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CHAPTE RR 1 

Overvieww of known results 

Inn this chapter we describe what is known about complete subvarieties of Mg, the 
modulii  space of non-singular curves. The survey will be genealogical in nature: we 
wil ll  start with the basic results and we will finish with more recent developments. 
Inn the second part of this chapter we will study some results in detail. 

Inn the results that we will present in this chapter, the characteristic of the 
basee field plays a subtle role. All of the results will work in characteristic 0, i.e., 
overr C. But since the constructions are geometrical in nature, they will work in 
anyy characteristic which is sufficiently big, i.e., not dividing the degrees of the maps 
whichh occur in the constructions. 

1.11 Complete subvarieties: a survey 

Mumford'ss Geometric Invariant Theory appeared in 1965 [38]. This book put the 
studyy of moduli spaces of curves as algebraic varieties on firm ground. Moduli 
spacess of curves have been studied since the nineteenth century ([47], [10]), but 
thee techniques of modern algebraic geometry gave way to lots of new algebraic and 
geometricall  results (see for example [13]). 

Thee question on the existence of complete subvarieties of M9 was addressed in 
19744 by Oort in [45]. In 1985 Harris formulated a series of questions with respect 
too complete subvarieties of M9 [25]. 

1.1.11 CONSTRUCTIONS OF COMPLETE CURVES IN M9 

Inn 1966 Baily and Borel showed that the so-called Satake compactification is al-
gebraicc [4]. Using this Satake compactification one can construct lots of complete 
curvess in Mg. It is not known to whom this idea can be attributed. Oort writes 
thatt Mumford pointed it out to him [45]. In the following we will describe the basic 
idea. . 

Too every smooth curve C one can associate its Jacobian Jac(C), which is a 
principallyy polarized abelian variety. Assigning to the isomorphism class of a curve C 
thee isomorphism class of its Jacobian Jac(C) defines a map from Mg to Ag, which 
iss called the Torelli map. Torelli's theorem assures us that this map is bijective on 
closedd points. 

Theree exists a projective compactification A* of Ag, called the Satake compact-
ification.. It admits a stratification as follows: 

A*A* gg = AgU Ag-i U Ag-2 U . .. U Ai U A0. 

Moreover,, the Torelli map Mg —> Ag can be extended to a map Mg —  A* [42]. The 
imagee of Mg in A* is called the Satake compactification of Mg. 
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Thee extended Torelli map Mg —> A*g maps a stable curve to the Jacobian of its 
normalisation,, in particular it forgets about the position of the nodes. The Torelli 
mapp Mg —> A* is injective on the closed points of Mg. 

Onn the boundary of Mg the Torelli map behaves differently. The boundary 
dMdMgg — Mg \ Mg is a union of irreducible codimension-one components Ao U Ai U 
. ... U A^/2]  Here Ao is the closure of the closure of the locus of irreducible curves 
off  geometric genus g — 1 with one node. For i > 1, the general element of A*  is a 
curvee having two components meeting in one point: an irreducible, smooth curve of 
genuss i and an irreducible smooth curve of genus g — i. 

Onn these boundary components the dimensions of the fibers of the Torelli map 
aree as follows: 

 on Ao, the fibers have dimension 1 for g = 2, for g > 3 they have dimension 2, 
 on A\, the fibers have dimension 1 for g > 3, 
 on A2, . . ., A[s/2]i the fibers have dimension 2. 

Soo for g > 3 the Torelli map contracts the boundary of Mg with relative dimension at 
leastt one. Hence the boundary of Mg in its Satake compactification has codimension 
att least two. Using the projectivity of A* we can intersect the image of Mg with 
3## — 4 hyperplanes in general position to arrive at a projective one-dimensional 
subvarietyy lying completely in Mg. This proves the existence of projective curves 
inn Mg for g > 3. 

Inn fact, the same construction shows that it is possible to construct a complete 
curvee passing through any given point [C]  of Mg. In other words, given a smooth 
algebraicc curve C, there exists a non-degenerate family of smooth curves X —  B 
overr a complete 1-dimensional base B, such that C is isomorphic to one of the fibers. 

Remarkk 1.1 In fact, one can even show that complete curves exist in Mg through 
anyy given finite set of points of Mg, using a Veronese embedding of the Satake 
compactificationn of Mg. 

Remarkk 1.2 In genus 2 the above argument breaks down (as it should), since the 
restrictionn of the extended Torelli map to Ai has relative dimension 0. 

Remarkk 1.3 By intersecting with 3# —5 hyperplanes in general position, the above 
argumentt gives for g > 4 a projective surface in M5, meeting only Ai and none of 
thee other boundary divisors Ao, A2, . . ., &\g/2]-

Remarkk 1.4 In [17], Gonzalez-Diez and Harvey make this construction explicit for 
gg — 3. They write down five explicit modular forms on A% which cut out a complete 
curvee on the image of M3. 

Kodairaa was the first to give an explicit construction of a complete family of smooth 
curvess of genus > 3. In an article from 1967 he presents a complete curve of genus 129 
inn M6 [34]. 

