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Chapterr 2 

Thee generalised 
Gierer-Meinhardtt equation 

InIn this thesis, we study the existence and stability of stationary pulse patterns in a 
generalisationn of the classical model (1.1) 

ee22UUtt = Uxx - e2pU + lHU^V^ 
VVtt = e2Vxx - V + h2U

a^V3  ̂ ' { } 

wheree e is a small positive number, which expresses the ratioo of the diffusion rates. 
Notee that the original model (1.1) (with po = 0) can be recovered from (2.1) by 
makingg a special choice for the nonlinearities. that is (a\, c*2, 3\, P2) — (0, —1.2,2), 
andd setting h\ = cp and ft 2 = c'p. However, we assume that h\ and ft2 a re constants, 
soo that wc in effect have removed the spatial dependence of the source density p. In 
thee rest of this thesis, we set fti — ft.2 — 1. The unusual scaling of (2.1). i.e. the 
appearancee of 5 at various places in the equations, will be explained in the normal 
formm analysis below. In accordance with the biological background of the Gierer-
Meinhardtt equation, the variables U and V in (2.1) are interpreted as chemical 
concentrations.. Therefore, we are only interested in solutions to (2.1) with U(x) > 0 
andd V(x) > 0 for all x. Also, the choice for small e is motivated by the activation-
inhibitionn mechanism, hence we may refer to the [/-component as the inhibitor and 
too the V'-component as the activator. We restrict the analysis to p > 0. so that the 
pU-termpU-term in (2.1) can be interpreted as (linear) decay. 

Inn the classical Gierer-Meinhardt equation (1.1) pulses evolve spontaneously from 
smalll  perturbations of a uniform equilibrium state. Under the right conditions, the 
resultt is a pattern, which consists of (almost) stationary pulses. The stationary pulse 
patternss that are studied in this thesis can be interpreted as the result of a similar 
patternn formation process in the generalised model (2.1). However, we do not study 
thee patterns from a pattern formation point of view. i.e. we do not consider the 
questionn whether the patterns form spontaneously from a uniform state. Instead, we 
aimm to do the following: 

7 7 
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(i)) Determine and construct all stationary pulse solutions in (2.1), their properties 
andd their domains of existence in parameter space. 

(ii )) Determine the stability of these pulse solutions. 

Thoughh we do not consider, which patterns form spontaneously, the stability of the 
patternss determine which patterns can be observed in biological systems, as unstable 
pulsee patterns can not be observed. 

Inn biological systems, the domain is necessarily bounded by the dimensions of 
thee tissue. In this thesis, the analysis is performed on an unbounded domain. The 
patternss on a bounded domain can be seen as a restriction of a (periodic) pulse 
patternn on R, see especially Sections 3.3 and 5.8. 

Th ee mathematics behind £ < 1 

Inn this thesis, the number e is treated as an asymptotically small parameter, which 
means,, that we do not specify its value, but that we can make it as small as necessary 
forr our results to hold. Hence, many statements in this thesis are formulated under 
thee assumption 'Let 0 < £ <C V or 'Let £ be small enough". Both of these assumptions 
aree equivalent and either one of them needs to be interpreted as 'There exists an 
£Q£Q > 0 such that the statement holds for all £ < £o\ 

Inn this thesis, we use the standard notation/ terminology of the analysis of (sin-
gular)) perturbations, such as '<C\ '0(e)' etc., see for instance [22]. In this section, I 
shortlyy discuss some of the terms that appear frequently in this thesis. 

