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Chapterr 3 

Domainn definition with Bézier 
curves s 

Inn this chapter we wil l consider the selection of node's on the boundaries of the domains 
off  the PDEs. where the boundaries are given as a combination of Bézier curves. Such 
aa selection is needed for the spatial discretization. We wil l start with the definition 
off  Bézier curves and Bézier paths and discuss some of their properties. 

3.11 Bézier curves and paths 

Givenn n +  1 control points p, G IR2. /' — 0 ti. a Bézier curve C: [0.1] —  R2 of 
degreee // is defined by 

C ( 00 = ^ Z ? „ , - ( 0 P ;. with fl,u(f) = ("X'il-t)"- 1. (3.1) 
// = () ^ / 

forr t G [0.1]. see [3]. If // = 1 this results in a straight line between the points po 
andd p ] . In general c is a curve which has as its end points p0 and p„  and is entirely 
containedd in the convex hull of the set of control points p0 p n . see [3]. The first 
andd second order derivative of a Bézier curve c are given by 

n-l n-l 

cc,,(t)(t) = Yg»Br,-iAn(Pi+i-Pi)- (3-2) 

n-2 n-2 

c"(t)c"(t) = Y, " ( " ~ VBn-l.i(t)(pl+2 ~ 2 p? +, + p , ). (3.3) 

Fromm this follows that, given the end points p0 and pn . the derivatives at these end 
pointss are determined by fixing the points pi and p „ _ i . because c'(0) = n(pi — p(J) 

27 7 



28 8 CHAPTERR 3. DOMAIN DEFINITION WITH BEZIER CURVES 

andd c'(l) — n{pn - p „ - i ) . Similarly, given these four points that specify the end 
pointss and derivatives at the end points, fixing the points p2 and p„_2 determines 
thee second order derivatives at the end points. 

Forr the definition of the domains we work with a set of Bézier curves that together 
formm a closed continuous path. Such a path we will refer to as a "closed Bézier path". 
Itt is C30 at its Bézier curves, but might be not even C1 at its connection points. 
InIn the following we will write such Bézier paths as a single function -.: Ij  —> R2. 
wheree IT — [0. T). and -> restricted to subintervals of unit length -;  |[,-.,-+i) for integers i 
representt the independent Bézier curves. 

Givenn a closed Bézier path, we will assign nodes to it that are being used for 
thee discretization of the PDEs of which the path specifies a part of the domain's 
boundary.. Such a distribution of nodes along the path will depend, as we will see in 
Sectionn 3.2. on the arc-length |c'(/)| and the curvature H. see [45]. defined by 

\c'\c' x c"\ 
K = J ^ f i .. (3.4) 

Here,, v x w = det[v|w] for some arbitrary vectors v .w G R2. To get node dis-
tributionss that behave well in the sense that the distances along the nodes change 
gradually,, we will require that the arc-length and curvature are continuous along the 
path.. Using (3.2) and (3.3) we see that this can be accomplished by letting control 
pointss p, and q̂  of two consecutive Bézier curves (of the same degree 77) obey the 
followingg equations 

p„„  - pn_i = q! - q0 ((^-continuity). 

p„„  - 2pn_i + pn_2 = q2 - 2qi + q0 (C2-continuity). 

att the connection point p„  = q0. resulting in a path that is C2. 
Inn the left picture of Figure 3.1 a closed Bézier path is displayed that consists 

off  three Bézier curves of degree 4. i.e., they all have 5 control points. The rest 
off  this chapter will be devoted to the assignment of nodes to such Bézier paths or 
combinationss thereof, as is shown in the right picture of Figure 3.1. Such a distribution 
off  nodes should represent the (combination of) curve(s) as closely as possible and 
shouldd therefore use relatively many nodes where the curves turn and twist most. 

