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Chapterr 1 

Introduction n 

Thiss thesis concerns two major aspects of applied mathematics. On the OIK1 hand, 
thee modelling process, in which real-life phenomena are rephrased in terms of mathe-
maticall  objects, resulting in a so-called mathematical model. On the other hand, the 
analysiss of such a set of objects, resulting in a number of properties of the model that 
givee more understanding of the underlying phenomena. 

Thee phenomena considered in this thesis, which are from the realm of biology, are 
introducedd in Section 1.1. Section 1.2 gives the basic ideas behind the rephrasement of 
thee biology into mathematical objects. For models with a large degree of complexity, 
thee mathematical analysis wil l for a large part be based on results from the held of 
numericall  mathematics, as is also true for the systems in this thesis. In Section 1.3 
ann overview is given of some issues that wil l be encountered in the numerical analysis 
off  the systems at hand. This introduction wil l then be concluded with an outline of 
thiss thesis in Section 1.4. 

Thiss thesis has grown out of a co-operative project 'Numerical Modelling of the 
Formationn of Neuronal Connections in the Nervous System" between the CYVI and the 
Netherlandss Institute for Brain Research, research group Neurons Lv: Networks, with 
involvedd researchers Jaap van Pelt and Arjen van Ooyen (now at VU). The project 
wass supported by XWO. Programme 'Wiskunde Toegepast'. No. 613.002.048. 

1.11 Biological phenomena 

Thee phenomena that are being modelled in this thesis come from the fields of neu-
robiologyy and/or computational neuroscienee. A great part of the internal signaling 
processs in a large class of living creatures is handled by a nervous system. Such a 
systemm is composed of interconnecting nerve cells, also called neurons, that commu-
nicatee with each other by sending electrical signals through their connections. Such 
connectionss are called axons and the signal sending is called firing. Basically, a cell 
decidess to fire a signal on the basis of' the signals it receives from other cells. The 
signall  originates in the cell body, travels along the axon, and reaches other neurons at 
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theirr dendrites, i.e.. tree-like structures where the axons are connected to the target 
cells. . 

Theree has been done a lot of research into this firing process as well as into the sig-
nall  transduction along the axon, the underlying mechanisms of the latter being fairly 
well-known.. Models have been proposed that describe the traveling signals and there 
iss simulation software that allows for combining and examining different mechanisms 
concerningg this process. In this thesis the focus will not be on the functioning of such 
aa system, but rather on the development of it. The basic underlying question that is 
consideredd here is: how do nerve cells make connections with other nerve cells? We 
aree interested in the mechanisms underlying the guidance of a growing axon toward 
aa target cell, not in why the system decides to make certain connections. 

Thiss process of guidance of the axon toward its target is often referred to as axon 
guidance.. A basic explanation of it is that the process belongs to the class of chemo-
taxiss processes. This means that the growth direction of the tip of the axon, which 
iss called the growth cone, is determined by concentration levels of certain molecules 
thatt are present in the environment. Such molecules we will refer to by the term 
guidancee molecules. Basically, the growth cone tries to measure the gradients of the 
concentrationn fields of guidance molecules, and will grow toward higher concentration 
off  so-called attractant molecules and away from so-called repellent molecules. 

Itt is known that certain species of molecules influence the growth of axons by 
meanss of chemotaxis, but the precise mechanisms underlying this process are obscure. 
Ass an example serves the combined influence of a group of guidance molecules. Here 
thee question arises how a growth cone does decide on a single growth direction while 
measuringg a number of non-parallel gradients? 

Anotherr example of an unknown mechanism concerns the adjustment of the size 
off  the growth cone. It is observed that a growth cone, which has the form of a hand-
likee structure, can adjust the size of its 'fingers'. If the concentration of guidance 
moleculess in the local environment is low. enlargement of these sensing structures 
wil ll  probably keep the growth cone's measurement of gradients sufficiently reliable. 
Thee precise size regulating mechanisms are unclear, as well as how they effect the 
sensibilityy for the different guidance molecules. 