Thee starting point of this construction is a curve D of genus > 3 with a fixed-
pointt free involution i : D —* D. The genus of such a curve is odd, equal to 2h — 1, 
wheree h is the genus of the quotient curve D/i. Let F = {(x , ix)\ x € D} C D x D. 



ChapterChapter 1. Overview of known results 17 

Thenn F parametrizes moving pairs of distinct points on D, which will serve as 
branchh points of a family of double covers of D. 

Ann étale cover ƒ : F' —  F, needed to overcome monodromy problems, serves as 
thee base of a 1-dimensional family S —» F'. The total space is a surface S which is a 
doublee cover of F' x D and which is ramified precisely over the image of the sections 
OiOi : F' —  D determining the two moving branch points on D, with <Ji{x) = {^(f (x)} 
(i(i  = 1,2). The choice of F' guarantees that the double cover S —> F' x D exists. 

Thuss Kodaira obtains 1-dimensional, complete families C —* B of double covers 
off  a fixed smooth curve of genus h, ramified in two distinct points. The covers are 
smoothh curves of genus 2(2h - 1), h = 2,3,4, . .. Moreover, Kodaira computes the 
tangentt map of the functorial map B —  Mg, which turns out to be non-zero for 
hh > 2. Prom this it follows that for h > 2 the image of B in Mg has maximal 
dimension,, i.e., the family C —  B is non-degenerate. (If h — 1 the tangent map is 
zeroo in all points of the base. In that case the image of B in Mg is a point and all 
fiberss of the family C —  B are isomorphic, i.e. this family is isotrivial.) 

Inn the smallest possible case, h = 2, we have a family of curves of genus 6. In 
thatt case, the base curve turns out to be a 64 : 1 unramified (possibly reducible) 
coverr of a genus 3 curve. This suggests that the base curve of a family of smooth 
curvess is rather complicated. 

Inn [17], Gonzalez-Diez and Harvey construct for every g > 4 a complete family of 
smoothh curves of genus g. Their starting point is a curve D of genus 2 which admits 
aa non-constant map ƒ:£>—*  E to an elliptic curve E = (E,Q). Fix 26 pairwise 
distinctt elements tit...,t%£ E. In E2b we consider the translated small diagonal: 

66tt = {(x-rti,...,x + t2b)\xeE}. 

Lett F = ( /2 6)_ 1(^) C D2b. Let AD C D2b be the big diagonal. Then FnAD = ® 
inn D2b, since St n AE = 0 in E2b. 

Thee curve F parametrizes a family of moving &-tuples of distinct points on D 
andd will serve as the base of a family of branched covers of D. As in Kodaira's 
construction,, an étale cover F' —  F is needed to overcome monodromy problems. 
Seee Subsection 1.2.2 for a detailed description. 

Settingg b = 1, 2, 3, . . ., Gonzalez-Diez and Harvey obtain families of double 
coverss of D, ramified in 26 points. So they obtain a complete family C —> B of 
smoothh curves of genus g for every g > 4. 

Remarkk 1.5 In the case that 6 = 1 it is easy to see that (D x D) \ A contains 
projectivee curves. Namely, A2 = 2 — 2g = — 2,soA can be contracted to a point. An 
explicitt map which contracts A is the map ö x D -> Jac(D) with (x, y) i~+ Ooix—y). 
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1.1.22 BOUNDS ON THE DIMENSION OF COMPLETE SUBVARIETIES 

Inn the previous section we gave examples of complete non-degenerate families of 
smoothh curves. These examples give lower bounds for the dimension of a complete 
subvarietyy of Mg. In this section we discuss a theorem by Steven Diaz, which gives 
thee best known upper bound of the dimension for such a variety. We assume g > 2. 

Theoremm 1.6 ([14], [16]), [35]) Let V be a complete subvariety ofMg{k), with g>2 
andand char(k) arbitrary. Then the dimension ofV is at most g — 2. 

InIn characteristic 0, this resultt is due to Diaz [14], [16]. The generalization to arbitrary 
characteristicc is due to Looijenga [35]. 

InIn his proof of Theorem 1.6, Diaz uses a stratification of Mg. Following an idea 
off  Arbarello, he defines closed loci in Mg as follows: 

**g(i,j)**g(i,j)  = {[C]  GMg\3f:C^Pl with deg(/) < i and # r1 ( { 0 , oo}) < j}. 

Inn this definition, the points in the inverse image are counted without multiplicity. 
Clearly,, Hg(i,j — 1) c Hg(i,j). Moreover, for fixed i > g the Hg(i,j)  stratify Mg 

sincee Hg(i,l) — 0 and Hg(g,g) = Mg, because every curve of genus g has a Weier-
strasss point, i.e., admits a map of degree g to P1 with a point of total ramification. 
Diazz then shows that these strata have the following property. 

Lemmaa 1.7 ([14]) The locus Hg(i,j) \ Hg(i,j — 1) does not contain a complete 
curve. curve. 