3.22 Node choosing on curves 

Considerr a curve ~ which is given by a certain parametrization ->: Ij  — [0. T] — E2. 
Thee path-length s as a function of t is defined by ,s = F(t) with F: IT —> Is = [0-L] 
and d 

ss = F(t)= I \l'(r)\dr.  (3.5) 
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Figuree 3.1: (Left) Domain consisting of three coupled bezier curves of degree 4. The 
blackk dots are the control points (5 for every curve) that specify the curves. (Right) A 
selectionn of nodes on the domain boundary that can be used for discretization. 

wheree 7' refers to the derivative j[ï(t).  Here, the curve's total length L is given by 
LL = F(T). The parametr izat ion based on the path length is often called the "natural 
parametrizat ion'' of the curve, sec [45]. and is given by 

77 = 7 o F Is Is 

Inn addition we wil l define a transformation of the path-length parameter s, denoted 
byy G: Is —> I = [0.1]. that defines the node distribution along the curve. To this 
endd we wil l assume that there is a monitor function M: Is —> M+ U {0}  that yields a 
relativee node densitv along the curve. Using M the transformation G we define then 

ƒ„„  M(0# 
(3.6) ) 

Inn the left picture of Figure 3.3 a possible monitor function M is shown for the Bézier 
pathh of Figure 3.1. The right picture shows the accompanying transformation G. 
Choosingg a suitable monitor function for a given path wil l be the subject of Section 3.3. 

Givenn a monitor function, which has as its domain Is, we can also define a repara-
metrizationn based on the original domain IT of 7 by 

MM = M o F: I T T U{0}. . 

I tt is often the case that we have, instead of function M. the function M available in 
explicitt form, making that we can use M only in the form . l / o f - 1 . Figure 3.2 shows 
aa schematic overview of the function we defined so far. 

Usingg this setting, we wil l choose a uniform grid in the unit interval / . which 
wee denote by {.;,} . with z, = i/N for i = 0 A*. The grid then defines a node 
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Figuree 3.2: Schematic overview of the used functions. 

by y 
cii = ( 7 o G - 1 ) ( 4 (3.7) ) 

forr all ?. = 1 iV. The right picture of Figure 3.3 shows how the transformation G 
determiness the nock; distribution. The uniform grid {z,} in the unit interval I is 
mappedd by G_1 onto a nonuniform grid {.s,-}  in [0, L], which in turn is mapped by -) 
too the nodes in K2, as shown in the right picture of Figure 3.1. 

0.02 2 
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0.01 1 

0.005 5 

Figuree 3.3: (Left) The monitor function M(s). (Right) The transformation G(s) 
togetherr with the grids {z,}  and {s,} . 

Usingg -; and M The definition of the node set in equation (3.7) uses the functions 
77 and G. Because often we have been given the curve and an appropriate monitor 
functionn not in terms of the natural parametrization -) and M, but in the form -) 
andd M, we will define the transformation G = G o F and express it in 7 and M. For 
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thee integrals in (3.6) we have 

// M(S)dS= / (MoF-])(Od^^=T)) / M(r)F\r)dr 
JoJo Jo Jo 

== / M(T)\-/(T)\ dr. 

Jo Jo 

resultingg for G in the expression 

•t•t , ~, 

Joo ^ ( r ) h' (r)l  dr 

Givenn the parametrization -S and the monitor M the nodes can now be determined 
by y 

x,, = h o G ' - ' j U) = h . o F o F "1 oG-^izi) = (-,oG-l){zi). (3.9) 

Becausee the integrals in (3.8) can not be calculated analytically, we need for de-
terminationn of the nodes numerical procedures for integral evaluation and function 
inversion. . 

3.33 Choosing the monitor function M 

Wee wil l now focus on choosing a suitable monitor function for a given 7. A possible 
choicee for the monitor function could be to set 

M(s)M(s) - 1 = > z = G(s) = s/L (3.10) 

orr any other constant, all resulting in the same transformation G. Given a uniform 
nodee distr ibution in I this wil l result in a uniform node distribution in Is. Therefore 
thee resulting transformation only takes into account the distance between the nodes 
alongg the curve, making them all equal. In the left picture of Figure 3.4 a node 
distributionn is shown that is the result of this monitor. 

Ass a curve may be more or less straight at some regions, whereas it twists and 
turnss elsewhere, it might be preferable to have relatively more nodes in these latter 
regions.. Consider the more advanced curvature monitor function 

M(S)M(S) = K(S) = • z = G(s) = hH{2di- (3-11) 

AA resulting node distribution is displayed in the right picture of Figure 3.4. There 
aree two main reasons why also this one is not such a good monitor function: 

•• In situations where part of the curve consists of straight lines the curvature H 
vanishes.. This leads to G being constant at the corresponding parameter ranges, 
whilee G should be a globally invertible function. 
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Figuree 3.4: (Left) Node distribution according to the arc-length monitor (3.10). 
(Right)) Node distribution according to the curvature monitor (3.1 1). 

