
UvA-DARE is a service provided by the library of the University of Amsterdam (https://dare.uva.nl)

UvA-DARE (Digital Academic Repository)

Complete subvarieties of moduli spaces of algebraic curves

Zaal, C.G.

Publication date
2005

Link to publication

Citation for published version (APA):
Zaal, C. G. (2005). Complete subvarieties of moduli spaces of algebraic curves. [Thesis, fully
internal, Universiteit van Amsterdam].

General rights
It is not permitted to download or to forward/distribute the text or part of it without the consent of the author(s)
and/or copyright holder(s), other than for strictly personal, individual use, unless the work is under an open
content license (like Creative Commons).

Disclaimer/Complaints regulations
If you believe that digital publication of certain material infringes any of your rights or (privacy) interests, please
let the Library know, stating your reasons. In case of a legitimate complaint, the Library will make the material
inaccessible and/or remove it from the website. Please Ask the Library: https://uba.uva.nl/en/contact, or a letter
to: Library of the University of Amsterdam, Secretariat, Singel 425, 1012 WP Amsterdam, The Netherlands. You
will be contacted as soon as possible.

Download date:24 May 2023

https://dare.uva.nl/personal/pure/en/publications/complete-subvarieties-of-moduli-spaces-of-algebraic-curves(502659b5-ce0a-492e-8042-b670058cb4fd).html


Introduction n 

Inn this chapter we will introduce the subject of this thesis: algebraic curves, their 
modulii  spaces and complete subvarieties contained therein. In an informal way we 
wil ll  describe our main results on complete subvarieties of moduli spaces of curves. 
Finallyy we will discuss some open problems related to the subject of this thesis. For 
precisee results one should consult Chapter 1 and the following chapters. 

11 Algebraic curves and their moduli 

Intuitively,, an algebraic curve is a geometrical object that looks like a line, except 
thatt it is not necessarily straight; it may be curved or twisted. Normally, we imagine 
ourselvess a curve embedded in some bigger space: in the plane, in threespace, or 
evenn in a higher dimensional space. 

"Algebraic""  means that the curve is given by polynomial equations. A plane 
curvee can be given by one equation. For example, the plane curve defined by y2 = 
x(xx(x - *)(x - 1) is a so called elliptic curve (see Figure la). In threespace, two 
equationss define in general a curve: each equation in threespace defines a surface, 
thee intersection of two surfaces is a curve. 

Off  course there is a formal definition (an algebraic curve is a one-dimensional, 
irreducible,, projective variety over a algebraically closed field k = k). This definition 
containss an aspect we did not yet introduce: the field k, wich contains the coefficients 
off  the equations of the curve. If these coefficients are real numbers, we get a real 
curvee inside Rn. If we take these coefficients to be complex numbers, we get a 
complexx curve inside Cn, and in the case of p-adic numbers we get a p-adic curve. 

Figuree l a (left) (The real part of) the genus 1 curve y2 = x(x - | ) (x - 1). 
Figuree l b (right) A genus 1 curve over C depicted as a real, oriented surface. 
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Reall  curves are the curves we normally picture ourselves as curved or twisted lines in 
2-- or 3-space. Complex curves are harder to imagine, because the complex numbers 
doo not lie on a line, they form a plane: the complex plane. Hence a complex curve 
normallyy is depicted as a surface, a curved or twisted surface. See Figure lb. 

Onn a real curve there can be special points: points which can be approached 
fromm different directions (nodes), or in which the direction of movement necessarily 
reversess (cusps). Such points are called singular (see Figure 2). The singular points 
cann be computed from the equations of the curve. If a curve has no singular points, 
itt is called "non-singular" or "smooth". 

Itt is possible to get rid of the singular points of a curve. Via an algebro-geometric 
processs called "desingularisation" one can change a singular curve into a unique non-
singularr one. The non-singular curve maps in a canonical way onto the singular one. 