Thiss lemma is proved using the theory of admissible covers, as developed by Harris-
Mumfordd [28] and Diaz [15]. 

Too prove Theorem 1.6 from this lemma, suppose we have a complete subvariety V 
inn Mg of dimension d. We use the following stratification: 

00 = Hg{g,l) C Hg(g,2) C Hg(g,3) c  C Hg(g,g-1) C Hg{g,g) = Mg. 

Noww intersect V with these strata. Lemma 1.7 shows that in each step of the 
resultingg stratification of V the codimension is at most 1. For if it were big-
ger,, then we could intersect V with hyperplanes to obtain a complete curve in 
HgiQij)HgiQij)  \ Hg{9i3 ~ 1) (here we use that Mg is quasi-projective). Let k > 2 be the 
smallestt integer such that V n Hg(g,k) ^ 0. This intersection is complete, hence 
off  dimension 0. Counting the steps in the stratification, we see that the dimension 
off  V is at most g — 2. This finishes the proof of Theorem 1.6. 

DiazDiaz based his proof on an idea of Arbarello from [2]. Arbarello defines: 

WWkk = {[C]  eMg\3f:C->Pl such that deg(/) < k and # /_ 1(0) = 1}. 

Thatt is, Wk is the locus of curves having a gj. with a point of total ramification. In 
thiss way Arbarello arrives at a shorter stratification: 

00 = Wl C W2 C W3 C  C Wg-l CWg = Mg. 

Arbarelloo proves the strata Wk are irreducible. Moreover, he claims that the dif-
ferencess Wk \ Wk-i do not contain complete curves. If this were true, then this 
wouldd give an alternative proof of Theorem 1.6. Unfortunately, Arbarello's proof of 
thiss claim contains a gap. Whether or not Arbarello's claim is true, is still an open 
question.. It would be interesting to have an answer to this question, so we rephrase 
itt in a more concrete way: 
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Questionn 1.8 Let ƒ : X —  B be a 1-dimensional, non-isotrivial (i.e., varying), 
completee family of triples (C, D,p), where C is a smooth curve of genus g, D a, g\ 
onn C and p a point of total ramification of D. Is it possible that all linear systems D 
aree base point free? 

Sincee the publication of Diaz's proof, the knowledge of Mg has increased substan-
tially.. In particular, a lot more is known about the intersection theory of Mg and Mg. 

Inn [35] Looijenga proves that any product of tautological classes of degree d > 
gg — 2 is zero on Mg [35] (Theorem 1.1). In particular, it follows that K\~ is zero 
onn Mg. This gives another proof of Theorem 1.6 which is valid in all characteristics. 
Forr suppose that Mg contains a complete subvariety V of dimension d > g — 2. On 
MMgg,, Ki is ample, so nf is a non-zero number on V. This contradicts Looijenga's 
resultt from [35]. 

Remarkk 1.9 From the previous subsection, the largest known complete subvari-
etiess of Mg have dimension 2log<7 — 1 (1.16). Note that this is very far from the 
Diaz'ss bound. 

1.1.33 EXAMPLES OF HIGHER-DIMENSIONAL COMPLETE SUBVARIETIES 

Inn Subsection 1.1.1 we discussed complete curves, i.e., 1-dimensional complete sub-
varietiess of Mg, which exist for every g > 3. Higher dimensional subvarieties do 
alsoo exist, because they can be constructed. In the literature one can find several 
constructions.. We discuss some of them here. 

Miller ,, in [36], constructs complete families of curves of arbitrary dimension, via 
doublee coverings. He generalizes Kodaira's construction. His starting point is a 
curvee C of genus 3, carrying an involution which is fixed point free. The involution 
iss used to parametrize pairs of distinct points on C. Via a base change, needed to 
extractt square roots of the branch locus, a 1-dimensional family of double covers of 
CC is constructed, with fibers of genus 6. 

Thenn one iterates this construction. On the fibers of the 1-dimensional family 
thatt one just has constructed, a fixed point free involution may not exist. After 
aa suitable base change one can find an unramified double cover of the total space 
off  the family, that itself is a family over the same base such that each fiber comes 
withh a fixed point free involution. The fibers of the new family have genus 11. 
Thiss new space of double covers parametrizes pairs of distinct points, which, after 
aa base change needed for extracting square roots, are used as branching points of a 
completee 2-dimensional family of double covers, each fiber having genus 22. And so 
on. . 

Thee families constructed in this manner are non-degenerate, i.e., the natural map 
fromm the base to the moduli space of curves generically has finite fibers. For the 
1-dimensionall  case, this was already proven by Kodaira in [34]. Kodaira computed 
thee Kodaira Spencer map—the derivative of the map from the base of the family 
too Mg—in a point of the base and showed that is nonzero. The non-degeneracy for 
thee higher dimensional case can be proven with induction on the dimension of the 
base.. We refer to the proof of Lemma 2.2 for details. 
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Factt  1.10 Miller's construction from [36] results in a complete d-dimensional family 
ofof smooth curves of genus | (22 d +1 + 1). In particular, this gives a complete 
surfacesurface in M22 and a complete threefold in M^e-

Remarkk 1.11 Starting with a one-dimensional complete family of curves of ge-
nuss 3, Miller's construction results in a complete non-degenerate d-dimensional fam-
ilyy of smooth curves of genus g(7  4d~l + 2). In particular, this gives a complete 
surfacee in M\o and a complete threefold in M^g. 

