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Chapterr 3 

Singularr pulse patterns 

Inn this chapter, we study the existence problem for positive, stationary, spatially 
periodic,, multi-pulse solutions (f7per{x -), VpeT(x)) of the generalised Gierer-Meinhardt 
equation n 

ƒƒ £2Ut = Uxx -£2fxU + U^V^ 
{{  Vt = £2VXX -V + U^Vto. ^ 

forr x € R [39, 61, 62, 38, 81, 83] (see also [14]). The unboundedness of the domain 
reflectss our choice to study a spatially extended system: the spatial scale of the 
patternss is assumed to be much smaller than the length scale of the domain. The 
ratio,, £2, of the diffusion coefficients of the two species, whose concentrations are 
denotedd U and V, is assumed to be asymptotically small, i.e. 0 < e < l . Throughout 
thiss chapter, the parameters (01,0:2, ft, ft) a nd M a r e assumed to satisfy 

DD = (ai - l ) ( f t - 1) - a2 f t > 0, a2 < 0, ft > 1. ft > 1, // > 0, (3.2) 

seee Section 2.3. One directly observes that (3.1) has the reversibility symmetry 
xx —> — x, which plays a crucial role in the analysis. 

Sincee x € K, the existence problem for stat ionary solutions of (3.1) can be written 
ass a singularly perturbed ordinary differential equation in which x plays the role of 
' t ime': : 

u'u' — p 
p'p' — —UctlVt)l+£2fiU fi  o\ 

evev = q 
eq'eq' = v — ua2vP2, 

wheree ' denotes the derivative with respect to the slow spatial variable x. By intro-
ducingg the fast variable £ = x/s. we can write the slow system (3.3) in the equivalent 
fastfast form 

üü = £p 

pp  = c [ - l i Q i ^ + c V ] ( 3 4 ) 
vv = q \  J 

qq — v — uOL2v3'2. 
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(b) ) 
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Figuree 3.1: (a) A (finite part of a) fundamental periodic pattern (U  ̂ (x) ,V^er (x)) 
thatt is (numerically) stable as solution of the scaled PDE (3.1). (b) A (numerically) 
stablee periodic pattern of 'mixed' type: the A\D\-solution (U^V

B , V^6^ (x))-
Bothh graphs were obtained by a direct numerical integration of (3.1) with a\ — 0. 
a-2a-2 = —1. /Si = 02 = 0 and /i — 1 on a bounded domain of length L = 50. using the 
moving-gridd code described in [4]. In (a) z1 = 0.0300. in (b) e2 = 0.0206. Note that 
bothh patterns can be extended to solutions on K by reflection with respect to the 
boundariess of the domain. 
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where""  denotes the derivative with respect to £. Both equations inherit the reversibil-
it yy symmetry of (3.1): 

j .. £ - > - a ; , - £. p - > - p, q^-q- (3.5) 

Thee systems (3.4)/(3.3) have one fixed point. S, at (0, 0.0,0). This fixed point lies on 
thee boundary of the slow manifold Ai, the central feature of interest in (3.4)/(3.3): 

MM = {(u,p,v,q) :v = q = 0.u>0} (3.6) 

(seee Remark 3.3). As may be seen by direct inspection, this manifold is invariant 
underr the flow generated by (3.4)/(3.3) (recall that /3i,/32 > 0 (3.2)). 

Wee wil l study the existence of periodic solutions 7p e r(£) of (3.4) by the methods of 
geometricgeometric singular perturbation theory [24, 25]. We refer to [40, 43] for an introduction 
too the general theory and to [76] for a general account on the geometric theory of 
periodicc orbits in singular perturbed systems. In this chapter we use a combination 
off  geometrical and asymptotical techniques that has been developed to establish the 
existencee of periodic/homoclinic/heteroclinic orbits in singularly perturbed ODEs 
[16,, 34, 77, 76] and in Hamiltonian systems [42, 6]. These methods have also been 
employedd to study the existence of (multi-pulse) traveling waves in various PDEs: the 
Ginzburg-Landauu equation [10], coupled Ginzburg-Landau equations [20], the Gray-
Scottt equation [19], and several families of singularly perturbed reaction-diffusion 
equationss [14], [33], We note that this list is far from being exhaustive. 

Usually,, the search for travelling 'localised' solutions is one of the first steps in 
thee existence analysis of nontrivial solutions of a parabolic PDE. When the PDE 
iss defined for x E IR, these localised patterns correspond to homoclinic or hetero-
clinicc solutions of an associated ODE reduction ((3.3)/(3.4) in the case of stat ionary 
solutionss of (3.1)). The following result on the existence of singular, stationary, 
multi-pulsee homoclinic solutions of the generalised Gierer-Meinhardt equation was 
provenn in [14]: 

T h e o r emm 3.1 (homoc l in ic mul t i -pu ls e so lu t ions) Let (tx\, c*2, /?i, @2ilJ>) satis-fy 
(3.2).(3.2). Then, for any N > 1 with N — O(l) and e > 0 small enough, (3.4) possesses 
anan N-loop orbit 7jvom(£) homoclinic to S — (0,0, 0,0). The u, v coordinates o /7J i?m(0 
areare non-negative, and 7Jv°m(0 is exponentially close to ftA except for a connected 
intervalinterval of £ values during which it makes N circuits through the fast field, and 
duringduring which it remains at least 0{y/e) away from M. 

AA solution 7Jv
o m(0 corresponds to a localised pulse solution (UY^om(x),V^om(x)) 

off  the PDE (3.1). When N — 1. V^om(x) consists of only one sharp 'pulse; on a 
narroww spatial region; whereas when N > 2, V^ o m(x ) is a sequence of N consecutive 
narroww pulses that are relatively close to each other on a narrow spatial region. 
Inn particular, V^om(x) decreases to 0(\/Ë), but not further, in between any two 
adjacentt pulses in this narrow region, while outside of it V^om(x) is exponentially 
small.. Furthermore, the {7-component, U]

I^'m(x). is constant, at its maximum value, 
too leading order inside the narrow region, and then it decreases to zero outside of 
thiss region on a much longer spatial scale (Remark 3.3). 
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Thee orbits 7Jv°m(£) are all homoclinic to the saddle point S of (3.4). In fact, 
7jv°m(00 € WS{S) n WU{S), where WS(S) and Wu{S) are the stable and unstable 
manifoldss of S. However, both IVs(S) and WL' (S) are two-dimensional (see Re-
markk 3.3 below, and [14]), while the phase space of (3.4) is four-dimensional. Thus, 
onee should a priori not expect to be able to establish the existence of the intersec-
tionss 7Jvom(0- Nonetheless, it can be shown that WS(S) and Wu(S) do intersect 
(countablyy many times) by the application of the reversibility or reflection symmetry 
(3.5)) (see Section 3.1, as well as [14], for the details). In this chapter, the symmetry 
wil ll  be used in a similar way to establish the existence of one-parameter families of 
symmetricsymmetric periodic patterns. 

Thee first result of this chapter (Theorem 3.6) is a natural extension of Theorem 3.1 
too spatially periodic multi-pulse solutions. In particular, we show that, for any N > 1 
off  0(1), there exist two one-parameter families of 'fundamental' periodic solutions, 
7^er(£;i/)) and 7^er(C;l/) of (3.1). Orbits in different families are distinguished by 
thee type of 'jump' they make from A4 to A4. During its period, an orbit 7^cr(£)? 
respectivelyy 7^e r(0; 'takes off' once from A\, makes N circuits through the fast 
fieldd of -A/v-type, respectively B/v-type, and again 'touches down' on M. The orbits 
7^er(£)) and 7#er(£) are exponentially close to A\ after 'touch down' up until the 
nextt 'take off'. The 'jump', 'take off', 'touch down' terminology and the details of 
'beingg exponentially close to M' are explained in full detail in Sections 3.1 and 3.2. In 
Sectionn 3.1, the take off and touch down curves, Tf and TN

own (with T^ff,down C M) 
aree also defined and determined. These curves, and especially their intersections with 
thee orbits Tu of the slow flow on A\ (see Section 3.1.1), determine the difference 
betweenn the Ajv-jumps and the i?jv-jumps through the fast field. 

Thee main difference between the periodic AN- and £?jv-patterns (U^eT(x), V%eT(x)) 
andd {Uge*(x), V^(x)) of the PDE (3.1), which are associated to the solutions 7^er(£) 
andd 7J V̂(£)> respectively, of (3.4), is that the amplitudes of the U and V compo-
nentss of the Atf-type pulses are always larger than the amplitudes of the U and 
VV components of the B^-type pulses (see Figure 3.1). In turn, the amplitudes of 
thee (U^(x),V^(x)) and (U^T(x): Vger(:c)) patterns are always less than the am-
plitudess of the corresponding homoclinic pattern (UN

om{x),VN
om(x)). Apart from 

that,, the structure of the ^-component of an A^- or £?/v-pulse is, in essence, the same 
ass that of the homoclinic pulse in VN

om(x), especially in that V^eT(x) and Vger(x) 
aree exponentially small outside the narrow region in which 7^er(£) and 7ger(£), re~ 
spectively,, make their circuits through the fast field. The [/-components U^T(x) 
andd Uge*(x) again vary on a long spatial scale. However, unlike the {/-component 
UUNN

omom(x)(x) of a multi-pulse homoclinic orbit, the [/-component of all of the periodic 
patternss constructed in this chapter remains bounded away from zero (see Figures 
3.1a,, b and 3.2). Each fundamental periodic orbit 7£er(£), where a is any type of 
thee form {Ajy. BM}N\M>\I

 c an De considered as a 'skeleton' for the construction 
off  periodic orbits of 'mixed' type. In Figure 3.1b, we show a plot of the pattern 
{U^{U^TT

BB (x), V^er
B (x)) that was obtained as the time-asymptotic state in a simulation 

off  the PDE (3.1). This pattern corresponds to the most simple periodic orbit of 
mixedd type in that the solution 7^er

B (£) of (3.4) is a periodic orbit that makes two 
differentt 'jumps' through the fast field, one of Ai-type and the other of Bi-type. Our 



23 3 

Figuree 3.2: A schematic il lustration of a finite part of the pat tern 
{U{U PPA*A*A2A2AA33AA22AM)'AM)'VVMAMA22A,AA,A22ASASXX)))) associated to an A1A2A3A2A1-oxHt of r r r r " 1-
typee (with r = AiA2. a = A 3) . The ' pattern can again be obtained by reflection 
wit hh respect to the boundaries of the domain. The singular l '-pulses are represented 
byy vertical line segments. The [/-components are. to eading order, constant during 
thee fast excursions of 74C'4. 4, 4 4 (£)  Note that the values of U are identical at the 

0 11 UA1A2A3A2A1 
(upp to exponentially small corrections, see Section 3.2) 

secondd main result. Theorem 3.8. establishes that, for each N > 1 and M > 1. there 
existss a one-parameter family of periodic orbits 7£^2(£ ), with G\-,oi G { . 4 . V - 5 A / } -
Thesee orbits are called 'of <7i<72-type' (see Section 3.2.2 for the details), since the pat-
ternss (U%% (x), V£%2{x)) associated to these solutions consist of periodic sequences 
...<7i<72<7i<7-20"iO"2---- of pulses of cri-type and (72-type (Figure 3.1b). 