\ \ 

\ \ 

Figuree 2a (left) The curve y2 = x3 has a cusp in the origin. 
Figuree l b (right) The curve y2 = x2(x + 1) has a (simple) node in the origin. 

Theree are several reasons for studying non-singular curves instead of singular ones. 
Onee reason is that one can classify non-singular curves via a topological invariant 
calledd the "genus". Roughly, given a non-singular algebraic curve, one considers it 
ass a complex curve by viewing the coefficients as complex numbers; this complex 
curvee can topologically be depicted as a closed real surface inside threespace. The 
numberr of holes of this surface is the genus. Of course there is a way to calculate 
thee genus directly from the equations of the curve. 

Wee will give an example. Consider the equation y2 = x(x - l)(x — a)(x — b)(x — c) 
withh o, b, c different from each other and from 0,1. This equation defines (in 
characteristicc ^ 2) a plane algebraic curve having one singular point (at infinity). 
Afterr desingularization, the result is a nonsingular curve of genus 2. 

Inn the example, we did not just exhibit one curve. By varying a, b and c, one 
getss a family of curves of genus 2. Each a, b and c define a genus 2 curve, and 
movingg from one value of a to another value, we move continuously from one curve 
too another curve. So each triple (a, b, c) defines a genus 2 curve, and one can prove 
thatt every curve of genus 2 occurs in such a way. In this way, the space of triples 
(a,, 6, c) is a parameter space for this family of curves. 

Inn this threedimensional family, there are distinct triples which give rise to iso-
morphicmorphic curves. For example, the triples (a, 6, c) and (6, a, c) give the same equation, 
soo define the same curve. So this parameter space of triples (a, b, c) is in some sense 
"tooo large": it contains (almost) every curve more than once. 
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Whatt if one "divides out" by all possible permutations? Igusa has shown in [30] 
thatt in that case one gets a parameter space in which every curve occurs precisely 
once.. Such a parameter space is called a moduli space. This moduli space still has 
dimensionn three. Informally this is expressed as: "Curves of genus 2 vary in three 
dimensions",, or: "Curves of genus 2 have three essential parameters". 

Thee general case is similar to the example. If we fix a value for the genus, 
sayy 23, then one can construct a parameter space in which every non-singular curve 
off  genus 23 occurs precisely once: the moduli space M23 of smooth curves of genus 23. 
Everyy point in this parameter space represents uniquely a curve of genus 23. This 
iss a big space: its dimension is 66. In general, for g > 2 the moduli space Mg of 
smoothh curves of genus g has dimension 3g — 3. 

Whatt about limits of non-singular curves? Are they necessarily non-singular? The 
answerr is negative: a family of non-singular curves of a fixed genus over a pointed 
diskk does not need to have a non-singular limit . (Even worse, the proof of the exis-
tencee of a limit with reasonable singularities is quite hard.) The simplest example is 
thee family of elliptic curves y2 — x(x~ l)(x- A). When A is 0 or 1, the corresponding 
curvee is a singular curve. So limits of non-singular curves can be singular. 

Forr the moduli space of smooth curves this means that it is not complete in the 
algebro-geometricall  sense. In topological terms it means that the moduli space is 
nott compact. 

Byy adding points to the moduli space of smooth curves, corresponding to reason-
ablyy behaved singular limits, it is possible to compactify the moduli spacef̂ smooth 
curves.. One gets a slightly bigger space, which is called the moduli space Mg of sta-
bleble curves. It has the same dimension as Mg. The difference Mg \ Mg parametrizes 
singularr curves with relatively mild singularities. 

22 Complete subvarieties 

Noww we come to the main subject of this thesis: complete subvarieties of the moduli 
spacee of smooth algebraic curves over an algebraically closed field k = k. 