Thee key idea is that £ is so small, that a quantity can be expanded as an asymp-
toticc series in e and that the effect of terms of higher order can be neglected. The 
usee of such an expansion is illustrated with an example. The stability or instability 
off  a pulse solution is determined by the sign of quantities called eigenvalues. (To 
followw this example, it suffices to remember that only the sign of the eigenvalue is 
important.)) The expansion of an eigenvalue is typically of the form 

AA = A(c) = A0 + £Ai + £2X2 + . . ., (2.2) 

wheree the Xt are numbers, independent of £, which in principle can be calculated. 
(Note,, that we implicitly assume that this series converges for e small enough. 
Thiss assumption puts some restrictions on the numbers Â , but these are satisfied 
inn general.) Suppose, that we have determined that Ao > 0 and that we want 
too determine whether the true eigenvalue X(e) is positive as well. The difference 
X(e)X(e) — Ao = £Xi + £2X<i + .... can be made arbitrarily small by decreasing £, irre-
spectivee of the values of Ai, A2,.... Therefore, we can conclude —without the trouble 
off  calculating Ai,A2,...— that for small enough e, the difference is so small that 
A(c)) > 0, if Ao > 0. Only if A0 — 0, one can not predict the sign of X(s) from the 
signn of Ao, not even for small e. In that case, for small enough £, the term eX\ is the 
largestt term in the expansion (2.2). Hence, the sign of A(c) can be determined from 
thee sign of Ai (for small enough c). 

Thee first non-zero term in an asymptotic expansion like (2.2), is called the leading 
orderorder term and all following terms are called the higher order terms. Hence, to 
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determinee the sign of A (for e small enough), one only needs to consider the leading 
orderr terms of A(c). 

Inn many places in this thesis, we use the order symbol Ö. A quantity A = A(E) 
iss said to be Ö(E<T). if there exist constants A0 and £-0, such that \A(E)\ < A0£

a for 
alll  0 < e < £o- For example, the quantities 

£,££,£22,£\f£,,£\f£, sin(e-) 

aree all O(s). The O-symbol is most often used to estimate the higher order terms in 
ann asymptotic expansion. For instance, we can write (2.2) as A = Ao 4- 0(c), which 
meanss that there exists an upper limit on the higher order terms of the form \u£, 
i.e.. |A — Ao < \u£ for e small enough. Hence, the O-symbol can be used to indicate 
thee higher order terms and how small they actually are. 

Inn some cases, we want to have a sharper estimation of the higher order terms. 
Therefore,, we use the notion of the O-symbol in the strict sense. A quantity A = A(e) 
iss said to be strictly 0(£a), if 

e^OO £a a 

wheree Aa is a non-zero constant. (Note that if we allow Ag = 0, we can use this 
expressionn as an alternative definition for the O-symbol in the non-strict sense.) 
Off  the quantities in the example above, only e and sin(c~) are strictly 0(E). The 
strictt sense of O is usually used to indicate the magnitude of the leading order term. 
Referringg to (2.2), we say that A = O(l) = ö{e°) (if A0 / 0) or that A = 0(E) (if 
Aoo = 0 and Ai ^ 0). Both O-symbols are meant in the strict sense. 

Somee quantities in this thesis behave as negative powers of e for small e, i.e. they 
aree asymptotically large as E —> 0. The term 0(EG) is also defined for a < 0. For 
asymptoticallyy large numbers, the O-symbol is usually used in the strict sense. 

2.11 Mathematical background 

Despitee the biological background of the Gierer-Meinhardt equation, the main moti-
vationn to study pulse solutions to (2.1) is mathematical. In this section, we derive the 
generalisedd Gierer-Meinhardt equation (2.1) as the leading order part of a 'normal 
form11 for large U and V of reaction-diffusion equations of the form 

(2.3) ) 

withh d[j ;§> dy. We assume that these equations have a homogeneous steady state 
solutionn of (2.3), which by translation always can be set to (U(x).V(x)) — (0,0). 
Thee linear terms are such that under the linear reaction kinetics, i.e. the behaviour 
off  (2.3) with H^U.V) = H2(U.V) - 0 and UXI = Vxx - 0, the homogeneous 
statee is asymptotically stable. (Note that this is one of the elements of the Turing 
mechanism.)) We assume that the nonlinear reaction terms Hi2(U.V) are smooth 
(enough)) functions for U. V > 0. Many well-studied reaction-diffusion equations are 

uutt = 
vvtt --

== dvUxx 

== dvVxx 

+ + 
+ + 

aauuuuu u 

aavuvuU U 
+ + 
+ + 

*uvV *uvV 
aavvvvV V 

+ + 
+ + 

H^U.V) H^U.V) 
HH22{U.V), {U.V), 
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off  the general form (2.3), including the Gray-Scott equation, the Schnakenberg model 
andd the Thomas model. 