InIn [25], Harris improves on Miller's result. Harris refrains from taking double 
covers—insteadd he takes triple covers ramified in one point. This may seem a 
bitt odd at first sight, but triple coverings ramified completely in one point do exist. 
However,, these covers are not normal, and the genus of the base curve has to be at 
leastt one. 

Givenn a complete family X —  B of smooth curves of genus g, with dim(B) = d, 
Harriss uses X as the base of a new family, as follows: one wants to construct a 3 : 1 
coverr W —* X x# X which is totally ramified over A C X XgX. Such a cover may 
nott exist over X, but will exist over some cover X of X. So over X XB X one can 
findfind a cover W ^> X XBX which is totally ramified over A. The family W —  X is 
thenn a complete family with base of dimension d + 1. Using a curve of genus 2 as 
startingg point, one obtains the following result. 

Thesee families constructed by Harris are non-degenerate. As in Miller's con-
struction,, in dimension one the non-degeneracy follows from a computation of the 
Kodairaa Spencer map. Likewise, the non-degeneracy of the higher dimensional case 
followss by induction on the dimension of the base. 

Factt  1.12 Starting with a single curve of genus 2, the construction of Harris in [25] 
givesgives d-dimensional families of smooth curves of genus ^(3d+1 + l). In particular, 
thisthis gives a complete surface in Mu and a complete threefold in M41. 

Remarkk 1.13 Starting with a 1-dimensional complete family of curves of genus 3, 
thee construction of Harris gives complete non-degenerate d-dimensional families of 
smoothh curves of genus 5(5  3d - 1 + 1). In particular, this gives a complete surface 
inn Ms and a complete threefold in M23. 

Remarkk 1.14 Topologically, a triple cover ramified in one point can be constructed 
ass follows. If B is the base curve of genus g and p € B the branch point, one looks 
att G = 7Ti(Z? \ {p}, *). This is a free group on 2g generators a*, ft*,  i = 1,...,g. A 
triplee cover of B ramified in p corresponds to a G-action on three points on which 
nf=i[fliA ]]  acts as a 3-cycle. If we want to do this construction in families, we get 
locall  systems of G-actions, which have sections after suitable pullbacks. 

Remarkk 1.15 Algebraically, a triple cover of a curve B ramified in one point 
pp € B can be constructed as follows. First one constructs an unramified double 
coverr ƒ : C —  B. Write f~l(p) = p\ +P2, and let i denote the covering involution 
off  ƒ : C -»  B. Let £ be a line bundle on C such that C? = 0{p\ + 2p2)- Then C 
determiness a cyclic 3 : 1 cover F —*  C, ramified completely in p\ and p2- We want 
ii  to lif t to an involution i o n F, for in that case the quotient Ffi is a 3 : 1 cover of 
BB branched completely over p. 



ChapterChapter 1. Overview of known results 21 

AA calculation shows that the existence of a lif t of i to F is equivalent to Nm( ƒ)(£) = 
OB(P)-OB(P)- Note that in any case, Nm(f)(£)<g>OB{—p) € Pic(B)[3j. Since we can change 
CC by an element of Pic(C)[3] and Nm(/) : Pic(C)[3] -> Pic(B)[3] is surjective, since 
Nm(/)) o ƒ * is multiplication by 2 on Pic(B), we can find a C 6 Picl(C) with the 
desiredd property. The generalization of this construction to families X —+ B is 
straightforward. . 

Thee final construction we want to discuss is the one by Gonzalez-Dfez and Harvey 
fromm [17], which is explained in detail in Chapter 2. 

Corollar yy 1.16 The construction of Gonzalez-Diez and Harvey from [17] results in 
completecomplete non-degenerate d-dimensional families of smooth curves of genus 2d+l. 
InIn particular, this gives a complete surface in Ms and a complete threefold 
inin Mi6-

Corollaryy 1.16 gives the best known existence results of complete subvarieties of 
dimensionn > 3. For surfaces there is a better result. In Chapter 4 we show that if 
thee characteristic is odd, then already MQ contains a complete surface. 

1.22 Some calculations 

Inn Subsection 1.1.1 we presented non-trivial examples of 1-dimensional families of 
smoothh algebraic curves over a complete base. The genera of the base curves turned 
outt to be quite high. In this section we will study two of these constructions in more 
detail.. We will see that in those cases the base curve is in fact reducible, consisting 
off  several (disjoint) curves of much lower genus. 

1.2.11 KODAIRA'S CONSTRUCTION REVISITED 

Kodairaa gave a construction of a complete family of smooth algebraic curves of 
genuss 6 (Subsection 1.1.1 and [34]). Here we present a minimal version of Kodaira's 
construction.. In this section we need the characteristic of the base field to be different 
fromm 2. 