I tt follows from the construction of the 'fundamental' orbits of cr-type and the 
'mixed'' orbits of a ic^- type that there must be many other families of singular, pe-
riodic,, multi-pulse solutions of (3.4). or. equivalently. many other types of singular, 
spatiallyy periodic, multi-pulse pat terns in the generalised Gierer-Meinhardt equation 
(3.1). . 

Off  course, these one-parameter families of periodic solutions wil l have to obey the 
reversibilityy (or reflection) symmetry (3.5). Hence, an element of such a family of 
periodicc solutions, 7p e r(£; v), must satisfy (after translation) ypc' r(0: v) G {p = q = 0} 
and d 

per r 

vvPor(T. Por(T. 

7*""(£ ;; v). Thus. 
,perj_T T 

[p[p  = q = 0}  where T = T(v) is the period, or wave length, of 
7per(£:z/)) has two internal symmetries. 7p e r( - £ ; ^) = 7p e r(? : ^) and 

- £ ;; y) — 7p e r( f + ?: v) (we refer to Section 3.2for the details). It follows that 
onee can distinguish between three possible types of periodic solutions 7p e r(^ : i / ) . An 
orbitt 7pe r(£;z') might have both jpel(0;v) and 7p e r( f ;v) exponentially close to M. 
orr it might have jpeT(0;i/) exponentially close to M and 7p e r( f s ^) in the fast field 
(notee that one can always translate, so that one can assume that 7p e r(0 :^) is close 
too M): finally 7p e r(£ ; f ) might have both 7p e r(0; i / ) and ypei(^;v) in the fast field, 
i.e.. each halfway along a fast u- jump or <r-jump from M to M. 
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Inn Theorem 3.9 we give a complete characterisation of all possible one-parameter 
familiess of symmetric periodic solutions. In particular, let r be a 'random' sequence 
off  ays, j ~ 1,2,..., J, where Oj represents a jump through the fast field of o3-
type,, i.e. r = G\G2---GJ with Gj 6 {AN..BM}N,M>\* and let r~: be defined by 
r _ 11 = GJOJ-I...G\. It is shown in Theorem 3.9 that one can construct three different 
one-parameterr families of singular symmetric periodic orbits for any r: one of TT_1-
type,, one of rar^1 -type and one of GTGT~1 -type, where G and G are arbitrary. 

Thee orbits of r r_ 1- type correspond to solutions 7P^11(£;f) of (3.4) that have 
bothh the points 7^111 (0: v) and 7^_i (f ; v) exponentially close to M. The associated 
patternn (UpeiL1 (x), V^l,. (x)) in the PDE (3.1) exhibits a periodic sequence of singular 
pulsess of crj-type of the form 

...GiG...GiG22...GjGjGj-i...GiGiG2-.-GjGjGj-i...Gi..., ...GjGjGj-i...GiGiG2-.-GjGjGj-i...Gi..., 

wheree Gj can represent any possible jump through the fast field of A^- or B^-type. 
Thee rcrr_1-orbits correspond to solutions 7per _1(^;u) that have 7per- i(0; i / ) expo-
nentiallyy close to M. and 7^ . -1 (|-; v) in the fast field, halfway along a jump of cr-type. 
Inn Figure 3.2, a sketch is given of the pulse pattern ...A1A2A3A2A1 A1A2A3A2A1... 
generatedd by (U%e*A2A3A2Al(x),VX°rMA!iA2Ai(x)), the solution of (3.1) associated to 

thee roT-1-orbit lA
e
1
TA2A3A2A1(^^ w i t h T = AXA2, G = A3. Finally, the GTGT~1-

orbitss correspond to orbits 7per- _1(£;v) that have their intersections with {p = 
qq — 0}  halfway along their jumps of er- and a-type. The corresponding patterns 
(U^(U^TT--TT-.-.11(x),V^l(x),V^lrr__11(x))(x)) are generated by the following periodic sequences: 

...GGiG2...GjGGjGj-i...GiGGiG2...GjGGjGj-i...GiGGiG2--., ...GGiG2...GjGGjGj-i...GiGGiG2...GjGGjGj-i...GiGGiG2--., 

withh a, G, Gj e {AN,BM}N,M>I f° r 3 — 1> 2,..., J. 
Therefore,, we may conclude by Theorem 3.9 that the generalised Gierer-Meinhardt 
equationn (3.1) has an extremely rich set of distinct periodic solutions/ patterns. 

Finally,, we extend the results obtained for periodic intervals to the case of the 
Gierer-Meinhardtt equation defined on a bounded interval with homogeneous Neu-
mannn boundary conditions. We show that this leads to a very natural distinction be-
tweenn the three types of periodic orbits described by Theorem 3.9. Specifically, we re-
formulatee Theorem 3.9 into a new result, Corollary 3.11, by restricting £ to a bounded 
interval.. In essence, Corollary 3.11 states that any 'random', and thus in general ape-
riodic,, multi-pulse pattern of J pulses of Uj-type, with Gj £ {AN,BM}N,M>I, exists 
ass solution of (3.1) on a bounded interval of sufficient length and with homogeneous 
Neumannn boundary conditions. Moreover, this corollary clearly brings out why such 
'random11 patterns exist. 

Thee chapter concludes with a brief discussion section, in which we comment on 
thee possible stability of the spatially periodic patterns and on some related issues. 

Remarkk 3.2 The (natural) choice to study positive solutions (i.e. U(x.t). V(x,t) > 
0)) does not have an essential influence on the analysis. We refer to [14] for more 
detailss on this issue. 
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Remarkk 3.3 The fact that the fixed point S lies on the boundary of Ai where u = 0 
introducess a technical difficulty for the application of the Fenichel geometric singular 
perturbationn theory, since the theory applies for u > 0. Moreover, since a2 < 0 (3.2), 
theree is a singularity in the vector field at u — 0 that, a priori, could prevent the 
existencee of orbits homoclinic to S. Both these issues are treated and resolved in 
[14].. Since the periodic solutions studied in this chapter remain bounded away from 
thee hyperplane {u = 0} . we do not have to consider the singular behaviour at u = 0 
inn this chapter. 

3.11 Geometric preliminaries 

InIn this section, we present the background material on which the construction of 
thee periodic patterns is based. This approach was in essence already developed in 
[19]]  for the Gray-Scott model and was generalised in [14] to a large class of singu-
larlyy perturbed reaction-diffusion system, including the generalised Gierer-Meinhardt 
equation.. Both [19] and [14] are mostly restricted to homoclinic (i.e. non-periodic) 
patterns. . 

3.1.11 The reduced problems and persistence 

Thee fast reduced limit e J, 0 of (3.4) is given by 

vv = v-ua2v02, (3.7) 

withh u = u° and p = p°, where u°,p° 6 IR are constants. System (3.7) is integrable 
andd has, for u° > 0, a saddle fixed point at (v — 0, v — 0) that has an orbit 
( r h o m( 0 wh o m( 00 = t 'h o m(0) homoclinic to it. Note that one has to assume that 
0202 > 1, which is one of the conditions explicitly contained in the hypotheses (3.2). 

Thee slowT manifold M. defined in (3.6) is simply the union of the saddle points 
(0.0)) over all u° > 0 and all p° 6E M. The slow manifold is normally hyperbolic relative 
too (3.4) with e — 0 for all v. Specifically, with e — 0, A4 has three-dimensional stable 
andd unstable manifolds that are the unions of the two-parameter (i/°,p°) families 
off  one-dimensional stable and unstable manifolds, respectively, of the saddle points 
(1.,*?)) = (0,0) in (3.7). 

Thee Fenichel persistence theory (see [24. 25, 40, 43]) implies that system (3.4) 
withh 0 < £ « 1 has a locally invariant, slow manifold, under the condition that the 
vectorr field is at least C1. Hence, wre have to impose (3.2). Here, we know even more 
already,, since the manifold A4 is also invariant in the full system (3.4) with £ / 0. 
InIn addition, the Fenichel theory states that, in the system (3.4) with 0 < e <C 1, M. 
hass three-dimensional stable and unstable manifolds. wrhich we denote WS(A4) and 
\Y\YLL [M.].  and that these manifolds are O(E) close to their £ — 0 counterparts. 

Generally,, the slow reduced problem can be obtained by taking the limit E —> 0 in 
thee slow system (3.3). This reduced system governs the (slow) flow on M.. However, 
takingg E —> 0 in (3.3) yields u" = 0, so that we conclude that the flow must be super 



26 6 Chapterr 3. Singular pulse patterns 

slowslow on M (see also [19]). The flow on M is obtained by setting v,q = 0 in (3.3): 

u"u"  = £2/iU, (3.8) 

thuss d/dx = 0(e), where x is the slow variable. 
Thee slow reduced problem (3.8) is linear. On jVf, there are one-dimensional 

stablee and unstable manifolds (restricted to Ai) that are asymptotic to the saddle 
SS = (0, 0, 0,0) on the boundary of M (see Remark 3.3): 

eeuu<< 88 : p =  (3.9) 

Thee manifolds tu,s are especially important for the construction of homoclinic (multi-
pulse)) solutions. 

Periodicc solutions are associated to a family of hyperbolic solutions of (3.8) that 
liee to the right of iu and £s in the u > 0 half-plane. We define the one-parameter 
familyy of orbits 

r „„  :={p 2 = £2{/iu2 -v)} for v e E. (3.10) 

Notee that Yy corresponds to £s U £u for v — 0, and that u changes sign on Tv for 
vv < 0. Since we focus on positive solutions in this chapter, we only consider Tv with 
vv > 0 (see Figure 3.3 and Section 3.1.3). Solutions on these orbits can be expressed 
explicitlyy as 

u{x-u{x- v\ x0) = u m i t » cosh (ey/U{x - x0)) = umin(u) cosh (e2v^(^ - Co)) , 

soo that U{XQ]V\XQ) = umin(u) and 

u(x;u(x; u; x0) > umin(u) d= . ƒ? > 0. (3.11) 

3.1.22 Periodic solutions and orbits homoclinic to A4 

Periodicc solutions of (3.4) cannot be homoclinic to hA. However, we now show that 
anyy periodic solution of (3.4) must have a singular structure, in the sense that it must 
consistt of 'slow' parts close to M. and 'fast' parts that are excursions away from M. 
andd back to it. 

Thee argument is based on a Poincaré map approach. A periodic solution 7per(£) 
off  (3.4), with 7p e r(0 = (w p e r( 0 ,Pp e r( 0 ^ 'p e r( 0 ^p e r( 0 ), and with Oil) period T, is 
aa closed curve in the phase space, so that 

Ap(7per)) = / p ( 7p e r( 0R = 0, 
J-Til J-Til 

^T/2 ^T/2 

-T/2 -T/2 

byy construction. However, it follows from (3.4) that 

"T/2 "T/2 
Ap(7

per)) = -£(u
0)ai f {v°{S;u°))01dZ + O{ 

J-T/2 J-T/2 

J2' J2' 
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wheree u° > 0 is constant. Hence, such a periodic solution satisfies |uper(£) - u°| = 
0(e)0(e) for all £ and the t'-component, v°(£; u°) > 0, is a periodic solution of (3.7) that 
satisfiess K e r( 0 ~ i '0 ( £ ; u0 ) | = 0(e) for £ E (-T/2.T/2). Therefore, Ap(7per) cannot 
vanishh for e < 1, since the coefficient on the 0(e) term in the formula for Ap must 
bee strictly negative. In turn, this implies that A/?(7per) cannot vanish for p < 1/e4. 
Seee Remark 3.4. 