Too avoid the technicalities involved in scaling the general form (2.3), the scaling 
analysiss will be restricted to the simpler class of reaction-diffusion equations 

UUtt = dvUxx - fiU + FiWdiV) , , 
VVtt = dvVxx - V + F2(U)G2(V)  [Z'V 

Thuss we assume that the nonlinearities are separable, so that it wil l be straightfor-
wardd to write down their behaviour for large U and V. In many cases the more 
generall  class (2.3) can be treated in the same way as the separable case (2.4), see 
alsoo the Remark at the end of this section. Since dy <C dy. we can define a small 
parameterr e by c2 = dy jdy and rewrite (2.4) as the set of singularly perturbed 
equations s 

ƒƒ Ut = Uxx - nil + Fi(ï7)Gi(V) , . 
\\ Vt = e2Vxx - V + F2(U)G2(V) ' {Z-0) 

wheree x = x/y/djj. (The hats are dropped in the following analysis.) 
Beloww we show using a scaling analysis that under some conditions on Fjt2 and 

Gi722 the leading order behaviour of (2.4) for large pulse solutions is given by the 
generalisedd Gierer-Meinhardt equation (2.1). This implies that the methods used in 
thiss thesis on the existence and stability of pulse solutions can be applied to reaction-
diffusionn equations of the general form(2.3). However, the analysis in the general form 
(2.3)) involves some technicalities, which we wish to avoid. Therefore, the analysis in 
thiss thesis is restricted to the generalised Gierer-Meinhardt equation (2.1). 

Scalingg analysis 

Inn the scaling analysis we focus on stationary homoclinic pulse solutions to (2.4), 
i.e.. on solutions that decay to ([/, V) — (0, 0) as x — . Such homoclinic solutions 
inheritt the singular nature of (2.5), in the sense that the {/-component and the V-
componentt vary over different length scales. Since the ^-component evolves on a 
veryy short length scale, the V^-component will only be non-zero (to exponentially 
smalll  order with respect to e) on short intervals with an O(e) length. On the other 
hand,, the {/-component varies over an 0(1) length scale, so that it is to leading order 
constantt in the short intervals, where V is non-zero. Furthermore, the localisation 
off  the V-component implies that the inhibitor production is O(e) if U and V were 
0(1).. On the other hand, the [/-component is present over 0(1) length scales, so 
thatt its total decay is 0(1) if U were 0(1). Hence, we conclude that to match the 
productionn to the decay, it is impossible that both U and V are 0(1). Therefore, we 
set t 

U(x,t)U(x,t) =E-rU(x,t) and V(x, t) = e~sV(x, t), (2.6) 

wheree U,V are 0(1) functions. The numbers r and s determine the critical mag-
nitudess of the pulse solutions; depending on r and s the pulse solutions may be 
algebraicallyy large (r,s > 0), algebraically small (r,s < 0) and even of mixed type 
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(rr and s have opposite signs). Here, we choose to focus on large pulse solutions, so 
thatt we require r, s > 0. 

Too determine the critical magnitudes, we assume that for large U and V, the 
leadingg order behaviour of Flt2(U) and Glj2{V) is algebraic in U and V, so that we 
cann express the leading order behaviour of F\t2(U) and G\i2{V) as 

( -- \ a l , 2 

^ JJ (fi,2+erF lt2(Ü;e)) 

fVv-fVv- - . (2-7) 
Gi,Gi,22(V)(V) = Gh2{e-rV) = f - J (fli,2 + ^Gi,2(V; £)). 

