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Chapterr 4 

Homoclinicc stripe patterns 

4.11 Introduction 

Stripee patterns can be observed in many (bio-)chemical reactions and appear fre-
quentlyy in numerical simulations of reaction-diffusion equations. Moreover, these 
patternss are quite robust, in the sense that they exist for large 'open' sets of parame-
terr combinations (see the review [9] and the references therein). However, the math-
ematicall  theory of stripe patterns in reaction-diffusion systems is largely restricted to 
systemss at near-critical conditions, which means that the system parameter values 
aree close to a Turing bifurcation. Near such a bifurcation, the (Turing) patterns 
necessarilyy are of small amplitude, where the srnallness is related to the distance to 
thee Turing bifurcation in parameter space. Under these 'weakly nonlinear' condi-
tions,, the patterns generated by the system can be analysed by a normal form or 
Ginzburg-Landauu approach (see [48] for a (formal) application of this approach to 
reaction-diffusionn systems and [54] for a survey of the general mathematical theory). 

Inn this chapter, we study two-dimensional stripe patterns in the strongly nonlinear 
regime;; i.e. we consider systems that are not close to a Turing bifurcation (Remark 
4.3).. As a consequence, the amplitudes of the solutions cannot be assumed to be 
small.. In this regime, there is no equivalent of the general Ginzburg-Landau theory. 
However,, when one restricts oneself to two-component reaction-diffusion systems 
andd assumes that the ratio of the two diffusion constants is small, then one can 
usee singular perturbation theory to study the existence, stability, and dynamics of 
patternss 'far from equilibrium': see. for instance. [70. 62. 19. 61. 39. 83. 14]. 

Mostt of these recent papers on pattern formation in singularly perturbed reaction 
diffusionn equations consider spike, pulse, or spot patterns (see Remark 4.1). Similar 
too these patterns, a homoclinic stripe pattern is isolated in the sense that both com-
ponentss U(x. y. t) and Vr(j'. y. t) are close to a trivial homogeneous background state 
outsidee a neighbourhood of the stripe (see Figure 4.1). A Turing bifurcation imposes 
aa spatial periodicity on the pattern: hence, in general, there cannot be homoclinic 
patternss at near-critical conditions. The stripe patterns we consider are assumed to 
bee stationary, linear (or straight), and essentially one-dimensional. Since reaction-

47 7 



48 8 Chapterr 4. Homoclinic stripe patterns 

Figuree 4.1: The homoclinic stripe pattern. The V-component is strongly localised, 
andd the [/"-component decays to the limit state U = 0 on a long spatial scale. 

diffusionn equations in two space dimensions are invariant with respect to rotations in 
thee plane, we can define x as the direction perpendicular to the stripe and y as the 
coordinatee along the stripe. The assumption that the homoclinic stripe pattern is 'es-
sentiallyy one-dimensional' implies that the stripes have no structure in the y-direction; 
i.e.. the stripe patterns are of the form {Ustripe(x, y, t). V^triPe( ,̂ V-1)) =  {UQ(X), V0(X)). 

Ass a consequence, the stripe patterns correspond to homoclinic pulse solutions as 
functionn of the variable perpendicular to the stripe, x. This enables us to refer for 
thee existence to the literature on stationary homoclinic pulse solutions of systems in 
onee spatial variable. (We will , in particular, use [14].) 

Wee study the existence, stability, and bifurcations of homoclinic stripe patterns 
inn the generalised Gierer-Meinhardt equation: 

ee22UtUt = &U -c2nU + UaiV0\ , . 
VVtt = e2AV -V + Ua2V02. {' ' ' 

forr (x,y) € M2 [39. 61, 62. 38. 83]. where we assume that the ratio of the diffusion 
coefficientss of the two 'species' V and U. dy, and d\j is asymptotically small: e2 = 
dyjdjjdyjdjj <S 1. Throughout this chapter, the parameters (a.\. a-2- di, ih) and \x are 
assumedd to satisfy 

n n 

aiai>l>l  + -p^-, a2 < 0 , 0! > 1. 32 > 1. n>0 (4.2) 

(comparee to [39. 61. 62. 38. 83]). 
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Itt is shown in Chapter 3 that the one-dimensional Gierer Meinhardt equation, 
(4.1)) without ^-dependence, has stationary, homoclinic pulse solutions for parame-
terss satisfying (4.2) and \i = 0(1). This result establishes the existence of homoclinic 
stripee patterns to (4.1); see Theorem 4.5. By a careful re-examination of the construc-
tionn of the one-dimensional homoclinic pulses, we are able to determine analytically 
ann upper bound in fi on the existence domain of the stripe patterns: we establish 
thatt homoclinic stripe patterns exist in (4.1) up to \x = /xSpiit = 0{l/eA) and not 
beyondd this value (Theorem 4.6); see also Remark 4.2. This bifurcation is, in essence, 
aa bifurcation of the one-dimensional problem. The nonexistence result is similar to 
thee proof of the existence of a 'disappearance bifurcation' in the one-dimensional 
Gray-Scottt model in [13], [12]. Note that numerical continuations and simulations 
inn [64] for the Gray-Scott system indicate that this 'disappearance bifurcation1 is, in 
fact,, a saddle-node bifurcation of homoclinic orbits. It is natural to expect that the 
samee is true for the 'disappearance' or 'splitting' bifurcations in the systems studied 
inn this chapter. However, as in the Gray-Scott case, the bifurcation takes place in 
thee region in parameter space, where the existence problem is no longer singularly 
perturbed.. When // = Ö(l/em) 3> 1, i.e. m > 0, one needs to rescale (4.1) since U 
andd V can no longer be assumed to be O(l) (see Section 4.2). The rescaled system 
iss singularly perturbed in the scaled parameter ë = ö (e1 _ m/ 4) so that one can no 
longerr use the ideas of geometric singular perturbation theory [40] for m = 4. As 
aa consequence, the analytic 'control' of the homoclinic orbits decreases significantly. 
Therefore,, the identification of the 'disappearance bifurcation' as a saddle-node bi-
furcationn of homoclinic orbits has become a challenging task. 

Itt was shown in [13, 12] that the 'disappearance bifurcation' initiates the well-
knownn pulse splitting, or self-replication, process in the Gray-Scott model [67, 70, 69, 
19,, 64]. Exactly the same behaviour can be observed in numerical simulations of the 
one-dimensionall  Gierer-Meinhardt model (4.1) for [i  > /^spnt; see Section 4.2. This 
impliess that the self-replicating process is a 'generic phenomenon' in singularly per-
turbedd reaction-diffusion equations and that it thus is not special to the Gray-Scott 
modell  (see Remark 4.7). Increasing \i through /^spii t induces a stripe splitting bifur-
cationcation in the two-dimensional system (4.1). The end-product of the self-replication 
processs is a spatially periodic stripe pattern; see Figure 4.11. 

Thiss splitting bifurcation is related to the existence problem of the stripe patterns. 
Otherr bifurcations, such as the bifurcations from stripes to spots, are associated to 
thee (in)stability of the stripe pattern (Ustripe{x, V, t), Vstripe(x, y, t)) = (U0{x), V0(x)). 
Thee stability of the two-dimensional stripes again relies heavily on insights in the 
stabilityy of one-dimensional homoclinic pulse patterns. Since we assume that (4.1) is 
definedd on the unbounded plane, i.e. (x. y) G l 2 , it follows that the linearised stability 
problemm reduces to the study of a one-parameter family of eigenvalue problems in 
thee one-dimensional variable x. This family is parametrised by a wave number in 
thee y-direction, I (see Section 4.3). We show that these eigenvalue problems can 
bee studied by the recently developed extension of the Evans function method, the 
so-calledd nonlocal eigenvalue problem (NLEP) approach [13, 15, 14]. This method 
enabless us to determine the spectrum of the linear stability problem associated to 
thee stripe pattern explicitly as function of /. 
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Wee again find that the magnitude of fi with respect to e is crucial for the stability 
off  the stripes; therefore, we again introduce m and set ji  = 0(l/em). We show 
inn section 4.3 that the eigenvalues A(/) all are stable and real; i.e. A(/) < 0 for 
\l\\l\  > fo.stab = y/{ih + 1)^/4 - 1 - 0{\) and X(l) = A(0), at leading order, for 
|/|| <C e2-™/2 (Lemma 4.16). The latter result implies that the possible stability of 
thee stripe pattern strongly depends on the stability of the associated pulse solution of 
thee one-dimensional equation (that does not depend on y). We find, in the case that 
thee one-dimensional pulse pattern is stable, that there are two symmetrical bands of 
unstablee wave numbers /: ö{e2~m^2) < |/| < 0(1). This implies that all homoclinic 
stripee patterns are unstable as solution of (4.1) on R2 if m < 4, i.e. fi <C ö{\/em) 
(Theoremm 4.17). 

Nevertheless,, these results also indicate that the homoclinic stripe patterns can 
bee stable on R2 for m = 4 since the bands of unstable wave numbers might dis-
appearr for rn — 4. A necessary ingredient is, of course, the stability of the one-
dimensionall  pulse pattern. Therefore, we first follow [14] and consider the classi-
call  case (cti, ö2, P11P2) ~ (0, —1,2,2) and 0 < ji  <§C 1/e4. In this case, the one-
dimensionall  pulse is stable for fi > /iHopf(O) = 0.36.. . (= O (I)) (Theorem 4.21 
orr [14]). Furthermore, we use the NLEP machinery to explicitly determine the 
bandd of unstable wave numbers in this case: we deduce that, for 0 < /iHopf(O) < 
(.i(.i — jlfem and m < 4, there is one (unique) real unstable eigenvalue A(Z) > 0 for 
|/|| E (£2~nijf2\/3jl, \ /5/4), at leading order in e; there are more unstable wave num-
berss / with |/| < e2 - m / 2

v / 3^ for /x < ^Hopf(0) (Theorem 4.23). 

Nextt we consider the general problem in more detail. We focus, for simplicity, 
onn stability analysis of the one-dimensional problem (i.e. / = 0). We distinguish 
twoo open, unbounded domains, Viarge and VSjnguiar, in the (ai,a2,Pi,P2) parameter 
spacee (with boundaries given by (4.2)) in which the homoclinic pulse pattern cannot 
bee stable. The region Viarge includes the case a>i > 1. We show that, for a\ > 1 
andd ^ large enough (but not necessarily 3> 1 with respect to e), there is always (at 
least)) one unstable real eigenvalue A°(/i, 0) that grows linearly with \x (Theorem 4.27). 
Inn Theorem 4.28, we establish the existence of the region Vsinguiar, which includes 
P2P2 > 2/?i + 1, in which the stability problem has at least one bounded unstable real 
eigenvaluee for all /x > 0. 

Finally,, we consider the stability of the stripes for m — 4, i.e. [i  — C( l /e4) , by 
numericall  simulations. This is necessary since the stability analysis is based on the 
samee rescaled value of e as the existence analysis: like the existence problem, the 
linearr stability is no longer singularly perturbed for m — A. The simulations are 
performedd on bounded domains; therefore, we first interpret some of our results in 
termss of cylindrical domains, or strips, of the form M x (0,Ly). (The length, Lx, of 
thee domain in the ^-coordinate is taken so long as it has no leading order influence; 
seee [19, 13, 11] and Section 4.5.) We conclude that a homoclinic stripe solution that 
iss stable as a one-dimensional pattern is automatically stable on a strip M. x (0.Ly) 
iff  Ly < KEJ\j{Qi + l ) 2/4 — 1 (Corollary 4.29). This critical value of Ly is confirmed 
byy the numerical simulations for fi <§C \jex (where we considered the classical case, 
i.e.. {a.\. Q'2,A. /32) = (0 , -1 ,2, 2)). Moreover, it is found that the stripe pattern can 
bee stable as a solution on M2 for fi > /istripe — Afstripe(ö'i; &2- di, 02) — C(l/c" )  This 
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bifurcationn is followed by the splitting bifurcation predicted by the existence analysis 
off  Section 4.2: /ispnt > ^stripe or. more explicitly. 

^Split(0,, - 1 . 2, 2) « - ^ - > - ^ j - « Stripe(0, - 1 , 2. 2). 

Beyondd the splitting bifurcation value of/i, a self-replicating stripe pattern is observed; 
i.e.. the homoclinic stripe splits into two repelling stripes, which split again (etc., 
dependingg on the length Lx of the domain) so that eventually an asymptotically 
stablee spatially periodic stripe pattern appears (see Figure 4.11). The dynamics are 
completelyy homogeneous in the ^/-direction so that the bifurcation is, in essence, a 
one-dimensionall  process. Note that these simulations also imply that (numerically) 
stablee spatially periodic stripe patterns exist on R2 (see also Remark 4.3). 

Thee numerical investigations are concluded with an analysis of the 'fate' of the 
stripee pattern as \x < /Stripe and Ly increases through a bifurcation value. This 
confirmss the varicose type of the instability [66], [36]: the stripe, in general, bifurcates 
intoo half a spot at either one of the boundaries y = 0 or y = Ly in the middle of the 
(0,, Lx) interval. For values of \x close to ^.stripe, it is possible to have stripe patterns 
onn a strip of width Ly that is larger than that given by Corollary 4.29. Such stripes 
bifurcatee into a full spot, two half spots, one and a half spots, etc. (see Figure 4.12). 
Thiss behaviour is typical for systems near a bifurcation of Turing type; it can be 
explainedd qualitatively by the analysis. 