Sincee we consider here 0 < e < 1 and p = 0(1), we conclude that periodic 
solutionss cannot be close to a periodic solution of the fast reduced problem and 
cannott have an 0(1) period T. Only solutions that have i;per = 0 to leading order for 
mostt of the circuit might be able to satisfy the condition Ap = 0. Such solutions thus 
havee 'slow' components that are close to M (where v = 0) and 'fast' components 
thatt are close to the homoclinic solutions uhom(4; u°) of the fast reduced problem. 

AA 'fast1 excursion away from, and back to, M gives a negative contribution to 
ApAp strictly of 0(e). This contribution must be 'balanced' by the component +e3(iu 
(3.7)) of p that is the leading order contribution of Ap for v = 0. It follows that a 
potentiall  periodic solution must remain close to M for ö(l/e2) 'time' (here 'time' 
== the fast spatial variable £), so that the 0(E3) component can have a net effect 
alsoo strictly of 0(e). Note that this argument also shows that a spatially periodic 
solutionn must have a period of 0(1/e) in the (slow) spatial variable x of the (scaled) 
PDEE in normal form (3.1). 

Thee slow manifold M is normally hyperbolic, hence, a solution can remain close 
too M for ü(l/e2) time (as measured in £) only if it is exponentially close to M 
duringg its 'passage' near M. Therefore, each segment of a periodic solution must 
bee exponentially close to either M, or, during a circuit through the fast field, to 
WWSS(M)(M) fl WU(M) ([41, 77, 76] and Section 3.2 ). This implies that any periodic 
solutionn to (3.7) must be exponentially close to a solution homoclinic to M. As a 
consequence,, it is necessary to first develop a theory by which solutions homoclinic 
too M can be constructed. The results reviewed below were first reported in [14]. 

One-circuitt orbits homoclinic to M in the full system (3.4) with 0 < e < 1 will 
liee in the transverse intersection of Wu(M) and WS(M), and their excursions in 
thee fast field will lie close to a homoclinic orbit of (3.7) for some particular value of 

Inn order to detect these solutions, we use a Melnikov method for slowly varying 
systemss ([71, 19, 14]) System (3.7) has a conserved quantity, or energy, given by: 

Kit)Kit)  = \Q2 ~ \v2 + ^ ï « a a^ 2 + 1 - (3-12) 

Byy construction, K\M = 0, and K < 0 for orbits inside the homoclinic orbit 
(v(vhoho™(^u°),q™(^u°),qhomhom((-u((-u00)))) of (3.7), while K > 0 for orbits outside. In addition, a 
directt calculation yields: 

KK = e-^-ua*- lpv^+\ (3.13) 
P2P2 + 1 

i.e.. K = 0(e). Since K\M = 0, any orbit 7(£) = (u(£),p(£),v(Z),q(£)) of (3.4) that 
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iss homoclinic to M must satisfy the condition 

AK(uAK(u00.p°)=.p°)= f  ̂ A ' b ( OR = 0. 

Here,, without loss of generality, we assume that the orbits 7(£) homoclinic to M. 
iff  they exist, are parameterised such that 7(0) = (u°.p°. r°.0). Therefore. (3.13) 
implies: : 

llpv^pv^ + 1d  ̂ = 0. (3.14) 
/ : : 

Thee condition (3.14) is exact in the sense that we did not introduce any approxima-
tionss so far. Moreover, as we shall show, if the zero of AK is a simple one, then the 
homoclinicc orbit 7(f) lies in the transverse intersection of WS(M) and WL{M). 

Now,, WS(M) and Wu(M) are three-dimensional manifolds. Thus, in the four-
dimensionall  phase space of (3.4), one expects that WS{M) C\ WU{M) is a two-
dimensionall  manifold, or, equivaleutly. that there is a one-parameter family of orbits 
77 that are homoclinic to M. The analysis carried out in the remainder of this 
subsectionn reveals that this is indeed the case as long as (3.2) holds. 

Sincee WS{M) and Wu(M) are O(e) close to the (u°,p°)-family of homoclinic 
orbitss to (3.7), both WS{M) and Wu(M) intersect the three-dimensional hyperplane 
[q[q  = 0}  transversely in two-dimensional manifolds, defined as 1-\(M) and l+i(M), 
respectively.. These manifolds can be parameterised by (u°,p°): 

II (M)(M) = {(u0,p0,v0 (u0,p0),Q),u° > 0}  C {q = 0} . 

Thus,, for every u° > 0 and p° € R, there exists a v°_1 such that the solution 7(f) 
off  (3.4) with 7(0) = ( U ° , P W 0 ) satisfies l i m ^ ^ f É ) e M. Similarly, there 
existss a v% such that the solution 7 (0 of (3.4) with 7(0) = {u°,p°,v%u0) satisfies 
l im^^_oc,7(00 € M (where the superscripts are indices, not powers). Note that the 
usee of the above limits constitutes a slight abuse of notation. The slow manifold M 
hass a boundary dM = {(u,p,v,q) : u = v = q = 0}  (3.6) and the vector field (3.4) 
cann be singular when u —> 0. However, in this chapter we are only interested in orbits 
thatt have positive u-coordinates for all £. see also Section 3.1.3 (and Remarks 3.2, 
3.3). . 

Havingg established that the sets T-i(M) and I+i(M)  are nonempty, we now 
showw they intersect in the hyperplane {p = 0} . We use the homoclinic orbit (t,hom(£), 
qqhomhom{0){0) of (3-7) to approximate the solutions on WU{M) and WS(M). The exact 
conditionn (3.14) now implies that, to leading order, one-circuit homoclinic solutions 
mustt satisfy: 

(u ° ) f t 2 ~yy r {vhom{Z))'h+1dS + 0{E) = 0. (3.15) 

Thee improper integral exists because rhom converges exponentially to zero as £ —» 
.. and hence so does the entire integrand. Then, since the integrand in (3.15) 

iss positive and since u° is assumed to be positive, we see that it is only possible to 
satisfyy (3.15) if p° is O(e). In addition, we conclude that 

A A > ( V )) = 0(s2) for p° = 0{E). 
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Finally,, for the one circuit homoclinic orbits to M. we now show that not only is 
itt necessary that p° = ö{s). but it is in fact the case that p° = 0. We go back to 
thee exact condition (3.14). For any solution j(£) = (u(£).p(£).v(£),q(£)) G \VU(M) 
withh 7(0) = (u°.0, I'J^u^OJ.O) G I^(M), the reversibility symmetry (3.5) implies 
that t 

u(-0u(-0 = u(0~ p(-0 = -p(0, ii-0 = HO- and g ( -0 = - ? (0. 

and,, hence also, r ^ = v°_l. Therefore, along 7(f), the integrand in (3.14) is an 
oddd function of £, and the integral vanishes identically. This, in turn, implies that 
WWUU{M){M)  n WS(M) precisely in the orbit 7(f) and that the set I+i(M)r\l- 1(M) C 
{pp = 0} . 

Remarkk 3.4 In [55] the transition from singular periodic orbits to regular periodic 
orbitss (by varying the parameters), and the ultimate 'fate' of the family of periodic 
orbitss in a Turing bifurcation, has been analysed in full detail for the Gray-Scott 
model.. We also refer to this chapter for more details on the 'Poincaré map approach' 
sketchedd in the beginning of this subsection. An analysis similar to that of [55] can 
bee done for the generalised Gierer-Meinhardt equation by increasing (j, from 0(1) 
too 0(l/e4). Note that one has to adapt the scalings in (3.1) as soon as \x becomes 
»» 1. It then follows that increasing fi to ö ( l / e4) is equivalent to making e an (9(1) 
parameter.. The details of this scaling analysis can be found in Section 4.2.1. 

3.1.33 Multi-circui t orbits homoclinic to M. 

Soo far, we have only paid attention to homoclinic orbits to M that make a single 
circuitt through the fast field. In this subsection, we follow [14] and establish the 
possibilityy of having orbits that take off from M and make N > 1 loops through the 
fastt field before touching down again on A4. 

Ass we shall show below, the global stable and unstable manifolds of M intersect 
thee hyperplane {q = 0}  many times. The sets  defined above can be seen to 
bee the first intersections of WS(M) and Wu(M) with {q = 0} : an orbit 7(£) with 
initiall  condition in l_i(M) only follows the reduced fast flow for half a circuit and 

 caught' by M, i.e. it does not leave an exponentially small neighbourhood of 
MM anymore. Orbits that have their initial conditions in the second intersections of 
WWUU--SS(M)(M) with {q = 0} , whose existence we shall show shortly, follow the fast flow for 
twoo half circuits through the fast field before settling down on M. Hence, they each 
makee one full circuit. We label these sets of initial conditions (u°,p°. 2(u

Q.p0), 0) 
byy  For initial conditions in them. i^2(u°.p°) are strictly 0{yfe). 

Similarr definitions can be given for the n-th intersection sets n(M). These sets 
aree also two-dimensional manifolds. For n even. i'^.n is strictly 0(^/ë). since these 
solutionss make n/2 full circuits in the fast field: while, for n odd. v^_n is strictly 0(1) 
(andd O(z) close to the intersection of the corresponding unperturbed homoclinic orbit 
off  (3.7) with {q = 0}). since these solutions make a half-integer number of circuits in 
thee fast field. Below, we will show that all l (M) exist. Finally, we will show that 
1-m{M)1-m{M) fMn(M) for all m + n even, and it is precisely in these intersections that 
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thee orbits homoclinic to M lie that make ^ ^ full circuits through the fast field of 
(3.4).. Note that intersections with m + n odd are ruled out due to the locations of 
v°_v°_mm and I'J, since one of these is strictly 0{\/Ë), while the other is strictly O {I). 

Wee first establish that the curves l (M) exist for all n > 1 (if (3.2) holds), 
focusingg on the case oïl+n(M), since the case of J_n(-M) may be done similarly. The 
planee {p° = 0}  separates l+i(M) into two parts. The strategy then is to determine 
thee fate of initial conditions on l+i(M). We will see that there are "wrong" and 
'right'' components oil+i(M) such that orbits with initial conditions in the 'wrong' 
partt of l+i(M) are "outside" the three-dimensional manifold \VS(M) and follow the 
unboundedd part of the integrable flow (3.7) in forward "time* £. Hence, they do not 
returnn to {q = 0} . On the other hand, orbits with initial conditions in the 'right' 
partt oil+\(M) are 'inside' the three-dimensional manifold IVs(M) and follow the 
boundedd part of the integrable flow (3.7) in forward 'time' £. Therefore, these will 
bee the ones of interest since there is the possibility that they can return to {q — 0} . 