Thee coefficients a1?2, A,2, ƒ1,2 and #i,2 completely determine the leading order be-
haviourr of Fi,2 and 6?ii2 for large £7 and 1/. A priori we do not impose restrictions on 
thee coefficients ajl j 2 and /?i)2. However, the existence results on homoclinic solutions 
wil ll  give conditions on the coefficients, see Section 2.3 Our goal is to express the 
valuess of r and s in terms of the coefficients a\ 2 and 0X 2. Substitution of (2.6) and 
(2.7)) in (2.5) yields 

,, (2.8) 
\Üt\Üt = Üxx - fiÜ + e-^-Vr-fo'Ü^Vhfh + êHiiÜ^) 

\\ Vt = e2Vxx - V + £-a* r-(fo-VaÜa2VfoUi2 + êH2(Ü,V) 

wheree ê = £mm(r>$ï, h% — ƒ;#, and H{ is defined by 

( / i + e ^ M )) (9i + e°Gi(V;e))=hi + êHi{Ü,V;£). 

Stationaryy (homoclinic) solutions to (2.8) are only possible if the total production of 
thee U and ^-components matches the total decay. Therefore, the linear and nonlinear 
reactionn terms in the ^-equation must have the same magnitude, which gives by (2.8) 
aa first condition on r and s: a2r + (02 - l)s = 0. The total inhibitor production can 
bee found by integration of the nonlinear reaction term in the ^/-equation of (2.8): 

- ( a i - l ) r - / ? ? 1SS f Üa"V^ (fn+êHiiÜ.V^dx. 

Sincee the V-component is restricted to an 0(e) interval and Ü is to leading order 
constantt over this interval, the integral is O(e), so that the total production of 
thee [/-component is O ^1 ^ 0 1 " 1 ^ " ^ 5 ) . On the other hand, the [/-component is 
(9(1)) over an C(l)-length, so that the total decay of Ö is O(l). Thus matching 
thee inhibitor production to the inhibitor decay yields a second condition on r and 
s:s: 1 - (a 1 - l)r — 0is = 0. Note that this argument uses some general, but yet 
unproven,, properties of the homoclinic pulse solution. However, the existence results 
off  homoclinic pulse solutions in the resulting scaling legitimate the argument. The 
twoo conditions on r and s are solved by 

0202 — 1 — OL2 
rr=—=—p-,p-, s = ^ - w i t h ^ = K - l ) ( / 3 2 - l ) - c t ^ ^ O (2.9) 
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andd subsequent substitution in (2.8) yields 

VtVt = Uxx - fiU + E-1Ü^V^(hl+êË1(Ü,V) 

VVtt = z2Vxx - V + Üa*V^\h2+êH2(Ü,V) 

(Thiss scaling is sometimes found in the literature, for example in [81, 82, 39].) To 
avoidd the asymptotically large reaction term in the {/-equation, we introduce a new 
spatiall  scale x and a new small parameter i by x = y/sx and È = y/e to yield 

ii 22ÜÜtt = Üxx - è2^Ü + Ü^V^fh+êH^ÜiVJ) 

VVtt = ë2Vxx - V + Ü^V^[h2+êH2(Ü1V)) 

Droppingg the tildes and ignoring the higher order parts of the nonlinear reaction 
terms,, gives the generalised Gierer-Meinhardt equation (2.1). 

Remarkk 2.1 Non-separable reaction terms can generally be treated in the same way 
ass the separable case. Specifically, if the behaviour of Hii2{U, V) is algebraic for large 
UU and V, the nonlinear reaction terms may be written immediately in the form 

HH h2h2(U,V)=(^\(U,V)=(^\  (J;) ' (hli2 + Hlt2(Ü,V-,ej), 

soo that (2.8) follows. However, in the nonseparable case the coefficients a 1,2 and /?i,2 
mayy depend on r and s. For example, if Hi{U, V) = UV2 + U2V, the magnitudes of 
thee two terms in this sum are £-(s+2 r) and e~{2s+r). Hence, (auPi) = (1,2) if r > s, 
butt (ai,Pi) — (2> 1) if r < s. However, this can simply be taken into account. Note 
thatt the classical Gierer-Meinhardt model (1.1) with a nonzero basic production rate 
(poo  ̂ 0) can be included in this way, as long as p0 is small compared to the pulse 
sizes. . 