1.22 Modelling framework 

Onee of the key issues in mathematical modelling is what to incorporate into the model 
andd what to neglect. Choices have to be made on which details will be built in and 
whichh are left out because they make the model unnecessarily complicated. These 
aree hard choices that require knowlegde of the field in which is modelled as well as 
mathematicall  insight. Especially with biological phenomena it is relatively easy to 
buildd models that are so complicated that it is very difficult to gain insight using a 
mathematicall  analysis of the model equations. 

Inn this thesis the starting point is not a single biological setting but rather a 
wholee class. Not a single model has to be developed to give more understanding of its 
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underlyingg phenomena, but it should be possible to build a number of variations of a 
modell  and after analysis select the most appropriate one. The goal of the modelling 
activityy here is to learn which combination of elements can explain the observed 
phenomena. . 

Givenn the need for this kind of flexibilit y a framework has been developed that 
cann be used to model axon guidance. Its basic assumptions are that the systems to be 
modelledd can be regarded as composed of concentration fields of guidance molecules 
andd objects with a certain location that interact with these fields. In the background 
thee environment is modelled by a domain on which the fields are defined and in which 
thee objects are located. A short description will now follow of the domain, fields and 
objects. . 

Itt is important to notice that flexibilit y with respect to domain geometry is re-
quired.. It should be possible to work with domains that have strange shapes and. 
possibly,possibly, contain holes. Such holes might represent bone structures or blood ves-
selss that are impenetrable for the guidance molecules, thus forming obstacles around 
whichh the axons have to grow. The basic assumption made on the specification of 
thee domain is that it is 2-dimensional and specified by piecewise smooth curves in the 
plane. . 

Thee fields represent the concentration fields of guidance molecules and are non-
negativee functions defined on the domain. Their dynamics are governed by diffusion, 
absorption,, and excretion. It is assumed that there is no in- or outflow of guidance 
moleculess across the boundaries. An important characteristic is that the excretion 
takess place through highly localized sources, i.e., at the locations of the objects, that 
mightt be moving through the domain. A model choice is to represent the sources by 
functionss with a small support and not by Dirac delta functions. The main reason 
forr this choice is that when using the latter, the resulting fields are singular at the 
locationn of the source, possibly leading to ill-defined systems of equations. 

Thee final class of elements in the framework consists of the objects, representing 
locationss of interaction with the fields. As examples serve target cells and growth 
coness excreting guidance molecules or a point where chemicals are injected into the 
environmentt artificially in an experimental setting. In this thesis the objects will 
alsoo be referred to with the term 'states', because they can be thought of to describe 
thee internal states of the objects. They are finite-dimensional vectors of which the 
firstfirst two elements describe the location. Additional elements of the vectors are used 
too model the objects further and can contain variables like the sensitivity to certain 
guidancee molecules, growth speed, excretion rate, etc. 

1.33 Numerical mathematics 

Usingg the framework described in Section 1.2 the biological setting is translated into 
aa mathematical description. This description consists of two sets of functions, the 
firstt set describing the fields by means of real functions of space and time, and the 
secondd set describing the states, being functions that map time to finite-dimensional 
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reall  vectors. While the dynamics of the fields are given by PDEs (partial differential 
equations),, the dynamics of the states are given by ODEs (ordinary differential equa-
tions).. The two systems are coupled in two ways. The sources in the field equations 
dependd in their excretion rates and locations on the states. The dynamics of the 
statess depend on the fields in the local vicinity of the states. 

Thee numerical approximation of the time evolution of the fields and states requires 
aa spatial discretization of the domain and the fields and a temporal discretization for 
thee fields and the states. Some properties of the system will now be discussed that 
aree characteristic from a numerical perspective. 

Concerningg the spatial discretization of the fields, two features of the framework 
aree of importance. First, the domain does not need to be a regular shape to which 
aa grid can be assigned in a straightforward way. Second, the supports of the moving 
sourcess are small compared to the domain size, meaning that certain refinement and 
adaptivityy techniques have to be applied. 

Basedd on these two features the class of meshfree methods was taken as a starting 
pointt for the selection of a spatial discretization. The underlying idea is that the 
discretizationn of the fields consists of arbitrary sets of nodes in the domain, together 
withh values defined on the nodes. This allows for easy refinement by selecting many 
nodess in the neighborhood of the moving sources. On the other hand it gives the 
freedomm to align the nodes nicely along the boundaries. 