Theoremm 1.17 The base of the complete family of genus 6 curves constructed 
byby Kodaira in [34] is reducible. A refined construction gives a base which is a 
disjointdisjoint union of irreducible smooth curves of genus 9. 

PROOF.. Let D be a smooth curve of genus 3 with a free involution i. Let D' be 
thee quotient curve D/i and n : D —* D' the quotient map. In D' x D consider the 
divisorr E = {{x,y) \ Tr(y) = x}. Each point of E determines an ordered pair of 
inversee images of a point in Ü. We will construct a family of double covers of D, 
ramifiedd precisely in these pairs of points. 

Thee curve D1 maps to Pic2(D) via x >-  OD{^~1{X))- One can check that 
thee divisor class of E becomes even over the fiber product D7 xpic2£, Pic D, where 
Pic1/)) —> Pic2D is the squaring map. Setting B = D1 Xp^^Pic1/?, we can construct 
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aa double cover of D x B ramified precisely along the pullback of £. This surface 
mappingg to B = D' Xplc2D Pic1/}  is (a slight improvement of) Kodaira's family of 
smoothh genus 6 curves. 

Soo the fiber product B will be the base of the complete family of curves we are 
constructing.. This smooth curve might be reducible, i.e., might consist of a number 
off  disjoint components. To compute this number, we study the following diagram: 

P i c1^ ) ) 

D'D' -* Pic2(D). 

Wee are interested in the topological obstruction to lifting the map D' — Pic2(D) to 
Picc (D). The obstruction is precisely the image of the fundamental group 7Ti(Z)', *) 
inn 7r1{Pic2(D),*)/TTi{Pic1{D),*)  * Jac(£>)[2] 9* (Z/2Z)6. We need the following 
lemma. . 

Lemmaa 1.18 The image of iri(D',*)  in 7ri(Pic2(£>), *)/7Ti(Pic1(D), *) is isomor-
phicphic to the image of Jac(£>')[2] in Jac(D)[2] under n*. 

PROOF.. Choosing a Weierstrass point p € D' as a base point, we get a commutative 
diagram m 

Pic\D)Pic\D) Sü Pic°(D) 

D'D' -> Pic2(£>) =*  Pic°(D). 

Thee map D' —> Pic°(£>) factors via the canonical map D' —  iac(D') (using the base 
pointt p) and thus the image of TTI(D', *) is at most the image of Jac(D')[2]. That 
itt is not smaller follows from the fact that on the genus 2 curve D', every 2-torsion 
pointt of its Jacobian can be written as a difference of two Weierstrass points. D 

Sincee D —> D' is unramified, Jac(L>') — Jac(£>) has as kernel a subgroup of order 2. 
Therefore,, the image of TTI(£>',*) in 7r1(Pic2(D), *)/7Ti(Pic1(D), *) ^ (Z/2Z)6 is 
isomorphicc to (Z/2Z)3. As a consequence, the fiber product D' xPic2£, Pic1/) is a 
disjointt union of eight components, each mapping with degree 8 to D'. 

Too finish the proof of Theorem 1.17, note that Lemma 1.18 implies that the base B = 
D'D' Xpic2£) Pic D is reducible. Its components are unramified coverings of D' of 
degreee 8. By the Hurwitz-Zeuthen formula, these are curves of genus 9. D 
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1.2.22 T HE CONSTRUCTION OF GONZALEZ-DIEZ AND HARVEY REVISITED 

Wee will give a more detailed description of the construction of Gonzalez-Diez and 
Harvey,, who construct complete families of smooth curves of genus g, for every g > 4 
(Subsectionn 1.1.1 and [17]). We will study the genus 4 case in more detail. As in 
thee Kodaira example, we can show that the base curve is reducible. In the following 
thee characteristic of the base field is different from 2. 

Theoremm 1.19 The base of the complete family of genus 4 curves constructed by 
Gonzalez-DiezGonzalez-Diez and Harvey in [17] is reducible. A refined construction gives a 
basebase which is a disjoint union of irreducible smooth curves of genus 9. 

PROOF.. Let E be an elliptic curve and u, v two distinct points on E. The linear 
systemm \u + v\ determines a 2 : 1 map ÜJ — P1, which has four ramification points 
tuo,, w\, u>2, VU3. The square roots of u + v € Pic2(E) are all effective, given by 
thee Wi. Choose one, say WQ. Let wo = 0 be the origin of E. 

Lett ƒ : D —  E be the 2 : 1 covering branched in the two points u and v that 
iss determined by the square root wo- Denote the corresponding ramification points 
inn D by ü, v. Then ƒ*(()) = /*(«>o) ~ ü + v. This determines the hyperelliptic g\ 
onn D. Moreover, the Weierstrass points of D are given by f~l{wi), i = 1,2,3. By 
thee Hurwitz-Zeuthen formula D is a curve of genus 2. 

Lett t € E be a point different from 0. Our construction will depend on E, u, v 
andd t. A priori these data will be general, but at some point we will specialize u, v 
andd t. 