Remarkk 2.2 The simplification of (2.3) to the separable form (2.4) excludes acti-
vator-substratee systems, like the Gray-Scott equation and the Schnakenberg model. 
Nevertheless,, they can be scaled into a form that is slightly more general than (2.1) -
seee [17]. Therefore, the results in this thesis can be translated to this type of systems 
ass well. 

Remarkk 2.3 In the scaling analysis, we have implicitly assumed that the reaction 
ratess fiU, Flm2 and Gi,2 are (9(1 ̂ functions if their arguments are 0(1). As we may 
assumee that the reaction rates do not depend on the ratio of the diffusivities of the 
twoo chemicals (expressed by £r), this is a valid assumption from a biological point of 
view.. On the other hand, from a mathematical point of view it is possible to scale 
forr example the inhibitor decay rate fi by some power of e, which has an influence 
onn the scaling analysis as it alters the magnitudes of the pulse solutions. Exactly 
thiss kind of analysis is performed in Section 4.2 to show that pulse solutions may 
disappearr if // = ö(l/£4). 
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2.22 Pulse solutions in the GM equation 

Inn this section, we try to give the reader a feeling for the type of the pulse patterns 
studiedd in this thesis. This section is in no way meant as a formal proof of the 
existencee of pulse solutions, nor is it a formal construction; these can be found in 
Chapterr 3. In this section, we implicitly focus on patterns on bounded domains, in 
particularr on homoclinic and periodic pulse solutions. 

Stationaryy pulse solutions to (2.1) can be found by removing the time depen-
dencee in (2.1), i.e. by setting Ut = Vt = 0, and solving the resulting set of ordinary 
differentiall  equations 

UUxxxx = c2tiU - U^V^ 
ee22VVxxxx = V - U^V8*  ' ( 2-1 2) 

(Notee that we set hi = h2 — I.) Since the two components in this set of equations 
havee completely different diffusion rates, the two components both have their own 
naturall  length scale. The ^-component varies over 0(e) lengths, whereas U generally 
'lives'' on much longer length scales. Therefore, the V-component is often referred to 
ass the fast component and the {/-component as the slow component. Note, however, 
thatt the notions fast and slow are not based on the time dependence of the original 
PDEE (2.1); instead they reflect how the components change over space in solutions 
too the ODE (2.12). 

Thee pulse solutions studied in this thesis, consist of narrow pulse regions, where 
thee K-component has a sharp peak, and long intervals, called the outer regions, where 
thee K-component is very small. Thus, the pulse solutions, reflect the differences in 
thee length scales. The behaviour of the solutions is approximated by two different 
limi tt systems. 

Thee problem is studied in the natural (O(e)) length scale of the fast component 
byy introducing the fast spatial coordinate £ = x/e. In the £-scale, (2.12) is written 
as s 

UKUK = eAnU e*U<^V^ 
VtfVtf = V - Ua2V02 ' [  } 

Byy taking the limit e — 0 of (2.13), we obtain the fast reduced limit, given by 

^ ( 00 = U0 = constant and % = V - U%2V02. (2.14) 

Iff  32 > 1, the V-equation has a homoclinic solution V/,(£) = Vh(£: UQ) for every value 
off  UQ\ Vh(£) is a bell-shaped pulse solution, which decays exponentially to V — 0 as 
££ —+ . The pulse solution is shown in Figure 2.1. 

Thee homoclinic solution Vh(£) is exponentially small at C(l/c)-distances (in the 
£-scale,, that is 0(1) in the x-scale) from the centre of the pulse. Therefore, we can 
approximatee the solutions in the outer regions by setting V — 0 in (2.12), which 
yieldss the slow reduced limit 

V(x)V(x) = 0 and Uxx=e2nU. (2.15) 
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Figuree 2.1: (a) The phase portrait associated to the fast reduced limit (2.14) (/32 > 1) 
(b)) The homoclinic solution Vh(S,: U0) of (2.14) for a = - 1 , f32 = 2 and U0 = 1. 