AA drawback of such a meshfree approach is that it lacks the straightforward def-
initionn of neighboring nodes present in grids and triangulations. For every node a 
selectionn of neighboring nodes is required for building a local approximation in the 
vicinityy of the node at hand. In practice, some kind of grid structure is often used for 
this.. In this thesis Voronoi diagrams are used for this purpose as well as for building 
globall  approximations out of local approximations. As a result, the field discretiza-
tion,, although being meshfree in its ideas, depends heavily on Voronoi diagrams. 

Concerningg the temporal discretization, an important feature of the coupled sys-
temss is that the diffusion operator gives rise to stiffness in the discretization of the 
PDEs,, while the ODEs. which are nonlinearly coupled to the PDEs, are non-stiff. 
Thee stiffness of the discretized PDEs would be a reason to use an implicit time in-
tegrationn scheme. However, an implicit scheme for the whole coupled system is very 
complexx due to the typical nature of the coupling, i.e.. evaluation of one dependent 
variablee (a field) in another dependent variable (a location of a state). In this thesis 
Implicit/Explici tt (IMEX) schemes are therefore considered for the systems at hand 
ass well as Rosenbrock methods, using an approximate Jacobian. 

1.44 Thesis outline 

Thiss thesis is based on three articles, a technical report, and an additional chapter 
onn Bézier curves. 

Chapterr 2 considers some analytical aspects of a typical prototype of the class of 
systemss we are interested in. In this warm-up chapter the main result is the analysis 
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off  a system feature that is called self-interaction. Due to self-interaction presence the 
usee of point sources is prohibited and it turns out that scaling down the supports of 
thee sources will strongly influence the dynamics. The chapter has appeared as: 

J.K.. Krottje. On the dynamics of a mixed parabolic-gradient system. Com-
municationsmunications on Pure and Applied Analysis, 2(4):521 537. December 2003. 

Inn Chapter 3 a specification method for the domains is described. It starts wTith 
domainss that are specified by Bézier paths that determine the outer boundary and a 
sett of internal boundaries. For solving the field equations we will not work with these 
Bézierr paths, however. Instead we will use approximations that consist of a selection 
off  points along the boundaries, where neighboring points are connected by straight 
linee segments. The main part of this chapter is devoted to the selection of nodes by 
meanss of an equidistribution principle that is based on arc-length and curvature. 

Chapterr 4 continues with the presentation of the spatial discretization of the field 
PDEs.. It describes a function approximation technique based on local least-squares 
approximationss and the combination of such approximations into a global approxima-
tion.. A Voronoi diagram is being used for the selection of neighbors, for the definition 
off  the global approximations, and for the selection of nodes in the domain. In this 
chapterr the discretization is used to solve the steady-state solutions to the field PDEs. 
Itt will appear as: 

J.K.. Krottje. A variational meshfree method for solving time-discrete diffu-
sionn equations. Journal of Computational and Applied Mathematics, 2005, 
accepted. . 

InIn Chapter 5 the modelling framework is presented and this concerns joint work 
withh Arjen van Ooyen, department of experimental neurophysiology. Free University 
off  Amsterdam. It defines the domain, fields and states and their coupling. It also 
givess a short overview of the used numerical techniques. A large part of it is devoted 
too example models that are implemented in the framework. The chapter is expected 
too appear as: 

J.K.. Krottje and A. van Ooyen. A mathematical framewrork for modelling axon 
guidance.. Bulletin of Mathematical Biology. In the process of revision. 

Chapterr 6 compares our numerical approach used for the equation systems that 
arisee in the presented framework with another approach. In this context our numerical 
approachh is referred to as 'AGTools' (Axon Guidance Tools). The software package 
Kardoss is taken as a representative of the class of Finite Element Methods and its 
usee for numerically solving the systems at hand is discussed. The chapter presents 
aa number of examples where both approaches are compared, although to a rather 
limitedd extent due to time constraints and unexpected difficulties in adjusting the 
Kardoss software for our application. It will appear as a CWT technical report: 

J.K.. Krottje. Numerical solution of axon guidance framework systems CWI 
TechnicalTechnical Report. 
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