Completee subvarieties of the moduli space of smooth algebraic curves are sub-
varietiess of the parameter space Mg. Each point of the subvariety represents an 
algebraicc curve, so the subvariety itself represents a family of curves. The subvari-
etyy being complete means that the family is complete: all limits of the family should 
alreadyy be contained in the family itself, in particular all limits of the family are 
smooth.. So a complete subvariety of Mg corresponds to a compact family of smooth 
algebraicc curves. 

Onn the one hand, a complete subvariety of Mg seems to represent a nice, natural 
concept:: it is a global object parametrizing a family of varying smooth algebraic 
curvess containing all its limits: no singular curves occur in such a family. On the 
otherr hand, algebro-geometric experience shows that this concept is far from natural: 
inn almost all examples of families of algebraic curves one runs into singular limits. 

Iss it possible to avoid singular fibers in a global way? Joe Harris discussed these 
questionss in [25]. The answer comes from the geometry of Mg. One result is that for 
gg > 3, it is possible to construct complete 1-dimensional subvarieties of Mg. This 
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constructionn uses the so-called "Satake compactification" of Mg. Prom the construc-
tionn it follows that these 1-dimensional complete subvarieties exist in abundance. 

Inn the same article, Harris also exhibited higher dimensional complete subva-
rietiess of Mg. He did this by constructing recursively explicit families of smooth 
algebraicc curves over a complete base, in which the total space of the previous step 
servess as a base space of the next step. In this way Harris arrived at complete 
subvarietiess of any dimension. However, as the dimension d goes up, the genus of 
thee curves in the family grows exponentially (the genus is of order 3d). 

Thee central question in this field is: what is the maximal dimension of a complete 
subvarietyy of Mg. (This might depend on the characteristic of the base field.) 

Whyy is this question relevant? If the maximal dimension of a complete subvariety 
off  Mg would be, say, a(g), then any non-trivial family of stable curves of dimension 
biggerr than a(g) would necessarily degenerate, i.e., contain singular fibers. This 
wouldd be a useful argument in algebraic geometry, where degeneration to singular 
fiberss is a well-known technique. 

Withh regard to this question, there is an important result by Steven Diaz. In [14] 
hee gave an upper bound for the dimension of a complete subvariety of Mg(C). Diaz 
showedd that if g > 2 this dimension does not exceed g — 2. 

33 Results 

Withh regard to the central question mentioned above, this thesis contains a number 
off  partial results, which we will present here. We will work over C, unless mentioned 
otherwise. . 

Ourr first result answers in some sense a question of Harris. In [25] Harris describes 
howw to construct 1-dimensional complete subvarieties of Mg (g > 3). He then notes 
thatt this construction is not very explicit and he asks: "I don't believe anyone has 
everr written down a family of plane quartic curves, for example, corresponding to a 
completee curve in M3." 

Inn Chapter 3 we present a construction of an explicit family of genus 3 curves, 
correspondingg to a complete curve in M${C) (see [49]). The curves in the family 
aree not plane quart ics, but curves associated to Prym varieties of 2 : 1 coverings of 
aa fixed genus 3 curve ramified in two points. The positions of the two points vary, 
givingg rise to the moduli. The nature of this construction is very geometrical, so 
thee curves in this family are rather explicit. 

Ourr second result is an improvement of Harris's construction of higher dimensional 
completee subvarieties of Mg. The varieties Harris constructed in [25] had dimension 
off  order log3 g. 

InIn Chapter 2 we present a construction of complete subvarieties of Mg of ar-
bitraryy dimension d, where d is of order log2 g. To be more precise, we give a 
constructionn of complete subvarieties of dimension d in the moduli space of curves 
off  genus 2d+1. This construction can be generalized to obtain complete subvarieties 
off  dimension d in the moduli space of curves of genus 2d+1 + k, for any k > 0. 
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Thee third result improves on our previous result, which tells us that there is a 
completee surface in Mg. Whether or not there exists a complete surface in the 
modulii  space of smooth curves of genus 4, 5, 6 or 7 was unknown. 