Thee linear equation for U is easily solved to give the general solution 

UULL{x){x) = Cie
£^x + C2e-£^ix. (2.16) 

Thus,, we have two limit systems, (2.14) and (2.15), of (2.12), of which we know the 
(exact)) set of solutions. However, for e > 0, the pulse solutions to (2.12) cannot be 
approximatedd uniformly by the solutions of either limi t system alone. The solutions 
off  the fast limit system (2.14) have constant U. whereas the solutions of the slow 
limi tt system (2.15) all have V(x) = 0 for all x. Furthermore, any non-zero solution 
off  (2.15) is unbounded as a solution on E. This problem, which is characteristic 
forr singularly perturbed ODEs. is solved by dividing the domain in long intervals, 
wheree the behaviour of the pulse solution is described by the slow limit system (2.15). 
interspersedd by narrow regions, where the behaviour of the pulse solution is described 
byy the homoclinic solution of the fast limit system (2.14). 

Thiss approach yields pulse patterns with the following characteristics. The V-
componentt is exponentially small everywhere, except in the narrow regions, where 
thee system follows the fast limit . There, the V-component is to leading order given 
byy a copy of the homoclinic solution Vh{£: U0) of (2.14), which has the form of pulse 
withh an 0(1) width (£-scale). Hence, in the original x-scale, V(x) has a sharp peak of 
O(e)O(e) width. The [/-component is approximately constant over the pulse region, but 
itt varies slowly over the long outer regions. The positions of the pulses, and hence 
thee positions of the pulse regions, depend on the type of pattern. A homoclinic pulse 
solutionn to (2.12). i.e. a solution that decays to (U, V) = (0. 0) as £ -> , consists of 
justt one pulse region, surrounded by two outer regions, which extend to -co and +oc. 
Figuree 4.1 on page 48 shows a homoclinic solution in a two-dimensional setting. On 
thee other hand, a (fundamental) periodic pattern consists of a regular arrangement 
off  pulse regions, separated by 0(l/e) outer regions. We refer to Figure 3.1 on page 
200 for an example of a periodic solution. 
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N-pulsee solutions 

Byy construction, the pulse solutions described above have just one peak in the V-
componentt in each pulse region. However, it was shown in [14] (but see also Section 
3.1.33 in this thesis) that one can construct homoclinic solutions to (2.12) that consists 
off  a number of peaks contained in one pulse region. These N-pulse solutions exist 
forr any N > 1. Each of the peaks has to leading order the form of the homoclinic 
solutionn Vh{£) of the fast reduced limit (2.14), but as the distance between the peaks is 
0(11 log(c)f), they are so close together that the minimum of the K-component between 
thee pulses is 0{y/e) and not exponentially small. Therefore, this type of solution 
shouldd not be confused with iV-pulse patterns generally encountered in the literature 
(seee for example [72, 73]) that consist of N isolated pulses and have exponentially 
smalll  V-components between the pulses. As |log(£)| <C 1/e, the [/-component can 
too leading order be considered as constant over all N pulses. Note, however, that 
thee fast limit system (2.14) has no homoclinic N-pulse solution and that the TV-
pulsee solutions only exist in the full system (2.12), due to (small) variations in the 
[/-componentt over the pulse region. (See Section 3.1.3 for the details.) 

Thee N-pulse patterns can be used as a building block for both homoclinic solutions 
andd periodic solutions, see Figure 3.2. However, it was shown in [14], that the 
homoclinicc N-pulse solutions are unstable with respect to an C?(l)-eigenvalue for all 
NN > 1. Therefore, we pay no attention to the N-pulse solutions in the stability 
analysiss of the stripe solutions (Chapter 4) or the periodic patterns (Chapter 5). 
Thee techniques developed in those chapters can however also be applied to N-pulse 
solutions. . 