Inn order to deduce which part of l+i(M) does return to {q = 0} , i.e. which 
partt of l+i(M) is the 'right' part, we consider an orbit r+ i (£ ) = (u+1(£,),p+ï{£,), 
v + 1 ( 0 ^ + 1 ( 0 )) w i t h r+ i ( ° ) = « i - P + i ^ ' V O) E I+1(M). We assume that p°+l  is 
strictlyy 0(E), i.e. r+i(0) is not too close to X-i(M). Thus, F+i  is at its minimal 
distancee (strictly ö(y/ë)) from M when £ = E = ö{\ log£r|). Then, since T+1(£) —
M.M. as £ — —oc and since K = 0 on A4, we see that 

K(TK(T+1+1(E))=(E))= P K(1mdi = e-^-AulX^Pli r\vhom)02+1dl; + O(E2) 

(sincee ?;hom(^) approaches 0 exponentially fast), where we have made the same ap-
proximationn as in (3.15). Thus, since «2 < 0 (3.2), we have 

K(TK(T+1+1(3))<0(3))<0  ̂ P°+1>0. 

Finally,, since K < 0, we know from the definition (3.12) of K that T+ i (S) is inside' 
WWSS{M)\{M)\  and, also that r+i(H) intersects {q = 0}  again, i.e. 1+2{M) is nonempty. 
Correspondingly,, the above argument shows that if pQ

+l < 0, then K > 0 and the 
orbitt r+ i (H ) is 'outside" WS(M). Hence, it cannot intersect the hyperplane {q — 
0}}  again. The same argument in backwards 'time' yields that orbits r_i(£) with 
r_i(0)) = {u^p^.v^O) E I' l{M) intersect {q = 0}  again when p0  < 0 (but 
nott when p°_x > 0). Thus, both 2{M) exist, 

Thee above argument may be extended to show that all n(M) exist, and we de-
notee the points in these sets by n n, n(u n̂.p%n).0), respectively. Moreover, 
thee same argument can be applied to any solution of (3.4) with an initial condition 
inn {q = 0}  that is at least Ö{E) close to WS(M) or WU(M). Only the orbits with 
positivee p-coordinate are 'inside' \VS(M) and will thus intersect {q — 0}  again in 
forwardd 'time' (= £): the p-coordinate must be negative for a next intersection with 
{q{q — 0}  in backward time. 

Next,, we show that the intersections J+2(A4) r\I-2(M). and their higher order 
equivalents,, exist. Orbits with initial conditions in  can also be approximated 
byy t>hom(£) (3.7) to leading order, since both circuits must be 0{s) close to vhom(£). 
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Thus,, to leading order, 

AKAK = 2E^-i(u°+ir-y+1 ƒ°° ( r h o m) ^ + 1^ , 

andd we find that the p-coordinate p° of the initial condition must also be 0, to 
leadingleading order, for a two-circuit homoclinic orbit with initial conditions in Ï + 2 ( J M ) (~1 
X_ 2 ( JM).. Moreover, not only is p° = 0 to leading order, but p° = 0 exactly, since the 
reversibilityy symmetry (3.5) implies that the homoclinic orbits with initial conditions 
p°p° — 0 in 1+2(M) n l _2 ( M ) are also symmetric, just as we saw for the one-circuit 
orbits.. That is, we have shown 

XX+2+2(M)(M) nX_2(M) C {p = 0}  exactly. 

Finally,, the same argument may be repeated inductively to show that 

l+l+ nn{M){M)  n l _n ( M ) C {p = 0}  for all n = O(l) exactly. (3.16) 

Soo far, however, it is not yet clear for which pairs m  ̂ n with m + n even, 

XX+n+n(M)(M) n {p = 0}  Ï 0 and J_m(.M) n {p = 0}  ^ 0. 

Ass shown above, only those orbits with initial conditions in X+\(M) U {p > 0}  can 
'build'' J+2(-M) . The main question then is: Can (at least) one of these orbits satisfy 
P(0P(0 — 0 at its second intersection with {q — 0}? 

Wee begin by calculating the change in p during the half-circuit from {q — 0}  back 
too {q = 0} . Note that a similar computation was already done at the beginning of 
Sectionn 3.1.2. We consider the orbit T+1(£) = (w+i(£),p+i(£),z;+1(£),(jr+1(£)) with 
T+i(0)) = (u(l l,p%1,v l̂,0) e I+1(M), where now p°+1 - ep° > 0 with p° strictly 
0(1).. Let E (= ö(\loge\)) be such that r+ i (S) e 1+2(M) C {q = 0} . We define 
ApAp by p+1(E) = e °̂ + Ap. Hence, by the second component of (3.4), 

ApAp+1+1{u°,£p°){u°,£p°) = -£ f uaiv^dZ + ö{E*\\oge\)- (3.17) 
Jo Jo 

notee that Ap+1(u°,ep°) is finite (3.2). Thus, 
c c 

ApAp+1+1{u{u00,£p°),£p°) = ~£{u°)a' / (vhom(^)f1d  ̂ + 0(e2), (3.18) 
Jo Jo 

Ass a consequence, the p-coordinate of r+ 1(E) G X+2(M) is given to leading order by 

^00 / , 0 \ QI ƒ /„.hom ppöö-(u-(uöö))aiai / ( v h o m( e ) ) ^^ withh p° > 0. 

Thiss expression can change sign (since u° > 0 and i'hom(£) > 0). By a similar 
argumentt for the general case, we conclude that all intersections X+n(M) HX-n(M) 
existt and satisfy (3.16). Moreover, by following the fast flow for j half circuits, we see 
thatt all ln+j(M) nX_n+ j(M) exist, although these sets are not subsets of {p = 0} , 
sincee Ap  ̂ 0, by (3.18) or its equivalents. Summarising, 

XX+n+n(M)(M) nl_m(M) ^ 0 for all n + m even and m.n = 0(1). 
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3.1.44 Take off and touch down curves 

Soo far, we have focused on the dynamics in the fast field of (3.4). and for every O(l) 
NN > 0. we have constructed a one-parameter family of multi-circuit orbits homoclinic 
too M. We now turn our attention for each N > 1 to locating special pairs of curves 
onn M that are essential for determining the slow segments of these same multi-circuit 
orbits.. In particular, we will need the ideas developed in [25]. 

Lett I\!v{£ ) be an ^-circuit orbit homoclinic to yVl. of the type whose existence 
hass been shown in the previous subsection, with rjv(O) £ TN(M) C\T_N(M) c 
{pp = 0} . By geometrical singular perturbation theory (see [25] and [40]), there are 
twoo orbits Tf$ = r£°^<£; (u%,p%)) C M and 7l '7(£; {u°_ N,p°_N)) C M, re-
spectivelyy (where ; ) — (u 7 ) G -M), such that Ijr^f O -
T+°vv (£; (U+JV,P+JV))|| is exponentially small for £ > 0 with f > 0(\) and ||rjv(0 -
T!!;7(£:: {u°_N,p°_N))\\ is exponentially small for £ < 0 with -£ > O(^). As a conse-
quence. . 

d(Td(TNN(£),M)(£),M) = O (e-$\ for |f| > O (-) or larger. 

forr some k > 0. The orbits r ^ ^ ( ^ ; {u\N,pQ )) determine the behaviour of TJV(£) 

nearr M. Moreover, T./v(£) satisfies the reversibility symmetry (3.5) by the choice of 
initiall  conditions, and thus 

Hir ee («° *,*£*) ) = rf^(-fc («%, -P%)). 

Wee now define the curves TiV
own C .M ('touch down') and Tf C X ('take off') as 

T*rT*r nn = UrNio){(u
0
+N,p0

+N) = rST(0; « * , ? % , ) ) } , and 

Tf?Tf? = UrNl0){(u°+N,-p0
+N)} i 

wheree the unions are over all IV (0) € X jV (X) n 1-N(M) C {p = 0}  fl {q = 0} . 
Forr each N = 1,2,..., the take off set T°f f (respectively, the touch down set T$°WT1) 
iss the collection of base points of all of the Fenichel fibres in Wu{M.) (respectively, 
WWSS(A4))(A4)) that have points in the transverse intersection of Wu(A4) and WS{M) 
[24,, 25, 40, 41, 43]. 

Detailedd asymptotic information about the locations of Tff and T^own can be 
obtainedd explicitly by determining the relations between TJV(O) = (u°,0,v°,0) and 
{u^{u N̂N,p^_,p^_NN,, 0,0). First, we observe that p = 0(e3) on M (3.4), thus, the p-coordinate 
off  T^™ remains constant to leading order during the fast excursions of IV(£)- There-
fore,, p®_N is completely determined (to leading order) by the accumulated change in 
pp of TJV(£) during its 'time7 £ > 0 in the fast field. These changes have already been 
calculatedd for N = 1 in (3.17) and (3.18). For N > 1, the calculation is exactly 
thee same, except for the fact that T^(^) now makes N half circuits before 'touching 
down'' on Ai: 

plplNN = -£7V(u°)Ql / {vhom(£)fld£ + 0{E2). (3.19) 
Jo Jo 
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Fromm the first component of (3.4) and the fact that p = 0(c), we also conclude that 
u^u N̂N — u° to leading order. Thus, we find 

Tdownn . L H f
 p d o w n ( u ) = . ^ a , f"  ( ^ o m ^ j j  A ^  + ^ 1 a n d 

II Jo J (3.2U) 

wheree t.'hom(0 = t'hom(£;w), the homoclinic solution of (3.7). 
Too more fully determine the behaviour of p ^w n as a function of u, we introduce 

whomm = whom(^;/?2) > 05 which is the (positive) homoclinic solution of a rescaled 
versionn of (3.7): 

ww = w — w^. 

Withoutt loss of generality, we take the solutions to be parameterised such that 
iyhom(£)) is symmetric with respect to £ = 0. Thus, 

vvhomhom^;u)^;u) = vhom{Z;u1a2,02) = (uQ2)^whom{^ &) , (3.21) 

whichh yields 

(vhom(0)^rf££ = 2 / (7;hom(£))'31^ = « " 3 5 ^ l ^ ^ ! , ^ ) , 
ooo JO 

where e 

Wtfufo)Wtfufo) = r (whom(C,P2)fid^. (3.22) 
JJ — oo 

Wee can now rewrite (3.20) to leading order as 

rdown! 0f ff  .  ̂ = d o w n ( u ) J w i t h p j o w n^ = _ 1 ^  + 3 ^ 1 W {fa , fa) , (3.23) 

withh D > 0 (3.2). Note that the higher order corrections, which are not needed here, 
cann be obtained by a straightforward asymptotic approximation scheme, see [19]. 