Lett F C D x D be the pullback via ƒ x ƒ of the translated diagonal A$: 

AAtt = {(x,x + t) \xeE] C ExE. 

Thenn F C Dx D\A. The projections on the first and second coordinate give maps 
7Ti,, 7T2 : F — £>, which are of degree 2: 7Ti is branched over f~l{u — t) and f~x{v — t), 
7T22 is branched over f~l(u+t) and / - 1( i ; + t ) . So for general t, the curve FmDxD 
iss a non-singular curve of genus 5. 
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Wee need the following lemma. 

Lemmaa 1.20 In the diagram 

Pic\D) Pic\D) 
II  L~£®2 (J) 

7T1+7T22 „ 
FF —  Pic2(L>) 

thethe image of TTI(F, *) in iri(Pic2(D), *)/7Ti(Pic1(D), *) equals E[2], the kernel of 
multiplicationmultiplication by 2 on E. 

PROOF.. The following diagram commutes: 

{L,d)^(L-d,d) {L,d)^(L-d,d) 
Pic^D)) x D —  Pic°(£>) x D 

II  (x2,idD) | (x2,idD) 
Oi+7r2,7r2)) (L,d)i~»(L-2d,d) 

FF —  Pic2(D) xD —> Pic°(£>) x D 

Thiss shows that the fiber product of diagram (1) equals the fiber product of the 
followingg diagram. 

Pic°(Z>) ) 
1 L ^^ ( 2) 

FF —>  Pic°(D). 

Soo the topological obstruction of lifting the map F — Pic2(£>) to F —> Picl(D) 
inn (1) can be computed from (2). Therefore we compute the image of ni(F, *) in 
jri(Pic°(D),*)/sq#(?r1(Pic0(I?),*))) = Jac(D)[2]. 

Lett Nm = Nm( ƒ) : Pic°(D) -» Pic°(E) be the norm map induced by ƒ : D -> E. 
Byy definition the image of F in diagram (2) equals Nm_ 1( - t ) . This is an elliptic 
curve;; it is the (translated) Prym variety associated to ƒ : D —* E (see [39]). Denote 
thiss curve by E'. 

Thee monodromy group of (2) then equals E'[2]. But the 2-torsion subgroup 
£[2]]  is mapped isomorphically onto the 2-torsion subgroup of Nm_1(0) = E' via 
thee following injection (see [39]): 

f*:Ef*:E  = Pic°(£) -» Pic°(D). D 

Wee finish the proof of Theorem 1.19. By Lemma 1.20 the base of the family C —> B 
constructedd by Gonzalez-Diez and Harvey is reducible. More precisely, the family 
existss already over a 4 : 1 cover of (the normalization of) F. This means that for 
generall  u,v € E and general t E E the base of this family has genus 17. 

Butt if we specialize u,v e E and t £ E we can do better. Choose u, v and t 
inn such a way that u - v € E[2] and t = u - v. Then (ü, v) and (ü, ü) are singular 
pointss of F, locally given by x2 — y2. In this case F has two simple nodes, and the 
normalizationn AT of F has genus 3. The base of an irreducible component ofC—>B 
iss then a 4 : 1 cover of N, so has genus 9 by the Hurwitz-Zeuthen formula. D 
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Wee will finish this section by calculating the number of hyperelliptic fibers and 
thee number of fibers carrying a so-called vanishing theta-null (a base point free g\ 
withh 2g\ = K). We will do these calculations on the irreducible families C —  B 
fromm Theorem 1.19 in which t € E is general. Note that for these families, the base 
iss irreducible, but the genus of the base may be greater then 9. 

Wee need the following lemmas. 

Lemmaa 1.21 Let (p, q) e F and let g : C -> D be a double cover of the genus 2 
curvecurve D, branched in the two points p and q, and determined by a square root £ 
ofOoipofOoip + q)- Suppose that t £ £[2]. Then C is hyperelliptic if and only if £ is 
effective,effective, i.e., £ = Oo{r) for some point r € D (in which case p + q is a divisor 
inin the hyperelliptic g\ on D). 

PROOF.. If we assume that £ is effective, then the equivalence g*(r) ~ p + q imme-
diatelyy yields a g\ on C, i.e., C is hyperelliptic. 

Onn the other hand, if C is hyperelliptic, then the hyperelliptic involution i 
commutess with the involution j associated to the map g : C —> D. The ten fixed 
pointss of i are the Weierstrass points of C. They map to the six Weierstrass points 
off  D. 

Eitherr p and q are fixed by i or interchanged by i. The first possibility is excluded 
byy the assumption that t £ E[2}. For in that case p and q would be Weierstrass 
points,, so that p - q would be in D[2],  implying t € E[2]. 