Remarkk 4.1 As mentioned in the literature, i.e. [70, 62, 19, 61, 39, 83, 14], we con-
siderr so-called monostable systems. There is much literature on the existence and sta-
bilit yy of (multi)front patterns in (singularly perturbed) bistable systems. (Unlike in 
monostablee systems, there are (at least) two different stable trivial solutions/patterns 
inn bistable systems.) See, for instance, [63] and the references therein. We refer to 
[66]]  for the stability analysis of a double front, i.e. homoclinic, stripe pattern in a 
bistablee system with a piecewise linear nonlinear term and to [78, 79] for the stabil-
ityy analysis of stripes/planar fronts in more general bistable systems. An essential 
differencee between the stability of (multi)front solutions in bistable systems and that 
off  the monostable homoclinic solutions studied here is that all potentially unstable 
eigenvaluess are asymptotically small, i.e. approach 0 in the limit e — 0, in the bistable 
case.. The limits of these eigenvalues correspond to 'marginally stable' eigenvalues 
off  the so-called fast reduced limi t systems [63]. The relation between the stability 
inn the full e  ̂ 0 system and the E — 0 limi t systems is completely different in the 
monostablee equations studied here. In fact, the fast reduced limit systems have 0(1) 
unstablee eigenvalues (see Section 4.3). This is called "the NLEP paradox' in [15, 14]. 

Remarkk 4.2 The critical magnitude of ji, fi = C( l /c4) , that appears throughout 
thiss chapter is in terms of the rescaled parameter e of the (truncated) 'normal form' 
(4.1).. It follows from the scaling analysis in Section 2.1, that this corresponds to 
HH = Q(du fdy) 3> 1 in terms of the unsealed Gierer-Meinhardt equation (1.1). Hence, 
thee splitting bifurcation (and the Turing bifurcation—see Remark 4.3) will occur at 
HH = 0{dv/dv). 
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Remarkk 4.3 Numerical simulations show that the amplitude of the periodic stripe 
patternn that occurs through the splitting bifurcation decreases as \i approaches the 
valuee /̂ Turing > /%>ut  At //Turing = /̂ Turing(o-i- c*2< Pi. P2) = C(l /^4)- a Turing bifur-
cationn takes place. (//Turing can be determined by a straightforward linear analysis; 
see,, for instance, [59].) Thus the homoclinic stripe patterns are indeed 'far from 
equilibrium.'' We refer to [55] for a detailed analysis of the connection between ho-
moclinicc pulse patterns and Turing bifurcations in the context of the one-dimensional 
Gray-Scottt equation. 

Remarkk 4.4 An important subtheme of this chapter is the competition between 
stripee and spot patterns, far from equilibrium. There is much literature on the in-
teractionss between patterns—most of it on systems close to bifurcation/equilibrium. 
Wee refer to [5] and [32] and the references therein. 

4.22 The existence problem 

Thee following result on the existence of singular, stationary, multipulse homoclinic 
solutionss of the generalised Gierer-Meinhardt equation was proved in [14]. 

Theoremm 4.5 Let (QI, ct2,Pi, 02, /0 satisfy (4.2), and let // be 0(1). Then, for 
anyany N > 1 with N — 0(1) and s > 0 small enough, there is a stationary N-
pulsepulse homoclinic stripe solution (U(x,y,t),V(x.y,t)) = (U]^™(x), V^°m(x)) to (4.1) 

00U%™(X)U%™(X) = \imlx^ocV^m(x) = 0 ? a n d l i m QoUham(x)eeSÜ\x\f soso that lirri i 
lim\lim\xx̂ ôcocV^V^omom(x)e^(x)e^xx^  ̂ exist and are nonzero. The V-component V^°m(x) has a se-
quencequence of N consecutive narrow pulses of the same height (at leading order) that are 
ö(e\loge\)ö(e\loge\) close to each other; V^om(x) decreases to ö(y/i) in between two adjacent 
pulses.pulses. Both U^om(x) andV^om(x) are monotonous functions of x outside the region 
ofof pulses. Moreover, the amplitudes U$&x and V^ iax of the U^om(x) and V$om(x) 
pulsespulses are, at leading order, given by 

2JJL 2JJL 

NW(pNW(puupp22] ] 

where where 

and and 

T/max x 
 VN — 

2^n 2^n 
NW(3NW(3uupp22] ] 

DD = (a1-l)(02-l)-a20l > 0 

W(0W(0ll,3,322)=)=  f"'(wh(Z;02))01dt, 
JJ —DC 

withwith Wh(£) the (positive) homoclinic solution of 

,02 ,02 
ww — w — W' 

(4.3) ) 

(4.4) ) 

(4.5) ) 

(4.6) ) 

I tt is clear from the formulation of this theorem that only the case \x = 0(1) 
(withh respect to e) has been considered in [14]. In this section, we consider the 
existencee problem for fi = 0(1/em) for m > 0. We do not pay attention to the 
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multipulsee solutions with N > 2 since these solutions cannot even be stable on the 
one-dimensionall  (unbounded) domain, as has been proved in [14]. In this chapter, 
wee denote (U?om(x), V?om{x)) by {U0(x). V0(x)). 

4.2.11 Scaling analysis 

Wee introduce [i  — O(l) and m > 0 by 

0 = AA  (4.7) 

Itt follows from (4.3) that U0{x) and VQ(X) can no longer be considered as ö{\) for 
[i[i  > 1. Therefore, we have to scale U(x, y, t) and V(x, y, t) in (4.1) and thus introduce 
thee 0(1) quantities Ü(x,y,t) and V(x,y,t) by 

UU = £-{02^)mÜ, V = e^V. (4.8) 

Insertingg these scalings into (4.1) yields 

VVtt = £2AV -V + Üa2V02. 
(4.9) ) 

Hencee we can introduce x, y, and i by 

xx — e 4 x, y = £ 4 y, £ — £ 4 (4.1U) 

soo that 
ëë22+&zÜ+&zÜ tt = AÜ -£2jlÜ  + ÜaiVP\ 

VVtt = ë2AV -V + Üa*V02. 
(4.ll ) ) 

Exceptt for the factor in front of the term C/t, this equation is identical to (4.1). In this 
section,, we are interested in the existence of solutions to (4.II) that depend neither 
onn t nor on y. Thus we write (4.II) as a (four-dimensional) ODE in x: 

ff  Üix -ë2jxÜ + Ü^V  ̂ = 0, 2 

ll  ë2Vxx -V + Ü^V  ̂ = 0. { ' } 

Exceptt for the tildes, this equation is identical to the existence problem for stationary 
solutionss that do not depend on y of the original equation (4.1). Hence we can 
immediatelyy apply Theorem 4.5 to system (4.12) and conclude that there exist N-
pulsee patterns (Ü%om(x), V$om{x)) in (4.11) and thus in (4.1) for /j » 1. However, 
theree is one crucial condition in Theorem 4.5 that cannot be satisfied for all fi » 1: £ 
mustt be small enough. Hence, by (4.10), Theorem 4.5 can only be applied for ra < 4 
(seee Remark 4.2). The condition on £ is essential to the proof of Theorem 4.5 since it 
iss based on geometric singular perturbation theory [40] and it exploits the fact that 
ÜÜ and Ux vary slowly compared to V and Vx\ i.e. Ü,  = O(ë), while V. Vx — 0(1). 
Thiss approach can no longer be used when £ becomes 0(1), i.e. when m = 4 (4.10). 
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Onn the other hand, when m becomes > 4 or. equivalently, when i becomes > 
1.. it might be possible to use geometric singular perturbat ion theory to construct 
homoclinicc solutions to the saddle point (£/, ÜX.V.VÏ) = (0. 0, 0. 0) by reversing the 
roless of U and V. Therefore, we introduce Ü. V, I . //, and x by 

ÜÜ = (i2fi)^^Ü, V = {ë2fi) l^r^Vê= i. fi = l. x = y/jix (4.13) 
cc /J 

soo that (4.12) can be written as 

êê22ÜÜxxxx -Ü + ÜaiV& = 0. 

VxxVxx -ê2fiV + Ü^V  ̂ = 0. [ ] 

Thiss equation is identical to (4.12) after the following substi tut ions: 

ÜÜ -> V, V -> Ü, «i — 02, Pi -> «2, a2 -^ 0U 02 -+ au (4.15) 

and,, of course, ë —> Ê, // —> //. 

4.2.22 The existence and disappearance of homoclinic solutions 

Thee 'symmetry' (4.15) between the two scaled systems (4.12) and (4.14) can be used 
too obtain the following extension of Theorem 4.5. 

T h e o r emm 4.6 Let (a t i ,a2, /3 i, 02, fi) satisfy (4.2), and let {U^om(x), V^om(x)) = 
(UQ(X),(UQ(X), VQ(X)) be the (1-pulse) homoclinic stripe solution of (4.1) described in Theo-
remrem 4.5 (for /i = 0{l)). Then there exists a critical value /i spi i t of ji  with /ispi i t = ^ r 1 

andand 0 < /iSpiit = 0(1) such that (UQ(x),V0(x)) exists for 0 < fi < fispnt. Equation 
(4.1)) does not have a homoclinic solution (UQ(X), VQ(X)) for ji > / i s pi j t . 

AA similar result has been proved for the one-dimensional Gray-Scott model in 
[15]]  (although the proof is based on a topological shooting approach in the Gray-
Scottt context). For the Gray Scott model, the upper boundary on the existence 
domainn of the homoclinic pulse solutions has been identified numerically in [64] as a 
saddle-nodee bifurcation of homoclinic orbits. A similar behaviour is expected here. 
Moreover,, there is a very natural candidate that can act as the 'partner' of the pulse 
pat ternn (UQ(X),V0(X)) in the saddle-node bifurcation. I t is the 2-pulse homoclinic 
orbitt (U20m(x),V20m{x)) (see Theorem 4.5) since it has the same structure as the 
unstablee 'partner' of the homoclinic pulse that has been found numerically in [64] 
(forr the Gray-Scott model) near the saddle-node/disappearance bifurcation. (Fur-
thermore,, (C/2

hom(x), V2
hom(x)) is unstable; see [14].) Note that it is quite a challenge 

too prove this conjecture, especially since the bifurcation occurs in a parameter region 
wheree the system can no longer be treated as a singularly perturbed problem. 

I tt was shown by numerical simulations that this 'disappearance' of the homo-
clinicc pulse solution marks the boundary of the region (in parameter space) in 
whichh a solitary pulse 'splits' into two slowly travelling copies of the initial pulse 
(withh opposite speeds) [15]. Thus the equivalent of Theorem 4.6 for the Gray-Scott 
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Tirae.V' ' 

1600 0 

Figuree 4.2: The self-replication process in the classical Gierer-Meinhardt problem 
( Q I .. CÏ2, Pi, ih) = (0, —1- 2. 2). This simulation was clone for fi = 56. e2 = 0.05. Note 
thatt only the V-components of the solutions are shown. 

modell  gave an analytical foundation of the origin of the so-called self-replication pro-
cess.. This phenomenon has been a challenging topic of research in recent years (see 
[67.. 70. 69. 19. 64]. and the references therein: we refer to [12] for a discussion on the 
l i teraturee on this subject). 

Byy analogy to the Gray Scott model, the 'disappearance' result of Theorem 4.6 
att /i = ö(-=r) provides a strong motivation to run simulations of the generalised 
Gierer-Meinhardtt model for I_I » 1. It is shown in Figure 4.2 that the critical value 
//splitt defines the boundary of a domain in parameter space in which the (generalised) 
Gierer-Meinhardtt model also exhibits self-replication of pulses. This yields a strong 
indicationn that the self-replication phenomenon is not a special feature of the Gray-
Scottt model but that it wil l occur in a large family of reaction-diffusion equations 
[64]:: see also Section 2.1. 
P r o off  of T h e o r em 4.6. This proof is based on the proof of Theorem 2.1 in [14]. 
Heree we present the main arguments and refer to [14] for the details. 

Ass was already noted in the previous section. Theorem 4.5 applied to (4.14) 
establishess the existence of (Uo(x), VQ{X)) for 0 < fi <C jz- Using the 'symmetry' 
(4.15).. we can apply Theorem 4.5 to (4.14) for fi » JJ since f » 1 and thus ê <C 1 
(4.13).. This yields the existence of the homoclinic solution (L7o(;r). V'o(.r)) of (4.1) if 
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ai,oi2:0i.S2ai,oi2:0i.S2 satisfy a condition that is the equivalent of (4.2) under (4.15): 

Qll > 1, Q2 > 1, di < 0. 32 > 1 + a2 \ • (4.16) 
Qll  — 1 

Thee nonexistence of a homoclinic (Uo{x),Vo(x)) pattern follows from the obvious 
conflictt between (4.2) and (4.16). However, one cannot, of course, obtain a nonexis
tencee result from the fact that an existence result cannot be applied. As is explained 
inn detail in [14], the conditions on the a^s in (4.2) are not essential to the existence 
off homoclinic solutions. The conditions on the a / s are determined by our decision 
too study large pulses in (2.3). i.e. our decision to impose r, s > 0 in (2.6) see also 
Remarkk 4.8. 

Onn the other hand, the condition on (32 is sharp in the sense that there cannot 
bee homoclinic solutions for f32 < 1. This can be seen immediately by writing (4.12) 
ass a four-dimensional system in the 'fast' scaling; i.e. we introduce the fast variable 
££ = x/s and obtain 

(( ü — ep, 
++  E2pu], ( 4 1 7 ) 

u u 
p p 
V V 

Q Q 

— — 
= = 
= = 
= = 

£/ / 

*[ [ 
Q, Q, 
V V 

>, , 
-u-uaiaivvdl dl 

-- ua2 t' A 

wheree we have neglected the tildes and where ' denotes the derivative with respect 
too £. For /?2 < 1, there is no homoclinic solution in the fast reduced limit u = UQ, 
pp = po, and v — v — UQ2V@2 so that it is impossible to construct a homoclinic solution 
too (0,0,0,0)—see [14] for the details. The condition on Pi might be relaxed to 
0i0i > 0 (see Remarks 2.3 and 3.2 in [14] and Remark 4.8 below); however, the lower 
boundaryy on (3\ cannot be decreased beyond 0: there cannot be homoclinic solutions 
too (0, 0,0, 0) in (4.17) for 0i < 0. This follows especially from the equation for p: the 
accumulatedd change Ap in p over an orbit that is homoclinic to (0,0,0, 0) cannot be 
boundedd for Q\ < 0 since the integral over p (from — oc to oc) diverges in this case; 
seee Remark 2.7 in [14]. 