Inn Figure 3.3, we have plotted the curves TN
own'° for a few values of TV superim-

posedd onto the linear flow on M. given by (3.8). Since D > 0 and fa > I, the curve 
Tv

f ff given by (3.23) to leading order is tangent to the «-axis for each N. Thus, by 
(3.9),, both Tff Diu and T^ownn£s consist for all N of one uniquely determined point 
inn the half-plane {u > 0}-coordinate. By the symmetry (3.5), both intersections have 
exactlyy the same u coordinate, that is given to leading order by 

,hom m 
(/*)) = 

2v7I I 
(3.24) ) 

NW{fa,fa)\ NW{fa,fa)\ 
Itt was proven in [14] that there corresponds a unique homoclinic orbit 7^?m(£) to 
thee saddle point S to any pair of intersections (with positive u-coordinates) {T v

own H 
££uu,Tf,Tf n f }  = r 0 n (T$own U T^) (3.10). This result is formulated as Theorem 3.1 
inn the Introduction. 
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down n 

Figuree 3.3: A representation of the relevant part of the (linear) flow on M (for typical 
parameterr values) and the curves Tf, Tf 
TTvv has been chosen such that v ,SN N 

TfTf and T2
down. Notee that the orbit 

Thee periodic solutions to be constructed in the next section are exponentially close 
too (parts of) the (multi-pulse) homoclinic solutions associated to the intersections 
YYvv n (T^own U Tf) with v > 0 (and u > 0). Remark 3.5 below also addresses our 
reasonss for focusing on v > 0 here. It is a straightforward calculation to check that 
TTvv n (T$own U Tf) ^ 0 for 0 < v < vf(p) where, to leading order, 

,SN N 
'N 'N (M) ) 

D D ,SN N 

n(vff(n)rn(vff(n)r  with UN(M) 
/ ? 2 - l l 

fo-lfo-l + D 
<o m( / i )) (3.25) 

(3.24).. Here, u f V ) < < ?0 1( M ) is the «-coordinate of r„  n (T#own U 7)f) at 
i// = i4N(/i) . the value of i/ at which Tv is tangent to T$°wn U Tf. Note that 
limw^occ ^ N = 0. 

Wee conclude that for 0 < v < vf(p), Yv D (T$°wn U Tf) f] {u > 0}  consists of 4 
points,, i.e. 

r,n(T^rnu:r;f)n{u>o}}  = P^»UP|V (Z/) (3.26) 

where e 
00 < u$£ (v) < 4 N (j/) < «p

4
e; (!/) < uh,?m. (3,27) 
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Figuree 3.4: Two schematic illustrations of fundamental periodic orbits in the four-
dimensionall  phase space associated to (3.4). Note that the direction perpendicular 
too the {«,p}-plane M. is represented by v. (a) An orbit p

A
er(£::ij):  (b) an orbit 

7^er(^:: v) that makes two circuits through the fast field in between take off from and 
touchh down on M. 

seee Figure 3.3. Note that lim„j o u ^ f " ) = 0 and lim^m «^^( i /) = u^m. 

R e m a rkk  3.5 For v < 0. the intersections T  ̂ n (T$°w n U T^f) correspond to homo-
clinicc orbits to M. of which the «-coordinate becomes negative and unbounded for 
sufficientlyy large |£|. Such solutions are unrealistic as solutions of the PDE (3.1) and 
aree not considered in any further detail here. 

3.22 Singular, periodic, multi-pulse solutions 

3.2.11 The fundamental periodic solutions 

Thee first extension of the existence result on homoclinic solutions. Theorem 3.1 (orig-
inallyy from [14]). is a result on the existence of so-called 'fundamental' periodic or-
bits.. For any N > 1 of 0 (1) there are two one-parameter families of such orbits. 
Thee iV-pulse homoclinic solutions of Theorem 3.1 can be interpreted as being on the 
boundaryy of one of these fanrilies (see Corollary 3.7). 

T h e o r emm 3.6 ( T h e fundamental per iod i c so lu t ions) Let (a\,012, fii,P2,M) 
satisfysatisfy (3.2). Then, for any N > 1 with N = C ( l ) and e > 0 small enough. (3.4) 
possessespossesses two one-parameter families of periodic orbits, 7^er(£) and 7gC r(0- with 
positivepositive u,v coordinates. For each N, each solution. 7 4 " (0 = '^Ati'.v). 7gCr(£) = 
7ge r(£:: 1/). respectively, consists of a slow piece on which it is exponentially close to a 
partpart of an orbit Y'v (3.10) on M with 0 < v < j/yN(/i ) (3.25) as well as a fast jump 
inin which it makes N circuits through the fast space during which it remains at least 
ö(^/s)ö(^/s) away from M. 
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Inn Figure 3.4, two examples of fundamental periodic orbits are sketched in the 
4-dimensionall  phase space of (3.4). The periodic patterns (f7^er(x), V^eT(x)) and 
(U%(U%ee*{x),V%™{x))*{x),V%™{x)) of the PDE (3.1) associated to the orbits 7^r(£) and 7 ^ ( £ ), 
respectively,, have the following structure. They consist of long intervals on which 
thee [/-components vary slowly and on which the ^-components are exponentially 
smalll  (these parts correspond to the slow pieces of the orbits 7^er(£) and 7ger(£) near 
A4).A4). Moreover, these long intervals are interspersed with narrow intervals in which 
thee ^-components have AT distinct pulses (the N fast jumps of the orbits 7^er(£) 
andd 7^er(£))i  a nd in which the [/-components U^ev(x) and U^r(x) are constant to 
leadingg order. See Figure 3.1a for a finite part of a (numerically) stable pattern 
(U^(U^TT(x),(x), V^eT(x)), i.e. N = 1. The structure of a pattern with pulses of ^4^-type 
hass been schematically illustrated in Figure 3.2 for TV = 2 and N = 3. Note that the 
amplitudess of both U^T(x) and V^eT(x) are larger than the amplitudes of U^er(x) 
andd V^(x) by (3.27) and (3.21). 

Thee proof of Theorem 3.6 is very similar to the proof of a theorem on the existence 
off  (stationary) spatially periodic patterns in the Gray-Scott model (see [19]; note, 
however,, that only the case N = 1 has been considered in [19]). However, in the 
Gray-Scottt the counterpart of the intersections Tv D (T^own U Tpf) consist of only 
twoo (symmetrical) points: the take off point of the periodic orbit and the touch down 
pointt of the periodic orbit. As we have seen in the previous section, for any N > 1 and 
00 < v < ufP (3.25) there are two pairs of take off/touch down points in the Gierer-

Meinhardtt case, (P+N (v), ?AN (")), (PBN ^)^PBN (")) e r - (3-26)- T h i s explains the 
existencee of two families of periodic orbits (for each given N). This feature of the 
Gierer-Meinhardtt model enables us to construct countably many classes of periodic 
solutionss of 'mixed' type, as we shall show in the next subsection. The construction 
off  these 'mixed' solutions is based on the 'skeleton' spanned by the fundamental 
solutionss described by Theorem 3.6. 

Prooff  of Theorem 3.6. Choose an N > 0 and a v E (0, vfj*) (3.25). We consider 
ann exponentially small interval I AM on the halfline C {p — q — 0} , perpendicular to 
AiAi with u = umiu(v) (3.11) and v — v° € (bie-1^6 ,bue~lle ) for certain constants 
00 < bg < bu. Note that the choice of the exponent — l/e2 is determined by the 
unstablee eigenvalue A = 1 of the fast reduced limit problem (3.7). 

Anyy solution 7(£) of (3.4) with initial conditions on IA,B  ̂'l-e- 7(0) — (wmin(^),0, 
f°,0)) will remain G(e~1^£ ) close to M for 0(1/£2) time £, during which it follows 
thee solution Tv on M. (3.10) at an 0(e^lj/£ ) distance. Hence, the u-coordinate of 
7(£)) will change by an 0(1) amount before 7(£) takes off from Ai] 7(£) remains 
CC11 -0{e-xlel) close to Wu(M) ([41]. [77], [76]) after take off. We can even be more 
precise.. Define WU(TU) c Wu (Ai) as the two-dimensional submanifold of orbits 
asymptoticc to M (as £ —> —oc) that take off from T„  (see Section 3.1.4). It follows 
thatt 7 (0 is C1 - ö(e-1^2) close to WU(TU). 

Thee manifold WU(TV) C Wu(M) intersects the hyperplane {q = 0}  transversally, 
andd WU(T„)  n {<? = 0}  C T+i (Section 3.1.2). It follows from the Ap analysis in 
Sectionn 3.1.3 that the /^-coordinate of the first intersection (i.e. N — 1) WU(TU) f) 
{q{q — 0}  is positive for orbits in WU(TU) that take off from points on Tu in between 
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P^P  ̂ (u) and PXX {v) (3.26) - i.e. the points on M -above' rff f (Figure 3.3) - while 
WWUU{T{TVV)) n {q — 0}  has negative p-coordinates for the other orbits in WU(T„).  We 
knowknow by the reversibility symmetry (3.5) that the p-coordinates change sign exactly 
att the two homoclinic orbits associated to Tu n (pd™11 \j p°ff ) that intersect {q — 0} 
inn J+ 1 n l _ i . The Ap calculations in Section 3.1.3 also imply that only the orbits 
thatt take off from r„  in between Pg {v) and P  ̂ {v) will have a second intersection 
withh {q = 0}  € P+2 (by definition, Section 3.1.3), and that the p-coordinate of this 
secondd intersection of WU{TU) with {q = 0}  again changes sign twice (where the 
zeroess again correspond to the 2 homoclinic orbits associated to Yy n (2^o wn \j T%^) 
andd to ! + 2 n 2_2)- Only those orbits that have a positive p-coordinate at their 
secondd intersection with {q = 0}  will return to {q = 0}  for a third intersection 
(€€ £+3). These are, by construction, the orbits that take off from M. on points of I'„ 
inn between Pg2(^) and P^"(v). 

Byy the principle of finite induction, this argument can be iterated: the p-coordi-
natee of the iV-th intersection of WU(TU) with {q = 0}  (e 1+N) changes sign twice. 
Onlyy orbits that take off from M. on points of Yu in between Pg . (1/) and P\ [y) will 
havee aniV + 1-th intersection with {q = 0} . Note that this iteration is consistent: 
forr all AT > 1, the part of Tu in between Pg . (^) and P  ̂ , {v) is a subset of that 
betweenn P%N{v) and P j ^ H-

Noww consider the two-dimensional manifold CA,B generated by solutions of (3.4) 
withh initial conditions on IA,B- This manifold is, by construction, exponentially 
closee to WU{TU). The constant bu can be chosen such that the orbit through the 
'upper'' boundary of £A,B takes off from M. near a point on T  ̂ with a u coordinate 
thatt is smaller than u^er(i/) , the u coordinate of Pg (v) (3.26); likewise, hi can be 
chosenn such that the 'lower' boundary of CA,B takes off from M. near a point on Tu 

withh a u coordinate that is larger than u^er(^) > uB
eT(u) (3.27), the u coordinate of 

P~XP~X (y)- Since CA,B H {q — 0}  is exponentially close to WU{TV) n {q = 0}  CM+N. 

wee may therefore conclude that there are two solutions, 7^er(£) and 7f l
er(£), of (3.4) 

withh initial conditions on I AM that have an JV-th intersection with {q = 0}  with a 
p-coordinatee that is identically zero. Note that the orbits Jp^Y(£,;v) and JB

eT(£,',v) 
takee off from Ai exponentially close to the points P~  ̂,,PB \v) £ IV, respectively. 