Soo the ramification points p and q are interchanged by i, and p+q is a divisor in 
thee g\ on C. Likewise, p + q is a divisor of the g\ on D. The ten Weierstrass points 
off  C map onto five Weierstrass points of D. This leaves one Weierstrass point r 
onn D, having the property that 2r ~ p + q and ) ~ p + q. Set £ = öp{r). D 

Lemmaa 1.22 Let (p,q) G F and let g : C —> D be a double cover of the genus 2 
curvecurve D, branched in the two points p and q, and determined by a square root 
CC oför>(p + q). Suppose C is not hyperelliptic. Then C has a vanishing theta 
nullnull if and only if 

££ e {  0D{q + a - a') \ a € D } C Pic^D). 

HereHere ' denotes the hyperelliptic involution. 

PROOF.. Since C is not hyperelliptic, £ is not effective (see Lemma 1.21). Then 
K®CK®C is base point free and has h° = 2. This means we can find a divisor q + a + b G 
|KK ® £|. Hence £ ~ 0D{q + a-hi). Pulling back to C gives p + q + f*(b') ~ 
2q2q + f*(a), i.e., 

pp + r(b')~q + f*(a). 

Soo this equivalence gives one g% on C. If we add the left hand side and the right 
handd side, we get p+q + f*(a + t/). This equals KQ if and only if a + É/ is a canonical 
divisorr on D, i.e., a = b. So the g\ obtained is a vanishing theta null if and only 
iff  £ is of the form Oo(q + a — a'). Ü 
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Propositionn 1.23 Ift e E is general, the irreducible families from Theorem 1.19 
havehave twelve hyperelliptic fibers. 

PROOF.. In the construction, the curve F c D x D\A plays a central role. It 
admitss natural maps to Pic°(Z>) and Pic2(D). First we will focus on these maps 
separately.. In the final stage of the proof we will study the link between these maps. 

Thee construction of Theorem 1.19 gives a commutative diagram: 

F'F' -  E" c Pic°(£>) 

AA I i * 2 (3) 
7T1-7T22 . n 

FF — E' c Pic°(£>). 

Heree F' is the base of an irreducible component of the families constructed in 
Theoremm 1.19. It is the fiber product of F and E" over £", where E' and E" 
aree elliptic curves. More precisely, E' = Nm^\E(-t) C Pic°(£>) is the image of 

FF — Pic (D) and E" is a component of the inverse image of E' under the squaring 
mapp x2 : Pic°(£>) -+ Pic°(D). 

Similarly,, we have a commutative diagram: 

Pic^D) ) 

(4) ) 

F' F' 

1 1 
F F 

-> > 

7T1+7T2 2 

Pic^D) ) 
|| x2 

Pic2(£>). . 

Thee map F -» Pic2(£>) factorises as F C D2 -> £><2) -> Pic2(£>). Since t is general, 
FF C D x D is not symmetric. Furthermore, D  ̂ —  Pic2(L>) is an isomorphism 
outsidee the canonical system \Kp\, which is contracted to a point. So F —  Pic2(D) 
iss birational onto its image. 

However,, F — Pic2(D) is not an isomorphism onto its image. We claim that 
theree are eight pairs (a, b) on F which, via the sum map, are mapped to the hyper-
ellipticc g\ e Pic2(D). I.e., Im(F) C Pic2(£>) has an eightfold point. 

Too see this, suppose that (a, b) € F and a + b € \KD\. Then NmD/E(b - a) — 
tt and NmD / E(a + b) = NmD/E{KD) = k. Therefore 2NmjD/£(a) = k - t and 
NmD/£;(2&)) = k + t. This gives four possibilities for Nm^/^a) e E; the same for 
NmNmDD//EE(b).(b). Correspondingly there are eight possibilities for a and b in D. This 
resultss in eight points (a, b) in F such that a + b = a + a' ~ /sT .̂ Note that 
{{  NmD/E{b) | 3a : (a, ö) e F, a + b ~ /fD }  is an £[2]-orbit in £. We will need this 
laterr on. 

Notee that on F we have eight hyperelliptic pairs (a, b). The inverse images in F' 
off  such a pair consists of four points. Such a point is completely determined by its 
imagee (a, 6) in F and by its image in Pic^D) which is a square root of a + b ~ KQ 
(diagramm 4). By diagram 3, the inverse image in F' over a point (a, 6) e F is a E'{2\-
orbit.. On the other hand, the square roots in Pic^D) of KB form a Pic°(Z?)[2]-orbit. 

Thee central question is: How do the 8 x 4 = 32 roots of KD on F' compare to the 
166 roots of KD in Picx(D)? We claim that on F' we obtain the full Pic°(D)[2]-orbit 
twice. . 
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Too link the maps from F to Pic°(D) and to Pic2(£>), we have the following diagram. 

(L,d)<-^(L-d,d) (L,d)<-^(L-d,d) 
F'F' —> V\cl(D) x D —>  Pic°(D) x D 
|| 1 (x2,idD) 1 (x2,idD) (5) 

(7ri+x2,jr2)) (L,d)^(L-2d,d) 
r̂r —„ Pic2(D) x D —  Pic°{D) x D 

Too prove the claim, consider two different points of F' both mapping to Kry. Let 
(a,, 6) and (c, d) in F be the corresponding points in F, and L respectively M be the 
correspondingg roots in Pic°(D), so that 2L ~ a-b and 2M ~ c-d. By construction, 
LL and M differ by an element of F/[2]. 