InIn Chapter 4 we give a construction of a complete surface in the moduli space 
off  curves of genus 6 ([50]). The construction only works if the characteristic is not 
equall  to 0 and 2. So we found a complete surface in the moduli space of genus 6 
curvess in characteristic p > 2. 

Ourr fourth result answers again a question of Joe Harris. In a series of lectures on 
rationallyy connected varieties [26], Harris asked for 1-dimensional families of non-
rationall  curves without sections. 

Inn Chapter 5 we will construct two examples answering Harris's question. The 
firstfirst is a family of stable curves over P1 which does not admit a section. The second 
iss a complete family of smooth curves without a section. 

44 Speculations 

Wee will finish this introduction with some speculations. Still a lot is unknown about 
thee existence of complete subvarieties of the moduli space of smooth curves. 

Al ll  known examples of constructions of complete subvarieties of dimension > 2 of 
thee moduli space of smooth curves lie in the locus X of curves mapping non-trivially 
ontoo a curve of positive genus. This is a rather "small" sublocus of the moduli space. 
Itt has codimension g — 1. 

Theree is no reason why complete subvarieties should lie in X. Indeed, the 
completee curves inside Mg which are constructed using the Satake compactification 
{g{g > 3) do not lie inside X. 

Too construct explicit families of smooth curves over a complete base, we only 
knoww of one trick: taking ramified covers of a fixed base curve. New ideas are 
requiredd to construct complete surfaces inside the moduli space of smooth curves 
outsideoutside X. 

Evenn if we would know how to construct complete subvarieties of Mg of dimension 
dd > 2, we still would have other questions about the nature of these varieties. For 
instance,, we know that — with the help of the Satake compactification — one can 
constructt complete curves in Mg through any given point. I.e., given any smooth 
algebraicc curve, we can construct a complete 1-dimensional family of smooth curves 
containingg this given curve. 

Forr higher dimensional subvarieties Harris and Morrison phrased this as a ques-
tionn [27]. To be more concrete: given a general point of M5, is it possible to construct 
inn Mg a complete surface containing this given point? Or, in terms of families: given 
anyy smooth algebraic curve, can one construct a 2-dimensional family of smooth 
curvess containing this given curve? 

Anotherr speculation has to do with the characteristic of the base field. In Chapter 4 
wee constructed a complete surface in MQ — but only in characteristic p > 2. Our 
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constructionn may work in characteristic 0, but it may also fail. The latter situa-
tionn is not uncommon in algebraic geometry: in characteristic p > 0 one can have 
phenomenaa which in characteristic 0 do not exist. 

Closelyy related to the problem of the existence of complete subvarieties in Mg is 
thee similar problem for Ag, the moduli space of principally polarized abelian varieties 
off  dimension g. In this case there is a very striking result by Keel and Sadun [32]: in 
characteristicc 0 there does not exist a complete subvariety of Ag of codimension g. 
Thiss had been conjectured by Oort [46]. This is a very remarkable result, because 
inn characteristic p > 0 the situation is entirely different: there does exist a com-
pletee subvariety of codimension g, namely the locus of principally polarized abelian 
varietiess of p-rank 0 [33]. 

Soo for Mg we could speculate: is it possible that for some genus g complete 
subvarietiess of some dimension d in Mg do exist only in characteristic p > 0 and not 
inn characteristic 0? To be more specific: could it be possible that for g > 3 in Mg 

completee subvarieties of codimension g — 2 exist only in characteristic p > 0 and not 
inn characteristic 0? See [23] for explicit examples. 

Heree we end our speculations. Note that these speculations contain very general 
andd difficult questions, which we weren't able to solve. 

Inn Chapter 7 of this thesis we will present some more detailed speculations on the 
existencee of complete subvarieties of Mg. Specifically, we will consider the question 
off  the existence of a complete surface in M4. 