•• The curvature monitor tends to assign too few nodes to the relatively straight 
partss of the curve, and too many to the more curving parts. This leads to rather 
abruptt changes in node distances, which in turn can result in ill-conditioned 
matricess when being used for discretization. 

Itt seems favourable to have a combination of the two methods, where the curvature 
iss used to select the parts of the curve where relatively many nodes are needed, while 
att the other hand we have some mechanism smearing out nodes over the relatively 
straightt parts. 

Inn general, we might assume tha t the monitor function M is a convex combination 
off a set of normalized monitor functions Mi, 

Mi Mi 
M M 

fofo W 
Wltl l 2>=1. . (3.12) ) 

Eachh weight ci, represents the relative contribution of the monitor i to the total 
monitorr M. For the total transformation G this results in 

''  ' 1/ . - I \i ^ ^ 

(3.13) ) 
/n''  E• aAMii /;, Mi) ^ r; M, ^ 

SoEi^Mi/SoMj) SoEi^Mi/SoMj) Joo Mi 

Applyingg this technique and taking a combination of the curvature monitor and 
thee arc-length monitor gives 

G(s)G(s) = (1 jr>(0_g g s s 

whichh with respect to the original parameter space 11 has the form 

== (GoF)(t) = ( l - a H 
^  ̂ k(T)W(T)\dr 

drdr jlW{r)\di 
rTrT ,~ 
/oo | 7 ' ( T ) | dr 

(3.14) ) 

(3.15) ) 
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Thee node distribution in the right picture of Figure 3.1 is the result of this monitor 
functionn with Q = 0.5. 

3.44 Number of nodes based on maximal distances 

Inn the previous sections a method is used that translates a uniform grid on the unit 
intervall  in a set of nodes along the boundaries. In this section we will consider a 
criteriumm for choosing the total number of nodes. N, being used for representing 
thee boundary. It is based on the arc-length and. essentially, it specifies a maximal 
distancee (As)max along the boundary between two consecutive nodes. 

Lett us assume that we work with a monitor function that is a convex combination 
off  monitors, as in (3.12). for which the first monitor equals the arc-length moni-
torr (3.10). To achieve that the maximal distance between two consecutive nodes is 
boundedd by (As)„mx. we can choose for the number of nodes 

N=N= rZ./(oi(A.s)max)"|. (3-16) 

whichh is the smallest integer greater or equal than L/(c*i(As) niax). 
Thatt this will result in a node set of which every node distance is bounded 

byy (As)max, can be seen as follows. Writing transformation (3.13) as 

zz = G{s) = <*ij+Yl  ajGjis), (3.17) 

wee see that for two consecutive nodes, denoted by zt and 2^+1, we have 

amm ~ * = Qi  Si+1~ St + X>i(C?i(*'-+i ) - GjM). (3.18) 

Becausee the functions Gj are increasing, this gives for the distance (.s;+i — si) along 
thee boundary between the two consecutive nodes 

{si+i{si+i  - Si) < — {zl+l  - Zi) < N{As)max  N-1 = (As)max, (3.19) 

becausee L/a\ < N(As)m,AX and Z{+\ — Z{ = N~x. 

3.55 Combining multiple curves 

Inn Section 3.3 we considered the combination of different monitor functions. Here. 
wee will consider the combination of different curves, each curve coming with its own 
monitorr function. We want to use the same methodology to distribute a number of 
nodess on this set of curves, where we have to take into account the following issues. 



34 4 CHAPTERR 3. DOMAI N DEFINITION WIT H BEZIER CURVES 

•• The distances between the nodes should be comparable for all the curves. Hav
ingg a domain with a number of holes, we would like to have the nodes distributed 
onn the hole boundaries in a similar fashion as on the outer boundary. 