Byy the 'symmetry' (4.16), we thus conclude that there cannot be homoclinic 
solutionss to (0,0,0,0) in (4.14) for a\ < 1 or a2 < 0. Since we assumed that a2 < 0 
inn Theorems 4.5 and 4.6, it follows from (4.10) and (4.13) that the homoclinic stripe 
patternn (UQ(X). Vo(a:)) cannot exist as a solution of (4.1) for \i S> ^ . 

Forr the intermediate case, m = 4 in (4.7), we set ê = 1 in (4.12) and once more 
usee (4.3) to scale (U, V) in a similar fashion as (U, V) was scaled in (4.8): 

ii  -

UU = p^rrU. V = ii,™V. (4.18) 

Thiss way, (4.12) becomes 

üü£i£i -Viïü + üaiv01 =o. , 
y/pVzïy/pVzï -V + Üa*V3*  = 0 . y ' ' 

wheree x = (p)lj/4x. This equation is identical to (4.12) when we set p. = 1 and 
ii 22 = y/p in (4.12). Hence we can apply Theorem 4.5 and conclude that the homoclinic 
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patternn (UQ(X),VQ(X)) exists for jl  < JIQ small enough. Note that we have only 
introducedd the U-, V^-scaling (4.18) to validate the intuitively clear observation that 
thee limi t jl  —> 0 with m = 4 corresponds to the case rn < 4, i.e. f « 1. Similarly, 
onee can scale (4.12) with ë — 1 as in (4.13) so that the new system can be identified 
wit hh (4.14) with ft = 1 and e2 = l/y/JÏ. Hence the nonexistence result for (4.14) can 
bee applied for jl  > £LQ large enough. 

Wee conclude that there must be a value jlSp\it in between /xo and £IQ so that 
(UQ(X),VO(X))(UQ(X),VO(X)) exists for m = 4 and jl  < /xspii t but not (immediately) beyond this 
value.. • 

Remarkk 4.7 The proof of Theorem 4.6 cannot be applied directly to the more 
generall system (2.3) in Section 2.1. Equation (4.1) appears from (2.3) as the leading 
orderorder part of a normal form. Thus (2.3) can only be approximated by (4.1) for £ < 1 . 
Thee proof of Theorem 4.6 is based on the 'symmetry' between e <§; 1 and £ ^> 1 in 
(4.1)) and is thus special for the Gierer-Meinhardt model. However, the existence 
resultt for e «C 1 is based on a combination of properties of the singular per turbed 
model.. In general, it can be expected that such a combination no longer exists for 
ee = O (I) and /or £ ^> 1. Hence it is natural to suspect that there is an equivalent 
off Theorem 4.6 for the general model (2.3) if the model satisfies some additional 
conditions.. The topological shooting method employed for the proof of this result in 
thee Gray-Scott context [15] seems to be the most suitable method for the proof of 
suchh a general result. 

Remarkk 4.8 As is explained in the proof of Theorem 4.6, the conditions on the ct's 
inn (4.2) are based on our preference to have (asymptotically) large solutions.Only 
thee conditions j3\ > 0, f32 > 1, a n d Ö / 0 (2.9) are necessary for the existence proof 
inn [14]. However, we note tha t it has been necessary to assume tha t (3\ > 1 in the 
prooff of Theorem 2.1 in [14] in order to be able to apply the s tandard persistence 
resultss of Fenichel; see [40]. Thus it is not completely straightforward to relax the 
conditionn (3\ > 1 to j3\ > 0 in Theorem 4.5. (The case (3\ — 0 is special; see Remark 
2.77 in [14].) Nevertheless, it can thus be expected, by combining (4.2) and (4.16), 
tha tt there exist homoclinic solutions in (4.1) of the type described by Theorems 4.5 
andd 4.6 for e < 1 and for £ > 1 if Q l > 1, a2 > 0, ft > 0, 32 > 1, and D / 0 . Thus 
onee does not expect 'splitting dynamics' [12] in this case. However, we will find in 
Sectionn 4.4 that the homoclinic pulse pat tern cannot be stable when ot\ > 1 and /i 
iss large (Theorem 4.27) so tha t this (possible) persistence result will not be relevant 
forr the dynamics of (4.1). 
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4.33 Stability analysis 

Inn this section, we consider the stability of the stationary homoclinic stripe pattern 
(U(x,y,t).V(x.y.t))(U(x,y,t).V(x.y.t)) — (UQ(X).VQ(X)) on the unbounded domain, i.e. with {x.y) E 
RR22.. Due to the lack of structure in the «/-direction, we can study the linearised 
stabilityy of the stripe by introducing a wave number / € R. and set 

U(x.yJ)U(x.yJ) = U{S.r}<t) = Uo{S) + u(aexteilT>. (4.20) 

V(x,V(x, y. t) = V{Z. rh t) = V0(S) + v(OeXt eü\ 

Thuss we consider the stability problem in the fast spatial variables, defined by 

(x.y)(x.y) = (et.ETi). (4.21) 

Moreover,, it will be convenient to introduce a scaled version I of the wave number /: 

// = e2l (4.22) 

Byy construction, the wave number /. or /, appears as a parameter in the linear 
stabilityy analysis. In this and the following sections, we will determine, for any fixed 
II  £ R, the spectrum of the associated ^-dependent linear operator. The stripe is 
spectrallyy stable when the union of the spectra (over all / € K) has no intersection 
withh the unstable half plane (Re(A) > 0} ; see Remark 4.2. In this chapter we will 
nott consider the nonlinear stability of the stripes. We refer to [14] for some remarks 
aboutt the nonlinear theory for the one-dimensional case. In this section, we present 
ann extension of the Evans function method, the NLEP approach, as it has been 
developedd in [13], [15], [14]. Here, we sketch the main ideas behind this method. The 
statementss in this section can all be proved by the methods developed in [15], [14]. 
Wee refer to these papers for the analytical details. 

4.3.11 The linearised equations 

Insertingg (4.20) into (4.1) yields, after linearisation: 

ff  t*« = -e^U^-'V^u + faU? V^v] + <r4[/x + A + l2]u. 
\\ r « + [W'V**- 1 - (1 + A + r*P)}v = -{a2U^-lV^]u. 

(4.23) ) 

wheree we have used (4.21) and (4.22). Note that u(£) remains constant to leading 
orderr on ^-intervals of (at least) (9(1) length, as long as fi.X «C ^ and |/| <S ^ . 
i.e.. \l\ <C 1 (4.22). System (4.23) can be written as a four-dimensional linear equation, 

00 = A{E,:X.le)o with o{$) = (u (0-p(0. V(0-Q(OY- (4-24) 

soo that A(£:\.Le) = 

ff 0 E 0 0 \ 

00 0 0 1 

(4.25) ) 
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Wee know by Theorems 4.5 and 4.6 that Vo(£) decays much faster than £/o(0> as 

functionn of |£|, for any /J <C p-. Thus, using (4.2). we can take the limit |£| —> oc in 

// 0 e 0 0 \ 
e3(A// + A + /"2) 0 0 0 

00 0 0 1 
VV o o (i + x + £4i2) o / 

Matrixx A(£) converges exponentially fast to Ax for any l e R and any ^ « ^ 
i.e.. there exist positive 0(1) constants C\  ̂ such that 

AAxx(\J,e)(\J,e) = (4.26) ) 

\A{Z;\,i\A{Z;\,i77e)-Ae)-Aococ{\{\ }} l,E)\\<Cl,E)\\<C11e-e-cc^  ̂ for |£| > —, for any a > 0. (4.27) ) 

Ass we shall see, this implies that the NLEP approach can be applied to the eigenvalue 
problemm (4.25). The essential spectrum creSs(0 associated to the matrix operator 
A(£;\,1,E)A(£;\,1,E) (4.25) is for any fixed I determined by A  ̂ [35]-see also Remark 4.9. 
Sincee the eigenvalues Â  and eigenvectors Ei (i — 1 , . . ., 4) of Aoo are given by 

(4.28) ) 
A M (A j ,e)) = l + A + £472~, EÏA(Xj,e) = (0,0,1, l + A + eH2)1, 

A2,3(A,f,e)) = 2  ̂ + X + l2, E2,3{\J,e) = (1,  + A + [2,0,0)f , 

withh Re(Ai) > Re(A2) > Re(A3) > Re(A4), it follows immediately that 

< W 00 = {A G E : A < max( -̂  - f2, - 1 - e4F)} . (4.29) 

Hencee the essential spectrum has no influence on the stability of the stripe; the 
(in)stabilityy is completely determined by the discrete spectrum, i.e. the eigenvalues, 
off  (4.25); see Remark 4.9. We introduce the complement of a ^-neighbourhood of the 
essentiall  spectrum: 

CC66(l)(l)  = C\ {(Re(A) < max(-/i - f2, - 1 - e4l2), |Im(A)| < S) or 
||AA - maxf- î - f2, - 1 - e4l2)\\ < (5}, ( 3 U) 

wheree 0 < 6 < 1 is a second asymptotically small parameter that is independent 
off  £. By restricting A to C$, we cannot run into problems with the definition and 
analysiss of the Evans function near the essential spectrum (see below). 

Remarkk 4.9 The spectral stability of the two-dimensional stupe (i.e. (x, y) € R2) is 
determinedd by the eigenvalues X(l) of the /-family of one-dimensional systems (4.24) 
(inn ( e l ) . It is clear form the ansatz (4.20) that a curve of eigenvalues {X(Ï)J e R} 
inn the (I, Re(A))-plane is a component, or branch, of the essential spectrum of the 
fulll  two-dimensional stability problem associated to the stripe. (Perturbations of 
thee type (4.20) are, by definition, not integrable over R2.) The full problem cannot 
havee point spectrum, plotted in the {I, Re(A))-plane: it consists of a two-dimensional 
region,, {aess(f) , l e R}  (4.29), and a number of one-dimensional curves (A(/), l 6 R} . 
Inn this chapter, we refer to the elements of these curves as eigenvalues (since they 
aree in the point spectrum of (4.25) for a certain value of /). 
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4.3.22 The Evans function 

Thee eigenvalues \(i,e) of (4.25), i.e. those values of A for which (4.25) has an ex-
ponentiallyy decaying eigenfunction solution 0(0- correspond to zeros of the Evans 
functionn V(X: /, e) associated to (4.25). Here we give a brief sketch of the construction 
off  the Evans functions V(X:l) associated to (4.25), following [14]. We refer to [1], 
[28],, [15], [14] for the details. The definition of V{\. Ï) and its decomposition is based 
onn the following results. 

Lemmaa 4.10 (see [1], [28], [15], [14]) For all X eCs(ï), there exist four indepen-
dentdent solutions 0j(£; AJ, e) of (4.25), j = 1 , . .. ,4, such that 

(i)) l i m ^ - ^ x t è ; A,/VAi<*•'>« = £i(A,f), 

(ii)) l i m ^ _ ^ 2 ( £ ; A , / > - A ^ A ^ - E2(XJ), 

(iii)) ]im^x<fo(Z-,\,i)e-A^M = E3{Xj), 

(iv)) lim^^M  ̂ \i)e~Ai{xM = E4(X,l), 

wherewhere A-,(A,/) and Ej(Xj), j = 1,...,4 have been defined in (4.28); 0i(£;A,£) and 
02(£i 'U)) sPan the two-dimensional family <I>_(£;A, I) of solutions to (4.25) that ap-
proachproach (0,0,0,0)* as £ - • -oo , 03(£;A,f), and fafaxj) span the two-dimensional 
familyfamily $+(£; A J) of solutions to (4.25) that approach (0,0,0,0)* as £ -» oo. Further-
more,more, there exist two transmission functions ii(A, /,£•) and t2(X, l:e) such that 

limm (/>1(e;A,/)e-Al(A'f)€-ti(A,ÓJE;1(A,f), and 

limm 02(£; A, Z)e-
A

2(^")€ = t2(A, l)E2(X, f); (4.31) 
0 0 

£i(A,£,e)) is analytic as a function of X e Cs, andt2(X,l£) is only defined for ti(X) ^ 
0.. TTie solutions <t>\{£\  XJ) and 02(£; A,/) are determined uniquely: 0i(£;A, j) % (i) 
andand 4>2(^\ XJ) by (ii) and f/ie existence oft2{X,l). 

Notee that these results are quite natural. By the limit behaviour of the matrix 
AA (4.27), one expects that there are two independent solutions to (4.25) that behave 
inn the limit £ —> -oo as the two independent unstable solutions of the constant 
coefficientss problem associated to the limit matrix Ax. These are the solutions <pi 
andd <p2- The solutions </>3 and 4>4 correspond to the stable solutions associated to A^. 
Notee that neither (p2 nor 03 is determined uniquely by these requirements; 4>\ and 04 

aree selected by the normalisations in (i) and (iv). The existence of the transmission 
functionn  confirms the intuitive idea that a general solution of (4.25) will grow as 
thee most unstable eigenfunction eAl? as £ - • oo. The existence of t2 follows from the 
observationn that è\ and <b2 are independent: there will be orbits in <&-(£; X,l) that 
doo not grow as eAl? if £ —»• oc. The growth of these orbits will then be determined 
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byy eA2?. Thus the solution 02(£: A, /) is selected as one of these orbits. Note that this 
constructionn implies that t2 cannot be defined automatically for t\ = 0. 