Thee corresponding roots of KD axe L + b and M + d. The difference (L + b) -
(M(M + d) is an element of Pic°(D)[2]. The set of all possible differences is a sub-
groupp G of Pic°(D)[2]. Obviously, E'[2]  C G. But NmD / £(L + b - M - d) = 
NmNmDD//EE(b-d),(b-d), since L-M e E'[2\. Moreover, NmD/E{b-d) € Ü?[2] and, as noted 
above,, NraD/E maps all possible differences b-d surjectively onto £"[2]. So we see 
thatt Nni£>/£ : G C Pic°(£>)[2] —» E[2] is surjective and that its kernel contains E'[2). 

Hencee G = Pic°(£>)[2]. 
Thiss means that on F' we get every root of Kp at least once. Since we have 32 

roots,, we obtain every root in fact twice. So on F' we obtain a total of 2  6 = 12 
effectivee roots of Kjy. D 

Propositionn 1.24 If t e E is general, the irreducible families constructed above 
containcontain 16 fibers with a non-degenerate vanishing theta null. 

PROOF.. We need the same setup as in the proof of Proposition 1.23. In particular 
wee focus on the map F -* Pic°(D) (diagram 3). Moreover, E' = N m ^£ ( - t ) , and 
forr s e E with 2s = —t we have E" = Nm~Us ). 

Usingg Lemma 1.22, the fibers with a vanishing theta null correspond to the 
intersectionn of E" and the curve {a - a' \ a e D} 'm Pic°(D). The norm of 
a-a'a-a' equals 2NmD/£;(a) and has to be equal to s. Hence for NmD/£;(a) we have 
fourr possibilities on E. This gives eight possibilities for a 6 D, which give eight 
intersectionn points on E" (since t e E is general). 

Wee claim that over these eight intersection points the map F' —*  E" is un-
branched.. Since E"  E' is étale, it suffices to understand the branching of 
FF —  E". As one can check, this map has degree two: it identifies (u, v) € F 
withh (v',u') € F. Its branch points are the points 6 - it € Pic0(£>) which map to 
-t-t e E. So 2NmD/£;(&) = - i , which gives eight branch points. It is straightforward 
too check that via the multiplication by 2 map E" -» E none of the eight intersection 
pointss a - a' on E" maps the eight branch points b -1/ on E'. This gives 16 points 
onn F' corresponding to fibers with a nontrivial vanishing theta null. D 

Theoremm 1.25 In the construction above, for p,q E D and t £ E general, the 
degreedegree of X on the base of each irreducible component of the families equals 4. 
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PROOF.. We recall part of the construction. In the diagram below C —  F' is a 
completee family of smooth double covers of D over the irreducible complete base F'. 
Thee curve F' is a 4 : 1 étale cover of F. 

C C 
ÏP ÏP 

F'xDF'xD —>  FxD —  D 

ii  Ï 
F'F' — F 

Thee surface C is a double ramified cover of F' x D. The branch locus on F' x D is 
aa union E — Ei + £2 of the images of the two sections F' —* F' x D induced by the 
twoo projections of F to D. The corresponding ramification locus on C is denoted 
byË. . 

Lett u be a 1-form on D, let Q be the pullback to F' x D and Ü the pullback to C. 
Thenn Ü is a section of H°(C,KC/F,). Denote by (ft) the divisor of the 1-form Q. 
Thenn (Q) = p*(Q) + Ê. 

Wee will compute the intersection number (Q.)2, which usually is denoted by «i. 
Thee degree of A on F' will follow from the relation K\ = 12 A - 6, which holds on Mff . 
Wee have 

(Q)(Q)22 = (p*(Q) + È)2 = 2p*(0)E + t2 = 2ft£ + i £ 2 . 

AA straightforward calculation gives 

QQ  E = 2 deg(F' - F) deg(AT£>) degfa : F -> £)) = 32 

and d 
E22 = 2A2 deg(F' — F) degf̂  : F — £>) = -32, 

wheree A2 is the self-intersection of A in D x D. Note that E1E2 = 0, because 
FF n A = 0. Since F2 = 0 one might be tempted to think that E2 = 0. But E*  is a 
pullbackk o f A c ö x ö , not of F. For details we refer to the proof of Proposition 3.4. 
Resuming,, we get Sr = /ci = 48, hence \p> = 4. D 

Remarkk 1.26 We perform a check. Hyperelliptic fibers have 10 vanishing theta 
nullss (determined by the 10 Weierstrass points), while a non-hyperelliptic fiber has 
onlyy one vanishing theta null. This gives a total of 136 = 12  10 + 16 intersection 
pointss with the locus of curves with a vanishing theta null, for t e E general. 

Thee locus of curves with a vanishing theta null is a divisor on M4, and its class 
inn Pic(M4) equals 34A (see [20], p. 423). Restricted to the base of the family, this 
divisorr has degree 34  4 = 136, which checks. 