Wee use once again the reversibility symmetry (3.5) to extend the orbits 7^er(£) 
a n dd 7 B " ( 0 t o negative £ by setting 7 ^ ( ~0 = 75" (0 a n d 7 J B " ( -0 = 7B**(0-
Hence,, we have established that 7^er(£) and 7s

er(£) are indeed periodic solutions of 
(3.4).. * * D 

WTee state without further proof (see also Section 4.3 of [19]): 

Corollar yy 3.7 (A saddle node bifurcatio n of periodic orbits) The periodic 
orbitsorbits 7^er(£: v) and 7B

C^(£: v) merge in a saddle node bifurcation of periodic orbits as 
vv j *4 N (A0- Finally, 7%*{£:v) -^ 7&oin(0 (Theorem 3.1) and^^-v) -+ (0,0,0,0) 
asas v I 0. 
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3.2.22 Periodic solutions of mixed type 

Thee fundamental periodic orbits constructed in the previous section only make one 
excursionn through the fast field (see Figure 3.4). In this section we wil l show that 
periodicc orbits can also be of "mixed type' in the sense that a periodic orbit may 
makee various different excursions through the fast field. 

Too distinguish between all possible mixed periodic orbits, we define a labeling 
off  the possible ' jumps' through the fast field. A jump of an orbit from M, to M 
iss said to be of AN-type, respectively J^M-type, when the orbit takes off from M 
exponential lyy close to a point P% (v) G Tv (respectively Pg (v) G Tu), makes N 
(respectivelyy M) circuits through the fast field, and touches down on M, close to 
P^P N̂Niy)iy) {PBM(U))- The set of all possible jumps through the fast field is thus given 

byy {AN,BM}N,M>I-

AA singular periodic orbit 7p e r(£ ;^) is said to be of o-io^-.-ov-type, where Gj G 
{AN,{AN, B>M}N,M>I, j — 1,2,..., J, when it follows an orbit Tu c A4 at exponentially 
smalll  distance, takes off at P^(u), makes a jump of o v t y pe through the fast field, 
touchess down on M. near P~x (i/), follows Tu again, takes off at P+2 (v) for a (T2-jump, 
touchess down on M, makes a o^-jump etc.. After the crj-jump, 7p e r(£) touches 
downn on M., follows Tv and takes off again at P^{v) for identically the same G\-
j umpp as the one that started the series of jumps. Such an orbit 7p e r(£) is denoted 
byy 7 ^ 2 . . . f f J ( ^ ) - The solution { U ^ ^ i x ^ V ^ ^ ^ x ) ) of (3.1) given by the 
orbitt 7£f£-2...<TJ(£; u~) corresponds to a pat tern with a periodic sequence of pulses 
...o\G<z...o...o\G<z...o J(J\02...G jc\a<i...a j . . . (see Figure 3.2 for a sketch). Note that a G\G2---GJ-
orbitt is identical to a G2G3...GJG1-orbit, a cj3...crj«7ia-2-orbit, etc.. 

Thee fundamental orbits constructed in Theorem 3.6, denoted by 7p e r(£; v) with 
GG E {A^, B>M}N,M>I, are thus by definition of a-type. The simplest periodic orbits of 
mixedd type are the o"1o'2-orbits. These orbits only make two different jumps through 
thee fast space, one of G\ type, the other of o^-type. Note that the orbit reduces to a 
fundamentall  orbit when G\ — G2. 

T h e o r emm 3.8 ( T h e cr1cr2-orbits) Let ( a i , a2 , / ? i , / ?2 , fi) satisfy (3.2). Choose G\, 
o~2o~2 G {AN,BM}N,M>I for some N and M such that G\ ^ cr2. Then, for any 0 < 
uu ^ umlx.(N M) and £ > ^ small enough, there exists a periodic orbit 7 ^^ (£; v) with 
positivepositive u,v coordinates such that 7p ^ 2 ( £ ' i / ) consists of two fast jumps away from 
andand back to A4 and two slow segments near AA.. Of the fast jumps, one is of G\ -type 
andand the other of cr2 -type; and, of the slow segments, one is exponentially close to that 
partpart ofYv C M. in between P~ (v) and P+2{v), while the other is exponentially close 
toto that part ofTu in between Pa2{v) and P+ (v). 

Wee refer to Figure 3.1b for (a part) of the 4 iB i -o rb i t as solution of the PDE 
(3.1)) and to Figure 3.5 for a sketch of the same orbit in the 4-dimensional phase 
spacee associated to (3.4). 
P r o off  of T h e o r em 3.8. Choose 0-1,2 G {AM~BM}N,M>\- with a\ / G2., and v 
suchh that 0 < v < i ^x f / v My where N is determined by o\ and M by o-2. Consider 
thee fundamental periodic orbit T^T{0 — (uai (£)iPai(£)i  V<T^ ( O ' ^ i ( 0) (Theorem 
3.6).. By a translation in £ we can assume that rPe r(£) has its N-th intersection with 
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Figuree 3.5: A schematic il lustration of an orbit of 'mixed' type. 7^e r
B (£; v). 

\q\q = 0}  at £ = 0, exponentially close to I+N- It follows from the construction of 
r g ff  (£) (and the symmetry (3.5)) that r g f (0) = « f r , 0 , ^ f r , 0 ) so that < x t r and 

Mextrr a r e j o c aj extrema of uai (£) and vai(^). Note that w^xtr and w^xtr are absolute 
maximaa when N = 1 and local minima for N even (see Figures 3.1a, 3.4a and 3.4b). 

Ass in the proof of Theorem 3.6 we consider the two-dimensional manifold of 
orbitss through an exponentially small one-dimensional interval, Iai C {p = q = 
0,u0,u = < x t r }  with r g f (0) e Iai. We know from the construction of r £f ( 0 that 

i tt is 0 (e~1 / /£ )-close to WS(M), and 'inside' W/S(jV( ) (the «-coordinate of an orbit 
thatt is 'outside' WS{M) wil l become negative). We choose one endpoint, Qs

a , of 
II aiai to be at WS(M) n{p = q = 0,u = <4f r } , i.e. Q%1 e I-N. Note that Qs

ai has a 
«-coordinatee that is larger than «J;xtr when N is odd, and smaller than «^xtr when AT 

iss even. The other endpoint. Q°a . of Iai is assumed to be situated at the other side 

ofrpf(o). . 
Noww consider an orbit y(£) = (w(£),p(£), «(£),<?(£) with ",(0) e Iai. This orbit 

wil ll  follow rPc r(^) for Y circuits, or Ar 'half-circuits', through the fast field and wil l 
touchh down on M exponentially close to P~ (v) € T  ̂ (3.26). It is asymptotic to 
MM when 7(0) = Q%x, it wil l take off from M at P+ (v) when 7(0) = r g f (0). If 
7(0)) is too far away from WS(A4), y(£) wil l again take off from M ' immediately' 
att the touch down point P~ (y). Hence, it follows that one can choose v(0) = V(. 
respectivelyy v(0) = vu, such that 7 (0 touches down on M. near P~(i/), follows T„ 
andd takes off again before, respectively after, it reaches P+2(v), the take off point 
associatedd to the o"2-jump. 

Wee can now use similar arguments as in the proof of Theorem 3.6. The manifold 
CCaiai spanned by orbits with initial conditions on Iai with «-coordinates between Vf 
andd vu is. of course, exponentially close to WU(TU). The Af-t h intersection of £CTl 

withh {q = 0}  is exponentially close to the M- t h intersection of WU(TU) with [q = 0} , 
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i.e.. WU(TU) DT+ M . The curve of the A/-th branch of C(Tl (1 {q = 0}  crosses the plane 
{p{p — 0}  ( s ee the proof of Theorem 3.6), which implies that there must be a point in 
thee M- t h intersection of Cai with {q = 0}  with p-coordinate = 0. 

Hence,, we have constructed an orbit 7p^ 2 ( £) with initial condition on Iai C {p = 
qq = 0}  that makes y circuits through the fast field before it touches down on M. 
nearr P~^(y). On Ml, it follows r „  until it takes off near P£2(y) and makes 4f circuits 
throughh the fast field, after which it again intersects {p = q = 0} . By the symmetry 
(3.5),, we can 'double' this "half-orbit1 into a 'full1 periodic orbit 7 ^^ (£) of crio^-type. 
D D 

Thee construction of the 7 p ^ 2 ( 0 o r D hs is clearly based on the existence of the 'fun-
damental'' 7 ^r ( 6) orbits. By extending the procedure used in the above proof, we 
cann construct more than just the a"i<72-orbits from the fundamental orbits. 

Forr instance, it is a straightforward procedure to construct cr^n+1o"2-orbits (n > 1) 
byy the methods of the proof of Theorem 3.8. The idea is to again take an interval of 
initiall  conditions C {p = q = 0}  exponentially close to X_JV and to r p e r( 0 ), that is 
translatedd to be C {p — q — 0}  'halfway' along the ov jump of rp^ r (£ ), and to consider 
ann orbit 7p e r( 0 that follows 7pf r(£) for a longer time than 7 ^ ( 0 - This orbit 7p e r( 0 
alsoo remains exponentially close to 7p^ r(£) during the next o"i-jump of 7p^ r(£) through 
thee fast field until 7p^ r(£) touches down again on M. After this full a i - jump we let 
7p e r(£)) take off at P+ (v) in such a way that 7p e r(£) crosses {p = q = 0}  after 4f 
circuitss of 0-2-type (exponentially close to I+M)-  Thus, half of 7p e r(£) consists of 
halff  a ö"i-jump, followed (after a slow piece on M.) by a full c i - jump and half a tJ2-
jump.. We apply the symmetry (3.5) and conclude that 7p e r(£) is a periodic orbit that 
producess a solution of the P DE consisting of the sequence ...a\a\o\02V\a\o\<J2V\---
off  pulses/jumps, namely 7p e r( 0 — 7P3r (£)• This is a periodic orbit of tr^o^-type. 

Forr each n > 1, the cr^"+1cr2-orbit can be constructed in a similar fashion. 

Moreover,, we can use the existence of the aic^-orbi ts to construct orbits that 
makee jumps of 3 different types, a\, a-i and aj, (with (71,2,3 £ {A*/, BM}N,M>I)-
Againn we can follow the construction in the proof of Theorem 3.8. We construct 
ann orbit 7 p e r (£) tha t has its initial condition in {p = q — 0}. exponentially close 
too X-Tv and to 7 P ^ (£), 'halfway' along the ov jump; 7 p e r (£) follows 7 P ^ 2 ( £ ) along 
thee first 'half' eri-jump, along A4, and along the full 02-jump back to M.. Then, we 
cann make 7 p e r (£)- jump at P^{y) and let it make half a o^-jump (of A3/2 circuits, 
wheree N3 is determined by f73) to arrive, once again, at {p — q = 0}, exponentially 
closee to ï+yv3- Note tha t we have to assume that v is small enough, i.e. that r „ 
hass a non-empty intersection with the take off set T^ff associated to the <73-jump. It 
followss tha t half of 7 p e r (£) consists of half a ov jump , followed by a full (72-jump and 
halff a (73-jump: 7 p e r (£) is associated to a pat tern with a ...cri0"2<73O'2criCT2<73(72cricr2... 
sequencee of singular pulses, 7 p e r ( 0 = ll^w^iZ), a o^c^uso^-orbit. 