Thee Evans function V(X) is defined by 

D(A,, /, e) = det[0i(£; A, /), 02(£; A, /), <j> 3(£; A, [), 04(^; A, /)]. (4.32) 

Thee determinant T>(\) does not depend on £ (since the trace of A(£) is 0 [1]) and is 
analyticc as function of A for A E Cs (or, in general, for A outside the essential spectrum 
[1]).. It follows from the general results of [1] that the zeros of T>{X) coincide with 
thee eigenvalues of (4.25), counting multiplicities. Intuitively, this can be made clear 
byy observing that an eigenfunction </> of (4.25), associated to an eigenvalue A, must 
approachh (0, 0,0.0)*  for both £ —> —oo and £ —> +oo. This implies that <fi  e <ï> n<£>+ 

soo that Z>(A) = 0. At the same time, $ n <I>+  ̂ 0 at a zero of V. Hence there must 
bee an eigenfunction 0 G $_ Pi $+ . 

Thee Evans function D(A) can be decomposed into a product of ti(A) , £2(A) and 
aa nonzero component: 

P(A,s)) - l i m ^ . det [0! (0,02(0, ^3(0, 04(C)] 
== l im^oo det[01(Oe-A l «,02(Oc-A2€,03(Oe-A3€,04(Oc"A4e] 

d e t ^ , ^ , ^ , ^ ] ] 

4£ti(A,, Z, e)t2(A,e, f) Y/(A* + A + Z2)(l + A + e4/2) 
(4.33) ) 

sincee £ ] i = 1 Aj(A) = 0 (4.28). Thus the zeros of V(X,E) are determined by solving 
*i(A )) = 0 and £2(A) = 0. Since ii(A ) is associated to the 'fast' solution 0i, i.e. the 
solutionn that behaves as EieAl  ̂ as £ —• - co , it is relatively straightforward to deter
minee the zeros of t\ (A, I). 

Lemmaa 4.11 Let X3Al) € M be an eigenvalue of the reduced limit problem 

(£(£ff{t;l){t;l)  - X)v = va + Vhu^ivhit))0*- 1 - (1 + A + l2)]v = 0, (4.34) 

wherewhere Uh = U™&x (4.3) andvh(£) = the leading order approximation ofVo(£), i.e. the 
(positive)(positive) homoclinic solution of v = v — u^2v^2. Then there exists a unique XJ(1,E) 

suchsuch that ti(Xj(l,£),l,£) = 0 and lim£._oAJ'(/,£•) = Xi(l). 

Thee proof is based on a winding number argument applied to a contour around 
XX33f{l)\f{l)\  see [15], [14] for the details. The result is, once again, quite natural. It 
followss from the structure of E\ (4.28) and the approximation (4.27) that the u-
componentt of 0i(£) is asymptotically small for £ <C - 1 . Moreover, u  ̂ = Ö(e2) 
(4.23)) f or I not 'too large' (see below). This yields that the u-component of c>i(£) 
iss also asymptotically small for £ = G(\/E<J), for some a > 0. Hence, as e —> 0. the 
t»-componentt of the solution (pi of (4.23) merges with a solution v\ of the reduced 
fastt limit problem (4.34) that converges to 0 as £ —» - c c . The assumption that the 
transmissionn function t\(X) has a zero implies that 0i(£) does not grow as eAl^ for 
££ —» oc. In the limit E —> 0, this is equivalent to assuming that the solution v\ of 
(4.34)) does not grow exponentially. Hence v\ is an eigenfunction of (4.34), and A must 
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bee asymptotic to an eigenvalue. This argument cannot be applied when / becomes 
tooo large. However, if the u-component of <pi does not remain asymptotically small, 
itt will grow exponentially in this case, which implies that t\ cannot be 0 (see Section 
4.3.4). . 

4.3.33 The NLEP approach 

Thee NLEP approach has been developed to determine the zeros of the slow trans-
missionn function £2- Here we will sketch this method by assuming that |/| <C 1, 
i.e.. \l\ <C 1/e2 (4.22). Furthermore, we assume that /i = 0(1). In section 4.3.4, we 
wil ll  consider the case / € E and fi^> 1. 

Wee introduce 7 e (0, 2] and assume that |/| <C l / e2 - 7. It is clear from (4.23) that 
«(£)) remains constant (at leading order) on intervals of length < 0(1/e^), where 
ÏÏ  — \ min{l ,7} . Therefore, we introduce the interval 

J77 = [ - l / ^ , l / £ ^ ] , 7 = ^ m i n { l , 7 } . (4-35) 

Byy (4.27), we know that outside Ln the behaviour of the solutions of (4.25) is domi-
natedd by the constant coefficients matrix AXJ(X, I) (4.26). Thus we know by Lemma 
4.100 that there are 0(1) constants C_,C+ > 0 such that 

Heree ts(XJ,e) is a third meromorphic transmission function that determines the 

componentt of 02 that is associated to the A3 eigenvalue of A^. The u-components 

off  E2,3 = 1 (4.28); thus it follows that 

tt22(\A,£)(\A,£) + t3(\,i,£) = l+0(e* f) for £ G / 7 (4.37) 

(seee [15], [14] for all details). We can obtain a second relation between t2 and £3 
byy imposing a matching condition that couples the slow evolution, i.e. the (almost) 
linearr flow dominated by A^, to the fast field. This idea was first developed outside 
thee context of the Evans function in [13]. 

Sincee u = 1, at leading order in /7 we observe that the t'-equation decouples from 
thee full system (4.23). For £ G J7, we can furthermore approximate UQ by Uh = [7™ax 

andd Vo(£) by vh(£) (Lemma 4.11). Thus we obtain, at leading order, 

(C(Cff(^e(^e22i)-\)vi)-\)v = v  ̂ + [d2Ua
h*(vh(i))^-l-(l + \ + en2)]v (4.38) 

-o^C^MOr32-- £€/. 

Notee that we could have neglected the e l2v term; it does not have any leading 
orderr influence. However, we prefer to keep the presence of I explicit. The inhomo-
geneouss problem (4.38) is of Sturm-Liouville type and thus has a unique bounded 
solutionn t>in(£; A) for A £ Có(£

4l2) = Cö(0)+ h.o.t. (4.30) and A / A}(e4f2) = A}(0)+ 
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h.o.t.. (Lemma 4.11); see also [14]. By construction, we know that i'j n(0 is the leading 
orderr approximation of t'2(0> the i'-component of 02(O = iu2{€)-.P2{£), V2{0•> *?2(0)-
Thee evolution of «2(0 is thus at leading order governed by 

««« = -e2[alU^'l(vh(0)^ +3iua
k
1(vh(0fl-1vin(0] (4-39) 

(4.23).. From this we obtain a leading order approximation of the total change in the 
«-componentt of 02(£) through 77: 

Afasiee = -e2 fX [ a n C " 1 ^ ) ) " 1 + / 3 i « ï1 M O ) / 3 l - 1 M O ] d e, (4-40) 

wheree we have replaced the integration over 77 by an integration over M. since this 
doess not have a leading order effect. This expression should match the leading order 
sloww 'jump' in ug over 77, as is described by (4.36): 

A s l o w^^ = uz{l/eï) - Hi-l/eï) = [A2t2(A, I) + A3t3(A, /)] - A2. (4.41) 

Thuss we can solve £2(A, I) by combining (4.37) with the matching condition Afastu^ = 
AgiowW^: : 

11 f°° 
t2(A,00 = 1 . / [ a i u j 1 - 1^ 1 + / 3 i < 1 ^ 1 " 1 ^ ] ^ - (4-42) 

Thee first order corrections to (4.42) are ö(s^) (4.35). Note that t2{X;l) depends 
almostt trivially on I. 'Slow' eigenvalues to (4.25) are now determined by solving 
^(A,, I) = 0. The nonlocal eigenvalue problem, i.e. the combination of (4.38) and 
thee equation t2(A,/) = 0 (4.42), gets its name from the nonlocal term in (4.42); see 
Remarkk 4.14. 

Wee can use the explicit information on Uh and Vh{£) (Theorem 4.5 and Lemma 
4.11)) to obtain a somewhat less involved expression for ^(A,/). We first note that 
thee reduced fast limi t problem (4.34) is equivalent to 

(£/(£;; /) - X)w = W& + [fciMO)02'1 -(l + X + l2)]w = 0. (4.43) 

Usingg hypergeometric functions, it is possible to determine the eigenvalues and eigen-
functionss of this equation explicitly. 

Lemmaa 4.12 Let J = J {fa) e N be such that J < (02 + l)/(/?2 - 1) < J + 1. The 
eigenvalueeigenvalue problem (4.43) has J + 1 eigenvalues given by 

AJj(/)) = \[(02 + 1) - 3(02 - I)] 2 - 1 - I2 for j = 0 , 1 , . . ., J (4.44) 

unc-unc-soso that - 1 - I2 < Xj{l) < \j-\l) < •-- < A}(/) = -I2 < X°f(l). The eigenf 

tionstions «'ƒ(£) can be expressed explicitly in terms of IJL%(£) and Wh(€); wJ,(£) is even 
respectively,respectively, odd, as function of £ for j even, respectively, odd. 

file:///j-/l
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Seee Remark 4.20 for the main ideas behind the proof of this result. Note that 
thee eigenvalues Xi(/) are at leading order given by X3J0) for \l\ <§: \Je2 (4.22). Using 
(4.3).. we can rewrite (4.42) as 

* 2(A,/)) = 1 ^ aall ~ 77777,—7TT / ™in«£ °i 
J^ü~*J^ü~*  L "'(0,MJ-

(4.45) ) 

wheree W{3\,d2) is defined in (4.5) and w-m{^) — wlTi(^; X) is the unique bounded 
solutionn of 

(£/(£:e2l)) - X)w = wK + [ / ^ ( O V 3 " 1 - (1 + A + eAP)]w = (w^))02. (4.46) 

Wee know by Lemma 4.11 that the zeros of £i(A) are at leading order given by (4.44). 
However,, we now see by (4.45) that we should expect £2(A) to have a pole (of order 
one)) near these same eigenvalues (since £/(£) - A will , in general, not be invertible 
att an eigenvalue). The Evans function T>(X) is analytic in C5 [1], which implies that 
aa pole of t2{X) must coincide with a zero of £i(A). Thus the eigenvalues of the fast 
reducedd limi t problem (4.34)/(4.43) do not automatically appear as eigenvalues of 
thee full problem (4.25)! Nevertheless, some of the zeros of £i(A) persist as zeros of 
V{\)V{\) (and are thus eigenvalues of/(4.25)). The slow transmission function ^(A) does 
nott have a pole near Xi(l), i.e. the solution w-m(£) of (4.46) exists, if the following 
solvabilityy condition is satisfied: 

(w/ l(O)/3a«4(CKK = 0-

Sincee Wh{Q is even as a function of £ (Lemma 4.12), we conclude by that V{\) must 
havee a zero near Xi(l) for j odd. We can now give a full characterisation of the 
eigenvaluess of (4.25). 

Lemmaa 4.13 Let X e C6 be a zero ofV(X). Then either t2{X) = 0 or X -*  Xj
f (4.44) 

withwith j odd as £ —> 0. 

Sincee the most unstable eigenvalue of (4.43), X°r(l), is cancelled by a pole of t2, 
wee may conclude that the stability of the homoclinic stripe pattern is determined by 
thee zeros of the slow transmission function £2(A, /). 

Remarkk 4.14 The combination of (4.38) with t2(XJ) — 0 (4.42) can, at leading 
order,, be written in an equivalent but more standard and compact way: 

VKVK + [02U?V%'-1-(l + \)]v = 

aa22j3\u j3\u " 2 - 1 , , # 22 /-CO 
hh " / tC f?"1^ , 
dt-2\/ndt-2\/n + X + i2 J-x aa11JJ0C0C

ococu^-\^d^-2^u^-\^d^-2^  + X + l2 

wheree v must decay exponentially as £ —> c (note that v(£) = v-m(Q up to a mul-
tiplicationn factor). The NLEP equation was originally introduced in a form similar 
too this in [13]. 
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4.3.44 |/| > 1 and ji » 1 

Itt follows from the explicit expression (4.45) that ^(-M must have zeros near its 
poless for fi small enough. In that case, £2(A) is close to 1 on a contour K encircling 
thee pole so that the winding number of t-2 over K must be zero. Since £2 has a 
polee inside K (that gives a contribution of —1 to the winding number), it must also 
havee a zero inside K. Complex eigenvalues come in pairs, and so this argument 
alsoo implies that the eigenvalue is real. This result has been established in [14, 
Theoremm 5.1]. The essence of the proof is the derivation of sufficiently small (and 
uniform)) upper bounds on |£2 — lj and l ^ ^ l over the contour K. Due to the factor 
yfji/j{liyfji/j{li + X +12) in (4.45), that can be made as small as necessary by decreasing 
jj,;jj,; this is a straightforward procedure. (The integrals appearing in (4.45) can be 
estimatedd uniformly for A on a contour that is bounded away from the pole [14].) 
Sincee / does appear only in £2(^10 (at leading order) through this same factor, we 
cann immediately conclude by this winding number argument that <2(A,/) must have 
aa unique zero near X3Al) with j even for \l\ 3> 1. 

Wee have developed the NLEP procedure under the assumption that jl | <C 1/e2-7 

forr some 7 <E (0,2]. It follows from (4.45) and the above argument that all possible 
zeross of £2 (A) must be asymptotically close to a pole of £2(X) for 1 <C |/| «C 1/e2-7. 
Byy Lemma 4.13, this implies that all zeros of T>(X) are asymptotically close to an 
eigenvaluee of the reduced limit problem (4.43). The NLEP procedure cannot be used 
forr larger I; however, it is clear from (4.23) that this statement must also be valid 
forr these I. As soon as |/| becomes ^> 1/e (i.e. 7 < 1), the n-equation decouples, at 
leadingg order, from the system (4.23): 

ii££ii££ — £4[tx + X + P]u + h.o.t. 