2.33 Conditions on the existence of pulse solutions 

Whetherr pulse solutions to (2.12) can be constructed depends on the exponents 
ai,22 and /?i:2. It was shown in [14], that (large, homoclinic) pulse solutions can be 
constructedd under the conditions 

0i0i > 1, ih > 1, a2 < 0 , D = ( Q 1 - 1 ) ( / 3 2 - 1 ) - Q 2 / 3 1 > 0. (2.17) 

Thee conditions on 3\ and 02 are necessary for the existence of homoclinic solutions; 
forr instance the fast limit system(2.14) has no homoclinic solution, if 02 < 1. The 
conditionss on D and a2 follow from the choice to study large pulse solutions. (Note 
thatt r. s > 0 (2.9). if the conditions are satisfied.) Though the conditions were 
derivedd in the existence analysis of homoclinic pulse solutions, they apply to all pulse 
patterns,, including the periodic patterns that we study in this thesis. Therefore, 
throughoutt this thesis, we assume that the parameters a\_2 and 3\_2 satisfy (2.17). 

Thee conditions on Bi, a2 and 02 imply that (2.1) must be a system of activator-
inhibitorr type, with U as the inhibitor and V as the activator, to exhibit stationary 
pulsee solutions. Therefore, note that the the (nonlinear) production rate Ua2Vd2 of 
thee V-component is a decreasing function of U if a2 < 0. Furthermore, since 3\ > 1. 
thee production of U is obviously stimulated by a high V'-component (actually 3\ > 0 



16 6 Chapterr 2. The generalised Gierer-Meinhardt equation 

wouldd be sufficient). Hence, under the conditions (2.17) the [/-component has the 
necessaryy properties of an inhibitor. Finally, the V-component is autocatalytic if the 
nonlinearr reaction term grows faster with increasing V (and constant U) than the 
linearr decay term, which is the case if 02 > 1-

Pulse-splitting g 

Thee existence of the homoclinic pulse solutions was proven under the assumption that 
thee decay parameter JJ, is 0(1). In Chapter 4, Section 4.2.1, we extend the existence 
analysiss to asymptotically large values of fi. i.e. we set [i  = ö(e~a) with a 6 [0,4]. 
Byy a scaling analysis, we find that homoclinic pulse solutions exist as long as a < 4, 
butt that there exists a critical decay rate jic = / /c/e

4, such that no homoclinic pulse 
solutionss exist if n > [i c. The regime \i = 0(1/e4) marks the transition from f « 1 
too c > 1 (in a scaled form). 

Numericall  calculations show that as fi is increased past the critical value fic, the 
homoclinicc pulse solution splits in two separate pulses. The two pulses move away 
fromm each other and split again if the distance between the pulses is large enough. The 
pulsee splitting is illustrated in Figure 4.2. On the infinite line the pulse splitting keeps 
repeating,, but on a finite domain the pulse splitting stops when a certain number 
(determinedd by the size of the domain) of pulses has been formed. Pulse splitting 
wass first observed in the Gray-Scott equation [67, 70, 19, 64, 11, 12]. The result in 
Sectionn 4.2.1 is the first observation of pulse-splitting in the Gierer-Meinhardt model. 

2.44 Overview of this thesis 

Thee contents of the following chapters consists of three papers, two of which have been 
publishedd in mathematical journals. Chapter 3 was published as Spatially periodic 
andand aperiodic multi-pulse patterns in the one-dimensional Gierer-Meinhardt equation 
inn Methods in Applied Analysis (2001) [18] with co-authors A. Doelman and T.J. 
Kaper.. Chapter 4 was published as Homoclinic stripe patterns in SIAM Journal on 
Appliedd Dynamical Systems (2002) [21] with co-author A. Doelman. Chapter 5 has 
nott yet been published, but it has been submitted to Indiana University Mathematics 
Journall  (with co-author A. Doelman). As the papers were only mildly edited, the 
chapterss can be read independently from each other. (Well, to leading order anyway.) 