Everyy family of periodic orbits we have so far constructed can again be used as 
foundationn for the construction of a next, more complicated, family of orbits. And 
soo on. The main question we need to answer is: Wha t kind of multi-pulse periodic 
pat ternss can, and what kind cannot, be constructed? 
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Off  course, the use of the reversibility symmetry (3.5) is crucial for the construction 
off  the periodic orbits. Every orbit is constructed by establishing that there is a 
connectionn possible from {p = q = 0}  back to {p — q = 0} . This connection is 
'halff  an orbit ', and the symmetry (3.5) makes it into a full , closed periodic orbit. 
Thiss implies that any periodic orbit constructed by this procedure has (at least) two 
internall  reflection symmetries, one at £ = 0 (after translation), 7per(—£) = 7p e r(£)i 
andd one halfway along the period T of the orbit, 7p e r( |- — £) = 7p e r(-^ + £)• 

AA periodic orbit cannot have only one internal reflection symmetry, since the exis
tencee of the second symmetry can be deduced from the first symmetry by application 
off the periodicity of 7 p e r (£ ) : 

7pe r(^^ - 0 = 7 p e r ( - ^ +0=  7pe r(^ + 0-

Moreover,, a periodic orbit with more than two internal reflection symmetries must 
correspondd to a periodic orbit with less symmetries and a shorter period: assume 
tha tt 7 P e r ( T - £) = 7 P e r ( f + f) for some f < f , then 

7
pe r(2ff + 0= 7 p e r ( -0 = 7per(0- (3-28) 

i.e.. 7 p e r (£) is 2T-periodic. Thus, any periodic orbit 7 p e r (£) either has exactly two 
internall reflection symmetries (around 0 and ? ) or no symmetries. 

Itt follows from simple geometric counting arguments that one cannot expect tha t 
theree exist one-parameter families of periodic orbits without an internal reflection 
symmetry,, since one cannot use the reversibility symmetry (3.5) to construct these 
orbits.. We do not investigate the possible existence of these 'degenerate periodic 
orbits '' in any further detail. 

Finally,, we show that , for every possible periodic symbol sequence with two in
ternall reflection symmetries, there exists a one-parameter family of singular periodic 
orbitss that has precisely tha t sequence of pulses: 

T h e o r emm 3.9 (Th e TT~1~, TOT~X- and a r a r - 1 - o r b i t s ) Let ( Q I , ct2, / ? I , 02, lA sat-
isfyisfy (3.2). Let a,a,(jj G {AN, BM}N,M>I , j = 1,2,3, . . . ; let r = O\<J2---<JJ be a 
randomrandom sequence of J Oj 's, and define r _ 1 by r _ 1 = ajoj-\...<j\;  let e > 0 be small 
enough.enough. Then there exists one-parameter families of periodic solutions of (3-4) of 
TT~TT~11-type,-type, of rar-1-type, and of arar-1-type. Moreover, any possible periodic orbit 
withwith internal reflection symmetries is of one of these types. 

Wee refer back to Figure 3.2 for a sketch of an orbit 7 ^ 4 , A. A A (£) as solution of the 
PDE .. This is an orbit of rar~ 1- type, with r = A1A2 and <r = A3. In terms of the 
notat ionn of Theorem 3.9. the a"i(T2-orbits described in Theorem 3.8 are of arar"1-
typee with a — o\, r = 0 and a = 02- Also, the fundamental periodic solutions of 
Theoremm 3.6 are of Tcrr _ 1- type with, again, r = 0. In Section 3.3, a very natural 
interpretationn is presented of the three different types of periodic orbits as multi-pulse 
pat ternss of the PDE on a bounded domain with homogeneous Neumann boundary 
conditions. . 
P r o off  of T h e o r em 3.9. A symmetric periodic orbit 7 p e r (£) must have its reflection 
symmetryy points, i.e. its intersections with {p — q — 0}. either exponentially close to 
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A4A4 or in the fast field, halfway along a jump of cr-type for a certain a, i.e. exponentially 
closee to an ./V-th intersection v of Wu,s(Ai) and {q = 0} , where N is determined 
byy a. There are three different possible connections from {p — q — 0}  to {p — q = 0} . 

Inn the first one, 7p e r(£) is exponentially ((9(e~1/ /£ )) close to M both at £ = 0 
andd at £ = -^. The second one is encountered in the proof of Theorem 3.6: at £ = 0, 
7p e r(£)) is exponentially close to SA, while at £ — ^ , 7p e r(£) is exponentially close to 
ann XJV in the fast field. The third one appears in the proof of Theorem 3.8: at £ = 0, 
7 p e r( 00 i s exponentially close to an 1-N, and at £ = ^ , 7p e r(£) is again exponentially 
closee to an Z+ i V . 

Wee first consider the third case. Here, we have to put 7p e r(0) e {p = q — 0} 
halfwayy along a cr-jump, exponentially close to X-N', 7p e r( | " ) £ {p = q = 0} is 
halfwayy along a «j-jump, exponentially close to T+fj. The behaviour of 7p e r(£) in 
betweenn the a- and <7-jumps is prescribed by the ' random sequence' r. Hence, by the 
symmetry,, these orbits are of CTTCTT-1-type. 

Thee first nontrivial example has already been constructed above, just after the 
prooff  of Theorem 3.8: 7p^2Cr3(T2(£) is an orbit of a r a r ^1 - t y p e, with a = 07, T = 02 
andd <7 = (T3. This orbit is constructed from 7p^-2(£) in the same manner as 7p^ 2 ( ^ ) 
hass been constructed from 7p^ r(£) in the proof of Theorem 3.8. Furthermore, by 
exactlyy the same methods, it is possible to use r~ïa%2a3(J2(^) as the foundation for 
thee construction of the orbit 7P^r2<T3<T4<T3<72(£)j  a n orbit of (xrêrr_ 1- type with a = 07, 
rr = (72 3̂ and a — «74. Therefore, any OTUT~ 1-orbit, with r of finite length, can be 
constructedd by the iteration of this procedure. 

Thee second case corresponds to the periodic orbits of TGT~ 1- type. As mentioned 
above,, these orbits can be constructed by the iteration of the procedure described 
inn the proof of Theorem 3.6. The first step is the construction of the T<7T_1-orbit 
7o^o-2o-i(£)) 0, e> r ~ ai > ° ~ a2)> which follows by combining the ideas of the proof 
off  Theorem 3.6 with the construction of the a\<J<2U?,V2-orbit above. In particular, we 
placee 7p^r2(T l(0) in the exponentially small interval IA,B £ {p — Q — 0}  exponen-
tiall yy close to M.\ IA,B was already defined in the proof of Theorem 3.6. The orbit 
7al?CT2ai(00 follows 7pf r(£) along T„  and during the <7i-jump through the fast field. 
Afterr 7p^ 2 ( 7 l (£) has touched down again on .M, i t follows T^, but eventually diverges 
fromm 7p f r ( 0- We tune the initial condition on IA,B such that 7p^2 C Tl (0 takes off 
nearr P+2, and so that it makes its A^-th intersection at £ = -̂  with {p = q = 0} , ex-
ponential lyy close to T+AT

2. Thus, 7pf^2CTl (£) is exactly an orbit of CTia"2<7i-type. Next, 
wee use 7^2(71 ( 0 t o construct 7P^2CT3Cr2Cr1 (0> t n e n e x t Tc7T_1-orbit with r = axa2 

andd a — a^. And so on. 
Soo far, we have not yet constructed an orbit of TT~̂ type, described above as case 

one.. The first nontrivial example is 7p^2 C r a C ri (£)? where r = o\02- This orbit can 
bee constructed from the fundamental orbit 7p e r(£). We again consider the interval 
off  initial conditions IA,B € {p — q — 0} , and again consider a family CA,B of orbits 
wit hh initial conditions in IA,B (see the proof of Theorem 3.6) that follow 7p^ r(£) 
alongg r „ , and during its first a i - jump through the fast field. By tuning the initial 
conditions,, we can make any orbit 7(£) 6 CA,B take off near P+2 and have it make 
aa jump of o"2-type through the fast field. After touch down, 7(£) can be made to 
intersectt {p = 0}  again, since 7(£) follows the slow flow on Ty and any T„  intersects 
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{p{p = 0}  on M (Figure 3.3). 
Inn order to apply the symmetry (3.5), we need to show that there is a special 

orbitt 7afa2<72<7i(£) ^ £A,B that first makes the o\- and the cr2-jumps. touches down 
onn M and has its g-coordinate identically 0 at its next intersection with {p — 0} . 

Thee existence of this orbit follows by studying (3.4) near M in its Fenichel normal 
formm [40, 41, 76]. Here, we refrain from presenting all computational details and only 
sketchh the main ideas. Since the eigenvalues of the fast reduced limit problem (3.7) 
doo not depend on u°, we conclude that the linearised fast flow near M. is, to leading 
order,, not influenced by the values of u and p. As a consequence, it follows from the 
normall  form analysis that an orbit j(£) that touches down on M. near a point P~ at 
ii  = Hdown (approximately) and takes off again at £ = Soff after an 0(1/e2) amount 
off  time near a point P+ , has a minimal v-coordinate of ö(e^1^E ) at a point that is 
halfwayy between P~ and P+ (to leading order), i.e. at £min = off + Sdown)+h.o.t. 
Thus,, 7(f) intersects {q = 0}  at £min, by definition ((3.4): q = v). 

Thee application of the Fenichel normal form analysis to the construction of 
llVollVo22>i2<ïi>i2<ïi  (0 y^lds that an orbit 7(£) G £A,B, which touches down on M near P~2 

andd jumps off from M. just after it has passed {p — 0} , wil l reach a minimal (exponen-
tiallyy small) distance to AA halfway between P~2 and {p — 0} , i.e. q — 0 with p < 0 
(Figuree 3.3). An orbit 7(£) that follows Tv beyond P+2, the take off point of the <T2-
jump,, spends more time near the {p > 0}-part of M that near the {p < 0}-halfplane, 
hencee it intersects {q — 0}  with a positive ^coordinate. It follows that there is a 
uniquelyy determined orbit 7(£) = 7£ r̂2£72o-1 (0 e £-A,B t n at intersects {p = q = 0} 
exponentiallyy close to M., after a full ovjump and a full cr2-jurnp (one need the 
detailss of the normal form analysis to conclude that 7£ 2̂CT2(Jl (£) is uniquely deter-
mined).. Note that the normal form arguments also imply that 7£^r2Cr2o-i(£) takes off 
fromm M. (after the cr12-jumps) near P+. This agrees with the final construction of 
7£^20-2<ri(£)) by the application of the symmetry (3.5). 

Now,, as in the second and third case above, it is a straightforward procedure 
too construct the next r r ^ -o rb it l ^ ^ ^ i O by first following 7 ^ 2 ^ ( 0 f o r 

twoo full jumps. Hence, we can also construct all periodic orbits of r r - 1- type by an 
iterativee process: the orbit with r = ai<72---Vk&k+i is based on its predecessor with 
TT = f71Cr2...fJfc-

Thiss completes the proof of the theorem. D 

Remarkk 3.10 One could a priori think that an orbit 7per(£) could be both of 
f7T(7r~1-typee and of r r - 1- t ype (these orbits have an even number of jumps through 
thee fast field, whereas the rar~^orbits make an odd number of jumps). However, 
suchh orbits would have more than two internal reflection symmetries, and it follows 
fromm the arguments above (3.28) that one should be able to reduce these orbits to 
orbitss with a shorter period. A direct check reveals: if 7per(£) is both of TT'1- and 
off  (JTOT~:-type, then err- 1 should be equal to (CTT)-1, i.e. with r = o\02---oj: 

aa = <JJ = a, o\ = c j - i , o-i = crj-2. etc.. 

