136 
memory-boundedd LDS. 73, 165 
monomial,, 98 

n-queenss problem, 76 
naturall  interval extension, 89 



Index Index 235 5 

naturee of a node, 47 
nestedd search, 145 
no-goodd recording, 86 
nodee evaluator, 47, 48 
non-chronologicall  backtracking, 87 

objectivee function, 17, 119, 149 
optimization,, 119, 149 
optimizationn operator, 43 
outputt scheme, 19 

parallell  processing, 55, 169 
pcrewritee program, 121 
plug-in,, 57 
polynomiall  constraint, 98 
powerr product, 98 
precedencee constraint, 130 
precision,, 91, 164 
projection n 

onn a constraint, 9 
onn a domain, 88 

propagationn function, 41 
propagationn operator, 43 
pruningg the search space, 18 
pseudoo branching operator, 135 
PSt ruc t,, 44 

range,, 99 
recomputationn state restoration pol-

icy,, 78 
reductionn operator, 41, 48 

branchingg operator, 43 
optimizationn operator, 43 
propagationn operator, 43 

reifiedd constraint, 139 
Reo,, 56, 172 
resolvedd clause, 84 

satisfiabilityy problem (SAT), 84 
schedulee of DRFs, 67 
scheduler,, 43, 48, 65 
scheme,, 8 

off  a constraint, 8 
search h 

best-first,, 83 
branch-and-bound,, 120, 149 
branch-and-propagate,, 2, 18 
breadth-first,, 26 
depth-first,, 26 
limitedd discrepancy, 72, 165 
local,, 2 

searchh frontier, 24, 45, 170 
selector,, 46, 49 
sequence,, 8 
shaving,, 157 
simplee polynomial constraint, 110 
singletonn arc consistency, 27, 167 
solutionn node, 26, 47 
solutionn to a CSP, 9, 16 
solvedd form, 15, 16 
solverr composition, 2, 27 
specifier,, 37 
speedupp anomaly, 30, 181 
statee (of OpenSolver), 45 
statee restoration policy 

copying,, 40, 78, 87 
recomputation,, 78 
trailing,, 78 

subproblem,, 16 

terminationn function, 41 
timedd data stream, 171 
trailingg state restoration policy, 78 
traversall  strategy, 26, 72 

unaryy interval constraint, 155 
userr constraint, 118 

valuee selection strategy, 24 
variable,, 7 

auxiliary,, 14 
decision,, 14 

variablee selection strategy, 24 

Warnsdorff  s heuristic, 81 
white-boxx composition, 57 
worldd database, 50 
WPStruct,, 44 





Samenvatting g 

Veell  vraagstukken uit het dagelijks leven, de wetenschap en de industrie zijn 
combinatorischecombinatorische problemen, of combinatorische optimalisatieproblemen. 
Eenn mogelijke oplossing voor dit soort vraagstukken bestaat uit de combinatie 
vann verschillende keuzes, die elkaar allemaal beïnvloeden, waardoor een menselijke 
probleemoplosserr het overzicht verliest. Het systematisch nagaan van alle moge-
lijk ee combinaties van keuzes door een computer kan hier uitkomst bieden, maar 
dee zoekruimte die zo ontstaat is in het algemeen te groot (men spreekt wel van 
eenn combinatorische explosie) om binnen redelijke tijd een antwoord te kunnen 
verwachten. . 

Voorr sommige klassen van problemen zijn echter efficiënte oplossingsmetho-
denn gevonden, die in de praktijk goed blijken te werken. In andere gevallen kan 
wordenn volstaan met niet-systematische zoekmethoden, die weliswaar snel tot re-
sultaatt kunnen leiden, maar geen uitsluitsel kunnen geven over het bestaan van 
eenn oplossing, of over optimaliteit hiervan. In dit proefschrift richten we ons 
echterr op systematische methoden voor problemen waarvoor geen specifieke ef-
ficiëntee methode voorhanden is, geformuleerd als een verzameling voorwaarden, 
off  constraints, waaraan de waarden die kunnen worden toegekend aan ver-
schillendee variabelen moeten voldoen. Het opstellen en oplossen van dit soort 
problemenn staat bekend onder de naam constraint programming, en omvat 
eenn groot aantal technieken voor systematisch zoeken, en voor het verkleinen van 
dee zoekruimte. Doordat op voorhand vaak niet duidelijk is met welke technieken 
eenn dergelijk probleem kan worden opgelost, is het van groot belang dat we kun-
nenn experimenteren met het samenstellen, of componeren, van constraint solvers 
(oplosprocedures)) uit het palet van beschikbare technieken. 

Allereerstt definiëren we wat we precies verstaan onder het oplossen van een 
constraintt probleem. In deze definitie staat het concept van een zgn. opgeloste 
vormm van een constraint probleem centraal. Een opgeloste vorm van een probleem 
iss niet noodzakelijk een oplossing, maar alle opgeloste vormen bij elkaar omvatten 
well  degelijk alle oplossingen. Op deze manier abstraheren we van beperkingen 
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diee inherent zijn aan het representeren van reëele getallen in een computer, en 
kunnenn we sommige variabelen typeren als hulpvariabelen, waarmee we aangeven 
datt hun precieze waarde er niet toe doet. Vervolgens illustreren we het belang 
vann ons werk door een aantal technieken die in de praktijk worden gebruikt te 
beschrijvenn als constraint solver composities. 