Thiss equation cannot have a nontrivial bounded solution. This either implies that 
uu must be asymptotically small at an eigenvalue of (4.23) when \l\ ;§> 1/e or, equiv-
alently,, that v must be asymptotically large. (Note that u has been scaled to be 
closee to 1 in the development of the NLEP approach.) Hence v must be a solution 
off  (4.34) at leading order (Lemma 4.11). 

Lemmaa 4.15 Assume that \i = 0(1) and that \l\ > 1, i.e. \l\ > e2 (4.22). All 
eigenvalueseigenvalues X{1) of (4.25) are real and asymptotically close to an eigenvalue X3Al) of 
thethe fast reduced limit problem (4.23)/(4.43). 

Thiss result also implies that (4.25) has only nontrivial eigenvalues for / = 0(1). 
Soo far we have not considered the case | i > l . The extension of the analysis to 0 < 

HH = fi/em <SC 1/e4, i.e. m E [0,4), is straightforward: we have seen in Section 4.2.1 
thatt (4.1) can be scaled to (4.11). The only difference between these two equations 
iss the magnitude of the factors in front of the Ut and the Üt. E

2 and ë2 x e4m/(4~m). 
Thiss introduces an extra factor £4m/(4-™) m ^e Evans function/NLEP analysis that 
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iss asymptotically small (for m > 0) so that (4.45) reduces to 

y/Jl y/Jl 
MA.0MA.0 = i ^-HOT/-*^^^^ 1" 1* * 

(4.47) ) 

'fi'fi + l2 

withh / the m > 0 equivalent of / (4.10), (4.22): 

ll = ë2l = e2-m/2l. (4.48) 

Thus,, for /i 3> 1, t2 depends only on A through w-m (4.46). To understand the 
evolutionn of the eigenvalues of (4.25) as [i is increased from O(l) to (9(l/e4), we need 
too formulate an equivalent of Lemma 4.15 for /i = 0(1/em) in terms of the original, 
unsealed,, wave number /. 

Lemmaa 4.16 Assume that /i = 0(1/em) with m 6 [0.4). All eigenvalues \(l) of 
(4.25)) are real and asymptotically close to a fast reduced eigenvalue X3Al) for \l\ Ŝ> 
ee22--mmll22;; \(l) = A(0) are at leading order for \l\ <C £2~m/2: i.e. for \l\ < e2~m/2. the 
eigenvalueseigenvalues of (4.25) are at leading order given by those that determine the stability 
ofof the one-dimensional pulse problem. 

Thee proof follows immediately from (4.10), (4.21), and (4.22). Note that 1 = I but 

thatt the analysis for m > 0 is done in terms of i so that I ̂  I (4.48): |/| <C £2 _ m/ 2 

correspondss to \l\ <§; 1, which simplifies (4.47) even further. As was the case for the 
geometricc singular perturbation approach to the existence problem in Section 4.2, 
wee cannot use the NLEP approach to study the stability of the stripes when m is 
increasedd to 4 (since ë becomes 0(1) for m = 4 (4.10)). This case will be considered 
inn Section 4.5. 

Lemmass 4.15 and 4.16, of course, have an immediate impact on the stability of 
thee homoclinic stripe pattern (Uo(x), Vo(x)). In [14], it has been shown that the one-
dimensionall  pulse pattern can be (spectrally) stable, i.e. that all eigenvalues X(l) can 
satisfyy Re(A(0)) < 0 (depending on the parameters c*i, a2, #i,/32, a nd [i] see Section 
4.4).. However, for |/| 3> £2~val2, there is a (real) eigenvalue of (4.25) near A^(/), and 
thiss eigenvalue can be positive (4.44). We define the critical value /RiStab of I by 

/R,stabb = ^ i ( /?2 + l ) 2 - l (4-49) 

soo that A*r(/) < 0 for \l\ > /R.stat>- Lemma 4.16 can be applied to  near /R;Stab if 
g.2-171/22 ^ i (4,49), i.e. if 2 - m/2 > 1. Thus we recover the same critical boundary 
mm < 4 as in the existence analysis {Theorem 4.6)! Since X°f(l) becomes positive as |/| 
decreasess through /R.stab- we conclude the following theorem. 

Theoremm 4.17 The homoclinic stripe pattern (U(x,y.t),V(x,y.t)) = (Uo(x),Vo(x)) 
isis unstable as a solution of (4.1) for (x. y) G R2. for 0 < fi <C 1/c4. 
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Thiss result does not exclude the possibility of asymptotically stable homoclinic 
stripee patterns on R2, as we shall see in Section 4.5. By Theorem 4.6 we know 
thatt (Uo(x), VQ(X)) exist up to fi — /2Spiit/£4- and the theorem does not include case 
mm = 4. Moreover, this result does not give any insight into the transition from 
thee (possibly stable and complex) eigenvalues in the one-dimensional case (/ — 0) 
too the unstable real eigenvalues at |/| 3> z2~m^2. This will be discussed in detail 
inn section 4.4. For 0 < m < 4. it follows from Lemma 4.16 that the transition 
occurss at \l\ — ö(s2~m^2), and we expect two symmetrical bands of unstable wave 
numbers—thee one with I > 0 being bounded from below by an ö ( e2 - m/ 2 ) expression 
andd from above by /R,stab = C(l)- As rn | 4, the width of the unstable bands 
decreases,, and all boundaries become O (I). This implies that the bands of unstable 
wavee numbers might disappear as ji becomes 0(1/s4), i.e. that the homoclinic stripe 
patternn might become stable. See also Remark 4.25 for an explicit, quantitative, but 
formall  refinement of this argument. Note, however, that the stripe patterns can only 
bee stabilised when the band of unstable wave numbers disappears before ji reaches 
/igpiitt = 0(1/eA), the upper boundary on the existence domain of the homoclinic 
stripess (Theorem 4.6). Since m = 4 corresponds to ë ~ 1 (4.10), we cannot study 
thiss case by the asymptotic NLEP analysis. In section 4.5, we will consider the 
stabilityy of the homoclinic stripe patterns for fi up to /.isp\\t by numerical simulations. 

Remarkk 4.18 The instability associated to /R,stab is of so-called varicose type, since 
thee associated eigenfunction, w9(£), is even as a function of £ (Lemma 4.12); see [66], 
[36].. This is confirmed by the numerical simulations of Section 4.5: there, it is shown 
thatt ^R.stab marks the transition of a stripe pattern to a spot pattern. 

4.44 The eigenvalues as function of / 

InIn this section, we determine all eigenvalues A(/) of (4.25) explicitly as a function of 
// £ R. Lemma 4.15 provides all relevant information of X(l) for I 3> £2, i.e. I 3> 1, 
soo that we need only to consider / = 0(1) here. The case fi = ö(\J£m), m £ (0,4), 
cann be considered as a subcase of [i = 0(1) since (4.47) is equivalent to considering 
\i\i ;§> 1 and I §̂> 1 in (4.45), as we have seen above. 

4.4.11 Hypergeometr ic functions 

Thee NLEP equation, i.e. the system of £2(A.Z) = 0 (4.45) coupled to (4.46). can 
bee solved explicitly (with the aid of Mathematica) by transforming (4.46) into a 
hypergeometricc differential equation. As in [14], we first consider (4.43) and introduce 
PP — P(X, I), F — F(£: P). and the new independent variable z by 

P(\J)P(\J) = Vl + X + l2. u'(0 = F(Z)(wh(S)f, z = \(l- ^ H ) , (4.50) 
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wheree Wh{€) — ^h{^,-02) is the homoclinic solution defined by (4.6) that can be 
expressedd explicitly by 

Whiffy)Whiffy)  = ( 1P^ | (4.51) 

[8].. Note that P = P(A. 0) at leading order in the region where the zeros of £2(A) are 
nott prescribed by Lemma 4.15. The eigenvalue problem (4.43) can now be written 
ass a hypergeometric differential equation [57] for F as function of z: 

*(11 - z)F" + (1 - 2,) r + 2 ( ^ - ^ + l ) - 2 P ( P - l ) F = Q 

(4.52) ) 
(seee Remark 4.20). The inhomogeneous problem (4.46) can be transformed in pre-
ciselyy the same fashion. Following (4.50), we introduce G(z) by 

F(z;F(z; P, 02) = [ vy } G{z; P, 82) (4-53) 
(P22 - I r 

soo that (4.38) can be written as an inhomogeneous hypergeometric differential equa-
tion: : 

z(l-z)G"z(l-z)G" + {l-2z)(32Jr2P_~lG' (4.54) 

++ 2(A -P)(/yy ( f -1)G = [ ^ ( i _z ) ]^ 
Thiss equation can be solved explicitly in terms of the independent hypergeometric 
functionss that are solutions of the associated homogeneous problem (4.52); G(z; P) 
iss determined uniquely by the condition that u'in(£) is bounded for £ -^ ; see [14] 
forr the details. We introduce 

K(P-fo-lh)=BK(P-fo-lh)=BUUkwkw)) f G{z-PQ2)[z{l-z)]^7^dz. 

withh B{(3,,02) = 2
{l\-llx) J [z{l-z)YA^-dz, 

wheree the integral in B{3\,(32) comes from the term W{Qi,(32) (4.5) so that the 
equationn for t2(X) (4.45) can be written as 

tt22(XJ)(XJ) = 1 - [ai -a2K(P;hj32)} ** (4.56) 
VV  fi + A + /2 

withh P = P{X,l) (4.50). Thus we conclude that the equation t2(\, /) — 0 can be 
solvedd explicitly by (4.56) (with the use of Mathematica). In general, its solutions. 
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i.e.. the eigenvalues of (4.25), will be complex. The real eigenvalues can be found 
throughh the graph of /xreai(A) , where ^reai solves £2 (A) = 0: 

AA + /2 

/i real(A,/)) = ~, Ö , (4-57) 
[[aiai-a-a22K{P{X,l);i3u02J\-l' K{P{X,l);i3u02J\-l' 

withh the extra condition 
QII  -a2TZ(P; /3i, p\) > 0. (4.58) 

Inn Section 4.4.3, we will use (4.57) to derive some general (in)stability results. It 
iss clear that understanding TZ(P', P\,p\) i s crucial to the analysis of/i rea](A,0- The 
followingg (technical) lemma extends the results on 7Z(P; Pi, P2) m [14]. 

Lemmaa 4.19 (i) 1Z(P: Pi, P2) and its derivative can be determined explicitly at P = 

-- (4-59) 
wherewhere P = 1 corresponds to A = Aj-(= 0, a£ leading order, for \l\ <C 1 (4.50),). 

(ii )) TTie leading order behaviour of 1Z(P; Pi,P2) is, for P > 1, given fry 

* ™ . « - - 4 ! ?^^  + 0(£)- (4'60) 
Thesee results give only leading order approximations. It is possible to determine 

higherr corrections (as can be seen from the proof below). Moreover, the equivalents 
off  (i) can be obtained for all (eigen)values of P that correspond to a Xi with j odd. 
Proof-- The key to the derivation of (4.59) is the observation that (4.54) or, equiva-
lently,, (4.46), has a simple solution, i.e. not in terms of hypergeometric functions, at 
PP = 1, or A = A ƒ = 0 at leading order; see also [14]. The solution to (4.46) at A = 0 
iss given by 

«U£0)) = -^—wh(0+Cwh(0, (4-61) 
pp22 — 1 

wheree C € R is a free constant. (The solution to (4.46) cannot be unique since Aj-
iss an eigenvalue; ibh{0 is the eigenfunction wj($,) associated to Aj-; recall that Wh(£) 
hass been defined in (4.6).) The function 7l(P; P\,p2) can, of course, also be expressed 
inn terms of win(^) instead of G(z) (4.55): 

W;ft,& )) = ^TTTTTM r «'inteAXt^))^-1^ (4-62) 
W{Pi,P2)W{Pi,P2) J-oc 

(seee (4.5)). Substituting (4.61) into (4.62) yields the first part of (4.59). Note that 
thee C drops out of the equation since Wh(£) is odd as a function of £. The second 
identityy in (4.59) can be obtained in a similar fashion. 

Thee leading order behaviour of K(P; Pi,P2) for P2 = 1 + A + Ï2 » 1 (4.50) can 
againn be obtained from (4.46) and (4.62). We decompose w in(£;P2) into 
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andd substitute this into (4.46). It follows that u'i(£)= -{u'h{£))32 and that wr(£: P) = 
Ö{1)Ö{1) with respect to the small parameter 1/P2. Together with the explicit expression 
(4.51).. the expansion of wm can now be used to evaluate the leading order behaviour 
off  KiP-^Lih) by (4.62). D 

Remarkk 4.20 An eigenfunction of (4.43) is a solution that decays for £ —• c 
andd therefore corresponds by (4.50) to a solution F(z) of (4.52) that is regular at 
bothh 2 — 0 and z — 1. Lemma 4.12 can now be proved using the classical theory 
onn hypergeometric functions (see [57]). by which the local expansions of F(z) near 
zz = 0 and z = 1 can be studied (see [14] for all details). 

4.4.22 The classical Gierer-Meinhardt equation 

Inn this subsection, we consider the special case Q-I = 0. a2 = - l . ^ i = 2. 32 — 2 in 
fulll detail. However, some of our results extend immediately to the general case and 
willl thus be presented in the general setting. The classical parameter combination 
correspondss to the original (biological) values of the parameters in [31]. Since Q2 = 2. 
theree are three eigenvalues to the fast reduced equation (4.43): X°Al) = | — I2, 
A}(/)) = 0 - /2, and \){l) = ~\-l2 (Lemma 4.12). 