Hence,, if J is odd. OTOT~1 — <JT(UT)~X ~ f f _1f f _1. with f = o(J\—0{j-\)ii- The 
orbitt 7per(£) with a periodic cr-jump sequence of 2 J + 2 elements is in fact a r r _ 1 
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orbitt with a periodic sequence of half the number of pulses, J + 1. If J is even, 
c r ra r- 11 = ( f a r- 1 ) 2 with r — aai...aj/2-i- & — ̂ jji-. which implies that 7p e r(0 is 
inn fact an orbit of rcrr_1-type, again with a periodic sequence of J + 1 elements. 

3.33 Random patterns on bounded intervals 

Itt is natural to consider solutions of the PDE (3.1) on a bounded interval (0, L) with 
homogeneouss Neumann boundary conditions (or with other boundary conditions, see 
alsoo Remark 3.12). In the terminology of the dynamical system (3.4), these boundary 
conditionss correspond t op = <7 = 0 a t£ = 0 and £ = L/e. Note that this implies 
thatt we have to consider L = L/e, since the distance (as measured in £) between 
successivee pulses of a multi-pulse pattern of Ai, B\-type is of Q(l/e2). Thus, we can 
takee L/e, or L/e2, to be ^, i.e. half the period of a periodic solution 7per(£)-

Thee three different types of orbits described in Theorem 3.9 have a very natural 
interpretationn in this context, since they can also be distinguished by their character 
nearr £ = 0 and £ = ~ (Section 3.2.2). An orbit of rr~!-type corresponds to a multi-
pulsee pattern (UperL1(x).Vpe,Ll(x)) that has no pulses at the boundaries; V^l^x) 
iss exponentially small at £ = 0 and £ — \ since 7P^r_!(0) and 7P^r_i(f ) are both 
exponentiallyy close to M. Moreover, both U^r_1(x) and V^^ fx ) are at a local 
minimumm at the boundaries. The pattern (UpGJT_x (x), Vp

r̂_l (x)), that corresponds 
too a rar- 1-orb i t, has a similar structure near one of the boundaries, say at £ — 0, 
however,, 7p er _1 (£) is halfway along a pulse of c-type at the other boundary, £ = |--
Thus,, Vp^_1 (x) generates half a pulse of a-type, i.e. ~ pulses (where TV is determined 
byy a), at this boundary. The L7-component UPeJT_Y{x) is at a local minimum at the 
££ = 0 boundary and exhibits half a ('slow') {/-pulse at the £ = f boundary. The 
(U(Uperper~~ -i(x),Vpel -i(x)) patterns have 'half-pulses' at both boundaries, one of a-
typee at £ = 0 and one of o"-type at £ = ~. See Figures 3.1a and 3.1b and Remark 
4.3. . 

Now,, we can reformulate Theorem 3.9 in terms of a result on random, in general 
aperiodic,, patterns on bounded intervals: 

Corollar yy 3.11 ('Random' singular  patterns on bounded intervals) Letai, 
«2,, Pi, 02 and /i satisfy (3.2). Let f be a random sequence of J a7s, (with Oj E 
{AN,BM}N,M>1!{AN,BM}N,M>1! 3 — 152,3, ...,J), with a\ and o~j such that they either correspond 
toto a full pulse of o\ or aj-type or to half a pulse of o\ - or aj-type at £ = 0 or £ = L; 
letlet e > 0 be small enough. Then there exists an Lmm > 0 such that for all L > Lm[ n 

thethe PDE (3.1) defined on the interval (0, L) with homogeneous Neumann boundary 
conditionsconditions has a 'random' multi-pulse pattern of the type described by the sequence 
r. r. 

Notee that the fact that there exist 'one-parameter families' in Theorem 3.9 has 
beenn translated into the existence of a continuum of allowed intervals (0, L)\ the limit 
LL —• oc corresponds to considering orbits Tu on M. with v \ 0. 
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Remarkk 3.12 The geometric singular perturbation approach of Sections 3.1 and 3.2 
cann also be applied to the construction of singular multi-pulse patterns on bounded 
intervalss with other types of boundary conditions, such as homogeneous Dirichlet 
conditions.. We do not go into the details here. 

Remarkk 3.13 By choosing the length L of the interval (0. L) such that L — kT. for 
aa fixed integer k = 1, 2,3,.... i.e. by taking L such that it is equal to an even multiple 
off  -j-, a pattern of Tar~1-type can either have no pulses at the boundary or pulses at 
bothh boundaries (here, we of course assume that the solution satisfies homogeneous 
Neumannn boundary conditions). Thus, for instance the fundamental solutions (where 
rr is the empty set) can be plotted with or without pulses at the boundaries of the 
domain.. See Figure 3.1a, where L = 4T = 8 ^ , and compare it to the fundamental 
periodicc patterns in the Gray-Scott model in [15] that have been plotted without 
pulsess on the boundaries. Solutions of r r_ 1- type, respectively araT1-type, can only 
bee represented on finite domains (again assuming homogeneous Neumann boundary 
conditions)) by patterns without pulses at the boundary, respectively with pulses 
att both boundaries (Figure 3.1b). The most simple 'mixed" patterns of aia^-type 
describedd in Theorem 3.8 are of ö-nrr^-type and thus cannot be plotted without 
pulsespulses at both boundaries (Figure 3.1b). It follows that these solutions have not been 
consideredd in [81]. 

3.44 Discussion 

Wee have shown in this chapter that the generalised Gierer-Meinhardt equation (3.1) 
hass an extremely rich set of distinct periodic and random solutions/ patterns. 

AA very natural, and important, next question is: Can any of these patterns be sta-
ble?? Let us focus our attention here on the spatially periodic patterns. It was shown 
inn [14] that the homoclinic patterns (U\^m(x). V^om(x)) associated to the solutions 
7.v°m(00 of (3-4) c an o n l> 7 b e s t a b le for iV = 1 (and/i not too close to 0). When Ar > 2. 
thee spectrum associated to the linearisation of (3.1) along (c/v

om(.r). Vryom(.r)) always 
hass at least one unstable (real) eigenvalue [14]. The distance between successive o-
pulsess in any periodic multi-pulse pattern is asymptotically large, therefore there 
wil ll  be a strong relation between the spectrum of the linearisation along a periodic 
patternn and the spectra associated to the homoclinic 7Jv°m(0 pulses (see [27] for a 
generall  treatment of this issue, and [15] for explicit computations of the spectra as-
sociatedd to singular periodic patterns in the Gray-Scott model). Hence, one cannot 
expectt a periodic multi-pulse pattern that involves cr-pulses with a = A  ̂ or BM 
andd N, M > 2 to be stable as solution of the PDE. Of course this result has not yet 
beenn proved, but it provides a strong motivation to focus on the stability analysis of 
multi-pulsee patterns that consist only of pulses of either A\- or B\-X\pc. Note that 
thesee are exactly the kind of patterns considered in [81] (see Remark 3.14). 

Evenn when one restricts the kind of jumps through the fast field to the "poten-
tiallyy stable" types A\ and B\. the results of Section3.2 still produce a rich struc-
turee of spatially periodic patterns. It is. for instance, not immediately clear what 
iss the minimum length of a sequence f of A{s and Bi's that is not of one of the 
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symmetricall  types described in Theorem 3.9. As an example, we consider the se-
quencee f — AiAiBiBiAi of length 5; f corresponds to the periodic sequence of 
pulsess ...AiAiBiBiAiAiAiBiBiAi..., i.e. a pattern of rar'1 -type, with r = B\A\ 
andd a — A\. An asymmetrical sequence f must be at least of length 6; and, 
ff  = A\BiBiAiA\B\ is one of the first examples. Note however, that the fact 
thatt the sequence f = AiBiBiAiA\Bi is not symmetrical does not imply that it is 
nott possible to have a solution with this structure, or a periodic iteration of it, on a 
boundedbounded spatial interval (Corollary 3.11). 

Finally,, we briefly consider some of the subtleties associated to the distinction 
betweenn having established the existence of symmetric periodic orbits in (3.4) in 
Theoremm 3.9 and their interpretation as ' random', in general aperiodic (or asymmetric 
[81]),, pat terns on a bounded domain in Corollary 3.11. For instance, Corollary 3.11 
establishess the existence of a pat tern associated to the 'periodic' sequence of pulses 
ff  = (AiBiBiAiAiB  ̂ without pulses on the boundary, for any K > 1 (on intervals 
(0,L)) of sufficient length). Here, AiBiBiAiA\B\ is the above mentioned example of 
ann asymmetric sequence of Ai and B\ pulses, hence, there is no one-parameter family 
off  periodic orbits 7^e r

B B A A B (0- Of course, the f-pattern on (0, L) is associated 
too a symmetric periodic solution ^IK^^-KH) of (3.4) of r r _ 1- t y p e. This implies 

thatt there is neither periodicity nor symmetry m this pattern on (0, L) — (0 , - j ), 
al thoughh it wil l definitely look as if the 'block' AiBiBiAxAiBi is repeated K t imes 
inn the output of a numerical simulation of the PDE. Moreover, the maxima of the 
UU and V pulses cannot coincide, although that 's again certainly not obvious from a 
simulationn (see also [81]). A close inspection wil l show that there are asymptotically 
smalll  differences between each of these K 'blocks', and that the maxima of the U and 
VV pulses have slightly different ^-coordinates. This latter observation is especially 
clear,, since coinciding maxima correspond to an intersection of the associated solution 
off  (3.4) with {p — q — 0}  in phase space. This would imply, by the symmetry (3.5), 
thatt the pat tern should be symmetric around this point, which cannot be the case. 

Thiss perhaps subtle distinction can be expected to have a significant influence 
onn the stability of the pat terns on bounded intervals, since the associated linearised 
stabil i tyy problem will , in general, have asymptotically small eigenvalues [81], see also 
Remarkk 3.14. This issue wil l be discussed in more detail in chapter 5. 

R e m a rkk 3.14 In [81] bounded domain pat terns without pulses at the boundary of 
thee type f = cri<72...crj, with o3 G {Au £?i}, have been analysed, by a combination of 
(formal)) asymptotic methods and numerical computations, as solutions of a simplified 
versionn of the generalised Gierer-Meinhardt equation (3.1). This simplified version 
off  (3.1) has no explicit t/t term, as a consequence the stability analysis simplifies 
considerablyy (for instance, the spectrum associated to the stability of these patterns 
iss real; this is not the case in the 'full ' equation [14]). In Chapter 5, the stabil ity of 
thee periodic patterns (U?er(x), V?eT(x)), with f = TT~1 ,TUT~1 or OT(JT~1 , wil l be 
analysedd as solution of (3.1) on M.. 