Omm te kunnen experimenteren met constraint solver composities hebben we 
eenn computerprogramma geschreven. Dit programma, OpenSolver, is in de eerste 
plaatss een uitbreidbare verzameling constraint solver bouwstenen, waarmee op 
laagg niveau verschillende technieken kunnen worden gecombineerd. In de tweede 
plaatss is het programma ook een autonome applicatie, die er helemaal op is 
ingerichtt om op verschillende manieren van buitenaf te kunnen worden gecoördi-
neerd,, en zo als component aan een groter samenwerkingsverband van software-
componentenn te kunnen deelnemen. 

Naa een beschrijving van deze software vervolgen we het betoog met een demon-
stratiee van de wijze waarop een aantal standaardtechnieken voor het oplossen 
vann constraint problemen in OpenSolver zijn gerealiseerd. Typerend hiervoor 
iss dat waar deze standaardtechnieken gewoonlijk zijn vastgelegd in de broncode 
vann constraint solvers, ze in OpenSolver worden opgebouwd uit bouwstenen voor 
kleineree deeltechnieken. Dit biedt mogelijkheden voor het combineren, en voor 
domeinoverschreidendd gebruik van bestaande technieken. 

Hett open karakter van onze software stelt ons vervolgens in staat te onder-
zoekenn wat de efficiëntste manier is om rekenkundige constraints op geheeltallige 
variabelenn op te lossen. Hierbij richten we ons specifiek op een intervalrepre-
sentatiee van de verzamelingen toegestane waarden voor deze variabelen. Veel 
bestaandee constraint solvers bieden mogelijkheden hiervoor, maar een systema-
tischee analyse ontbrak tot nu toe, voor zover wij hebben kunnen nagaan. 

Ookk laten we zien hoe OpenSolver kan worden aangevuld met bouwstenen die 
voorr een specifieke toepassing zijn ontwikkeld, in dit geval het oplossen van het 
zgn.. job-shop scheduling probleem. Op die manier ontstaat een solver voor een 
specifiekk probleem, maar doordat we voor een groot deel van de functionaliteit 
gebruikk kunnen maken van reeds bestaande bouwstenen, is de ontwikkeltijd van 
zo'nn solver gering vergeleken met de ontwikkeling van een volledig nieuwe solver. 
Bovendienn kunnen nu ook voor het specifieke probleem eenvoudig variaties in de 
oplosmethodee worden aangebracht. 

Naa deze voorbeelden van het componeren van constraint solvers uit bouwste-
nenn te hebben besproken, verleggen we onze aandacht naar constructies waarin 
OpenSolverr zelf als software component deel uit maakt van een groter systeem. 
Allereerstt introduceren we een operator voor genest zoeken, en laten we zien hoe 
eenn drietal veelgebruikte constraint solving technieken kunnen worden beschreven 
alss toepassingen van deze operator. We implementeren de operator met een vrij-
well  op zichzelf staand OpenSolver exemplaar, en we beschrijven een aantal ex-
perimentenn die aantonen dat dit tot bruikbare en flexibele solvers leidt. 

Eenn tweede voorbeeld van het gebruik van OpenSolver als software compo-
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nentt is het parallel zoeken naar oplossingen van een constraint probleem. Het 
doell  van parallellisatie in het algemeen is het reduceren van de rekentijd, door 
hett rekenwerk te verdelen over verschillende processoren. Onze parallelle solver 
bestaatt uit een aantal OpenSolver exemplaren, die regelmatig al hun nog te door-
zoekenn deelproblemen aan een centraal distributiepunt teruggeven, van waaruit 
zee weer worden herverdeeld. Dit gebeurt telkens als een vooraf ingestelde peri-
odee verstrijkt. Voor zover we hebben kunnen nagaan is deze aanpak van parallel 
zoekenn nieuw, en onze experimenten tonen aan dat dit tot efficiënte en schaalbare 
parallellee solvers leidt. 

Alss derde voorbeeld beschrijven we hoe verschillende OpenSolver exemplaren 
kunnenn samenwerken aan het verkleinen van de zoekruimte, als onderdeel van 
eenn groter zoekproces. Hoewel dit niet efficiënt is, kan het nodig zijn in het geval 
datt het constraint probleem zelf fysiek gedistribueerd is. We gebruiken hiervoor 
bestaandee algoritmen die in OpenSolver met alle andere beschikbare technieken 
gecombineerdd kunnen worden. 

Tott slot vatten we de behaalde resultaten samen, vergelijken we onze aan-
pakk met een aantal alternatieven, en bespreken we mogelijkheden voor verder 
onderzoekk en ontwikkeling. 
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