Wee first consider the stability of the one-dirnensional pulse pattern (that was 
alreadyy established in [14]); i.e. we search for eigenvalues Xj((i, I) of (4.25) with I = 0. 
Forr fj, small enough, there are three eigenvalues: A°(/i, 0), X1(fi,0), and A2(//,0). Two 
off them already occurred in the general analysis of section 4.3. There is a solution 
A°(/A,0)) of £2(A,0) = 0 close to the pole § (see Section 3.4 or Theorem 5.1 in [14]); 
A2(/x,, 0) = 0 is the trivial solution of t\ (A, 0) = 0, i.e. the eigenvalue that corresponds 
too the translation symmetry in (4.1). Note that there is no eigenvalue (yet) near the 
polee of t2(A, 0) at — | since this pole is embedded in the essential spectrum o"ess(0) for 
f.if.i > 0 small enough (4.29): this eigenvalue will appear from the essential spectrum as 
ann edge bifurcation when ji increases (see also Remark 4.26). However, for 0 < ^ <C 1, 
theree is a second zero of t\ (A, 0) close to A = 0 that can be determined explicitly by 
usingg (4.59) to solve t2{\,0) = 0 (4.56) for A = C(//): A](^.0) = 3/J + C(//2). 

Off course, this is not special for the classical case: all three eigenvalues XJ((J.. 0) 
alsoo exist for the general homogeneous case [14], and A^ .O ) can be determined 
explicitlyy for all parameters that satisfy (4.2): 

r j22 _i_ o / 3 i \ r ) 

XXll(p.0)(p.0) = 3 1X2 V + 0{fi2) for 0 < / i < l . (4.63) 
W22 - 1) 

withh D as in (4.4) see also the proof of Theorem 4.28. 
Wee use Mathematica to compute 1Z(P: 8\. 32). ^(A.O), and /ireai(A.0) so that we 

cann follow A°(/x. 0). A^/x.O). and A2(/i.0) as /i is increased. Condition (4.58) is met 
forr all A between the poles Xj = | and A2 = — | ; therefore. fiTe&i(X,0) is defined 
onn this interval. However. //rf;ai(A.0) is only positive on the interval (0. A^). and 
A*reai(0,0)) = //reai(f, 0) = 0 (see (4.57): recall that K(P) has a pole at A = f). Thus 
wee recover for /i small enough the eigenvalues A°(^.0) and AT(/i.0). The graph of 
Mreai(A,0)) has a maximum value of //complex — Â compiexfO) = 0.053.... and at this 
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Figuree 4.3: The curves (a) /xreai(P,0) and (b) K{P\Px,(32) for the classical Gierer-
Meinhardtt equation. 

valuee the two real eigenvalues A°(0) and Ax(0) merge and become a pair of complex 
conjugatedd eigenvalues; see Figure 4.3(a). If fj, is increased further, the real part 
off  the two complex eigenvalues decreases and eventually becomes negative. Thus 
thee homoclinic pulse is stabilised by a Hopf bifurcation at // — /iHopf = MHoPf(0) = 
0 .36. . ... Al l eigenvalues remain in the stable half plane for all /iHoPf(0) < fi <C 
1/e1/e44.. The upper bound on /v, reflects the fact that we cannot analyse the case /i = 
ö ( l / c 4 )) by the NLEP method (see Section 4.3.4). In section 4.5, we wil l see that 
thee pulses are (numerically) stable up to fispiit = 0(l/e4). The following result is a 
(straightforward)) extension to /i. 3> 1 of Theorem 5.11 in [14]. 

T h e o r emm 4.21 (see [14]) Let ax = 0 , Q2 = - l , / ?i = 2,/32 = 2 and 0 < /x < 
1/e4.. The pulse solution (Uo(x), VQ(x)) is (spectrally) stable as a solution of the one-
dimensionaldimensional Gierer-Meinhardt equation, i.e. (4.1). in which there is no y-dependence, 
forfor u > //Hopf = MHopf (0) = 0.36 • • • + 0 ( c ) and unstable for u < //Hopf • 

Ass was already noted. A°(/i. 0). A1 {pi. 0). and X2(jt. 0) are not the only eigenvalues: 
att points where a.\ - a27l{P; ih • ,62) = 1Z(P: 2. 2) = 0. so that the graph of /ircai(A. I) 
iss tangent to the edge of the essential spectrum (4.29). there is an edge bifurcation 
att which a fourth eigenvalue X3(fi. 0) G K 'pops' out of the essential spectrum. This 
occurss at fi = / / e d g e = Medge(O) = 0.77-•• + 0 ( e ) = -A' 3 ( / / e d g e (0) , 0). Note that 
A3(/i.0)) appears just below the second pole A^ = —|. The eigenvalue A3(//.0) exists 
forr all //edge(0) < /i -C 1/e4; it moves slowly toward A = — 1 as n increases. Since 
A3(/i.0)) remains real and negative for all /;. it plays no role in the stability analysis 
(seee also Remark 4.26). 

Thee function // r eai(A./) and the bifurcation values /iHopf- ^complex- a n d AWge a r e 

functionss of /. Therefore, the bifurcations will vary with / and may even disappear. 
Moreover,, when / ^ 0. it is possible that the eigenvalue A = 0 is no longer isolated: 
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onee of the real eigenvalues can move through 0. The influence of / on //reai(A , /) is 
eminentt from (4.57). It is possible to express //reai(A,/ ) in terms of //reai(A,0) by 
usingg the fact that all quantities involved are real: 

^real(A.ÓÓ - ^eal(A.O) ( 1 + - J . (4.64) 

Notee that this identity holds for any (allowed) combination of O I . Q2 . 3\. 32: it is 
nott special for the classical case. For positive A, the multiplication shifts //reai(A,/ ) 
upwardd with respect to ^reai(A,0). Furthermore, the multiplication has a stronger 
effectt for lower A, which results in a shift of the maximum of the graph of //reai(A , /) 
towardd lower A: the value of //COmpiex(Ó will increase with increasing /, whereas 
thee corresponding eigenvalue will decrease. Between A ƒ and A}  = 0, //reai(A,0) is 
definedd (condition (4.58)) but negative (4.57); see Figure 4.3(a) and (b). (Note that 
(4.58)) reduces to 7£(P;2,2) > 0.) Since the multiplication factor is negative when 
—I—I22 < A < 0, //real(A,/) is positive for these A. Therefore, there can be negative 
reall  eigenvalues for I ^ 0; see Figure 4.4. The function //reaj(A,Z) is always zero 
att A = X2f{l): thus, by the pole in 1l(P), the limit // —• 0 of A1 (//,£) is given by 
m a x ( - r ,, —A^(/)) (recall that A1(//,0) is the positive real eigenvalue near 0 for // 
smalll enough). Thus, A1 (//,/) < 0 for // small enough, and it increases with //. It 
crossess through zero at some critical value of //, called //double(0; s e e Figure 4.4. Note 
thatt for / = ö{\) there are two eigenvalues at zero (at leading order) for this value 
off //: \l(ix,l) and A2(//,l) (Lemmas 4.12 and 4.13). The value of //double(0 can by 
constructionn be found by evaluating /zreai(A, I) (4.56) at A = 0, i.e. P = 1, at leading 
orderr (4.50). Since this argument is neither special for the classical Gierer-Meinhardt 
casee nor for // = (9(1), we use (4.58) and (4.4) and formulate the outcome in its most 
generall setting. 

Corollar yy 4.22 Assume that // - ft/e™ = ö{\/em) with 0 < m < 4 and that 
\l\\l\ -C 1. Then, for any given I, there is a uniquely determined //doubie(0? with 

doublee (0 = D2 + l{02_l)D -1«^< double = D2 + ^ _ 1 ) 7 / <4"65) 

(4.48),, at leading order, such that eigenvalue problem (4.25) has a double eigenvalue 
atat X — 0. Equivalently, for any //, there is a uniquely determined value Ih.st&b > 0 of 
I,I, with 

'L.stabb = £ 3 : v7* < ^ 'L,stab = ~ £ : V//, (4.66) 
0101 — 1 P2 — 1 

atat leading order, such that the nonlocal eigenvalue problem £2(A; /) = 0 has a solution 
atat X = 0. 

Thus,, although the eigenvalue problem (4.25) can have many eigenvalues (Lem
mass 4.12 and 4.13), there is only one value of // for which an eigenvalue can cross 
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Figuree 4.4: The function /ireai(A./ ) for various choices of I > 0: I = |, I = \\f7i-
11 = 1^3, i = 1. 

throughh A = 0 (for a given \l\ <C 1). Note that in the classical case with \i = 0(1), 
(4.65)) and (4.66) reduce, at leading order, to 

I'I'22 I2 „ 
Mdouble(00 = WZl = ^ a n t l 'l.-stab = £2 V^i1 o r ^L.stab = \/3/ï- (4:.67) 

Inn Figure 4.5. we have used the expression for t2(\,l,fj.) in terms of hypergeomet-
ricc functions to plot the 'orbits' of the eigenvalues Aü(^./) and A1 (//./) as func-
tionn of //. for several values of /. There is a critical value of / at which the Hopf 
bifurcationn disappears in the sense that both eigenvalues A0,1(/i , I) become (or re-
main)) real and negative before they merge. At this bifurcation value of /. / = 
/triple-- McomPiex(0> a n cl AMoubie(0 merge so that, by definition, ^complex(triple) = 
Mdouble(triple)) = MHopf(triple) = /"triplei see Figures 4.4(b). 4.5(c). and 4.6. This 
valuee of / can determined explicitly by taking the derivative of /ireai(A,/ ) with re-
spectt to A. This expression must be equal to 0 at A = 0 and / = triple- It follows 
fromm Lemma 4.19 that /triPic = 2 and //tripi c = I (at leading order) in the 
classicall  Gierer-Meinhardt case (see Remark 4.24 for the general case). 

Forr the stability analysis, it is more natural to fix  \i and to determine the be-

haviourr of the eigenvalues AJ(/i, /) as function of / or /. /. The following result follows 
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Figuree 4.5: The orbits through the complex plane of the eigenvalues A°(/;./) and 
\\ll{p.l){p.l) as function of /;. for several values of I: I = 0, I = A. / = ^V^- / = \s/S-
Notee that A°(0./) = | and A1 (//./) = 0 at leading order for these (0(1)) values of Ï. 

directlyy from the above analysis and gives a precise description of the unstable eigen-
valuess of (4.25) in the classical Gierer-Meinhardt case. 

Theoremm 4.23 Let cti = 0. a2 = - 1 , Pi = 2, 02 = 2 and 0 < fj, < l/ei. There is one 
uniqueunique unstable eigenvalue A°(/i,/) > 0 for any I G (^L.stab^R.stab) = (-2v/3M- \/5/4) 
aii  leading order. There are no unstable eigenvalues for 1 > /rt.stab- Except for 
thethe symmetrical eigenvalues with / < 0. these are the only unstable eigenvalues for 
/// > /iHopf(O) = 0(1)- For /Jtripic = 1/6 < /' < MHopf(O), there is an additional 
intervalinterval (0, Zc,stab(A4)) C (0,/L,stab) m which (4.25) /m.s a pair of complex conjugate 
unstableunstable eigenvalues: for 0 < // < //triple- tóere are always two unstable eigenvalues 
inin the interval (0./L.stab)- both of which are real when 0 < // < /'Compiex(0). 

Notee that only the eigenvalues A°(//. /) and A1 (//. /) are important for the stability 
off  the homoclinic stripe pattern. We know that there can be a fourth eigenvalue, 
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A 3( / J,, / ), for (i large enough, but this eigenvalue always remains negative: see Remark 
4.266 (recall that A2(^, /) = -I2 at leading order). In Figure 4.7. the graphs of XJ(fx, / ). 
j'j' — 0 , 1, are plotted for several values of n. 

R e m a rkk 4 .24 The critical values /triple and t r ip l e are defined by jicomp\GX (/"triple) = 

/^doublee (/triple) =/^Hopf (/triple) =Aitriple- ShlCe 

dd n hl ([<*i ~ ^ ( l ) ] 2 - 1) + 2(A + P) [a, - a2n{\)\ q2 f t ' ( l ) g g |A = 0 

^ r ^ rea l (A , ^ |A = 00 = ,„  —» ^ 
oXoX {[ai - a2/l(l)\

2 - l ) 2 

(att leading order), it follows by (4.59) and (4.4) that 

pp [cn-a2K(l:0l,32)}
2-l 

t r i p l ee a2K'(l;0u02)(ai - 0 2 ^ ( 1 : ^ 1 . ^ )) 

D(0D(022-l)(D-l)(D + 2(02-l)) 

\<*2\{20i\<*2\{20i - {lh - 1))(D + (fa - 1)) 

att leading order (recall that a2 < 0 (4.2)). Note that /"triple does not exist for 
WiWi - (02 - 1) < 0; see also Section 4.4.3 and Theorem 4.28. Finally, we see from 
(4.65)) that 

uu = (02 ~ I ) 3 

Mtnp lee M(20l-(02-l))(D + (02-l)Y 

Notee that we have considered only the case fi = 0(1), the case JJL = 0(1/em) follows 
immediately. . 