•• If a curve has a point where the curve does not have a continuous derivative. 
likee a sharp angle, we would like to be able to force a node on this point. This 
cann be accomplished by splitting the curve at the point, resulting in two curves. 
Whenn doing this, one still wants the nodes to be distributed in a similar fashion 
onn both sides of the point. 

Too incorporate both issues we will use the approach of splitting the path at points 
wheree they are not C1 and glueing all resulting parametrizat ions together, while 
keepingg track of the connection points. 

Lett us assume tha t after such a splitting step, we have for j — 1 . . . . ,n, at our 
disposall natural parametrizations 7j : Ps —• U2, monitor functions Mj\ l{  —> R + U 
{0}} and corresponding transformations Gj : Ps —> I. Then we define the overall 
parametrizat ionn by 

j(s) j(s) 

( 7 i ( s ) ,, 0<s<s{, 

7 n ( « - S * - i ) ,, < - l <8 < < . 

(3.20) ) 

andd the overall monitor M similarly. Here, the s* denote the connections points along 
thee curve, given by s\ — L\, s\ — L\ + L2, • . . , s*r — ]Cj=i Lj- Using these overall 7. 
MM and G, results in a single-curve problem instead of the multi-curve problem that 
wee s tar ted with. 

However,, there is a significant difference with the single-curve problems used in 
Sectionn 3.2. The nodes should be chosen such that the corresponding grid {s,} 
containss the set of connection points  Using the technique from Section 3.2, 
onee would choose a uniform grid {zi} in the unit interval / . which is mapped on 
{.Sj}} = G~1({z{}). The resulting grid {st} will then in general not obey this require
ment.. To solve the problem we do not start with a uniform grid in I. but with a grid 
thatt contains the nodes z* = G(s*). for all j — 1 , . . . , n, and is as close as possible to 
aa uniform grid. In the next section we will examine the construction of such needed 
semi-uniformm grids {^j}-

Inn the left picture of Figure 3.5 we see an example of a domain with holes and a 
boundaryy that is not Cl. At the right the total transformation is shown. It consists 
off four parts , which are separated by the horizontal and vertical lines. The first two 
par tss represent the outer boundary and the latter two represent the two holes. The 
nodess on the vertical axis represent the 'almost ' uniform grid {zt} which is mapped 
onn the non-uniform grid {s,}. 
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Figuree 3.5: (Left) Node set selection for a domain with two holes and outer boundary 
thatt is not C1 . (Right) Used transformation G with grids {.:,}  and {s;} . 

3.66 Semi-uniform grids 

Inn this section we consider two approaches for finding the semi-uniform grids in I. 
onee using maximal distances between the nodes and another using fixed number of 
nodes. . 

Max ima ll  d i s tance pr inc ip l e If we want to base the node choice on the maxi-
mall  distance principle of Section 3.4. we can treat every part of the transformation 
separately,, assigning 

L L 
N< N< 

W A s ) ) 
;3.21) ) 

nodess to it. Here. (»i is again the scalar multiplying the arc-length monitor in the 
convexx combination of monitors. L is the total length Xl , = i Lj of the curve and Ay = 
z*z* —Zj_lt where we set c(*  = 0. The the A ; can be expressed in the monitor functions 
giving g 

*i*i = ff00
LLM(Z)d(;M(Z)d(; ' tfM{Z)dt ' 

(3.22) ) 

Fixedd number  of nodes Given that we want to distr ibute iV nodes over the 
boundary,, we have to find n integers Nj, with N = X!,'=i ^j- s uch that 

N< N< 
AA  A  — 7* — y* (3.23) ) 
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Too formulate this more precisely we consider the problem of finding the Nj E N that 

Y^Y  ̂ / ( -rf ~ A J ) • w i t h constraint: ^ XJ =  N- (3-24) minimize e 
J = I I 

where e 

•• ƒ: M+ U {0} —> W is a monotonically increasing, convex function. 
•• Aj G (0.1]. with £ J = 1 Aj = 1 and Ar G N. 

Accordingg to Theorem 1 below, the solution must have Nj € {[Aj.V-]. |_AjArJ}. so 
that,, for small numbers n we can consider all 2" possibilities, {[.r] is the smallest 
integerr greater than or equal to ;r and [-''J is the largest integer smaller than or equal 
too .r.) This would be the case when we have for example a C1 outer boundary with a 
smalll number of holes with C1 boundaries, giving that n equals the number of holes 
pluss one. On the other hand, for boundaries with a lot of C1-discontinuities, like 
complexx polygonal domains, this approach could become unfeasible. 