Summary y 

Inn Chapter 3, we construct stationary pulse solutions to the generalised Gierer-
Meinhardtt equation (2.1), which consist of sharp pulses in the IZ-component, whereas 
thee {/-component varies slowly across the domain. We construct two one-parameter 
familiess of fundamental spatially periodic patterns, which consist of a periodic ar-
rangementt of identical pulses. The two types are distinguished by the height of the 
pulsess and the spatial period of the pattern. The two types merge in a saddle-node 
bifurcationn for a certain period LSN- Furthermore, it is shown that there exists a 
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largee variety of periodic pulse patterns consisting of a repeated sequence of two differ-
entt types of pulses. It is shown that such periodic pulse patterns exist if the sequence 
hass two internal reflection symmetries. Finally, we show that one can form 'random' 
pulsee patterns on a bounded domain with homogeneous Neumann boundary condi-
tions.. These pulse patterns can be interpreted as the restriction of a periodic pattern 
too the bounded domain. 

Inn Chapter 4< we study the stability of homoclinic stripe solutions in the two-
dimensionall  Gierer-Meinhardt equation. Homoclinic stripe solutions are formed by 
extendingg a homoclinic pulse solution of the one-dimensional equations trivially in a 
secondd spatial direction (See Figure 3.1). As the stripe solution has no structure in the 
directionn along the stripe, the stability problem of the stripe solution can essentially 
bee treated as a one-dimensional stability problem, where the second dimension enters 
onlyy through a wave number I, acting as a parameter. Using an Evans function 
analysis,, we find that with increasing wave number one of the eigenvalues A = A(/) 
convergess (on a 0(1) scale in I) to the unstable eigenvalue of a certain limit system. 
Thee eigenvalues of the limit system also depend on the wave number, but in such a 
way,, that the unstable eigenvalue is stabilised only if I = Ö{E~A). Therefore, we find 
thatt all stripe solutions are unstable except on asymptotically small strips (measured 
alongg the stripe). It is shown, that the analysis breaks down for asymptotically 
largee decay rates fi. Therefore, the existence analysis of homoclinic solutions is 
extendedd to asymptotically large it. We find, that there exists a critical value /ispHt = 
Ö(l /£4) ,, such that there exist no pulse solutions if ji  > //split- Numerical simulations 
reveall  that the pulse solutions disappear in a series of pulse-splittings, both in a 
one-dimensionall  and a two-dimensional setting. Our calculations show, that stripe 
solutionss can be stable if \i = 0(l/e4), which is confirmed by numerical simulations. 

Inn Chapter 5, we study the stability of the periodic pulse solutions constructed 
inn Chapter 3. Following Floquet-theory, the spectrum of the linearisation around a 
fundamentall  periodic wave consists of curves of 7-eigen values. The spectrum consists 
off  twro types of spectrum: (i) the small spectrum, connected to the translational 
eigenvaluee A = 0 and (ii) the 0(l)-spectrum, which consists of curves away from 
AA = 0. In this chapter, we determine leading order expressions for the eigenvalues in 
bothh types of spectrum. We find, that the small spectrum associated to a fundamental 
periodicc pattern with period 2L is real and negative if L > LSN- where LSN is the 
spatiall  period for which the two types of fundamental periodic patterns merge in 
aa saddle-node bifurcation. The stability of the periodic pattern is then entirely 
determinedd by the (9(l)-eigenvalues. On the other hand, if L < LSN the 2L-periodic 
fundamentall  pattern is always unstable with respect to O(l) 7-eigen values. The 
analysiss on the stability of the fundamental periodic solutions is straightforwardly 
extendedd to AB-patterns, which are shown to be unstable. Finally, we show that the 
spectrumm associated to a pulse solution on a bounded domain is a certain subset of 
thee set of 7-eigenvalues. which enables us to (correctly) predict the form of the most 
unstablee eigenfunction. 
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