R e m a rkk 4.25 As JJL becomes 0(1 / e4 ) , the derivations of the expression for /L.stab 
(4.66)) and /R,stab (4.49), both of which have become 0 (1 ), can no longer be valid. 
Thiss is of course so, since the asymptotically small parameter ë has become 0 (1) 
(4.10),, but if we proceed formally and assume that all results of the preceding sections 
cann be extrapolated to this case, we see two other reasons why these derivations break 
down.. The former is no longer valid since A = 0 no longer corresponds to P — 1 at 
leadingg order for / = 0 (1) (4.50), and the latter is no longer valid since its derivation 
iss based on the fact that all eigenvalues of (4.25) are close to the eigenvalues of the 
fastt reduced system for / large enough, but / = 0 (1) is no longer large enough if 
mm = 4 (see Lemma 4.16). For a given value of /i , both /L,stab(/-0 and /R,stab(/-0 are 
definedd as these values of / for which there is an eigenvalue A = 0. Thus, if we 
againn assume formally that the expression (4.57) for //reai(A , /") can be extrapolated 
too /i = 0(1/E4), we see that both /stab's must solve the equation 

[a[all-a-a22n(P(QA):3n(P(QA):3ll.3.322)f)f -1 
AXX = A*real(0,/) = _ , _ „  „  n n 2 - (4.68) 

(recalll  (4.22)). This expression has exactly the same form as /i reai(A , 0) (4.57) after 
thee interchange A «-» /2! Thus / i r e a l(0. /) is in essence given by Figure 4.3(a). For \i 
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Figuree 4.6: The graphs of the bifurcation values fJ,doub\e(l), Mcompiex(0> a r l^ MHoPf(0 
ass functions of I2. Note that (7t

2
riplc. ^triple) = (2' ë)-
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Figuree 4.7: The (real parts of) the two critical eigenvalues A°(/z,Z) and A^/x./) as 
functionn of I for /" e (0.O(l/c2)) or. equivalently. I e (0,O(l)): [i = Mtripie = \ < 
MHoPf(0).. n = MHopf(O), fj, = 0.5 > /LtHopf(O), and // = 25 > WHopf(O). 
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smalll  enough, we can indeed formally determine two zeros, /L,stab(/-0 and /R.stab(p)-
However,, there is a maximum, explicitly given by /J, = /iCompiex(0)/£'4. at which these 
zeross come together. For higher values of /i > /iCompiex(0)/£4. there are no solutions 
soo that there is no interval in which (4.25) has unstable eigenvalues (Theorem 4.23): 
thee homoclinic stripe pattern must be stable. Of course, this is a completely formal 
argument;; however, we shall see in the numerical simulations of Section 4.5 that this 
analysiss is qualitatively, although not quantitatively, correct. 

Remarkk 4.26 Just as in the I = 0 case, there can be edge bifurcations for / ^ 
0.. We first consider the case when ji — 0(1). Edge bifurcations occur as ai — 
a2R.(P\a2R.(P\ Qx-fii) — 0. For these critical values, the graph of //reai(A, /) is tangent to the 
edgee of the essential spectrum (4.29) —see Figure 4.3(a) for the case when /" = 0. It 
followss from (4.29) that ^edge(0 = -Aedge - ^'- with —1 < A3(/zedge(/),/) = Aedgc < 
A^^ = —3/4, which implies that the edge bifurcation value /iedge(0 decreases with 
increasingg I. For 1 > I > ^/—Aedge, ^edge(Ó is negative so that eigenvalue \3(fi,l) is 
presentt for all fi > 0. However, when I > 1, the multiplication-factor in front of the 
Aureal(A,, 0) in (4.64) is negative for all A 6 ( — 1,0) so that /i real(A,/) must be negative 
forr all allowed (4.58) with - 1 < A < X2

f(l) = - 3 /4 at leading order; see Figure 4.4. 
Thus,, for these values of /, the edge eigenvalue X3(iiJ) has again disappeared back 
intoo the essential spectrum. A similar argument can be applied to the case when 
fifi = 0 ( l / em ) with m G (0, 4). It follows that the edge eigenvalues do not play a role 
inn the stability question. 

4.4.33 Stabil ity analysis for general cti, a2, Pi, fy 

Soo far, we have obtained a number of general results that seem to suggest that it is 
possiblee to obtain an equivalent of Theorem 4.23 for a large (and open) set Vciassicai 
off  parameter values (all a2, /?i, /32). For instance, there is the result of [14] on the 
existencee of two positive eigenvalues, A°(//,0) (near A^(0)) and Ax(^,0) (near A}(0)) , 
forr 0 < fi small enough and O I ,Q2 , / 31 , / 32 satisfying (4.2): see also Sections 4.3.4 and 
4.4.22 (4.63). Moreover, we note that, for / = 0, eigenvalues cannot cross through 
AA = 0, i.e. that A = 0 is always a simple eigenvalue (for I — 0) so that (in)stability 
cann only set in by a Hopf bifurcation. This observation was already made in [14], 
andd it follows from Lemma 4.19 (4.59) and (4.56) that 

t2(0.0)) = l - 0i 0i 
Qll  — Q 2 0 2 - 1 1 

byy (4.4). Hence X>(A. 0) always has a simple zero (associated to f i (A, 0)) at A = 0. The 
combinationn of these results with the transparent relation (4.64) between //rea!(A.0) 
andd /ireaJ(A, I) and the results of Corollary 4.22 and Remark 4.24 suggest that a gen-
eralisationn of the classical case considered in Theorem 4.23 must be feasible, i.e. that 
theree indeed is a large and open subset Vciassical of the (QI, Q2. 3\. 82) parameter 
spacee in which a result similar to Theorem 4.23 can be proved. 



78 8 Chapterr 4. Homoclinic stripe patterns 
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Figuree 4.8: (a) The orbits of the eigenvalues A°(//./) and X1(fi,l) through the upper 

halff  plane as function of// for ctj = 5/4. a2 = —3. ft = ft> = 2. and / = 0: (b) zooms 

inn near the Im-axis. Note that there are two (Hopf-) bifurcation values: //HoPf(0) 

andd /iHoPf.2(0) > MHopf(O). 

However,, we wil l not pursue such a general result here. Instead we wil l formu-
latee two results in which the behaviour of the eigenvalues (as functions of //) differs 
significantlyy from that in the classical case considered in the previous section. For 
simplicity,, we wil l mainly focus on the one-dimensional case; i.e. we consider homo-
geneouss perturbat ions with 1 = 1 = 0. 

Wee know that there must be two real unstable eigenvalues, A°(/v,.0) and X1(fi, 0), 
forr // small enough. We have seen in the previous section that A°'1(/^,0) can merge 
att a critical value /xcornpiCx(0) and become a pair of complex conjugated eigenvalues. 
However,, such a pair of complex conjugated eigenvalues does not necessarily remain 
complexx for all /./ > Mcomplex(O). In Figure 4.8 it is shown that, for QI = 5/4. «2 = —3, 
andd ft = ft = 2. the complex conjugate pair A 0 1( / / .0) crosses to the stable side of 
thee Im(A)-axis at a certain value //iioPi(0) so that the one-dimensional pulse becomes 
stable.. Nevertheless, the pair returns to the Re(A) > 0 half plane at a //Hopf.2(0) so 
thatt the pulse pattern again destabilises. This bifurcation is followed (for increasing 
/j)) by another bifurcation, at // = /^complex.2(0)1 at which the complex pair splits 
againn into a pair of (unstable) real eigenvalues. The (re)occurrence of unstable real 
eigenvaluess for // large enough is a general phenomenon. 

T h e o r emm 4.27 Let (r>i. 02- ft- ft) satisfy (4.2). and assume that a\ > 1. Then 
therethere is a critical 0(1) value /^destab(0; « i- «2- ft- -h) of [i so that, for all // > 
/'destab(O)) (and // <S 1/c4). the eigenvalue problem (4.25). with I = 0. has (at least) 
oneone unstable, real eigenvalue A°(/z,0); for /j » 1. A°(//.0) is given by 

A ° ( M , 0 )) = ( O ? - 1 ) A» + O ( 1 ). (4.69) 

Proof.. We know from (4.GO) that l i m A _ x TZ(P(X). ft. ft) = 0. Thus existence 
conditionn (4.58) wil l be satisfied for A or P large enough if Qi > 0. We see by (4.60) 

22 0 . 4 0 . 

( . A ; ; Re[A] ] 
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andd (4.57) that 

Mrea l (A ,0)) = - ^ r + ö ( l ) 
Oljj  — 1 

forr large A (recall (4.50)), which implies that there must be an unstable eigenvalue 
A°(/i,0),, given by (4.69). for QI > 1 and /i beyond a certain critical value /idestab(O). 
D D 

Notee that we have not necessarily proved the reoccurrence and thus the existence of 
aa pairoï unstable eigenvalues, as appears in the example of Figure 4.8. It is, a priori, 
alsoo possible that the A°(/i,0) of Theorem 4.27 'just' decreases toward A^(0) as /i 
decreasess to 0, without ever becoming complex. In this case, the unstable eigenvalue 
A°(/i,0),, which must exist close to X°A0) for \i small enough, always remains larger 
thenn A°(0). This implies that A°(/i.0) cannot merge with A^/z.O), as happened in 
thee classical case. It is shown in [14] that the homoclinic pulse pattern is unstable for 
anyy fi > 0 if A°(/i,0) > A°(0) for p. small enough. This implies in terms of Theorem 
4.277 that /idestab(0) = 0. 

Theoremm 4.27 also indicates that the two-dimensional homoclinic pulse patterns 
wil ll  be unstable for all 0 < fi < /iSp\it' it is unstable against homogeneous pertur-
bationss (i.e. perturbations with / = 0) for any fi large enough, and we know from 
Sectionn 4.3(especially Theorem 4.17) that stable stripe patterns can only be expected 
forr large (i. (However, Theorem 4.27 is of course only valid for p. <C 1/e4, i.e. not up 
tOO //split-) 

Thus,, with Theorem 4.27, we have shown that there is a large (unbounded, open) 
domainn Viarge

 m the (ot\,ot2,(5\,(h.) parameter space in which (4.25), with / = 0, 
alwayss has a large unstable real eigenvalue for (i large enough. Our next result shows 
thatt there is another (unbounded, open) subset VSinguiar of the parameter space in 
whichh there is always, i.e. for any // > 0, a real and unstable eigenvalue between 
A}(0 )) = 0 and Aj(0). 

Theoremm 4.28 Let (ai,a2, 8i, 32) satisfy (4.2), and assume that 32 > 2Q\ + 1-
Then,Then, for any a2 < 0. there is a critical value asi ngui ar > 1 -f a2/3i/(/32 - 1) of a\ 
suchsuch that, for all a.\ € (1 + Q2./3i/(/32 - 1). ̂ singular)- the eigenvalue problem (4.25). 
withwith 1 = 0, has (at least) one unstable, real eigenvalue A1(//,0) € (O.Ay.fO)) for all 
fj,fj, > 0 (and fj, <C \jeA). 

Proof.. As was the case for Theorem 4.27. the proof is again based on the asymptotic 
resultss of Lemma 4.19. We know that there alwrays exists an unstable eigenvalue 
\\ll{(i.0){(i.0) near 0 for /j, <§C 1. This eigenvalue is given by (4.63). a result that has been 
obtainedd by plugging (4.59) into (4.57). As an intermediate step in the derivation of 
(4.63),, we find that the denominator of /ireai(A , 0) is at A = 0 given by 

[axx - a2K(h 3u32f - 1 = -^—x Cg^ï + 2) > 0. 

Thiss denominator will decrease as A increases when 81Z/8P is negative at P — 1 
(sincee a2 < 0). This is the case when 32 > 23\ + 1 (4.59). Thus the denominator of 
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A*reall  ( -̂ 0) will decrease through 0 for A increasing from 0 if D > 0 is small enough and 
/i'22 > 2/3i + 1. Note that the condition on Q\ in the statement of the theorem causes 
DD to be small enough. A change in sign of the denominator implies that //reai(A,0) 
hass a singularity at a certain value Asj,iguiar of A that is in between 0 and A^O). As 
aa consequence, there must be an unstable eigenvalue A^ /J .O) G (0. Asjnguiar) for any 
/// > 0. G 

Underr the conditions of Theorem 4.28. one expects two singularities in / r̂eai(A,0) 
betweenn 0 and A'i(O) in the case that A°(//,0) < A^(0) for fi small enough. Thus, 
inn such a case, there will be two unstable real eigenvalues for all /i > 0. We will 
nott consider this in more detail here. As was the case for parameter combinations 
inn Viarge (Theorem 4.27). one does not expect stable homoclinic stripe patterns for 
(a ].. e>2. 3\. J2) £ Vsj,igUiar: i.e. we already know that it is impossible for 0 < // <C 1/c4 

(Theoremm 4.17). and Theorem 4.28 strongly suggests that the pattern is unstable with 
respectt to homogeneous (/ = 0) perturbations up to fi — //Spiit-

Wee have thus distinguished three regions in (ai, 0:2./̂ l*  ^J-space: VciasSjcai, in 
whichh the eigenvalues of (4.25) behave as in the classical case (Theorem 4.23). Vi arge. 
inn which there is always a large real unstable eigenvalue for // large enough (Theorem 
4.277 and Figure 4.8). and Vs;nguiai.. in which there is an unstable real eigenvalue be-
tweenn 0 and Aj(0) for any ^ > 0 (Theorem 4.28). These results give only indications 
off  the possible behaviour of the eigenvalues of (4.25); we do not consider other types 
off  behaviour in this chapter. 

4.55 Numerical simulations 

Inn this section, we confirm and extend the analysis of the previous sections by per-
formingg numerical simulations on the full PDE (4.1) for (.r, y) on a bounded domain 
withh homogeneous Neumann boundary conditions: (x,y) 6 (0,LX) x (0, Ly) C R2. 
Wee choose Lx ^> 1 large enough so that it has no leading order effect on the existence 
orr stability of the one-dirnensional homoclinic pulse pattern. We refer to [19]. [13], 
[11]]  for more details on the influence of Lx and the type of boundary conditions. We 
usee Ly as an additional bifurcation parameter. 

Duee to the homogeneous Neumann conditions at y = 0 and y = Ly. the wave 
numberr I of the perturbation can now attain only discrete values: 

ll = lm = T?l^ m = . (4.70) 

(recalll  (4.20). (4.21)). The analysis of section 4.3 immediately implies the following 
corollary. . 

Corollar yy 4.29 Let 0 < // <g; 1/c4. Assume that the homoclinic solution (UQ(X). 

Vo(.r))) is stable as a one-dimensional pattern (i.e. with respect to homogeneous, I = 0 
perturbations).perturbations). Then it is stable as a stripe pattern on the strip R x (0.Ly) for all 

TT8 TT8 

00 < Ly K = . 
V J ( ^^  + D 2 - I 
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Figuree 4.9: The critical width Ly of the domain R x (0. Ly) for the classical Gierer-
Meinhardtt equation with e2 = 0.1 for several values of /(. The horizontal dotted line 
representss the critical value of Ly given by Corollary 4.29 and (4.71). and the vertical 
dottedd lines stands for the stripe splitt ing bifurcation. The other curves are all based 
onn (formal) relation (4.68)—see text. 