Thee semi-uniform grid {z,} in Figure 3.5 is based on a fixed number of nodes and 
thee minimization problem above. It contains the nodes z\ = 0.1097, z  ̂ = z\ +0.3886, 
z33 = z2 + 0-2658 and Z4 = Z3 + 0.2359 = 1. In total it has 50 nodes, distributed over 
thee four parts with node numbers 6. 19. 13 and 12. respectively, in each part giving a 
uniformm distribution, with node distances equal to 0.0183, 0.0205. 0.0204 and 0.0194, 
respectively.. The node numbers are calculated using a function f(x) — \x\ in the 
minimizationn problem. The function G is (3.14) with 0 = 0.7. 

Wee will end this chapter with a theorem on the minimization problem (3.24). 

Theoremm 1. If {Nj}  is a solution of the minimization problem (3.24). then for 
everyevery j , Nj e {\AjN].[AjN\}. 

Proof.. We consider an equivalent minimization problem. Find disjoint index sets 
22 . IQ. I+. with T_ U To U J+ = {1 11}, and sets of numbers and n3 G N U {0}. 
that t 

""  I  Z-, eJ + nj= z2 ej+ nj
minimizee V , f ( (J y"J ) • w ' T n constraints: < jei- jei  ̂ (3.25) 

i=li=l  l " j = 0 - for all . ; 'GX 0 -

where e 

[Aj iV-IAj iVJ .. J G I _ . 

^ = < o ,, j e i o . 

II [AjJVl - AjiV. j e l + . 

Thee twro minimization problems are equivalent with respect to the map 

( T _ . j 0 . r + . ( i , j ) ) - ( A y y 'Vjj = 

[AjN-f-j-nj. [AjN-f-j-nj. 

AjN. AjN. 

[AjN[AjN + fj + Tij. 

jel-jel-
j £ l o . . 

i e l + + 
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whichh is bijective if we take the constraints into account. 
Wee will prove the theorem by showing that for the minimizer of the latter problem 

alll  rij  = 0. In the following the term 'cost function' refers to the function to be 
minimized.. To proceed let us consider some choice of (Z_,Zo,Z+, (rij)),  with for some 
off  the i. rij  > 0. We will search for choices that have a smaller cost function value. 

Iff  we have j 6 l _ . with nj > 1 and k G Z+ with n*. > 1, then we can substract 1 
fromm both rij  and n^. The change in cost function will be 

fC-^hfC-^h11)) + K'-*^) - ( / ( ^ ) + /(*#*) ) < o. 
whilee the constraint in (3.25) continues to be satisfied. This we can repeat several 
timess until for one of the index sets all n3 = 0. Let us assume that this index set 
iss Z_. We can then continu in the following way. 

Selectt arbitrary i G Z_ (has n3 = 0) and j G Z+ with n*. > 1. we can substract 1 
fromm nk and move j from Z_ to Z+ , while replacing' e3 with 1 — e3•. The change in the 
costt function will be 

ƒ ( * )) + fC-*^) - (/(ft) + /(*#*) ) 
<<  ƒ ( T ^ ) + / ( ' • + " ' ^ i 1 ' 2 " 1 ) ^ (m) + /('-*$*))  (/ increasing) 
<<  ( r / m a x ( l - t j ; e j ) \ _ w m a x ( l - € j .ej ) _ |1—2gj| \ A _ ( n I ek+nh. \ _ rUk+nk _ \l-2tj\\\ 

<< 0 (ƒ convex) 

Thiss process can be repeated until all n3 — 0. For if there is only one element left 
inn J_, all rtj  = 0 because of the constraint. We now have constructed a new choice 
off (Z_.Zo,Z+. {rij)),  with a cost function value that is lower than the cost function 
valuee of the original choice. 

Iff after the first step the index set with all n3 = 0 is Z+ instead of Z_. we can 
interchangee the roles of both index sets in the second step, arriving also at a state for 
whichh all n3 vanish. D 
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