Thus,, on strips that are narrow enough, the entire (I > 0)-band of unstable 
eigenvaluess that exist for I large enough (Lemma 4.16, Theorem 4.23) is between 
// = 0 and the first nonhomogeneous wave number / = 7re/Ly. This result provides 
uss with a simple method to check the analysis of the preceding sections numerically 
(Remarkk 4.30). 

Inn Figure 4.9. we fixed e2 = 0.1 (note that e is thus quite large) and considered 
thee classical Gierer -Meinhardt case (ai = 0 .o2 = — 1, /?i = fh = 2) for various 
choicess of //. We made a homoclinic stripe pattern by taking the one-dimensional 
stablee homoclinic pulse (UQ(X), V0(X)) as the initial condition on the two-dimensional 
domainn (0,LX) x (0,Ly) and extending it homogeneously in the y-direction. We took 
LLxx so large that the boundaries in the ^-direction are not relevant (at leading order) 
andd Ly initiall y very small (the maximum of the stripe is situated in the middle 
off  the domain, i.e. at x = Lx/2). Next we increased Ly up to the point at which 
thee homoclinic stripe became unstable. Corollary 4.29 predicts that the bifurcation 
shouldd take place at 

LLvv = 7 r \ / — « 0 . 8 8 8 . .. (4.71) 
'' V 1.25 

(att leading order in e « 0 .316. .. (!)). This critical value is confirmed by the sim-
ulationss for fj up to. say. 10 (taking into account the 0 (e) correction term). For 
fifi < 2. the prediction of Corollary 4.29 is extremely accurate. Figure 4.10 shows the 
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0.. 02 

Figuree 4.10: The critical width Ly of the domain K x (0. Ly) for the classical Gierer-
Meinhardtt equation for various values of fi and s2 = 0.1.0.07 and 0.05. Note that 
thee .r-axis is scaled by e4// and the (/-axis by Ly/e so that the simulations confirm 
thee obtained scaling relations. The curves are again based on relation (4.68). 

outcomee of similar experiments, now for 0.1.0.077 and 0.05: here the vertical 
axiss represents Ly/e so that by Corollary 4.29 the bifurcation should take place at 
7T/V1.255 « 2 .80. . .; the horizontal axis is measured in £4/x. Al l observed bifurcation 
valuess are very close to a (dotted) line, which confirms the scaling properties of the 
Gierer-Meinhardtt equation established in this chapter. Again, the critical value of 
Ly/eLy/e is recovered with remarkably high accuracy. 

Thee curves in Figure 4.9 are based on the formal relation (4.68) between /j, and 
// obtained in Remark 4.25: the same curves, but now in the form of e4/x as function 
off  Ly/e, arc plotted in Figure 4.10. The bifurcation values are all very close to a 
stretchedd version of curve (4.68). i.e. one of the dotted curves (thus the dotted curves 
aree obtained from (4.68) by multiplication of fi with a well-chosen (and numerically 
determined)) factor). Hence, although the relation (4.68) is obtained by a formal 
extrapolationn of the asymptotic results into the regime fi = ö{\/e4). it seems to 
givee a reasonably accurate qualitative description of the behaviour of the critical 
valuee of Ly as a function of \i for /j = 0 ( l / c4 ) However, it should be noted that the 
quanti tat ivee error is certainly not small for n/e4 not small. Beyond 

/ '' = Mstripe = /'stripc(ckl = 0. Q2 = - l , / 3 ] = 02 = 2) 
0.12 2 

- 44 ' 

thee stripe pattern appeared to be stable on (0,LX) x (0. L y ) for any Ly (and any 
LLxx).). Thus we conclude by the numerical simulations that, for //. > /-tstripe. stable 
homoclinicc stripe pat terns exist for (x.y) e M2. However, the simulations also show 
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Figuree 4.11: The self-replication of stripes process. The grey shades represent the 
magnitudee of the V-components. The simulation was run for the classical Gierer 
Meinhardtt case with // = 14 and e2 = 0.1. Time increases in the downward direction. 
Thee dynamics converge- to a stable spatially periodic stripe pattern. 



84 4 Chapterr 4. Homoclinic stripe patterns 

thatt the stripe splitting bifurcation, predicted by the analysis of Section 4.2. sets in 
at t 

0.14 4 
HH = Msplit = ^spiit(cti = 0, a2 — - 1 . i3\ — 32 — 2) ~ —^-: 

seee Figures 4.9 and 4.10. It is observed that beyond //Spiit^ there can be no homoclinic 
stripee patterns, which confirms the analysis of section 4.2. The self-replication process 
iss completely equivalent to the self-replication of pulses in the one-dimensional case 
(seee Figure 4.2 and [67], [70], [69], [19], [64] for the Gray-Scott equation): the stripe 
splitss into two stripes that slowly move away from each other, and these stripes split 
againn (etc., depending on the length Lx of the domain), until the system reaches 
ann asymptotically stable spatially periodic stripe pattern (Figure 4.11). Hence the 
stripee replication process is in essence a one-dimensional phenomenon. 

Thuss we may conclude that the classical Gierer Meinhardt equation has stable 
homoclinicc stripe patterns on R2 for ji £ (^stripe. Â spiit) ~ (0.12/£4,0.14/e4). More-
over,, there exist spatially periodic stripe patterns that are (numerically) stable on E2 

forr fi > //per-stripe = 0{l/£x), where /iper-stripe depends on the distance L\ between 
thee stripes (i.e. the wave length); /iper-stripe(^A) < Mspiit if L\ is large enough and 
lirn/,, ^oo Mper-stripef-^A) = Mstripe- Once again, this behaviour is completely similar 
too the one-dimensional case (see [55] for a detailed existence and stability analysis of 
one-dimensionall  spatially periodic patterns in the Gray-Scott equation). Note that 
thee existence of spatially periodic patterns in the (generalised) Gierer-Meinhardt 
systemm (4.1) has been established in Chapter 3 of this thesis. 

Finally,, we consider the 'fate' of the homoclinic stripe pattern on IR x (0, Ly) as 
LLyy increases through its critical value. Except for one measurement in Figure 4.9, 
alll  critical values of Ly shown in Figures 4.9 and 4.10 correspond to the situation in 
whichh the smallest allowed nonhomogeneous eigenvalue l\ (4.70) decreases through 
^R.stabb (4.49). It is shown in Figure 4.12(b) that the stripe bifurcates into half a spot 
(att either one of the ^-boundaries in the middle of the domain with respect to x) at 
thesee bifurcations. This fully agrees with the varicose type of the associated unstable 
eigenfunctionn (see Remark 4.18). Note that this indicates that the bifurcation is 
subcritical.. Figure 4.12 shows the end-product of the homoclinic stripe pattern for 
variouss choices of Ly (with ji fixed at 11 < /istripei £2 = 0.1, and a\ = 0.c*2 = 
—— I,Pi — 32 — 2). Thus, as is shown in Figure 4.12(c). the stripe 'returns' as a 
stablee object for an additional interval of Ly values. In this region, the entire band 
off  unstable eigenvalues, (̂ L.stab, ^R,stab) (Theorem 4.23), is in between the first and 
secondd nonhomogeneous eigenvalues (4.70); i.e. (̂ L.stab, ^R,stab) C {hJ2). The stripe 
againn destabilises as l2 enters (^L,stab JR,stab)- This bifurcation is of course again of 
varicosee type. Due to the spatial structure in the y-direction associated to l2, the 
stripee now bifurcates either into a (full) stable spot in the middle of the domain or 
too two half spots at both ^/-boundaries; see Figure 4.12. The curve on which this 
bifurcationn occurs has been indicated with the second dotted line in Figure 4.9. This 
/2-curvee is just a translated and stretched version (in the _Ly-direction) of the / ] -
curve.. The above-mentioned special measurement is on this /2-curve and indicates 
thee bifurcation of the stripe pattern into a (full) spot. In Figure 4.12(e). the one-and-
a-halff  spot pattern that occurs as a stable state from the homoclinic stripe pattern 



4.5.. Numerical simulations 

Figuree 4.12: The fate of the homoclinic stripe patterns on various domains R x (0. Ly) 
forr the classical Gierer-Meinhardt case with // = 11 and s2 = 0.1; (a) Ly = 1.(1 : the 
homoclinicc stripe is stable: (b) Ly = 1.5 : the wave number h (4.70) lias become 
unstable,, i.e. /i £ (^L,stab)'R,stab), and the stripe bifurcates into half a spot; (c) Ly = 
2.33 : the homoclinic stripe is again stable: 1\ is no longer in the instability interval 
('L.stab-'R.stab)-- (d) Ly = 3.0 : I2 € (/i..srab• hi,Mab)• and the stripe bifurcates into a 
fulll spot centered in the middle of the domain: (e) Ly = 4.5 : I3 £ (h..M-M>- IR.stab) 
(andd neither one of the other wave numbers), and the stripe bifurcates into one and 
aa half spot. 
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ass Is enters (/L.stab- ^R.stab) after I2 has decreased through /L.stab- See Remark 4.31. 

Remarkk 4.30 The two-dimensional numerical simulations were performed using the 
VLUGR.22 code of Blom, Trompert, and Verwer [3]. This adaptive mesh code was 
developedd especially for two-dimensional PDEs that generate steep spatio-temporal 
gradients. . 

Remarkk 4.31 The accumulation of the ^-bifurcation curves, where an /m-curve 
indicatess that the stripe bifurcates into m/2 spots, is typical for systems that have a 
bifurcationn of Turing or Ginzburg Landau type. Here the background pattern, which 
destabilises,, is the homoclinic stripe pattern. We refer to [59] for a description of 
thiss phenomenon with a homogeneous state as the background pattern. 

4.66 Conclusion 

InIn this chapter, we have shown that the stability of homoclinic stripe patterns in 
thee generalised Gierer-Meinhardt equation can be studied in full analytical detail 
ass long as the parameter fi is not too large, i.e. as long as /i -C l/e4 in (4.1); see 
Remarkk 4.2. The stability analysis is based on an extension of the NLEP method to 
two-dimensionall  problems. The NLEP method follows the Evans function approach 
too the linear eigenvalue problem that is associated to the stability question. This 
methodd has recently been developed in the context of the stability of pulse solutions 
inn monostable (Remark 4.1) one-dimensional reaction-diffusion equations [13, 15, 
14].. By transforming the reduced nonlocal eigenvalue problem into a hypergeometric 
differentiall  equation, it is possible to obtain an explicit description of the spectrum 
associatedd to the stability of the homoclinic stripe pattern (see Theorem 4.23 and 
Figuree 4.7). 

However,, the NLEP analysis establishes that the homoclinic stripe patterns can-
nott be stable as long as /i <C 1/e4 in (4.1); see Theorem 4.17. Nevertheless, formal 
extrapolationn of the asymptotic analysis (see especially Remark 4.25) strongly sug-
gestss that homoclinic stripe patterns can be stable for \i — ö(l/£4) (in (4.1)). This 
iss confirmed by numerical simulations: it is found in the case of the classical Gierer-
Meinhardtt equation (i.e. Q; =0.0:2 = —l-di = O2 — 2) that the homoclinic stripe 
patternn is stable for fi > /Stripe = Q(l/e4). Nevertheless, this will not be the case 
forr all allowed parameter combinations (4.2): in section 4.4.3, several (open, un-
bounded)) regions in parameter space have been determined in which there cannot be 
stablee homoclinic stripe patterns (Theorems 4.27 and 4.28). 

Thee prediction of Theorem 4.6, which is an extension of the existence results 
inn the literature, is also confirmed by the numerical simulations: at /istripe > ^ > 
Â spütt = Ö( l /c4) , a self-replication of stripe patterns takes place. This implies that 
thee homoclinic stripe pattern evolves into a (numerically) stable spatially periodic 
stripee pattern (Figure 4.11). See Remark 4.32. 

Remarkk 4.32 The stability of the spatially periodic stripes patterns, whose exis-
tencee has been shown in Chapter 3 can also be studied by the NLEP approach, 
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inn combination with the ideas presented in [27] and [74]. We refer to [13] for a 
formall  stability analysis of spatially periodic pulse patterns in the one-dimensional 
Gray-Scottt equation using the NLEP method. The structure of the spectrum of the 
stabilityy problem associated to the homoclinic stripe pattern strongly suggests that 
thee long-wave-length, nearly homoclinic, spatially periodic stripe patterns will also 
bee unstable for /i <C 1/e4 in (4.1); see [27, 74]. However, it should be noted that 
thee distances between the stripes in the periodic patterns are in general not large 
enoughh for the application of the ideas of the analysis of weakly interacting pulses, 
i.e.. pulses that are so far away from each other that all Uj-components are expo-
nentiallyy close to the background state; here (Ui,U2) — {U,V} = (0,0) in between 
thee pulses (see [13, 11, 12, 55] for detailed discussions of several aspects of this issue 
inn the context of the one-dimensional Gray-Scott model). Hence the stripes in the 
spatiallyy periodic patterns observed in this chapter are so close to each other that 
thee instability of the stripe pattern for /i <C l/s4 does not automatically follow from 
thee 'homoclinic' analysis in this chapter, combined with [27] and [74]. The stability 
off  spatially periodic structures is studied in the next chapter. 

Remarkk 4.33 In this chapter, we paid attention only to completely linear, or straight, 
homoclinicc stripe patterns. Reaction-diffusion equations also exhibit stripe, or 'vol-
cano1,, patterns in a circular shape [66, 56]. The NLEP approach can also be used to 
studyy the stability of such circular structures and the bifurcation of these patterns 
intoo rings of spots, as is shown in [56]. 
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